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A B S T R A C T

■ /

T h e  e l e c t r o n  n u m b e r  d e n s i t y  in  th e  p o s i t i v e  c o lu m n  of a

m e r c u r y  v a p o r  d i s c h a r g e  i s  a  fu n c t io n  o f  th e  r a d i u s  f r o m  th e  c e n t e r  of

th e  c o lu m n .  A m o d e l  f o r  th e  p o s i t i v e  c o l u m n  w a s  d e v e lo p e d  a n d  th e

d i s p e r s i o n  r e l a t i o n  f o r  th e  p l a s m a  s u r f a c e  w a v e  m o d e s  w a s  o b ta in e d

u s in g  th i s  m o d e l .  S o lu t io n s  f o r  th e  d i s p e r s i o n  r e l a t i o n  w e r e  o b ta in e d

n u m e r i c a l l y .  E x p e r i m e n t a l  d a t a  w a s  c o l l e c t e d  on th e  s y m m e t r i c  and

d i p o l a r  s u r f a c e  w a v e  m o d e s .  F r o m  th i s  d a t a  th e  r a d i a l  v a r i a t i o n  of

e l e c t r o n  d e n s i t y  in  th e  p o s i t i v e  c o l u m n  w a s  d e t e r m i n e d .

T h e  e f f e c t  of a  t r a n s v e r s e  a m b i p o l a r  c u r r e n t  on  th e  p r o p a g a t i o n

of a  p l a s m a  s u r f a c e  w a v e  w a s  e x a m in e d .  T h is  t r a n s v e r s e  c u r r e n t

f low  i s  s h o w n  to  r e s u l t  in  a t t e n u a t i o n  o f  th e  s u r f a c e  w a v e .  H o w e v e r ,

th i s  a t t e n u a t i o n  i s  fo und  to  b e  n e g l ig ib l e  c o m p a r e d  to  t h a t  d u e  to

c o l l i s i o n s  in  th e  p o s i t i v e  c o lu m n  of a  m e r c u r y  v a p o r  d i s c h a r g e .



I. INTRODUCTIO N

THE P L A S M A  W AVEGUDE

T h is  p a p er  d e s c r i b e s  the u s e  of p la s m a  s u r fa c e  w a v e s  for  

d e te r m in in g  the r a d ia l  v a r ia t io n  in e l e c t r o n  d e n s ity  in the p o s i t iv e  

co lu m n  o f  a m e r c u r y  vap or  d is c h a r g e .  A s u r fa c e  w a v e  p r o p a g a te s  

a lon g  the in t e r fa c e  b e tw e e n  the su rro u n d in g  d ie l e c t r i c  and the p la s m a  

co lum n , and i s  c h a r a c t e r iz e d  by la r g e  e n e r g y  d e n s i t i e s  n e a r  the i n t e r ­

fa c e  and no p r o p a g a t io n  in  the ra d ia l  d ir e c t io n .  A c r o s s - s e c t i o n  of 

the p la s m a  w a v e g u id e  s y s t e m  i s  show n in f ig u r e  1.

o-

F ig u r e  1. C r o s s - s e c t i o n  of p la s m a  w a v eg u id e

1



2

T h e  i s o t r o p i c  p l a s m a  i s  l o c a t e d  a t  th e  c e n t e r  o f  th e  w a v e g u id e  

( 0 < r  < a ). I t  i s  m a i n t a i n e d  in  t h i s  p o s i t i o n  b y  a q u a r t z  c y l in d e r  

( b' < r  < c ) w h ic h  h a s  a th in  c o a t in g  of t i t a n i u m  d io x id e  ( a < r  < b ) on 

i t s  i n n e r  s u r f a c e .  T h e  q u a r t z  tu b e  i s  s u r r o u n d e d  b y  a i r  ( c < r  < d ) a n d  

th e  e n t i r e  s y s t e m  i s  b o u n d e d  b y  a  c o p p e r  w a v e g u id e  a t  r  = d. In th i s  

p a p e r  th e  d i e l e c t r i c  r e g i o n s  a n d  th e  c o p p e r  w a v e g u id e  a r e  a s s u m e d  to  

b e  l o s s l e s s .  W e s h a l l  c a l l  t h i s  p l a s m a  w a v e g u id e  c o n f ig u r a t i o n  th e  

f o u r  r e g i o n  s y s t e m ,

P L A S M A  S U R F A C E  W A V ES

I  \
T r i v e l p i e c e  i n v e s t i g a t e d  w a v e  p r o p a g a t i o n  in  a  w a v e g u id e  

p a r t i a l l y  f i l l e d  b y  a  p l a s m a  b o th  in  th e  p r e s e n c e  a n d  a b s e n c e  of an  

a x i a l  d. c . m a g n e t i c  f i e l d .  F o r  th e  c a s e  o f  no  a x i a l  d. c. m a g n e t i c  

f i e ld  T r i v e l p i e c e  fo u n d  a  s e t  o f m o d e s  w h ic h  c o u ld  p r o p a g a t e  in  th e  

w a v e g u id e  a t  f r e q u e n c i e s  b e lo w  th e  e l e c t r o n  p l a s m a  f r e q u e n c y ,  cop  } 

w h ic h  is  th e  n a t u r a l  f r e q u e n c y  of o s c i l l a t i o n  of th e  p l a s m a  e l e c t r o n s .  

T h e s e  m o d e s  a r e  th e  s u r f a c e  w a v e  m o d e s .  T h e  f ie ld  c o m p o n e n t s  of 

th e  s u r f a c e  w a v e  m o d e s  h a v e  a n  a z i m u t h a l  v a r i a t i o n  o f  e x p 0 n 4?) 

an d  a n  a x i a l  v a r i a t i o n  of e x p ( ^ z )  w h e r e  n  i s  a n  i n t e g e r ,  yg is  th e  

p r o p a g a t i o n  c o n s t a n t  of th e  w a v e ,  56 i s  th e  a z i m u t h a l  a n g l e  in  c y l i n ­

d r i c a l  c o o r d i n a t e s ,  a n d  th e  z - a x i s  i s  a lo n g  th e  a x i s  of th e  p l a s m a  

c o lu m n .  B e c a u s e  of th e  a z i m u t h a l  v a r i a t i o n  e x h ib i te d  b y  t h e s e  m o d e s ,



th e  n  = 0 m o d e  i s  f r e q u e n t l y  r e f e r r e d  to  a s  th e  s y m m e t r i c  m o d e  an d

th e  n = 1 m o d e  is  t e r m e d  th e  d i p o l a r  m o d e .  T r i v e l p i e c e  sh o w e d

t h e o r e t i c a l l y  a n d  e x p e r i m e n t a l l y  t h a t  th e  s y m m e t r i c  m o d e  w a s  a lo w
2>

p a s s  m o d e .  C a r l i l e  found  th a t  th e  d i p o l a r  m o d e  w a s  a  b a c k w a r d  w a v e ,

Q
b a n d  p a s s  m o d e .  A s e a r l y  a s  1959, S c h u m a n n 0 in  G e r m a n y  h a d  o b ­

s e r v e d  a b a c k w a r d  w a v e  in  a  s i m i l a r  s y s t e m  b u t  h a d  n o t  id e n t i f i e d  i t  a s  

th e  d ip o l a r  m o d e .  In  J a p a n  A kao  a n d  Id a ^  h a v e  a l s o  fo u n d  th e  d ip o l a r  

m o d e  to  'be  a b a c k w a r d  w a v e .

T h e  i n v e s t i g a t i o n s  of T r i v e l p i e c e  a n d  C a r l i l e ,  a s  w e l l  a s  A k ao

an d  Ida ,  w e r e  c o n f in e d  to  a  t h r e e  r e g i o n  s y s t e m  c o n s i s t i n g  of th e

■ ' ^  ‘ ' ' 5p lasm a-,  th e  q u a r t z  c y l i n d e r ,  and  th e  a i r  r e g io n .  M a d i s o n  e x te n d e d

th e  t h e o r e t i c a l  w o r k  of T r iv e lp ie .e e  to  th e  f o u r  r e g i o n  s y s t e m .  M a d is o n  

o b ta in e d  r e s u l t s  f o r  th e  f o u r  r e g i o n  s y s t e m  w i th  a n d  w i th o u t  a n  a x i a l ,

d. c .  m a g n e t i c  f i e ld  p r e s e n t .  Jo h n so t i^  c o n s t r u c t e d  th e  f o u r  r e g i o n  

s y s t e m  d e s c r i b e d  b y  M a d is o n  an d  e x p e r i m e n t a l l y  v e r i f i e d  th e  e f f e c t  o f  

th e  th in  t i t a n i u m  d io x id e  l a y e r  on th e  p r o p a g a t i o n  o f  t h e  tw o  l o w e s t  

o r d e r  s u r f a c e  w a v e  m o d e s .  J o h n s o n ' s  e x p e r i m e n t s  w e r e  p e r f o r m e d  

w i th  a n  i s o t r o p i c  p l a s m a ,  t h a t  i s ,  w i th  no a x i a l  m a g n e t i c  f i e ld  p r e s e n t .

T h e  e n e r g y  of th e  p l a s m a  s u r f a c e  w a v e  i s  b o u n d  to  th e  i n t e r ­

f a c e .b e t w e e n  th e  p l a s m a  a n d  th e  a d j a c e n t  d i e l e c t r i c .  F o r  s m a l l  v a l u e s  

of / S  ( lo n g  w a v e le n g th s  ) t h i s  b in d in g  i s  s l ig h t ,  a n d  th e  e n e r g y  i s  

d i s t r i b u t e d  t h r o u g h o u t  th e  p l a s m a  c o l u m n  an d  a d jo in in g  d i e l e c t r i c



r e g io n s  in  th e  w a v e g u id e .  W h e n / g  b e c o m e s  v e r y  l a r g e  th e  e n e r g y  

c o n c e n t r a t e s  a t  th e  ed g e  of the  p l a s m a  c o lu m n .  A g r a p h  of cu v e r s u s  

^  i s  s h o w n  in  f i g u r e  2. In .th is  f i g u r e  th e  a n g u l a r  f r e q u e n c y ,  u j , 

of th e  w a v e  h a s  b e e n  n o r m a l i z e d  to th e  p l a s m a  f r e q u e n c y ,  ujp  , an d  

/ 3  h a s  b e e n  n o r m a l i z e d  to  th e  r a d i u s  of th e  p l a s m a  c o lu m n ,  'Va11. A s 

/3 o ~  b e c o m e s  v e r y  l a r g e  b o th  th e  s y m m e t r i c  an d  d i p o l a r  m o d e s  a p -  

p r o a c h  a n  a s y m p t o t i c  l i m i t  of (i , w h e r e  6   ̂ is  th e

r e l a t i v e  d i e l e c t r i c  c o n s t a n t  of th e  d i e l e c t r i c  r e g io n  i m m e d i a t e l y  

a d j a c e n t  to  th e  p l a s m a .

