
FIELD DUE TO SOURCES IN THE IONOSPHERE 

AT VLF

by

Udo K arst

A Thesis Subm itted to  th e  F a c u lty  o f  the

DEPARTMENT OF ELECTRICAL ENGINEERING

In  P a r t i a l  F u lf i l lm e n t o f  the  Requirem ents 
For th e  Degree o f

MASTER OF SCIENCE

In  the  Graduate College

THE UNIVERSITY OF ARIZONA

1 9  6 ?



STATEMENT BY AUTHOR

This th e s i s  has been subm itted  in  p a r t i a l  f u l f i l lm e n t  o f  
requ irem en ts  fo r  an advanced degree a t  The U n iv e rs ity  o f  A rizona 
and i s  d e p o s ite d  in  the  U n iv e rs ity  L ib rary  to  be made a v a ila b le  
to  borrow ers under ru le s  o f  the  L ib ra ry .

B r ie f  q u o ta tio n s  from t h i s  th e s i s  a re  a llow ab le  w ith o u t 
s p e c ia l  p e rm iss io n , provided  th a t  a cc u ra te  acknowledgment o f  source 
i s  made. R equests f o r  perm ission  f o r  extended q u o ta tio n  from o r  
re p ro d u c tio n  o f  t h i s  m anuscrip t in  whole o r  in  p a r t  may be g ran ted  
by the  head o f  the  m ajor departm ent o r  the  Dean o f  the  G raduate 
C ollege when in  h is  judgement th e  proposed use o f  the  m a te r ia l  i s  
in  th e  i n t e r e s t s  o f  s c h o la rs h ip . In  a l l  o th e r  in s ta n c e s ,  however, 
p e rm ission  must be o b ta in ed  from th e  a u th o r .

SIGNED:

APPROVAL BY THESIS DIRECTOR 

This th e s i s  has been approved on the  d a te  shown below:

— •>>'- ' ~ ^ i  — o— j__________  &
d GEORGE TJRAS 7Date

s so c ia te  P ro fe sso r  o f  E le c t r i c a l  E ngineering



ACKNOWLEDGMENTS

The a u th o r i s  g r e a t ly  in d eb ted  to  Dr. George Tyras f o r  h is  

h e lp fu l  guidance and adv ice  in  th e  p re p a ra t io n  o f  t h i s  t h e s i s .

Thanks must a ls o  be extended to  Dr. Harvey Cohn and th e  

M athem atics D epartm ent f o r  th e  use o f  t h e i r  e le c t r o n ic  com puter.

This work was supported  by th e  N a tio n a l Science Foundation 

th rough  R esearch G rant GP«=230?.

i i i



TABLE OF CONTENTS

Page

LIST OF ILLUSTRATIONS  ̂ . v

Am TRACT -v l

i .  INTRODUCTION e e e o o e o o o o o e e e e o o . o .  1

2 o DISCUSSION OF THE PROBLEM » o o » e o o o e o 6 o o »  3

2.1 Ps^eBIesi S tatem eyit 0 0 0 0 0 0 0 . 0 0 0 . 0 0  3
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ABSTRACT

The p ro p ag a tio n  o f  very  low frequency  ( v l f ) radiow aves in  

th e  © arth=ionosphere waveguide reg io n  i s  co n s id e red . The e a r th  i s  

assumed f l a t  and p e r f e c t ly  conducting  w hile  th e  ionosphere  i s  sh a rp ly  

bounded„ homogeneous» and a n is o t r o p ic . The problem  i s  fo rm u la ted  

e x c lu s iv e ly  f o r  p ro p ag a tio n  o f  th e  TM mode a long  th e  m agnetic  eq u a to r . 

The in t e g r a l  r e p re s e n ta t io n  o f  th e  f i e l d  i s  g iv en  and i t s  character™  

i s t i e s  a re  d iscu ssed  w ith  re s p e c t  to  th e  complex p la n e . A eonform al 

tra n s fo rm a tio n  and th e  method o f  s te e p e s t  d e sc e n ts  a re  employed to  

e v a lu a te  th e  in te g r a l  and o b ta in  a f i n a l  answ er. The r e s u l t s  a re  

compared w ith  ex p erim en ta l d a ta  in  s e v e ra l  f i e l d  s tre n g th  v e rsu s  

d is ta n c e  p l o t s . The @ast=>west e f f e c t  i s  d isc u sse d  a t  le n g th  and a 

d e ta i le d  accoun t o f  i t s  o r ig in  in  th e  a ir - io n o s p h e re  boundary i s
I

g iv en .

v i



INTRODUCTION

The p ro p ag a tio n  o f  ra d io  waves a t  v l f  was understood  f a i r l y  

w e ll as  long  ago as 1911. At t h a t  tim e th e  e m p ir ic a l A ustin-Cohen 

form ula was proposed . I t  d e sc rib e d  ra d io  wave p ro p ag a tio n  q u ite  

a c c u ra te ly  a t  about 25 KHz. Somewhat l a t e r  v l f  waves were s tu d ie d  

ex p e rim en ta lly  by Round e t  a l .  (1925)0 T h e ir f in d in g s  in d ic a te d  among 

o th e r  th in g s  t h a t  th e  p ro p ag a tio n  o f  radiow aves i s ,  in  g e n e ra l , 

n o n re c ip ro c a l , This was la b e le d  th e  e a s t-w e s t e f f e c t .

However, d e s p ite  th e  f a c t  t h a t  v l f  waves p ropagate  g re a t  

d is ta n c e s  w ith  sm all a t te n u a t io n ,  in v e s t ig a t io n  in to  t h e i r  n a tu re  

was n e g le c te d  f o r  some tim e . More r e c e n t ly  th ey  have re g a in ed  

a t t e n t io n .  The g re a t  need fo r  s a t t e l i t e  comm unication, long  range 

n a v ig a t io n , and w eather o b se rv a tio n  has ag a in  made v e ry  low frequen ­

c ie s  d e s i r a b le .  Among o th e r s , Sudden (1951„ 195*0 has s tu d ie d  the  

r e f le c t io n s  o f  waves a t  th e  boundary o f  th e  ionosphere  as  a lso  has 

Y abroff (1957)<> W ait (1957) and W ait and Howe (1957) have c o n tr ib u te d  

s ig n i f i c a n t ly  to  th e  mode th e o ry  o f  wave p ro p a g a tio n , w h ile  Crombie 

(1958)« and B arber and Crombie (1959) have in v e s t ig a te d  th e  non- 

r e c ip r o c i ty  o f  th e  r e f l e c t io n  c o e f f ic ie n t  a t  th e  e a r th - io n o sp h e re  

boundary. The same n o n re c ip ro c a l p ro p e r ty  o f  th e  ionosphere  boundary 

b u t in  term s o f  i t s  in p u t  adm ittance  has been co n sid ered  by D obro tt 

and Ish im aru  (1961) .



In  t h i s  th e s i s  th e  p ro p ag a tio n  o f  w lf waves in  th e  a i r  reg io n  

betw een- th e  e a r th  and ionosphere  due to  a so u rce  lo c a te d  in  th e  ionos~ 

phere w i l l  be d is c u s se d . The f i e l d s  in  th e  plasm a medium a r e 6 in  

g e n e ra l, d e sc r ib e d  by a s e t  o f  coupled d i f f e r e n t i a l  e q u a tio n s . In  

o rd e r  to  uncouple th e se  eq u a tio n s  th e  source  e x c i ta t io n  i s  chosen so 

t h a t  o n ly  one m agnetic f i e ld  component, p a r a l l e l  to  th e  s te a d y  

m agnetic f i e l d  i s  p re s e n t .  This i s  r e a l l y  no g re a t  r e s t r i c t i o n  s in ce  

i t  i s  j u s t  th e  tra n s v e rse  component o f  th e  e a r t h ’s m agnetic f i e l d  

t h a t  i s  im p o rtan t in  v l f  wave p ro p ag a tio n  to  g r e a t  d is ta n c e s .

