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ABSTRACT

‘r

The electron number density in the positive column of ab
~mercury vapor discharge.is a function‘ of the ;'adius from the center of

the ‘collﬁmn. A model for the positi've column was (_iéveloped and the
dispersion relation for the plas’ma; surface‘vvave modes was obtained
using this model. Solutions for the dispersion relation were obtained
numerically., Experimental data was collec£ed on the symmetric and
dip‘ol'ar surface wave modes. From this data the radial variation of
electron density in the positive column was determined.

The effect of a transverse ambipolar current on the propagation
of a plasma surface wave was examine_d.; This transverse current
flow is shown to result in attenuation of the surface wave. However,
this at‘tenuation ié founa Q‘Co be negligibie compared to that due to

collisions in the positive column of a mercury vapor discharge.
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I. INTRODUCTION

THE PLASMA WAVEGUDE

This paper describes the use of plasma surface waves for
determining the radial variation in electron density in the positive
column of 2 mercury vapor discharge. A surface wave propagates
along the interface between the surrounding dielectric and the plasma
column, and is characterized by large energy densities near the inter-
face and no propagation in the radial direction. A cross-section of

the plasma waveguide system is shown in figure 1.

Figure 1. Cross-section of plasma waveguide



The isotropic plasma is located at the center of the waveguide
(0O<r<a ). Itis ﬁaintaihed in this position by a quartz cylinder
{b<r< ¢ ) which has a thin coating of titanium dioxide (a< r<b ) on

| its inner éurface. Thé quaitz tube is surrounded by air (c<r<d ) and
the entire system is bounded by a copper waveguide at r = d. In this
paper the dielectric regions and the copper Wavegﬁide are a'.ssumed'to
Ee los sleyass° We shali call this plasma waveguide configuration the-

four region system.

PLASMA SURFACE WAVES

.’I;rivelpiecel investi“gated wave propagation in a waveguide
partially filled by a plasma both in the preseneé and absence of an
axial d. c. magnetic field. For the case of no axial d. c. magnetic
field Trivelpiec)e found a set of ques which could propagate in the
waveguide at'fr_equéncieé below the electron plasma frequency, wp |
which is the natural frgquency of ‘os cillation of the plasma electrons.
These modes are the surface wave modes. The field components of
the surface wave modes have an azimuthal variation of exp(ing)
and an axial variation of exp(i/sz) -where n is an integer, A is the
propagation constant of the wave, 95 is the azimuthal angle in cylin-'
drical coordinates, and the z-axis is along the axis of the plasma

column. ‘BéCause of the azimuthal variation exhibited by these modes,



the n = 0 mode is frequently referred to as fhe symmetric mode and
the n = 1 mode is termed the dipolar mode.' Trivelpiece showed
theoretically and experiméntally that the symmetric mode was a low
pass mode. Ca‘rlile2 found thét the dipolar mode was a backward wave,

band pass mode. As early as 1959, Schumann?

in Germany had ob-
served a backward wave in a similar system bu‘c had not identified it as
the dipolar mode. In Japan Akao and Ida* have also found the dipolar
mode to-be a backward wave.

The investiga‘.tionsvo.f Triveipi-ece and Carlile, as well as Akao
and Ida, were confined to a three region system consisting of the
plasma, the quartz cylindér, and the air zregion. 1\/Iadison5 extended
the theoreticai work of ’Tryix"relpie_ce to .’che four region system. Madison
obtained reéults for ‘ch»e foui‘ region system with and without an axial,
d.c. magnetic field present. Jo}-lnson6 constructed the four rggion
system described by Madison and eiperimentall'y verified the effect of
the thin titanium dioxide layer on the propagation of the two lowest
.order surface wave modes. Johnson's experiments were performed‘
with an isotropic plasma, that is, with no axial magnetic field pre.sent.

The energy of the plasma surface wave is bound to the inter-
face between the plésma. and the adjacent dielectric. For small values
of @ (long wavelengths) this Bir_iding‘is slight, and the energy is

distributed throughout the plasma column and adjoining dielectric



regions in the waveguide. When/& becomes very large the energy
concentrates at the edge of the plasma column. A graph of W versus
8 is shown in figure 2. In this figure the angular fréquency, w
of the Wave has been normalized to the plabsma'frevquency, Wo and
,& has been normalized to the radius of the plasmé column, "a''. As
/e becomes very large both the symm,efric’ and dipolar modes ap-
proach an asymptotic‘limit of a)/(.‘u/;:‘(i*-ér);ya , where €, is the
relative dielectric constant of the ’dielectri.c region immediately
adjacent ’co‘tbe plasrﬁa,

The unique properties of the surface wave make it an interest-
ing tool for plasma diagnostics, that is, dete-rmining properties of the
plasma such as electron number density and density variations. For
small values of ga the energy of the symmetric mode is distributed
throughout the plasma. Carlile, Swinfqrd, and _Spiegel? have shown
‘that thig portion of the symmetric mod.e‘can'b‘e used to determine
'valueé of average el‘ectron densities 'with an ’errorof less than 5%.

