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: ABSTRACT : • , '■ ' .

The spatial distribution of magnetism in spheres for the 
lower order magnetostatic modes which contribute to frequency 
doubling was investigated.. The distribution is most conveniently 
visualized in the cylindrical coordinate, system. Power developed 
by the frequency doubling modes was compared with theoretical values. 
The measured values did not compare well with the theoretical values. 
However, this discussion does suggest a method for determining the 
magnitude of the magnetic field.(inside the sample) which drives the • 
higher order magnetostatic modes. It appears that the magnetic 

field inside the sample may be considered to consist of two parts.
One component, with no variation across the sample diameter, may be 

thought of as exciting the uniform precessional mode. The varying 

component of magnetic field may then be expected to excite the higher 
order doubling modes. The comparison of the measured and theoretical 

ratios of power output by"the higher order doubling modes to the 

power output from the uniform mode should provide a means of determin
ing the magnitude of the. component of magnetic field which varies 

across the diameter of the sphere.

viii



.CHAPTER I

■ INTRODUCTION ■■

1.1.' Historical Background ,

Active investigation of the ferrites did not "begin until the
early 1930',s. The first work was exploratory in nature since. no

theoretical model of ferromagnetism was available. However, ‘this basic
information was a valuable background for the systematic studies which
followed. The technology demanded during World War II resulted in the
development of techpiques and equipment in the megacycle range of the

r~f spectrum. Higher frequencies are necessary for the investigation
of ferromagnetic phenomena. The most extensive work carried on

between 1933 and the end of World War II took place at the Philips
Research Laboratories in Eindhoven, Holland.. This was the first •.
commercially significant development of ferrite materials. • .

The basic phenomenon of ferromagnetic spin resonance was first

defined by Landau, and Lifshits , (1935) in their classic paper on the

theory of magnetic permeability in ferromagnetic metals. In 1946,
2Kittel discussed the Landau-Lifshitz prediction and suggested.the 

possibility of observing induced ferromagnetic resonance in the
■3

presence of an externally applied magnetic field. Kittel (1947) 

interpreted existing spin-resonance data by using classical equations 
of motion for magnetic dipoles and by considering the effect of 
surface demagnetization.

■: ' ■ ' : ■ 1 ' . ' ■ ■ ■ ■ • -



The tensor properties of the permeability of ferrite media

were pointed out by Polder^ (1948-1949)» In 1951, Roberts'’ observed
the Faraday rotation in ferrites and correlated his findings with
Polder's theory of tensor permeability,

Magnetostatic'modes of resonance were first observed, by White
and Solt^ (1956)» In 1957 through 1958, Walker^8 developed an '

extensive theoretical classification of magnetostatic modes (now ■
called Walker modes) in spheroids. Between 1958 and 196O,

10 1112.Billon 8 8 ■ made a thorough experimental study of Walker modes' ’
in spheres, disks, and rods .of yttrium-iron-garnet (TIG). Fletcher

' 13 ' 'and Bell (1958) provided supplementary theory concerning Walker
modes in spherical samples, 1 %

» 14 z \ ., Melchor, Ayres, and Vartanian (1957) were.the first to
 ̂ investigate the possibilities of frequency doubling using the 
magnetostatic modes,

Richards"*'’ (1962) has provided both theoretical and exper
imental information on frequency doubling in-spherical YIG samples,

1,2 ■ Statement of the Problem

The most efficient frequency doubling has been obtained from 

■ large irregularly-shaped samples. Theoretical investigation of 
irregular shapes is extremely difficult. In addition, it is not clear 
whether some doubling effects are- the result of the size or of the 
irregularity in the shape of the samples. Under these conditions, 
it is difficult to obtain meaningful• quantitative comparison between



theory and experiment. Thus, the investigation of doubling phenomena 
has been done with varying sizes of symmetrically-shaped samples.
The objective is to develop theory which wiHr make it possible to 

predict the doubling parameters for all sample sizes and shapes.
The objective of this thesis is to investigate the spatial 

distribution of the magnetism in spheres for the lower order magnet- 
ostatic modes which contribute to frequency doubling and to compare 
the power developed by the frequency doubling modes with theoretical 
.values using theoretical methods developed by Richards^ 1$62). -



CHAPTER II

SPATIAL DISTRIBUTION OF MAGNETISM IN FREQUENCY DOUBLING MODES

2.1 Walker Modes
o

Walker (195?) has solved for the distribution of magnetic 
potential in a ferrite spheroid placed in a saturating d-c magnetic 
field and with an orthogonally applied nonuniform r-f magnetic field. 