T h e  u n iq u e  p r o p e r t i e s  of th e  s u r f a c e  w a v e  m a k e  i t  a n  i n t e r e s t ­

in g  to o l  f o r  p l a s m a  d i a g n o s t i c s ,  t h a t  i s ,  d e t e r m i n i n g  p r o p e r t i e s  o f  th e  

p l a s m a  s u c h  a s  e l e c t r o n  n u m b e r  d e n s i t y  a n d  d e n s i t y  v a r i a t i o n s . F o r

s m a l l  v a l u e s  of y S a -  th e  e n e r g y  of th e  s y m m e t r i c  m o d e  i s  d i s t r i b u t e d

7
th r o u g h o u t  th e  p l a s m a .  C a r l i l e ,  S w in fo rd ,  a n d  S p ie g e l  h a v e  s h o w n  

t h a t  t h i s  p o r t i o n  of th e  s y m m e t r i c  m o d e  c a n  b e  u s e d  to  d e t e r m i n e  

v a lu e s  of a v e r a g e  e l e c t r o n  d e n s i t i e s  w i th  a n  e r r o r  of l e s s  th a n  5%.

A s f lC L  b e c o m e s  l a r g e  th e  e n e r g y  of th e  s u r f a c e  m o d e s  b e c o m e s  c o n ­

f in e d  to  th e  ed g e  o f  th e  p l a s m a  c o lu m n  an d  th e  f r e q u e n c y  of th e  w a v e
_ if

a p p r o a c h e s  a n  a s y m p t o t i c  l i m i t ,  2 w h ic h  i s  d e t e r m i n e d  b y

th e  e l e c t r o n  d e n s i t y  o f  th e  p l a s m a  th r o u g h  w h ic h  th e  w a v e  p r o p a g a t e s  

s in c e  the  p l a s m a  f r e q u e n c y  i s  p r o p o r t i o n a l  to  th e  s q u a r e  r o o t  of 

e l e c t r o n  d e n s i t y .  If  th e  e l e c t r o n  d e n s i t y  i s  a  fu n c t io n  of th e  r a d i u s
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f r o m  th e  c e n t e r  of th e  c o lu m n  th e  a s y m p t o t i c  l i m i t  of th e  f r e q u e n c y  

w i l l  v a r y  w i th  /S o *  . T h is  s u g g e s t s  t h a t  th e  l a r g e  r e g io n  of th e

s u r f a c e  w a v e  m o d e s  m i g h t  h e  u s e d  to  m e a s u r e  r a d i a l  v a r i a t i o n s  in  

e l e c t r o n  d e n s i t y .  I t  i s  n e c e s s a r y  to  u s e  th e  d ip o l a r  m o d e  f o r  m e a s u r ­

ing  th e  e l e c t r o n  d e n s i t y  v a r i a t i o n s  s i n c e  th e  s y m m e t r i c  m o d e  i s  a  

d o u b le  v a lu e d  f u n c t io n  of f r e q u e n c y  in  th e  r a n g e  of l a r g e  a n d  a t ­

t e m p t s  to e x c i t e  th e  m o d e  in  th i s  f r e q u e n c y  r a n g e  i n v a r i a b l y  l e a d  to  a  

w a v e  w i th  th e  s m a l l e r  v a lu e  of £>cx, * T h i s  p a p e r  i s  p r i m a r i l y  c o n ­

c e r n e d  w i th  th e  u s e  of th e  d i p o l a r  m o d e  to  i n v e s t i g a t e  r a d i a l  e l e c t r o n  

d e n s i t y  v a r i a t i o n s .  In  C h a p t e r  II a  m o d e l  f o r  th e  in h o m o g e n e o u s  

p o s i t i v e  c o lu m n  is  p r e s e n t e d  a n d  th e  d i s p e r s i o n  r e l a t i o n  f o r  t h i s  m o d e l  

i s  o b ta in e d .  In C h a p t e r  III the; e x p e r i m e n t a l  m e th o d  i s  d e s c r i b e d  

b r i e f l y  a n d  th e  e x p e r i m e n t a l  r e s u l t s  a r e  p r e s e n t e d  an d  c o m p a r e d  w i th  

th e  t h e o r e t i c a l  r e s u l t s  o f  C h a p t e r  II .  C h a p t e r  IV d i s c u s s e s  th e  e f f e c t  

of t r a n s v e r s e  c u r r e n t  f lo w  on  th e  p r o p a g a t i o n  of th e  p l a s m a  s u r f a c e  

w a v e ,  a n d  C h a p t e r  V i s  th e  c o n c lu s io n .



II. TH E INHOMOGENEOUS PLA SM A  COLUM N

T H E  P O S IT IV E  C O L U M N

T h e  m e r c u r y  v a p o r  d i s c h a r g e  u s e d  in  m a n y  l a b o r a t o r y  d i s c h a r g e  

tu b e s  c a n  b e  s e p a r a t e d  in to  t h r e e  d i s t i n c t  r e g io n s ;  th e  c a th o d e  r e g io n ,  

th e  p o s i t i v e  c o lu m n ,  a n d . th e  a n o d e  r e g i o n .  I t  i s  t h e  p o s i t i v e  c o l u m n  

w h ic h  i s  of i n t e r e s t  in  t h i s  p a p e r .  Tw o r e g i o n s  c a n  b e  d i s t i n g u i s h e d  

in  th e  p o s i t i v e  c o lu m n  i t s e l f ,  th e  Mp l a s m a n r e g i o n  a t  th e  c e n t e r  of th e  

d i s c h a r g e  tu b e ,  a n d  th e  !' s h e a t h 11 r e g i o n  w h ic h  i s  a d j a c e n t  to  th e  d i ­

e l e c t r i c  s t r u c t u r e  w h ic h  c o n ta in s  t h e  c o lu m n .  T h e  s t r u c t u r e  of th e  

p o s i t i v e  c o lu m n  i s  s u c h  a s  to  e n h a n c e  th e  m o t io n  of th e  io n s  t o w a r d  th e  

s u r r o u n d i n g  w a l l  a n d  to  r e t a r d  th e  f lo w  of th e  h ig h  v e l o c i t y  e l e c t r o n s  

to  th e  w a l l  in  o r d e r  t h a t  th e  io n  c u r r e n t  a n d  e l e c t r o n  c u r r e n t  a c t u a l l y  

a r r i v i n g  a t  th e  w a l l  w i l l  b e  of e q u a l  m a g n i tu d e .  T h e s e  tw o c u r r e n t s  

m u s t  b e  o f  e q u a l  m a g n i tu d e  w h e n  th e  c o l u m n  i s  in  th e  s t e a d y  s t a t e  so  

t h a t  th e  n e t  c u r r e n t  a r r i v i n g  a t  th e  w a l l  w i l l  b e  z e r o  a s  i t  m u s t  b e  

s in c e  th e  c h a r g e  o n  th e  w a l l  r e m a i n s  c o n s t a n t .

In th e  p l a s m a  r e g i o n  of th e  p o s i t i v e  c o lu m n  th e  n u m b e r  o f  io n s  

p e r  u n i t  v o lu m n e ,  m , i s  o n ly  s l i g h t ly  g r e a t e r  t h a n  th e  n u m b e r  of 

e l e c t r o n s  p e r  u n i t  v o lu m e ,  n^  . T h i s  d i f f e r e n c e  i s  s u f f i c i e n t  e n o u g h ,

7



h o w e v e r ,  to e s ta b l i s h  a p o ten t ia l  drop w h ich  a c c e l e r a t e s  the io n s  

tow ard  the w a l l .

In the s h e a th  re g io n  n ear  the w a ll  the ion d e n s i ty  g r e a t ly  e x ­

c e e d s  the e l e c t r o n  d e n s ity  and a p o ten t ia l  drop o f  the o r d e r  of 5

g
e le c t r o n  v o lt s  d e v e lo p s  a c r o s s  the sh ea th .  T he s h e a th  s e r v e s  to 

fu r th er  a c c e l e r a t e  the  io n s  and to r e f l e c t  a l l  but the f a s t e s t  e l e c t r o n s .

P a r k e r ^  h a s  m a d e  a t h e o r e t i c a l  d e te r m in a t io n  of the e le c tr o n  

d e n s i ty  a s  a fun ction  of rad ius in  the p o s i t iv e  co lu m n . F o r  con tin u ity  

a b r i e f  s u m m a r y  o f  P a r k e r ' s  a n a ly s i s  w i l l  be p r e s e n te d .

It is  a s s u m e d  that th e  e l e c t r o n  d e n s i ty  h a s  a s im p le  B o ltz m a n n  

d ep en d en ce

ne0r) = neo e x  p[eV(r)/kT] , II. 1

and that the ion  g e n e r a t io n  i s  p ro p o r t io n a l  to the e l e c t r o n  d e n s ity

G c O = i / neC.r) > II. 2

w h e r e  n eo i s  the e l e c t r o n  d e n s i ty  on the a x is  and V<» i s  the 

e l e c t r i c  p o te n t ia l  in  the  c o lu m n  w h ic h  i s  tak en  to  b e  z e r o  on the  a x is  

and d e c r e a s e s  m o  not oni c a l l  y w ith  r a d iu s .  v  i s  a co n s ta n t  of 

p r o p o r t io n a l i ty  r e la te d  to the io n iz a t io n  c r o s s  s e c t io n .  The ion  c u r ­

ren t d e n s i ty  i s  then  w r it t e n  a s  the in t e g r a l  of the  s o u r c e  function
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T he  io n  c u r r e n t  c a n  a l s o  b e  w r i t t e n  a s  J  = n ev  w h e r e  v. is  th e
i i i i

v e l o c i t y  o f  th e  io n s .  E q u a t in g  t h e s e  tw o e x p r e s s i o n s  f o r  ion  c u r r e n t  

d e n s i t y  e n a b le s  on e  to  s o lv e  f o r  th e  io n  n u m b e r  d e n s i t y

n ; (r )=  d/Q  . II. 4
 ̂v. y ! /», -i _ , r. . .  . -i*)‘A

4 1

P o i s s o n ' s  e q u a t io n  is

1

V a V(f)  =  e/C o ( ne -  Hi.)