As ga becomes large thé energy of the surface rﬁodes becomes con-
. fined to the edge of the plasma column and the frequency of -the wave
approéches an asymptoti;: limit, w= wp(\-b-ér)-ya which is determined by
the electron density of the plasma through Wh;LCh the wave propagates
since the plasma frequency is propo»rtional to the square root of

electron density. If the electron density is a function of the radius
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Figure 2. w-@ diagram of the symmetric and dipolar modes for the
four region system.
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frbm.the ‘cen’cer of the c_olumn the as ymptotic limit of the frequency

- will vary with ,c?a- . This suggests that the large ga ‘region of the
surface wave modes might be .used to meésure radial variations in
electron density. It is necessary to use therdi'polar mode for measur-
ing the electron den_sity variations v'svi-nce the symmetric mode is a
double valued function of frequency in the range éf large ga and at-
tempts to excite the mode in this frequency range invariably lead to a
wave with the smaller value of Go . This paper is primarily con-
cerned with the use of the dii)olar mode to investigate radial electron
density variations. In Chapter II a mociel for the inhomogeneous
positive column is presented‘ and the disp‘ei‘sion relation for this model
is obtaiqed. In Chaptéi‘ III the experimental method is described
brieﬂy and the eXp‘erirvn;enta'l results are presented and compared with
the theo’.retical results of Chdpter II Chapter IV discusses the effect
of‘transverse current flow on ‘the _pvropagafion of the plasma surface

wave, and Chapter V is the conclusion. -



II. THE INHOMOGENEOUS PLASMA COLUMN

THE POSITIVE COLUMN

The mercury vapor discharge used in many laboratory disgharge
tubes can be separated into three c"listinct regions; the cathode region,
the positive column, and the anode region. It is the positive column
which is of interest in this papeir° Two regions can be distinguished
in thg positive column itself, the f'plasrha” region at the center of the
discharge tube, and the '"sheath" region which is é.djacent to -the di-
electric structure which contains the coiurhn., The structure of the
positive column is su;h as to enhance the motion of the ions toward the
surrounding wall and té retard the flow of the _high,vélocity electrons,
to the wall in order that the ion current and electron current actually
arriving at the wall will be of equal magnitude. These two currents
must be of equal magnitude when the column is in the steady state so
that thé net current arriving at the wall will be zero as it must be
since the charge on the wall remains constant.

In the plasma region of the positive column the number of ionsv
per‘ unit volumne, D, is only slightlyv gfeater than the number of

electrons per unit volume, n, . This diffevre.nce is sufficient enough,



however, to establish a potential drop which accelerates the ions
toward the wall,

In the sheath region near the wall the ion density greatly ex-~
ceeds the electron density and a potential drop of the order of 5
electron volts develops across the sheath. 8 The sheath serves to
further accelerate the ions and to reflect all but the fastest electrons.

Parker9 has made a theoretical determination of the electron
density as a function of radius in the positive column. For continuity
a brief summary of Parker's analysis will be presented.

It is assumed that the electron density has a simple Boltzmann

dependence
Ne(r)=neo €X F eVeyiT| I 1
and that the ion generation is proportional to the electron density
G =V hnelr) 3 II.2

where n,, is the electron density on the axis and V(» is the
electric potential in the column which is taken to be zero on the axis
and decreases monotonically with radius. v is a constant of

proportionality related to the ionization cross section. The ion cur-

rent density is then written as the integral of the source function



V'

Ji=e G(P)P/PJ/O : II. 3

(<]

The ion current can also be written as J_ = n _ev, where v,  is the
i i i i

velocity of the ions. Equating these two expressions for ion current

density enables one to solve for the ion number density

()= (CO")"/*‘ de 1. 4
J {( V(o) Vcr“}

Poisson's eguation is

VEV(r) = €/€, (Ne—ny)

Combining equations II. 1 and II. 4 with Poisson's equation and changing

to the dimensionless variables

S = ry(m/c?kT}l/z and = -eV(r)kT

gives the equation which determines the potential within the column

s
L 324 dn\ expr-%(ﬂ‘)]ﬁ"cgq'
/D'e<sd 52 Tds ) = [Q(S;~‘4<V)JV2 - S'QXP[“}Z(SQY ) 1.5

[~}

where §2= (242X Neo ea/mgéo)
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From numerical solutions to equation II. 5 one obtains the
potential 77(s) and consequently can determine the normalized elec-
tron density netr)/Neo for various valuesvbf the parameter £% . The
graphs of the normalized eleqtroﬁ deﬁsi’cy versus the normalized radius
r/r (rW is the’rédius o}f the wall) for a mercury plasma are repro-

