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ABSTRACT

Application of the Theological epicycle method, 
a mathematical formulation for describing stress-strain 
hysteresis loops, has been investigated. Areas in which 
cyclic stress-strain behavior can be studied by examina
tion of hysteresis loops are discussed. Equations 
defining the terms in the mathematical model, and computer 
programs to calculate these parameters are presented. 
Stress-strain hysteresis loops were obtained from several' 
materials and analyzed by the epicycle method, The re
sults show that the parameters in the mathematical formula
tion are sensitive to slight variation in hysteresis loop 
form and that they vary consistently with cyclic-strain 
amplitude and number.of cycles. ......



I. INTRODUCTION

Cyclic stress-sferain behavior in materials is 
characterized by hysteresis loops in plots of stress 
versus strain. These loops occur because energy is dis
sipated in the material, causing a lag in the response 
(strain) of the material to a forcing function (stress) 
during; cyclic deformation. .

One of the major obstacles in describing cyclic 
stress-strain behavior of metals has been the lack of a 
mathematical model which could be used to represent hyster
esis loops. In a recent work concerned with vibration 
damping, Wirt (1965) proposed a mathematical method involv
ing rotating vectors in the complex stress-strain plane to 
describe hysteresis loops. Wirt refers to this type of 
representation as the rheological epicycle method. Rheology
is. the science of flow or deformation. In the case of

. -

interest here, it concerns the cyclic deformation of a 
solid. An epicycle is a circle, the center of which moves 
along the circumference of another circle. It will be 
shown In the treatment of the epicycle formulation that 
the two circles are traces of the tips of two counter- 
rotating vectors. The curve traced by the tip of a vector

1



2
equal to the sum of these two rotating vectors is an 
ellipse. By combining several of these ellipses, a non
linear hysteresis loop, similar to that obtained for 
metallic solids, can be formed. .

Stress-strain hysteresis behavior in metals, as 
depicted by the size and shape of the hysteresis loop, is 
dependent on the micromechanisms which dissipate energy 
during cyclic deformation. The ability of materials to 
dispel energy by internal adjustments is referred to as 
damping. Specific damping energy is the amount of energy . 
dissipated in a unit volume of material per cycle and is 
simply the area inside the stress-strain hysteresis loop. 
Although the size of the hysteresis loop is a measure of 
the energy absorbed per cycle, the shape of the loop, 
which is represented by the terms in the rheological epi
cycle formulation, may be significant in determining the 
mechanisms which operate during cyclic deformation and 
the changes which occur in hysteresis behavior.

In this.study, changes occurring in hysteresis . 
loop size and shape are examined using the epicycle 
method. Behavior in the range of stress in which the 
damping energy is dependent upon the stress amplitude is 
investigated using step-cycling and constant-strain-limit- 
cycling techniques. The effects of cyclic-strain magnitude.



cyclic history, and material variables are experimentally 
examined and various areas of damping research in which 
the rheological epicycle method could be used are dis
cussed.



II. LITERATURE REVIEW

2.1 Motivations for Damping Research

Research in material damping has been motivated 
in two distinct areas. . Solid state physicists, physical 
chemists, and physical metallurgists are interested in 
damping as a research tool while engineers require damping 
data in design applications. Although damping, in both 
cases, involves energy dissipation by internal rearrange-. 
ments, the methods of investigation, stress range of 
interest, and terminology used are quite different for 
the two cases.

Scientists using internal friction as a research
< ■ . . ■ 

tool have been successful in clarifying thermoelastic
. behavior, anelasticity, diffusion, flow, and a number of 
other phenomena in metals.. Interest in damping as a 
metallurgical research tool involves investigation of the 
mechanisms operating and development of suitable mathema
tical models to represent the behavior. Applied to the 
study of polymeric materials, damping has been useful in 
clarifying molecular structure.

As.an engineering design property, damping is 
important in structural and acoustical performance. By

4



limiting vibrations, damping in metals becomes important 
in reducing the likelihood of fatigue and in limiting 
resonant vibration. Low-strength materials which exhibit 
high damping usually outlast higher strength materials 
with poorer damping properties in applications such as 
turbine blades and airplane propellers where resonant 
vibrations are encountered. With an understanding of 
the mechanisms which are responsible for damping in 
the. engineering stress range, it should be possible to 
modify materials to obtain the most desirable engineer
ing properties.

In this literature review an attempt has been 
made to examine briefly several areas in which the method 
of rheological epicycle hysteresis loop analysis can be 
applied. References cited, in most cases, concern mate
rials used in this Investigation, the range of damping 
and fatigue, in which hysteresis loop analysis is important 
and studies of hysteresis loop characteristics. While 
the emphasis is on damping at high stress levels, a brief 
review of internal friction mechanisms operating at low 
stress levels is included for completeness in covering 
the entire range of damping.
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2.2 Damping Mechanisms

Mechanisms responsible for energy dissipation in 
materials are numerous„ All damping mechanisms involve 
some type of internal adjustment resulting from imposed 
stress, and there are many types of internal changes 
which a material can undergo when a stress is applied.
Lazan (1962) classifies material damping mechanisms in 
two main divisions, stress-amplitude-independent and 
stress-amplitude-dependent mechanisms. Emphasis here 
will be placed on mechanisms contributing to damping at 
high stress levels, namely, stress-amplitude-dependent 
mechanisms. For all stress levels the shape of the 
hysteresis loop depends on the mechanism or mechanisms 
operating.

2.2.1 Amplitude-Independent Mechanisms. Ampli
tude-independent damping predominates at low stress levels. 
The damping energy or internal friction involved in this 
range of consideration is insignificant in engineering 
applications. However,'the investigation of the energy 
dissipation mechanisms in materials in the low-stress range 
has contributed greatly to advancement in the knowledge of 
internal behavior and structure of materials.



- Although the magnitude of damping is unaffected 
by stress amplitude for stress-amplitude-independent 
mechanisms, temperature and frequency are extremely im
portant variables. Damping peaks' which exist for these 
mechanisms, are very sensitive to both temperature and 
frequency; therefore, internal friction in this range has. 
been called dynamic hysteresis, rate-dependent hysteresis 
or rheological hysteresis.

Stress-strain laws for materials in the amplitude 
independent category are essentially linear, containing 
stress, strain, and their time derivatives. The area of 
the hysteresis loop generated by dynamic loading is fre
quency dependent, the loop generally; being elliptical in 
shape.

2.2.1.1 Types of Mechanisms. Amplitude- 
independent or viscoelastic mechanisms consist of anelas- 
tic and inelastic reactions. A simple model for the 
anelastic response is a Kelvin unit consisting of a 
linear spring and a viscous damping element (dashpot) 
in parallel. All strain is eventually recovered in 
anelastic phenomena. In inelastic phenomena, represented 
simply by a -Maxwell model consisting of a spring and 
dashpot in series, permanent set results. Much of the



knowledge In the area of 'anelasticity Is attributed to 
the work of Zener (1948).

Specific mechanisms can be associated with energy 
absorption peaks which exist in a plot of damping versus 
frequency or temperature (Zener, 1948). The mechanisms 
involve atomic, thermal and electronic rearrangements, 
all of which have a specific relaxation time or activa
tion energy. Following is a list of most of the specific 
mechanisms:

1. Atomic rearrangements
Stress-induced atomic rearrangements 
Dislocation damping .
Grain boundary viscosity 
Stress relaxation along grain bound

aries and other incoherent inter
faces

Movement of twin interfaces
2. Electronic and magnetic effects

Macroscopic eddy currents 
Microscopic eddy currents 
Electronic effects

3. Thermal effects
Micro-thermoelasticity 
Macro-thermoelasticity



'Nowick (1953, 1964) and Niblett and Milks (i960) have 
reviewed the research done in these areas.

Since dislocation damping functions in both 
stress-amplitude-independent and amplitude-dependent- 
damping, some aspects of it will be discussed here. 
Frequency-dependent dislocation damping which is inde
pendent of stress amplitude, is attributed to the bowing 
out of dislocations from pinning points and oscillation 
between these points much the same as a vibrating string 
oscillating between fixed points (Granato and Lucke, 1956) 
The amount of pre-strain, the method by which deformation 
was introduced, and the purity of the metal are variables 
to which dislocation damping is very sensitive (Dieter,

196l)o •

2.-2.1.2 Methods of Measurement. Measuring 
damping in the amplitude-independent range requires de
vices which can excite a material to vibrate over a wide 
frequency range or, if frequency is kept constant, the 
temperature must be varied to disclose damping peaks. 
Strains of less than 10"^ are usually involved. •

At relatively low frequencies a torsional pendu
lum can be used to impose strain. To attain higher fre
quency excitations, use is made of electromagnetic drives.
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piezoelectric crystals, ultrasonic energy, electrostatic 
drives and eddy current methods.

2.2.2 Amplitude-Dependent Mechanisms. ■ Empha
sis in this study is on those mechanisms which are pre
dominant near and above the fatigue limit of a material. 
Here the amplitude-dependent mechanisms become operative 
and most of the energy dissipated is through these 
mechanisms. In the range of high stress it is believed 
that there may be many damping mechanisms operating 
(Lazan, 1962), but the only two which have been studied 
to any extent are magnetbplastic and plastoelast'ic hys
teresis. >v

In amplitude-dependent damping the stress-strain 
relation is no longer linear, but stress becomes a non- 
linear multivalued function of strain and hysteresis 
loops are no longer elliptical but pointed. Time deriva
tives of stress and strain generally do not exist in the 
stress-strain law, a result of frequency independence 
over most of the range. Damping in this range is re
ferred to as static or nonlinear hysteresis.

2.2.2.1 Plastoelastic Mechanisms. Energy 
dissipation by plastoelastic mechanisms occurs at stress 
levels much below the fatigue limit but it is generally



masked by anelastic effects in the low stress region.
The plastic strain component of damping in the range of 
anelastic effects may be estimated by a log-log extra
polation from higher stress (Morrow, 1965a), Near the 
fatigue limit large scale dislocation motion becomes ' 
predominant and the energy loss per cycle becomes im
portant in engineering applications.

Dislocation mechanisms involving breaking away 
from pinning points and Frank-Read source generation are . 
among the mechanisms suggested for damping near the 
fatigue, limit (Thompson and Wadsworth, 1958) . .. .Also, 
orientation and geometric factors in polycrystalline 
metals may establish localized stresses which are much 
greater than the average stress in the material, result
ing in local plastic flow much below the macroscopic 
yield point. As the stress level is increased, the num
ber of points at which high stress concentration occurs 
increases and local; plastic flow, becomes a greater factor 
in energy absorption.

Formation of cracks and faults requires signifi
cant energy which contributes to damping in a material 
undergoing fatigue. The energy necessary to initiate 
and propagate cracks is quite large and becomes a major 
factor in damping when the fatigue life is approached
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(Demer, 1957). In some materials which strain age, some 
damping has been attributed to the energy required to 
precipitate a phase, thus raising the internal energy 
of the material.

In the range of plastic flow, equipment limita
tions have created problems in testing and there is no 
widely accepted way to interpret the data since damping 
peaks do not exist, making diffusion theory used in 
anelasticity inappropriate (Morrow, 1965a). For these 
reasons the exact damping mechanisms and the variables . 
which influence damping behavior have- received less 
attention and are not as well defined as those in the 
low-stress region of damping. - •

2.2.2.2. Magnetoelastic Mechanisms. Ferro
magnetic metals exhibit anomalous frequency-independent 
damping at low and intermediate stresses. Damping in
creases as the third power of stress up to a level depen
dent upon the magneto-mechanical coercive force, after 
which the magnetoelastic energy dissipation becomes con
stant with stress (Lazan, 1962). Damping in these metals 
is a result of coupling of magnetic and mechanical pro
perties by magnetostriction which causes an elongation in 
the direction of magnetization or, conversely, magnetiza- 
tion in the direction of elongation. The random distribution
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of the magnetic domain vectors in an unmaghetized mate
rial is altered when the material is strained. Rotation 
of the domain vectors and movement of domain boundaries 
resulting from the strain requires energy; the result is 
damping in the material. In the presence of a strong 
magnetic field, magnetic domain vectors become aligned 
in the direction of the field, no rotation of the domain 
will occur under strain and the magnetoelastic hysteresis 
vanishes. A rise in temperature will generally decrease 
magnetoelastic damping since random domain motion is 
enhanced (Nowick, 1953). Cochardt (1959) has contributed 
much to the knowledge in the field of magnetoelastic 
damping. " ■

2.3 Influence of Variables

To understand the mechanisms involved in energy 
dissipation and for application in engineering design,  ̂
the influence of testing and material variables on damp
ing must be recognized. A wide range of damping and 
fatigue properties exists for various materials and for 
the same material under variable test or treatment con
ditions. Figure 1 shows the specific damping energy 
as a function of amplitude of reversed stress, number 
of cycles, and type of material for several engineering 
materials.
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Fig. 1. Specific Damping Energy of Various Materials as a Function of
Amplitude of Reversed Stress and Number of Cycles h
(After Lazan, ig6l)
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2.3.1 Testing Variables. It is well known 

that damping is a function of stress amplitude and stress 
history in the region of interest. The influence of 
variables such as nature of load application, nature of 
cycling, frequency of cycling and temperature have been 
investigated, but the relationships found have been less 
general than for stress-amplitude and history dependency.

2.3.1.1 Stress Amplitude. Variation of 
damping with stress amplitude has been investigated in 
many research efforts and the relationships for many 
materials have been determined. As stress level is in
creased from the low values where the anelastic mechanisms 
dominate, a transition region near the fatigue limit is 
reached where anelastic and plastic damping are of nearly 
equal value. Above the transition zone a region is 
attained in which plastic strain is almost entirely re
sponsible for energy dissipation. Plastic strain begins 
to contribute to the dissipation mechanism when the in
elastic strain is 1-10ytt"/", the transition region covers 
from 10-20yt<."/", and plastic strain predominates above 
20y£i"/" (Feltner and Morrow, 1961).