In  a d d i t io n , th e  d i r e c t io n  o f  p ro p ag a tio n  i s  tak en  along the  

m agnetic e q u a to r . I t  i s  here  where th e  g r e a te s t  a n iso tro p y  occu rs  

(M alt and S p ie s , i 960) and hence where th e  g r e a te s t  d if f e r e n c e  in  

©ast=>w@st p ro p ag a tio n  m a n ife s ts  i t s e l f .  This e a s t-w e s t  e f f e c t  w i l l  

be d isc u sse d  in  g re a t  d e t a i l .  The method fo rm ulated  by B arber and 

Crombie (1959) f o r  th e  case  o f  a p lane  wave in c id e n t  upon th e  io n o s­

phere  w i l l  be employed to  show n o t o n ly  t h a t  th e  e l e c t r i c  v e c to r  in  

th e  plasm a c o n ta in s  a r o ta t in g  component, b u t a ls o  t h a t  t h i s  component 

i s  an a b so lu te  n e c e s s i ty  f o r  a n o n re c ip ro c ity  to  occu r.

I t  w i l l  a lso  be seen th a t  in  th e  h y p o th e tic a l  case o f  a lo s s ­

l e s s  ionosphere  th e  e a s t-w e s t e f f e c t  may o r  may n o t ap p ear.



2, DISCUSSION OF THE PROBLEM

2 e1 Problem S tatem ent

The gometry o f th e  problem  i s  shown in  F ig . 2 .1 . The p lane  

z~0 re p re se n ts  th e  e a r t h 's  su rfa c e  and th e  p lane  z=b a sh a rp ly  bounded 

io n o sp h e re . Region (0 ) , th e n , i s  th e  earth = io n o sp h e re  w aveguide.

Region (1) i s  th e  io n o sp h ere , s e m i- in f in i te  in  e x te n t .  For s im p li­

c i t y  th e  c u rv a tu re s  o f  th e  e a r th  and ionosphere  a re  n e g lec te d  and 

th e  e a r t h 's  c o n d u c tiv ity  i s  considered  i n f i n i t e .

E x c ita t io n  o f  e lec tro m ag n e tic  waves i s  by a m agnetic l in e  source 

lo c a te d  in  th e  ionosphere  p a r a l l e l  to  th e  in te r f a c e  and c a rry in g  a mag­

n e t i c  c u r re n t  1^6“^ ^  ^ in  th e  p o s i t iv e  x - d i r e c t io n .  A m a g n e to s ta tic  

f i e l d  p a r a l l e l  to  th e  l in e  source i s  p re s e n t .  E v a lu a tio n  o f  f i e l d  

s t r e n g th  in  th e  waveguide reg io n  i s  d e s i r e d .

2 .2  The Source

The source i s  an i n f i n i t e  m agnetic l in e  o f  c u r re n t  o r ie n te d  

in  th e  x - d i r e c t io n ,  p a r a l l e l  to  th e  e a r t h 's  m agnetic f i e l d .  This 

type o f  e x c i ta t io n  y ie ld s  a m agnetic f i e l d  component in  th e  x -d i r e c ­

t io n  and components o f  the  e l e c t r i c  f i e ld  in  th e  y -z  p la n e . Hence the  

e a r t h 's  m agnetic f i e ld  i s  p a r a l l e l  to  th e  m agnetic f i e l d  o f  th e  wave 

and p e rp e n d ic u la r  to  th e  d i r e c t io n  o f  p ro p a g a tio n . This case  i s  o f  

most im portance in  th e  tra n sm iss io n  o f  v l f  waves to  g re a t  d i s ta n c e s «

The chosen e x c i t a t io n  a lso  r e s u l t s  in  uncoupled f i e ld  e q u a tio n s  which 

s im p lif ie s  th e  problem  though r e ta in in g  th e  s a l i e n t  f e a tu r e s .

3



A m athem atical r e p re s e n ta t io n  o f  the  source  i s

'I 'V h . cT(if) cT( z —Jr-Jk') X

where c f  i s  th e  D irac d e l ta  fu n c tio n  and x i s  a u n i t  v e c to r  in  the  

p o s i t iv e  x - d i r e c t io n .

2 .3  The Magnetoplasma

For th e  purpose o f  th i s  th e s i s  the  ionosphere  s h a l l  c o n s is t  

o f  an eq u a l number o f  p o s i t iv e  and n e g a tiv e  c h a rg es , th e  p o s i t iv e  io n s  

and th e  e le c t r o n s .  S ince th e  mass o f  th e  p o s i t iv e  io n s  i s  a p p re c ia b le  

compared to  th e  e le c t r o n s ,  th e  e le c tro n s  on ly  s h a llb e  co n sid ered  fre e  

to  move. The presence  o f  a s tead y  m agnetic f i e l d  ren d e rs  th e  plasma 

a n is o t ro p ic .  Such a plasma may be c h a ra c te r iz e d  by the  c o n s t i tu t iv e  

r e la t io n s

I > - f c 0 e  E
—v —y

/LcJbL H

where 6 i s  the p e r m itt iv ity  tensor given by (Tyras and Held, 1959):

€  =

The d if fe r e n t  elem ents are complex. I f  one prime i s  used to  denote 

the rea l part and two primes the im aginary, the d if fe r e n t  elem ents 

may be w ritten :
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? "  -  V *>r
<>ufcuz'-A V *)

6  — f —  C u>d-  6c//v - + V * ' )

^  v 1<J £.f < v - ) 4*-  ̂ ^ J

)>UJp(u)Z+U)H+ y*-)____________
O j [ ( u ) i - u > H ) i'-+ Z ( c O -  OJH

 g J > / -  u /̂y - 1)2’)___________
u>L((O + c0H) z'-Hj'’][(u;-Gj/r)*’+»*- ]

2.

where io  i s  c a l le d  th e  plasma frequency  given  by
P

C O * -'/» -  60 ^ n 4

and U>H i s  th e  c y c lo tro n  frequency  given by :

l&l Ut> Hjc
CV,

•-e

In  th e se  e x p re ss io n s  N i s  th e  number o f  f r e e  e le c tro n s  p e r  cubic  m eter, 

je |=  1 .6x10-^ ^  coulomb i s  th e  e l e c t r i c  c h a rg e , m^= 9 *1x1 kg i s  the  

e le c tro n  mass, and <x), V a re  the  wave frequency  and e le c tro n  c o l l i s io n  

freq u en cy , r e s p e c t iv e ly .



The in v e rse  o f  the  p e r m i t t iv i ty  te n s o r ,  which w i l l  be 

n e c e ssa iy  in  subsequen t c h a p te rs , may be w r i t te n :

r  x

y - i  i
€  = T

5 o  o  

o  I - 1K
_ 0  * K  I

where X * ^  ~ and K *  .

2 .4  The B oundaries

The low er boundary a t  z=0 i s  th e  f l a t  e a r th  w ith  th e  conduc­

t i v i t y  con sid ered  i n f i n i t e .  This i s  a good r e p re s e n ta t io n ,  fo r  exam ple, 

f o r  a la rg e  expanse o f  ocean .

The boundary a t  z=b i s  th e  sh a rp ly  bounded io n o sp h e re . T h is, 

o f  c o u rse , i s  an id e a l iz a t io n  s in ce  th e  boundary i s  co n tin u o u sly  

v a ry in g . In  f a c t ,  ty p ic a l  ex p erim en ta l r e s u l t s  as re p o rte d  by a 

c o lleag u e  (S c h e ll ,  196?) y ie ld  the  fo llo w in g  v a r ia t io n  in  th e  param eter 

% , which f o r  TM mode p ro p ag a tio n  i s  the  square o f  th e  r e f r a c t iv e  

in d ex .

