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ABSTRACT

This work was carried out for the purpose of 
studying the mode by which insect populations spread over 
a crop field. The simple random sampling procedure was 
utilized in one acre of a cotton field. The resulting „ 
tabulated distributions were fitted to three mathematical 
models, the Poisson, the Poisson binomial and the negative 
binomial distributions. -

It was found that the negative binomial distribu
tion fit all but one of the observed series, regardless of 
the type of insects and the density of their populations.

, The- Poisson binomial distribution gave good fit in cases of 
low and median infestations and the Poisson distribution 
only in cases of low infestation. - ■

An analysis of results obtained from sampling units 
of different sizes showed that three plant sampling units 
provide more stable variances. Thus it appears that three 
plants provide the best size for the sampling unit.

: A sequential sampling test based on the negative 
binomial distribution was devised. The results suggest 
that the application of this technique would provide a' 
rapid evaluation of the degree of insect infestation of a 
field, so that the decision of whether or not control is ' 
necessary can be made in objective terms.
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INTRODUCTION

In the world of the living organisms, contrasting 
forces exist which are ultimately responsible for the 
unstable balance between the factors which increase the 
random mode of spread and those which oppose it. It is 
difficult to define precisely the origin of such forces but 
they appear to be closely related to specific characteris
tics exhibited by each type of organism, such as the
intrinsic power to reproduce, survival capacity, migration 
determined by environmental conditions and periodic or 
permanent social instincts.

Considering that the life of an organism is 
governed by a compound action of many such factors, it is 
not difficult to realize how complex the model intended to 
represent an organismal mode of growth and spread would be.

There may be several reasons for analyzing the 
distribution of organism populations. In ecology, one may 
be interested in relating observed counts to some theory of 
growth or to the manner in which a population spreads over 
a certain area or region. Counts of both plant and animal
populations have been the subject of such studies. In
bacteriology, counts of colonies are made to evaluate the 
intrinsic capacity of bacterial propagation or its 
resistance to certain applied treatments. In medical

■ ■ i  : v  . ' ■



research, the occurrence of diseases caused by living 
organisms are related to the pathogen reproduction mode and 
manner of spread so that the knowledge of such phenomena 
are of great importance. In agronomy, the control or 
eradication of plant diseases and pests d'epends on an 
understanding of the pattern of reproduction and distribu
tion of the agents. ,

The problem of insect distribution in a field crop 
has been the subject of research for many years. In 
accumulating and analyzing insect counts there are at least 
three distinct objectives: (l) counts are made in plots of
an insecticidal experiment and the effect of treatments on 
insects is objectively determined, (2) the degree of 
infestation of a certain field is determined in order to 
decide whether or not control is necessary, and (3) 
observed counts are related to a theory of population growth 
so that it would be possible to make predictions about the 
populations concerned.

In any case it is of primary importance to find a 
mathematical model suitable for describing the popula
tion. If effectiveness of insecticidal treatments is to be 
judged- one must know the type of theoretical distribution 
which gives the best fit to the population in order to 
apply a transformation (if any is needed) to the original 
data so that statistical analysis becomes possible. If the 
degree of infestation is to be determined the distribution



function has to be known so that the best sampling pro- .... 
cedure can be established.

In the present study consideration is given to some 
results on insect counts obtained from sampling cotton 
fields. The data were fit to three theoretical distribu
tions, Poisson, Poisson binomial and negative binomial. 
These and other distributions have been fit before to a 
number of situations in plant and animal populations 
including larval stages of different insect species with a 
varying degree of success* The author was not able to find 
any reference concerned with adult flying insects.

Much has been done in the development of mathe
matical models intended to describe organismal populations. 
However, there seems to be relatively limited experimental 
evidence on the applicability of such models particularly 
on insect populations where most of the work was based on a 
single set of experimental data presented by Geoffrey Beall 
in 1940.

In addition to the practical information concerned 
with insect control in cotton this study contributes new 
data to the discussion of the problem of insect distribu-



REVIEW OF LITERATURE

Perhaps the oldest mathematical models applied to 
describe count data are the binomial and Poisson distribu
tions , Student (1907) in computing the statistics of the 
positive binomial from distributions of yeast cells counted 
with a haemocytometer observed that two of his series gave 
negative values for £ and n but in spite of this, fit his 
observations very well. This case was described by the 
negative binomial,' (q-p)” "̂, where p = m/k and q = 1 + p.

Student (1919) stated that the number of yeast 
cells in squares of the haemocytometer can be described by 
the Poisson distribution and discussed the necessary 
theoretical conditions. He asserted that if the chance of 
an individual being found in a given division is so small 
that when multiplied by the very large number of individu
als the product is still a reasonably small number, then 
the frequency of divisions containing 0 , 1 , 2 .  . . r
individuals will be given by the terms of the Poisson 
distribution.

Neyman (1939) proposed three new distributions to 
describe biological populations in which randomness is dis
turbed by intrinsic biological factors. He stated that the 
usual distributions (binomial and Poisson) were derived
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under the assumption of randomness. Thus, if randomness 
fails to occur the random model becomes inappropriate.

The term "contagious" has been used to describe 
populations where randomness is disturbed by biological 
factors. Feller (1943) pointed out that there are two 
kinds of contagion: (l) true contagion due to each
favorable event increases (or decreases) the probability of 
succeeding favorable events and (2) apparent contagion 
which is due to an inhomogeneity of the population.

Neyman's distributions, Poisson binomial; negative 
binomial, Polya-Aeppli and Thomas' distributions are con
sidered as being of the contagious type.

Beall (1940) reported a study on the applicability 
of Neyman's distributions, negative binomial and Polya- 
Aeppli distributions to entomological data. The author 
considered eleven populations obtained from insecticidal 
experiments with European corn borer, Pyrausta nubilalis, 
Hbn, beet webworm, Loxostege stiticalis, L. and Colorado 
potato beetle, Leptinotarsa decemlineata, Say. He con
cluded that the Polya-Aeppli and negative binomial distribu 
tions did not fit the data but that Neyman's distributions, 
depending upon biological factors, all fit very well to 
eight observed series of data.

Anscombe (1948) described a method of inspection in 
a potato field in order to decide whether or not the 
infestation of aphids was satisfactorily low for production



of seed potatoes. He concluded that the distribution of 
the number of aphids per unit appeared to follow the nega
tive binomial.

