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ABSTRACT

This study is an evaluation of finite element meth
ods for determining nonlinear responses in structures„ These 
methods considered only material nonlinearity.

The evaluation was a comparison of an 11 initial 
strain" method to a "tangent modulus" method in a direct 
stiffness incremental integration procedure. A three param
eter stress-Strain relationship was used to define the ma
terial nonlinearity. Creep strains were also a consideration 
and were incorporated by an exponential type stress-strain 
relationship. The element used in the evaluation was the bar.



CHAPTER 1

' INTRODUCTION

During the past decade the analysis of large complex 
structures has been greatly enhanced by the introduction of 
large, high speed, digital computers and the associated finite 
element programs. With the advent of these systems attention 
has been drawn to the solution of structures having nonlinear 
material or nonlinear geometric properties„ These solutions 
have adapted the presently known linear type analysis in' ei
ther an iterative or incremental procedure to provide an ap
proximate solution to a given problem.

Today's state of the art provides two basic approaches 
to the linear problem. They are the force method of analysis 
and the direct stiffness method of analysis. This study will 
only consider the direct stiffness method of analysis and how 
it is used for nonlinear problems.

Two general approaches have been developed for the 
application of the direct stiffness method. One is the so 
called "initial strain'^ method and the other is the "tangent 
modulus" method. This study will examine the method docu
mented by Salmon and Berke (1967) and will show why in the 
"initial strain" method, as compared to the "tangent modulus"
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method, an exact solution by numerical integration is not 
possible. It will examine the "tangent modulus" method and 
evaluate the feasibility of combining the two methods in 
order to optimize the advantages of both. A basic evalua
tion on the procedures required to analyze plastic creep 
will also be conducted. •



CHAPTER 2

METHOD OF ANALYSIS

The basic concept of the "initial strain" method is 
the modification of the linear equations of equilibrium to 
compensate for the fact that the plastic strains do not cause 
stress changes. In comparison the "tangent modulus" method 
is based on the linearity of the incremental nonlinear stress- 
strain relationship. But in either case the equations of 
equilibrium and compatibility and the stress-strain relation
ship must be satisfied in order to arrive at a solution to a 
problem. With these facts in mind both methods will be 
developed.

The equation of compatibility .
£ = B u (2.1)

and the equation of equilibrium
x = A CT (2.2)

are identical for both methods. In these equations "£" is
the vector of total element strain, "B" is the compatibility
matrix, "u" is the vector of displacements, "x" is the vector 
of nodal forces, "A" is the equilibrium matrix, and "<T" is the 
vector of element'stresses. The total element -strain may be . 
subdivided into portions such that .
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4
e = ee + ep (2.3)

/
where "£* " is an elastic strain and "£* " is a plastic strain, e P
It might be noted at this time that the term "plastic" im
plies a pseudo strain which is used to modify the equilibrium 
equations. Its use will be covered in Chapter 5.

In conjunction to the concept of small deflection
theory in a geometrically linear structure the compatibility
matrix and the equilibrium matrix are not functions of load. 
Therefore, the differential forms of equations (2.1) and (2.2) 
are

d(£) = B d(u) (2.4)
and

d (x) = A d(<r) (2.5)
when differentiated with respect to "p" the load parameter,

H j  nwhere for ease of notation is represented by "d ( )".
For the "initial strain" method there exists the 

incremental stress-strain relationship
d(<T) = E d(£) - E d(<f ) (2.6)

where "E" is the linear stress-strain matrix relating incre
mental stress to incremental strain. Substituting equation 
(2.4) and (2.5) into (2.6) gives

d (x) = AEB d(u) - AE d(f ) (2.7)
Now designating the element stiffness coefficients as

K = AEB (2.8)
and solving for the displacements gives

d(u) = K”1 (d (x) + AE d(f ) ) (2.9)
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Summing the coefficients of each element where

Ks = £ K  (2.10)
gives the system of equations in matrix form

d(u) = K^tdtx) + d(f) ) (2.11)S p

This is a set of first order, nonlinear, ordinary simulta
neous, differential equations. By letting rrp" be the param
eter of applied nodal loads with ,rA ,r being the vector of con
stants for proportional loading equation (2.11) becomes

d(u) = K"1 (A+ AE d(£_)) (2.12)S p
A close look at equation (2.12) reveals that it contains two 
unknown vectors ,rd (u)11 and M d (<fp) " • However, this equation 
can be used to determine ,rd (u),r if rrd (̂ p) ̂  can be established. 
In the "initial strain" method "d ,r is determined by suc
cessive estimates using an iterative or incremental technique. 
The degree of accuracy attained is determined by the number of
iterations or increments used. As indicated by Jensen, Falby,
and Prince (1965), the incremental technique requires very
small increments before a sufficiently accurate answer is at
tained. It was also shown by Jensen et al. (1965) that the 
constant strain approach was not acceptable as it would di
verge as a function of the increment size and that the con
stant stress approach should be used. However, Marcal (1968, 
p. 158) showed that for elastic-perfectly plastic cases the 
constant stress method also breaks down.