Over any given region of damping behavior, the 
empirical relationship for the stress dependency of damping
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is given by

D = J G* m .

In this relation D is the specific damping energy in
o

in.-lb/in. /cycle, J is the damping parameter with units 
depending on m, CTa is the stress amplitude in lb/in. 
and m is the damping exponent. The range of values for 
m is between 2 and 3 for material damping at low and 
intermediate stresses. In the range of stress above 
approximately 80$ of the fatigue strength m is usually 
8 but may be as high as 30, depending on the material 
and stress history (Lazan, 1961).

2.3.1.2 Nature of Load Application. The 
way in which load is applied to a sample is quite vari
able in the research carried out in damping at high stress 
levels. Before 1950 adequate equipment for testing in the 
high-stress range was not available, and many damping tests 
were being based on the heat generated in a sample during 
cycling (Lazan, 1950). Load application, whether by bend
ing, axial tension and compression, or torsion, determines 
the stress distribution in the system and, thus, the total 
energy that will be dissipated. In most cases in recent 
literature the damping is adjusted to the specific damping
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energy In terms of. energy absorbed per unit volume per 
.cycle.

Axial' tension-compression tests are desirable in 
damping and fatigue studies since the stress is evenly 
distributed throughout the volume of the specimen. Equip
ment designs for tests of this type are given by Morrow 
and Tuler (1965). and by Wadsworth (1963) and others.

Lazan (-1950) describes a machine developed for 
measuring damping at high levels of stress. This was the 
type used in much of his later work. Samples were cycled 
in rotating bending about zero mean stress in this type of 
testing machine.

Torsional vibration methods have been popular in 
studying damping at both low and high stress levels. 
Hanstock (1947) described an electromagnetic method for 
exciting torsional resonant vibrations. Low-cycle fatigue 
in torsion has been studied by Halford and Morrow (1962). 
Other workers in the fields of damping and fatigue have 
developed and.used numerous types of torsional loading 
devices;

2.3.1.3 Nature of Cycling. Disagreement 
has existed over the best type of cycling to be used in 
determining the true cyclic properties' of a material.
Nature of cycling was of basic interest in fatigue tests
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to determine which type of cycling could best be cor re-, 
lated with fatigue life. Most of the work in fatigue up 
to the late 1950's was done to determine the number of 
cycles between constant stress limits required for fatigue 
fracture. It has been shown, however, that the cyclic- 
plastic -strain range is a more satisfactory quantity to 
correlate with fatigue life than is stress (Tavernelli 
and Coffin, 1959)• For low-endurance fatigue tests in 
which both strain and load cycling were imposed on the 
same, metal it was found that the load and strain cycling • 
results can only be compared after the steady-state 
condition is reached where no cyclic hardening or soften
ing is occurring (Denham and Ford, 1961). Many references 
to load cycling appear in the literature and will not 
be cited here since strain cycling is of more interest 
in this investigation..

Most of the data obtained before i960 from cyclic 
strain fatigue tests are summarized by Tavernelli and 
Coffin (I959). These.data show the simplicity and regu
larity of the relationship between plastic-strain range 
and the number of cycles to failure in. Idv;-endurance 
fatigue. Much recent work in low-cycle fatigue has been ■ 
done using strain as the independent variable. Swindeman 
and Douglas (1959)> Benham and Ford (1961), and Morrow



and Tuler (1965) have verified the equation for low-cycle 
fatigue life using various .materials. In this relation, 
the plastic-strain range is inversely proportional to the 
number of reversed cycles. Other recent strain-cycling 
fatigue work has been reported by Dugdale (1959), Feltner 
and Morrow (1961), and Smith, Hirschberg, and Manson 

(1963)o
The method of cycling at one stress or strain 

level and changing the cyclic limits periodically has 
been used by a number of experimenters (Enomoto, 1955J 
Charsley and Thompson, 1958; Dugdale, 1959; and Tuler 
and-Morrow,. I96S). In these tests, an increase or de
crease in the limits was followed by a number of nonsyrn- 
metrlc hysteresis loops which changed in, size .and, shape ... 
with number of cycles until a steady-state condition was 
reached. In most cases the steady-state condition was 
reached after only a few. cycles when the increment of 
change was a small fraction of the total stress or strain.

Dugdale (1959) found that the numerically greater 
stress which persisted upon sudden large reduction in 
strain amplitude always had'the same sign as the stress - 
during the last half-cycle of the previous series of 
cycles. It was also found that the strain history had 
no lasting effect on the ensuing steady-state deformation



resistance in tests■on high-purity copper. For copper 
the steady-state which was approached was dependent more 
on the magnitude of the. cyclic strain than on the pre
vious cyclic strain history. Softening or hardening was, 
however, dependent upon the direction of change in limits 
For tests on an aluminum-copper alloy and mild steel it 
was found that the strain history at higher cycles had a 
lasting effect; the maximum stress amplitude in going 
from high strain to low strain limits did not approach 
the maximum stress value originally obtained at that 
strain.

;2.3.1.4 Cyclic Stress History. The influ
ence of cyclic stress history on damping is quite pro
nounced for stress levels near and above the fatigue 
strength. Hysteresis loop size and shape, can vary con
siderably with number of cycles imposed.

Most metals cyclicly stressed below about eighty 
per cent of the fatigue strength show.a stress dependency 
in which damping is proportional to the 2.4 power of 
stress. And damping is independent of the number of 
cycles at that stress. At a cyclic stress of about 
eighty per cent of the fatigue, strength, defined by Lazan 
(1950) as the cyclic stress sensitivity limit (CSSL),



damping becomes dependent on'stress history. Above this 
limit some materials show, increased damping with number 
of cycles, in some the damping decreases, while others 
may demonstrate an increase followed by a decrease or a 
decrease followed by an increase when cycled between eonr- 
stant stress limits.

Changes which occur in the hysteresis loop size 
and shape during cyclic testing at constant stress or 
.strain limits are most pronounced at the beginning of 
cycling and just before failure. Morrow (1965a) noted 
that most loops become stable after about twenty per cent 
of the fatigue life for controlled strain. Blatherwick 
and Lazan (1956) and Morrow (1965b) showed hysteresis . 
loop variations with number of cycles for steels. Demer 
(i960) and Raymond and Coffin (1963) have shown changes 
in hysteresis loops for aluminum and aluminum alloys.
The latter showed the effect of various prestrains. Many 
others have plotted damping.or strain range in stress- 
controlled tests, or stress range in strain-controlled 
tests versus number of cycles. Some of these plots are 
given by Brophy (1936), Lazan (1950), Lazan and Wu (1951) 
Coffin (1954), and Benham and Ford (1961) for mild steel, 
and Hanstock (19-47) and Demer (1957) for aluminum alloys, 
steel and other materials.



2=3.1.5 Frequency. .Various;results have 
been obtained when frequency effects have been investi
gated in damping and fatigue, studies. Although damping 
in the engineering stress range has generally been con
sidered to be frequency, independent, under certain con
ditions such as high temperature and very low frequency, 
variations in the damping energy per cycle and fatigue 
life as a function of frequency of stress reversal have ' 
been noted. In several recent reviews of damping, the 
influence of frequency on damping at high stresses has 
been noted as an area lacking in adequate study (Lazan, 
1961; McClintock and Argon, 1966).

. Data obtained by Crandall (I9G2) have revealed 
that a nonlinear relaxation phenomenon having a peak 
below fifty cycles per second could exist for an alumi
num alloy. His work was conducted above this frequency 
range but a rise in damping with cycles approaching a 
frequency of fifty cycles per second in the high-stress . 
range revealed:this possibility. Since the vibratory 
damping tests were not conducted in a vacuum, some suspi
cion exists concerning the validity of the results.

Absence of any frequency effects on damping in 
the engineering stress range in resonant vibration of 
several engineering materials was reported by Robertson
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and Yorgiadis (1946). But, in later studies (Lazan,
1950; Lazan and Wu, I951), it was found that damping 
was independent of frequency only in a limited stress 
range below the fatigue limit. Above the fatigue limit, 
where plastic strain is important, damping and dynamic 
modulus were found to depend on frequency. For the mild 
steel tested, increased frequency near the fatigue limit 
caused decreased damping, while the rate of change of 
damping per cycle was relatively insensitive to frequency. 
The frequency dependency in the high-stress range was 
attributed to strain-rate phenomena which must be con
sidered when plastic strain is involved.

, Measurements in the plastic-strain range of 10"" 
inches per inch in the kilocycle frequency range have 
supported the theory of Granato and Lucke (1956) that 
dislocation damping responsible for amplitude-dependent 
damping at low plastic strains is frequency independent 
(Niblett and Wilks, i960). .

Several references to frequency effects on low- 
cycle fatigue behavior are given by Benham (1958). It 
was suggested that a range of fifty to one-hundred cycles 
per minute would be the most ideal range for testing 
since no heating effects would be present and the time
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required for testing in the low-cycle fatigue range 
would not be unreasonable.

Cyclic testing of single crystals of aluminum 
by Thompson,. Coogan, and Rider (1956) disclosed an in
fluence of period on loop width when slowly alternating 
stresses were applied. The possibility of creep causing 
this effect was suggested.

A study of the effect.of frequency in high- 
temperature cyclic straining conducted by Swindeman and 
Douglas (1959) showed that frequency influenced number 
of cycles to failure, especially at low frequency where 
creep and relaxation may be active. Specimens cycled 
at relatively high frequency (600 cpm) were found to out
last those cycled at low frequency (60 cpm) by a factor 
of ten.

2.3.1.6 Temperature. Lack of reported research 
in which temperature effects at high stress have been 
considered makes it impossible to generalize regarding 
temperature effects on cyclic behavior (Lazan, I96I; 
McClintock and Argon, 1966). Most of the work consider
ing temperature and frequency has been carried Out in the 
low-stress range where damping peaks are known to exist 
as functions of temperature and frequency.
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In the theory of dislocation damping at low and 

intermediate stresses, temperature effects exist since 
higher temperatures aid dislocations in breaking away, 
from pinning points. Thus, damping increases with tem
perature for this mechanism. : *

Changes in hysteresis loop shape were noted in 
single crystal work at low temperature by.Wadsworth 
(1963). Decreasing the temperature to 78°K and 195°K 
in a half-cycle resulted in increased stress necessary 
to continue deformation.

2.3.2 Material Variables. Material proper
ties are significant test variables in the study of 
hysteresis■phenomena. The type of material tested, 
metallurgical conditions, and crystal orientation can 
change damping properties considerably.

2.3.2.1 Type of Material. Since the number,
of materials which has been Investigated in fatigue and .
damping studies is large, mention will be made here only 
of some materials which have been studied in the low- 
cycle-fatigue range. Emphasis will be on observations 
concerning the changes in hysteresis loop size and shape, 
and.specific references to materials used in this study, 
namely, mild steel and an aluminum-copper alloy.
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In some studies of low-cycle', fatigue> complete 

hysteresis loops have been recorded and presented in the 
literature, and specific changes in loop size and shape 
have been investigated. Among these studies are those 
conducted by Thompson, Coogan, and Rider. (1956) and 
Snowden (1963) on aluminum single crystals, Wadsworth 
(1963) on copper and aluminum single crystals, Demer 
(i960) and Raymond and Coffin .(1963) on polycrystalline 
aluminum. Morrow (1965b) on steel, and Brick and" Phillips 
(l94l) on clad and unclad aluminum-copper alloys.

Many investigations have been, made of the damping 
characteristics of mild steel and aluminum-copper alloys 
without specific investigation of hysteresis loop size 
and shape, Demer (1957); Coffin and Tavernelli (1959), 
Dugdale (1959), Coffin (i960), Crandall (1962), and Smith, 
Hirschberg, and Manson (1963) have studied mild steel, 
aluminum., alloys, and other materials. Mild steel alone 
has been investigated by Lazan and Wu (1951), Rlatherwick 
and Lazan (1956) and others, while Hanstock (1948, 1955) 
and others have investigated aluminum-copper alloys 
specifically.

2.3.2.2 Metallurgical Condition. The 
principal metallurgical conditions investigated have been



cold-work, grain size, aging, and other forms of thermal 
treatment . Again, a complete examination - of these 
effects is beyond the scope of this review.

influences of cold-work have been examined in the 
work of Lazan (1950) on machined and annealed steel, and 
Hanstock (1955) on prestrained aluminum. Polakowski and 
Palchoudhuri (1954), and Wood and Segall (1958) have 
studied, the effect of cold-work for several materials.

Grain size influence in low-carbon steel (Brophy, 
1936) and in three structural metals for use at high 
temperature (Swindeman and Douglas, 1959) has been in
vestigated. Thermal treatment of SAE 1045 steel, in a 
study.of the correlation of hardness of quenched and 
tempered steel with cyclic hardening and softening, re
vealed an optimum hardness which underwent no cyclic 
change (Morrow, 1965b).

Aluminum alloys given various aging treatments • 
have been studied by Hanstock (1948, 1955) and Hanstock 
and Murray (1946).. Initial aged condition and subsequent 
changes during cycling resulted.in varied damping pro
perties in these alloys.

2.3.2.3 Orientation of Crystals. . In 
studying the effects of crystal orientation on cyclic
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behavior, It has been found that orientation has a pro
found influence in high strain applications (Charsiey 
and Thompson, 1958), while at low strains cyclic changes 
are nearly the same for all orientations' in annealed 
crystals (Kimsley and. Paterson, i960)„ Work by Wadsworth 
(1963) with copper crystals shows that crystals aligned 
such that two ■ slip systems are operating show a. much 
greater change in hysteresis loop shape during cycling 
than do those with only one operating slip system.