W

duced in figure 3. The parameter in this figure is ga

PLASMA MODEL

A laboratory plasma is in gené_ral quite complex. However,
various ideélized models of a plasma héve 5een devised to allow the
- study of the interaction of electromagnétic waves with a plasma in a
mathematically tractable way. The most elementary of these models
is the. cold plasma model. This model assumes that tfle electrons ana
" ions are stationary in the abvsence.'of disturbing electric fields. Itis
' ‘als;o’éss‘umed that the electrohs respopd to high frequencsr electric
.fiélds but that the Aion.s do not respond ’éecéqse they are orders of
magnitude heavier. They merely serve as a neutralizing background
for the electrons. It is co?(ivenient to first determine an equivalent
conductivity for the plasma by c':onsidering the response of the electrons
to a hérmonic time-varying electric field and then, second, to cast
this riesult into a form in which the effect‘ of the plasma is accounted

for by a frequency dependent dielectric constant. The relative
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Figure 3. Ne/Neo versus r/r, for a mercury vapor plasma for various values of g,
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1Z
dielectric constant for a plasma in the absence of an external magnetic
field is

2
s

€p=(1~ 2z II. 6

where « is the frequency of the electromagnetic wave in radians per

second and w, is again the plasma frequency of the electrons which is

2 Y2
=[ ne&
wp= ( me€, . II.7
ng , e, and m, are as previously defined and €, is the permittivity

of a vacuum. This equivalent dielectric constant is then employed in
Maxwell's equations in the usual manner.

One more assumption regarding the plasma model used in this
paper remains to be discussed. This is the quasi-static approximation.
If field variations of the form exp(«w?¢-¢@z) are assumed, Maxwell's

equations can be written

! . oo z
Er='(?—;77){‘/9%% *‘%%% II. 8

. E¢=(;@_',ez>[——‘}i§7%+"%%% II. 9
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— ! Cwe €o D
= Ledepr S o .0_3
H, (;@—,a>{_ r 965,, II. 10
H=<‘=-—i—5‘ iweea —é..?_} II.11
AT Sy r 36 '
where k is the propagation constant
K= wjﬂo <, €‘P
Qur results are assumed to be valid onlywhen/ga» k* . Consider the

total electric field vector, E , to be composed of its TM component

E’ and its TE component E’ , then

E=E+LE .

I.1z

The TM solutions to equations II. 8 and II. 9 can be found by setting

H,=O0 | We find

E= —[%-;(TE‘;T) S ¢ 3 Y (= Qe + az Ez)

By inspection we can then write

C—LJ _ II.13

II. 14
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where # is of course a scalar. By similar reasonsing one could
obtain the slow TE magnetic field solutions as the negative gradient
of a scalar magnetic potential. It can be shown, however, that pure
slow TE waves cannot satisfy the boundary conditions in closed wave-
guide like that used in these experiments. ’ We therefore seek only
TM solutions whose field compoenets satisfy the appropriate boundary

conditions. Equation II. 14 expresses the quasi-static approximation,

that is -E—l’*'-—E‘x"V%’

PARABOLIC APPROXIMATION TO THE POSITIVE COLUMN

Inspection of figure 3 shows that the positive column is in-
homogeneous in the radial direction since the electron density de-
creases with radius. From figure 3 it can be seen that for the three
larger values of “52 this decrease is a slow function of the radius in
the plasma regions of the column, but that the electron density drops
abruptly toward zero in the sheath region of the column near the wall.
A mathematically tractable model for this behavior can be obtained.
The electron density variation in the plasma region can be approxi-

mated quite closely by a parabola, or

ne(”/o-) = neoD - 0(0‘/&)2_-] . II.15



15
Neo 1is again the electron density on the axis of the column, a is
the radius of the plasma region, and & is the parameter which deter-
mines the degree of parabolaticity. This parabolic approximation will
match the actual density variation quite well outside the sheath region.
Within the sheath region the electron density and consequently the
plasma frequency is much lower than it is in the plasma region. In
fact, in the sheath region the plasma fr'equency is so low that @wj/«l.0.
Therefore, €p,x1.0 which is the same as saying that the electron
density is negligible in the sheath. As part of our model of the positive
column we will take the electron density to be zero in the sheath. In
figure 4 Parker's result for %%= 4.3x10* is shown as the dotted curve
and the electron density approximation as given by the model is shown
as the solid line for a value of & of 0.7.
Since the electron density is a function of radius in the positive
column, the effective dielectric constant is also then a function of the

radius. For the parabolic electron density approximation the effective

dielectric constant for the positive column becomes

. - Slee [i~ ()] AT
o(¥/b) l I1. 16

TV )
This is the model of the positive column that will be used in this paper.

It should be noted that our model is characterized by the two para-

meters, &« and T.



LY

Figure 4.