X = 0 .998? + i0 .3215  a t  z = 60 km

X = 0.8822  + i 6 . 1?6 a t  z = ?0 km

X = -2 .864  + i136.1 a t  z = 80 km

These measurements were made a t  11.14 KHz. The index  o f  r e f r a c t io n ,

V X  * th e n , changes from <v1 .0 to  <v10 in  a h a l f  w aveleng th . Hence, 

c o n s id e rin g  the  boundary to  be ab ru p t a t  v l f  i s  j u s t i f i e d .  I t  may 

be noted th a t  the  s i tu a t io n  o f  v l f  r a d ia t io n  in c id e n t  on th e



iono sp h ere  i s  analogous to  r a d ia t io n  o f  o p t ic a l  f re q u e n c ie s  in c id e n t  

upon a m e ta l p la t® „ This a sp e c t o f th e  problem  w i l l  be d iscu ssed  

f u r th e r  in  C hapter 6=



3 . PROBLEM FORMULATION

3.1 The F ie ld  E quations

Since th e  main i n t e r e s t  l i e s  in  f in d in g  the  f i e l d s  in  the  a i r  

space 0 s  z a s o lu tio n  to  M axwell' s eq u a tio n s  i s  im p lie d . This 

s o lu t io n  must obey c e r ta in  boundary c o n d itio n s  and e x h ib i t  a p ro p er 

b eh av io r a t  i n f i n i t y .  The fo rm u la tio n  p re sen ted  here  has a lre a d y  been 

d e ta i le d  by T yras, Ish im aru , and Swarm (19&3), and Wade and W illiam s 

(1966) and w i l l  o n ly  be sketched  b r i e f l y .

S ince th e  source c u r re n t  has a harmonic tim e dependence, 

M axw ell's eq u a tio n s  y ie ld  th e  v e c to r  wave eq u a tio n

(  V x  6 ^VX - J C )  H, = cTCz~^-A) X

The o p e ra tio n  ( V x " - l V x  ) may be w r i t t e n  as a m a trix  i f  i t  i s

observed th a t :

V x  =• (3 .1 )

Since th e  geom etry o f  th e  problem p rec lu d es  v a r ia t io n  in  th e  x  co­

o rd in a te
O

T herefore  a fam ily  o f  eq u a tio n s  ap p ea rs .
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I t  i s  seen im m ediately  t h a t  th e  y -  and z-com ponents a re  coupled b u t 

th e  x-component i s  uncoupled . S in c e , as has been concluded by p rev io u s  

re s e a rc h  (G a le js  and Row, 1964), th e  boundary c o n d itio n s  may be s a t i s ­

f ie d  by an x-component o n ly , th e  d i f f e r e n t i a l  eq u a tio n  c o n ta in in g  

w i l l  be s u f f i c i e n t  and on ly  w i l l  appear in  th e  f i n a l  answ er. This 

i s  a d i r e c t  r e s u l t  o f  th e  n a tu re  and d i r e c t io n  o f  source and s tead y  

m agnetic f i e ld  employed. Hence,

( <) *- + - t X & o )  H x/ *  ^  ^

Likew ise f o r  th e  a i r  space

(  c )^  + ^  + )  H x o  =  0

In  o rd e r to  so lve  th e  above e q u a tio n s , th e  F o u r ie r  tran sfo rm  p a i r  i s  

in tro d u c e d .

r00
f  ( = , - < )  = j  O A )

— 00

%  Y) (3*5)
~  00

Applying (3 .4 )  to  (3*2) and (3 .3 )  in  th e  u su a l manner y ie ld s :

+  H , , ,  =  X e u o L > x I n J ' ( z - ' & ' - A )  ( 3 l6 )

Htt ,  — O (3 -7 )
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Ihe most g e n e ra l s o lu t io n  o f  (3 «7 ) I s  th e  com plim entary s o lu t io n

^  JL ° E>0 **- yC5° Z (3 . 8 )

S ince (3 . 6 ) has a source term  th e re  w i l l  be a com plim entary s o lu t io n

H c =  A , x " s' Z + B (

and a p a r t i c u la r  s o lu tio n

A  (3 '9 )

^  =  - - i f  6 0 u ? (3 . 10)

where th e  c o e f f ic ie n ts  a re  fu n c tio n s  o f  th e  tran sfo rm  v a r ia b le ,  <X , 

and  —

5 , = ' v n F - r ^ r

I t  i s  n ecessa ry  a t  t h i s  p o in t  to  e s t a b l i s h  a s ig n  convention  

concern ing  th e  r a d ic a l s .  I t  s h a l l  be re q u ire d  th a t

Se}  > o ; 1 ^ , ( 5,} > 0  0 .11)

This in  e f f e c t  chooses th e  upper su rfa c e  o f  th e  Riemann p la n e .

With t h i s  in fo rm a tio n  i t  i s  seen im m ediately  t h a t  in  

(3*9) must be z e ro . This fo llow s s in ce  z i s  unbounded in  th e  p o s i t iv e  

d i r e c t io n  in  medium ( 1 ) « A B j / 0  would r e s u l t  in  Hic —► 00 a s  z — 00 

which i s  p h y s ic a l ly  im p o ss ib le . T herefore  th e  transfo rm ed  f i e ld s  

become:
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(3 .8 )

Hy.,  =  $
(3 .1 2 )

Now ap p ly ing  th e  in v e rse  F o u rie r  tran sfo rm  (3»5) th e  f i e ld s  become

z-oo

where th e  c o e f f ic ie n ts  Aq , Bq , and have been renorm alized  f o r  

conven ience .

E quations (3 .1 3 ) and (3 .1 4 ) a re  in  e f f e c t  th e  answ ers. F i r s t ,  

however, th e  c o e f f ic ie n ts  must be ev a lu a ted  by ap p ly ing  the  boundary 

c o n d itio n s  which w i l l  now be d iscu ssed  b r i e f l y .

3 .2  The Boundary C onditions

CD

The boundary c o n d itio n s  a r e :

a t  z = 0 (3 .15 )

s in ce  z = 0 i s  a p e r f e c t  conductor and

(3 .16 ) 

(3 .1 ? )
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where th e  s u b s c r ip t  T in  each case d eno tes  th e  components ta n g e n t ia l  

to  th e  boundary. I t  w i l l  be conven ien t to  ex p re ss  th e se  c o n d itio n s  

com pletely  in  term s o f  the  m agnetic f i e l d .  Using M axw ell's eq u a tio n s  

in  s o u rc e - f re e  re g io n  (0 ) th e  boundary c o n d itio n  (3 *15) becomes

c) gHxO = 0 a t  z = 0 

S im ila r ly  in  s o u rc e -f re e  reg io n  (1)

(3-18)

E xpressing  (3*19) in  m atrix  form y ie ld s :

(3 .19 )

Ex,
X

LEa i .

X
?o
o

0 o
1 - i  K 

XK I

o
dz H», (3 -20)

Observing th a t

n X| — x°< H x i  
a llow s (3 .1 6 ) to  be w r i t te n  a s :

(3.21 )

X  H x o  ~  ( d z  -  K °< ) H  x i I - o fX, j- a± z  = b
I t  i s  now a sim ple m a tte r  to  so lve  fo r  Aq  , Bq  , and by app ly ing  

boundary c o n d itio n s  (3 . 17) ,  (3*18), and (3 . 22 ) .

(3 -22)
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h

x

F igure 2.1 Geometry o f  th e  Problem



4 . EVALUATION OF THE INTEGRAL

4.1 The I n te g r a l  R ep resen ta tio n

The I n te g r a l  (3 -13) In  th e  waveguide re g io n  i s  o f  im portance 

and may be w r i t te n :

T r°° A  A A , b  z ^ 0Z A ^ z - )  ^  % J
U  — I  JL________ C Jg "+ -€________ /  X  c to (

xo ^ Tr y  [ x v c w h ^ C i - R ^ ^ 5- ^
-  CD

where R i s  th e  r e f l e c t io n  c o e f f ic ie n t  a t  the  a ir-p la sm a  in te r f a c e  

g iven  by

O  X S p  -  +  >L K°< )
X S 0 -h (S , -f x  K°< )

The r e f l e c t io n  c o e f f ic ie n t  a t  the  e a r th  boundary i s ,  o f  c o u rse ,

u n i ty .  I f ,  now, the  tra n s fo rm a tio n

—  A 0 A

i s  ap p lied  to  th e  in t e g r a l  above, th e  r e s u l t  i s :

oo

Xo

f  ^ . b V i ^ z  Vz Vh X1^ - x z V i ^ )  '•A A
/ j?_________ i __________W _______ "+ je ) a  A a  1

-C O

I t  w i l l  be p ro f i ta b le  to  in s p e c t  t h i s  r e p re s e n ta t io n  in  th e  complex 

p la n e . I f  the  s in g u la r i t i e s  in  the  in te g ra n d  a re  p lo t te d  in  the 

X -p la n e  F ig . 4.1 r e s u l t s .  I t  i s  seen  th a t  X = - Vx y ie ld s  two branch 

p o in ts  which a re  connected by a branch c u t p a ss in g  through i n f i n i t y .  