2.4 Results of Cycling

Cyclic loading produces changes■in material 
structure and properties which depend on the-material 
and test conditions. The.most obvious- results of cycling • 
are- the cyclic softening or hardening which/are detected
by a change in the dependent variable (stress or strain)
during testing.. Precipitation- effects,may also occur 
during cycling, contributing to.changes in mechanical. 
properties. Changes which occur during cycling are 
associated with fatigue and final fatigue fracture, 
making the investigation of these changes, as revealed 
in the damping properties, an important factor in fatigue 
research. .
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2.4.1 Cyclic Softening. Cyclic softening 

of .cold--worked metals is revealed fey a decrease in stress 
necessary to produce a given strain in strain-controlled 
cyclic tests or an increase in strain for a given stress 
in stress-controlled tests. The way in which a material 
cyclicly softens depends mainly on the extent of initial 
deformation, the magnitude of the cyclic stress or strain 
limits, and the number of cycles imposed. Observation of 
changes which occur in hysteresis loop size and shape has 
been fruitful in studying this phenomenon. Coffin (1967) 
has reviewed some of the work in this area.

2.4.1.1 Observations. Numerous observers 
have examined the behavior of cold-worked metals under 
cyclic stress employing various methods. Hysteresis loops 
recorded during cyclic softening of prestrained aluminum 
were closely examined by Raymond and Coffin (1963).
Snowden (1963) recorded hysteresis loops and examined 
dislocation behavior using electron microscope techniques 
during cyclic softening,of aluminum single crystals.
Changes in secant modulus in the loops recorded by, 
Blatherwick and Lazan (1956) for prestrained steel and 
aluminum depict softening as a result of cycling.

Changes in plastic-^strain limits for copper, 
nickel and aluminum cold-worked by stretching ten, twenty,
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and thirty per cent after annealing showed that there 
was-a slight initial hardening in these metals before 
cyclic softening began (Wood and Segall, 1958). Coffin 
and Tavernelli (1959) noted that unstrained precipitation- 
hardened aluminum alloys softened slightly during cyclic 
testing. By examining the. static stress-strain curves of 
several cold-worked metals before and after cycling,
. Polakowski and Palchoudhurl. (1954). observed a decrease 
in yield strength after cycling. Broom and Ham (1957) 
noted a reduction in yield strength in tensile tests 
after cycling polycrystalline copper, and X-ray studies 
showed a reduction in gross lattice distortion.

'. 2.4.1.2 Proposed Mechanisms. Generally, 
cyclic softening can be explained by dislocation theory 
as summarized by Dugdale (1959) for cyclic stress. During 
unidirectional straining,, dislocation groups tend to .- 
become locked together, exerting forces on one another . 
which impede, their motion. Although these groups both 
form and disperse during unidirectional straining, the 
tendency is for an excess number to be formed, resulting 
in the continual rise in the streSs-strain curve. Thus, 
in a unidirectionally cold-worked material, a number of 
locked groups of dislocations exist.
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Reversed straining of a cold-worked metal exposes 

the.dislocation groups formed during initial cold-working - 
to a disruptive force which tends to disperse the groups> 
resulting in softening.. As cycling is■continued, the 
tendency for groups to disperse continues until a steady- 
state condition is reached at which time no more soften
ing occurs. In most materials the steady-state value 
attained is not quite the same as for the annealed mate
rial, however, since some of the dislocation groups are 
very stable and can only be dispersed by thermal means. 
Coffin (1954) has pointed out an analogy between this 
type of mechanism and the shifting and settling of gravel 
to its lowest energy position in a container by vibration 
of the container.

Several X-ray studies have shown a decrease in 
breadth of back-reflection rings, similar to the adjust-■ 
ment in thermal recovery, which have been attributed to ■ • 
reduction of internal stresses during cycling. Observa
tions of this type support the dislocation theory of 
softening (Wood and Segall, 1957)• '

Apparent softening and opening of the hysteresis 
loop of annealed mild steel during the first million 
cycles at stresses below the initial yield point have \ 
been attributed to the Cottrell mechanism involving
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dislocations, breaking away from their pinning atmospheres 
of solute atoms for the first time". Thermal treatment at 
low temperature', promoting diffusion to dislocation sites, 
causes the. loops to close, indicating that dislocations 
have again become pinned (Dugdale, 1959). Other mechanisms 
may be operative in softening phenomena, but their exact 
role is not well defined.

2.4.2 Cyclic Hardening. Manifestation of 
cyclic hardening exists in the increased stress necessary 
to attain a given strain in strain-controlled cycling 
and the reduction of strain for a given stress in stress- 
controlled cycling. Most annealed metals cyclicly harden 
at a rate which increases during early cycles and subse
quently decreases, indicating that plastic strain in -. 
cyclic deformation may be nonhardening.

. 2.4.2.1 Observations. Several direct meth
ods, have been used to observe hardening during cycling. • .
Coffin and Tavernelli . (1959) noted the increase in stress 
■range for strain-controlled tests on annealed steel was 
considerable, while little change was observed for pre
cipitation-hardened aluminum alloys. Reduction in loop 
width as a measure of hardening in stress-controlled tests 
has been used by Thompson, Coogan, and Rider (1956) and
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Charsley and Thompson (1958). In the work of the latter, 
the. orientation dependence of hardening in single crystals 
of aluminum was- studied and the change in appearance of 
the hysteresis loop was correlated with the appearance 
of slip hands.

X-ray methods have been used extensively to deter
mine the extent of crystal, disturbance in cycled metals.
In.studying several metals by X-ray and metallographic 
methods. Wood and Segall (1957) noted that localized slip 
bands were intensified during cycling. Also using X-ray 
and metallographic methods, Paterson (1955) compared the 
structure formed in unidirectional testing with that of 
cyclic testing. In an extensive X-ray study. Wood (1953) 
noted that alternating cycles of. small strain amplitude 
did not extend, but locally intensified the crystal dis
turbances.

Examination,of"cyclicly deformed metals using the - 
electron microscope has recently, contributed to the know-. 
ledge of the role dislocations play in cyclic hardening. 
Snowden (1963) observed"dislocation tangles in the first, 
few hardening cycles of controlled strain of aluminum . 
single crystals. After application of one-hundred cycles 
or more, tangles were spread out in zones parallel to 
the glide plane with few dislocations between, the zones.
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Holden (ig63), using a large plastic-strain range, ob
served large sub-grain structures with heavily jogged 
dislocations within the sub-grains when selected pairs 
of slip systems were operating, in cyclicly deformed 
aluminum single crystals„ .

2.4.2.2 Proposed Mechanisms. A mechanism1 
proposed by Holden (1963) for hardening when large ranges 
of plastic strain are applied explains the hardening at 
the beginning of cycling followed by decreased hardening 
and subsequent lack of hardening over most of the fatigue 
life. Formation of sub-grain boundaries is associated 
with initial hardening. During most of the fatigue life, 
when cycling is non-hardening, dislocation motion is 
confined within the sub-grains, resulting in minimal dis
location interactions in subsequent cycling..

Other mechanisms involving dislocation motion 
have been proposed which are similar to the above mechanism 
in that initial hardening is a result of initial gross 
dislocation interaction, followed by a steady-state condi
tion during which dislocation motion and interaction is 
more limited (Coffin, 1954; Kimsley and Paterson, i960; 
Snowden, 1963). Wood and Segall (1957) attribute initial 
hardening, to the resistance to slip as in static deforma
tion and subsequent non-hardening to the intensification
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of, rather than creation of slip bands upon further 
stress reversals. .

, 2 . 4 . 3  Precipitation Effects. Cyclic strain
ing of alloys which age harden can speed the processes 
of precipitation.' Small plastic-strain vibrations im
posed on a precipitation-hardening aluminum-copper alloy 
have been noted to accelerate the process of natural 
aging (Hanstock, 1948). Hanstock (]_955), in a study of 
two precipitation-hardening alloys, noted that the effects 
on damping capacity of alternating strains within the 
fatigue range were similar to those produced by over
aging. The rise in damping just before failure in the 
low-strain range was not attributed to crack growth, but 
to precipitation phenomena. It was noted that localized 
bands of low-strength precipitate produced by cyclic" 
stressing were regions in which fatigue cracks first 
formed.

2.4.4 Low-Cycle Fatigue Failure. The problem 
of low-cycle fatigue, with failure occurring in less than 
50,000 cycles has received attention recently with empha
sis being placed on plastic-strain range or energy dissi
pated during cycling as the criterion for fatigue failure. 
Hysteresis loops are of much more significance than is
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the plot of stress versus number of cycles to failure in 
low-cycle fatigue studies (Denham and Ford, 1961). A 
review of low-cycle fatigue by Denham (1958) gives many 
references to work done in this range of fatigue life.
Many references cited under other topics in this paper 
deal with low-cycle fatigue behavior as well as other 
related phenomena and will not be repeated here. •

In a recent paper by Morrow (1965a), fatigue, 
life, plastic-strain energy per cycle, and total plastic- 
strain energy are quantitatively related. . Dased on 
plastic-strain energy, a set of six empirical fatigue 
properties is proposed to furnish a description of fa
tigue resistance. Hysteresis loop changes during 
cycling are studied and quantitative relations derived. 
Halford (1966) compiled data from 36 previous investi
gations of various materials in a study of energy re
quired for fatigue.

2.5 ' Descriptions of Loop Size and Shape

Changes in hysteresis loop size and shape as a 
function of the testing and material variables and as a 
result of mechanisms operative during cycling offer an 
interesting and valuable way of viewing the cyclic behav
ior of materials. The monatonic stress-strain curve is
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not sufficient to predict mechanical behavior during 
cyclic loading. In addition, hysteresis loops.are free 
of discontinuities and other geometric irregularities 

. which are often present in monatonic stress-strain curves, 
making them more amenable to mathematical analysis. Some 
simple mathematical and mechanical models have been pro
posed which can be used to simulate cyclic behavior.

■2.5.1 Changes Occurring. Relatively few in
vestigations have been concerned with examination of the 
detailed characteristics of the changes occurring in the 
hysteresis loop during cycling (Raymond and Coffin, 1963). 
Most investigators have measured stress or strain range, 
dynamic modulus, or loop area, but have not considered 
the loop shape.

Investigations of the .Bauschinger effect have 
required close examination of the difference between ten
sion and compression half-cycles in the early stages of. 
cycling.. The Bauschinger effect appears as a lowering in 
stress necessary-to cause yielding in the direction of 
reverse loading. Stresses acting on dislocation "pile-ups" 
lower the external stress necessary to reverse the direction 
of dislocation motion, the result being a lowering of yield 
stress in reverse loading. Buckley and Entwistle (1956)
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have related the Bauschlnger effect to the degree of 
prestrain. -

Other investigators not explicitly concerned 
with the Bauschlnger effect have noted interesting changes 
in loop shape. A close examination by Raymond and Coffin 
(1963) of the changes occurring in the hysteresis loop 
vividly portrays the antisymmetry of the loops during the 
first few cycles of reversed stress after an abrupt change 
in strain limits. In this investigation a comparison was 
made.between the tension and compression half-cycles for 
the first ten cycles, showing the reduction of antisymmetry 
as the number of cycles is increased and a steady-state 
condition is approached. . .

In cyclic straining of copper and aluminum single 
crystals, Wadsworth (1963) found, after a few cycles, an 
asymmetry in the hysteresis loop in which the compressive. 
stress necessary to produce a given strain was about five 
per cent higher than the tensile stress to produce the 
same absolute strain. This was attributed to buckling 
in the axial tensidn-compression tests. Thompson, Coogan, 
and Rider (1956) observed a curvature in the hysteresis 
loop immediately after unloading of cycled aluminum 
single crystals. The slight, anomaly observed in the 
loop shape was attributed to continued creep in the
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previously loaded direction which was confirmed by stopping 
the unloading and observing the ensuing creep.

2.5.2 Mathematical Representation. Mathemati
cal relationships developed to describe hysteresis loops 
as functions of stress and strain have been empirical in 
nature and, as a result, lack physical meaning essential 
to their usefulness (Wirt, 1965). This reference is to 
equations such as those used by Halford and Morrow (1962), 
Tuler and Morrow (1963);, and Halford (1966) to describe 
the outer trace of the hysteresis loop. A log-log plot 
of the stress-strain points in the plastic-strain region, 
of the hysteresis loop gives a straight-line relationship 
for which an equation is easily derived. The equation 
consists of the sum of a linear elastic stress-strain 
relation and a non-linear power-function plastic stress- ■ 
strain relation when stress and plastic strain are meas
ured from the tip of the loop. Using this method of 
analysis, separate equations are necessary to describe 
the tension and compression parts of the loop.

In,an attempt to overcome some of the failures 
of past equations to adequately describe the shape of 
the hysteresis loop, Wirt (1965) proposed the application 
of the method of rheological epicycles to hysteresis loop 
analysis. The rheological epicycle method is described
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in Section III and is used in the data analysis of this 
presentation. ■ ..

2.5.3 - Proposed Models. Mechanical models 
have been used successfully to describe behavior of some 
materials. Models consisting of springs and viscous 
elements (dashpots) have been used quite successfully 
in depicting behavior of polymers. While models repre
senting metal behavior become more complex and generally 
require the use of numerous slip (friction), spring, 
and viscous elements, several workable models have been 
proposed.

Attempting to develop a model which would simu
late hysteresis behavior in metals, Whiteman (1959) 
postulated a mechanical arrangement consisting of several 
similar slip-spring elements in parallel. Each of these 
units, consisted of a force acting through a linear spring 
on an adjustable friction element which moved only when 
the applied force was above a designated value. By chang
ing the values of the adjustable friction which resulted ■ 
in motion of some of the friction elements while others 
remained fixed, a frequency distribution of "yield points" 
as a function of strain was obtained. By postulating a 
given program.for the frequency distribution during'
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cycling, it was shown that changes in hysteresis loop 
shape and size were similar to those occurring in real 
materials6

In a model developed by Stulen (1962)., similar 
in some respects to the one of Whiteman, qualitative 
and quantitative duplication of yielding, stress-strain 
relation, permanent set, damping, Bauschinger effect, 
strain hardening, cyclic stress sensitivity limit, creep, / 
and stress relaxation were evident. The model consisted 
of a series of combinations' of friction, viscous and 
spring elements. At room temperature and at high-stress 
levels the viscous elements were locked and the model 
acted as a group of parallel spring-friction elements in 
series with linear springs. At higher temperatures and 
lower stress amplitudes the viscous elements became 
operative, simulating anelastic behavior. Analog computer 
analysis of the behavior of the model was conducted and 
equations, describing damping were derived which correlated 
well with the behavior of real materials.