C o m b in in g  e q u a t io n s  II. 1 a n d  II. 4 w i th  P o i s s o n ' s  e q u a t io n  a n d  c h a n g in g  

to  th e  d i m e n s i o n l e s s  v a r i a b l e s

5 =  an d  -  e  V(r)y4:T

g iv e s  th e  e q u a t io n  w h ic h  d e t e r m i n e s  th e  p o te n t i a l  w i th in  th e  c o lu m n

r%
* it) =

-4

w h e r e  ( s / ^ X
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F r o m  n u m e r i c a l  s o lu t io n s  to e q u a t io n  II. 5 one  o b ta in s  th e

p o te n t i a l  /^(s) a n d  c o n s e q u e n t ly  c a n  d e t e r m i n e  th e  n o r m a l i z e d  e l e c -

2.t r o n  d e n s i t y  rieO-y/neo f o r  v a r i o u s  v a l u e s  o f th e  p a r a m e t e r  5 . T h e

g r a p h s  of th e  n o r m a l i z e d  e l e c t r o n  d e n s i t y  v e r s u s  th e  n o r m a l i z e d  r a d i u s  

r / r  ( r ^  i s  th e  r a d i u s  o f  th e  w a l l  ) f o r  a  m e r c u r y  p l a s m a  a r e  r e p r o ­

d u c e d  in  f i g u r e  3. T h e  p a r a m e t e r  i n  t h i s  f i g u r e  is  .

P L A S M A  M O D E L

A l a b o r a t o r y  p l a s m a  i s  in  g e n e r a l  q u i t e  c o m p le x .  H o w e v e r ,  

v a r i o u s  i d e h l i z e d  m o d e l s  o f  a  p l a s m a  h a v e  b e e n  d e v i s e d  to  a l lo w  th e  

s tu d y  of t h e  i n t e r a c t i o n  of e l e c t r o m a g n e t i c  w a v e s  w i th  a  p l a s m a  in  a  

m a t h e m a t i c a l l y  t r a c t a b l e  w a y .  T h e  m o s t  e l e m e n t a r y  of t h e s e  m o d e l s  

i s  the . c o ld  p l a s m a  m o d e l .  T h i s  m o d e l  a s s u m e s  t h a t  th e  e l e c t r o n s  a n d  

io n s  a r e  s t a t i o n a r y  in  t h e  a b s e n c e  o f  d i s t u r b i n g  e l e c t r i c  f i e l d s .  I t  is  

a l s o  a s s u m e d  t h a t  th e  e l e c t r o n s  r e s p o n d  to  h ig h  f r e q u e n c y  e l e c t r i c  

f i e l d s  b u t  t h a t  th e  io n s  do n o t  r e s p o n d  b e c a u s e  t h e y  a r e  o r d e r s  of 

m a g n i tu d e  h e a v i e r .  T h e y  m e r e l y  s e r v e  a s  a  n e u t r a l i z i n g  b a c k g r o u n d  

f o r  th e  e l e c t r o n s .  I t  i s  c o n v e n ie n t  to  f i r s t  d e t e r m i n e  a n  e q u iv a le n t  

c o n d u c t iv i t y  f o r  th e  p l a s m a  b y  c o n s i d e r i n g  th e  r e s p o n s e  o f th e  e l e c t r o n s  

to  a  h a r m o n i c  t i m e - v a r y i n g  e l e c t r i c  f i e ld  a n d  th e n ,  s e c o n d ,  to  c a s t  

t h i s  r e s u l t  in to  a  f o r m  i n  w h ic h  t h e  e f f e c t  of th e  p l a s m a  i s  a c c o u n te d  

f o r  b y  a  f r e q u e n c y  d e p e n d e n t  d i e l e c t r i c  c o n s t a n t .  T h e  r e l a t i v e
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F ig u r e  3. N e / N e o  v e r s u s  r / r  for  a m e r c u r y  vapor p la s m a  for  v a r io u s  v a lu e s  of ? e.
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d ie l e c t r i c  c o n s ta n t  fo r  a p la s m a  in the a b s e n c e  of an e x te r n a l  m a g n e t ic  

f ie ld  i s

€ p =( l  -  3  ) , II.  6

w h e r e  cj i s  the f r e q u e n c y  of the e le c t r o m a g n e t ic  w a v e  in rad ian s  p er  

seco n d  and i s  aga in  the p la s m a  fr e q u e n c y  of the e le c t r o n s  w h ich  is

“ p = ( £ 7 0 ' /2  . I L 7

n e , e , and m ^ a r e  a s  p r e v io u s ly  d e f in ed  and € 0 i s  the p e r m it t iv i ty  

of a v a c u u m . T h is  eq u iv a le n t  d i e l e c t r i c  c o n s ta n t  i s  then  e m p lo y e d  in  

M a x w e l l ' s  eq u ation s  in the u su a l m a n n e r .

One m o r e  a s s u m p t io n  reg a r d in g  the p la s m a  m o d e l  u s e d  in th is  

p ap er  r e m a in s  to b e  d i s c u s s e d .  T h is  i s  th e  q u a s i - s t a t i c  a p p r o x im a t io n .  

If f ie ld  v a r ia t io n s  of the f o r m  exp(twxt-<>z) a r e  a s s u m e d ,  M a x w e ll 's  

equations  can  b e  w r it te n

E ,  = -  II. 8

E * ~  ( ^
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II. 10

H ^ = ( >  + i F  I L U

w h e r e  k i s  the p r o p a g a t io n  co n s ta n t

k2=  <Uy^ 0 € 0 € p

Our r e s u l t s  a r e  a s s u m e d  to be va lid  o n ly w h e n /<̂ 2»  k2 . C o n s id e r  the  

to ta l  e l e c t r i c  f ie ld  v e c to r ,  E , to  b e  c o m p o s e d  of i t s  TM co m p o n en t  

E / and i t s  TE co m p o n en t  E 4' , then

e  = e ' + e : "  . 11 • 1Z

The TM so lu t io n s  to eq u ation s  II. 8 and II. 9 can  be found by se t t in g  

Hz = 0  . We find

II. 13

B y in s p e c t io n  w e  ca n  th en  w r ite

II. 14
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w h e r e  9^ i s  o f  c o u r s e  a s c a la r .  B y  s i m i l a r  r e a s o n s in g  one could

obtain the s lo w  TE m a g n e t ic  f ie ld  s o lu t io n s  a s  the n e g a t iv e  g rad ien t  

of a s c a la r  m a g n e t ic  p o te n t ia l .  It can  b e  show n, h o w e v e r ,  that p u re  

s lo w  TE w a v e s  cannot s a t i s f y  the b ou n d ary  co n d it io n s  in  c lo s e d  w a v e ­

guide l ik e  that u se d  in  t h e s e  e x p e r im e n t s .  We t h e r e f o r e  s e e k  on ly  

TM s o lu t io n s  w h o s e  f ie ld  c o m p o e n e ts  s a t i s f y  the a p p r o p r ia te  b ou nd ary  

c o n d it io n s .  E quation  II. 14 e x p r e s s e s  the  q u a s i - s t a t i c  a p p ro x im a tio n ,

P ARA BO LIC  A P P R O X IM A T IO N  TO THE PO SITIV E C OLUM N

I n sp e c t io n  of f ig u r e  3 sh o w s  that th e  p o s i t iv e  c o lu m n  is  in -  

h o m o g e n e o u s  in the  ra d ia l  d ir e c t io n  s in c e  the e le c t r o n  d e n s i ty  d e ­

c r e a s e s  w ith  r a d iu s .  F r o m  f ig u r e  3 it  ca n  b e  s e e n  that fo r  the th r e e

the p la s m a  r e g io n s  o f  the  co lu m n , but that the  e le c t r o n  d e n s i ty  d rops  

ab ru p tly  tow ard  z e r o  in  the s h e a th  r e g io n  of the co lu m n  n e a r  the w a l l .  

A m a t h e m a t ic a l ly  t r a c ta b le  m o d e l  fo r  th is  b eh a v io r  ca n  b e  ob ta ined .  

The e le c t r o n  d e n s i ty  v a r ia t io n  in  the p la s m a  r e g io n  can  b e  a p p r o x i­

m a ted  q u ite  c l o s e l y  b y  a p a ra b o la ,  or

that is e « e  =

l a r g e r  v a lu e s  o f  th is  d e c r e a s e  i s  a s lo w  fu n ction  of the  rad ius in

II. 15
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neo i s  aga in  the e l e c t r o n  d e n s ity  on the a x is  of the co lu m n , _a is  

the rad iu s  o f  th e  p la s m a  reg io n , and c* i s  the  p a r a m e t e r  w h ich  d e t e r ­

m in e s  the d e g r e e  of p a r a b o la t ic i ty .  T h is  p a r a b o lic  a p p r o x im a t io n  w i l l  

m a tch  the a c tu a l d e n s i ty  v a r ia t io n  qu ite  w e l l  o u ts id e  the  sh eath  reg io n .  

Within the sh ea th  re g io n  the e l e c t r o n  d e n s i ty  and c o n s e q u e n t ly  the 

p la s m a  fr e q u e n c y  i s  m u ch  lo w e r  than i t  i s  in the p la s m a  re g io n .  In 

fact ,  in  the sh ea th  r e g io n  the p la s m a  fr e q u e n c y  i s  so  lo w  that « l .o .