0.2 0.4 b 0.6 0.8 T

ne/has versus r/b as determined by Parker and as given by the parabolic
approximation.
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1.7

DISPERSION RELATION FOR THE PARABOLIC ELECTRON DENSITY

APPROXIMATION

One of Maxwell's equations for the plasma region can be written

VXH=(weEE . I1. 17

Taking the divergence of both sides of equation II. 17 gives

v vxH={we,V €E =O II. 18

since the divergence of the curl of any vector is zero. By equation
II. 14, the electric field can be represented as the negative gradient of

a scalar potential. Substituting this into equation II. 18 yields
v G_PV}& =0 I1I.19

as the differential equation which must be solved to determine the fields
within the plasma due to the time varying electric field. This can be

expanded in cylindrical coordinates as

Q/Iu
‘S
I@

gfr e Zz;: -0 II. 20

L2£2
*or

+ 2% &
roor re

[\ g \vg

r

Trivelpiece1 has also derived this equation and obtained solutions for

the symmetric mode. Assuming a product solution of the form

“(r4,9=ROPBHZ(2) .21
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gives three ordinary differential equations

e
<:‘Z+,<$’Z o II.22
£ P -
g +n2d=0 , 11.23
and
IR ded L dR ?
dvEtC dr dr 7T ar —R(FrEH)=0 . 1. 24

& 1s a positive real number and n is a positive or negative integer.

By making a change of variables, equation II.Z4 can be written

2R 3
45 + e T gai—e]d (x;i- +)R(5)=0 II. 25
where §=_gr , G= Q--f;)—(f—&ﬁ , and {-=¢fj)75 .y s

the plasma frequency on the axis of the column. A solution may be
obtained using the method of Frobenius. A power series solution of
the form
=2 (+n
Rn(€)=;cz§ 1. 26
.
can be assumed for equation II.Z25. Substituting this series into the

differential equation and equating the coefficients of like powers of



19

g equal to zero determines the recursion formula for the coefficients

L = \ [G+2n(£1'3)+(L+4X€+2)]C;,a— C;
CL++ ((+sX@n+i+4) { G } . 11. 27
We normalized the function Rn(§) by setting Co=! . Rp(8Y)

describes the radial variation of the plasma surface wave field compon-
ents within the plasma.

In the dielectric regions exterior to the plasma the permittiv-
ity is not a function of position so it may be taken outside the diverg-

ence operator and we are left with Laplace's equation,

V'V%:’O . II.28

This partial differential equation can again be separated into three
ordinary differential equations by assuming a product solution. The
equations for the azimuthal and longitudinal variations are identical
with equations II. 23 and II. 22. The equation for the radial variations,
however, is Bessel's equation whose solutions are the modified Bessel
functions of the first and second kind.

The dispersion relation for the plasma surface wave is the
relation between the frequency and propagation constant of the wave.
This relation is readily obtained for the plasma surface wave by the
standard technique of matching boundary conditions. We require that

the tangential electric field and the normal displacement be continuous
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across the plasma-dielectric and dielectric-dielectric boundaries
within the waveguide. We also require that the tangential electric
field be zero at the waveguide wall. Imposing these conditions on the
field components leads to the following dispersion relation for the
inhomogeneous plasma surrounded by four lossless dielectric regions

enclosed in a metal waveguide

“ Re(da) _
(1~ o (l_“ﬂ Rn(8e)

€55 (529 Ko (9b) — Ta(a) Kn(@a)] + %b)[rh (8b) Ka(#%) — L,(89) Kn(&b)] 1. 29
* ClTn@ K () "I @Y Kn(ga)] + REE[T, (81) Kn(8) ~L(4=) Kn (1)

where

QY. ¢ [T1 Y Kn(a) T, (89 Koot + BT, @0 Kot ~ T (ob) K (o))
€0 BGT.@H)K, (F) T (49 Kn(@BJ+ QLT (<)Kn (4b) - L (sB) K., Qs<>]

QS . - Edl n(8) Kn(Ad) =T, (#d) K1 (4 <)]+Q§€%J) [ (0d) Ko@) T L. (8<) K (8d)]
€o  THET,(s)KL(4d)-T(8d) K.,Qgc)}gggji)[x“(ﬂd) Kon(9<) =L (<) Kn(d)]

Qesd) - [ Tn(8€) Kn(8d) =T, (@) Ku(5)]
€. [In(,dc) K,,(,gd) —-I"di) K.,Qse)] .

wg is the plasma frequency on the axis of the discharge. This may

be related to the average plasma frequency, &) , by the expression

= (1= o</a)‘/'2 .
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We call this the average plasma frequency because it is computed

using an electron density, <{ne) , which is obtained by averaging the

true electron density, N.(r) , across the cross-section of the column,
. T

that is

<n<>=ﬁ:-‘a—_5 ng(r)k'dl"d¢ .

a, b, c, d eand €, , & , €, , € are the radii and relative dielectric
constants of the regions in the waveguide as shown in the insert of
figure 5.
Equation II. 29 is solved numerically to give wXwy versus
ABo.. Figure 5 shows the effect of the radial electron density variation
on the w-g curves for the two lowest order surface wave modes. The
w-g curve for the uniform plasma column is of course the curve
labeled «=0 . In figure 5 the sheath thickness has been taken as zero
so that the effect of the sheath would not obscure the effect of the radial
density variation. It may be seen from this figure that the effect of
the radial variation is to reduce the large ,&a , frequency asymptote.
Figure 6 shows the effect of the sheath thickness, T , on the
w-g curves. In this figure «T#2 has a constant value of 0.7 and
the sheath thickness is the variable parameter. It can be seen that
the effect of increasing the sheath thickness is to raise the frequency

asymptote for 8a between 2.0 and 6.0 .
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.50 +
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Figure 5. w-g diagram of the symmetric and dipolar modes for
varying & and constant sheath thickness.