III. THEORETICAL'BACKGROUND OF THE 
ANALYTICAL METHOD

3.1 : Introduction

Hysteresis loop representation using the method 
of Theological epicycles has been proposed by Wirt (1965). 
In the epicycle method, the superposition of simple cir
cular motions is used to describe the trace of a hystere
sis loop. Tashio Yamamoto of Nagoya University, Japan 
originally applied this method in the study of anomalous• 
shaft motions, which enabled simple representation of.: 
these complex motions (Spears, 1964). Mechanical.stress- 
strain hysteresis loops, generally in the form of ellipses 
or double-pointed loops,, are similar :to the simplest forms 
of shaft motion and Should be amenable to similar treat
ment.

The treatment in this section,; which follows 
closely that of Wirt, shows essentially that the loci 
of tips .of rotating vectors can be used to define a 
hysteresis loop. Terms which define the rotating vectors 
depict the size and shape of the loop, thus representing 
the variation of loop.configuration with input level,
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stress history and other variables. Only the terms 
which are essential to the data analysis used in this 
investigation are defined and discussed in this section. 
Polar mathematics and complex algebra used in this formu
lation will not be reviewed here since these topics are 
surveyed by Wirt (1965) and treated in many mathematics 
texts.

3. 2 Complex Notation

Hysteresis loops can be conveniently represented 
using two-dimensional vectors in the complex stress- 
strain plane and complex-number algebra. In this method 
of describing hysteresis loops, the loci of tips of 
vectors in the complex plane represent the form of the 
loop. A point Z 1 in the complex stress-strain plane can 
be defined as follows:

Z« = £' + i (T 1 .

This is shown in Pig. 2.
Since stress and strain do not have the same 

physical units, the units of vectors which are not 
parallel to either coordinate axis will not be consistent 
However, normalization of the axes eliminates this



Fig. 2. Arbitrary Hysteresis Loop

i<r

Fig. 3. Components of R
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difficulty. Since strain is dimensionless, the obvious 
solution would be to normalize stress to a dimensionless 
quantity. This can be done in several ways but in this 
presentation dividing the stress by Young's modulus for 
the material under consideration will suffice for nor
malization. After normalization, the primes can be 
dropped and a point in the complex plane is defined as

z = q + icr.

With stress and strain defined in this way in the complex 
plane it is possible to use complex-number algebra and 
vectors to describe the stress-strain hysteresis loop.

3.3 Rheologlcal Theorem and Proof

The following theorem with its informal proof 
defines most of the terms and equations used in this 
presentation and method of analysis.

Theorem: Any closed stress-strain hysteresis
loop in the complex stress-strain plane may be repre
sented by the locus of the tip of a moving vector H, 
where



46
n-oo

H = ("R in©
n 4- ne"ing)

n=0

n = 1,2,3,...  (3-1)

h  „ - V x 9 n -

9 = to>fc V) - 27rf t = time

R  n> n and n are real, arbitrary constants
and f is the frequency of the periodic traverse of the 
locus. Figure 2 shows an arbitrary hysteresis loop in 
the complex plane defined by the rotating vector H.

The above theorem states that any physically 
realizable closed hysteresis loop can be expressed as 
the sum of a series of n paired counterrotating vectors.
In the equation defining H, the first term in the summa
tion defines a vector R n rotating in a positive direction 
(counterclockwise) with time since n is positive, and the 
second term defines a vector Q  n rotating in the negative 
direction (clockwise). ^  is a Russian letter pronounced
"ya" and is used because its form, a backward R, suggests 
rotation in a backward or negative direction. The terms



R n, fln, odLn, and /% n are constants which define the
fchlength and initial position of the n vector as shown 

in Figs. 3 and 4. is the sum of R ^ and A ̂  as shown
in Fig. 5. Summing the Hn vectors to form the rotating 
vector, H, gives the desired hysteresis loop. Terms 
which define the rotating vectors which form the hystere
sis loop for materials should, then, be functions of the 
material and test variables which affect the size and 
shape of the hysteresis loop.

Proof: Since H is a vector in the complex stress
strain plane it can be represented as

H = 6  + i 0" .

In general, H will be of variable length and will rotate 
with variable angular velocity. From the periodic nature 
of H it is required that £. and CT be periodic functions, 
thus

£  = F^Q) and i Q" = iFg(8)

These functions can be written in the form of Fourier 
series as follows:
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Fig, 4 Components of n

icr

Fig. 5. Components of Hn
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(L (9) = S  6  ncos(n9 + V  n) (3-2)
n-0

oo

= 1iCT"(e) = > iO- nsin(n9 + (3-3)
n=0

Derivation of this form from the general form of Fourier 
series is given in Appendix 1. Using the exponential 
definitions of circular functions, the cosine and sine 
terms in Equations 3-2 and 3-3 can be written as

cos( n© + MJn) = 1 [e1^ 9 + + e'1^ 9 + ̂
(3-4)

isin(n© + | fe1^ 9 + ^  - e'1^ 9 +
(3-5)

From Equations 3-2 and 3-4, the nfch strain term will have
the form

G  n(6) = — 2-  e K "9 + ̂ n )

+ ^ e-i(n© + V n) (3-6)
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and from Equations 3-3 and 3-5, the n^h stress term will 
have the form

1 <T" n(e) = e1^ 6 + I V

^  n ^-i(n9 + 0n) (3-7)
^ e

Combining positive and negative exponential terms from 
Equations (3-6) and (3-7), by addition, to define posi
tive and negative rotating vectors, the following equa
tions are obtained:

R  n eln6 = e1^ 6 + V'Jn)

ei(nO + (2Tn) (3-8)

^  n e -in0 = e -i(n9 +

0 ” n e-i(n0 + 0fn) (3-9)

where R n ein0 is a counterclockwise (positive) rotating 
vector and 9« n e"in9 is a clockwise (negative) rotating 
vector.



Having defined the vector H as
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H = fe (G) + i CT (9),

it can now be expressed as the summation over n of two 
counterrotating vectors. Since the sum of (3-6) and 
(3-7) equals the sum of (3-8) and (3-9) 

oo
H =

n=0
The initial condition being 0 = 0 ,  the stationary vectors 
take the forms

= V R n eine + q n e-in0 . (3-10)

R n  = R n e1C/'n = e1 V  n

cr - e ^ n  (3-11)

n

n (3-12)

where V  n and pn are the phase angles from the strain and 
stress Fourier series, respectively. Derivation of eC n 
and jQ n as functions of the Fourier series terms is given 
in Appendix 2.
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3.4 Epicycle Characteristics

Any preload will be represented by the nonrotating 
zero-order vectors represented by

So = + = K o elC- °  + o  el/S °

It is shown in Appendix 3, from the definitions of R , 
oC. , and » that

Ro = and

hence,

P - c '1" 0 - S o  ^  ° •

The zero-order vectors serve only to shift the center of 
the coordinate axes and, when considering hysteresis 
loops symmetric about the zero of the stress and strain 
axes, they can be disregarded. No preload is considered 
in the remainder of this presentation.

R  and C\ vectors of the nth order rotate with a 
given angular frequency and the sum of the positive and 
negative rotating vectors describes the nth order H 
vector.



— 4-  VaThe path of the tip of describes the n ellipse. In
general, nonlinear hysteresis loops can be resolved into 
a sum of N elliptical hysteresis loops with

N

stress component in the equations for the counterrotating 
vectors. Equations (3-11) and (3-12), must lead the 
strain component. That is, stress must attain the verti
cal before strain reaches the horizontal as rotation 
occurs. With reference to Pig. 3, it can be seen that 
this will occur for the components of R  n only if the 
angle between the components is greater than tt/2.

is to attain the vertical before the strain reaches the 
horizontal, the angle between the components must be less 
than tt/2, thus

(3-14)
n=0

If energy is dissipated in the n^h cycle, the

(3-15)

For 9 , referring to Fig. 4, if the stress component
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(tt - pfn) + = ^ (3-16)

§ 4- ^  ^

also,

A fln = A R n = ^ n • (3-1-7)

£ n Is the phase angle by which stress leads strain for 
the nth ellipse.

It is evident that the angle between the compo
nents of the Cl n vector will always be acute and the angle 
between the components of the R n vector will always be 
obtuse if energy is dissipated in the nth term. The re
sult of the condition for dissipated energy is that

« „  < « „

The tips of the rotating vectors, U n ein0 and 
9 n e"^nQ, each sweep out an epicycle (circle) at constant 
angular velocity. When these vectors are added during the 
cycle to give Hn,
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g == R + Qn n n

the vector sweeps out an ellipse. The semimajor axis 
of the ellipse is R n + C\n and the semiminor axis is 
fln - R n if energy is dissipated in the nth ellipse. A 
hypothetical case is shown in Fig. 6 .

At the time in the rotation of the component R  
and £1 vectors when they attain the same direction, their 
arguments will be equal.

ei(n9 + oC n) = e-i(ne - /3 n) 

e2n0 = e /̂ n ~

n0 = ~ ^  P = n w t

It can be seen from Fig. 7 that rotation through -9 will 
bring U  and Cl together.

From Fig. 7 it is evident that the angle of 
inclination of the principal axis is the average of the 
angles n and ^3 n.

+ /£
Axis = -----%----- (3-18)
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Fig. 6. Ellipse Area and Axes

iCT

thFig. 7. Angle of Inclination of the n Ellipse
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Special cases of ellipses exist when R  n and £1 n 

have certain values. When R n = 0 or A n = 0 the vector 
Hn sweeps out a circle. R n = n a straight line is
formed.

3.5 Energy Considerations

If energy put into a system by a driving source 
is associated with a clockwise rotation on the stress- 
strain plane and flow of energy out of the system is 
associated with a counterclockwise rotation, in the 
usual sense, the rotation of the R n and n vectors can 
be associated with energy flow. It is possible to asso
ciate the area swept by the clockwise rotation of the $ n 
vector as energy put into the system in the nth cycle. 
Correspondingly, the counterclockwise rotation of the R n 
vector can be associated with energy flowing out of the 
system. The difference between the areas swept by these 
two vectors would then be associated with the energy 
dissipated in the system.

Knowing the semimajor and semiminor axes of the 
nth ellipse, the area of the ellipse can be determined. 
These axes are £1 n + R n (semimajor) and (I n - R n (semi
minor) and, since the area of an ellipse is tt times the 
product of the semi-axes, the area is
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An = ’’'(Rn2 “ R n2) (3-19)

This is simply the difference in area of the circles 
generated by the £1 n and R n vectors as shown in Fig. 6.

As further proof of the validity of the assumption 
that the energy absorbed is dissipated only by the inter
action of the n^ 1 terms, it can be shown using the funda
mental properties of orthogonal functions, that energy 
can be dissipated only by the interaction of harmonic com
ponents common to both the stress and strain axes. Energy 
loss per cycle is given by the closed integral

When stress and strain are expressed in the Fourier 
series form as in Equations (3-2) and (3-3), the integral 
is

00

CT d G = ^  £crnsin(n9 + ^n )j £ - m 6 msin(mQ + ^
m=0
n=0



The integral of the summation shows that the only nonzero 
terms are the terms in which m = n; thus, the energy 
dissipated, represented as the area, can be determined 
using R n and as in Equation (3-19) ♦



IV. OBJECTIVES

Primarily, this investigation was undertaken 
to apply the rheological epicycle method of analysis to 
stress-strain hysteresis loops obtained from engineering 
materials. To make this application it was necessary. 
to determine the most satisfactory means for obtaining 
the stress-time and strain-time relations by cyclic 
tension-compression testing and to obtain these rela
tions. It was then necessary to develop digital computer 
programs to -analyze the functions obtained and compute 
the necessary epicycle terms. The final objective was 
to analyze the resulting epicycle parameters by graphical 
means and to determine their variation with changes in - 
hysteresis loop form.

60



V. EXPERIMENTAL TECHNIQUE AND PROCEDURE

5.1 Testing; Equipment

Equipment used in axial tension-compression tests 
requires some refinement over that used in simple tension 
tests. . Test samples must be gripped in a way such that 
hon-axial loads are minimized, gripping distortion is 
eliminated, and slack at stress reversal is avoided so . 
smooth curves for strain Versus time can be obtained.
An Instron TT-C-L. testing machine, shown in Fig. 8, was 
used in this investigation to apply the cyclic loads.
This machine is equipped with load-cycling controls and 
the reverse-stress modification.

5.1.1 Gripping and Alignment. Most of the 
problems of gripping were eliminated by using a molten- 
metal grip suggested by Morrow (1967), and similar to the 
one used in other Investigations (Morrow and Tuler, 1965). 
Gripping and alignment were accomplished in the following 
way. The base grip, shown in Fig. 9 and to the right of 
the specimen in Fig. 10, was attached to the movable 
crosshead of the testing machine. Then the specimen.

6.1
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Pig. 8. General View of Equipment

Fig. 9. Grips and Specimen in Machine



Pig. 10. Exploded View of Grips



'with'grooved cylindrical base attached and locknut.. 
tightened, .'was aligned- and attached to the load cell.

Satisfactory sample alignment was attained by 
balanced tightening of the six bolts around the collar 
holding the specimen to the upper (load-cell) grip. 
Although another method of alignment was explored, in 
which run-out of the mounted sample between fixed, ends 
was minimized, balanced tightening of the gripping collar 
against the; flat end of the specimen was found to-be the 
most satisfactory method.