T h e r e fo r e ,  % 1.0 w h ich  i s  the s a m e  a s  sa y in g  that the e le c tr o n  

d e n s i ty  i s  n e g l ig ib le  in  the sh ea th .  A s  p a r t  o f  our m o d e l  of the p o s i t iv e  

co lu m n  w e  w i l l  tak e  the e le c t r o n  d e n s i ty  to  b e  z e r o  in the sh eath . In 

f ig u re  4 P a r k e r ' s  r e s u l t  fo r  4-.3xio* i s  show n a s  the  dotted  cu rv e  

and the  e l e c t r o n  d e n s i ty  a p p r o x im a t io n  a s  g iv e n  by the m o d e l  i s  show n  

a s  the s o l id  l in e  fo r  a v a lu e  of <x of 0 . 7 .

co lu m n , the e f f e c t iv e  d i e l e c t r i c  c o n s ta n t  i s  a l s o  then  a fu n ction  of th e  

ra d iu s .  F or  the p a r a b o l ic  e l e c t r o n  d e n s i ty  a p p r o x im a t io n  the e f fe c t iv e  

d ie l e c t r i c  c o n s ta n t  fo r  the  p o s i t iv e  c o lu m n  b e c o m e s

T his  i s  the  m o d e l  of the p o s i t iv e  c o lu m n  that w i l l  b e  u s e d  in  th is  p a p e r .  

It should  b e  noted  that our m o d e l  i s  c h a r a c t e r iz e d  by the two p a r a ­

m e t e r s ,  o< and T.

S in ce  the e l e c t r o n  d e n s i ty  i s  a fu n ct io n  o f  ra d iu s  in the p o s i t iv e

% < T

TX ‘/b <  \
II. 16
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F ig u r e  4 . ne/Mao v e r s u s  r / b  a s  d e te r m in e d  by P a r k e r  and as  g iv en  by the p a r a b o l ic  
a p p ro x im a tio n .

O'



1-7

DISPERSION R ELA TIO N  FOR THE PA R A BO LIC  E L E C T R O N  DENSITY  

A PPR O X IM A T IO N

One of M a x w e l l ' s  eq u ation s  fo r  the p la s m a  r e g io n  can  b e  w r i t t e n

V X H =  i u j £ 0Cp ^ .  . n - 17

Taking the d iv e r g e n c e  o f  both  s id e s  of equation  II. 17 g iv e s

V- X7x H'=<:a;€0V  €pE I I .  I S

s in c e  the d iv e r g e n c e  of the c u r l  of any  v e c to r  is  z e r o .  B y  equation

II. 14, the e l e c t r i c  f ie ld  can be r e p r e s e n t e d  a s  th e  n e g a t iv e  g ra d ie n t  of  

a s c a la r  p o ten t ia l .  S u b stitu tin g  th is  in to  eq u ation  II. 18 y ie ld s

V -E pV / '  = 0  II. 19

as  the d if fe r e n t ia l  equ ation  w h ich  m u s t  b e  s o lv e d  to d e te r m in e  the f ie ld s

w ith in  the p la s m a  due to the  t im e  v a r y in g  e l e c t r i c  f ie ld .  T h is  can  be

expanded in c y l in d r ic a l  c o o r d in a te s  as

E p& pi f j ?  h' cp - °
II. ZO

T r iv e lp ie c e *  h a s  a l s o  d e r iv e d  th is  eq u ation  and obta ined  so lu t io n s  fo r  

the s y m m e t r ic  m o d e .  A s s u m in g  a p r o d u c t  so lu t io n  of the fo r m

^ ( r . ^ Z ^ R C o l w Z C z )  1 1 .2 1



18

g iv e s  th r e e  o r d in a r y  d if fe r e n t ia l  eq uations

d 2 * + / 3 Z - 0  > II. ZZ

^ - | t - n £ §  = o  . n . 2 3
d

and

d_R . J d_R
d y-2

yg i s  a p o s i t iv e  r e a l  n u m b e r  and n i s  a p o s i t iv e  or n e g a t iv e  in te g e r .  

B y m ak in g  a ch an ge  o f  v a r ia b le s ,  eq uation  II. Z4 can  b e  w r it te n

f fH f  +  t F s J l f 51 - i f  +, )R(S) = o  II. 25

w h e r e  § = , G =  ^ , and - f - ^  • ^p0 i s

the p la s m a  f r e q u e n c y  on the a x is  of the co lu m n . A so lu t io n  m a y  be  

obta ined  u s in g  the m eth o d  o f  F r o b e n iu s .  A p o w e r  s e r i e s  so lu t io n  of  

the fo r m

QJ

R n ( ? ) = J Z  C l |  I I .  Z t
i = O

can  be a s s u m e d  fo r  eq u ation  II. Z5. S u bstitu t in g  th is  s e r i e s  into  the  

d if fe r e n t ia l  eq uation  and equating  the c o e f f i c i e n t s  o f  l ik e  p o w e r s  o f
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equal to z e r o  d e te r m in e s  the r e c u r s io n  fo r m u la  fo r  the c o e f f i c ie n t s

r . =  L  S'[G^nC<V3)+a-4X^)]C;,a-C; 1 TT ^
t++ *•*»■) 1---------------------G------------------------- J  '  I L Z 7

We n o r m a l iz e d  the fu n ction  Rn(f) by se t t in g  Co = l . Rn(/Sh) 

d e s c r ib e s  the rad ia l  v a r ia t io n  of the p la s m a  s u r fa c e  w a v e  f ie ld  c o m p o n ­

ents w ith in  the p la s m a .

In the d i e l e c t r i c  r e g io n s  e x t e r io r  to  the p la s m a  the p e r m i t t i v ­

ity  i s  not a fu n ction  o f  p o s i t io n  so  it  m a y  b e  taken  o u ts id e  the d iv e r g ­

en ce  o p e r a to r  and w e a r e  l e f t  w ith  L a p la c e ' s  equation ,

V - . II. 28

T his  p a r t ia l  d if f e r e n t ia l  eq uation  can  a g a in  b e  s e p a r a te d  into  th r e e  

o r d in a r y  d if fe r e n t ia l  eq u ation s  by a s s u m in g  a p rod u ct  so lu t io n .  The  

eq u ation s  fo r  the a z im u th a l  and lo n g itu d in a l v a r ia t io n s  a r e  id e n t ic a l  

w ith  eq u a tio n s  II. 23 and II. 22. The eq u ation  for  the r a d ia l  v a r ia t io n s ,  

h o w e v e r ,  i s  B e s s e l ' s  equation  w h o se  s o lu t io n s  a r e  the m o d if ie d  B e s s e l  

fu n ctio n s  of the f i r s t  and se c o n d  kind.

The d i s p e r s io n  r e la t io n  fo r  the  p la s m a  s u r fa c e  w a v e  is  the  

r e la t io n  b e tw e e n  the  fr e q u e n c y  and p ro p a g a t io n  c o n s ta n t  of the w a v e .  

T his  r e la t io n  i s  r e a d i ly  obta ined  for  th e  p la s m a  s u r fa c e  w a v e  by  the  

standard  tech n iq u e  of m a tc h in g  b ou n d ary  c o n d it io n s .  We r e q u ir e  that  

the ta n g en tia l  e l e c t r i c  f ie ld  and the n o r m a l  d is p la c e m e n t  be continu ou s



a c r o s s  the p l a s m a - d i e l e c t r i c  and di e l e c t r i c - d i e l e c t r i c  b o u n d a r ies  

w ith in  the w a v e g u id e .  We a l s o  r e q u ir e  that the ta n g en t ia l  e l e c t r ic  

f ie ld  be z e r o  at the w a v e g u id e  w a l l .  Im p o s in g  t h e s e  co n d it io n s  on the  

f ie ld  co m p o n e n ts  l e a d s  to the fo l lo w in g  d is p e r s io n  r e la t io n  for  the 

in h o m o g e n e o u s  p la s m a  su rro u n d ed  b y  four l o s s l e s s  d i e l e c t r i c  r e g io n s  

e n c lo s e d  in a m e ta l  w a v eg u id e

[ i -
0 ^ ] rS =

2 ^ h(x?a)K^b)-XK(x»b;Kh( ^ 4 - 2 ^ [ r h( ^ y  K n ( ^  C*h)J
II. 29

w h e r e

Q ^ | . c e J l» ( ^ b)  K n K^frb) -x;c*b) K„ 

e ° K ^ d ) ]

Q(^sd) _ • Kv,C ^ ) J ______________
e .  E c ^ c )  K n ( / S d )  - X „ ( ^ c l ) K ^ e ) ]  .

<x»g is  the p la s m a  f r e q u e n c y  on the a x is  of the d is c h a r g e .  T his m a y  

be r e la te d  to the a v e r a g e  p la s m a  fr e q u e n c y ,  &/>) , by the e x p r e s s io n
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We c a l l  th is  the a v e r a g e  p la s m a  fr e q u e n c y  b e c a u s e  it is  com p uted  

u s in g  an e le c t r o n  d e n s ity ,  Kpe) , w h ich  i s  obtained  by a v e r a g in g  the  

tru e  e l e c t r o n  d e n s ity ,  ne (r) , a c r o s s  the c r o s s - s e c t i o n  of the co lum n ,  

that i s

< n s> = -rF2

a, b, c, d, e and € 2 , Gs  a r e  th e  ra d ii  and r e la t iv e  d i e l e c t r i c

c o n s ta n ts  of the r e g io n s  in the w a v e g u id e  a s  show n in  the i n s e r t  o f  

f ig u r e  5.

E q u ation  II. 2T9 i s  s o lv e d  n u m e r ic a l ly  to g iv e  v e r s u s

yScu. F ig u r e  5 sh o w s  the e f fe c t  o f  the  rad ia l e l e c t r o n  d e n s i ty  v a r ia t io n  

on the cu-yg c u r v e s  fo r  the two l o w e s t  o r d e r  s u r fa c e  w a v e  m o d e s .  The  

cu c u r v e  fo r  the u n ifo r m  p la s m a  c o lu m n  i s  of c o u r s e  the cu rv e  

la b e le d  c* = O . In f ig u r e  5 the s h e a th  th ic k n e s s  h a s  b e e n  taken  a s  z e r o  

so  that the e f f e c t  o f  the sh ea th  would  not o b s c u r e  the  e f f e c t  of the ra d ia l  

d e n s ity  v a r ia t io n .  It m a y  b e  s e e n  f r o m  th is  f ig u r e  that the e f fe c t  of 

the ra d ia l  v a r ia t io n  i s  to r e d u c e  the la r g e  / 9 a- , f r e q u e n c y  a s y m p to te .

