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ABSTRACT

The synthesis of linear control systems is a

threefold problem: (1) selecting values for the performance

specifications, (2) the use of those specifications to

derive a model response and (3) the extension of that model

to a G(s)/R(s) function which is realizable using state

variable feedback,

In this thesis, general rules are given for the

selection of the performance measures M , a; , B W , DR, T ,P P s
T ^ , T ^ , PO and FVE* Design charts are presented so that a 

low-order model can be constructed from the design specifi

cations - The last synthesis problem is solved by defining 

an equation, similar to the Kalman Equation, which extends 

the low-order model to a C(s)/R(s) function compatible with 

the complexity of the plant.

viii
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CHAPTER I 

INTRODUCTION

This study outlines methods for specifying a 
desired closed-loop transfer function on the basis of 
typical time and frequency domain performance requirements. 
This study is motivated by the ability to realize any 
desired closed-loop transfer function in a single-input, 
single-output, linear control system in which all of the 
state variables are fed back.

While there are numerous treatments of first and
second-order control systems to be found in the literature, 
systems of higher order are usually handled by the use of 
dominate roots or approximations based on the system’s 
behavior in the vicinity of the open-loop, gain-crossover 
frequency. By applying state-variable feedback techniques, 
coupled with a necessary condition for optimality as defined 
by the Kalman Equation, the poles and zeros of the high-
order, closed-loop system can be intelligently placed and
the necessary feedback coefficients calculated.

The investigation is limited to constant coeffi
cient, linear systems as described by the following set of 
matrix equations:

1



2

x - _Ax. + bu (lei)
Tu = -r -k x (1 e 2)

c = x (1*3)

Where x A column matrix or vector of the n state 

variables in time domain 

x A time derivative of x

A A nth order square matrix or system matrix of

constant coefficients 

Id A nth order column matrix 9 the control matrix 

u A control function in time domain 

r A reference or input function

k A ntb order column matrix, the feedback matrix of 

constant feedback coefficients 

jf A nth order column matrix, the output matrix

c A output function

On the basis of these matrix equations, transfer 

functions may be defined and block diagrams drawn which are 

related to conventional control-system representation. By 

Laplace transforming Equation (l.l), a forward transfer 
function G (s) may be defined as

= G( s ) = f_^( s )b (1.4)



and is called the resolvent matrix, the Laplace transform 
of the state transition matrix.

In a similar fashion, an equivalent feedback 
transfer function, Heq(s), may be defined as

II e q ( s ) kTx kT§(s)
fTX

b
b

(1.5)

The resulting closed-loop system is represented in 
block diagram form in Figure 1. Note here that G (s) 
includes any series compensation G (s), along with the 
unalterable plant transfer function G (s). This representa
tion assumes that the state variables have been chosen so 
that Ileq(s) includes all the zeroes of G(s).

G60

R(s) - C(s)

Fig. 1. The Closed Loop System

Further assumptions made throughout this study are 
that the gain K of the forward transfer function is



specified and that the desired input-output dynamics of the 

system exhibit an underdamped response with zero steady- 

state position error.

The investigation begins in Chapter II with a brief 

discussion of performance measurements and their specifica

tion. Here the choice of specification is based solely 

upon a desired performance, and is in no way influenced by 

the given, unalterable plant. Of the multitude of perform

ance measures, only Bandwidth (BW), M-Peak (M^), Final 

Value of Error (FVE), Delay Time (T^), Rise Time (T^), 

Settling Time (T ), Percent Overshoot (PO) and Output 

Impedance (Z^) are selected for use in specifying the step 

and sinusoidal responses of the system. Chapter III 

supplies the graphical aids and procedures for synthesizing 

low-order, closed-loop models (two or three poles with or 

without a zero), to meet closed-loop design specifications.

This low-order model of C(s)/R(s) has satisfactory 

dynamics, but its sensitivity to load changes, i.e., Z , is 

partly determined by open loop functions G(s) and Heq(s). 

The discussion of and sensitivity in general is given in 

Chapter IV. The often disregarded Deviation Ratio, DR, is 

shown to be intimately related to system sensitivity 

(including Z^) and system optimality. Methods for deter

mining DR (its frequency spectrum) are given, as are the 

implications of DR on the low-order model. The optimality 

equations of Chapter IV are used in Chapter V to define an



optimime-root-locus9 which permits the extension of the 

low-order model to one of correct order as required by the 

compensated plant G (s )*

The synthesis problem is concluded in Chapter VI 

with a discussion of the mechanics of the high-order exten

sion and the calculation of k , The problem of saturation 

is described and a method of circumventing this type of 

nonlinearity is suggested as an extension of the modeling 

process proposed by this.thesis-



CHAPTER II

PERFORMANCE SPECIFICATION

The problem of system performance specification 

forms the basis of the system synthesis » This chapter 

begins with a statement of the criteria used by Gibson9 

Leedham et al• (i960) to select a sufficient set of

performance measures• The definitions of the performance 

measures and then the assignment of values to these 

measures, making them performance specifications, con

clude this section.

Selection of Measures 

Performance measures are grouped into four general 

performance areas, each describing an important quality of 

the systems response. These are: (1) accuracy, (2)

speed, (3) relative stability, (4) sensitivity * There

are a multitude of performance measures to be found in the 

literature which could be used to describe each area» To 

reduce the number of eligible measures, only those measures 

are selected which: (1) convey an easily interpretable

quality of the system's response, (2) are applicable to 

and valid for systems of any order or configuration, (3) 
express an input-output relationship or quality in terms

6



7
of closed-loop parameters ̂ (4) provide a sensitive and

discriminative measure.

Two sets of performance measures which meet these 

restrictions may be chosen, one set in the frequency domain 

and the other in the time domain.

The frequency domain performance measures and their 

definitions are:

1 o M-Peak, M , is the maximum value of the magnitude 

of the normalized, closed-loop transfer function. 

The normalized function is obtained by dividing 

|C(s)/R(s)| by its value at a low enough frequency 

such that it is essentially independent of fre

quency, i.e., the nflat part” of the frequency 

response,

2. W-peak, CJ , is the frequency in rad/sec at which
P

M occurs.P
3 ° Bandwidth, B W , is the range of frequencies in

rad/sec between zero and the frequency at which 

the normalized closed-loop transfer function has a 

. magnitude of 0.707•

4 o Output Impedance, Z^(s), is the function which

relates the sinusoidal output due to a load dis

turbance , to that load disturbance. In Figure 2a,

Z (s) is defined as: o
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(a)

8W
cu

(b)

Fig. 2. Specification of C(s)/R(s) for a 
System with Load Disturbances

7 -  G(s) _ Z(a)
o *■ Q ( s ) T + G ( s )Heq( s )

5. Deviation Ratio, DR(s), is defined as

DR(s) = T + G (s)Heq(s)

The frequency domain measures BW, M , and W out-P P
line a region of permitted locations of the magnitude 
closed-loop frequency response, as shown in Figure 2b. The 
speed and stability of the system’s response to sinusoids 
is therefore specified by these parameters. Output 
Impedance and DR(s ) indicate the system’s sensitivity, for 
which there is no time domain measure.