The solution is based upon the assumption that the size of the 
sample is small with respect to the wavelength of the applied r-f 
field. Thus Maxwell's equations reduce to the magnetostatic case 
where

V  x H = 0 (2-1)
and H is the r-f magnetic field. This assumption is a good approx
imation for commonly used sample sizes and frequencies.

Much of the experimental data compiled has been done using 
spherical samples since it is relatively easy to grind a sphere to 
the desired tolerances. The mathematics necessary to form a theoret

ical model is also simpler than that necessary for more complex 

sample shapes.

2.2 Solution of the Boundary-Value Problem for Spheres
The boundary-value problem, originally solved for spheroids 

by Walker, has been solved in the following manner for spheres by 

Fletcher and Bell1"1 (1959)•

4



5
Equation (2-1) implies that H is equal to the gradient of a 

scalar magnetic potential
H = V'l'. (2-2)

Using Maxwell's equations

V  • B = V  • (H + 4TTMs) = 0 (2-3)
and equation (2-2) leads to the following equation:

V 2v// + 47rV • H„ = 0 (2-4)
where Mg is the saturation magnetization of the material.

The magnetization inside the material will obey the gyromag-

netic equation
3 s = 7 ( M  x H) (2-5)
3 t

where ^  is the magnetomechanical ratio, i.e., the ratio of the
magnetic moment to the spin angular moment of the electron.

The coordinate system is chosen so that the d-c magnetic field

H is in the z-direction. A time variation e^^^ is assumed for m , o x'
my, h^, and h^. If the higher order terms of h^/^TTM^., h^/47TMo,

m y^TTM , and m /47TM are neglected, m and m may be expressed in x s y S X jy
terms of h and h as follows: x y

47fm = K h  - i y h  = K-3 ^  - (2-6)x x y —
O x  Q y

47Tm = K h  + iZ/h = i + K  d ' P , (2-7)y y x —v •—\
3 ^  3 y



where K  and £/ are defined "by
K  =_______ 'H

nH2 - f2:
H = Hi

A im .

is the internal field defined as 
H. = H - <7TMi o s

n H -

Q , = w
47r')/M

(2-8)

(2-9)

(2-10)

for a spherical sample.

The differential equation for is obtained by substituting 

equations (2-6) and (2-7) into equation (2-4) to obtain

[  ^ \2 s L '■'vh I . \ ^ 2
(1 + d> = 0. (2-11)

i a - 2 a , 2 / ■ a
Fletcher and Bell1  ̂ (1959) solve equation (2-11) for solutions 

valid outside and inside the spherical sample as follows:



where ^  and 7^ are defined in terms of x, y, and z by the following: 

x = a(-K)^(l -<^2)y sinT^ cos ( p

y = a(- K )^(1 - sinT^ sin (p> (2-14)
z = a(K/l + f t cos 7^ 7

where a is the radius of the sample. Outside the sphere

Q COS 0

(9 sin Cp (2-15)

Q '

x = r sin 
y = r sin 
z = r cos
The first term in equation (2-12) describes the applied r-f

field. The second term describes the perturbation of the field
outside the sample due to the induced magnetization inside the ferrite.

The driving field constants are assumed to be known quantities.

The four constants in equations (2-12) and (2-13) are obtained

by applying the boundary conditions corresponding to B^ormrl anc*
IT , at the surface of the sphere. These constants in theirtangential
general form are shown in Table 2.1.

2.3 Walker1s System of Labeling Modes
In his original work with spheroidal samples, Walker devised 

a system of labeling magnetostatic modes which is similar to that 
used to describe the resonant modes in electromagnetic cavities.
The identification scheme uses the sequence (n,m,r). The n and m 
correspond to the n and m in equations (2-12) and (2-13) and 
indicate the periodicity of magnetic variation in the z and Cp 

directions respectively. The r specifies the root of a characteristic



Table 2.1 Equations for Constants L>m, Fm, Qm, and Hm From 
Equations (2-12) and (2-13). n n n n

D 2n+1 r/m 
Zn -2/(2n + 1) m + Am

O f c )  I P”^ o )

n n

2

n(n + 1)

+
/u

2n+1 „m 
^ n -2/(2n + 1) m Am + Bm ' n n n(n + 1)

<(&) 1{(f.)
f

= a11 zm (2n + 1) n x <n + 1 +

p»(
pf

+SNCII <n + 1 +

c & I
1

(„ + 1 + & Pn' ( r

2/m Bn

< ( & )

£ - 1 - (1/K)



equation that yields the resonant frequency, where r + 1 is the order 
of the root.