F ig u r e  6 sh o w s  the  e f f e c t  of the sh e a th  th ic k n e s s ,  T , on the  

ta-yg c u r v e s . In th is  f ig u r e  o<T2 h as  a c o n s ta n t  v a lu e  o f  0 .7  and 

the sh e a th  t h ic k n e s s  i s  the v a r ia b le  p a r a m e te r .  It can  be s e e n  that  

the e f f e c t  of in c r e a s in g  the sh ea th  th ic k n e s s  is  to  r a i s e  the fre q u e n c y  

a s y m p to te  fo r  yg a - b e tw e e n  Z. 0 and 6 . 0 .

DeCt")
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a = . 785 c m
b = . 790 c m
c = . 895 c m
d = 1. 524 c m

a <  v-< b 
b<r<c  
c<tr<d

P l a s m a

1 =2 9 .
Q u a r t z , € . r =3.78 
A ir  , £ w= 1.00

. 40 t Of = 0 . 4 .

« « o . 6

oc=o.o

1 . 0 3 . 0  4 . 0 5. 0

F ig u r e  5. d ia g r a m  of the s y m m e t r i c  and d ip o la r  m o d e s  for
v a r y in g  #  and co n s ta n t  sh e a th  th ic k n e s s .
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. 7 85 cm

. 790 cm

. 895 cm
e = 1. 524 c m

o< r<o- P l a s m a  
Sheath , £>=1.00  
T l O Z t  ^ £ 9 . 0  
Q uartz , ^ = 3 . 7 8  
A ir ,  €*.=1.00

T= .92 5

CL<r<h

c<r<d
d<r<e

. 35
1 . 0 2 . 0 3. 0 4 .  0 5 . 0 6 . 0

F ig u r e  6 . d ia g r a m  of the s y m m e t r ic  and d ip o la r  m o d e s  fo r
v a ry in g  s h e a th  th ic k n e s s  and c<T̂ = c o n s ta n t  = 0 .7  ,



24

F i g u r e s  5 and  6 sh o w  t h a t  t h e  d i p o l a r  m o d e  i s  s e n s i t i v e  to the  

e f f e c t s  of t h e  r a d i a l  e l e c t r o n  d e n s i t y  v a r i a t i o n  a n d  t h e  s h e a t h  t h i c k n e s s  

f o r  e v e n  the  s m a l l  v a l u e s  o f f t a .  w h e r e a s  t h e  s y m m e t r i c  m o d e  is  no t .  

F o r  t h i s  r e a s o n  t h e  s y m m e t r i c  m o d e  c a n  be  u s e d  to  m e a s u r e  a v e r a g e  

e l e c t r o n  d e n s i t y ,  w h i l e  th e  d i p o l a r  m o d e  i s  m o r e  s u i t e d  to i n v e s t i g a t i n g  

e l e c t r o n  d e n s i t y  v a r i a t i o n s .



III. E X P E R I M E N T A L  IN V E S T I G A T I O N

T H E  E X P E R I M E N T A L  S Y S T E M

T h e  e x p e r i m e n t a l  s y s t e m  u s e d  in  t h i s  w o r k  c o n s i s t e d  of a 

c y l i n d r i c a l  w a v e g u i d e  m o u n t e d  c o a x i a l l y  a b o u t  t h e  p o s i t i v e  c o l u m n  of 

a  h o t  c a t h o d e  m e r c u r y  v a p o r  d i s c h a r g e  t u b e .  T h e  d i s c h a r g e  t u b e  w a s  

a b o u t  63 c e n t i m e t e r s  l o n g  a n d  1 . 79'  c e n t i m e t e r s  i n  o u t e r  d i a m e t e r .

T h e  w a v e g u i d e  i s  s l o t t e d  to  a d m i t  a  s m a l l  r a d i a l  p r o b e  w h i c h  s a m p l e s  

th e  T E r  c o m p o n e n t  o f  t h e  s u r f a c e  w a v e .  T he  s l o t  i s  f i l l e d  b y  a s l i d i n g  

c a r r i a g e  w h i c h  c a r r i e s  th e  p r o b e .  T h e  w a v e  i s  l a u n c h e d  on to  the  t u b e  

b y  a  s u r f a c e  w a v e  c o u p l e r  ’ w h i c h  i s  m o u n t e d  a t  t h e  c a t h o d e  end of 

t h e  c o l u m n .  A t a p e r e d  a q u a - d a g  a t t e n u a t o r  w a s  p a i n t e d  on  th e  t u b e  a t  

t h e  a n o d e  en d  of  t h e  s y s t e m  to  r e d u c e  r e f l e c t i o n s .

T h e  w a v e l e n g t h - o f  t h e  s u r f a c e  w a v e  w a s  m e a s u r e d  u s i n g  a 

m i c r o w a v e  b r i d g e  c i r c u i t .  T h e  s i g n a l  f r o m  th e  p r o b e  i s  a d d e d  to a 

r e f e r e n c e  s i g n a l  f r o m  t h e  o s c i l l a t o r  w h o s e  a m p l i t u d e  a n d  p h a s e  a r e  

a d j u s t a b l e  b y  m e a n s  of  a  v a r i a b l e  a t t e n u a t o r  a n d  a  l i n e  s t r e t c h e r .  T h e  

m a g n i t u d e  of  t h e  s u m  of t h e s e  tw o  s i g n a l s  i s  m e a s u r e d  b y  a  s t a n d i n g  

w a v e  m e t e r  a f t e r  d e m o d u l a t i o n  b y  a  c r y s t a l  d e t e c t o r .  T h e  r e f e r e n c e  

s i g n a l  c a n  b e  a d j u s t e d  to  b e  e q u a l  i n  m a g n i t u d e  to t h e  s i g n a l  c o m i n g  

f r o m  th e  p r o b e ,  b u t  o p p o s i t e  i n  p h a s e .  T h i s  c r e a t e s  a  n u l l  on  t h e
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s t a n d i n g  w a v e  m ete r" .  S i m i l a r  n u l l s  a r e  found  a t  one  w a v e l e n g t h  

i n t e r v a l s  a s  the  p r o b e  i s  m o v e d  dow n  th e  tu b e .  In th e  a c t u a l  s y s t e m  

the  p r o b e  c a r r i a g e  i s  d r i v e n  d ow n  th e  tu b e  b y  a n  e l e c t r i c  m o t o r ,  and  

a d.  c. v o l t a g e  p r o p o r t i o n a l  to the  p r o b e  p o s i t i o n  is  u s e d  a s  the  x - a x i s  

i n p u t  to  a n  o s c i l l o s c o p e .  A s i g n a l  p r o p o r t i o n a l  to th e  s t a n d i n g  w a v e  

m e t e r  r e a d i n g  i s  u s e d  a s  th e  y - a x i s  in p u t  to  th e  o s c i l l o s c o p e .  A p h o t o ­

g r a p h  of the  f a c e  o f  t h e  o s c i l l o s c o p e  i s  t a k e n  a s  the  p r o b e  m o v e s  dow n 

the  t u b e .  T h e  d i s t a n c e  b e t w e e n  th e  m i n i m a  on  th e  p h o t o g r a p h  i s  m a d e

eq u a l  to a  w a v e l e n g t h  of th e  s u r f a c e  w a v e .

■' ' 10.Gould h a s  s u g g e s t e d  t h a t  t h e  o r i e n t a t i o n  of  s m a l l  m a g n e t i c  , 

f i e l d s  ( s u c h  a s  t h a t  of  t h e  e a r t h )  w i t h  r e s p e c t  to a  p l a s m a  d i s c h a r g e  

c a n  a f f e c t  t h e  p r o p a g a t i o n  of  p l a s m a  w a v e s .  To e l i m i n a t e  t h e  p o s s i ­

b i l i t y  of d a y  to  d a y  v a r i a t i o n s  in  the  o r i e n t a t i o n  of the  e a r t h ' s  m a g n e t i c  

f i e l d  i n  t h e  v i c i n i t y  of  t h e  p l a s m a  w a v e  g u id e  s y s t e m ,  two s e t s . of 

H e l m h o l t z  c o i l s  w e r e  m o u n t e d  a d j a c e n t  to the  w a v e g u i d e .  One s e t  w a s  

-m oun ted  to p r o d u c e  a f i e l d  a l o n g  the  t u b e  a x i s ,  and  t h e  s e c o n d  s e t  w a s  

m o u n t e d  to p r o d u c e  a f i e l d  p e r p e n d i c u l a r  to th e  t u b e  a x i s .  T h e s e  tw o  

s e t s  of  c o i l s  w e r e  u s e d  to k e e p  th e  f i e l d  in  t h e  v i c i n i t y  of  t h e  w a v e ­

gu ide  c o m p l e t e l y  t r a n s v e r s e  to  t h e  a x i s  of th e .  w a v e  g u id e .

T H E  E X P E R I M E N T A L  M E T H O D

T h e  e x p e r i m e n t a l  a p p r o a c h  u s e d  in  t h i s  p a p e r  c o n s i s t e d  of 

m e a s u r i n g  f r e q u e n c y  v e r s u s  w a v e l e n g t h  f o r  t h e  s y s t e m .  T h e



27

p r o p a g a t i o n  c o n s t a n t ,  / 3  , is  t h e n  c o m p u t e d  f r o m  the  w a v e l e n g t h

{ / S - 2 T r / a. ) a n d  n o r m a l i z e d  b y  m u l t i p l y i n g  i t  b y  t h e  tu b e  r a d i u s . T h e  , 

f r e q u e n c y  i s  n o r m a l i z e d  to the  a v e r a g e  p l a s m a  f r e q u e n c y .  T h i s  a v e r ­

a g e  p l a s m a  f r e q u e n c y  i s  d e t e r m i n e d  b y  u s i n g  t h e  t e c h n i q u e  d e v e l o p e d  

b y  C a r l i l e ^ ,  e t  a l . T h i s  m e t h o d  u s e s  t h e  s y m m e t r i c  s u r f a c e  w a v e  

m o d e  a t  f r e q u e n c i e s  s u c h  t h a t  / 3 c l<  l.o , a n d  h a s  b e e n  s h o w n  to h a v e  a n  

e r r o r  of l e s s  t h a n  5% » T h i s  n o r m a l i z e d  e x p e r i m e n t a l  d a t a  i s  t h e n  

c o m p a r e d  to t h o r e t i c a l  c u r v e s  w h i c h  w e r e  o b t a i n e d  f o r  v a r i o u s  v a l u e s  

of t h e  two p a r a m e t e r s  <X an d  T w h i c h  c o m p l e t e l y  c h a r a c t e r i z e  o u r  

m o d e l  of th e  p o s i t i v e  c o l u m n  a s  d i s c u s s e d  in  the  p r e v i o u s  c h a p t e r .