The p o le s  a re  lo c a te d  by the  e x p re ss io n  I -  R (A) ^ ^ -  q  #

14
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branch c u t

CO

W

- p o le s

Figure 4.1 S in g u la r  P o in ts  in  th e  X -p lan e
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The p a th  o f  in te g r a t io n  runs along th e  Xz -a x is  from -  as 

to  + co and c lo se s  in  th e  top  h a lf -p la n e  w ith  a s e m ic irc le . I t  i s  

obvious a t  once th a t  the  co n tou r must be in d en ted  around th e  branch 

c u t  em anating from X =+ Vx" and p roceed ing  upward to  i n f i n i t y .  The 

co n to u r o f  in te g r a t io n  may be deformed in  a l l  p o r tio n s  o f  th e  complex 

p lane  where th e  fu n c tio n  i s  a n a ly t ic .  T h e re fo re , th e  i n t e g r a l  (4 .1 )  

may be w r i t t e n  as th e  sum o f  the  c o n tr ib u tio n s  from the  p o le s  and the  

branch c u t .

= H. + Hbc

Here Hm i s  c a l le d  th e  modal f i e ld  and H^c c o n tr ib u te s  a so c a l le d  

l a t e r a l  wave (B rekhovskikh, i 960) .

This type o f  approach i s  c a l le d  th e  mode th eo ry  o f  wave propa­

g a tio n  s in ce  th e  c o n tr ib u tio n  from each pole co rresponds to  a p a r t i ­

c u la r  mode. In  g e n e ra l , a few p o le s  w i l l  l i e  between th e  XZ/-a x is  and 

th e  A = 1 p o in t ,  c lo se  to  th e  \ / - a x i s .  These p o le s  w i l l  c o n tr ib u te  

th e  m ajor p o r tio n  to  th e  f i e l d  and may be c a lle d  the  dom inant modes.

The rem ain ing  p o le s , i n f i n i t e  in  number, c o n tr ib u te  on ly  n e g l ig ib ly  

to  th e  t o t a l  f i e l d .

The in te g r a t io n  around the  branch  c u t y i e ld s ,  as n o te d , a l a t e r a l  

wave. I t  may in  c e r ta in  in s ta n c e s  be th e  dom inant term  b u t in  g e n e ra l, 

and as w i l l  be shown su b seq u en tly , th e  l a t e r a l  wave f a l l s  o f f  

e x p o n e n tia lly  and w i l l  th e re fo re  n o t c o n tr ib u te  s ig n i f i c a n t ly .

In  a d d itio n  to  th e  mode th eo ry  o u tlin e d  above a n o th e r  i n t e r ­

p r e ta t io n  o f  th e  i n te g r a l  i s  a v a i la b le .  This second in te r p r e ta t io n  

d e sc r ib e s  th e  f i e ld  in  th e  waveguide as a summation o f  c o n tr ib u tio n s



from an i n f i n i t e  number o f  image so u rc e s . I t  w i l l  now be d iscu ssed  

and su b seq u en tly  used to  e v a lu a te  th e  i n t e g r a l .

4 .2  Expansion o f  th e  R e f le c tio n  C o e f f ic ie n t

I t  i s  p o ss ib le  to  assume on th e  p a th  o f  in te g r a t io n  th a t

This i s  J u s t i f i e d  by the  p h y s ic a l c o n s id e ra tio n  th a t  th e re  w i l l  be 

some a b so rp tio n , re g a rd le s s  o f  how sm a ll, o f  th e  in c id e n t  wave in  

th e  boundary. ( A n o ta b le  e x cep tio n  i s  th e  case o f  ta n g e n t ia l  i n c i ­

dence , 0  - »  Y * in  which case  I R| = 1 ) .  A lte rn a te ly  a sm all im aginary  

p a r t  may be a ss ig n ed  to  kg. Upon th e se  assum ptions th e  term

( I— R Jfc )
may be expanded in  a power s e r ie s  acco rd ing  to :

( 1-x  1*fcx+x2+x3+.. .  = xn |x |-c1 .
o

Using th i s  expansion , (4 .1 )  may be a rranged  as th e  sum o f  two term s 

(B rekhovskikh, 1960)

oo 2
U  = -  \  -r  . (4.
• 1 x o  Z v r ^  f'*1

O I
where

I , =  "
J-co

and
r *  ;iv[(Ci^n]b-z)yr:xt *^X3r_

- oo

° [ R C A ^ r ^ A
/  xX)
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By c o n s id e rin g  th e  e x p o n e n tia l p o r tio n  c o n ta in in g  YI “A* i t  i s  seen 

t h a t  th e  param eter z has been rep laced  by an " e f f e c t iv e 11 v a lu e  o f  z 

given  by:

Zjn = (1 +2n)b±z j  = 1 ,2  (4 .3 )

The p lu s  s ig n  corresponds to  j  = 1 and th e  minus s ig n  to  j  = 2 . This 

i n t e r p r e ta t io n  y ie ld s  th e  image source re p re s e n ta t io n  as shown in  

F ig . 4 .2 .  In  t h i s  case th e  r e f le c t io n  c o e f f ic ie n t  to  th e  n - th  power 

may be co n sid ered  as a w eigh ting  fu n c tio n  fo r  th e  n - th  so u rc e .

In  e i t h e r  o f  th e  above re p re s e n ta t io n s  i t  i s  seen t h a t  th e  

f i e l d  c o n s is ts  o f  an i n f i n i t e  number o f  i n t e g r a l s . These in te g r a l s  

a re  very  s im i la r  and may be ev a lu a ted  by an approxim ate method known 

as th e  method o f  s te e p e s t  d e sc e n ts  o r  sadd le  p o in t  method. This 

method i s  w ide ly  documented (B anos,1966; B rekhovskikh, I960;

T yras, 1963) and w i l l  n o t be d iscu ssed  h e re .

4 .3  I n te g r a l  E v a lu a tio n  on th e  S te e p e s t  D escent Path 

4 .3 a  In tro d u c tio n

In  F ig . 4 .3  the  X -p la n e  i s  ag a in  p ic tu r e d , t h i s  tim e in c lu ­

d ing  n o t o n ly  th e  branch  c u t b u t a lso  the  assumed sadd le  p o in t ,  the  

ang le  0 , and th e  deformed p a th  o f  in te g r a t io n ,  composed o f  two 

segm ents, fj1 and . I t  i s  seen im m ediately  t h a t  f o r  0 ^ 0 C th e  

b ranch  c u t w i l l  n o t be c ro ssed  by th e  p a th  o f  in te g r a t io n  and the  

c o n tr ib u tio n  due to  th e  l a t e r a l  wave w i l l  be z e ro . In  t h i s  case 

e v a lu a tio n  o f  th e  in te g r a l  along p a th  C w i l l  r e s u l t  in  th e  t o t a l  

f i e l d .  At an g le s  g re a te r  th an  60 th e  con tou r f[ in te r c e p t s  th e  branch
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z=b

z=-b

F igure  4 .2  The Network o f  Image Sources
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A asti e

F igure  4 .3  Deformed Path  o f  In te g ra t io n  In  th e  ^  -p la n e

> 
T



c u t ,  however, and thus le a v e s  th e  o r ig in a l  Rlemann s h e e t. In  o rd e r 

to  re tu rn  to  th e  same Rlemann sh e e t th e  p a th  f 1̂  i s  n e c e ssa ry . The 

in te g r a t io n  around th i s  p a th  i s  th e  l a t e r a l  wave. I t  i s  th e re fo re  

p o s s ib le  to  w r ite  th e  t o t a l  f i e ld  a s :

= Hx0 + u(e - ec) HxO (4.4)
where u(9  -  0C) i s  the  u n i t  s te p  fu n c tio n  and P, , deno te  th e  

re s p e c tiv e  p a th s . An approxim ate va lue  f o r  9C i s  r e a d i ly  a v a i la b le .