There will be 2m sectors of reversal of the magnetization in the ( p  - 
coordinate. The index n does not similarly describe the sectors of 
reversal in the z-coordinate, but it does provide some indication of 
the complexity of the variation in that direction. In the (3,0,0) 
mode, the magnetization is directly proportional to s. This results 
in an xy-plane of zero magnetization at z = 0. Howeve-r, in the 
(4,0,0) mode, the variation in the z-direction is proportional to 

z2 plus a constant (for constant O ) . Here, the (4,0,0) mode may

have from zero to two surfaces of zero magnetization depending upon 

the size of the sample and the strength and frequency of the driving 
field. Thus the n index does not provide a means of quickly visualiz
ing the magnetic variation in the z-direction. Each mode must be 
investigated individually. However, as m and n increase, the magnetic 
potential and the spatial distribution of the magnetism become increas

ingly nonuniform.

2.4 Modes Contributing to Frequency Doubling

uniform processional mode, which contribute to frequency doubling are 
those for which m =0. This restriction requires that there be no 
variation of potential or magnetization with a change in the azimuthal

The index m describes the periodicity in the -coordinate.

Richards1  ̂ (1962) has shown that the only modes, except the
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coordinate ( p . The magnetic potential functions derived "by Fletcher 
and Bell for the (1,1,0), (2,0,0), (3,0,0), (4,0,0), and (5,0,0) 
modes are shown in Table 2.2. The magnetic distribution may be 

computed from the potential functions using equations (2-6) and 
(2-7). The functions describing the 3>-f magnetic distribution 
tabulated by Fletcher and Bell assume a circularly polarized driving 
field for which the constants and equal 1. These functions 

for the doubling modes up to n = 5 are shown in Table 2.3.
The experimental data with which this analysis' is to be 

compared has been obtained using a linearly-polarized r-f magnetic 

field. For a linearly-polarized driving field, the constant B^ in 

the equation (2-12) equals zero, resulting in the following equation 
for the potential outside the sample:

' t t  = r" pn(cos 0 ) An cos mCP

+ _J  P^(cos ^  )[D^ cos + iF^ sin m(f)],
n+1 'r

(2-16)

which becomes for m = 0 ,

^out = ^  Pn<cos 0 )  <  + _l.P™(=os^) if. (2-17)
rn+1

The driving field is r11 P^(cos ^ )  A^. (2-18)

The potential functions in Table 2.2 are general and are true 

for the case of linear polarization. The magnetic distributions in 
Table 2.3 apply only to the case where the driving field is circularly 
polarized. However, the only difference in the magnetic potential 

functions for circularly versus linearly polarized driving fields will
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Table 2.2 Magnetic Potential Functions for Modes Contributing 
to Frequency Doubling (for n = 1 to 5)»

n m

1 1 l/a(-KF [G^x + iH]y]

2 0 G° |6 z2 ( 1 h- K )  - 3(x2 + y2) - 2a2 ] (-J-)2
K a 2

3 0
a K

'(1 + K) 10-15(x2+y2)-6a^<
a2K

0 j ]2 [G° + iH°] z (1 + K)
a2 K

280

2,. 2 , . 2n 2 2 \2-840 z (1 + K ;(x + y ) + 1031x + y
a^K(a2/<)2

-240 Z2 (1 -i- K )  + 120 X 2 + y 2 + 24
a2 K  a2K

2 [G° + iH°] Zz ! i l ^ K l b
L V a2K

-2520 z2(l + K)(x2 + y2) + 945
(a2/<)2

504

(

[ a2K

-560 z2(l-fK) + 840 x2+y2 + 120 
a2K  a2K

z ,1 + K  
a 1 K
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Table 2.3 Table of and for Frequency Doubling Mode:
(For Circular Polarisation for n = 1 to 5 with G‘n = Hm = 1.) x n n /

n m

1 1 4TT rn

4TTm,

47T m.

(ir
(i-)2

-6 (K  x - i2/y)

-6 (i Z/x + K  y) 
a2K

0 477m

477m.

(i) (1+i) za
(i)2(l+i) za

f i + K*
12 -30 (K x  -  iZ /y )
_a2K

fi 4- K  1I4 -30 ( iZ /x  4- K y )
K -a2K

0 477m

477m.

0 477

477m

y 2(i+i)

8

-840z2(1+K')+210(x 2+.v^)+120 
(a2K )2 a2K(a2K p

-84Qg2(l + K)+210(x2+y2) + 120
L (a2K )3 (a2K  )2 a:'KJ

2(K x-iyy) 

2(iyx+Ky)

-2 520z2(1 + K )+1890(x2+y2)+840
(a2K ) 3 (a2K )2 a2KJ

iir(ui)

2(Kx-iZ/f) 

1 + K  12
K

-2 820z^(1 + /Q +1890(x2 !- : /) +840 2(iZ4c-iXy)

L (a2K )3 (a2K  )2 a2K

XI Inrf



be in the magnitude of the constants and U™. Thus, the only 
difference in the distribution of magnetism for the two cases will be 
in the magnitude of the constants. The spatial variations will be 

identical. The magnetic distributions for the case of linear polar
ization are found by applying equations (2-6) and (2-7) to the 
respective potential functions from Table 2.2 and evaluating the 
pertinent constants in Table 2.1 for = 0 and for m = 0.