T he  a c t u a l  v a l u e  of  a n d  T in  th e  d i s c h a r g e  t u b e  i s  t h a t  c o m b i n a t i o n  

of o ( a n d  T w h o s e  t h e o r e t i c a l  c u r v e  b e s t  f i t s  th e  e x p e r i m e n t a l  d a t a .

T H E  E X P E R I M E N T A L  R E S U L T S

In f i g u r e  7 the  e x p e r i m e n t a l  d a t a  p o i n t s  a r e  s h o w n  p l o t t e d  

a g a i n s t  t h e  t h e o r e t i c a l  c u r v e  f o r  o (  = . 7 7 5  and  T = 0 . 9 5 .  I i s  th e  

t u b e  d i s c h a r g e  c u r r e n t  a n d  B,p i s  t h e ' m a g n i t u d e  of  t h e  r e s i d u a l  m a g ­

n e t i c  f i e l d  in  t h e  v i c i n i t y  of  t h e  tu b e .

It  i s  p o s s i b l e  to c h a n g e  b o t h  c< a n d  T b y  s m a l l  a m o u n t s  

and  s t i l l  o b t a in  a r e a s o n a b l e  f i t  b e t w e e n  e x p e r i m e n t a l  a n d  t h e o r e t i c a l  

d a t a .  T h e  e x p e r i m e n t a l  d a t a  s h o w n  in  f i g u r e  7 w i l l  a l s o  g iv e  a 

r e a s o n a b l e  f i t  to  t h e o r e t i c a l  c u r v e s  f o r  <X = 0. 70, T = 0. 9625 o r
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T .b  
. 790 c m  
. 895 c m  

1. 524 c m

P l a s m a  
Sheath , £*.= 1.00 
Q uartz , €*=3.73 
A ir ,  £* = 1.00

o .< v < b

C< r<d

8 - =  0 . 2 6

F ig u r e  7. E x p e r im e n ta l  data p o in ts  p lo tted  a g a in s t  t h e o r e t i c a l  
fo r  <X = . 775 and T = 0 . 95 .

. 0

c u r v e s



= . 87 6 , T = 0. 925 . T his  i s  sh ow n  in  f ig u r e  8 . T h e s e  v a lu e s  of  

(X and T l i e  on e i th e r  s id e  of the n o m in a l v a lu e s  of oc=. 77 5 and 

T = 0. 95 . T hey  g iv e  an e s t im a t e  o f  the  p o s s i b l e  r a n g e  in  w h ich  the  

tru e  o< and T m u s t  b e .  The b e s t  c o n c lu s io n  that ca n  be obtained  

f r o m  the e x p e r im e n ta l  data, t h e r e fo r e ,  i s  that 0 . 7 0 ^  <x ^ 0 . 8 7 6  and

0. 925 T ^ 0 .9 6 2 5  w ith  the n om in a l v a lu e s  b e in g  (X = . 7 7 5  and  

T = 0.  95 . It sh ou ld  be p o in ted  out that th is  a c c u r a c y  in T is  the  

r e s u l t  of obtain ing e x p e r im e n ta l  data p o in ts  a t  v a lu e s  of ^ cl w h ich  

a re  g r e a te r  than 3. 0 . W ithout la r g e  y&a. p o in ts  i t  i s  d i f f ic u l t  to 

d e te r m in e  w h ic h  of the c u r v e s  fo r  v a r y in g  T i s  b e s t  f it ted  by the  

e x p e r im e n ta l  data due to the  s c a t t e r in g  of the d ip o la r  m o d e  e x p e r i ­

m e n ta l  data a s  can be  s e e n  in f ig u r e  8.

It i s  of in t e r e s t  to c o m p a r e  t h e s e  e x p e r im e n ta l  r e s u l t s  w ith

q
the t h e o r e t i c a l  p r e d ic t io n  of  e l e c t r o n  d e n s i ty  v a r ia t io n  due to P a r k e r  . 

To do th is  one m u s t  d e te r m in e  the v a lu e  o f  P a r k e r 1 s p a r a m e t e r ,  ,

for  the e x p e r im e n ta l  c o n d it io n s .  At the  d is c h a r g e  c u r r e n ts  u se d  for

9
th e s e  e x p e r im e n t s  the a v e r a g e  p la s m a  fr e q u e n c y  w a s  about 14 . 5  x  10 

r a d i a n s / s e c .  If one a s s u m e s  an e le c t r o n  t e m p e r a tu r e  of 20, 000°K ,  

i s  4 . 3  x  104 . P a r k e r 1 s t h e o r e t i c a l  c u r v e  for  th is  v a lu e  o f  

w a s  show n  in  f ig u r e  4 a lon g  w ith  the a p p r o x im a t io n  to th is  c u r v e  a s  

g iv en  by our m o d e l .  The v a lu e s  of <X and T fo r  th is  a p p r o x im a t io n  

in  f ig u r e  4 a r e  o< = 0 . 7 0  and T = 0 . 9 5  . Our e x p e r im e n ta l ly
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a = T. b 
b = . 790 cm
c = . 895 c m
d = 1 . 524 c m

cxtrNa. P l a s m a  
a.<r<b Sheath, 6^=1.OO
b<r<c Q uartz , £ = 3 .7 3
C<r<d A ir ,  €*.= 1.00

(<X=.SZG,re.925;

3 .0  4 . 0

F ig u r e  8 . E x p e r im e n ta l  data p o in ts  p lo tted  a g a in s t  t h e o r e t i c a l  c u r v e s  
fo r  ex' = . 7 0 ,  T = . 9625 and <X = .8 7  6 , T = . 925 .
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d e t e r m i n e d  r a d i a l  v a r i a t i o n  in  th e  e l e c t r o n  d e n s i t y  is  t h e r e f o r e  in  

a g r e e m e n t  w i t h  t h e  t h e o r e t i c a l l y  p r e d i c t e d  v a r i a t i o n .



IV. P R O P A G A T I O N  O F  A P L A S M A  S U R F A C E  W A V E  A C R O SS  A 

T R A N S V E R S E  A M B I P O L A R  C U R R E N T

In th e  q u a l i t a t i v e  d i s c u s s i o n  of  the  p o s i t i v e  c o l u m n  i n  C h a p t e r  II 

i t  w a s  m e n t i o n e d  t h a t  t h e r e  i s  a  c o n t i n u o u s  f low  of i o n s  a n d  e l e c t r o n s  

to t h e  w a l l  e n c l o s i n g  th e  d i s c h a r g e .  T h i s  c u r r e n t  f low i s  t r a n s v e r s e  to 

the  d i r e c t i o n  of p r o p a g a t i o n  of t h e  p l a s m a  s u r f a c e  w a v e .  S in c e  t h i s  

c u r r e n t  c o n s i s t s  of  b o t h  p o s i t i v e  and  n e g a t i v e  c h a r g e  c a r r i e r s  w e  s h a l l  

h e n c e f o r t h  r e f e r  to  i t  a s  a n  a m b i p o l o r  c u r r e n t .  We no w  w i s h  to  d e t e r ­

m i n e  th e  e f f e c t  of t h i s  t r a n s v e r s e  a m b i p o l a r  c u r r e n t  on  t h e  p l a s m a  s u r ­

f a c e  w a v e .  To do t h i s  w e  s h a l l  c o n s i d e r  a n  e l e m e n t a r y  m o d e l  of th i s  

c u r r e n t  f low  in  r e c t a n g u l a r  g e o m e t r y .  .

S Y M B O L S

T h e  fo l lo w in g  s y m b o l s  w i l l  b e  u s e d  t h r o u g h o u t  t h i s  c h a p t e r .

n eo s t e a d y  s t a t e  e l e c t r o n  d e n s i t y

n e r . f .  p o r t i o n  of e l e c t r o n  d e n s i t y

t o t a l  e l e c t r o n  d e n s i t y

n.
10

s t e a d y  s t a t e  io n  d e n s i t y

n i r . f .  p o r t i o n  of io n  d e n s i t y

t o t a l  i o n  d e n s i t y

32
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u e e le c t r o n  d r if t  v e l o c i t y

'v e r . f .  p o r t io n  of e l e c t r o n  v e lo c i t y

Ve tota l e l e c t r o n  v e l o c i t y

ui ion  d r if t  v e lo c i ty

v-.i r . f .  p o r t io n  of ion v e lo c i t y

Vi to ta l ion  v e lo c i t y

m e le c t r o n  m a s se

m i ion  m a s s

CO fr e q u e n c y  in  r a d i a n s / s e c .

Tc w a v e  n u m b er  in the p la s m a

w a v e  n u m b e r  in the d i e l e c t r i c

a , a , a unit v e c t o r s  in  c a r t e s ia n  c o o r d in a te sX* y ’ z

K 1
r e la t iv e  p e r m it t iv i t y  of the d ie l e c t r i c

Ti
r . f .  io n  c u r r e n t  d e n s ity

Te r . f .  e l e c t r o n  c u r r e n t  d e n s ity

TTe e le c t r o n  p la s m a  fr e q u e n c y

TTl ion p la s m a  fr e q u e n c y

e c p e r m it t iv i ty  of a v a c u u m

p e r m e a b i l i t y  of a v a cu u m

c sp e e d  of l ig h t  in  a v a c u u m

e c h a r g e  of an e le c t r o n

E r . f .  e l e c t r i c  f ie ld  v e c t o r
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H r . f .  m a g n e t ic  f i e ld  v e c to r

DERIVATION O F  THE E Q U IV A L E N T  D IELECTR IC  CON STAN T FOR 

THE P L A SM A

C o n s id e r  the g e o m e tr y  sh ow n  in f ig u r e  9. The h a l f - s p a c e  x>o  

i s  a s e m i - in f i n i t e  p la s m a  c o n s is t in g  of s in g ly  io n iz e d  io n s  and e l e c t r o n s . 