Thomas (1949) discussed the interest of ecologists 
in describing mathematically the abundance of a given 
species and suggested a series which, allowing clustering, 
will describe the count data on plant quadrats. Skellam 
(1952) using Beall's insect larvae data and Archibald's 
data on plants, reported that Thomas' distributions some
times gave slightly better graduations than Neyman type A. 
He suggested that the latter fails to reflect the effect 
of competition which often occurs within a compact aggre
gate of individuals with similar requirements.'

Anscombe (1949) in a summary of results of mathe
matical investigations into the sampling theory of the 
negative binomial pointed out that insect counts in the 
field are often described fairly well by a negative 
binomial distribution. He reported the fitting of this 
distribution to counts of eggs of Aphis fabae and suggested 
that the form of distribution may perhaps depart from an 
exact negative binomial.

Anscombe (1950) discussed a number of ways the 
negative binomial can arises (1) inverse binomial sampling 
if a proportion of jo individuals possess a certain char
acter, the number of observations in excess of k that must 
be taken to obtain just k individuals with the character



has a negative binomial distribution with exponent k, (2)
heterogeneous Poisson sampling: if the mean m of a Poisson
varies randomly from occasion to occasion, we obtain a 
negative binomial with exponent k if m has a distribution 
proportional to Chi-square distribution with 2k degrees of 
freedom, and (3) randomly distributed colonies: if
colonies of individuals are distributed randomly over 
space or time so that the number of colonies observed in 
samples of fixed space or time has a Poisson distribution, 
the total count will have a negative binomial distribution 
if the number of individuals in the colonies are distributed 
independently in a logarithmic distribution.

Oakland (1950) reported that the numbers of the 
tapeworm, Triaenophorus crassus, found in the edible parts 
of the whitefish, Coregonous clupaeformis, can be described 
by the negative binomial. ,

Evans (1953) fit the Neyman type A, Polya-Aeppli 
and negative binomial to data from Archibald and from 
Barnes and Stombury on plants and from Beall on insects.
He concluded that in general Neyman type A described plant 
quadrat counts while insect counts fit the negative 
binomial.

McGuire, Brindley and Bancroft (1957) reported 
fitting of the Neyman's type A, negative binomial and 
Poisson binomial to Beall's data on European corn borer.
They concluded that when complete information on the corn



borer population was available the appropriate distribution 
seemed to be the Ppisson binomial. When information was 
restricted to sample data the appropriate distribution 
seemed to be the negative binomial for fields with high 
infestation and the Poisson binomial for fields with low 
infestation. They pointed out, however, that even for the 
sampled fields with low densities the negative binomial may 
be an excellent approximating distribution.

Gurland (1958) pointed out that frequently data 
arising in studies of entomology and bacteriology cannot be 
described by usual distributions such as binomial and 
Poisson. He suggested this might be due to contagion.
Katti and Gurland (1961) reported that most of the devia
tions from Neyman's type A and negative binomial distribu
tions stems from the complex structure of survivors within 
an egg mass and the movement of survivors from place to 
place. They reported that the Poisson Pascal distribution 
acting as a bridge between both is expected to give a 
better description of populations involving this type of 
heterogeneity.

Martin and Katti (1965) pointed out that the selec
tion of the best distribution for a particular set of data 
is complicated by the interrelations of these distributions 
and the occasionally ambiguous relationship of the models 
used in formulating them. The authors observed that, some
times, different methods of fitting are used for different
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distributions so that the result is the confounding of the; 
fitting process with the comparison of the distributions.

Fisher (1941) gave the rules for judging when the 
method of the moments is of adequate efficiency to fit 
distributions and Fisher (1953) proposed the method of 
maximum likelihood for a fully efficient estimation of the 
parameters. ,

Katti (1962) discussed some methods of estimation 
for the parameters of the Poisson binomial and proposed the 
method of minimum Chi square as a reasonable substitute for 
the highly complex but efficient method of maximum likeli
hood.

Shumway and Gurland (1960) proposed recurrence 
relations for the maximum likelihood method and suggested 
that by using this method the labor in fitting may be 
considerably reduced if tables' are available.

Wald (1945) developed the theory of the Sequential 
sampling test, discussed the kinds of errors involved and 
its practical applicability. The essence of sequential 
experimentation is a series of experiments each of which 
depends on what has occurred before.

The sequential test seems to be particularly well 
suited to experimentation since, it allows for analysis of 
data as it comes in and allows a substantial reduction in 
the amount of data in most instances.
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Waters (1955) discussed the applicability of the 

sequential sampling test to forest insect surveys and 
presented a Sequential plan for sampling spruce budworm 
larval populations. Harcourt (1966) reported a sequential 
plan based on the negative binomial distribution drawn up 
for use in control of the cabbale looper, Trichoplusia ni, 
Hbn, on cauliflower rated the infestation correctly in 82 
out of 84 cases„ He pointed out that with the two dis
crepancies, population means fell between the limits set 
for the infestation classes.



MATERIAL AND METHODS

The simple random sample procedure was used in one 
acre of a cotton field near Marana, Arizona, to obtain the 
basic data. A sample unit was chosen a random distance 
'from a basic starting point in a randomly chosen row of the 
field. Three random samples were obtained. The first, 
taken July 12, 1966, consisted of 100 units each having 
four contiguous plants. The second, taken on August 1,
1966, consisted of 199 units each having four contiguous 
plants. The third sample, taken on August 26, 1966, con
sisted of 198 units each having two contiguous plants.

All insects present on each plant in a certain unit 
were counted and the numbers were recorded separately for 
each species as well as the total number of insects for 
each plant.

Since the sampled fields presented a particularly 
low infestation, only two species, Lygus, Lygus hesperus, 
Knight, and Collops, Collops vittatus, Say, were studied 
separately. All other types were pooled together with 
Lygus and Collops and the obtained figures referred to as 
Total Insects.

With data on the number of insects available for 
each individual plant, sample distributions were tabulated. 
The sample unit was defined as one or more contiguous plants
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with a maximum of four contiguous plants considered as a 
unit in this study. The resulting distributions show the 
number of these units on which 0, 1, 2, etc., insects were 
found.