2.5 Spatial Distribution of Magnetism
In the investigation of the magnetism inside the sample, the 

interest is in the spatial distribution rather than magnitude. The 
spatial distribution in cartesian coordinates is described by the 

variation in x, y, and z in the equations in Table 2.3.

The uniform processional mode by its definition has no spatial 
variation, m^ and m^ both being constants.

The (2,0,0) mode has no variation with z, and m^ and vary 

in time and space as follows:

m OC (Kx - i U y )  e1̂
x i&lt (2-19)

my O C  (il/x + Ky) e

The quantity m may be expressed in cartesian and cylindrical 

coordinates as

m = mxax + = m^a^ + nya^. (2-20)

Performing vector multiplication to determine ny and rry results in



Converting the dot products to trigonometric notation results in

m O C  - y x  sin CUt + K y  cos CUt.
Transforming to the cylindrical coordinate system by substituting

Substituting the expressions from equations (2-23a) into equations 
(2-22) results in

visualized in cylindrical coordinates. There is no magnetic variation 
in either the z-coordinate or the (7)-coordinate. The spatial
distribution is proportional to the radial coordinate p. The inherent 

elipticity, which Richards has shown is necessary for doubling, is 

present for c 2/ / d K  , where c and d are constants. Figure 2.1 
illustrates the distribution of the magnetization for the (2,0 ,0) mode.

Investigation of the spatial distribution of the magnetism for 

the doubling modes can be made more convenient mathematically by 

noting an important simplifying condition. Since m = 0 for the higher

The real parts of equations (2-19) may be written as 
JUsl m^ O C  K"x cos CUt + 2/y sin CUt

(2-22)

(2-23a)

into equations (2-23a) results in

The above analysis shows that the (2,0,0) mode is most clearly



15

(a) Elliptical paths of spins.

(c) Spins at CUt =77/2.(h) Spins at OJt
Figure 2.1 Distribution of Magnetization (Spins) in the 

(2,0,0) Mode as Seen in a Cross-section of a Sphere in the xy-Plane. 
There is No Variation in the z-Coordinate.
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order modes contributing to doubling, there is no (p  -dependence in 
the expressions for either magnetic potential or magnetization. Thus, 
in the cylindrical coordinate system, the magnetization m will be 

proportional to the partial derivative of the magnetic potential 
with respect to the radial coordinate p , i.e.,

m OC . (2-25)
dP

2.p.1 Spatial Magnetic Distribution for the (2,0,0) Mode 

From Table 2.2,

\p 2 C C  (x2 + y2). (2-26)

Converting this to cylindrical coordinates results in

\p2 CC p2 (2-27)
and taking the partial derivative with respect to p  gives

m CC CC p. (2—28)
d P

which agrees with the previously calculated distribution shown in 

Figure 2.1.
2.5.2 Spatial Magnetic Distribution for the (3,0,0) Mode 

From Table 2.2,

1//3 CC z(x2 + y2) (2-29)



which in cylindrical coordinates is

\ p °  c c  z p 2. (2-30)
From which the magnetization

(2-31)

The (3,0,0) mode magnetic distribution is similar to that of
the (2,0,0) mode for changes in the radial direction but is more 
complex by the addition of the direct z-dependence. ^hus the (3,0,0) 
mode will have an xy-plane of zero magnetism bisecting the spherical 
sample, see Figure 2.2.

2.5.3 Spatial Magnetic Distribution for the (4,0,0) Mode
From Table 2.2,

Xp^ OC a1z4-a2z2(x2+y2)+a3(x2+y2)2-a4z2+a5(x2+y2)+a6, (2-32)

which in cylindrical coordinates is

OC a ẑ4 - a2z2p 2 + a,p4 - a^z2 + a^p2 + â . (2-33)

From which the magnetization is

(2-34)
or m OC

where the a's are constants.
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22.5
13 5’

67.5

x

Z

Figure 2.2 Spatial Distribution of Magnetism for the (3,0,0) 
Walker Mode in a Spherical Sample at Ci)t = 77/2.
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The complexity of the magnetic variation has increased in both 

the p  and z directions and is no longer easy to visualize. However, 
it should be noted that the variation will be symmetrical about the 

z-axis. The variation in the z-coordinate will be proportional to 
z^ plus a constant for each value of p . This will result in from 
zero to two surfaces of zero magnetization depending upon the size 
of the sample and the strength and frequency of the driving field.