In  s e c tio n  2 .4  i t  was seen th a t  X had a v e ry  la rg e  im aginary  p a r t  

compared to  th e  r e a l  p a r t .  I t  i s  th e re fo re  n o t a bad assum ption  to  

c o n s id e r  %  as pure Im aginary . This would y ie ld  eq u a l r e a l  and 

im aginary  components f o r  Y x  . Hence

I t  s h a l l  now be shown th a t  th e  in te g r a l  o v er , th e  l a t e r a l  wave, 

d e c rea se s  e x p o n e n tia lly  and hence i s  n e g l ig ib le .

4 .3b  The T ransfo rm ation  A *  Vx^cos w 

The tra n s fo rm a tio n

^  =  \Tx w  • w  d  W (4 . 5 )

i s  made in  th e  in t e g r a l  ( 4 .2 ) .  As i s  seen in  F ig . 4 .4 ,  th e  oonform al 

tra n s fo rm a tio n  (4 .5 )  maps th e  com plete upper Rlemann sh e e t o f  the  

A -p la n e  on to  a s t r i p  o f  w idth  IT  in  th e  w -p lane . The b o u ndaries  

a re  th e  co n tou rs  about th e  upper and low er branch  c u ts  in  th e  A -p la n e .
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Vx

-  S ir -  rr TTO

F igure 4 .4  Branch Cut In te g ra t io n  in  th e  w -plane
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The e q u a tio n s  o f  th e  boundaries can be deduced from th e  c o n d itio n s  

(Banos, 1966)

 ̂]pX Wĵ  5  i t  'yyr. VX~ ̂

and th e se  a re  shown in  t h e i r  g e n e ra l c u r v i l in e a r  shape. The r e a l  and 

im aginary  axes o f  th e  X  -p la n e  have a lso  been shown f o r  re fe re n c e . 

The d e s ire d  p a th  o f  in te g r a t io n  i s ,  o f  c o u rs e , th e  r i g h t  hand 

boundary P .
I f  in  a d d itio n  the  space c o o rd in a te s  a re  transfo rm ed  accord ing  

to  th e  su g g es tio n s  o f  s e c tio n  4 .2  and eq u a tio n  (4 .3 )

y  = r Jn s in  0Jn

Zjn= r jn cos 0 jn  

th e  in te g r a l  (4 .2 )  becomes:

e -  )j 1 ~ X. CA4.1' w  3

(4 .6 )

c»4 . w l  (4 . 7 )
f f dlw

where

F  (vv) —
l - X Ms* w + yi K V* w )  (^*®)



Taking acco rd ing  to  th e  method o f  s te e p e s t  d e sc e n ts
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*£(w) -f- ^ Yx vv)

two ro o ts  occu r a t

w = 0 , w = a rc c o s (^ L  s in  0 j n )

As i s  seen in  F ig . 4 .4 , th e  p ro p e r sadd le  p o in t i s  th e  f i r s t  r o o t .
r

The second one w i l l  r e f e r  to  the  in te g r a t io n  over Hxj .  Consequently 

employing th e  tra n s fo rm a tio n

5 © ^ v ,  V x  +  c o d ,  w  f l - X  9 * ^  f k  C ^ e ^ V T ^ X u ^ w " ]

y ie ld s  f o r  th e  f i e l d  in  (4 .7 ) :
i  ______

n xo Zrr / /  ■*■
O I

The q u a n t i ty  in  th e  b races  may be expanded in  powers o f  s and 

th e  subsequent in te g r a t io n  y ie ld s  a q u ic k ly  converging s e r ie s  in  

in v e rse  powers o f  r .  The in te g ra n d , th e n , i s  bounded. Of prim ary  

im portance now emerges the  exponent. S ince  Nx* has an a p p re c ia b le  

im aginary  p a r t ,  th e  exponent w i l l  have a la rg e  n e g a tiv e  r e a l  p o r t io n . 

Hence, e s p e c ia l ly  i f  r  i s  la r g e ,  th e  f i e l d  due to  th e  b ranch  c u t 

in te g r a t io n , H ^ ,  w i l l  d ie  o u t e x p o n e n tia l ly . This i s  e q u iv a le n t to  

say ing  th e  l a t e r a l  wave w i l l  n o t c o n tr ib u te  to  the  t o t a l  f i e l d .
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The on ly  c o n tr ib u t io n  to  th e  f i e ld  w i l l  come from th e  f i r s t  term  

in  ( 4 .4 ) .  This term  w i l l  now be e v a lu a te d .

4 .3 c  The T ransform ation  A = s in ^3

In  o rd e r  to  e v a lu a te  th e  in t e g r a l  (4 .2 )  on th e  co n to u r V, 
th e  tra n s fo rm a tio n

A = sinp , d A = cos^>d^
i s  made. The e f f e c t  o f  t h i s  mapping i s  s im ila r  to  th e  one j u s t  d i s ­

cussed in  th e  p rev io u s  s e c t io n .  F ig . 4 .5  shows th a t  the  A -p la n e  has 

been mapped onto  th e  i n f i n i t e  s t r i p  betw een -  ~  and I f  • The p a th  o f  

in te g r a t io n ,  th e  A ' - a x i s ,  i s  shown as P, . The b ranch  p o in t  and branch 

c u t  a re  lo c a te d  w e ll away from the  p a th  o f  in te g r a t io n .  This r e s u l t s  

s in c e  7>> I . A c tu a lly  in  view o f  th e  r e s u l t s  o f  th e  p roceed ing  

s e c t io n ,  th e  branch  p o in t may be ig n o re d . S ince th e re  a re  no o th e r  

s in g u la r i t i e s  in  th e  -p la n e ,  the  defo rm ation  to  th e  p a th  o f  s te e p e s t  

d e sc e n ts  should occur w ith o u t d i f f i c u l t y .  And in  f a c t  i t  d o es .

Employing th e  tra n s fo rm a tio n  (4 .6 )  

y  = r j n s in  f j n 

%jn = r jn c o s  t j n 

y ie ld s  f o r  th e  f i e ld  in  (4 .2 ) :

f  °°F(p -e  ;  k  A>' “ 1</S"
o I ~ Co !
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X -rr-TT

Figure  4 .5  Path  o f  In te g ra t io n  in  th e  A -p lan e
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From th e  exponent i t  i s  seen  th a t

Z3 = ♦ jn  (4 -9 )

i s  th e  d e s ire d  sadd le  p o in t .  The p a th  co rrespond ing  to  t h i s  sadd le  

p o in t  i s  shown in  F ig . 4 .5  as t . This i s  th e  p a th  o f  s te e p e s t  de­

s c e n ts  g iven  by:

”  I ^  s  2

Using the  in fo rm a tio n  (4 .9 )  and employing th e  sad d le  p o in t  method, 

th e  f i e ld  in  th e  e a r th - io n o sp h e re  waveguide may be found.

oo 2

O | *

(4 .1 0 )

This answ er i s  p resen ted  in  g ra p h ic a l form in  F ig s . 5*1-5»5 and 

w i l l  be d isc u sse d  in  th e  n e x t c h a p te r .



5 . ItMERICAL RESULTS

The f i n a l  ex p re ss io n  f o r  th e  f i e l d s ,  (4 .1 0 ) ,  has been  p ro ­

grammed f o r  a d i g i t a l  computer and th e  r e s u l t s  a re  p lo t te d  in  th e  

fo llo w in g  f ig u r e s .  The o rd in a te  in  each case  r e p re s e n ts  th e  f i e l d  

s t r e n g th ,  measured on th e  ground, o f  a u n i t  source  lo c a te d  in  th e  

io n o sp h e re . The a b s c is s a  i s  th e  d is ta n c e  from th e  source in  k i lo ­

m e te rs . A lso , in  each th e o r e t i c a l  graph th e  s o l id  l i n e  re p re s e n ts  

th e  p o s i t iv e  v a lu es  o f  y , and th e  dashed l i n e s  n eg a tiv e  v a lu e s  o f  y . 