In the first sample, 100 sets of four consecutive 
plants were observed for the number of insects on each 
plant. The sample produced 21 tabulated distributions 
consisting of eleven each for Lygus, Collops and Total 
Insects. A second sampling, made on August 1, in which 199 
sets of four consecutive plants were observed, resulted in 
the same number of distributions as the first. In the 
third sample the set of consecutive plants were of two 
plants Only resulting in three distributions each for 
Lygus, Collops and Total Insects. The resulting 51 dis
tributions are shown in Tables 1 through 3.

The observed distributions were fit to three 
theoretical distributions, Poisson, Poisson binomial and 
negative binomial.

The methods of fitting will be discussed separately 
for each type of theoretical distribution. Brief comments 
on the theory underlying their mathematical formulation and 
assumptions concerned with their practical applicability 
will be introduced whenever needed for a good understanding 
of the succeeding discussion of the results.
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Table 1. Observed frequencies, variances, means and number

of plants per sampling unit of the tabulated dis
tributions for Total Insects.

Distb
Number

Plants 
. per 
Unit

Units with i3-9 Insects
Variance Mean0 1 2 3 4 5 6 7 8 9

1 1 60 29 9 2 . 554 .530
2 1 75 16 5 4 .581 .380
3 fi ' 77 .14 6 3 .533 .350
4 1 79 18 3 .244 .240
5 2 . 45 29 13 ■ 9 3 1 1.383 .990

’ 6 3 38 28 16 9 2 5 2 2.300 1.320
7 4 32 29 14 12 5 4 2 2 2.901 1.590

22 1 148 35 10 3 2 0 1 .704 .392
23 1 149 33 14 3 .461 .352
24 1 151 35 10 3 .411 .322
25 - 1 173 21 3 2 .230 .. .166
26 2 121 41 23 9 2 2 1 1.193 .693
27 3 97 51 20 19 7 2 3 1.843 1.020
28 ,.'4 91 50 20 21 10 3 3 1 2.213 1.170

43 1 ' 85 63 30 9 7 3 1 1.456 1.005
44 1 . 108 50 25 9 5 3 2 1.537 .838
45 -' 2 53 55 43 16 12 6 4 4 0 5 ' 4.004 1.838
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Table 2. Observed frequencies, variances, means and number

of plants per sampling unit of the tabulated dis
tributions for Collops.

Dis t. 
Number

Plants 
■ per 
Unit

Units with 0-3 Insects
Variance Mean0 1 2 3

- 8 1 , 82 16 2 .202 . 200
9 1; ' " V' • 93 7 ■ .065 .070

10 1 93 6 1 .094 .080
11 1 94 6 .057 ' .060
1 2 : : 2 80 15 5 .290 .250
13 3 73 19 8 .391 ' .350
14 4 69 22 9 .424 .400

29 . 1 185 13 1 .080 , .075
30 1 188 11 .052 .055
31 1 193 • 6 .029 .030
32 • 1 193 5 1 .043 , .035
33 2 175 23 1 . 120 .125
34 3 : 170 25 ' 4 .179 .165
3.5 ■ 4 1 166 27 5 ■■■■ / i ' ' .203 .201

46 1 183 12 3 .113 .090
47 : i 189 ; 8 4 1 .060 ,050
48 2 176 . 18 4 .155 .131

o
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Table 3. Observed frequencies, variances, means and.number

of plants per sampling unit of the tabulated dis-
. tributions for Lygus.

Plants Units with 0-6 Insects 
Dist. per ■ ■-— ■. ■ ■ ■— -— — -
Number Unit 0 1 2 3 4 5 6 Variance Mean

15 1 86 10 4 . .227 .180
16 .'V i ’ 87 11 r  2 .169 . 150
17 1 88 8 •4 .216 .160
18 1 93 6 1 .094 .080
19 2 76 15 V  9 . . .405 .330
20 3 68 19 10 2 .697 .490
21 4 63 23' 10 3 1 .754 .560

36 1 177 14 5 2 .240 .151
37 1 179 16 4 .147 .120
38 1 180 18 1 .101 . 101
39 1 193 : 5 1 ' .044 .035
40 2 164 22 8 2 2 .458 .262
41 3 . - 147 36 10 3 1 ■ 1 1 .746 .402
42 ' 4 : 148 .35 10 3 1 1 1 : ■ .745 .397

49 1 164 30 3 0 1 . 253 „ .202
50 1 171 22 4 4 1. .210 . 167
51 2 143 44 : 5 5 1 .697 , • .368
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Fitting the Poisson Distribution

The Poisson distribution has been applied to 
describe the number of expected individuals in divisions of 
space or time. It is generally considered that if the 
chance of an individual be found in such a division is so 
small that when multiplied by the very large number of 
individuals the result is still a small number, then the 
frequency of divisions containing 0, 1, 2, . . ., n
individuals will be given by the terms of the Poisson 
distribution. This statement will hold only if a number of 
conditions are satisfied: (1) the chance of falling in a
division is the same for each individual, (2) the chance of 
an individual falling in it is equal for each division, and 
(3) the fact that an individual has fallen in a division 
does not change the chance of other individuals falling 
into the same division.

The Poisson distribution is mathematically expressed
by

-m / x\
f(x) = --- ^7--  ; x = 0, 1, 2, . . ., n,

where m is the mean which is equal to the variance and x is 
the number of individuals falling into a division. The 
distribution is completely determined by only one parameter, 
the mean m which is efficiently estimated by the mean of 
the sample, x.
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The terms of the Poisson are available in some 

mathematical tables for different values of m. Since the 
tables usually present only one or two decimals and more 
accuracy was desired in this work, they were calculated 
with the aid of a seven place logarithm table. To avoid 
cumulative errors more decimals than needed were left in 
the calculator in the course of the computations.

Fitting the Poisson Binomial Distribution
The Poisson binomial distribution belongs to the 

so called family of "contagious" distributions. Mathe
matical ly , the Poisson binomial can be regarded as a 
generalization of the Poisson. Biologically, it has been 
found significant in describing populations missing the 
fundamental conditions to fit to Poisson.