We sh a l l  a s s u m e  that the  io n s  have  a s te a d y  d r if t  sp e e d ,  , tow ard

the w a ll  and that the e le c t r o n s  h ave  a s t e a d y  d r ift  sp e e d ,  tow ard the

w a ll .  We sh a ll  a l s o  a s s u m e  that the p la s m a  i s  h o m o g e n e o u s .  The  

h a l f - s p a c e  X < 0  i s  a s e m i - in f i n i t e  id e a l  d i e l e c t r i c .  We s h a l l  c o n s id e r

X

P L A SM A

U r

ID E A L  D IEL EC TR IC

F ig u r e  9. G e o m e tr y  o f  the p r o b le m .



a p la s m a  s u r fa c e  w a v e  p ro p a g a t in g  in th e  p o s i t iv e  z d ir e c t io n  a long  

the p l a s m a - d i e l e c t r i c  in te r fa c e .  We s h a l l  a s s u m e  a v a r ia t io n  of  

e X k • F) in  the p la s m a  and e X p ^ c u t ’-K /h )  in the d i ­

e l e c t r i c ,  w h e r e  k =  -tfaTx a a , k ,=  ~c<,5Cx +-

and F =  xc^x+-2EcCa . We a ls o  a s s u m e  that the to ta l  ion  and

e le c t r o n  n u m ber  d e n s i t i e s  and v e l o c i t i e s  c o n s i s t  of a n o n -v a r y in g  or  

d. c . p a r t  p lu s  an r . f .  p o r t io n  w h ich  i s  due to the p ro p a g a t in g  w a v e .

It should  be p o in ted  out that a l l  eq u a tio n s  w i l l  be  w r i t t e n  in l in e a r iz e d  

fo rm , that i s ,  p ro d u cts  of r . f .  q u a n t i t ie s  w i l l  b e  n e g le c t e d .

We w r i t e  the to ta l e l e c t r o n  and the to ta l ion  n u m b er  d e n s i t ie s

as

n e  =  n e o -h n e IV .  1

H i - n i o - h P h  IV .  2

and the to ta l  e l e c t r o n  and the to ta l io n  v e l o c i t i e s  as

Vq -  a x + ve ii. 3

% -  a x + V \  II. 4

The equation  of m o t io n  fo r  the  e l e c t r o n s  is



w h e r e  w e h ave  n e g le c te d  the L o r e n tz  f o r c e  on the  e l e c t r o n s  due to 

the t im e  v a ry in g  m a g n e t ic  f ie ld .  T h is  i s  p o s s i b l e  i f  the  e le c t r o n s  a r e  

n o n - r e la t i v i s t i c .  E quation  IV. 5 m a y  b e  expanded  to

' + ( % •  v)(-<^e a x +N^)j . n . 6

The th ird  t e r m  in the b r a c k e t s  is  a s e c o n d  o r d e r  t e r m  w h ic h  w e n e g le c t  

to get

me[^ ve - a eo<veJ=-eL

and t h e r e fo r e

r r  _  - e E
e "' * II. 7

B y  s im i l a r  r e a so n in g  w e  can  obta in  an e x p r e s s io n  for  the r. f. ion  

v e lo c i t y  a s

Ty -  e E  . II. 8

N ow  the l in e a r iz e d ,  r. f. e l e c t r o n  and ion  c u r r e n t  d e n s i t i e s  a r e

J e = - n eoe %
and

JL = n (-0 e  vf - n .  e ^ - a x
S u bstitu tin g  eq u ation s  IV. 7 and IV. 8 the  c u r r e n t  d e n s i t i e s  b e c o m e
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and

= - e n ^ - a ,  . n .  10

We m a y  obta in  an e x p r e s s io n  for the p e r tu r b e d  e le c t r o n  d e n s ity ,  rfe , 

f r o m  the co n t in u ity  eq u ation  fo r  the e le c t r o n  cu rre n t ,

V - j&-h i c o ( - e n e) = o  .

S ubstitu ting  eq uation  IV. 9 and expanding w e  obtain  

EoTT̂j2 v-E _ ^  z . . „ t _
 e n e ( c o j - < x ^ e) = 0

and t h e r e fo r e

G r > e  '  V ' E  11,11 

S im i la r ly  fo r  io n s  w e find

~ e n ^ = 11 , 12

Now the d iv e r g e n c e  o f  the r . f .  e l e c t r i c  f ie ld  is

v-E = e/e.(n;-n e) IV. 13

Upon su b s t itu t io n  of eq u ation s  IV. 11 and IV. 12 in to  eq u ation  IV. 13 w e  

obtain

4- - r J ?  4-- . ^  V-E = O . I v - 14



38

Now e i th e r  the e x p r e s s io n  in b r a c k e t s  i s  z e r o  or  the d iv e r g e n c e  of  the

r. f. e l e c t r i c  f ie ld  is  z e r o .  S ett in g  the e x p r e s s io n  in  b r a c k e ts  equal to

11 12z e r o  l e a d s  to  the double s t r e a m  a m p l i f i e r  so lu t io n  ’ w hen  u e and

u. a r e  not z e r o .  Should u and u. be z e r o  w e w ould  ob ta in  the  i  e i
1 3p la s m a  o s c i l la t io n s  o f  T onks and L a n g m u ir .  In our a n a ly s i s  we have  

a s s u m e d  d i s c r e t e  v e l o c i t i e s  fo r  the io n s  and e l e c t r o n s .  Had w e  a s ­

su m e d  an in f in ite  n u m b er  of d i s c r e t e  v e l o c i t i e s  or a d is tr ib u t io n  in

v e lo c i t y  fo r  the e l e c t r o n s  w e  w ould  h ave  ob ta in ed  th e  d i s p e r s io n

14
r e la t io n  o f  B o h m  and G r o ss  by s e t t in g  th e  c o r r e s p o n d in g  b r a c k e te d  

e x p r e s s io n  equal to  z e r o .  S ett in g  v*EeO le a d s  to the s u r fa c e  w a v e  

s o lu t io n . We n ote  then that n„ = n. .c i

The to ta l r . f .  c u r r e n t  d e n s i ty  i s  the  su m  of th e  e l e c t r o n  and  

ion  c u r r e n t  d e n s i t ie s  w h ich  i s

f  e [ne«e-R.- .

A pplying the co n t in u ity  eq u ation  to th is  to ta l c u r r e n t  d e n s i ty  le a d s  to 

the e x p r e s s io n

n e 22e - n ; a ;  =  o  i y . i s

S in ce  h e = m and in  g e n e r a l  u 0 and u  ̂ a r e  not eq ual the so lu t io n  

to eq u ation  IV. 15 m u s t  be

n = n . = 0 IV. 16® 1



U nder th is  con d it ion  the tota l r . f . c u r r e n t  d e n s i ty  b e c o m e s

~(iuj (J.uf-oi.CCi)
IV. 17

E quation  IV. 17 r e la t e s  the  r. f. c u r r e n t  d e n s ity  to the r . f. e l e c t r i c  

f ie ld .  We now u s e  th is  r e la t io n s h ip  to d e te r m in e  the eq u iv a le n t  d i ­

e l e c t r i c  c o n s ta n t  fo r  th is  p la s m a  m o d e l .

One of M a x w e l l ' s  eq u ation s  i s

VxH =0* -t-c'cu€0E

S u bstitu tin g  fo r  J w e find

is  the r e la t iv e  d ie l e c t r i c  c o n s ta n t  of the p la s m a  fo r  our  p la s m a  m o d e l .  

THE D ISPERSION R E L A T IO N

w h ich  w ith  our a s s u m e d  s p a c ia l  and te m p o r a l  v a r ia t io n  b e c o m e s  

(N o te  that )

IV. 18

w h e r e

IV. 19

M a x w e l l ' s  w a v e  equation  in th e  p la s m a  h a l f - s p a c e  is



The n o n - tr iv ia l  so lu t io n  to equation  IV. 20 is

<x* - ^ + £ F k p =o  . i v .  21

S im i la r ly  in the d i e l e c t r i c  h a l f - s p a c e  w e  find

K, = 0  . I V ' 22

S in ce  the ta n g en t ia l  c o m p o n en t  of the e l e c t r i c  f ie ld ,  , m u s t  be

contin uou s a c r o s s  the b ou nd ary  at e v e r y  p o in t  on  the b ou nd ary

/ S ,  - / 3

and th e r e fo r e

Kp =  K , . IV. 2 3

T he r e la t io n sh ip  b e tw e e n  the two c o m p o n e n ts  o f  the e l e c t r ic  

f ie ld  v e c to r  can  be  d e te r m in e d  fr o m  the  d iv e r g e n c e  eq uation

TZ- E_ =  E.x —c /S  E-e  = 0  . IV. 24

U sin g  eq uation  IV. 24 and M a x w e l l ' s  s e c o n d  equation ,

VXEL =  , IV. 25

w e  can  ob ta in  th e  m a g n e t ic  f ie ld  v e c to r  in the p la s m a .



R eq u ir in g  that the ta n g en t ia l  m a g n e t ic  f ie ld  b e  con tin u ou s  a c r o s s  the  

boundary  le a d s  to

E quations IV. 23 and IV. 28 can  be c o m b in e d  to  y ie ld  the d i s p e r s io n  

re la t io n ,

.,2  a,2- Kp _  „
^  C* K p K ,  = °  • XV. 29

T h is  i s  the s im p le s t  f o r m  of the d i s p e r s io n  r e la t io n .  In r e a l i t y  w e

m u s t  r e c a l l  that K i s  a fu n ct io n  o f  (X . When th is  su b s t itu t io n
P

is  m a d e  one ob ta in s  a s ix th  o r d e r  p o ly n o m ia l  in  cX w h ic h  h as  b een  

so lv e d  by n u m e r ic a l  m e a n s  to obtain  v a lu e s  of &  and c o n s e q u e n t ly  

of / 3  th ro u g h  eq uation  IV. 21.