The proposed time domain performance measures also 
"box-in” the unit step response of the system as in



Figure 3 • If the output does not have a final value of 

unity^ the performance measures are applied to the nor

malized output which does have a forced response of oneo 

The two performance measures describing the leading edge of 

the transient for a high-order system are assumed to apply 

to the smoothest fit of that transient» Definitions of 

these specifications are:

1» Delay Time 9 T ^ , is the time elapsed in seconds, 

after the application of a step input until the 

average normalized output reaches 0 «, 5 *
2 o Rise Time, T ^ , is the time required by the system 

to rise from 10% to 90% of its final value - 

3• Settling Time, T , is the time required for the 

response to fall to and remain within a band of 

4̂ x% of its final value* Typical values for x are 

two and five.

4 * Percent overshoot, P 0 , is defined as the maximum

value of response minus the final value of response 

divided by, the final value of response- The 

resulting value is then multiplied by one hundred - 

5• Final Value of Error, FVE, is the percentage by 

which the final value of the normalized output 

fails to reach unity *

The speed and stability of the step response are 

measured by T^, T ^ , T^ and P 0 , while its accuracy is
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Yuod

Fig. 3* Specification of c(t)

measured by FVE. The Final Value of Error is determined 
experimentally in the time domain, but is also easily 
computed in the frequency domain. This measure, therefore, 
seems to be basic.

Specification of the input-output dynamics involves
the assignment of values or ranges of values to these
time or frequency domain measures. These measures can be
grouped according to the system characteristic each
describes: accuracy, stability, speed or sensitivity.
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Accuracy

For any input represented by the polynomial 
N

r(t) = V  a t ,  the final value of error may be calculated 
n =0 n

from the Laplace transform of the error transfer function:

U(s) _ ______ 1
HTsT  1 + G(s)Heq(s)

where the disturbance Q (s ) of Figure 2a is neglected. 

Maclaurin series expansion of the right hand side defines 

the error constants which relate the system's error to the 

input, as

U(s) 1 , 1 _ , 1 2 , /rt ^
R(s) “ 1 + K K S K S + * ’ ° (2.2)p v a

These error constants^ K , K , K , for steady-state posi-p 7 v a J £
tion, velocity, and acceleration error, are the most 

convenient form for expressing the error of the system's 

response. They may be computed (Truxal 1955) in terms of 
closed-loop pole-zero locations, and gain, with tractable 

formulas. This feature, plus the hybrid quality of the 
measurement, make the error constants a desirable per

formance measure.
In this study, it is assumed that the system being 

designed has zero steady-state position-error, i.e.,

=00. The specification of accuracy for the remaining 

classes of inputs is restricted to the steady-state 

velocity error. This error is equal to the input-ramp
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slope divided by the velocity error coefficient » In

general, is made as large as possible for satisfactory

system accuracy in tracking a ramp input.

Stability

The relative stability of the system can be speci

fied either in the time domain by PO or in the frequency 

domain by , The specification of stability is unique in 

the sense that it is the only measure which may be specified 

by other than a "large" or "small11 quantitative criteria.

It has been shown (D'Azzo and Houpis i960) that PO should be

between ten and forty per cent or that M should have aP
value from 1.1 to 1*5 Tor "good" system response (Truxal

1955).
The measure M indicates the least stable response P

of the system to sinusoidal inputs. If systems are to be

cascaded, it may be important that the of the individual

systems do not coincide. Thus, CJ should be specified whenP
systems are cascaded. The stability specification stressed 

in this thesis is PO because it is the best and most 

commonly used of all closed-loop stability measurements.

Speed

Bandwidth in the frequency domain and T^, T^ and 

T^ in the time domain are performance measures which are 

used to specify system speed. The speed of the system 

should be fast enough to respond to the expected range of



13
input signals and slow enough so that the system does not 

respond to noise. All of these measures are popular for use 

as specifications. In this thesis, BW is stressed for con

venience, but solutions for and are given for the

simplest (second order) and the most complex (third order 

with zero) models discussed.

S ensitivity

The fourth performance area, sensitivity, is the 

most difficult to specify because it is a function of 

frequency. In almost all system applications, the sensi

tivity to unwanted disturbances should be made as small as 

possible. The sensitivity measure is made even more

difficult to handle since the transfer function Z(s) may not 

be completely known or linear.

The specification of or DR may be simplified,

with some loss of information, by specifying its Mworst- 

caseM (maximum) value. This is tantamount to specifying 

the entire dynamic response, C(s)/R(s), by just one Hworst- 

caseM value . The Deviation Ratio, or its reciprocal,

|l + G(s) Heq(s)| is stressed in this study, not only 

because Z(s) adds unnecessary complication, but because

1 + G(s) Heq(s) | > 1 (2 .3)

define# a condition for optimality (Schultz and Melsa 1967)*
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Summary

The time and frequency domain performance measures 
indicating speed (T^, and BW), stability (PO and

), accuracy (K^) and sensitivity (DR) have been defined 
and are used in the next chapter to specify a desired model 
transfer function, C(s)/R(s). Deviation ratio, its effect 
on several classical sensitivity measures, and its rela
tionship to optimal control systems are extensively dis
cussed in Chapter IV.



CHAPTER III

THE SPECIFICATION AND SOLUTION OF LOW-ORDER MODELS

In this chapter 9 graphical and, where possible * 

analytical techniques for determining a desired low-order 

transfer function, C(s)/R(s), are presented» This model 1s 

existance and the means of locating its poles and zeros 

from performance specifications of Chapter II, are dis

cussed. Three models and their design charts are given in 

the order of increasing complexity:

1. The second-order model without zeros.

2. The second-order model with one zero.

3•. The third-order model with one zero.

In an example problem which concludes the chapter, a low- 

order plant is series-compensated and feedback coefficient 

are determined for the realization of the desired model 

closed loop transfer function, C(s)/R(s).

Background

A low-order model can usually be found to meet a 

combination of performance specifications measuring speed, 

stability and accuracy, if the specifications are not self 

contradictory. The performance of a high-order system 

meeting very stringent specifications, can be closely 

duplicated by a low-order model.
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The existence of the low-order approximation is 

verified by the arguments of dominate root approximation 

(DfAzzo and Houpis 1960) and a similar method of dupli

cating open-loop transfer functions in a narrow region near 

the crossover frequency (Chen 1957)-

The system*s time response is dominated by tran

sient components contributed by dominate roots (those 

relatively near the origin) if:

1. The other poles are far enough to the left of the 

dominate poles so that the transients due to these 

poles quickly decay.

2 . The other poles are far enough away from the 

dominate poles or near enough to a zero that the 

initial magnitude of the transients are small.