Its probabilities generating function according to 
Shumway and Gurland (1960) is

00 t
P(X = k) = P(k) = e"a ^  | t  ( j ^ )  pkqnt"k

t=0

where n is a known positive integer and a and £ are 
parameters to be estimated (q = 1 - p). A number of 
recurrence relations are available. In this work the 
probabilities were calculated by McGuire et al. (1957) as



and so forth. The required probabilities are

The frequencies were obtained by multiplying each 
probability by the total frequency.

There are a number of alternative ways to estimate 
the parameters a and £, the most efficient being the method 
of maximum likelihood developed by R. A. Fisher (cf. Bliss 
and Fisher, 1953). In the present work the method of 
moments was used because it is less troublesome and less 
tedious and in general results in efficiency good enough 
for practical purposes.
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In calculating the parameters by the method of 

moments, the following relationships were used

a = 44̂ # - ? " 7̂  , q - d-p)n(s -x) (n-l)x

The value of n is assumed to be associated with
intrinsic characteristics of the population. In fitting 
the Poisson binomial to larval insect counts McGuire (1957) 
associated n with the number of larvae surviving from each 
egg mass. In the present case n = 2 was chosen after a 
number of trials. Although one cannot relate this number 
with any characteristic of the populations under considera
tion, the results were satisfactory. The only exception 
was related with distributions 45 for which n = 2 resulted 
in a negative value for £ and, consequently, in negative 
frequencies. In this case n = 3 was used.

Fitting the Negative Binomial Distribution
The presence of an individual in a division of 

space or time sometimes changes the chances of other 
individuals falling in the same division. This change can 
be either by increasing or decreasing the chances. If the 
chance is increased it will result in a large number of 
divisions without individuals (x = 0) for the same mean 
number of individuals per division which should be compen
sated by a large number of divisions with a high number of
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individuals, which ultimately increases the variance. When 
the variance becomes significantly larger than the mean, 
the distribution departs from Poisson to a negative 
binomial.

Fisher (1941) in discussing the properties of the 
negative binomial pointed out that it can arise either as a 
result of unequal samples taken from homogeneous material 
or as a result of lack of homogeneity of the material.

Mathematically the negative binomial can also be 
regarded as an extension of the Poisson in which the 
parameter m of the Poisson is variable. It is expressed 
by

(q - p) k; q = 1 + p and k is positive.

The expansion of this expression gives the
probability that a division will contain x (x = 0, 1, 2
. . . n) individuals

p <*> ■ ^  -

where R = £. The negative binomial is completely defined 
by two parameters, the mean m and the positive exponent k 
both of which are estimated from the sample. The mean is 
efficiently estimated by x, the sample mean.

The estimation of k is more difficult. At least
three methods are available: (1) moments, (2) maximum
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likelihood, and (3) zero frequencies. To avoid con
founding of fitting with the method of fitting, in this 
work k was estimated by the method of moments as was done 
for the parameters of the Poisson binomial. The method of 
maximum likelihood is impractical for a rather large set 
of distributions, as in the present case, without use of 
high speed electronic computers.

The parameter k was estimated from

,s - x 
_ owhere x and s are the mean and variance of the sample.

The frequencies were calculated with the equation 
for probabilities by letting

f (0) = N/qk ,

where N is the total frequency. In solving this equation, 
seven place logarithms were used. The succeeding fre
quencies f (1), f (2), . . . f(n) were found by solving

f  ( x )  =  ( k  +  X  - 1) R  f  ( x - 1 ) .

In each case more decimals than needed were left in 
the calculator to avoid cumulative errors.

Goodness of Fit Test 
The Chi square (X?) test was used as a test for 

departure of the observed frequencies from the theoretical
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frequencies of the three distributions under consideration. 
In each case the null hypothesis (H ) was that the data 
follow the theoretical distribution. The level of signifi- 
cance was 0.05 so that each time the calculated %  was 
equal to or greater than the tabulated value, Hq was 
rejected.

2In performing the X  test for goodness of fit it is 
recommended that expected frequencies less than five are 
combined to obtain a value five or greater. In this work 
the recommendation was followed only when the low fre- 
quencies were responsible for high X  value for a given 
class. Otherwise if the X  was small, the test was done on 
the basis of single class frequency. Bias in this case (if 
any) should not be great.

The reason for this procedure was that many of the 
distributions presented such a low number of classes so 
that if classes were combined there were too few degrees of 
freedom for testing the departure.

In testing the goodness of fit to Poisson, two 
degrees of freedom are used upon estimation of the mean, x , 
and the total. For Poisson binomial three degrees of free
dom are used, two for the estimates of the parameters a and 
2 and one for the total. Likewise three degrees of freedom 
are used in the negative binomial, two for the estimates of 
the parameters x and k and one for the total.
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oTables 4 through 6 show the %  values for 

departure between observed and expected frequencies for the 
distributions of Total Insects, Collops and Lygus respec
tively.
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Table 4. Means, variances as percentage of the mean and

observed ^2 values for goodness of fit of the
tabulated distributions of Total Insects.a

Dist. 
Number Mean

Variance
as % of 
Mean

CMX
Poisson P. binomial N . binomial

1 .530 104 .304 .097 .107
2 .380 153 6.512* .784 (-) 1.207
3 .350 152 8.726** 1.566 1.162
4 .240 102 .162 .076 (-) .184 (-)
5 .990 139 8.177* 1.507 1.454
6 1.320 174 13.056** 15.507** 3.213
7 1.590 182 26.266** 49.698** 1.617

22 .392 179 21.088** 50.532** .555
23 .352 131 12.531** .424 2.625
24 .322 128 5.752* . 266 .492
25 .166 138 4.658* 1.295 (-) .523
26 .693 172 24.258** 15.069** 1.793
27 1.020 180 42.569** 69.891** 4.770
28 1.170 189 52.394** 152.676** 6.334
43 1.005 145 19.242** 4.442** 2.666
44 .838 183 21.988** 78.248** .507
45 1.838 218 42.114** 104.785** 6.296

aThe notation (*) stands for significance at .05 
level of probability, (**) for .01 or less, and (-) indi
cates insufficient number of degrees of freedom for the %  
test.