The incremental stress-strain relationship for the 
"tangent modulus" method is



d(<r) = C d(C) (2.13)
where "C" is the nonlinear stress-strain matrix relating in
cremental stress to incremental strain. Again substituting 
equations (2.4) and (2.5) and solving for the system of 
equations gives

d(u) = K^1d(x) (2.14)
where

K^1 = ^ K " 1 = 2(ACB)-1 (2.15)
This set of nonlinear differential equations can now be 
solved using a numerical integration scheme. An excellent 
method is the Runge-Kutta algorithm with Simpson rule 
coefficients.

To show the relationship between the two methods the 
following equality holds

d (x) = AC d(£) = AE d (€) - AE d(£ ) = AE d(£*e) (2.16)
In the study of the creep problem, the stress-strain

relationship of ,r£p,e was given as a function of time and was
substituted into equation (2.9) replacing rrErr. This same 
procedure can be applied to equation (2.14) by substituting 
a time dependent stress-strain relationship for ,rCrr.

In this study a number of problems were solved using
the ,rinitial strain" method, the "tangent modulus" method, or 
a combination of both. A comparison was made on the effi
ciency and accuracy of the various techniques and results.



CHAPTER 3

NONLINEAR CONSTANT STRESS ELEMENT

Two constitutive relationships that give stress as an 
explicit function of the strain were considered in this study. 

' The first (Figure 1)

4

was used to provide a simple formulation for ease of calcula
tion. The second relationship,

Where "cr" is the stress, "E" is Young's modulus, " CT̂ " is the 
plastic stress, and "n" is the parameter that defines the non
linear relationship, is the three parameter equation developed 
by Richard (1961). This relationship was used in the develop
ment of a finite element computer program and in the evalua
tion of the Jensen et al. (1965) bar problem.

vide ease of calculation. This equation describes a section 
of a parabola and in general describes the nonlinear behavior 
of some materials provided the values of are restricted
to values between zero and two. This equation was used in

CT =£ - £ 2 0 2 (3.1)

cr E £ (3.2)

As initially stated, equation (3.1) was used to pro-



o r  = £

i 20
Strain - £

Figure 1. Stress-Strain Relationship for Equation (3.1).
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formulating procedures to analyze the two bar model that is 
discussed in a later chapter. Procedures formulated consisted 
of an iterative convergence scheme similar to that discussed 
by Salmon and Berke (1967), an incremental scheme discussed 
by Jensen et al. (1965), an Euler numerical integration 
scheme, and a Runge-Kutta numerical integration scheme.

The second relationship, equation (3.2), was chosen 
over the Ramberg-Osgood (1943) three parameter polynomial

£ = 2r+ 25r (ST)n (3 .3)E 7 E ^  '
where "a-" is the stress, "£*" is the strain, "E" is Young's 
modulus, "og" is the stress at a secant modulus of 0.7E, and 
"n" is the shape of the stress-strain curve. Equation (3.2) 
was chosen because of its capability to express stress ex
plicitly in terms of strain. Its use provides a smooth con
tinuous function that describes the behavior of materials 
beyond the proportional limit very well. This factor adds 
to the numerical stability of the mathematical equations as
sociated with a nonlinear analysis in that the curve asymp
totically approaches the plastic stress "CT̂ " . In addition to 
this feature this relationship has the capability of describ
ing numerous nonlinear behaviors by varying the parameter 
"n". Figure 2 shows plots of several values.
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Figure 2. Nondimensional Stress-Strain Relationship for Equation (3.2).
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CHAPTER 4

MODELS

The Two Bar Model
In. order to evaluate a structure containing nonlinear 

materials at least one element of the finite element program 
must have nonlinear properties. If the structure has both 
linear and nonlinear materials then the program must have at 
least one element for each type. The program developed for 
this study contained two bar elements, one with linear prop
erties and the other with nonlinear properties. The bar ele
ments were chosen because of their simple uniaxial state of 
stress.

Now in the analysis of the linear structure by finite 
element the only factor affecting the solution is an adequate 
model of the structure. The number of any one type of ele
ment used for a model in no way affects the algorithm for the 
solution. Therefore, a finite element program capable of 
evaluating a model consisting of one element can in general 
evaluate a model consisting of "m"̂  elements. Based on this 
concept, the two bar model was developed.

The two bar model (Figure 3) consists of two parallel 
bars fixed at one end in a common base with the free ends

11



Figure 3. Two Bar Model.
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13
connected together so as to insure identical displacements. 
The free ends are also restricted to movements in only the 
axial direction- Moments can not be developed in either bar. 
The properties of bar number one are linear whereas for bar 
number two they are nonlinear. The dimensions of the bars 
need not be the same, but in the problems discussed here, 
they are.