T h e 'd if fe re n c e  in  th e  cu rves f o r  th e  two d i r e c t io n s  i s  due to  the  

e a s t-w e s t e f f e c t .  This w i l l  be ex p la in ed  in  g r e a t  d e t a i l  i n  th e  n ex t 

c h a p te r .

In  o rd e r  to  check th e  r e s u l t s  o b ta in ed  a com parison w ith  

known ex p erim en ta l d a ta  i s  a p p ro p r ia te .  C onsiderab le  amounts o f  in f o r ­

m ation  a re  n o t a v a i la b le ,  e s p e c ia l ly  f o r  p ro p ag a tio n  e x a c tly  along 

th e  m agnetic e q u a to r . For th e  p re s e n t  purpose th e  d a ta  g a th e red  by 

H e r ita g e , W eisbrod, and B iek e l, as  p re sen te d  a t  a Symposium o f  v . l . f .  

Radio Waves a t  B oulder, C olorado, Jan . 1957, and re p o r te d  by W ait 

(1957, 1962) w i l l  be used .

F ig . 5 el shows th e  f i e l d  s tre n g th  f o r  th e  source lo c a te d  1o m 

above th e  in te r f a c e  a t  a frequency  o f  11 .14  KHz, At th e  d is ta n c e s  

shown th e  h ig h e r  o rd e r  modes s t i l l  c o n tr ib u te  s ig n i f i c a n t ly  and a re  

th e  cause o f  th e  marked in te r f e re n c e  e f f e c t s  observed . F ig .5 .2  i s  an 

ex p e rim en ta l curve f o r  com parison w ith  F i g . -5 .1 •  The f i e l d  s t re n g th
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reco rded  i s  t h a t  o f  th e  v l f  t r a n s m i t te r  (1 8 .6  KHz) a t  Jim C reek, 

W ashington tak en  in  th e  d i r e c t io n  o f  San Diego, C a l i fo rn ia .  The 

q u a l i t a t iv e  agreem ent i s  good. E s p e c ia lly  th e  deep tro u g h s  a t  250 km 

and 600 km, as  w e ll as th e  two peaks a t  abou t 750 km a re  observed in  

b o th  p lo ts

F ig . 5®3 ag a in  i s  a th e o r e t i c a l  p lo t ,  t h i s  tim e f o r  d is ta n c e s  

up to  5000 km. The ex p erim en ta l p lo t ,  B ig. 5°^ compares w e l l .  F ig . 5®^ 

i s  f i e l d  s t r e n g th  tak en  in  Dec. 195^ betw een San D iego„ C a l ifo rn ia  and 

Hawaii a t  a frequency  o f  16 .6  KHz. Again th e  m ajor in te r f e r e n c e  e f f e c t s  

betw een 250 km and 900 km a re  c le a r ly  v i s ib le  in  b o th  p lo t s ,  in d ic a t in g  

th e  g e n e ra l v a l i d i t y  o f  th e  th e o r e t i c a l  t re a tm e n t. The a t te n u a t io n  o f  

v l f  ra d io  w aves, as  found ex p e rim en ta lly  by Round e t  al= (1925), i s  

abou t 3=4 db/K a t  12 .8  KHz. The a t te n u a t io n  determ ined  from th e  theo­

r e t i c a l  p lo t s  ( e s p e c ia l ly  F ig . 5®5) was betw een 2 .7 8  db/K and 3-67 db/K 

depending upon th e  d i r e c t io n  o f  th e  p a th .

F ig . 5 .5  a ls o  shows th e  marked d if f e r e n c e  between e a s t-w e s t  

and w e s t- e a s t  p ro p a g a tio n . I t  i s  seen t h a t  f o r  w est to  e a s t  th e  a t t e n ­

u a tio n  i s  ab o u t 1 db/K l e s s  th an  in  th e  o p p o s ite  d i r e c t io n .  The same 

phenomenon was observed by Round e t  a l . , who determ ined  a d if f e r e n c e  

o f  abou t 2 db/K . S in ce , however, t h e i r  o b se rv a tio n s  were sometimes 

o ver mixed la n d -se a  p a th s , and a lso  o v er d a y -n ig h t p a th s , and nev er 

due e a s t-w e s t ,  i t  i s  d i f f i c u l t  to  make agood com parison on t h i s  p o in t .

As i s  seen from th e  p roceed ing  com parisons, th e  t h e o r e t i c a l  

tre a tm e n t employed appears e n t i r e ly  j u s t i f i e d  by th e  g e n e ra l ag ree­

ment w ith  ex p erim en ta l o b s e rv a tio n s .
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6 , THE EAST-WEST EFFECT

6,1 In tro d u c tio n

The th e o r e t ic a l  f i e l d  s tre n g th  p lo ts  d isp la y ed  in  F ig s , 5<>1=5«5 

show a pronounced d if f e r e n c e  in  p ro p ag a tio n  between th e  -ty d i r e c t io n  

and th e  -y  d i r e c t io n .  In  p a r t i c u l a r ,  th e  a t te n u a t io n  f o r  la r g e  d is ta n c e s  

i s  g r e a te r  in  th e  p o s i t iv e  y - d i r e c t io n .  This was f i r s t  no ted  experiment*. . 

a l l y  by Round e t  a l ,  (1925) on a round th e  w orld c ru is e  and has been 

named th e  e a s t-w e s t e f f e c t .  I t  appears most s tro n g ly  in  p ro p ag a tio n  a long 

th e  m agnetic eq u a to r and d isa p p e a rs  f o r  d i r e c t io n s  do® n o r th  o r  so u th .

More r e c e n t ly  th e  e a s t-w e s t e f f e c t  re ce iv ed  a th e o r e t i c a l  foun­

d a tio n  th rough  th e  work o f  B arber and Crombie (1959)° I t  was shown th a t  

th e  n o n re c ip ro c ity  i s  due to  th e  in te r a c t io n  between th e  e a r th " s  m agnetic 

f i e l d  and a component o f  th e  e l e c t r i c  v e c to r  r o ta t in g  in  th e  v e r t i c a l  

p lan e  o f  p ro p a g a tio n . This im p lie s  t h a t  even in  th e  absence o f  an am bient 

m agnetic f i e l d  an inhomogeneous wave p ro p ag a tes  in  th e  io n o sp h ere . In  

t h i s  c h a p te r  i t  w i l l  be shown n o t on ly  t h a t  th e  wave in  th e  ionosphere  

i s  indeed inhomogeneous, b u t t h a t  t h i s  i s  an a b so lu te  n e c e s s i ty  f o r  a 

n o n re c ip ro c ity  to  o ccu r. As a c o ro l la ry  i t  w i l l  be seen t h a t  fo r  a lo s s ­

le s s  ionosphere  th e  e a s t-w e s t e f f e c t  w i l l  n o t a p p ea r.

Throughout th e  d is c u s s io n  i t  w i l l  be e v id e n t t h a t  th e  lo n g i­

tu d in a l  component o f  th e  e l e c t r i c  f i e ld  in  th e  ionosphere  i s  respon­

s ib le  f o r  th e  a@ nr© ciprocity  appearing  in  th e  r e f l e c t io n  c o e f f i c i e n t .
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6 .2  P h y s ic a l Concepts

Since medium (1 ) ,  as w e ll as medium (0 ) ,  i s  r e c ip r o c a l ,  i t  i s  

c le a r  t h a t  th e  boundaries  must be e s s e n t i a l  in  producing th e  n o n rec i­

p ro c i ty .  At z = 0 th e  r e f l e c t io n  c o e f f ic ie n t  i s  u n ity  which i s  c e r ta in ly  

independen t o f  d i r e c t io n ,  b u t a t  z = b th e  r e f l e c t io n  c o e f f ic ie n t  i s :

R  =  1K <***■ b in  , ( 6 , 1 )
' A  X * * * 4 '

I t  depends on th e  d i r e c t io n  o f  p ro p ag a tio n  because s ln ( ^ jn ) = - e l n ( - ^ j n ) .  

The a i r  ionosphere  boundary, th e n , i s  n e ce ssa ry  to  produce th e  e a s t-w e s t 

e f f e c t .  I h i s  should have been expected  s in c e  ex p re ss io n  (3 . 22 ) ,  s t a t in g  

th e  c o n t in u i ty  o f  th e  ta n g e n t ia l  e l e c t r i c  f i e l d ,  c o n ta in s  an e x tra  term  

dependent on d i r e c t io n .