After alignment, the base cup was attached to the 
cylindrical base of the specimen. Heating coils around 
the base cup were used to melt a lead-bismuth alloy (melt 
ing point = 1580F) in the base cup. Upon raising the 
crosshead, the molten metal was forced out of the heated 
cup by the cylindrical base attached to the specimen.
Just before the overflow point.was reached, crosshead 
motion was stopped and the metal was allowed to solidify. 
Cooling rate was increased by water circulating through 
the inner cup of the base grip. The arrangement", ready 
for operation, is shown in Fig. 9.

5.1.2 Load and Strain Measurement. Load meas 
urement was obtained using an Instron Type F load cell. ...
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A Dayfcronic Model 3000 transducer amplifier Indicator 
with a Type 80 strain-gage plug-in unit was used in con
junction with the load cell, calibration being made by 
hanging weights from the load cell grip. Load, in all 
cases, was measured in this way; however, several tech
niques were used for measuring and recording strain.
Final strain measurements employed SR-4 strain gages 
attached directly to the sample.

5*1.2.I Preliminary Investigations. Ini
tially, strain measurement using a strain-gage extenso- 
meter attached to the specimen by spring-loaded clips was 
attempted. The hysteresis loops obtained when this 
method of strain indication was used were abnormal in 
that they revealed .gross strain lags.at stress reversal 
even for very low stress. Further investigation revealed 
that looseness in the clip gage accounted for the un- 
realisitc strain readings. Use of strain gages attached 
directly to the sample eliminated the problem.

Another apparent difficulty arose upon examina
tion of the curves of strain versus time. Since the 
screws driving the crosshead turn at a constant speed, 
the crosshead motion is constant; thus, the strain rate 
is constant. From this reasoning, the relation for 
strain versus time between load reversals should consist
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of straight lines as shown in Fig.. 11. Examination of 
the strain-time relation in the plastic flow range, 
however, showed an increase in strain rate during initial 
plastic deformation (in the nonlinear stress-strain re
gion) followed by a constant strain- rate relation in the 
subsequent plastic flow region (Fig. 12). This nonlinear
ity occurred for samples loaded in tension only and also 
for those loaded in tension and compression. '

Strain measurements from various points on the 
gripping apparatus and crosshead which were taken using 
a Daytronic Model.103 C LVDT (linear-variable-differential- 
transformer) ..strain transducer, revealed the probable 
cause of the nonlinearity. These strain readings showed 
nonlinear regions similar to those in strain readings 
from the test bar and the nonlinearities became more evi
dent as readings were taken at positions closer to the 
sample. - .

Although the crosshead speed was constant, the 
elastic strain in the test system, including the cross- 
.head, grips, and load cell, accounts for the change in 
strain rate at higher loads in the plastic region. . During 
elastic straining of the test sample the test system 
undergoes elastic straining in proportion to the load 
applied. Upon straining of the test bar in the
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cr

Fig. 11. Idealized Stress and Strain Versus Time Relations

6

Fig. 12. Real Strain-Time Relation
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plasfcic-fIovj region, the rate of increase in load is 
much less than it is in the elastic region. Since the 
strain in the system is still proportional to the load, 
it does not increase as rapidly as during elastic speci
men straining and the entire crosshead motion results 
in straining of the test bar.

Since the nonlinearity was attributed to a system 
characteristic rather than the characteristics of the 
test sample and the measured strain-versus-time curve 
was used in the analysis rather than the idealized uni
form triangle form, the apparent difficulty was not a 
serious problem in this analysis. Data analysis would 
have been greatly simplified, however, if the idealized 
strain-time relationship could have been attained by 
controlling crosshead motion using a programmed servo 
control.

5.1.2.2 Microplastic Strain Measurements. 
Although no data suitable for analysis were obtained in 
measurements of microplastic strain, the techniques in
volved in generating stress-inelastic strain hysteresis 
loops, in which inelastic strains as small as 5/** "/" 
could be resolved, were investigated. Techniques for 
measuring micro-strains have been reviewed by Carnahan
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(1964). The method used in this investigation for meas
uring micro-plastic strain is similar to the one reported 
by Morrow, Halford, and Wetzel (1965). Subtraction of 
the elastic strain from the total strain was obtained by 
connecting the negative output from the load-cell ampli
fier to both the negative input of the Y axis and the 
positive input of the X axis of the X-Y recorder. The 
positive output of the strain amplifier was connected to 
the negative input of the strain axis and all other ter
minals were grounded.

All methods of microplastic strain measurement 
involve mechanical or electrical subtraction of the 
elastic strain from the total strain. Since elastic 
strain usually accounts for most of the strain in hys
teresis loop studies considering small inelastic strains, 
subtracting out elastic strain can impart increased 
sensitivity to plastic strain measurements. Figure 13 
portrays the relationships for idealized total and 
plastic-strzln hysteresis loops.

Curves for load versus plastic-strain obtained 
in this investigation, in which one inch of chart equaled 
lOOyU. "/" of plastic strain, showed slight abnormalities 
and, consequently, were not analyzed. Deviation from 
expected behavior in the form of abnormal curvature in
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Fig. 13. Idealized Hysteresis Loops:. Stress Versus Total 
Strain fA), Plastic Strain (B), Amplified Plastic 
Strain (C

VOLTAGE
DIVIDER

STRIP-CHART 
RECORDER

STRAIN
GAGES

TRANSDUCER
AMPLIFIER

TRANSDUCER
AMPLIFIER

LOAD
CELL X-Y

RECORDER

Fig, 14. Schematic of Test System
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the unloading portion of the loop could have been a 
result of slight, bending in the samples which would be 
greatly magnified at the high sensitivity used6

5,1.2.3 ■ Experimental Methods. Load-strain 
hysteresis loops and strain-time plots were obtained using 
the arrangement shown schematically in Fig. 14. Strain 
indication was obtained from two SR--4 strain gages attached 
directly to the specimen. Positioning of the gages dia
metrically opposite was essential to minimize indication 
of bending effects. Two dummy gages attached to samples 
of the same metal as the test bar were incorporated for 
temperature compensation. Figure 15 shows the arrange- . 
menf of the.gages in the four-arm Wheatstone bridge cir
cuit.

Use of the voltage divider to reduce the voltage 
output of the strain-gage amplifier was necessary. Suit
able voltage" zero and magnitude for input to the Leeds 
and Northrup strip-chart recorder in the Instron test 
machine were obtained by adjusting the "scope adjust" 
and variable precision resistor in the voltage divider, 
circuit (Fig. 16). Plots of strain versus time were 
recorded on the strip-chart recorder. Load versus strain 
was plotted on the Houston Instruments.X-Y recorder. To



Fig. .15.. Strain Gage Wheatstone Bridge Circuit
and R̂ . - Temperature-compensating gages 

Rg and R^ - Active, gages
J2 - Connector to Daytronic type 80 plug-in unit 

A and C - Power supply 
B and D - Amplifier input 
E - Shield

Fig. 16. Input to Strain-Time Recorder
A - Negative input terminal of Leeds and Northrup 

recorder
B - Positive input terminal of Leeds and Northrup 

recorder
C - Shield ' .
R^ - Precision decade resistance 
Rg - 0.5 megohm resistor
D - "Scope output" from strain-gage amplifier unit
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J2

Pig. 15. Strain Gage Wheatstone Bridge Circuit
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Pig. 16. Input to Strain-Time Recorder



allow recording of strain on the Leeds and Northrup 
. recorder, tension was indicated as meter movement, to 
'.the left.

5.2 Materials and Specimens

Since the purpose of this investigation was to 
examine the. application of a method of analysis rather 
than to observe specific material properties, the choice 
of materials and their exact chemical compositions was 
not of major importance. To obtain high damping at 
relatively low strain, SAE 1017 steel and overaged 2024 
aluminum alloy were used. 2024-T4 aluminum alloy was 
also tested. Nominal chemical compositions and mechani
cal properties of. these materials are given in Table. 1. 
Tensile test data from some of the test bars are given 
in Fig. 17.

Test samples were machined from l/2-in. diameter 
rod stock to the configuration shown in Fig. 18. Treat
ment of each sample before cyclic testing is given in 
Table 1.

5.3 Testing Procedure

Two forms of cyclic testing were incorporated in 
the test program. Step cycling, in which strain limits



TABLE 1. SPECIMEN PROPERTIES

Typical Mechanical' 
Properties Treatment

Specimen 
Designa

tion ■
Material Nominal

Composition
Modulus 
of Elas. 
(psi)

Yield
Strength
(psi)

Fatigue
Strength
(psiX

Before 
Testing .

. A
2024-0
Aluminum

Cu-4.50 ' ..v
Mn-0,6^: 
Mg-1.5^ ' 

+ .

A1 and 
normal • 
impurities

10.6xl06 18,500
(0.02$
offset)

*13,000 ■ 
(5xlOOcy)

Annealed for 
100 min. at ■ 
38Q°C

D 10.6xl06 25,500
(0.02$
offset)

*13,000
(5xlOticy)

Annealed for 
100 min. at ' 
380°C. Strained 
5.0$ in tension

: b 2024-T4
Aluminum

10.6xl06 48,500
(0.02$
offset)

*20,000
(5xl0°cy)

Tested in -T4 • 
condition as 
machined

C SAE 1017
Steel
(hot
rolled)'

''rC-0« 17$ Mn-0,45$ 
P-0,01$ 8-0.02$

28.6x106 48,500 x 36,000. 
(fatigue 
limit)

Stress-relief 
annealed at 
480° C for 100 
min.

* Alcoa Aluminum Hdbk.
+ Jones and Laughlin Steel Co, 
x . Lazan (1950)
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60.0 -

A - 2024-0 Aluminum alloy
B - 2024-0 Aluminum alloy 

after cycling 
at 5000 yt in./in.

C - 2024-T4 Aluminum alloy 
D - 1017 Steel - as machined
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Fig. 17. Tensile Test Data



1/2 x 13 tpi
0. 25 Dia.

0.75 — (

t
0,5

Fig. 18. Test Specimen (Dimensions in Inches)
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were changed after a few cycles at a given strain, and 
constant-straln-llmlt cycling, in which strain limits 
were constant for a number of cycles, were used. ' Tension 
tests were conducted on some of the test samples.

5.3.1 Step Cycling. Figure 19 indicates the 
values, of the strain limits in step-cycling tests on 
samples A, B, and C, tension and compression limits being 
the same. Tests in which strain limits were changed after 
a few cycles at constant strain limits were conducted at 
a crosshead speed of 0.005 inches per minute. This per
mitted manual crosshead reversal control at given strain 
limits by depressing the "up" or "down" controls on the 
test machine, when the strain limit, as recorded on the 
strip-chart recorder, was reached. Operation at this slow 
speed enabled the operator to accurately control, load 
reversal. Hysteresis loops were recorded after a few - 
cycles at each strain limit since stable loops were 
formed soon after cyclic limits were changed when the 
change was not large.

Initial recording of strain versus time in both 
tension and compression revealed their identical nature 
after two or three cycles at constant strain limits. 
Therefore, to simplify the data analysis, only the tension
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Fig. 19. Test Programs for Step-Cycled Samples
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half-cycle of strain was recorded for most tests. Paper
backed foil SR-4 strain gages were used on the step-cycled 
samples.

5.3.2 Constant-Strain-Limlt Cycling. Two 
samples, A and D, were cycled for a number of reversals 
between constant strain limits to show hardening (A^) and 
softening (D) occurring during cyclic loading. These 
tests were somewhat limited by the large cyclic strains 
applied to the bonded strain gages.

Strain limits for sample A^ were manually con
trolled and paper-backed gages were used, while limits 
for sample D were controlled as follows. Having strain 
as the input signal to the strip-chart recorder, the 
cycling cams and switches normally used for load cycling 
were used to control the strain limits. With these con
trolling switches operating, the crosshead speed was 
increased to 0.1 inches per minute, resulting in a cyclic 
frequency of 0.1 cycles per second when sample strain 
was 3000/-c "/". Both tension and compression cycles were 
recorded on the strip-chart recorder for sample D. During 
recording, the crosshead speed was reduced to 0.01 inches 
per minute for higher accuracy.
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Epoxy-backed strain gages are considered superior 

to paper-backed gages for cyclic testing (Wunk, 1964) and 
were used in cycling of sample D. Use of paper-backed 
gages in cyclic tests on sample A at 8 0 0 0 " / "  and sample 
C at 6 4 0 0 n/" strain resulted in erratic gage readings 
in less than twenty-five cycles at these strain limits.
The epoxy-backed gages gave better results, but the high 
cyclic strains to which the gages were subjected do not 
contribute to precision in measurement and long test 
life.

5.4 Data Processing

Experimental data were obtained in the form of 
stress-strain hysteresis loops and strain-time plots.
Since the tension and compression half-cycles were nearly 
identical, only data from the tension half-cycle were 
used in the analysis. Points were taken from the strain
time plots using equal time intervals and reading between 
sixty and one-hundred points from each half-cycle. For 
each strain value a corresponding stress value was taken 
from the hysteresis loop, thus obtaining points for 
stress versus time. Data from each hysteresis loop were 
treated separately since the form of the strain-time 
plot was different for each loop. A flow diagram showing



the sequence of steps in data, processing is given in 
Fig. 20. An IBM J0J2 computer and- Fortran, programming 
were used in the data analysis. .

Fourier coefficients for the strain-time and 
stress-time functions were generated using the method 
outlined in Appendix 4 and the program given in Appendix 
5. A program used to check the form and convergence of 
the Fourier series was developed and used in the pre
liminary investigation to examine the properties of the 
function generated by a given number of terms in the 
series. This program is presented in Appendix 6. .