25
Table 5. Means, variances as percentage of the mean and

o b s e r v e d  values for goodness of fit of the
tabulated distributions of Collops.a

Dist.
Number Mean

Variance 
as % of 
Mean

" a 2 -
Poisson P. binomial N . binomial

8 .200 101 .336 .021 .117
9 .070 93 .086 (-) .031 .834

10 .080 117 1.759 .004 .035
11 .060 95 .006 (-> .000 .014
12 .250 116 3.168 .496 .635
13 .350 112 3.401 1.262 1.508
14 .400 106 2.230 1.324 1.390
29 .075 107 .341 (-) .002 .076
30 055 94 .181 (-) .110 .000
31 .030 97 .002 (-) .000 .005
32 .035 122 .003 (-) .096 .099
33 . 125 96 .248 .003 .754
34 .165 108 1.443 1.272 .400
35 .201 101 2.826 2.386 3.394
46 .090 125 7.817 >v* .052 .069
47 .050 120 .046 (-) .039 .003
48 .131 118 4.921* .143 .441

aThe notation (*) stands for significance at .05 
level of probability, (**) for .01 or less, and (-) indi
cates insufficient number of degrees of freedom for the 
test.
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Table 6. Means, variances as percentage of the mean and 

o b s e r v e d % 2  values for goodness of fit of the 
tabulated distributions of Lygus.a

Variance v
Dist. as °/o of ------------------------------------
Number Mean Mean Poisson P. binomial N. binomial

15 .180 126 .443 (-) .205 (- ) 1 .012 (-)
16 .150 113 1 ,.234 .051 .116 (-)
17 .160 135 .617 .288 (- ) l:.430 (-)18 .080 117 l!,790 .007 (- ) .065 (-)
19 .330 123 ,836 1 ,.998 (- ) 3,.114 (-)
20 .490 142 l \,679* ,008 1 ,.691
21 .560 134 5.,416 .033 .360
36 .151 159 17.,791* 3,,846* ,883
37 .120 122 6..716** .146 (- ) :.568 (-)
38 .101 100 .005 .000 (- ) .009 (-)
39 .035 126 ,002 (-) .002^(- > ,.124 (-)
40 .262 175 15!, 907** 13,.022b(- > ,.430
41 .402 185 19..434** 92,.927** .871
42 .397 188 21,.086** 110,. 126** .712
49 .202 125 ,280 2,.309 (- > 1 :.289
50 .167 126 4,,200** .550 (- ) .103
51 .368 135 24..628** 10!.183** 4 ,.752*

aThe notation (*) stands for significance at .05 
level of probability, (**) for .01 or less, and (-) indi
cates insufficient number of degrees of freedom for the 
test.

^Assumed as significant.



RESULTS AND DISCUSSION

Unfortunately many of the distributions presented
such a small number of classes that insufficient degrees of

ofreedom were available for the X test. In Tables 4, 5,
and 6, the insufficiency is indicated by the notation (-)
following the X  value. On the other hand, every time this
happened the corresponding value of X  was, as a rule, very
small with the exception of distribution number 40 in which
the X for the Poisson binomial was 13.022. Our decision
in such cases was to assume that the observed X  were not
significant, so that the pertinent distributions were
accepted as agreeing with the observed data. Besides the

2small magnitude of the X this decision was supported by 
the expected frequencies that, excepting the case mentioned 
above, were very close to the observed frequencies.

The Poisson distribution fit 26 of the 51 observed 
distributions studied, Poisson binomial fit 37 and Negative 
binomial 50. From the 26 distributions fit by the Poisson 
15 were of Collops, 9 of Lygus and two of Total Insects. 
Poisson binomial fit 17 of Collops, 12 of Lygus and eight 
of Total Insects. Negative binomial fit well to all dis
tributions but one, distribution 51 of Lygus. These 
results are summarized in Table 7.

27
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Table 7.. Number and percentage of tabulated distributions 

which fit Poisson, Poisson binomial and negative 
binomial distributions.

Poisson P. binomial N. binomial
Insect Number Percent Number Percent Number Percent

Collops 15 88 17 100 17 100
Lygus 9 53 12 70 16 94
Total

Insects 2 12 8 47 17 100 .

The explanation for the different performance of 
the three theoretical functions as far as the fitting to 
actual data is concerned appears to be related to the 
assumptions underlying their mathematical formulations and 
to the nature of the data.

In the derivation of the Poisson distribution it 
was assumed that the population is distributed completely 
at random. Student (1919) pointed out that besides 
randomness it is also necessary that the chances of an • 
individual being found in a given unit should be so small 
that after multiplication by a very large number of 
individuals the product is still a small number. Fisher 
(1941) reported that Poisson distribution arises when 
samples are taken from perfectly homogeneous material.
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These three points regarding the conditions in

which Poisson distribution is expected to arise appear to
be a sufficient explanation for the results concerned with 
the fitting of this probability distribution to insect 
populations. Table 7 shows that the number of observed 
distributions fitting to Poisson decreases from Collops 
(15) to Lygus (9) to Total Insects (2). In Tables 4, 5, 
and 6 the estimated means of empirical distributions are in 
reverse order, the means of Collops distributions in general 
are considerably lower than the means of Lygus distributions 
which are considerably lower than the means of Total 
Insects distributions. These facts are in agreement with 
Student's (1919) observation. When the infestation 
increases (which is indicated by an increase in the means) 
the chances of an insect being found in a given sample unit
are no longer small enough to satisfy the conditions
required for Poisson distribution. Besides, a Poisson 
distribution requires other conditions such as randomness 
and homogeneity which certainly are not completely 
satisfied in insect populations where many biological 
factors are expected to be involved in the ultimate 
behavior of the individuals. Social habits, for instance, 
are expected to be a strong factor in disturbing randomness 
by affecting the chance of an individual falling in a 
certain unit if this unit already contains other individ
uals. If the chances are increased a high number of units
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will contain a high number of insects while.a high number 
of units will not contain any. In such cases will occur 
what was called by Bliss (1953) "over dispersion" in the 
sense that the variance becomes significantly higher than 
the mean and the empirical distribution will depart from 
Poisson, in which the variance should be equal to the mean.

Table 5 shows that for Collops the variances 
expressed as percentage of the mean vary from 93 to 125%, 
The same table shows that the greatest over dispersion 
(measured by the variance expressed as percentage of the 
mean) exhibited by samples fitting a Poisson distribution 
was 117%. This fact suggests that for Collops, when the 
degree of infestation is low, the factors affecting random
ness and homogeneity are of minor importance and in general 
this type of population can be satisfactorily described by 
the Poisson function.