When either of these conditions are met, the dominate pole 

response closely resembles the actual response. Neglecting 

the other poles results in a slightly faster response.

Analogous arguments in the frequency domain support 

the validity of low-order model approximations. The open- 

loop transfer function G(j4;)Heq(j<u) can be sufficiently 

described by its behavior in a narrow region, i^e., 15db,
near the gain-crossover frequency. Roots located to the 

left are approximated by a constant gain while those to the 

right are neglected, as shown in Figure 4. The desired 

C(s)/R(s) model constructed from the approximation of 

6(s)Heq(s) derived in this manner is similar to the
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Qb/cx.
S(HS/c)

G(s)H(s) = HBUb--
s( I +S/bX^S/cXl+-S/0/) OJW

-lat---

Fig. 4. Low Order Approximation of 
High Order Response

dominate pole approximation just mentioned. In conclusion, 
low-order models of one, two or three poles and up to one 
zero can be found which cover the spectrum of possible step 
or sinusoidal responses.

models meeting computable performance specifications, the
formalization of the construction of that model is now
presented. The model is made to meet the stability, speed
and accuracy specifications of the previous chapter. In
general, the order of the model is determined by the number
and severity of those specifications. The assumption of
underdamped response rules out a first-order model.
Specification of zero steady-state velocity error requires
the use of a zero in the second-or third-order models. If
more than two specifications (other than K ) are to bev
realized, the third-order model must be used.

Having established the existence of low-order



The requirement of a pair of complex poles for an
underdamped response permits normalization of the s-domain
by the natural undamped frequency, 6Jn i of those poles for
the three models to be discussed. This makes it possible
to decrease the number of independent parameters by one, so
that the dimensionality of the design charts is similarly
decreased. All design charts apply to the normalized model
having complex-conjugate poles on the unit circle in the
s^ = s p l a n e .  The time domain is correspondingly
normalized, t = t « .7 n n

The Second-Order Model Without Zeros 
The simplest and therefore most well known under

damped system is the second-order system without zeros.
This second-order model is written as:

C ( s ) / J H s )  = - g  r-S-------- g (3.1)
s “ + 2 L W  s + cj b n  n

with a damping ratio ^ . This model has a zero steady-state 
position error but a finite velocity error.

Equation (3*2), the normalized model equation, is 
obtained by dividing the Laplacian operator, s, in Equation
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The frequency response of this system is plotted in many 
basic control-system texts (Thaler and Brown i960). The 
designer may use these curves to determine ^ for any , 
(jp/^n or BW/co^, or he may solve for these performance 
measures using analytical expressions:

1/2
BW/u =11 - 2̂ 2 + V 2 - 4^2 +

(Truxal 1955)

M = 1/2/Vl -p /2^ VI - £ (Savant 1958)

& pAUn =  " V l  - ^  2 (D'Azzo and Houpis i96 0)

The time response to a unit step for this model is easily 
found to be

c(t) = 1 - e cos Un ̂ 1 “^ 2 + V  — ^^2 sin Vl-^2

where / < 1. Analytical solutions for T , T , T and PO,3  ̂ r 7 p ’ s 7
given may be obtained from this expression, so that

T r " ° n  4 2^ + 0 '2 for 0.1 ^  ^  ^  1.0

(Graham, McRuer et al. 1962)

= 1 + 0.7^ (Graham, McRuer et al. 1962)

PO = 1 + e (Truxal 1955)



and

20
T s *On = 3/^ for £ < 0-. 9 and x = 5

(Grabbe, Ramo and Wooldridge 193^)

^  = Z  i f  + Z  poles'oi- C/R - Y, zerosof C/R

(Truxal 1955)

The most straight forward solution of the second- 
order model is the graphical one obtained from plots of 
performance measures versus the damping ratio, as shown in 
Figure 5* These curves, developed by Hausenbauer (1957), 
Truxal (1955) and others, give frequency domain measures 
normalized by and time domain measures normalized by 
1 / for the model of Equation (3.2).

The second-order model provides two adjustable 
parameters, and , with which any one of the stability 
specifications (M^, PO) and any one of the speed specifica
tions may be exactly realized if finite. The damping ratio 
is determined by the stability measure. The remaining 
parameter dj , can then be chosen, and the model scaled to
meet one of the speed measurements (BW, T , T . , T ). Ifr 7 d 7 s
one or both of these specifications lead to a permissible
range of parameter choices, the added flexibility can be
used to increase K .v

If a second-order model can be found to meet all
requirements except accuracy, then dipole compensation
should be added to increase K to the desired value orv
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PO/IO

w

0.6 0.20.4 O0.81.0

Fig. 5• Performance Measures of Second-Order Systems
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infinity. The dipole addition places a pole and zero very

close to the origin so that the transient response is

altered only by the addition of small but slowly decaying

transient in such a fashion that K is correctly increased

according to Equation (2.2).

A simple example illustrates the procedure outlined

above: : '

Specifications: PO = 25%, = 0.5 seconds
Synthesis: From the stability specifications plot

in Figure 5, read the required damping ratio

£ = 0 .45. From the same figure, read the value of

normalized setting time T * 6^/10 =0*55» Solving
for & 1 O = 1 1  rad/sec «n n

G(s)/R(s) = —7)--- ----------
s + 10s + 121

The Second-Order Model With One Zero 

The second-order model with one zero can be chosen 

such that any speed (BW), stability (PO) or accuracy (Ky) 

specification is met, including an infinite velocity error 

coefficient. All three system parameters, 41̂ , £ and z (the 

negative real-axis zero) of the model, Equation (3 .3), 
affect both time and frequency domain performance measures. 

The addition of a zero to a model having only a pair of



23
complex poles Increases the system's speed and accuracy, 
while decreasing its stability.

2
C(s)/R(s)  ^-^-5----- o (3.3)

s2 + 2 ^ ns * (J2

The performance measures for the normalized form 
of Equation (3-3): given in Equation (3*4), are plotted in 
Figure 6 . The damping ratio £ and velocity error coef
ficient are plotted as a family of curves in the z / - PO 
plane. Bandwidth is given at selected points in this
plane, adding a third dimension of freedom and difficulty.

. . .  ;
4>„ (s + z/w )

C(sn )/R(»n) = —  2 ---- —  <3-*)s + 2 Z s + 1n S n

The choice of can be delayed to last if the 
chart's normalized performance measures, and BW/4^,
are taken as a ratio. The desired ratio, obtained from the 
specification of and BW, can then be located on the
chart for any P O , thereby determining £ and z/d^ - The
synthesis of C(s)/R(s) from performance specifications is 
completed by using the bandwidth specification to determine 
4^. The procedure is best illustrated by an example.