2.5*4 Spatial Magnetic Distribution for the (5,0,0) Mode 
From Table 2.2,

CC zCb-jS4 - b2z2(x2 + y2) + b^(x2 + y2)^ - b^z2

+ ty(x2 + y2)>  %&], (2-35)
which in cylindrical coordinates is

Xjj0̂ OC z[b^z4 -  h2z2p 2 + b3p 4 -  b^z2 + b ^ p 2 + b ^ ], (2-36)

where the b's are constants.
The magnetization is

m OC ^ ^ 5  CC b8Pl
dP

2 2
or m C C  zp [ ~ z + ’b -jP +

(2-37)

Here the complexity of the variation has increased by a factor of 

z over that of the (4,0,0) mode.



2,6 Comparison with Experimental Data

The above results are to be compared with results of exper
imental Investigation of frequency doubling in ferrite spheres done 

by Naegele^ (1965) and Baldwin^ (1967), . . .

In these experiments, the ferrite sample was placed in a
specially constructed S-band waveguide used as a TE1A cavity, -1,1 un ' ,
The output of the cavity consisted of a section of J-band wave
guide oriented so as to couple to the TE^ mode at the second ■ 
harmonic generated in the S-band cavity. Dimensions are shown in ' 
Figure 2,3, The sample was placed in the center of the S-band • ' 
waveguide approximately one-half guide wavelength back from the 

junction, in the position of maximum h. Exact placement is not • • 

easily calculated. The end of the cavity is not a perfect short - 

due to the aperture formed by the J-band waveguide. In practice, 
it was achieved when the sample, was moved to a location in the 
x-direction where the power coupled to the' uniform mode was a maximum 

Equations (2-12) and (2-13) show that the driving field must 
have a specific spatial nonuniformity for each of the magnetostatic 
modes,. This nonuniformity becomes increasingly complex for the 

higher order modes,
A qualitative study of the degree of nonuniformity of the 

driving field in which the sample is placed can give insight to the 
order of the magnetostatic. modes which can be expected to be excited. 

The sample is situated at the maximum of an h-fieId which varies
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S-band Cavity J-band Waveghide
Ferrite Sphere

2.840 0.622

Magnetic Field of TEin Mode

z

f t \

q O 1.372"
i.- /

Figure 2.3 Configuration and Dimensions of the S-band Cavity 
Used in Frequency Doubling Experiments by Naegele ̂  (1965) and 
Baldwin17 (1967).



sinusoidally in the x-direction. This is illustrated "by Figure 2e4(a)» 
It can he seen that for small samples there will be no noticable var
iation of h across the sample diameter» However, as the sample size 

increases, the variation across the sample diameter will be signif-. 
icanto The h-field across the sample can be represented by a compo- 
nent of h which is constant across the diameter.of the sample plus a 

component which varies.across the diameter of the sample, see Figure . 

2o4("b)o The variation is symmetric about \the z-axis. The component 
of h which is constant can be expected to drive the uniform proces
sional mode. The spatially varying component will excite the.higher 

order .doubling modes* ' "'t.
:.. There will be a discontinuity in the slope of the' h-field')at 

the: boundary of the sphere, see Figure 2«4("h)o‘ Also, as the' sphere 
becomes larger, the variation of the h-field within the sphere• can: be 

expected to become much more complex, see Figure.2e5(a)« V If' the sphere 
is1 located symmetrically about"the h position, the magnetic"field 

inside the sphere will retain symmetry about the a-axis, - • Note;'also 
that.h , the component of h related to the excitation of the uniform 
processional mode, will vary.in magnitude as the complexity increases. 
If. the sphere is displaced from' symmetry about h^^,, the variation of 

the magnetic field within the sphere will- become much more'complex.

The h-field inside the sample will no longer be symmetric about the 

z-axis, see Figure 2.5(b) „ '•
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Ferrite Sample

max

(a) The x-coordinate variation of h for a ferrite 
sample placed in the test section at the point where maximum 
power is coupled to the uniform processional mode.

Component of h which 
varies across the 
diameter of the sampleFerrite Sampl

Component of h which is constant across 
the diameter of the sample

(h) The h-field across the sample diameter can he 
divided into a component which is constant across the diameter 
and a component which varies across the diameter. Variation is 
symmetric about the z-axis.