When the variance expressed as percent o f .the mean 
is between 118 and 135% there is no consistency in the 
fitting or departure. Sometimes X  is significant, some
times it is not. This inconsistency can be observed in 
Tables 4, 5, and 6. By examining these tables one can also 
observe that as a general trend an increase in the mean of 
the population is associated with increases in the range of 
overdispersion. In Collops populations this range is 93 to 
125%, in Lygus populations 100 to 188% and in Total Insects 
populations 102 to 218%.
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This observation suggests two hypotheses; (l) the

populations present different behavior patterns and (2) the 
behavioral patterns are intrinsically the same for all three 
populations, the differences observed as far as the factors 
disturbing randomness and homogeneity is concerned being 
due mostly to differences in population density. If the 
second hypothesis is accepted we must assume, as its 
consequence, that when a Collops population reaches a 
higher density it will be subject to disturbances So that 
it no longer can be described by the Poisson distribution.
We prefer to accept a combination of the two hypotheses, 
accepting the differences on behavior patterns of Collops 
and Lygus and when many different species are considered 
together, and also that such behavior is subject to changes 
according to the population density. When population 
density increases the social relationship between insects 
of the same or different species also increases so that a 
model intended to represent such population'should be 
highly complex.

■ Table 8 shows in summary the results previously 
discussed when overdispersion was related with the fitting 
of the Poisson distribution. The same table also shows 
that the tolerance of the Poisson binomial distribution 
with regard to overdispersion is considerably higher than 
that of the Poisson. When the variance is 135% of the mean 
Poisson binomial fit to all distribution- of Collops, 92% of
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Table 8. Percentage of fit of tabulated distributions of 

Total Insects, Lygus, and Collops presented by 
Poisson, Poisson binomial and negative binomial 
distributions for various ranges of variance 
expressed as percent of the mean.

/S2x

Poisson
118
to

135%
P. binomial N . binomial

(S-)ioo
X (117% >135% <135% >135% (217%

Collops 100 50 — — 100 — — 100
Lygus 100 66 0 92 20 94
Total
Insects 100 0 0 100 30 100

Average 100 58 0 97 25 98

those of Lygus and to all of Total Insects falling within 
these limits. In general, Poisson binomial fit 97% of all 
distributions having variance up to 135% of the mean. The 
Poisson distribution fits 100% of the distributions having 
variance up to 117% of the mean and only 58% of those in 
which the variance fell between 118 and 135% of the mean.

This discrepancy appears to be due to the fact that 
the Poisson binomial is based on more complex assumptions 
where randomness is not of primary importance. Indeed, the 
parameters a and £ are dependent on the mean and the 
variance and also on n which is assumed to represent 
intrinsic characteristics of the population. In discussing
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the applicability of the Poisson binomial distribution 
McGuire et al. (1957) reported that n is related with the 
number of larval surviving from each egg mass which is an 
intrinsic characteristic of the population. Moreover 
Poisson binomial is a "contagious" distribution in which 
the mean is allowed to vary in discontinuous form. This 
and the tolerance to non-randomness can tentatively explain 
why Poisson binomial fit to certain types of distribution 
which Poisson did not fit.

In the case of the negative binomial distribution, 
its tolerance to overdispersion is still higher than that 
of the Poisson binomial. Indeed its upper limit was not 
reached by the present set of data. The highest value of 
variance observed was 218% of the mean (distribution number 
45). Even in this case the X  value for departure was not 
significant. As it was already mentioned only distribution

9number 51 showed significant X  for negative binomial 
although this departure can not be related with overdisper
sion since the variance was only 135% of the mean. There 
seems to be something very special with this distribution.

The success of the negative binomial in fitting 
observed data is likely to be related with the assumptions 
underlying its formulation. Randomness is disregarded so 
that this distribution is a "contagious" one. Feller (1943) 
suggested that there are two types of contagions, one due 
to a lack of randomness and other due to a lack of
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homogeneity. Gurland (1958) reported that the negative 
binomial can apparently be interpreted on the basis of both 
types. Fisher (1941) pointed out that if the population is 
not perfectly homogeneous the values of the mean would vary 
from sample to sample and the negative binomial would 
describe such a population. The difference between the 
negative binomial and Poisson binomial distributions is 
that the variation allowed in the negative binomial is of 
the continuous type presented by Eulerian curves. This 
flexibility would explain the consistency in fitting actual 
data presented by the negative binomial.

Table 8 shows that for the entire range of disper
sion and considering all three types of insects, 98% of 
them were fit by the negative binomial distribution.

The results previously discussed are in general 
agreement with those found in the literature.

McGuire et al. (1957) in studying the distribution 
of European corn borer larvae found that when information 
was restricted to sample data the appropriate functions to 
describe the population seemed to be the Poisson binomial 
for fields of low infestation and the negative binomial for 
fields of high infestation. Table 7 shows that for Collops 
and Lygus, which can be considered as presenting low 
infestation, Poisson binomial fit 100 and 70% of the dis
tributions respectively which is fairly satisfactory.



However, in the. case of Total Insects which pre
sented a much higher.infestation the proportion of fitting 
was only 47%. On the other hand, negative binomial fit all 
Collops and Total Insects data and 94% of those of Lygus.

Wadley (1950) reported that sparse populations often 
come near Poisson in distribution and denser ones usually 
diverge from it. Table 7 shows that Poisson gave satis
factory fit only in the case of the very low populations of 
Collops.

Table 9 shows the effect of the size of the sampling 
unit on the overdispersion and on the stability of the 
variances. In this study, stability of the variances is 
roughly measured by the range of overdispersion, the 
narrower the range of overdispersion the greater the 
stability of the variances. The data in Table 9 show that - 
as the size of the sampling unit increased from one to 
three plants, the stability of variances increased. When 
the sampling unit increased from, three to four plants a 
slight decrease in the stability of the variances was 
observed. These observations hold for all three popula
tions. The greatest instability was observed for sampling 
units of one plant in size, the greatest stability was 
observed when the sampling unit was three plants in size.

The effect of the size of the sampling unit upon 
the overdispersion, appears to be closely related with the 
type of insect, if not intrinsically, at least with their
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2 —Table 9. Ranges of over-dispersion (s /x)100 observed 

according to the size of the sampling unit.