Specifications: PO = 25%) Ky — 400 and 150 rad/sec
< BW < 200 rad/sec.
Synthesis: By observing Figure 6 , it can be seen
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POf r)

30

25

20

15

10

5

O
2.5 2.0 1-5 1.0 0.5 O

%/bn

Fig. 6 . Performance Measures of Second-Order 
System with One Zero
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that any may be obtained from the model and the 

stability specification met if £ =» 0.6 and
> 0.6. A damping ratio of 0.7 is selected 

and ratios of (K^/co^)/(BWAp^) along this curve are 

calculated. A comparison of the minimum desired 
ratio,

Kv/BW = 400/200 = 2

with the calculated ratios indicates that the zero 

location must be less than 0 .85 & . A value of

z/(Un = 0.8 is chosen and 4>n may be calculated from
BWAun = 1.8

For a median value of bandwidth, BW =• 180 rad/sec, 

the result is cj - 100 rad/sec. The velocity error 

coefficient for the parameters chosen is =

5 ,<un = 500. The model equation is therefore,

C(s)/R(s) = 1.25-102 -r : -S   —  -r
s + l40s + 10

The Third-Order Model 

The closed-loop transfer function with three poles 

has the same number of adjustable design parameters as the 

second-order model with one zero, but the performance of 

this function is much more sluggish and less accurate. The 

limited usefulness of a model having only three poles
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suggests that it be cast aside in favor of third-order 
models with zeros.

The third order model with one zero is expressed in 
Equation (3 - 5) » This equation also applies to the second- 
order model with a dipole mentioned earlier in this 
chapter. This section concentrates on selection of the 
four parameters, z and fl (the negative real-axis
pole location), in such a way that not only is determined
by z and p as in the dipole addition, but speed and 
stability characteristics are also adjusted. It will be 
seen in Chapter IV that when P  > > the system insensi
tivity is greatly improved.

C(s)/R(s) = — 2---->— --■•-- --o----    (3-5)(s + 2^ tun s + 4;n ) (s + p  )

For the normalized model of Equation (3-6), the 
graphical determination of the system's parameters would 
require a three dimensional plot for each normalized 
performance measure. The design charts of Figure 7 and 
Figure 8 restrict.the choice of ^ to two values: 0 .5 and
0.7 respectively. The normalized parameter, yO/^, is used 
to determine speed and stability measures. Accuracy, K^, 
is held fixed by the correct placement of - These
design charts, obtained from Hausenbauer (1957)» lead to 
three general conclusions concerning the normalized 
parameter, y0 /4Jn -



Fig. 7• Performance Measures for Third-Order System
with One Zero and Damping Ratio of 0.5
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1 . For a given the bandwidth remains approximately
constant and equal to the value of a second-order 
single-zero model having a similar damping ratio. 
This correspondence holds for /3A>>n =» 1 •

2. For P/cJlx = 1 t the model has an additional 10% over
shoot compared to a second-order, single-zero model
with similar K and ( .v b

3 . For c 1 the model quickly approaches the per-
formance of a dipole compensated second-order model

The particular method of synthesis using the design 
charts is determined by the specifications given. The 
following example illustrates one of those procedures.

Specifications: 100 rad/sec < BW < 130 rad/sec,
K > 200, P0 = ( 2 0 + 1 ) % .

Synthesis: Note that for ^ = 0.7 (selected
arbitrarily) and P/^n ^ 1 ■> is from 1.5 to
2 .0 . Using “worst-case" values of the specified
BW, Co is restricted to the range f>6 rad/sec < ^
< 75 rad/sec. Then for a satisfactory , the
plots of ^v/^n = 3 (or greater) must be used.
Select = 4, giving = 2 8 0. Performance
measure plots for this value must be interpolated
from the k /cj = 2  and K /(j = 5 plots . v n v

The stability specification requires that for 
(̂ = 0 . 7 and = 4,
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3 P/eon ^  4.3

Also, for these values, BW/aj is approximately 1.8. 
The range of permitted pole positions can be chosen 
on the basis of or T . Delay time is usually 
desired as small as possible, so the value

= 4 .3 or f) = 4. 3 = 300 rad/sec is chosen
minimizing T ^ . The model having = 280, BW =
126 rad/sec, P0 = 19%1 and T = 10  ̂ sec.,
T = 14•10  ̂ sec. is then r

4 __________ (s + 49)C(s)/R(s) = 3-10
(s2 + 100s + 4900)(s + 300)

It should be noted that if the plant were second- 
order and of the form

G p (s) = s ( / +  F) 

where (3 is positive, a series compensator of the form

G (s) = + 49
c s + £X

where 0 ^  oc ^  300 rad/sec, could be added and feedback 
coefficients k Q and k (k = 1, for K =00) determined by_ J 1 p
equating coefficients in Equation (3*0).

C(S)/R(S) = I "  G(sTHeq( s')
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Summary

Methods for synthesizing low-order, closed-loop 

transfer functions have been developed from performance 

measures of Chapter II. If the forward transfer function 

can be compensated to have zefos identical to those of the 

model and the same number of poles as the model* then the 

synthesis is completed by solving for the feedback 

coefficients.

When the plant is complicated by having zeros not 

found in C(s)/R(s) or more than three poles* two alterna

tives are possible. The most difficult of these alterna

tives is to specify a high-order model from the 

specifications. The other method* to be explained in 

Chapter V* is to specify a low-order, “ideal11 model and 

extend it to the desired high-order form as required by 

the forward transfer function.

In the next chapter* the equation forming the 

foundation for the model extension is developed. It is 

shown that this equation also relates the compensated 

plant to the model being specified through the sensitivity 

measure* DR(s).



CHAPTER IV

THE SENSITIVTTY-OPTIMALITY CONDITION

The performance area, sensitivity, is intimately 

related to optimal control systems by the Sensitivity- 

Optimality Condition. Equation (2 .3) is repeated here for 

convenience•

1 + G (■ s ) Heq (■ s ) > 1

In this chapter, examples of classical sensitivity 

functions are shown to be related to Equation (2 .3)* 
Graphical and, for low-order cases, analytical techniques 

are developed for determining DR ^(s). The implications 

of the Sensitivity--Optimality Condition in terms of the 

open-ioop and closed-loop transfer functions are then 

stated.

It is shown that if this condition is met, the 

resulting closed-loop transfer function minimizes a 

quadradic cost function of x (t ) and u(t).

Classical Sensitivity

The system's sensitivity to disturbances at the 

output is defined in Chapter I I . The appearance of 

(l + G(s)Heq(s)) in the equation defining (s ) in terms 

of open-loop functions is the first illustration of its

32
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importance. In this section DR ^(s) is shown to be of 
similar importance to the system's sensitivity to varia
tions in open-loop gain, , and to open-loop pole move
ments .

as :
The sensitivity of C(s)/R(s) to gain is defined

K.C / R
' Q  / \ A "i a

O  C ( s ) / R ( s )  c>K.
K

C(s)/R(s)

For the single-input, single-output system shown in Figure 
9 , the sensitivity function is easily calculated illus
trating the importance of making 1 + G (s)Heq(s ) as large 
as possible.