Figure 2.4 Spatial Variation of the Magnetic Field Within 
the Ferrite Sample.
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variable component of h

(a) The h-field variation across the sampTe becomes more 
complex as the sample diameter increases. The varying component shown 
here is not necessarily the true variation which will occur inside the 
sample. The objective, of this figure is to show the relative increase 
in the complexity of the h-field variation which is expected as the 
sample size is increased. The variation shown here is merely a guess 
at that which might occur.

z
•variable component of h

x

(b) The h-field variation across the sample diameter 
becomes nonsymmetric about the z-axis if the sample is moved from 
the point where the z-axis coincides with hmax* (Guess)

Figure 2.5 More Complex Variation of the Magnetic Field Within 
the Ferrite Sample.



Considering the spatially varying component of the magnetic
field inside the sample in a cylindrical coordinate system centered 
at the sample center, there will "be a variation proportional to jD 

and also a variation in the z-direction. The point at which the

with the spatial variation of the magnetism for the higher order 
doubling modes. It can be seen that there is a direct relation 
between the complexity required of the driving field variation and the 
complexity of the spatial distribution of the magnetism in the higher 

order modes which can be expected to be excited. As the diameter of 
the sample is increased (thereby increasing the varying component of 

h across the sample diameter) it can be expected that increasingly 
higher order modes will be excited. This analysis agrees with the 
results of experiments by Naegele and Baldwin.

eter) tested by Naegele was the uniform mode. As the diameter of the 

sample increased (0.084" diameter), the first higher order mode 
observed was the (2,0,0) mode. This was expected since the (2,0,0) 
mode is the least complex of the higher order doubling modes. In 

addition, the above qualitative discussion shows that the variation 
of the driving field corresponds to that required to drive the (2,0,0) 

mode. Initially, as the sample size increases, the variation in p

maximum variation in the ^3-direction is excited will be one quarter 
guide w a v e l e n g t h f r o m  the point of hmax

The spatial variation of the driving field may now be compared

guide wavelength

The only mode observed in the smallest sample (0.045" diam-
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is most pronounced, while the variation in the a-direction is 
negligible. However, as the sample size continues to increase, the 

" z-direction variation becomes significant,' Doubling from the (3,0,0)
: mode was observed by Baldwin in spheres as small as 0,282” diameter.

As the sample size was increased further, the next mode 
observed (in a 0.301" diameter sphere) was the (5,0,0) mode rather 
than the '(4,0,0). mode. This might at first seem, to contradict the 

above qualitative discussion. However, consideration of•some of the. 
details of the doubling characteristics can support this behavior.

For the sample sizes in which the (5,0,0) mode was observed, the'.:- \ 
(3,0,0) mode doubling.was much larger than that of the (2,0,0) mode. - 

This indicates that the driving field variation in the z-direction 

_ matches that required to excite the (3,0,0) mode. The (3,0,0) mode .

, differs from the (2,0,0) mode by a factor of dz,where,d is.a constant. 

Likewise, the (5,0,0) mode differs from the (4,0,0) mode by a factor

of ez, where e is a constant. Thus, the driving field which'excites
I 'the. (3,0,0) mode could be expected to provide stronger excitation to

the (5,0,0) mode than to the (4,0,0) mode. Baldwin was not able to 
record and identify the (4,6,0) mode even in the largest sample tested 

(0^396" diameter).. However, there were indications (peculiar indica
tions noted from previous experience with the test equipment) that 

the (4,0,0) mode was present, although not large enough to be measured, 

at the approximate value of the r-f magnetic field at which it could . 

be expected to be found.



CHAPTER III

POWER RELATIONSHIPS

3.1 Uniform Mode Power Relationships
Richards ^  (1962) has developed theoretical expressions which 

can he used to evaluate the power doubled by the uniform processional 
mode in a spherical sample driven by a linearly polarized r-f field.

The expression for the power per unit volume radiated at the 
doubling frequency by the uniform (1,1,0) mode is

P20J = ™ S2 Q'ozjRCc) (3-1)
where CO is the frequency in radians, is the saturation magnet

ization, and (Ji>Qr7 2 is the normalized value of magnetism defined

by &  (r,t) = M (r,t) . (3-2)
|M(r)|

The variable r is the position vector, while t signifies time 
dependence. The subscript oz indicates the space average value defined

ty O o z (t) = —  / (3-3)

Vf Vf
The constant K has been evaluated for the e.g.s. system of units as

K = ^  Vf . (3-4)
X g ab

where V,„ is the volume of the sample, is the S-band guide wave
length, and a and b are the inner dimensions of the S-band cavity 

waveguide, see Figure 2.3.
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Richards has also derived the following relationship between 

the uniform mode magnetism and the power absorbed by the sample in a
linearly polarised driving field.