Plants per Sampling Unit
Species (1) (2) (3) (4)

Total Insects 102-183 139-218 174-180 182-189
Collops 93-125 96-118 108-112 101-106
Lygus 100-159 123-175 142-185 134-188

population density. In Total Insects the highest over
dispersion was observed when two plant sampling units were 
used, in Collops when one plant was used, and, in Lygus, 
when four plant sampling units were considered. In all 
three types of populations the lowest overdispersions were 
obtained in sampling units of one plant.

If recommendations regarding size of sampling units 
are to be made, it appears that they should be based on how 
much they contribute to stabilize variances rather than on 
their effect on the magnitude of the overdispersion. Over
dispersion, as discussed previously, appears not to cause 
difficulties in the choice of the mathematical model to 
describe the population, while instability of variances 
may, eventually, disturb the interpretation of the data.

In Lygus, the size of the sampling unit showed 
little effect on the stabilization of the variances but in 
Total Insects and Collops this effect was very marked.



SEQUENTIAL SAMPLING TECHNIQUE

The sequential test was introduced by Wald (1945) 
but according to Fisher (1952) the sequential idea is much 
older. Essentially it consists in a series of experiments 
each of,which depends on what has happened before. Wald 
defined the sequential test as "any statistical test proce
dure which gives a specific rule, at any stage of the 
experiment for making one of the three following decisions: 
(l) to accept the hypothesis being tested, (2) to reject it, 
and (3) to continue the experiment by making an additional 
observation."

Since its formulation, the sequential test has been 
applied to many different problems such as medical trials, 
quality control of manufactured products, forest insect 
surveys and to rapid evaluation of war research problems.

Application of the Sequential Sampling Technique 
to Field Crop Insect Surveys

The current recommendation for insect control in 
Arizona is mainly based on the number of insects captured 
per 100 sweeps.

The use of the sequential test will be discussed in 
this section as a rapid means of evaluating the degree of 
insect infestation in a field and as a procedure to help 
decide objectively if insect control is needed or not.

37
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The applicability of the sequential plan depends 

primarily on the knowledge of the type of distribution 
describing the population. Since from the previous 
results and discussions it appears that insect population 
in a cotton field can satisfactorily be described by the 
negative binomial distribution the discussion of this topic 
will be based on the assumption of a negative binomial dis
tributed population.

The problem can be formulated in the following 
steps:. (1) decision upon the highest level of information 
at which control is still not necessary, (2) decision upon 
the lowest level of infestation at which control becomes 
necessary, (3) objective formulation of the hypothesis to 
be tested (null hypothesis, H ) and of the hypothesis to be 
accepted if the first is rejected (alternative hypothesis, 
H^), and (4) establishment of the probability (a) of 
rejecting Hq when Hq is true and of the probability (p) of 
accepting Ho when is true.

In making decisions (l) and (2) the chosen levels 
of infestations must be of practical significance in the 
sense that they must be distinct enough to be detectable. 
Decisions (l) and (2) can be stated in terms of the mean 
number of insects per sampling unit.

For purposes of discussion it was assumed H as 
being x = * 3000 and as being = .6000. Thus we have
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Hq: Hi*

a = .05 P = .05

*o = .3000 X1 .6000

p0 = .2226 p l = .4452

%  = 1.2226 ^l = 1.4452

k = 1.3476 k = 1.3476

If a sequential test is to be applied to a number 
of samples from populations of different means a common 
estimate should be obtained since k is theoretically 
independent of the mean. Anscombe (1949) described a 
method of estimating a common value of k. The above value 
was estimated according to a procedure suggested by Bliss 
and Owen (unpub. manuscript) and described by Waters (1955) 
as follows:

£ (s^ )2 = y' and £ l ^ s.2./a> = x'
_ 2where x and s are the mean and variance of each sample, n 

is the number of units per sample and N is the number of 
samples. In using these formulas for estimating y ' and x ' 
we first plot y ' against x'. If a few values are very 
discrepant they may be omitted.

The slope is

b = Zl
-  ix
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and

A particular feature of sequential sampling is that 
the decisions are taken at the time the survey is being 
carried out without necessity of stopping the work for 
calculations. Sequential graphs are prepared in advance 
and the results of the survey are plotted as sampling 
proceeds so that the researcher is able to make the deci
sion to accept Hq or reject Hq and accept or to make
another observation immediately.

There are three distinct types of sequential 
graphs: (1) acceptance and rejection lines, (2) operating
characteristic curve, and (3) average sample number. They 
are shown in Figures 1, 2, and 3 respectively. They were 
calculated according to the two hypotheses formulated 
above.

In estimating the values for plotting the sequen
tial graphs, formulas derived by Wald were used. The 
acceptance and rejection lines are described by

do = bn + ho

d l bn + 1 where d is the cumulative
number of insect counted and 
n the number of sample units 
examined,

b is the slope of the lines
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ql

b = k  Pit = -4273log 1 0
P o q l

and the intercepts

(3logh» ‘ 7^1 ' ' 5 -5818
1 0 5  5 ^ 1

1-|3
a
L%

log „ 
hi  pTT = 5 "5818log

Po^l

We accept Hq if d ( .4273n - 5.5818 

We accept if d ^ .4273n + 5.5818

In practice the researcher makes counts at one unit 
and the number of insects is plotted in Figure 1. If the 
plotted point lies between the two lines the decision is to 
make another observation, and the number of insects in this 
new unit is pooled with the previous obtained. Any time the 
plotted point is below the lower line he accepts HQ , ending 
the survey. Any time the plotted point is above the upper 
line he ends the survey, accepting .

Sometimes it would be of interest to know the 
probability of accepting a field for any possible degree of 
insect infestation. In this case an operating
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Figure 1. Acceptance and rejection lines
When the infestation is extremely low only 13 

sampling units (n) have to be examined to reach the 
acceptance of H0 . If d = 6 insects are found in the 
first sampling unit observed, will be accepted at 
this stage.



characteristic curve is constructed and the probabilities 
L(p) are read from a given value of p or x = kp.

The operating characteristic curve is described by

L(p) =

and by

where h is a non zero dummy 
number.