Terms essential to the rheological epicycle 
method of analysis were determined by the program given 
in Appendix 7. Data input to the program consists of. 
the Fourier series'coefficients for. stress-time and 
strain-time functions and the output is in terms dis
cussed in Section III. Comments in the program, the 
treatment in Section III, and derivations in Appendices 
1 and 2 describe the operation of the program.
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WAVEFORM PROGRAM

Coefficient Check 
Program

EPICYCLE PROGRAM

Stress Input 
(Points From 
or -t Plots)

Strain Input 
(Points From 
G -t Plots)

Generate Fourier 
Coefficients,

Generate Fourier 
Coefficients,

Calculate other epicycle terms 
Prom etn, /->n> R  n  a n d  ft n

Calculate t>n and 
From C_ and D

Calculate a^ and Y 
From A_ and 33

Calculate ĉ n, $  n> H n and 
From an, Y  n, bn, and JZf

Fig. 20. Analysis Flow Chart



VI. RESULTS AND DISCUSSION 

6.1 Individual Loops

One of the primary objectives of this investiga
tion was to determine the number and relative value of 
terms necessary to approximate a hysteresis loop for a 
real material. To determine the ability of the epicycle 
method to describe a hysteresis loop, the individual 
parameters, n, ̂ n, R n, and A n, and combinations of 
these terms in the form of the angle of inclination of 
each component ellipse and the loop area, were calculated 
as described in Section III. Use of these terms in an 
analog computer simulation to generate the original 
hysteresis loop from the component ellipses described 
by these parameters, and manual measurement of loop 
areas, confirms the application of the epicycle method.

6.1.1 Epicycle Terms. Values of the various 
epicycle terms generated in the digital computer program 
from some of the hysteresis loop data are given in Appen
dix 8. General trends of the resulting data can be seen 
from this table and will be described with reference to 

the table.
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For all loops analyzed the frequency factor, n, 

takes on only odd values for each component ellipse since 
stress and strain are odd functions. Values to n = 15 
were used in the computations; however, the significance 
of the terms for n greater than seven or nine is limited 
by the accuracy of obtaining points from the experimentally 
obtained loops. When compared with terms for lower values 
of n, the terms associated with area for higher values of 
n are negligibly small. Three significant figures were 
obtained in taking points from the experimental hysteresis 
loops and the resulting data should have the same signifi
cance.

Values for R n and R n, the terms which determine 
the size of the respective component ellipses are seen to 
decrease rapidly, the sixth term (n = 11) being less than 
one per cent of the first term in most cases. The sign 
of each term indicates the direction in which the vector 
in the initial condition (t = 0) is pointing, positive 
to the right of the vertical and negative to the left. R  
and 9t are dimensionless since the stress axis has been 
normalized to a dimensionless quantity and vector lengths 
are measurable since unit distance on the strain axis 
equals unit distance on the normalized stress axis. It 
is significant that the value of each R n vector is less
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than that for the corresponding fln vector since this 
indicates that energy is being dissipated in each n 
component ellipse as the ellipse is traversed in a clock
wise direction ( rotation is clockwise) during the 
rotation of the vectors. The relative difference between 
n and Q n will determine the shape of the component 

ellipse.
Having values in degrees, the and ẑ ?n terms 

are the initial angles for the R  n and £\n vectors, 
respectively. These angles are measured from the horizon
tal axis in the usual sense. It has been shown in Section
3.4 that the values of ̂  ̂  and /Sn define the angle of 
inclination of the n^h ellipse (Equation 3-18). Values 
computed for the axis angle are nearly the same for all n, 
meaning that each component ellipse has nearly the same 
orientation. Since the first component ellipse (n = l) 
will dominate the other terms (n > l), the tangent of the 
axis value for the n = 1 ellipse is proportional to the 
ratio of maximum stress to maximum strain for the hystere- 

- sis loop. This ratio is the material dynamic modulus for 
the given strain limits (Lazan, 1950).

The area of the n ^  ellipse determined using 
Equation (3-19) is given as AREA and the sum of the 
areas is given below the area for n = 15. The computed
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area is proportional to the specific damping energy which 
is the energy absorbed.per cubic inch per cycle. Specific . 
damping energy considering the normalization factor is 
given below the total area. It is evident that the first 
term (n = l) gives nearly ninety-nine per cent of the 
total area for all eight terms shown. While the n = 1 
term is responsible for nearly the total area, it. will 
be seen that the additional terms (n > l) are responsible 
for the fine features of loop shape including flattening 
of the sides and causing the ends to become pointed.
Since these features of the hysteresis loop are character
istic of the material and its condition, the terms which . 
define them and their variation with material and test 
variables give more information about hysteresis behavior 
than the loop area or dynamic modulus which can be described 
quite well by only one set of terms (n = 1).

6.1.2 Planimeter Measurements. As a check on 
the precision of the epicycle method in determination of 
loop areas, all hysteresis loop areas were measured with
a planimeter. It was possible to. measure loop areas

P 'accurately to 0.01 in. with' the Gelman planimeter used. 
Since the points used to generate the epicycle terms were
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accurate to 0.01 in., comparison of the areas determined 
by the two methods is feasible.

Considering all of the 35 loops analyzed, it was 
found that the average difference between measured and 
computed areas was 2.4 per cent. The range of these 
differences was from 10.8 per cent to -2.3 per cent. In 
all cases but two, the areas determined by planimeter 
measurements were greater than the computed areas. In 
only five of the loops analyzed was the difference between 
the computed and measured areas greater than five per 
cent. Most of the differences greater than two per cent 
occurred in narrow loops in which slight error in plani
meter measurement would cause large per cent difference.

6.1.3 Analog Representation. To demonstrate 
the ability of the epicycle terms to generate the hystere
sis loop from which they were obtained, an analog com
puter simulation was undertaken. Using the initial 
conditions forc^ n* /3 n> R n> and fl n for n = 1, 3, and 
5, the hysteresis loop shown by the dashed line in Fig. 21 
was approximated.

The n = 1 ellipse shown in Fig. 21 is seen to 
approximate the size of the nonlinear loop as expected, 
but there is a considerable difference in shape between



Approximated Loop

Fig. 21. Analog Computer Simulation of a Hysteresis Loop 
from Experimental Data

co03



the hysteresis loop and the ellipse. With the addition 
•of the n = 3-ellipse, the resultant.loop becomes more 
pointed and begins to flatten in the regions corresponding 
to the linear regions of the hysteresis- loop. Addition 
of the n = 5 ellipse continues to deform the simulated 
loop in the proper direction. Additional terms, although 
contributing only minor additions.to the area, would refine 
the shape of the loop until it approximated the shape of 
the original experimental hysteresis loop quite closely. 
Figure 22 shows the relative sizes of the component 
ellipses for this loop simulation.

6.2 Sets of Loops ■ .

-To portray the changes.of the. epicycle terms with 
variation in loop size and shape, the terms which were 
computed for various loops have been plotted. Epicycle 
terms for the loops obtained in the strain-controlled 
step-cycling tests are plotted as functions of maximum 
cyclic strain and those obtained from the cyclic tests, 
at constant strain limits are plotted as functions of 
number of cycles. Plots of maximum cyclic stress versus 
cyclic strain limits and specific damping energy versus 
maximum cyclic stress are also given for each set of 
loops. Evaluation of these plots, indicates the way in



4-n = 3

Fig. 22. Component Ellipses from Analog Simulation
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which. the epicycle, terms can be„used to show the char
acteristics of the hysteresis loops,

. 6.2.1 Step Cycling. The step-cycling technique 
has been described in Section 5.3.1. Hysteresis loops 
obtained in this type of cycling are, essentially, the 
same as those which would have resulted had the material 
in the initial condition of the set of tests been cycled 
at the given strain limits without intervening cycles 
(Dugdale, 1959). An example of the types of loops obtained 
for a set of step-cycled tests is given in Fig. 23.

6.2.1.1 2024-0 Aluminum Alloy (A). The .
cyclic history of sample A can be seen from Fig. 19. Por
tions of the test program of interest in this section are 

and A^ where strain limits are increased in A^ and 
decreased in..Â . Gross behavior of this sample is shown 
in Figs. 24 and 25.   .....

Observation of the tensile stress-strain curves 
for the worked and unworked metal (Fig. 18) explains the 
behavior of the curves of cyclic stress versus cyclic 
strain, in the region of the cyclic •‘■strain limits im
posed, the tensile stress-strain curve for the cold- 
worked metal is nonlinear whereas that for the undeformed



•H

400 nin./in.

Fig. 23. Sample Hysteresis Loops from Step-Cycled Tests (Sample D)
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metal is nearly linear. Cyclic straining in this region 
produces a cyclic stress-strain curve of the same form.

Plots of specific damping energy versus strain 
limits depict behavior which can also be explained by the 
tensile stress-strain curves. Using the relationship 
D = JG*m, it can be seen from Pig. 25 that m decreases 
with increasing stress for while it remains nearly 
constant for A^. It is likely that the decrease in m for 
A^ is due to strain hardening of the annealed sample while 
in Ag no strain hardening occurs since the sample has been 
previously strained above the limits being imposed. Energy 
absorbed is less in Ag since the nonlinear region of the 
stress-strain curve has changed position due to strain 
hardening. Values of m obtained for the linear regions 
in the two curves are 4.4 for A^ and 11.5 for A^.

From Fig. 26 it can be seen that the R  and R 
terms vary quite consistently with strain limits. Here 
the first subscript number refers to the n value and the 
second to the group of successive loops. Since this is 
a log-log plot, the relative changes of the terms within 
a log cycle is shown, but the importance of the R  n and 
fl n terms for n greater than one is exaggerated. From 
this standpoint it can be seen that the changes occurring 
in R  and ft as strain limits are changed are nearly the
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same for each n value for the four values of n shown.
Hence, there is not a great amount of information con
cerning the changes in hysteresis behavior which can be 
obtained from the changes in R n and $ n with increasing 
strain in this case.

Figures 27 and 28 show the variation ofo* and 
with strain limits. It can be seen that the variation of 
values for these parameters with strain limits increases 
as the order number (n) is increased and that the increase 
is fairly consistent. Since the only difference in the

_ oloops analyzed at strain limits of + 5 x 10 in./in. was 
the number of cycles at that strain limit, the difference 
in loops was not great compared with the difference at 
lower strain limits. This accounts for the nearly coinci
dent points at the right of each plot. At lower strain 
limits the difference in loops for the annealed sample 
and the cold-worked sample becomes more significant and 
the changes are portrayed in the changes in the<2  ̂and /£? 
values. This increase in difference comes from the dif
ferences between the angles in the Fourier series terms 
representing the stress and strain functions as these 
functions change.

When compared with the changes in the R n and fl n 
terms, it is seen that the o- ̂  and/Jn terms change little
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for n = 1 while the greatest change in the R n and {I n 
terms is for n = 1. For higher values of n there is a 
considerable difference between ot n and/&n terms for the 
loops obtained at the same strain limits while the dif
ference between R n and 51 n terms remains nearly the 
same. It would seem, therefore, that the n and n 
terms, in this case, are more sensitive to slight changes 
in loop shape and size than are the R n and d n terms. 
Figure 29 shows loops for sets and at 3 0 0 0 " / " ,  
depicting the difference stress history makes on the 
hysteresis loop form.

6.2.1.2 2024-T4 Aluminum Alloy (B). It can
be seen from Fig. 19 that sample B was cycled from low to 
high strain limits. After cycling back to zero stress 
and strain, it was cycled again to high strain. The 
form of the curves of cyclic stress versus cyclic strain 
limits (Fig. 30) and the specific damping energy versus 
cyclic stress (Fig. 31) is the same as that for sample A 
and can be explained in the same way. The values for m 
in the damping-stress equation are 8.1 for and 18.2 
for B2.

From Fig. 32 it can be seen that the difference 
between R  for the first set of cycles and for the second 
set of cycles is very slight. The same is true for $.
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Fig. 29. Sample Hysteresis Loops for Annealed (A) and Cyclic-Strain- 
Hardened (0) Sample Cycled at the Same Strain Limits 
(Sample A)
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Observation of Fig. 33 reveals an increase in 

the difference between the<ŝ . terms for loops at the 
same strain limits with the difference becoming greater 
for higher values of n. In a similar way, the separa
tion of t h e a n g l e s  obtained for the two sets of loops 
increases consistently as n increases as seen in Fig.
34.

6.2.1.3 1017 Steel (C). Curves showing
maximum cyclic stress versus cyclic strain limits and 
the specific damping energy versus maximum cyclic stress 
are shown in Fig. 35 and Fig. 36. These curves are con
siderably different than those for the two samples pre
viously cited. In this case the maximum cyclic stress 
for the first set of loops is greater than that for the 
set obtained after cycling to 4000 "/", and the damping
is greater in the worked specimen. Work softening in 
the steel specimen, a result of pulling of dislocations 
away from their pinning atmospheres, accounts for this 
difference. During cyclic deformation, dislocations are 
pulled from pinning sites and subsequent plastic flow 
occurs at lower stresses resulting in greater damping. 
Values for m in the D- CT equation are 9.5 for the annealed 
metal and 8.6 after cold work.
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Plots of R and 9l versus strain limits (Fig. 37) 

and and ̂-7 versus strain limits (Figs. 38 and 39) are 
similar, in most respects, to those already discussed. 
Again, there is little variation shown in R and fi for 
cycling at the same strain limits before and after cycling 
at higher strains, while the variation ine< and p  under 
the same conditions is quite distinct.

6.2.2 Constant-Strain-Limit Cycling. To ob
serve the changes in hysteresis loops resulting from 
cyclic hardening and softening and the consequences of 
these changes on the epicycle terms, two samples were 
cycled at constant strain limits for a number of cycles.
The aluminum sample (D) which had been strained in ten
sion prior to cyclic straining showed cyclic softening 
while the sample which had not previously been deformed 
above the imposed cyclic strain limits showed cyclic 
hardening. Although the changes in the values of the 
epicycle terms approach the limits of accuracy of the 
experiment and, in some cases, show very little consist
ency, some trends can be seen.

6.2.2.1 Cyclic Hardening. Cyclic hardening 
occurred during cycling of sample A^ at constant strain 
limits of 5000/^"/". Figures 40 and 41 depict the
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change In maximum cyclic stress and specific damping 
energy with number of cycles. Increases in each of 
these dependent variables shows that hardening is 
occurring.