q.oZ.;cj1 y d

P . 2 16 Cc) 4m 2abs o s
(3-5)

A relationship between (the power produced at the

doubled frequency) and (Pa^s^ ) 2 (the square of the power absorbed by 
the sample) can be obtained by combining equations (3-1), (3-4), and 

(3-5) to form

•J2Ci)Vr _ 27T2y 2 ./ v 2 3 \ (b-o)
(Pab3Vf)‘ ^  X g ab 

This is the square law relationship which states that the doubled 
frequency power produced will be proportional to the square of the 
power absorbed by the sample

P20J * C P abs2- • 0-7)

Figure 3»1 shows a plot of the theoretical variation of 

^ c J ^ f ^ ^ b 0̂ ^ 2 versus frequency for the range (2.8 to 3-35 go) 
tested by Naegele^0 (1965) and Baldwin1̂  (19^7)• Their measurements 
indicate that the exponent is'1.8 rather than 2 for the YIG samples 

tested. Figure 3.1 also shows the variation of ^ C c ^ f / ^ a b ^ f ^  
measured in tests on a 0.200" diameter YIG sphere. The curve shows 
much greater variation than can be explained by the above formulas. 
However, the ratio shows order-of-magnitude agreement in general with 

the values predicted by the theory.



m \ mfri :̂ t|.:rr:tyj
r!-(-r '-I !
t m  l;:u:i

h±t Jdit

s p pm m—-10

±Fi±tmm#— r-̂ Ô -pxr
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3.2 (2,0,0) Mode Power Relationships

Since equation (3-7) is a general relationship describing the 
power in all doubling modes, it is more informative to compare the 

power at the higher order modes with the power at the uniform mode. 
Richards has also developed a method of determining this ratio.

Richards derives the following equation of motion for the 
(2,0 ,0) mode:

and not of interest in this discussion. The constants q q and

The ratio of the magnetism in the (2,0,0) mode to the power 

absorbed by the (2,0,0) mode is given by

where

(3-8)

B,2,0,0 are

A,2,0,0 (3-9)

(3-10)

and the resonance frequency is

where Cl)
(3-11)

(3-12)

where 7) is a relaxation parameter which is related to the linewidth

/\ll by the equation
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The ratio P is obtained by combining equations (3-5) and

(3-13)

2
(3-15)

^72,0,0

This expression is not identical to that printed in reference 15. It 
appears that the difference in the expressions resuits% from a typo
graphical error in reference 15. The ratio is dependent upon the line- 

width and the frequency* Figure 3.2 shows the measured variation 

of linewidth with frequency for the YIG samples used by Baldwin. It 

is assumed that the linewidth is the same for all doubling modes at 
each particular frequency and that it varies identically with 

frequency for all doubling modes. Figure 3.3 shows a plot of the

theoretical ratio of (P 2Ci)^2 0 1 0 versus frequency. The
steep slope of the line is a result of the large variation in line

width. The linewidth varies from 27.5 oersteds to 45 oersteds as 
the frequency changes from 2.80 gc to 3.35 go, see Figure 3.2.

frequencies by Naegele and Baldwin is plotted for five spheres of 
varying diameters on Figure 3.3. The experimental data does not 

compare well with the theoretical values. The lack of comparison 
for the smaller spheres is expected since these spheres can not be 
expected to meet the assumption that both of the modes absorb equal

The data collected on the power ratios of the doubling
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amounts of power. Considering this assumption, it would he expected 
that'the ratio would approach the theoretical value shown on Figure
3.3 as the diameter of the sphere was increased,. This appeared to he 

generally true. However, some small samples provided greater doubling 
ratios than other larger samples. For example, the 0.282" diameter 
sphere doubling ratio is larger than that for the 0.301" diameter 
sphere. In addition, as the diameter of the sphere increases, the 
degree of variation increases to the point that a curve drawn-through 
the points has no meaning. -- .. . .

This wide variation in the doubling ratio could result from 

an-effect noted by Baldwin. The x-coordinate position of the sample 

in the waveguide cavity was adjusted so that the doubled frequency.■ 

output at the uniform processional (l,1$0.) mode was a maximum. vThe 
doubling parameters of all.other detectable doubling modes'werer-'V ' 

recorded with the sample at this position. Baldwin investigated..the 

effect of moving the sample a small distance from the position of v
1h .  He found that moving the sample a relatively small distance . max

with'respect to the guide wavelength, resulted in only a very small 

change in the output power by the (1,1,0). mode. For example, in one 
case a movement of approximately 1/8" from the point of h^ ^  .resulted 
in a decrease of 1-db in the power output by the (1,1,0) mode.- 

However, this small change had a.much greater effect on the-higher; - 

order doubling modes. In the case illustrated above, the doubling 
power by the (2,0,0) and the (5,0,0) modes increased by about 4-db.