Figure 2 was constructed from the data in the second and 
third columns of Table 10, which were obtained by solving 
the above questions for the values of h shown in the first 
column. This figure shows that when the mean is x = 0.3000 
= xQ or p = 0.2226 = pQ , L(p), the probability of accepting 
Hq (when Hq is true) is 0.95 = 1 - oc- and that when the mean 
is x = 0.6000 = x^ or p = 0.4453 = p-̂  the probability of 
accepting HQ (when is true) is 0.05 = p.

average number of units needed to reach the decision of 
accepting Hq or rejecting Hq thus accepting .

Figure 3 was constructed from the data in the second 
and fourth columns of Table 10. The values in the column

The third sequential graph is concerned with the

headed E(n) were obtained by solving the equation
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Figure 2. Operating characteristic curve
When x = 0.3000 = x0 or p = 0.2226 = pQ , the 

probability of accepting H0 (when H0 is true) is L(p) = 
0.95 = 1 - oc. When x = 0.6000 = x^ or p = 0.4453 = p^, 
the probability of accepting H0 (when Hi is true) is 
0.05 = (3.
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Table 10. Probability L(p) of accepting a field for any

degree of infestation (p or x = pk) and average 
sample numbers E(n) needed to accept or reject 
the null hypothesis, as calculated by varying 
the dummy number h .

h P L(p) E(n) x=pk

oo 0.00 1.00 13.06 0.00
1.00 .22 .95 38.40 .30
.75 .25 .90 49.39 .33
.25 .31 .63 151.17 .42

- .25 .34 .34 57.80 . 46
-1.00 .44 .05 30.33 . 60
-1.25 .48 .02 24.41 .65
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Figure 3. Average sample numbers
When x = 0.3000 = x0 , 38 sampling units have to be 

examined before reaching the accepting decision of H0 .
When x = 0.6000 = x^, 30 sampling units have to be examined 
to reach the decision of rejecting H0 . The highest number 
of observations is needed when the population mean lies between x q and x^.



where hQ and h^ are the intercepts of the accepting and 
rejecting lines and b is the slope.

Figure 3 shows that the number of sampling units 
needed to reach a decision increases as the infestation 
increases from below the level assumed in Hq , reaching the 
maximum at the median point between Hq and H-̂  and decreases 
from that point on.

This illustrates the general features of the 
sequential sampling method. If the fields are of very low 
or very high degree of infestation relatively few sample 
units have to be observed. The disadvantage is that when 
the infestation lies between the levels assumed for accept
ing or rejecting Hq , in general a larger number of units 
has to be observed so that a decision can be reached.

If the equation for the accepting line dQ = bn + hQ 
is solved for n by making dQ = 0 we find n = 13 which 
indicates that when the infestation is extremely low only 
13 units have to be examined to reach the acceptance deci
sion.

If the equation for the rejecting line

d 1 = b n  + h 1

is solved for d by making n = 1 we find d^ = 6 which indi
cates that if six or more insects are found in the first
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observed unit we accept at this stage (see Fig. 1).
This would happen in cases of extremely high infested 
fields. '

» This illustrates the particular features of the
sequential sampling method as applied to a particular 
problem. ,

On the basis of these results it appears that 
sequential sampling can be used for rapid evaluation of the 
degree of insect infestation. , . '■



CONCLUSIONS

The above results suggest that the mode of insect 
spread in cotton fields depends a great deal on the density 
of the population, As the degree of infestation increases 
it appears that the distribution pattern becomes more 
complex.

Sparse insect populations often can be described by 
the Poisson distribution. Denser ones usually diverge from 
Poisson so that more complex models often fit better.

The Poisson binomial distribution seemed to be 
appropriate for populations presenting intermediate densityi

The negative binomial distribution fairly well 
describes insect populations of either low, intermediate or 
higher density.

The negative binomial distribution was always better 
than Poisson and Poisson binomial distributions and was 
consistently successful so that it may be assumed to provide 
a satisfactory mathematical picture of the distribution of 
insects over a cotton field.

An analysis of results obtained from sampling units 
of different sizes showed that three plants per sampling 
unit provide more stable variances. Thus, it appears that 
three plants is the best size for the sampling unit.
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Assuming that the insect population can be 

described by the negative binomial distribution a sequen
tial sampling scheme was proposed for evaluating the insect 
infestation in a cotton field. From the results it appears 
that this technique can be successfully applied for a more 
objective decision on the matter of applying insect control.



SUMMARY

Fifty-One series of insect counts were obtained 
from three simple random samples applied in one acre of a 
cotton field at Marana, Arizona. From these series 17 
represented Collops, 17 represented Lygus and 17 represented 
Total Insects (a mixture of Collops, Lygus and several other 
species).

The series were fitted to the Poisson, Poisson 
binomial and negative binomial distributions. It was found 
that: (l) Poisson distribution fit 88% of the Collops
series, 53% of the Lygus series and 12% of the Total 
Insects series; (2) Poisson binomial fit 100, 70 and 47% of 
the Collops, Lygus and Total Insects series respectively; 
'and (3) negative binomial distribution fit 100, 94 and 100% 
of the Collops, Lygus and Total Insects series respectively.

, The Poisson distribution gave good fit only in the 
case of Collops which presented a very low density while the 
Poisson binomial distribution gave satisfactory fit in both 
the Collops and Lygus series. The negative binomial dis
tribution fit well to all three types of insect series.

The results suggest that the mode of insect spread 
in a cotton field depends a great deal on the density of 
the population. Sparse populations appear to be spread at 
random so that they often can be described by the Poisson

51 ■ '
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distribution. When population density increases, the 
social relationships between insects also appear to 
increase which disturbs randomness. Therefore the mathe
matical model intended to represent the population becomes 
highly complex.

The negative binomial distribution appears to pro
vide a satisfactory mathematical picture of the distribu
tion of insects over a cotton field.

The stability of the variances appears to be 
affected by the size of the sampling unit. The stability 
of the variances increased as the size of the sampling unit 
increased from one to three plants and decreased when the 
size of the sampling unit increased from three to four 
plants.

It appears that a sequential sampling test based on 
the negative binomial distribution can successfully be 
applied for a rapid evaluation of the insect infestation.
It was suggested that sequential sampling would provide a 
means for an objective decision regarding the application 
of insect control.
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