GOA

Fig. 9• Single-Input, Single-Output System

For Figure 9 C(s)/R(s) i

K G  (s)
C(s)/R(s) = 1 + K1G1 (s)lleq(s)
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and

C/Rs is) = K.
K.

1 + (s)Heq(s)
K G (»)

(s)
2(1 + (s )Heq(s))

- + G (s)Heq(s) ^

The sensitivity of C(s)/R(s) to the movement of 
an open-loop pole at -a, shown as an interior block of the 
system in Figure 10, is similarly defined and calculated.

Cts)

Fig. 10. System With Open-Loop Pole at (X

If sensitivity is defined as

C/R
b

/ \ A a b
(s) = c(V)V'rT7 )" 6 ^ C(s)/R(s)

a
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and another function F(s) as:

and

F(s) = 1 + K 1G2 (s)H.l(s)

G ( s ) G ( s )
G(s) = Ki - f v v l r '

Heq(s) = (s) + ^ H^(s)

Then

C/R
^  (s ) = a

a
l+G(s)Heg(s) ^ K1G2 (s)G3 (s)

G ( s') ; ̂ aj sF(s)+K1G2 (s)G Cs)H2 (s)+aF(s)

n F (S )/(S+a)
C 1 + G ( s ) II e q ( s )

The importance of making 1 + G (s )Heq(s) as large as
possible for all 's' has again been demonstrated.

In its present form, a plot of DR ^(s ) along the 
jU-axis would require calculation of the k ’s to form 
Heq(s). This would make the use of DR ^(s ) in specifying 
C(s)/R(s) a difficult and time consuming process. By 
writing DR "*" (s) in terms of the projected model C(s)/R(s) 
and the open-loop plant G (s), the design procedure can 
quickly determine DR "*" (s ) for any model chosen. The mode] 
chosen must have the same order and gain as the plant, and 
is now further related to G(s) by the sensitivity measure.



Assume the forward and open-loop transfer functions are 
writ ten as

G(S) = K1 Flfl > C(»)/R(s) = K c

They must have identical zeros. The static loop-sensi- 
tivity must equal K since Heq(s) has (n - 1 ) zeros, 
where n is the order of both D(s) and D (s). By expanding 
the closed-loop transfer function in terms of G(s), it is 
seen that

1 + G ( s ) Heq( s ) = G(s) = ( s ) /D ( s )

therefore,

D R ~ 1 (s) = j 1 + G (s )H e q (s ) | ■ | D (s )/ D (s ) (4.1)

This function has one important feature; since the 
order of each polynomial is n, DR ^ (s) must always approach 
unity (1/0 °) as s becomes infinite.

It is instructive to form analytic expressions for 
the second and third-order cases . Once again, the normal
ized form of C(s)/R(s) and G(s), (G(s/<y )) are used without 
loss of generality. The second-order, normalized model 
first introduced in Chapter III is



which corresponds to a forward transfer function

G(s ) =
n n

where a is the unnormalized plant pole shown in Figure 11

R(s) t>

Fig. 1 1 . Second-Order System with State 
Variable Feedback

Expanding Equation (4.1), in terms of jW, where 
S = j W , and A = oc/̂n n

DR'1 (jW) = -W2 + j 2^W + 1 -W2 - ,j2̂ W + 1 
-W2 + JAW -W2 - JAW

1/2

A reasonable criteria for DR ^(JW) is that it be greater 
than unity, i.e., the Sensitivity Optimality Condition, 
Equation (2.3)• This condition is met when

2 + A
T

2il/2
(4

Equation (4.2) indicates that at best (A = 0), 
the damping for a second-order, closed-loop transfer
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function should be greater than 0.707* Thus sensitivity is 
improved by increasing ^ corresponding to increased 
accuracy and stability.

The analytical solution for the parameters of a 
third-order system (yQ and z) that meet the Condition Equa
tion is much more interesting. The normalized model and 
forward transfer functions are

P/ A)nC(sn )/R(sn ) = -- ----------- ---------- -----
(sn + 2£sn + l)(sn *

and

G , \ ___________
sn (sn + a/," n )(sn + P / w n )

Substitution of the denominators into Equation
(4.1) and setting DR(jW) > 1 leads to the following
equation

r I f  1i O <) r) q A O O O O O «| 4/ +P^-A"-B -2 VW + 4/“P“-2P‘w-B“A “+l i
L JY L ^ Jz

2 + t) 10 IV o

where P = and U = • The coefficient of 4W , Y,
must be positive if the inequality is to hold as W becomes
infinite. The restriction on the coefficient of w 2 , z,
depends on the magnitude of Y and P and is unwieldy. But, 
the increased flexibility of the third-order case is evi
dent in the expression obtained by requiring Y to be 
positive.
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£ r 2 + A2 + B2 - p2-,1/2 (4.3)

Thus if the closed-loop pole P is made large
2 2 >enough (greater than A + B + 2), / is limited only by

stability considerations. Comparison of Equations (4.2) 
and (4.3 ) leads to the conclusion that a necessary condi
tion for systems of any order, n , is

2+V  fpoles of G(s ) i  ̂-J n L n . 2 - ^ n poles of C(s /R(s ) n n .
2 1/2

^  ....... " — 4
(4.4)

Graphical techniques for high-order systems provide 
more insight in placing the poles of C(s )/R(s ) for an n
given G(s^). A straight-line approximation of
Dc (jW)/D(jW)

1 im
w-=»oo

is quickly drawn using the property

Dc (jW)
D( jW) = 1

mentioned before. Starting at a large value of UT, where 
DR * (jW) = 1, the function is plotted as W is decreased,
making the usual slope changes at the breakpoints of 
D c (jW) and D ( jW).

The procedure is demonstrated by obtaining the 
straight line plot of DR 1 (jW) for the example problem of 
Chapter III. The model and forward transfer functions of 
that example are:
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C(s)/R(s) = 3-10^ --^ ^ ------------
(s" + 100s + 4900)(s + 300)

and

G(s) = 3 -10‘t T n r + - a7 Ts- +~p7

By writing only the denominator of each and normalizing by 
= 70 rad/see the results are'n

and

D (s ) = (s“ + 1.4s + 1)(s + 4.3)c n n n n

D (s ) = s (s + A ) (s + B ) n n n n

Let the compensator pole [3 be at 56 rad/sec, then B = 0 .8 .
The sensitivity measure, DR (jW) is plotted in 

Figure 12, for the various values of pole position A. The 
importance of placing the model pole further from the 
origin than all plant poles is indicated. The magnitude of 
DR(jW) is greatest at all frequencies for the plant pole

A 3 ‘
In conclusion, the closed-loop transfer function is 

least sensitive to output disturbances, static-loop 
sensitivity variations and plant pole movements when the 
closed-loop poles are placed far from s = 0 . Since the 
static-loop sensitivity for systems using state-variable 
feedback and having zero steady-state position error is 
equal to the product of closed-loop poles, divided by the
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8.0

■ -2.0

4.30.2

08
•0.6
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product of closed-loop zeros, K must also be large. In the 
next section, it is shown that not only is sensitivity 
decreased by making DR ^(s) large, but also that the 
closed-loop model defined by C(s)/R(s) is optimized.