Examination of Fig. 42 reveals the change in R 
and fl with number of cycles. The ordinates of the sepa
rate plots were chosen such that the per cent change in 
R  and f! per division is the same for all plots. Although 
some trends can be seen, the data are not sufficient to 
make any generalizations. For high values of n, the 
difference between the epicycle terms becomes insignifi
cant because the difference is less than the range of 
accuracy of the experimental data.

In the plots of and /3 versus number of cycles 
(Fig. 43) there is an evident change in c< and /3 with 
number of cycles but the change is not very consistent 
and the data points are random for higher values of n.
The decrease in the range of angles covered by the &L 
and/0 terms in going from n = 1 to n = 3 and then the 
increase for higher n, is different than that seen in the 
previous section where this range continuously increased 
as n increased. There is no apparent explanation for 
this.
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6.2.2.2 Cyclic Softening. A sample of 

2024-0 aluminum alloy, strained 5.0 per cent before 
cyclic straining, at strain limits of + 3000yu. "/", was 
used to show cyclic softening of a work-hardened metal. 
Figures 44 and 45 show how maximum stress and specific 
damping energy vary with number of cycles. When compared 
with the plots for cyclic hardening it can be seen that 
the difference occurs in the way the maximum stress 
varies, with it increasing with number of cycles for 
hardening while it decreases during softening. The shape 
of the curve of damping energy versus number of cycles 
is the same for both hardening and softening when strain 
is the independent variable.

Having been plotted in the same was as the terms 
for cyclic hardening, the R and $ terms in Fig. 46 are 
seen to correspond fairly well with the trends seen in 
the step-cycling results where there were similar changes 
in the hysteresis loop. Here the range of values in a 
log cycle covered by the R  and £\ terms decreases as n 
increases. It is also noted that the slope of the curve 
for R   ̂ is negative while that for  ̂is positive. In 
all other cases these slopes are the same. The differing 
slopes can be attributed to the variation of loop size 
and maximum stress with number of cycles. In this case
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the loop area increases as the maximum stress decreases 
while in other cases the loop area decreases with de
creasing stress.

Figure 47 depicts the change in &< and with 
number of cycles. It is evident that the range of angles 
covered increases consistently with increasing n, indicat
ing that the higher#'n and ^ terms are significant in 
describing the hysteresis behavior since they vary appreci
ably with number of cycles.
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VII. CONCLUSIONS

It has- been shown that the' epicycle method can 
b‘e used to represent hysteresis loops obtained from 
metals.. . Although the first-order terms give the tradi
tionally measured quantities - of specific damping energy 
and dynamic modulus and, in themselves, would not aid 
greatly in further.defining hysteresis behavior, the 
higher order terms which represent the finer aspects 
of hysteresis loop form give information concerning 
hysteresis loop details.

- Results from the analog computer simulation show 
that summation.of only three component ellipses gives a 
close-representation - of the experimentally obtained 
hysteresis loop from which the epicycle terms were ob
tained. From this it can be concluded that the series 
representation converges quite rapidly to the desired 
function.

Areas of. hysteresis loops, computed using the 
epicycle terms are in close agreement with the measured 
areas. Also, the first-order epicycle terms are respon
sible for over ninety-nine per cent of the total area.
It can be seen from these results that the energy
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dissipated per cycle is satisfactorily determined by the 
epicycle method and that this energy can be represented 
by the first-order ellipse.

From the observed variation of the epicycle 
parameters with strain limits and with change in initial 
specimen condition, it can be concluded that the<£< and/? 
terms are the most sensitive to these changes. The in
creased difference between n terms as n increases, for 
loops obtained by cycling specimens with different initial 
conditions at the same strain limits, indicates that this 
parameter is sensitive to slight changes in loop shape.
Since this is also true for /? n it would indicate that 
these two parameters are the best suited for future study 
of fine variation in hysteresis loop characteristics.

Further application of the epicycle method to 
material damping could contribute to the understanding 
of basic hysteresis behavior. Since the epicycle terms 
are sensitive to small changes in the form of the 
hysteresis loop it is feasible that they could be related 
to specific damping mechanisms. It would seem advanta
geous to apply the epicycle formulation in further defin
ing variation of hysteresis behavior with material and 
test variables and in understanding basic damping mechanisms.



VIII. SUGGESTIONS FOR FUTURE WORK

From the standpoint that hysteresis behavior can 
be precisely defined by the epicycle technique, it would 
seem profitable to outline some areas of damping study 
in which the use of the method could give information 
concerning energy absorbing mechanisms and phenomena- 
logical behavior, and to suggest some further refinements 
in the methods used in this investigation.

Many of the Variables already described which 
influence hysteresis behavior would be amenable to in
vestigation by the epicycle method (of. Section 2.3). 
Since the epicycle method is sensitive to. slight, .changes 
in loop form, study of the various test variables, in- . 
eluding temperature and frequency would be significant. 
Investigation of material variables would also be bene
ficial. Seemingly the best candidates for study in this 
area would be - the materials with anomalous damping char
acteristics or those for which little has been done in . 
defining the damping characteristics. The Mn-Cu alloys, 
materials exhibiting magnetoelastic damping, and compos
ite materials would come in this category.
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Study of damping in single crystals or pure 

materials may be advantageous from the viewpoint of 
establishing the terms which represent different damping 
mechanisms. By isolating mechanisms in this way, com-. 
parison with idealized mechanical models may be possible. 
Electron microscope and X-ray studies in conjunction 
with a study of this type may further define the . 
mechanisms responsible for the variation of the epicycle 
terms.

Changes in experimental technique which may be 
beneficial include changing the form of the controlled 
variable, using;a different method of strain measurement 
for tests at a high number of cycles, and magnifying 
the measured nonlinear strains by subtracting linear 
strain from total strain. To change the form of the 
controlled variable, the necessary additions would have 
to be made to the testing apparatus to maintain constant 
strain rate in the sample for triangle-wave' tests or to 
enable using/other forms of stress or strain input such 
as the sine-wave form. With this addition, not only 
could other forms of input be studied, but the number 
of data points which would have to be considered would 
be. reduced by one-half since only one form of the con
trolled variable would have to be evaluated for all tests 
in which the same type of input, was used.
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Although the resistance strain gages attached ' 

directly to the specimen work well for some types of 
hysteresis strain measurement, tests at high strain for 
a large number of cycles should employ a different type 
of strain determination. In this investigation, resist
ance strain gages glued to the specimen became unstable 
at a few hundred cycles and were not satisfactory for 
fatigue testing. . -

Methods of nonlinear-strain measurement discussed 
in Section 5.1.2.2 should be employed to investigate, the 
small nonlinear strains which account for stress-amplitude- 
dependent damping at low stresses. To obtain basic in
formation concerning damping mechanisms operating at low 
stress and to separate these mechanisms from the gross 
deformation mechanisms, it is essential to know the form 
of hysteresis loops at small nonlinear strains. Varia
tion of the epicycle terms with stress or strain ampli
tude or other variables in this range of damping could 
give information concerning the damping mechanisms.



APPENDIX 1
DERIVATION OP FOURIER SERIES IN PHASE ANGLE FORM
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f(0) = + \ An cos n © + Bn sin n 0
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+ -— (cos pfn + 1 sin (2fn)

^  n = el = cos o4 + i R sin et9=0 n n n
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R n C0SC' n = -f 005 l'J n + -f cos P'n

9. b
i R n sin c< n = i sin V n + i sin ^

Sln01 n _ . n _  an sln ̂ n  + bn sin ^n
cos et n - Lan ■" n - an cos cos £

an cos V  n + bn cos ft
and n 2 cos c>4 n

Similarly:

Z9 _ t -1 fbn sln 4  - an 3ln Y  n.
A* n cos H T y -  bn cos pr )

an oos V  n " bn cos ^n
n 2 cos ^3 n
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6 (e)

icr (0)

GD
A
-g- + \ An cos n Q + sin n 9

I
n=l

CD

= r
n=0

an cos(n 0 + V  n)

where n = tan”1 (- — -)
n

an = V AnS + V
00

C
i ~~ + 1 \ Cn cos n © + sin n 0

n=l

= 1
oo

r
n-0

t>n sin(n © +

where = tan”1 (^)

bn = -JCn2 + Dn2



£. o = ao cos V G
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ao = IT (Bo = °)

1Ci*o = bo sin bo = %  (Do = °)

= tan- (- = 0°, 180'

9>0 = tan-1 (— ^ )  = 90°, 270o

-y _ tan-1 f n  ̂ bn sln . from definition
n " tan (5n COS v ;   bn cos of oC n

n Q. • 0 + b • 1 ‘ b
c i o = tan-1 ( — — b-— o) = tanO^ 0o o o

>9 _ ! bo Bin ^  - a0 sin ^
/Ĉ 0 uan V a rnn Vtj h r>n« Ot )O cos V o - bo cos ^

b_ • 1 - a_ • 0 b
tanA >  - a "̂"-—1 - E°' . 0 " 5^ . . ^ ‘o - / %

Prom definition of R and :

R = an COS ^'^n + bn 003
n 2 cos c4 n
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If f(x) = f (x -I- 27r)

00
f(x) = 1/2 a0 + y (an cos nx + t>n sin nx)

n=l
2tt

an = " \ f(x) cos nxdx

Z  2tt
bn = r \ sin nxdx

o

Let N, the number of coordinates (x^, yr), be 
greater than twice the reference number (n) of the highest 
harmonic used.

O-rrAlso x^ — rAx, Ax — "N- r — 1, 2  ̂ 3̂  • » * ) n

xo (= 0), x1, x2, (xN =

r=N

now an = m  ?  2  yi- cos nxrAx
r=l



i4o
r=N

cos nXy
r=l 

r
yr sin 

r=l

If f(x) = -f(x + 7r) and M is the number of coordinates 
between 0 and vr then

x = rAx Ax = i r / M

r=M
yp cos nx^Ax - yr cos(nxr+ 7r)Ax

r

s nxp - yp cos(nxr + tt)

limit 1  
n M —> oo tt

r=M

an —  H ct
r=l

r=

r=M

bn sr S' yyr sin nxr " yr oos(nxr + lr)
r-1
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C FOURIER ANALYSIS FOR PERIOD OF 2 PI
C WHERE F (T) = -F (T +. PI)

READ 1, JOS 
C JOS = NUMBER OF SETS OF POINTS

1 FORMAT (110) '
DO 2 J = 1, JOS
READ 3, M, YNORM, XINT 

C M = NUmER OF POINTS IN SET FROM ZERO TO PI,
C YNORM = NORMALIZATION FACTOR, XINT = X INTERVAL

3 FORMAT (110, 2F10.0)
PRINT 4

4 FORMAT (1H1, 25X, 16HF0URIER ANALYSIS)
PRINT 6

6 FORMAT (/14X, 5HAZER0, 8X, 1HK, 17X, 2HAK, l8X, 2HBK) 
DIMENSION X (250), Y (250)

C Y (I) ARE DATA POINTS (ORDINATES)
READ 3, (Y(l), I = 1,M)

5 .FORMAT (8F10.0)
SUM = 0.0

0 DETERMINATION OF AZERO
DO 8 I = 1,M 
Y(l) = Y(I)/YNORM
X(I) = 0.0 ■
NX = I - 1 •
EX = NX
X(T) = EX * XINT

8 SUM W SUM + Y(I)
EN .= M
AZERO = SUM/EN 

x,PRINT 7, AZERO
7 FORMAT (F20.4)
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0 =  1.0 
• 9 SUMYA = 0.0 

0 ^ DETERMINE COSINE COEFF. A
DO 10 I = 1,M

10 SUMYA = SUMYA + 'Y(l) * (COSF(C*X(1)/57.2958)) -
' 1 Y(I) *• (COSF(C*(X(X) + l80.0)/57.2958))

A = (1.0/EN) * SUMYA 
SUMYB = 0.0 

C DETERMINE SINE COEFF. B 
DO 11 I = 1,M

11 SUMYB = SUMYB + Y(I) * (SINF(C*X(l)/57.2958)) -
1 Y(I) * (SINF(C*(X(l) + l80.0)/57.2958))
B = (1.0/EN) * SUMYB
PRINT 12, C, A, B

12 FORMAT (2QX, F1Q.0, 2F20.4)
C = 0 + 1 . 0  :
IF (0 - 20.0) 9, 9, 16

. 16 DO 2 I = 1, M
PRINT 15, X(I), Y(I)

15 FORMAT (2F20.4)
2 CONTINUE 
END
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C .FOURIER ANALYSIS ... CHECK PROGRAM .