The v a lu e s  of yS  ob ta in ed  a r e  c o m p le x

/ 3 - / 3 ' + i / S  IV. 30

fo r  a l l  n o n - z e r o  v a lu e s  of u^ and m  is  the p o r t io n  of ̂ 8

w h ich  r e s u l t s  in  p h a s e  s h if t  a s  the w a v e  p r o g r e s s e s  in the z - d ir e c t io n



' ■ . ,  ■■ 42

and  j Q '  i s  th e  p o r t i o n  o f  /£? w h i c h  r e s u l t s  in  a t t e n u a t i o n  of th e  

w a v e  a s  i t  t r a v e l s .

A n  cu -yg ' d i a g r a m  i s  sh o w n  in  f i g u r e  10  f o r  v a r i o u s  v a l u e s  of  

' U  • T h e  d a s h e d  c u r v e  i s  f o r  th e  c a s e  of  u‘ = 0 . I t  i s  i m m e d i a t e l y  

a p p a r e n t  t h a t  t h e  t r a n s v e r s e  a m b i p o l a r  c u r r e n t  h a s  a d e f i n i t e  e f f e c t  

on  th e  p r o p a g a t i o n .  F o r  n o n - z e r o  v a l u e s  of  u e ? y S z no l o n g e r  g o e s

to i n f i n i t y  a s  c u /T Y z  a p p r o a c h e s  b u t  i n s t e a d  r e a c h e s  a f i n i t e

, - ■ : 2 
v a l u e  a n d  t h e n  b e g i n s  to d e c r e a s e  a s  g o  g e t s  l a r g e r .  ' C a r l i l e  f o u n d  a

s i m i l a r .  co~/3*  b e h a v i o r  i n  h i s  i n v e s t i g a t i o n  of  t h e  e f f e c t s  of c o l l i s i o n s

on the  a t t e n u a t i o n  of a  p l a s m a  s u r f a c e  w a v e .  I n d e e d ,  t h i s  b e h a v i o r

m a y  b e  c h a r a c t e r i s t i c  o f  l o s s  p h e n o m e n a  in  g e n e r a l .

In f i g u r e  11 t h e  a t t e n u a t i o n  i n  db.  p e r  w a v e l e n g t h  i s  p l o t t e d

v e r s u s  f r e q u e n c y  f o r  v a r i o u s  v a l u e s  of u 0  „ T h e  d a s h e d  c u r v e  s h o w s

th e  a t t e n u a t i o n  w h i c h  w o u ld  r e s u l t  f r o m  c o l l i s i o n s .  W e h a v e  a s s u m e d

a  c o l l i s i o n  f r e q u e n c y  of

L e t  u s  now  e x t e n d  o u r  a n a l y s i s  to  d e t e r m i n e  h o w  a  t r a n s v e r s e  ‘

a m b i p o l a r  c u r r e n t  m i g h t  a f f e c t  t h e  p r o p a g a t i o n  of a  p l a s m a  s u r f a c e  w a v e

a l o n g  th e  p o s i t i v e  c o l u m n  o f  a  lo w  p r e s s u r e  m e r c u r y  v a p o r  d i s c h a r g e .

In t h e  s h e a t h  r e g i o n  w h i c h  is  a d j a c e n t  to  t h e  d i e l e c t r i c  b o u n d a r y  i n  t h e

p o s i t i v e  c o l u m n  t h e  i o n  d e n s i t y ,  ■ , e x c e e d s  th e  e l e c t r o n  d e n s i t y ,

n eo .. S in c e  t h e  n e t  d. c .  c u r r e n t  a r r i v i n g  a t  t h e  w a l l  m u s t  be  z e r o ,

t h e  e l e c t r o n  d r i f t  v e l o c i t y ,  u^  , m u s t  e x c e e d  t h e  i o n  d r i f t  v e l o c i t y .
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1. A tten uation  in db p er  w a v e le n g th  v e r s u s  f r e q u e n c y  for  
v a r y in g  u e .



u. , b y  th e  s a m e  f a c t o r .  In C r a w f o r d ’s d i s c u s s i o n  of  t h e  m e r c u r y

v a p o r  d i s c h a r g e  h e  g i v e s  a r a d i a l  i o n  v e l o c i t y  o f  a b o u t  2 x 1 0 ^  c m / s e c

f o r  i o n s  n e a r  t h e  w a l l .  If  w e  a s s u m e  t h a t  the  io n  d e n s i t y  i s  t e n  t i m e s

6t h e  e l e c t r o n  d e n s i t y  t h e n  th e  e l e c t r o n  v e l o c i t y  m u s t  b e  2 x  10 c m / s e c .

A d i a g r a m  f o r  t h i s  c o n d i t i o n  i s  s h o w n  in  f i g u r e  12 a n d  t h e  a t t e n u ­

a t i o n  v e r s u s  f r e q u e n c y  i n  f i g u r e  13. B y  c o m p a r i n g  f i g u r e s  11 and  13

w e  s e e  t h a t  a s  ayTre v a r i e s  f r o m  0. 1 to  0. 4 t h e  a t t e n u a t i o n  in  db.  p e r

- 3w a v e l e n g t h  due  to t h e  a m b i p o l a r  c u r r e n t  r a n g e s  f r o m  1. 2 x  10 to 

a b o u t  5. 0 x  10"^  w h e r e a s  th e  a t t e n u a t i o n  d u e  to c o l l i s i o n s  r a n g e s  

f r o m  2 . 7  x  10~ * to  a b o u t  6 . 0  db.  p e r  w a v e l e n g t h .  T h e  a t t e n u a t i o n  

due  to c o l l i s i o n s  i s  tw o  o r d e r s  of  m a g n i t u d e  h i g h e r  t h a n  t h a t  d u e  to  t h e  

t r a n s v e r s e  a m b i p o l a r  c u r r e n t .  W e t h e r e f o r e  c o n c l u d e  t h a t  th e  l o s s  

due  to  th e  t r a n s v e r s e  a m b i p o l a r  c u r r e n t  i s  i n s i g n i f i c a n t  c o m p a r e d  

w i t h  t h a t  due  to  c o l l i s i o n s .
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F i g u r e  13. A t t e n u a t i o n  in  db p e r  w a v e l e n g t h  v e r s u s  f r e q u e n c y  fo r  
u^  = 2 x 1 0  c m / s e c  and  u .  = 2 x  10^ c m  s e c .



V. C O N C L U S IO N S .

In  t h i s  p a p e r  a  m o d e l  f o r  t h e  p o s i t i v e  c o l u m n  h a s  b e e n  

p r e s e n t e d .  T h e  d i s p e r s o n  r e l a t i o n  f o r  t h i s  m o d e l  p l a c e d  c o a x i a l l y  in  

a  c y l i n d r i c a l  w a v e g u i d e  h a s  b e e n  o b t a i n e d  a n d  s o l v e d  n u m e r i c a l l y .  

A l th o u g h  th e  e f f o r t s  t o w a r d ,  t h e  a p p l i c a t i o n  of  s u r f a c e  w a v e s  to p l a s m a  

d i a g n o s t i c s  a r e  p r e l i m i n a r y  i n  n a t u r e ,  i t  h a s  b e e n  d e m o n s t r a t e d  t h a t  

s u r f a c e  w a v e s  c a n  b e  u s e d  to  d e t e r m i n e  t h e  r a d i a l  v a r i a t i o n s  i n  e l e c t r o n  

d e n s i t y  in  a m e r c u r y  v a p o r  p l a s m a  d i s c h a r g e .

T h e  d i s p e r s i o n  r e l a t i o n s h i p  f o r  t h e  p r o p a g a t i o n  o f  a  s u r f a c e  

w a v e  a c r o s s  a  t r a n s v e r s e  a m b i p o l a r  c u r r e n t  h a s  b e e n  d e r i v e d  and  

n u m e r i c a l  s o l u t i o n s  h a v e  b e e n  o b t a i n e d .  I t  h a s  b e e n  d e m o n s t r a t e d  

t h a t  t h i s  t r a n s v e r s e  c u r r e n t  f low  r e p r e s e n t s  a  l o s s  m e c h a n i s m  to t h e  

s u r f a c e  w a v e .  H o w e v e r ,  the .  a t t e n u a t i o n  d u e  to t h i s  t r a n s v e r s e  c u r r e n t  

f low i s  p r o b a b l y  s m a l l  c o m p a r e d  to  th e  a t t e n u a t i o n  w h i c h  r e s u l t s  f r o m  

c o l l i s i o n s .

S U G G E S T IO N S  F O R  F U R T H E R  S T U D Y

T h e  e x p e r i m e n t a l  i n v e s t i g a t i o n s  d e s c r i b e d  in  t h i s  p a p e r  w e r e  

p e r f o r m e d  e x c l u s i v e l y  u s i n g  a m e r c u r y  v a p o r  d i s c h a r g e  p l a s m a .  T h e  

v a l u e  of P a r k e r 1 s p a r a m e t e r ,  , w a s  4 . 3  x  10^ f o r  t h i s  d i s c h a r g e .
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I t  i s  e x t r e m e l y  d i f f i c u l t  to  v a r y  t h i s  p a r a m e t e r  b y  m o r e  t h a n  a n  o r d e r  

of m a g n i t u d e  in  a m e r c u r y  v a p o r  d i s c h a r g e .  T h e  i n v e s t i g a t i o n  of 

r a d i a l  e l e c t r o n  d e n s i t y  v a r i a t i o n s  w i t h  p l a s m a  s u r f a c e  w a v e s  s h o u ld  be  

e x t e n d e d  to d i s c h a r g e s  i n  g a s e s  i n  w h i c h  t h e  p a r a m e t e r ,  , c a n  b e

v a r i e d  o v e r  a  r a n g e  of  s e v e r a l  o r d e r s  of  m a g n i t u d e .  F o r  l o w e r  v a l u e s  

of s u c h  a s  10^,  a  n e w  m o d e l  of th e  d i s c h a r g e  c o l u m n  w o u l d  b e

r e q u i r e d .  T h e  m o d e l  p r e s e n t e d  in  t h i s  p a p e r  a s s u m e s  t h a t  t h e  t r a n s i ­

t i o n  f r o m  t h e  p l a s m a  r e g i o n  to t h e  s h e a t h  r e g i o n  i s  r a t h e r  s h a r p .  A t 

l o w e r  v a l u e s  of  t h i s  t r a n s i t i o n  i s  a  g r a d u a l  one ,  t h e r e f o r e  n e c e s s i ­

t a t i n g  th e  u s e  of  a  n e w  m o d e l
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