Optimality
The performance measures of Chapter II are used to 

specify a model transfer function in Chapter III. These 
measures are often used to judge the "goodness" of the 
system's response; i.e., the system which minimizes Tg for 
a given plant is "best." Other criteria for optimum
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systems are the indieal error measures (Graham, McRuer 
et a1 . 1962).

Indieal error criteria typically measure the 
integrated function of the error response to a step input. 
One of the most useful of these indical error criteria is 
the integrated error-squared (ISE) criteria given by

CO
2ISE = I u (t)d t 

"0

A more general performance index using a quadradic 
cast function is

00 r 1r ^ T . ^ , 2  , _..2/x J _
(4.4)pi = J êTx(t))2 + pu2(t)j dt

0

where jf is a weighting vector of the form

v  - h ,  t . ov j

and p is a positive scaler, is minimized by a closed-loop 
system derived from E<iuation (4.5)• This is called the 
Kalman Equation. For a system defined by Equations (l.l),
(1.2), and (1 .3 ) the Kalman Equation takes the form

1 + kT^(s)b 7 % s ) b (4.5)

(Schultz and Melsa 19^7)
or

1 + G (s )H e q (s ) 10 11 1— + :|
m p(s) to

P 1
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It has been shown (Schultz and Melsa 1967) that ^ (s) is the 

product of G l ( s )  and the characteristic equation D^(s) of a 

model response determined by x (t ) . The pole-zero excess 

of I™"1 (s) must be greater than zero .

The magnitude of the right hand side of Equation 

(4.6) can never be less than unity. Thus the optimum 

nature of the inequality given by the Sensitivity- 

Optimality Condition? Equation (2.3) ? is shown.. If a 

system is chosen to meet this condition ? there exists a 

weighting vector of positive coefficients? 2? and a 

performance index which is minimized.

Summary

In this chapter the importance of the Sensitivity- 

Optimality Condition? which forces DR ^ (s) to be greater 

than unity? is illustrated. An equation is given ? (4.6) ?
which defines Heq(s) and therefore C(s)/R(s)? such that 

C(s)/R(s) optimally approximates a lower-order model having 

poles determined by Dm (s). This equation is used in the 

next chapter to extend low-order models specified by the 

methods of Chapter III to high-order models compatible with 

the forward transfer functions.



CHAPTER V

THE SPECIFICATION OF HIGH-ORDER MODELS

Performance specifications are used in Chapter III 

to specify a low-order, "ideal,11 closed-loop model. The 

feedback coefficients k may be determined from this model 

if:

1 . C (s) /R( s) includes all the zeros of the forward 

transfer function G(s).

2. The order of the denominators of both C(s)/R(s)

and G(s) are equal.

3• The plant's static loop sensitivity equals the 

closed-loop gain, K.

In this chapter, the low-order model is optimally 

modified by the addition of poles and zeros such that all 

these restrictions are met for any G(s).

Extension of Low-Order Characteristic Equations

Equation (4.5) may be rewritten using the relation

ship given by Equation (4.3)y to form

D (s)
dTsT~ i + i

p ,K
D (s)N(s)mTdTsT (5.1)

where D (s ) is the characteristic equation of the "ideal"m ^

model. The expanded form of Equation (5 • 1) is

44



D (s)D (-s) „2
= i + K

/

D (s)D (-s) p
D (s)N(s)D (-s)N(-s)m m

D(s)D(-s) /

45

(5-2)

Both sides of this equation have poles and zeros in the 

left and right halves of the s-plane.

If the closed-loop model being specified is 

stable, it must contain poles only in the left half of the 

s-plane. Therefore, the poles of that model (the roots of 

(s)) are the left half plane roots of the right-hand side 

of Equation,($.2), denoted here as,

D (s) =c D(s)D(-s) + — ( D (s)N(s)D (-s)N(-s)) p m m LHP
(5-3)

Since D(s) is assumed to be a high-order polynomial

(n 3), the zeros of Equation (5*3) are difficult to

obtain by direct factorization. A root locus, however, is

easily plotted. The root locus contains 2n branches

originating at the 2n zeros of D (.s )D (- s). . The work is

greatly simplified by the quadrantal symmetry of the

singularities in Equation (5 « 3) -

This symmetry may assist the designer in several

ways: (1) the centroid of all asymptotes is the origin,

(.2) only the roots in one quadrant must be plotted, (3)

the roots going to infinity may be approximately located
1 /2for large values of K by placing them at a radius r = K 

from the origin. The coefficient L is determined by
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L = (n-m-n ) 1m —

where m is the order of N (s) and n the order of D (s) . Itm m
should be noted that if L is even, a 0° locus is plotted 

instead of the usual l8o° locus which is required when L is 

odd.

The equations defining the slopes, 0, of the 

asymptotes lead to two important conclusions. The equa

tions are

9 = (2g-l) — r- for L even

0 ~ g ' for L odd

and g = 2L. The first observation is that the

jw-axis is never an asymptote« The second observation is

that for very large static gains, the excess roots in the

left-half plane approach the location of an Lib order 

Butterworth polynomial, B (s ).

If the gain K is infinite, Equation (5*3) reduces

to

D (s) = KD (s)N(s)B(s)c m

The n poles of the extended model are placed such that

(1) D (s) has n roots where D (s) has roots, (2) D (s ) c m m c
has m roots where N(s) has roots , canceling all the zeros

from the plant and (3) D (s) has L roots of a maximally

flat function, B (s), at infinity.
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Small values of gain make (s) identical to the 

compensated plant’s denominator, D(s). For values of gain 

between the two extremes, the poles of the extended model 

are determined by the loci of optimum roots which minimize 

the performance index of Equation (4.4). The extended 

model is the "best” approximation of low-order "ideal" 

model for a given K.

An example illustrates the procedure.

Specifications: PO ~ 25%  ̂ T^ = 5 seconds and a

plant given by

r / x _________1700
 ̂  ̂ s(s + 5)Cs +1 0 )

Synthesis: A second-order model was determined in

Chapter III meeting the performance specifications

PO and T . The "ideal" model is therefores

C(s)/R(s) = 121 121
s2 + 10s + 121 (s +.5)2 + 9.82

The root locus is defined by substituting into Equation 

(5-3) and solving for the roots,

2
-s2 (s + 5) (s + lO) (s-5) (s-10) - (s2+10s + 12l)

(s2-10s+12l) = 0

1 /2Later in this chapter it is shown that p is equal to the 

"ideal" model gain which for this example is 121. The root 

locus is plotted in Figure 13 by observing



-  S'. i o-10-20

1700

Fig. 13• Root Locus of Optimal Models for Third-Order Example

CD
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L = 3-2 = 1

0 = 0 ° ,  i8o°
1 /oThe roots of D^(s), in the left-half plane for p = 121 

are -20 9 -4.7 ^ j8 and the specified closed-loop function
is

C(s)/R(s) = —?-------  1^00
(s + 4.7)2 + 82 (s + 20)

The velocity error coefficient of the uidealM model 

can be obtained from - 11 rad/sec and Figure 5 « Then
value of is 143* The extended model does not improve 

K • If a larger is desired, a zero and pole are added

to the plant in the usual fashion. The zero could be placed

according to Figure 6 for an infinite K in the "ideal11°  ̂ v
model . But when the model is extended as above, a pole of 

C (s) /R(s) is placed by the root locus such that it tends to 

cancel the desired zero. If K is large, the increase in K0 7 V
for C(s)/R(s) will be negligible. This difficulty is a 

consequence of Equation (5 • 1) which does not permit 

inclusion of the "idealM model's zeros in ^(s).