READ 1, MUM
C ' MUM = NUMBER OF FUNCTIONS TO BE CHECKED

1 FORMAT (14)
DO 9 M = 1, NUM
DIMENSION A (20), B (20), CA (20), X (200)
READ 3, I, J, AZERO
P = J

C I = NUMBER OF SETS OF COEFFICIENTS
C J AND. P = ' NUMBER . OF COORDINATES

3 FORMAT (214, > 6.0)
■XINT = 360.0/P
READ 4, (CA (N), A (N), ■ B (N), N = 1, I)

4 FORMAT (6F10.0) .
DO 9 K = 1, J
NX = K - 1 
EX = NX
X(K) = EX-X'XINT 
SUM = AZERO 
' DO 9 N - 1, I 
FCN = 0

14 FCN = A (N) ' * COSF (CA (N) ; * X (K)/57.2958) +
1 B (N) * SINF (CA (N) * X (K)/57.2958)
SUM = SUM + FCN 
IF (N - 3). 9, 2, 13

13 IF (N - 5) 9, 2, 6
6 IF (N - 10) 9, 2, 10

.10 IF (N - 15). 9, 2, 12
12 IF (N - 20) 9, 2,-9
2 PRINT 5, N, X (K), FCN, SUM
5 FORMAT (18, 3F10..4)

• 9 CONTINUE
: END
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C . EPICYCLE PROGRAM 
READ 8, MUM ' - '

C NUM = NUMBER OF SETS OF DATA (NUMBER OF LOOPS)
8 FORMAT (110)
DO 9 .1 = 1, NUM 
READ 10, ZLOP, NUMB 

C ZLOP = LOOP. CODE NUMBER NUMB = NUMBER OF
1 CARDS PER LOOP

10 FORMAT (F10.0, 110)
TAREA = 0.0 _ - .

C TAREA = SUM : OF. AREAS FROM J . ELLIPSES IN LOOP
75 DIMENSION RN (20), ALFAD (20), YHAN. (20), BETAD

1 (20), AXIS (20), DELTA (20), AREA (20), ARET
2 (20), NX (20), ZLOPX (20)
PRINT 11

11 FORMAT (1H1, 5X, 11HL0P NUMBER)
PRINT 12, ZLOP

12 FORMAT (F10.1//) ..........
DO 14 J = 1, NUMB

1 READ 2, : A, B, C, D, N
C A, B = FOURIER COEFF.' FOR STRAIN
C C, D = FOURIER COEFF. FOR STRESS
C • N = FOURIER COEFF., SUBSCRIPT

2 FORMAT . (4F10.0, 110)
IF (A) 41, 42, 42

C PAZA AND PAZB PUT ANGLES IN RIGHT QUADRANT TO
1■ RETAIN SIGN 

.41 PAZA = 3.1416 
GO TO 45 

42 IF (B) 43, 44, 44
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.. 44 PAZA = 6.2832
GO TO 45 

43 PAZA = O.OO0O
45 IF (D) 46, 47, 47
46 PAZB = 3.1416 

GO TO 50
47 IF (C) 48, 49, 49
48 PAZB = 6.2832 

GO TO 50
49 PAZB = 0.0000

0 PUT FOURIER SERIES IN PHASE ANGLE FORM
50 AN = SQRTF (A'x"5:"2 + B**2)

PSIR = ATANF(-B/A) + PAZA
• PSID = 57.29578*PSIR 
BN = SQRTF(C**2 + D**2)
PHIR = ATANF(C/D) + PAZB 
PHID = 57 . 2957 8-;:'PHIR 

C DETERMINATION OF EPICYCLE CONSTANTS
T = SINF(PSIR)
U >  S INF (PHIR)
V = COSF(PSIR) .. ’ .
W = COSF(PHIR)
ALFAR ='ATANF(AN*T + BN*U)/(AN*V + BN*W))‘
ALFAD (J) = 57.29578 * ALFAR
RN (J) = (AN*V + BN*W)/(2.0 * COSF (ALFAR))
BETAR = ATANP(BN*U AN*T)/(AN*V - BN*W)
BETAD (J) = 57.29578 *’ BETAR 
' YHAN (J) = (AN * V - B N *  W)/(2,0 * COSF(BETAR))

C PUT ALFA AND BETA IN PROPER QUADRANT
IF (RN(J)) 20, 21, 21
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20. ALPAD (J) = ALPAD (J) + l80.0
GO TO 23 - . ■

21 IP (ALPAD (J)) 22, 23, 23
22 ALPAD (J) = ALPAD (J) + 360.0
23 IF (YEAN (J)) 24, 25, 25
24 BETAD (J) = BETAD (J) + 180.0 

GO TO 27
25 IF (BETAD (J)) 26, 27, 27
26 BETAD (J) = BETAD (J); + 360.0

C DETERMINATION OF AXIS COMPONENTS FOR R, YHA,
' 1 AND H VECTORS ■

■ 27 RXO = RN(J)-!-COSF(ALPAR)
RYO = ,RN(J)*SINF(ALFAR)
YAXO = YHAN(J)*COSP(BETAR)
YAYO = YHAN(J)*SINP(BETAR)
XHON = RXO + YAXO 

C . AXIS = ANGLE OP INCLINATION OF J TH ELLIPSE
AXIS (J) = (ALPAD (J) + BETAD (J))/2.0 
IF (AXIS (J) - 180.0) 31, 32, 32

32 AXIS (J) = AXIS (J) - 180.0
31 AREA. (J) = 3.1416 * (YHAN(J)**2 - RN(J)^2)

C AREA = AREA OP.. J TH ELLIPSE
TAREA = AREA (J) + TAREA 
DEL = ABSP (PHID - PSID)
IF (180.0 - DEL) 28, 29, 29

28 DELTA (J) = 270.0 - DEL
C ■ DELTA = PHASE ANGLE FOR' J TH ELLIPSE 

GO TO 30
29 DELTA (J) = DEL -90.0
30 PRINT 5, N, AN, PSID, PSIR, BN, PHID, PHIR .
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5 FORMAT (1H 4HN =,12, 2X, 5HAN = ,F8.4, 2X, 7HPSTD = 
1,F9.4, 2X, 7HPS1R = ,F9.4, 2X, 5HBN = ,p8.4, 2X, 
27HPHID = ,F9„4, 2X, 7HPHIR = ,F9«4//)
PRINT 6, RN (J), ALFAD (J), ALFAR, YUAN (J),
1BETAD (J), BETAR

6 FORMAT (IE 5HRN' = ,F8.4, 2X, 8HALFAD ■= > 9  .'4, 2X,
18HALFAR = ,F9.4, 2X, 7HYHAN = ,F9.4, 2X, 8HBETAD 
2= ̂  F914, 2X, 8HBETAR = ,F9.4//)
PRINT 16, RXO, RYO, YAXO, YAYO 

16 FORMAT (IE 6HRX0 = ,F9.4, 3X, 6HRY0 = ,F9.4, 3X, 
17HYAX0 = ,F9„4, 3X, 7HYAY0 = ,F9.4//)
PRINT 7, XEON,' YEON

7 FORMAT (IE 7EXE0N = ,F8.4, 2X, 7EYE0N = ,F8.4//)
PRINT 34, AXIS (J), DELTA (J), AREA (J), TAREA

34 FORMAT (IE 7HAXIS = , F9.4, 3X, 8EDELTA = ,F9.4,
1 3X, 7EAREA = ,F9.4, 3X, 8ETAREA = ,F9„4/////)
: NX(J) = N .
ZLOPX(J) = ZLOP 

- ARET(J) = TAREA 
14 CONTINUE 

PRINT 33 '
33 FORMAT (1E1, 5X, 4EL00P, 4X, 1EN, 8X, 2ERN,

1 9X, 4EYEAN, 9X, 4EALFA, 10X, 4EBETA, 11X,
2 4EAXIS, 9X, 5EDELTA, 7X, -4EAREA, 8X, 5ETAREA
3/)
DO 9 J = 1, NUMB /

99 PRINT 35, ZLOPX(J), NX(J), , RN(J), YEAN (j), ALFAD
1 (J), BETAD (J), AXIS (J), DELTA (J), AREA (J),
2 -ARET (J)



35 FORMAT (FlO.l, 
9 CONTINUE 
END

15, 2F12.4, 4F14.4, 2F12.4)
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The following data tabulation is taken from the 

output of the Epicycle Program which appears in Appendix 
7. Data given are from sample A (cf. Fig. 19).

Data from nine hysteresis loops, designated 1.1 
through 1.9, are presented. The column heading, N, is 
the order number (ellipse number). RN, YUAN, ALFA, and 
BETA refer to the epicycle terms, R  n , Q  n > 0 4  n  a n d  / 5 >n , 
respectively. AXIS is the angle of inclination of the 
nth ellipse with the last number in the column giving the 
total damping in in.-lb/in.^/cy and the number proceeding 
it giving the total normalized area for the first eight 
ellipses. The sign of the RN and YH.AN terms indicates 
the vector direction, plus to the right of the vertical 
and minus to the left.



LOOP , N RN YEAN

1 O.92I -1.196

3 -0.105 0.141

5 0.039 0.050

7 -0.019 , -0.026

,9 O.Oll 0.016
11 -0.007 ' -0.009
13. 0.006 0 7009

15 ' -0.004 -0.006

1.2 1 1.093 -I.792
3 -0.165 — 0.192
5 ' : 0.056 0.067

ALFA BETA AXIS AREA

319.18 123.95 41.57 .1.8282
149.55' 280.48 35.01 0.0277
344.19 83.37 33.78 0.0029
179.25 242.79 31,02 0.0009
15.21 42.29 . 28.75 ■ 0.0005
199.79 198,92 19.35 ' 0.0001
51.50 11.31' 31.41 0.0001
239.50 167.87 23.68 0.0000 

■.1.8605 

18.605

317.33 110.21 33.77 ' 6.3395
164.86 240.52 22.69 .. . 0.0295
28.43 24.54 26.48. 0.0041



LOOP N RN YHAN

7. -0.029 ■-0.035
9 -0.018 0.021
11 . 0.011 -0.012

13 -0.008 -0.011

15 0.005 . 0.008

1.3 ' 1 1.330 -2.368

3 -0.226 • -0.235
5 0.078 . 0.083

7 -0.040 -0.043

9 -0.023 0.023
'11/ 0.015 0.016

13 -0.009 -0.012

ALFA . BETA AXIS AREA

237.16 167.17 . 22.16 0.0012
97 . 81 309.88 23.84 0.0004
322.37 94.32 28.35 0.0001
180.38 241.51 . 30.95 0.0002

35.35 18.54 26.95 0.0001 
. 6.3752 
63.752

313.18 104.82 29.OO 12.0595
172.40 225.17 : 18.79 0.0135
42.52 ’ 8.68 25.60 0.0026
261.28 147.33 24.31 0.0007
124.87 284.58 24.72 0.0000
347.54 64.17 25.85 0.0001
206.42 203.11 24.76 0.0002
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LOOP . N . RN YHAN

1 5 . 0.009 ' 0.009

' 1 1.573 -2.948

■3 - —0.284 -0.278

5 0.091 0.099

7 -0.044 -0.049

9 -0.028 0.031
ll- . 0.018 0.021
lS -0.012 \ -0.014

15 0.009 0.012

ALFA BETA AXIS AREA

76.20 342.53 29.36 , -0.0000 

• 12.0767 
120.767

308.95 101.82 25.38 19.5293
175.97 219.78 17.88 -0.0109
46.33 : 5.16 25.75 ■ 0.0047
265,08 V 139.43 . 22.26 0.0014
129.70 272.62 21.16 0.0006
358.08 51.95 25.01 • 0.0004
211.33 192.05 . 21.69 0.0002
89.68 • 319.55 24.61 0.0002

19.5259
I95.259

HVJ1 ■ CT\



LOOP N,\ ' RN . YHAN

. 1 1.593 .-2.981

3 -0.286 -0.294

5. 0.692 0.106

7 -0.046 -0.052

9 -0.031 0.034
11 , 0.018 . 0.022

13 \ -0.014 ' -0.015
15 ; 0.011 0.011

1.6 . 1 ' 1.601 -2.991
' 3 -O.290 ' . .-0.299
.5 0.090 0.099

' ALFA BETA. AXIS AREA

312.29 103.12 27.75 19.9351
174.69 219.78 . ' 17.23 ■ 0.0143
51.30 2.36 . 26.83 ; 0.0086
266.79 136.80 21.79 0.0017
136.77 . 274.60 . 25.69 ' O.OOO6
4.44 47.71 26.07 0.0005

217.30 191.05 24.18 0.0002
85.42 323.08 24.25 ' 0.0000

19.9611
I99.6II

313.89 103.37 28.63 ■" 20.0439
174.80 219.35 17.08 O.OI51
51.12 2.56 26.84 0.0049
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LOOP ■ N . 'RN YHAN

7 -0.045 -O.052

9. -0.030 0.033
11 V 0.019: 0.022

13 -0.013 -0.017

15 -0.009 0.012

1.7 1 . . 1.436' -2.412

. -3 -0.224 -0.269

5 ■ O.O76 0.086

'7 7 . -0.037 -0,044

. 9 ■ -0.025 0.031
11 0.014 0.016

■ALFA BETA AXIS AREA

265.ll 136.84 20.98 0.0020
137.33- 270.09 23.71 0.0007

1.82 50.47 26.14 0.0003
223.28 182.78 23.03 0.0003
92.14 317.68 24.91 0.0002

20.0675
200.675

319.54 109.83 34.69 11.8064
163.88 236.27 20.07 0.0694
34.55 16.35 25.45 0.0048
242.11 ' 164.23 23.17 0,0019
109.58 303.33 26.45 0.0010
325.25 80.19 22.72 0.0003
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LOOP :N RN YEAN

13 -O.Oll -0.013
15 0.007 0.011

1—I00 1—I l,3l6 -1.801

3 -0.160 0.213

5 • 0.061 0.072

; 7 -0.030 -0.037

9 0.017 . . 0,024

U -0.012' -0.016

13 0.009 • '0.012

15 0,006 -0.007

ALFA BETA AXIS AREA

180.26 234.91 27.59" 0.0001
67.53 0.79 34.16 0.0002

11.8840 
' 118.840

320.31 121.27 ' 40.79 4.7534
150.25 ■ 270.59 30.42 0,0623
352.17, 66.28 29.22 0,0646
194.69 225.60 30.14 0.0016
42.58 24.62 ' . 33.60 0.0010
245.21 . 183.79 . 34.50 0.0003
85.80 . 340.04 32.92 ■ 0.0002
279,21 : 141.28 30.25 0.0001

4.8235
48.235
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LOOP. N RN YHAN ALFA

1.9 ' 1 1.104 -1.180 317.11
3. -0.125 0,138 . 138.65
5 ; 0.042 -0.047 , ' 320.40
7 -0.023 . . ' 0.026 • 144.62

.9 ' 0.011 ■ -0.014 326.53
11 ; -0.010 " ; 0.612 148.00
13 . 0.006 . -0.006 329.95
15 ■ -0.005 ■' O.005 150.57

BETA . AXIS AREA

133.25 45.18 0.5404
308.23 43.44 0.0105
126.38 43.39 0.0014
300.83 ■ 42.73 ■ 0.0005

117.57 42.05 0.0003
297.52 42.76 0.0002
115.42 • 42.69 - -0.0000
285.64 38.11 0.0000

0.5532
5.532

09
1
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