.45

.40

.35

o oo

i

T.b

.785 cm
. 790 cm
.895 cm
1.524 cm (<\

O<Kr<o- Plasma
alrgb Sheath,E_fl.OO

=g g de Ti02, €,589.0
c<rd Quartz,g,.=3.78

Air, €,.=1.00
T=.925

23

T=.95
T=.975
|
o Z'0 30 &% 4.0 5.0 6.0

Figure 6. w-¢ diagram of the symmetric and dipolar modes for

varying sheath thickness and «T% constant = 0.7
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Figures 5 and 6 show that the dipolar mode i5s sensitive to the ‘
éffects of the radial elecﬁron density variation and the sheath thickness
for even the small values of ga whereas the ‘symme‘tricimode is not.
For this reason the symmetric mode can be used to measure average
electron density? while the dipolgr v‘xno’de is more suited to investigating

electron density variations.



III. EXPERIMENTAL INVESTIGATION

THE EXPERiMENTAL SYSTEM

The experimental system used in this work consisted of a
cylindrigalywaveguide mounted coaxially abqut the‘positi‘ve column of
‘a hot cathode mercury” vapor dischafgé tube. The discharge tube was
: abéut 63 centimeters long and 1. 79'centimeters in outer diameter.
The Wavegﬁide is slotted to admit a small radial probe Wh;ch samples

» component of the surface wave. The slot is filled by a sliding

the E
cal‘..riage which carries the probe. The wave is launched onto the tube
by a surface Qave couplerz’ 6 Whichvis mounted at~the cathode end of
the column. A tapered aqua-dag atfenuator was painted on the tube at
the anode end of the system to reduce reﬂections.

‘The Wavelc%hgth:of the surface x}vave was »measu;'ed using a
microwave bridge circuit. The signal from £he probe is added to a
i‘eference signél from the oscillator whose amplitude and phase are
adjustable by means of a variable attenuator and a line stretcher. The
magnitude of the sﬁm,of these two s:ignalis is measured by a standing
wave meter after demodulation by a crystal detector. The Vreference
signal can be adjusted to be equal in magnitude fo the signal coming

from the probe, but opposite in phase. This creates a null on the

25
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standing wave meter. Similar nulls are found at one wavelength
" intervals as the probe is moved down the tube. In the actual system
‘the probe carriage is driven down the tube‘by an electric; motor, and
ad.c. voltage; proportional to the probe.position is used as the x-axis
input to an oscilloscope. A signal proportioﬁal to the standing wave
meter reading is used as the y-axis input to the oscilloscope. A photo-
graph of the fac.e of the oscilloscope is taken as the probe moves down
the tube. The distance between the minima on the photograph is made
equal to a wavelength of the surface wave.

,Go'uldlo hasv-suggested that the orientation of small magnetic .
fiélds (such as that of the earth) with respect to a plasma dischargé'
caﬁ affect the propagation of plasma waves. To eliminate the possi-
bility of day to day variations in the orientation of the earth's rriag_netic _
field in the vicinity of the plasma waveguide system, two sets of
Helmholtz coils were mounted adjacent to the waveguide. One set was
mounted to produce a field along the tube axis, and the second set was
mounted to produée a field perpendicular to the .tube axis. Th.ese'two' '
sets 4oftcoils were used to keeio the field in the v‘icinity of the wave-

guide completely transverse to the axis of the waveguide.

THE EXPERIMENTAL METHOD

The experimental approach used in this paper consisted of

- measuring frequency versus wavelength for the system. The
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propagation constant, & , is then computed from the wavelength
(4=21T/x ) and norma’lized by multiplying it by the tube radius. The.
frequency is normalized to the average plasma frequency. This aver-
age plasma frequency is determined by using the technique developed
by Carlile7, et al. This method uses the symmetric surface wave
'mode at frequencies such that ga<i.o , and has been shown to have an
error of less than 5% . This normalized‘ experimental data is then
corhpared to thoretical curves which were obtained for various values
of the two parameters o and T which completely characterize our
model of the positive column as discussed in the previous chapter.

The actual value of & and T in the discha.r‘ge tube is that combination

of ¢ and T whose theoretical curve best fits the experimental data.

THE EXPERIMENTAL RESULTS

In figure 7 the experimental data points are showﬁ plotted
against the theoretical curve for & =.775and T = 0.95. ID is-the
tube discharge current and BT is the magnitude of the' residual mag- |
netic field in the vicinity of the tube.