Extension of the General "Ideal" Model

The author suggests that the Kalman Equation for

single-input, single-output systems be modified to include

the "ideal" model zeros, N (s ). The equation is rewrittenm
as
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D (s)c
D(s) K Dm (s) N (s )

N T s )  D(s) m
(5.4)

If the operator s is made very small , the left- 

hand side of Equation ($.4) approaches a large number

d CO/ = , where d is the coefficient of s° in D (s). The 7 co c
other side of the equation approaches

2
1
P K

d nmo o
n 1 smo

where dmo nmo and n are the coefficients of s in D (s),

N (s) and N (s ) » Since K = OO, K m P
cient p is given by

m
d /n and the coeffi- co o

p1/Z2 = d /n' ̂ mo mo

This is also equal to the static gain of the

,,idealn model if K for that model is infinite as assumedP
in Chapter III. Therefore, Equation (5 - 4) may be expressed 

in the final form

D (s) c
2

= 1 + G (s ) 2
(5d (TT~ [C(s j/R(s)J „ideal„

F or an example , the third-order "ideal" model of

Chapter III is extended using Equation (5 .5) • The per-

formance specifications of that model are: (1)
100 rad/sec BW 150 rad/sec, (2) ^  200 and (3)
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PO = (20 jr_ 1)%. The "ideal11 model meeting these specifica

tions is

C ( s ) / R ( s ) 3•10^(s + 49)
"ideal" (@2 + 100s + 4900)(s + 300)

If the given plant is

6
r ( \ - 45.10 (s t 200)
p ^ s; ~ s (s + 1 0 0 ) (s + 150)(s +400) ’

then a compensator must be added with the form

G (s) s + 49

The roots of Equation (5*5) are found by equating 

it to zero9

1 + 225.106 (s2-HOOs+49QO)(s+300)(s+200) 
s(s"§-100) (s + kOO) (s-fl50) (s+a) 0

Notice that the desired zero will not affect the root 

locus 9 and that a new L f must be defined as

L ’ L ~ (Number of desired zeros) £> 1

The root-locus defined above is plotted in Figure l4. The

value of 0C is chosen to be 300 in order to reduce the labor

involved. This pole, the zero at 300 and the root loci 
originating at ^00 are not shown in the figure so that 

the more critical root loci near the origin are emphasized. 

The model specified by the root-locus extension is



-jlOO
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Fig. Vi. Root Locus of Optimal Models for Fifth-Order Example

Vlto



C(s)/R(s) = --— ----------------------------  ™
(s +106s+3850)(s+190)(s+300)(s+2000)

This model is very close to the nidealfJ model for 

the large gain constant as expected, The unwanted zero at 

200 is approximately canceled by the pole at 190. The 

remaining excess pole is a first-order Butterworth 

polynomial with a bandwidth of 2000 rad/sec, more than ten 
times that of the "ideal ** model.

Summary

Although the model extension equation, Equation 

(5 .5), cannot be derived from the quadradic performance 

index of Chapter IV, the results are the same as those 

based on the Kalman Equation. For large values of gain K, 

the specified model approaches the "ideal11 model with 

excess poles placed in Butterworth fashion.

In the next chapter, the synthesis is completed 

with the calculation of the feedback coefficients k and a 

comparison made of the actual time and frequency responses 

of both the "ideal" and extended functions.



CHAPTER VI 

THE SOLUTION OF H I G H - O R D E R  SYSTEMS

The calculation of feedback coefficients that 

realize a specified high-order model, completes the system 

synthesis. The example problems of Chapter III are com

pleted here. These two examples also serve to illustrate 

typical difficulties in the realization of k. The chapter 

concludes with a discussion of an important difficulty, 

saturation.

Calculation of Heq(s)

The final step in the synthesis is the determina

tion of feedback coefficients of the compensated, linear 

plant. These coefficients define an equivalent feedback 

function Heq(s). The restrictions on Heq(s) made through

out this study are summarized as:

1 * Heq(s) has (n-1) zeros determined by k .

2. Since K - OO, the output state variable x_ must p 1
have unity gain feedback, k^ = 1 .

3 * All zeros of the compensated plant G (s ) must be 

poles of Heq(s).

The restriction on k^ is not critical. This 

coefficient adjusts the static gain to match the
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1 + G (s)Heq(s)coefficients of s° in both D (s) and D (s )c

but these coefficients have already been matched by the 

modeling process. Thus, the remaining (n -1) k * s can be 

chosen so that any C(s)/R(s) can be realized.

Completion of the synthesis of the specified 

second-order "idealM model of Chapter IV illustrates the 

procedure. The specified C(s)/R(s) function and given 

plant are

G (s)/R(s) = 1700
(s + 4 . 7 ) 2 + 8 2

G(s) s (s -t- 5) (s +' 10)

(s + 20)

By expressing C(s)/R(s) in terms of G(s) and Heq(s) 

obtained from the system block diagram, Figure 15: we get

C(s)/R(s) = 1700
s(s + 5 ) (s + 10) + 1700 H-(k2+10k^)s+k^s‘

and equating to the specified C(s)/R(s), the k's are 

determined as

29. 4 -  15 + 1700k-

274 = 50 + 1700(k2 + lOk^)

The solution for k is

k 8 . 5*10 3 
47 *10~3



 ̂6

C(s)1700 S+5

Fig. 1^ • Block Diagram of Third-Order Example

The frequency response, Figure 16, and time response,

Figure 17, of both the system and the "ideal" model indi

cate the low gain used. A higher gain would improve the 

approximation.

The third restriction is a possible difficulty only 

when a zero exists in the first block of the system's block 

diagram. This zero, unlike all the others, does not become 

a pole of Heq unless special care is taken in selecting the 

nib state variable that is fed back. The other example of 

Chapter IV, having two zeros and five poles has a compen

sator zero in the first block. Completing the synthesis of 

this system illustrates the difficulty and its solution.