More important, the (3,0,0) mode, which had been about 3.5 times as



large as the (1,1,0) mode, was no longer large enough to "be detected
by the equipment. Thus, the large variation in doubling ratios may

be caused by rather large variations resulting from small displacements
of the sample from the position of h in the cavity.max

Although the ratios do not compare well with theory, they 
may be used to determine approximate values for the amplitude of 
the variable component of h inside the sample. The theoretical 
values of the ratios in Figure 3.3 depend upon the assumption that 
the two modes absorb an equal amount of power. This suggests 
that an indication of the magnitude of the h-field within the sample 

may be obtained by comparing the theoretical ratios in Figure 3*3 

with the measured ratios.

3.3 (3,0,0) Mode Power Relationships
The power relationships developed for the (2,0,0) mode in 

Section 3.2 will be developed in a similar manner in this section 

for the (3,0,0) mode.
The equation of motion of the (3,0,0) mode will be

where
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The resonance frequency is 

2
^3,0,0^ y - d C /n  + 42 ojm).

21
(3-19)

The ratio ^ Q/P1  ̂ developed in the same manner as that for the 
(2,0,0) mode is

’1,1,0
J2 ______
21 7  A h

-|2

3,0,0 1 + 6 OJm '
(3-20)

21 CJ

The theoretical variation of the power ratio is plotted in Figure 3.4- 
Bouhling of the (3,0,0) mode was observed for the four largest 

spheres tested by Baldwin. The ratios measured for those samples arc 

plotted on Figure 3.4. Here, as with the (2,0,0) mode ratios, the 
data does not agree with the theory. The principles discussed in the 
comparison of the measured (2,0,0) mode ratios with the theoretical 

(2,0,0) mode ratios can also be applied to the results of the (3,0,0) 

mode doubling.
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CHAPTER IV

CONCLUSIONS

4«1 Conclusions
. The distribution of magnetism in the frequency doubling modes 

is most conveniently visualized in the cylindrical coordinate system.
The complexity of the magnetic distribution increases with the order

■ , ■ . .

of the doubling modes. The characteristics of the driving field and

- the ndture of the magnetic distribution in the sample for the doubling
modes can be used to explain the order in which the modes' are detected * ‘
for increases in sample size. The degree to which a magneto static 

mode is present in a sample depends directly on the strength of the.- 
particular distribution of driving field which is required to excite 

that mode. -
: -- It appears that the magnetic field inside the sample may.be
considered to consist of two components. One component has no 
variation across the diameter of the sphere and may be thought of as 

the component which excites the. uniform processional mode. The other 
components which varies across the sphere, can then be expected to 

excite the higher order doubling modes. A
The power developed by the frequency doubling modes does not 

compare well with the theoretical values. The comparison of the 
power obtained from the (l,1,0) mode to the square of the power

38



absorbed shows order-of-magnitude agreement with the theoretical
values. The variation observed in this ratio for changes in frequency
.is not explained by the theory. In determining the theoretical ratios
between higher order doubling modes and the uniform’mode, it was
assumed that the two modes to be compared absorbed equal amounts of
power from the driving field. Close comparison was not expected for
the smaller samples, since the above assumption is obviously not
true for these samples. It was expected that the. ratios should
approach the theoretical values as the size of the sample was " .
increased. This was generally true but there were unexplainable

exceptions. Wide variations .in the ratios for the largest samples
were also not completely explainable. It is possible that the
sensitivity of the power output by the higher order doubling modes

!
to small.displacements of the sphere in the cavity may be responsible 

for the variations,
Even though the ratios do not show good agreement with the 

theoretical values, they should provide a means of determining the 
approximate amplitude of the strength of the varying component of 

magnetic field within the sample,

4«2 Recommendations for Further Study , '
■ The belief that the magnitude of the magnetic field driving .. 

the higher order doubling modes within the sample may be determined 

by comparison of the measured power ratio with the theoretical ratio 
deserves further study. Data should be taken using fewer samples
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and showing greater attention to the exact placement of the sphere in 
the cavity. Data used.in this paper was taken with the primary 
objective of mode identification,, not power comparison.

The following suggested investigations may provide some 
information concerning the wide range of measured values for power 

ratios: .• . ■ '
(1) Investigate the contribution of the spin waves to the - 

frequency doubling by the (2,0,0) and (3,0 ,0) modes.
(2) Measure the linewidth as a function of frequency for 

the (2,0,0) and (3,0,0) modes.
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