It is péssible to change' both and‘ T bvy small amounts
and still obtain a reasona’ble fit betw'eel;x e‘xper'ime'ntaly and theoretical

data. The experimental data shown in figure 7 will also give a

réasouable fit to thedretical_curves for & =0.70, T = 0.9625 or
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a="T.b

b= .790 cm

c= .895 cm

d=1.524 cm
sob QY

. (&
O
O\C
),‘T}\
__jj
w \n oLrea Plasma
_;)‘ a<sreb Sheath, €,21.00
b<v¢c Quartz, €,73.78
Air, €,.=\.00
.45
o
40 - ) I =.538
81-"_'0-26
%Ij
.35 2 ; ———t : ;
1.0 2.0 3.0 ~ 4.0 5.0 6.0
Figure 7. Experimental data points plotted against theoretical curves

foreX = .775 and T =0.95 .
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X=.876, T =0.925. This is shown in figure 8. These values of
X and T lie on either side of the nominal values of x=. 775 and
T = 0.95 . They give an estimate of the possible range in which the
true X and T must be. The best conclusion that can be obtained
from the experimental data, therefore, is that 0.70% o< <0.876 and
0.925 < T £ 0.9625 with the nominal values being X = .775 and
T = 0.95 . It should be pointed out that this accuracy in T is the
result of obtaining experimental data points at values of ga which
are greater than 3.0 . Without large &a points it is difficult to
determine which of the curves for varying T is best fitted by the
experimental data due to the scattering of the dipolar mode experi-
mental data as can be seen in figure 8.
It is of interest to compare these experimental results with
the theoretical prediction of electron density variation due to Parkerg.
To do this one must determine the value of Parker's parameter, €2 ,
for the experimental conditions. At the discharge currents used for
these experiments the average plasma frequency was about 14.5 x 109
radians/sec. If one assumes an electron temperature of 20, OOOOK,

“is 4.3 x 104 . Parker's theoretical curve for this value of %2

g
was shown in figure 4 along with the approximation to this curve as

given by our model. The values of & and T f{for this approximation

in figure 4 are X =0.70 and T = 0.95 . Our experimentally
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determined radial variation in the electron density is therefore in

agreement with the theoretically predicted variation.
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IVv. PROPAGATION OF A PLASMA SURFACE WAVE ACROSS A

TRANSVERSE AMBIPOLAR CURRENT

In the qualitative discussion of the positive column in Chapter II
it was mentioned that there is a éontinuoﬁs flow of ions vand electrons
to the wall enclosing the discharge. This current flow is transverse to
the direction of propagation of the plé.sfna surface wave. Since this
current consists‘ of both positivg and negative charge carriers we shall
henceforth réfer to it as an ambipolor current. We now wish to de;cer— :
mine the effect of this transv:erse'ambip,olar current on the plasma-sur-
face wave. To do this we shall _considér an elementérﬁr model of this

current flow in rectangular geometry. .

SYMBOLS
The following symbols will be used throughout this chapter.

N, ' steady state electron density

B8R

r.f. portion Qf electron density
Ng total electron density

steady state ion density

¥, r.f. portion of ion density

n: total ion density

.32
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electron drift velocity

r.f. portion of electron velocity
total electron velocity

ion drift velocity

r.f. portion of ion velocity

total ion velocity

electron mass

ion mass

frequency in radians/sec.

wave number in the plasma
wave number in the dielectric
unit vectors in cartesian coordinates
relative permittivity of the dielectric
r.f. ion current density

r.f. electron current density
electron plasma frequency

ion plasma frequency
permittivity of a vacuum
permeability of a vacuum

speed of light in a vacuum
charge of an electron

r.f. electric field vector

33
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H r.f. magnetic field vector

DERIVATION OF THE EQUIVALENT DIELECTRIC CONSTANT FOR
THE PLASMA

Consider the geometry shown in figure 9. The half-space x)o
is a semi-~infinite plasma consisting of singly ionized ions and electrons.
We shall assume that the ions have a steady drift speed, «; , toward
the wall and that the electrons have a steady drift speed, e, toward the
wall. We shall also assume that the plasma is homogeneous. The

half-space X<©O is a semi-infinite ideal dielectric. We shall consider

PLASMA

®

) U N R W N N

IDEAL DIELECTRIC

Figure 9. Geometry of the problem.



a plasma surface wave propagating in the positive z direction along

the plasma-dielectric interface. We shall assume a variation of

exp(iwt—l?-?) in the plasma and GXPth‘K.’F) in the di-
electric, where K= -0 & +-(;ga'£ ) E.z -~ X + ‘.ﬂ.az
and F=XOx+ZTz . We also assume that the total ion and

electron number densities and velocities consist of a non-varying or

d.c. part plus an r.f. portion which is due to the propagating wave.

35

It should be pointed out that all equations will be written in linearized

form, that is, products of r.f. quantities will be neglected.