The specified model and the compensated plant equa

tions are
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Fig. l6. Frequency Response of Third-Order System and "Ideal" Model
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Fig. 17. Time Response of Third-Order System and "Ideal" Model
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C ( s ) /R ( s ) = —  ^-•AQ6.<.,n2.00)(s + 4?)----------
(s +1063+3850)(s+190)(s+300)(s+2000)

and

\ 4 5 .10^(3+200)(3+49) ___
s s(s+100)(s+150)(s+300)(s+400)

The block diagram for the system is shown in Figure 18

G c(s)
CCs)

Fig. l8 . Block Diagram of Fifth-Order Exampl

If Ileq(s) is calculated using x̂ . as a state 

variable, it does not have a pole at -49. A new state 

variable, x^., replacing x,_ can be fed back which places 

the desired pole in Heq(s). This is accomplished by 

building the compensator and picking the state variable 

as shown in Figure 19•

Before completing the design, a closer look should 

be taken at C(s)/R(s). As noted in Chapter V, the zero at 

-49 does not affect the position of the root loci. The
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Fig. 19• Zeros in the First Block of a Block Diagram

zero was placed at -49 in the 11 ideal" model to increase .

If is computed from its defining equation of Chapter

III, repeated here as

 1_______
zeros of C/R

the for the extended system is 125 rad/sec, less than

its specified minimum of 200 rad/sec. The"ideal" model had

a k^ of 280 rad/sec.
The other performance measures have also suffered

by the extension, but there are no charts or formulas to

determine their deterioration. Since the zero does not

affect the root loci and a formula does exist for K , thev
zero is moved to regain an acceptable velocity error

coefficient. A pole must be moved simultaneously so that

the K remains infinite.P

1
poles of C/R
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If the specification requires a contribution,^, 

from the compensator zero and pole (select the largest pole 

in C(s)/R(s), P), then

f-k-k
The position error constant is maintained as specified if

P /a = P/a o o

where a^ and P^ are the original positions (a^ %= 49, P^ = 

2000 in this example)» Both equations are solved by placing 

the pole at

P = (Pq/a0 - 1)/^/ (6.1)

and the zero at

a = a P/P (6.2)o o

If P a , the equations (6 .1) and (6.2) reduce too o x

P = po/ao y/

a. ~ 1/ ijj

For this example P^ > > and a \jj of 24.6 x 10 ̂
forces Kv to be 300, greater than the 200 of the ideal 
model. The zero and pole positions are then

a = ' 4l

P = 1670
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and the closed loop transfer function to be realized is

G (s )/R(s) 45.10 (s+200)(s+4l)
(s"j-ho6s+385o) (s+190) (s+300) (s+1670)

The feedback function obtained by block diagram 

manipulation is

Heq(s) = 1 + k 2s + k s(s + 150) + k^ 4̂ 00,)...

+ k r -259s (s+150)(s+400)(s+100) 
(s+200)(s+4l)

Once again, C(s)/R(s) is expressed in terms of Heq(s) and 

G(s) and the coefficients of like powers equated to 

evaluate the k's. After some straight forward algebra, k 

is found to be

k =
15 10-3

-59*10 

• 34*10~6 
125*10-9

The plant gains, especially around the feedback 

loop, are large. A large static-loop sensitivity leads to 

a close approximation of the "ideal" model as shoxvn in 

Figure 20, but saturation is likely to occur if the system 

is driven hard. In the next section, a method is proposed 

which attempts to retain the optimum nature of C(s)/R(s) 

without saturation.



♦lOJkr

Odb-

-iOAb"

-aĉ H
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S aturation

The closed-loop poles are placed where specified by 

the zeros of Heq for any gain. If saturation occurs in one 

of the state variables being fed back, at least one of the 

zeros and possibly the poles of Heq(s) move or vanish.

When the gain is high, instability becomes inevitable.

Saturation in the system is not necessarily a bad 

feature if stability is maintained. Merriam (1964) states 

that for the simple system shown in Figure 21 11 . . . the

saturating controller with a linear zone . . . is the

optimum controller for the error measure . . . 11 (p. 20).

OO
PI = e (7") ̂ + pu(T)2 dT

Kt) u(t)

A“

M.

-H
ett)

s
cc<0

Fig. 21. Optimum Controller for First-Order System

Merriam shows that the optimum solution for this
— 1 /2

system is one with a linear region gain of K = p with

velocity saturation occurring at e (t) = M or c(t) = M/K.

Thus, if e(t) is kept as large as possible the system is 

driven with maximum velocity toward the desired output.
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The extension of this to high-order systems is that it 

should be driven as hard as possible by keeping the gain 

large.

A possible method of obtaining an almost maximum 

effort system while maintaining optimality is suggested by 

the root locus of optimal models defined by Equation (5•5)• 

If the state variables are fed back so that as the 

controller reaches saturation, the zeros of Heq are still 

determined by k , then the system remains stable.

The controller is built to saturate for excessive 

error signals, but this region can be extended by dividing

the controller gain into two linear regions, and ,

as shown in Figure 22* The feedback loops are also split 

into two groups * When the first stage is saturated, the 

reduced gain and new zeros of Heq^(s) can be made to force 

the closed-loop poles of G(s)E (s) toward the plant's poles 

along the optimum root locus. If these poles are close to 

the poles of G (s), the linear region is greatly extended 

and the optimum nature of the system, maintained.

Summary

The specified closed-loop transfer function can be 

modified for improved system accuracy when an alterable, 

desired zero is present in the open-loop plant. If this 

zero is in the first block, care must be taken to insure

that this zero is a pole of Heq(s).
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CT.

■[>

Fig. 22. Optimum Controller With Two Modes

The synthesis is completed by the calculation of k 

which places the zeros of Heq(s) (or Heqa(s) and lleq^(s)) 

so that the desired closed-loop poles are exactly realized.



CHAPTER VII

CONCLUSIONS

The methods of specifying closed-loop transfer 

functions of any order, coupled with the ability to realize 

that function using state variable feedback, make the 

synthesis of linear control systems straight forward. The 

synthesis proceeds from performance criteria to the calcu

lation of the feedback coefficients in five steps.

1 . Values are assigned to performance measures, making 

them performance specifications from the design 

criteria. A set of measures, sufficiently 

describing either the time or frequency response,

includes B W , M , d) , T , T , T , P O , FVE (K ) , Z’ p 7 p 7 d ’ r 7 s 7 7 v 7 o
and DR.

2. An " i de al m o d e l  of low order (up to three poles 

and one zero) is specified from the design charts.

3. The "ideal11 model is extended to be compatible with 
the gain, order and zeros of the compensated plant, 

G(s), using the equation

D (s)c
2

G (s )
D(s) ~  1 [C(s)/R(s jj i,idealit

67
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4. A pole and compensator zero are adjusted to improve

K if necessary♦ v
5• The state variables are then chosen and the k 

vector calculated.

If the gain chosen for the plant is large, the 

closed-loop system response can be specified and realized 

independent of the plant. Saturation, however, places a 

limit on the gain and therefore on the extent of alteration 

of the open-loop performance using state variable feedback.
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