An analogous problem was considered  some tim e ago (F ry , 1928) 

and th e  r e s u l t s  a re  a p p lic a b le  h e re . Fry d iscu ssed  th e  p ro p e r t ie s  o f 

o p t ic a l  fre q u e n c ie s  in c id e n t  upon m eta ls  concluding  th a t  th e  wave 

p e n e tra tin g  in to  th e  medium i s  inhomogeneous. This i s  to  say  th e  

d i r e c t io n  o f  am plitude a t te n u a t io n  i s  d i f f e r e n t  from th e  d i r e c t io n  o f  

phase g ra d ie n t ( S t r a t to n ,  1941). Furtherm ore, i f  th e  wave i s  p o la r ­

iz e d  in  th e  p lane  o f  in c id e n c e , Fry dem onstrated  t h a t  th e  e l e c t r i c  

f i e l d  v e c to r  r o ta te s  in  th e  medium. Now, th e  index  o f  r e f r a c t io n  and 

sk in  dep th  o f  m eta ls  a t  o p t ic a l  fre q u e n c ie s  a re  about th e  same as th e  

index  o f  r e f r a c t io n  and " sk in  depth" o f  th e  ionosphere  a t  v l f .  I t  could 

th e re fo re  be presumed th a t  in  th e  absence o f  a s tead y  m agnetic f i e ld
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waves in c id e n t  on th e  ionosphere  e x h ib i t  a b eh av io r s im ila r  to  o p t ic a l  

fre q u e n c ie s  in c id e n t  upon m e ta ls . And as  w i l l  be shown, th e y  do.

The e l l i p t i o a l l y  r o ta t in g  e l e c t r i c  f i e l d  v e c to r  w i l l  cause 

th e  a v a i la b le  f r e e  e le c tro n s  to  d e sc r ib e  e l l i p t i c  pa th s in  th e  p lane  

o f  in c id e n c e . I f  th e  m agnetic f i e l d  i s  now superim posed i t  w i l l  a l t e r  

th e  m otion o f  th e  e le c t r o n s .  Depending on i t s  d i r e c t io n  i t  w i l l  e i t h e r  

in c re a se  th e  e le c t ro n  o r b i t  o r  d ecrease  i t .  The e le c tro n  m otion in  tu rn  

m o d ifies  th e  e l e c t r i c  f i e l d .  Thus th e  e l e c t r i c  f i e ld  i s  coupled to  

th e  s te a d y  m agnetic f i e l d ,  i n  p a r t i c u la r  to  i t s  o r ie n ta t io n ,  by th e  

moving e le c t r o n s .  A d i f f e r e n t  o r ie n ta t io n  o f  th e  s tea d y  m agnetic f i e ld  

r e s u l t s  in  a d i f f e r e n t  p ro p ag a tin g  e l e c t r i c  f i e l d .  This p h y s ic a l 

p ic tu re  w i l l  now be d iscu ssed  a n a ly t ic a l ly .

6 .3  O rig in  o f th e  N o n reo ip ro c ity  1

In  so u rc e -f re e  medium (1) f o r  harmonic tim e dependence Maxwell"s 

eq u a tio n s  become:

3y combining (6 .3 )  w ith  (6 .2 )  and ta k in g  yU=1 th e  v e c to r  wave eq u a tio n  

ap p ea rs :

The p a re n th ese s  a re  used to  denote t h a t  t h i s  e q u a tio n  may a c tu a l ly  be 

w r i t te n  as a m a trix  e q u a tio n . Since th e  boundary belongs more n a tu r a l ly  

in to  th e  r e c ta n g u la r  co o rd in a te  system , i t  w i l l  be w r i t te n  a s :

(6 .2)

(6.3)

(6 .4 )
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~ ( 4 N c ) . £ 0  O 0

Et 0

o
(6.5)

In  o rd e r  to  g lean  th e  d e s ire d  In fo rm a tio n  from (6 .5 )  th e

fo llo w in g  sim ple example w i l l  be co n sid e re d . A p lane  wave i s  In c id e n t

upon th e  a ir - io n o s p h e re  boundary as shown in  F ig . 6 .1 .  There w i l l  be a

r e f le c te d  and tra n s m itte d  wave. I f  the  space dependence o f  th e  wave

i s  assumed to  be o f  th e  form

e-i(m y+nz)

in  e i t h e r  medium, then  th e  p a r t i a l  d e r iv a t iv e s  in  medium (1 ) a re :

<Dy » -1*1 ; <DZ = - in i

This means t h a t  th e  second eq u a tio n  in  (6 .5 )  may be w r i t te n :

J * .
F .

(6. 6)

S e v e ra l th in g s  may now be s a id .  F i r s t ,  i f  Bz i s  norm alized  to  

u n i ty ,  (6 .6 )  i s  a c tu a l ly  th e  lo n g i tu d in a l  component o f  th e  e l e c t r i c  

f i e ld  in  th e  io n o sp h ere . I t  i s  composed o f  a term  in  tim e phase w ith  

Ez and a term  ~  ra d ia n s  o u t o f  tim e phase . As was noted  in  S ec tio n  6 .2 ,  

th e  l a t t e r  term  g iv es  r i s e  to  an e l l l p t l o a l l y  r o ta t in g  component o f 

th e  e l e c t r i c  f i e l d  v e c to r .  Furtherm ore th e  lo n g i tu d in a l  component 

depends upon th e  d i r e c t io n  o f  p ro p ag a tio n . S ince ^  i s  complex a
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change in  i t s  s ig n  would a l t e r  th e  r e a l  p a r t  o f  (6 .6 )  th u s  changing 

th e  m agnitude o f  Ey. This change would c a r ry  in to  th e  boundary c o n d itio n  

and thence  in to  th e  r e f le c t io n  c o e f f ic ie n t  causing  th e  n o n re c ip ro c ity .

Secondly , i f  th e  d .c .  m agnetic f i e ld  v an ish es  th e  wave s t i l l  

r e ta in s  a component o f  th e  e l e c t r i c  v e c to r  r o ta t in g  in  th e  y - s  p la n e .

This i s  because ^  in  th e  ex p re ss io n ;

($) + ( i t T -  ^
i s  complex. Because o f  c o n tin u ity  a t  th e  in te r f a c e  e q u a ls  mg and 

hence i s  r e a l .  X , l s  complex from C hapter 1 . T herefore  ni i s  complex 

and th e  ex p re ss io n :

j z  =  T !i____
Zi. JLZz

i s  complex which proves th e  a s s e r t io n .  (N ote: £  need n o t be com plex).

I t  w i l l  now be shown th a t  u n le ss  th e  wave p ro p ag a tin g  in  the

ionosphere  c o n ta in s  an e l l i p t l c a l l y  r o ta t in g  component o f  th e  e l e c t r i c

v e c to r  w ith o u t th e  d .c .  m a g n e tlc f le ld  p re s e n t , th e re  w i l l  be no e a s t -  

w est e f f e c t .  To th i s  end i t  w i l l  be assumed t h a t  the  wave in  th e  io n o s­

phere i s  homogeneous, which im p lie s  among o th e r  th in g s , t h a t  th e  

c o l l i s io n  freq u en cy , V , be z e ro . Hence n  ̂ i s  r e a l  in s te a d  o f  complex 

and (6 .6 )  may be r e w r i t te n

t?  - * j S f k  ' A^ B
where b o th  A and B a re  s t r i c t l y  r e a l .  (S ince V *0 bo th  ^  &nd 6 a re  

r e a l ) .  I f  th e  d i r e c t io n  o f  p ro p ag a tio n  changes {'>£-*-y  ~b)
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(1) Ionosphere tra n s m itte d

n\ (complex)

mo

(0) a i r  reg io nin c id e n t r e f le c te d

F igure  6.1 Plane Wave In c id e n t Upon A ir-Ionosphere

Boundary



th e  phase r e l a t io n  o f  Ey to  Bz changes, I . e .  th e  d i r e c t io n  o f  ro ta t io n  

in  th e  v e r t i c a l  p lane  o f  p ro p ag a tio n  i s  r e v e rs e d , But th e  a b so lu te  

v a lu e  | A B |  rem ains th e  same. Hence th e  lo n g i tu d in a l  component o f  th e  

e l e c t r i c  f i e l d  in  th e  ionosphere  does n o t change in  m agnitude. This 

component i s ,  o f  c o u rse , con tinuous a c ro ss  th e  boundazy. Hence, in  t h i s  

case th e re  i s  no d if f e r e n c e  between p ro p ag a tio n  e a s t  and w e st.