We write the total electron and the total ion number densities

as
ne:neo'f‘?‘];e IvV.1
N = Nie+ Ny V.2

and the total electron and the total ion velocities as

Ve = —Ue T+ Ve II. 3
V== T + Vi 1I. 4

The equation of motion for the electrons is

II.5

o

me = = me[

<

[«8
o

+(%V)%]=-eE
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where we have neglected the Lorentz force on the electrons due to
the time varying magnetic field. This is possible if the electrons are

non-relativistic. Equation IV.5 may be expanded to
. me[2E 2 (~ue@x+Ve) + (Ve VN~te Bx+ II. 6
e 2t e ax eLx < ( e X e x+ e) . .

The third term in the brackets is a second order term which we neglect
to get

me[c'auve —ueX Ve |=-eF

and therefore
V= =<k
e eto=@ I1. 7
By similar reasoning we can obtain an expression for the r.f. ion

velocity as

v = _____e._—E_:‘____—- II.8
Vi T miGw—xad) :

Now the linearized, r.f. electron and ion current densities are

je= “Ne €& Ve + NeCle Ay

and

J'L=n;°e'\7.7—ﬁ’,-ea;ax .

Substituting equations IV.7 and IV. 8 the current densities become

- _elleE
Je (cw—o(ae>

- eﬁeaeax I11.9
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and

—en s . II.10

We may obtain an expression for the perturbed electron density, Re

Hd

from the continuity equation for the electron current,
V-Je-i- Zw(—e'ﬁe)zo .
Substituting equation IV. 9 and expanding we obtain
a —
E.Tle” V-E ~ .
(iw—wagy ~ — She(lw—x&e)=0

and therefore

> o el o= II. 11

Similarly for ions we find

— € ’n‘. -—
- = el Y.E II.12
e (Cw -xe)?

Now the divergence of the r.f. electric field is

v-E=zefe(Pi—Pe) - V.13

Upon substitution of equations IV.11 and IV. 12 into equation IV.13 we

obtain

({w - xue)? (fw — ;)

2 2 —
{l +~———‘£’—-+-—T—r—‘—-—z}v-s=o ) V.14
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Now either the expression in brackets is zero or the divergence of the
r.f. electric field is zero. Setting the expression in brackets equal to

zero leads to the double stream amplifier solution1 when ug, and
u, are not zero. Should u, and u, be zero we would obtain the
plasma oscillations of Tonks and Langmuir. 13 In our analysis we have
assumed discrete velocities for the ions and electrons. Had we as-
sumed an infinite number of discrete velocities or a distribution in
velocity for the electrons we would have obtained the dispersion
relation of Bohm and Grossl4 by setting the corresponding bracketed
expression equal to zero. Setting ¢.ExO leads to the surface wave

~

solution. We note then that T, = a4

The total r.f. current density is the sum of the electron and

ion current densities which is

—[ 7

J (iw-ntie) +(¢.u oLu‘)]e E *eneae h “]Qx .

Applying the continuity equation to this total current density leads to
the expression

Nele—Niu;=0 iv.15

Since ?{e = 'x‘l’i and in general u, and wu; are not equal the solution

to equation IV. 15 must be

n, =M. =0 IV.16
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Under this condition the total r.f. current density becomes

Iv.17

J__ [(‘wﬂ':ei“e) + Lw- ota) Jé. .

Equation IV. 17 relates the r.f. current density to the r.f. electric
field. We now use this relationship to determine the equivalent di-
electric constant for this plasma model.
One of Maxwell's equations is
in:i'=5:+c'we°§ .

Substituting for J  we find

- . TTE € - . —
vxH=dwel +MTU_¢@+‘.~<M_“L)}E = (e, K E V.18
where
TTe 178 IV.19

KP = I+ lwlim~wde) T 7 cw(iw- ;)

is the relative dielectric constant of the plasma for our plasma model.

THE DISPERSION RELATION

Maxwell's wave equation in the plasma half-space is

—_ 2
VPE + % K,E =0

which with our assumed spacial and temporal variation becomes

{ Note that %3:0 )

(a2 + 2L KJE=0 . IV. 20
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The non-trivial solution to equation IV.20 is

2
oC=g?+ ELKp=0 V.21

Similarly in the dielectric half-space we find

2 2 2 .22
-+ K=0 . v

Since the tangential component of the electric field, EZ , must be

continuous across the boundary at every point on the boundary

8,28

and therefore
X+TTz Rp =+ 1y . IvV.23

The relationship between the two components of the electric

field vector can be determined from the divergence equation

V'E=oEy—ggEa=0 . V.24

Using equation IV. 24 and Maxwell's second equation,
VXE=~iwuH IV.25

we can obtain the magnetic field vector in the plasma,

—_ 2_ o2 ([wt—E-;)
H= c'wsjaé—[oc c(’e ]e a—; ’ IV.26

L]
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and in the dielectric

—_ E 2= 827 (iwt~K-F)
H,= zw/éa [_Ld, ]C’_ &g . Iv.27

Requiring that the tangential magnetic field be continuous across the

boundary leads to

2 2 2 2
X, — — XT—
O(‘/g - 0(/6 IvVv.28

Equations IV.23 and IV. 28 can be combined to yield the dispersion

relation,
a
2 w2 K

X +EKrk, SO V.29
This is the simplest form of the dispersion relation. In reality we
must recall that K is a function of & . When this substitution

P

is made one obtains a sixth order polynomial in X which has been
solved by numerical means to obtain values of X and consequently

of &8 through equation IV.21.