The p ro p e r t ie s  j u s t  d iscu ssed  f o r  th e  ta n g e n t ia l  e l e c t r i c  f i e l d  

under a change in  d i r e c t io n ,  change In  phase b u t c o n s ta n t m agnitude, 

a lso  appear in  th e  r e f le c t io n  c o e f f i c i e n t .  I f  th e  wave i s  homogeneous 

th e  r e f l e c t io n  c o e f f i c i e n t ,  ( 6 .1 ) ,  may be w r i t t e n :

R -  C - j i l i  „ \ C - U p l  
~  E - t i D  j e * < D l

w here:

C — %  oo-d — V

D  ^  K  'H.

and

= (XAXjfcc*v\ m  cVOctctsYl

Changing th e  s ig n  o f  D (a  change e i t h e r  in  o r ie n ta t io n  o f  th e  m agnetic 

f i e ld  o r  in  d i r e c t io n  o f  p ro p ag a tio n ) le a v e s  R w ith  th e  same a b so lu te  

va lue  b u t w ith  a d i f f e r e n t  phase . Hence i t  may be s ta te d  ag a in  th a t  i f  

th e  wave in  th e  ionosphere  were n o t inhomo gene o u s , th e  m agnitude o f the  

r e f l e c t io n  c o e f f ic ie n t  would be th e  same f o r  e i t h e r  e a s t  o r  w est 

p ro p a g a tio n , on ly  th e  phase would d i f f e r .



6 .4  The L o ss le ss  Ionosphere

For th e  h y p o th e tic a l  case o f  a lo s s le s s  Io n o sp h ere , V *0, 

th e  e a s t-w e s t e f f e c t  w i l l  n o t o ccu r. This may be q u ic k ly  seen  by 

co n sid e rin g  th e  r e f l e c t io n  c o e f f ic ie n t :

I t  I s  Im aginary  and |R M  re g a rd le s s  o f  th e  d i r e c t io n  o f p ro p ag a tio n . 

For ^ < o o s ) j n I t  I s  r e a l ,  |R|-<1, b u t a change In  d i r e c t io n  y ie ld s  on ly  

a change In  phase n o t In  m agnitude. This l a t t e r  case  i s  th e  same as 

d iscu ssed  j u s t  p re v io u s ly .

Hence In  e i t h e r  case  th e  e a s t-w e s t e f f e c t  does n o t o ccu r .

6.5 Conclusion
I t  has been seen t h a t  th e  wave In  th e  ionosphere  has a compo­

n e n t o f th e  e l e c t r i c  v e c to r  r o ta t in g  In  th e  v e r t i c a l  p lane  o f  propa­

g a tio n . This component is an a b so lu te  n e c e s s i ty  f o r  th e  appearance o f  

th e  e a s t-w e s t e f f e c t .  I f  th e  ionosphere  I s  con sid ered  lo s s l e s s  th e  

wave does n o t co n ta in  t h i s  e l l i p t i c a l l y  ro ta t in g  component and th e  e a s t -  

w est e f f e c t  does n o t  ap p ear.

'k .  CO-i) (ft j + t .  " t  ^  y X. It, /C A-V'* (P j  *w )

For V =0, K i s  r e a l  and

T herefore  V x -  s ln 2^ n i s  e i t h e r  pure im aginary  o r  r e a l .  For 7 ^ - C08) j n



From a mathematical ■tftewpeiat the mar® eipr©eity enters Int® 

the r e f le c tio n  c o e ff ic ie n t  beeams® the lo n g itid in a l component @f the 

e le c tr ic  f ie ld  „ lA ich  1@ continw us across the boundary0 depends in  

magnitude mpen the d irection  ®f propagation<>



?- SUMMARY AMD CONCLUSION

In  th e  p roceed ing  ch ap te rs  th e  problem  ©£ v l f  wave p ro p ag a tio n  

along  th e  m agnetic  e q u a to r has been developedo From th e  d is c u s s io n  of  

th e  b o u n daries  i n  C hapter 2 , i t  was concluded t h a t  a s u i ta b le  model 

would be a p a r a l l e l  p la te  waveguide bounded by a p e r f e c t  conducto r a t  

th e  bottom  and an a n is o t ro p ic  magnetoplasma a t  th e  top*

Using t h i s  model th e  problem was developed in  C hapter 3 and th e  

f i e l d  e q u a tio n s  ob tained* I t  was found t h a t  th e  f i e l d s  were* in  general*  

coupled by th e  d i f f e r e n t i a l  eq u a tio n s  in  th e  magne toplasm a * In  o rd e r 

to  uncouple th e se  th e  TM mod® p ro p ag a tin g  a long th e  m agnetic  e q u a to r 

was co n sid ered  e x c lu s iv e ly . In  a d d itio n  i t  was no ted  t h a t  th e  boundary 

co n d itio n s  c o n ta in  an e x p l i c i t  dependence upon th e  o ff^ d ia g o n a l term s 

o f  th e  p e r m i t t iv i ty  tenso r*

In  C hapter 4  th e  f i e l d s  were ex p ressed  as  i n t e g r a l s  in te r p r e te d  

i n  th e  complex plane* I t  was p o s s ib le  to  e x p re ss  th e  answer as  an 

i n f i n i t e  s e r i e s  o f  in te g r a l s  which were e v a lu a te d  by th e  method o f  

s te e p e s t  d e s c e n ts .  The r e s u l t in g  answers were* o f  course  * approxim ate 

b u t  ex trem ely  a cc u ra te  a t  d is ta n c e s  f o r  which k g r > >  1 *

The r e s u l t in g  f i e l d  s tre n g th  p lo t s  compared fa v o ra b ly  w ith  

a c tu a l  o b s e rv a tio n s . At d is ta n c e s  c lo se  to  th e  source la rg e  i n t e r f e r e  

enee e f f e c t s  a re  p resen t*  These damp o u t f a r th e r  away as th e  h igh  o rd e r 

modes c o n tr ib u te  l e s s  and l e s s . I t  i s  in t e r e s t in g  to  not® t h a t  even f o r  

d is ta n c e s  a s  g ro a t as 2000 km th e  second and h ig h e r  o rd e r  modes
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c o n tr ib u te  to  th e  f i e l d .  The a t te n u a t io n  observed e x p e r im en ta lly  

and t h a t  c a lc u la te d  agree reaso n ab ly  w e l l .  The th e o r e t i c a l  approach 

y ie ld e d  3*6? db/K and 2*78 db/K o f  a t te n u a t io n  f o r  ©ast»w@st and 

w st= @ ast p ro p ag a tio n  re sp e e tiv e ly p  w h ile  ex p erim en ta l d a ta  y ie ld e d  

app rox im ate ly  3=4 db/K b u t f o r  random d i r e c t io n s .

The graphs a ls o  g ive  s tro n g  ev idence  o f  th e  ©ast»w©st e f f e c t .  

T his n o n re c ip ro c a l b eh av io r o f  th e  r e f l e c t i o n  c o e f f ic ie n t  a t  th e  

ionosphere  i s  d iscu ssed  a t  le n g th  in  C hapter 5° I t s  o r ig in  l i e s  in  

th e  coup ling  a t  th e  boundary between th e  lo n g i tu d in a l  component o f  

th e  e l e c t r i c  f i e l d  and th e  s tead y  m agnetic f i e l d .  The co u p ling  i s  

accom plished th rough  th e  o f f -d ia g o n a l term s in  th e  p e r m i t t iv i ty  

te n s o r ,  i . e .  th rough  th e  a n iso tro p y  o f  th e  io n o sp h ere .
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