The values of & obtained are complex
B3+ 8 IV. 30

for all non-zero values of u, and u . & is the portion of 8

which results in phase shift as the wave progresses in the z-direction



42

é.rid /é” is the porltion of & ‘Which resﬁl’ts in attenuation of the
wave as it travels.

‘An w5’ diagram is shown in figure 10 for vari’ous values of
u, . The dashed curve is for the case of u‘é = O . It is immediately
apparent that the transverse ambipolar current has a definite effect
on the‘propagation.. For non-zero values of u,, &8  no longer goes
to ?nfini’ty as @/Tre approaches (\Mﬁ)"/a but instead reaches a finite
value and then begins to decr;'ease, as "w' gets 1arger. ' 'Carliiez found a
: S'{Lmil'ar, w-g¢’ behavior in his investigation of the effects of collisions
on the attenuation of avplasma surface wave. Indeed, this-,'behavior
may be characteristic of loss phenomena in general.

In figure 11 the attenuation in db. per wavelength is plotted

versus frequency for various values of u_, . The dashed curve shows

e
the attenuation which would result from. collisions. We have assumed
a collision frequency of ¥/Te=.00I

Let us now extend our analysis to determine how a transverse
ambipoia;I; current might affect the propagation of a plasma surface wave{
along the po,siﬁve column of a low pres sﬁre mercury vapor ais cha.r'ge°
In th-e sheath regioh which is adjacent to the dielectric boundary in the
positive column the ion density, - nio , . ‘ex‘ceeds the electron density,
n__ .. Since the net' d.c. current a:rrivinﬂg,r at the wall must be zero,

eo

the electi'on drift velocity, u, must exceed the ion drift velocity,

&
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DB ATTENUATION
PER WAVELENGTH
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.01 }

0.1 0.2 W/Te 0.3 0.4
Figure 11. Attenuation in db per wavelength versus frequency for

varying ug .
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' u, by the same factor. In Crauwfo.rd's6 aiscussion of thé mercury
vapor discharge he gives a radial ion velocity of about 2 - x 10° cm/sec
for ions near the wall. If we assume "chat the‘ion density is ten times
the electron density then the electron velocity must ble 2 x 106 cm/sec.

" A w38 diagram for this condition is shown in figure 12 and the attenu-
ation versus frevquency in figure 1,3' By comparing figures 11 and.13
we see that as «w/Tle varies from 0.1 to 0.4 thé attenuation in db. ‘pe'r-
wavelength due to the ambipolar cufrent ranges from 1 2 x 10'3 to
about 5.0 x 1072 FWhe're'as the.attenuation due to collisions ranges
from 2.7 x 10”1 to about 6.0 db. per wavelength. The attenuation ,
due to collisions is two orders of magnitude hiéher than that due to the
transverse ambipo_lér current. We therefore conclﬁde that the loss

due to the transverse ambipolar current is insignificant compared

with that due to collisions.
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Figure 13. ttenuation in db per wavelength versus frequency for

u, = 2 x10” cm/sec and u, = 2 x 105 cm sec.
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V. CONCLTUSIONS,

In this paper a model for the positive column hasv been
presented. The disperson relation for this model placed coaxially in
a cylindrical waveguide has been obtained and solved numerically.
Although the elffdrts toward the application of surface waves to plasma
diagnéstics are preliminary in nature, it has been demonstrated that
surface waves can be used to determine the radial Variations in electron
density in a mercury vapor plasma discharge.

The dispér'sion relationship f_br the p;n'opagation of a surface
wave across a transverse ambipolar current has been de:.rived and
numerical solutions have been obtained. It has been demonstrated
that this transverse current flow rep>resents a loss mecharﬁsm to the
surface wave. However, the attenuation due to this transverse current -
flow is probably sxﬁail comPared to the atfenuation which results from

collisions.

SUGGESTIONS FOR FURTHER STUDY

The experimental investigations described in this paper were
performed exclusively using a mercury vapor discharge plasma. The '

value of Parker's parameter, %Q , was 4.3 x 104 for this discharge.
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~ It is thremely difficult to vary this parameter by more than an orde.r'
of magnitude iﬁ a mercury vapor discharge. The investigation of
radial electron density variations With‘ plasma surfac’e waves should be
extended to dischai'ges in gases in which the parameter, €% , can be

: varied over a range of several Qrders of magnitude. For lower values
of 152' such as 10‘3, a' new model of the discharge column would be "’
required. The model presented in this paper assumes thét the transi-
tion from the plasma region to the sheath region is rather sharp,‘ At
lower values of Ea this transition is‘ a gradual one, there;fore necessi-

tating the use of a new model
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