The Six Bar Model 
A six bar model (Figure 4) was also considered. This 

model was identical to the Jensen et al. (1965) model used 
for their analysis of nonlinear behavior in structures. The 
model was a pin connected, four cornered, structure supported 
by one corner and loaded at the opposing corner. Loads ap
plied to the. structure were carried into the plastic range.
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Figure 4. Six Bar Model.



CHAPTER 5

EXAMPLE PROBLEMS 

Problem One
Analytical Solution: The initial problem consisted

of an analytical solution to the two bar model using equation 
(3.1) as the stress-strain relationship. Properties assigned 
the bars were

E = 1 (5.1)
L^ = L2 = 1 (5.2)
A-̂  = A2 = 1 (5.3)

The stress-strain curves for bar number one and bar number 
two are given in Figure 5 and Figure 6 respectively. Now 
based on the displacement restriction and equation (5.2), the 
strains in the bars are equal or

£ 1 = £ 2 (5.4)
Now applying the material properties to the equilibrium equa
tion gives the forces in the bars. For bar number one this is

P1 = AE^1 = L^ U = U (5.5)
and for bar number two

2
£

P9 = AE (£ - _ 2) = U - U 2 (5.6)
4 4
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Summing the forces gives

P = P, + P9 = 2U - U 2 (5.7)
4

or 4P = 8U - U 2 (5.8)
Solving for the displacement "U" using the quadratic equation 
gives

U = 4 +204 - P (5.9)
Substituting

P = 2 (5.10)
into equation (5.9) gives the maximum displacement of

U = 1.17157 (5.11)
Computing the displacement for values of "P" varying from 
zero to two yields the curve as plotted in Figure 7. This 
figure represents the exact solution and will be used to com
pare solutions computed by the "initial strain" method and by 
the "tangent modulus" method.

Iterative "Initial Strain" Method: In Chapter 2 it
was stated that for the nonlinear element the total strain of 
an element consisted of a linear strain plus a nonlinear 
strain or

f  = ce + £ P (5-12)
In the "initial strain" method the solution to a problem is 
computed using a linear finite element program with modified 
nodal forces to account for the nonlinearity. These modified 
nodal forces consist of the applicable nodal forces plus a 
force computed from the plastic strains developed in the
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1.*"* Displacement - 1.2

Figure 7. Exact Load vs. Displacement of Two Bar Model Using Equation (3.1).
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elements connected to that node.. Blit as stated in Chapter 2, 
these plastic strains are unknown; therefore, an estimate is 
necessary. The procedure is to estimate the plastic strains 
for the (i)th iteration hy the plastic strains in the (i-l)th 
iteration with the initial plastic strains being zero. To 
illustrate this procedure, consider the stress-strain curve 
of a nonlinear element as shown in Figure 8.

Assume for a given load condition the nodal forces
are such that the solution of the linear finite element pro
gram computes a strain of £j_ which, based on this linear so
lution, implies a stress of cr\ . But as the element is non
linear, the stress corresponding to is (T^ which does not
satisfy equilibrium. Therefore, the stress must be increased
to cr. . Now for a stress of (T. the total strain consists of a
linear strain and a nonlinear strain As previously
stated, a linear procedure is used to compute the solution
which implies £ . does not exist. In order to take this

. pi
strain into consideration, a force of sufficient value must 
be added to the appropriate node to produce a strain equal to
£ •. Now as £ . is unknown an estimate of it must be made.^pi °pi
This estimate is based on the computed stress « For this.
stress there is a nonlinear strain £ . which can be used toapi
compute a plastic force. This force is added to the appro
priate node after which another solution is computed. This 
procedure is then continued until the computed stress from 
the nonlinear curve based on the total strain of the
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Figure 8. "Initial Strain" Interpretation of a Nonlinear Stress-Strain
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incremented load is equal to o~. . At this time equilibrium is1
satisfied. Note that for each iteration the plastic strain 
(C—B , O' - B 1, C" - B", ” V”) increases in length and at its
limit approaches A - N., This procedure is called the itera
tive "initial strain" method.

The iterative "initial strain" method was programmed 
using equation.(3.1) as the stress-strain relationship. The 
iteration procedure was continued until the difference between 
&  and was less than IE-5. The load was applied both
incrementally and in total. Data were tabulated in Table 1.

Incremental "Initial Strain" Method: The incremental
"initial strain" method is very similar to the iterative 
method. Again a linear solution with modified nodal forces 
is used. The major change is that the load is applied in in
crements and is not iterated. The plastic force for the (i)th 
increment of load is based on the nonlinear strain for the 
(i-l)th increment of load. This method was also programmed 
using equation (3.1) as the stress-strain relationship. The 
values of "P" used were the same as for the iterative method. 
The load was applied in increments varying from 1 through 100. 
Data were tabulated in Table 1.

The "Tangent-Modulus" Method; This method is quite 
different from the "initial strain" method. In this case the 
equations are written in differential form with the differen
tial stiffness matrix computed using the nonlinear stress- 
strain relationship. This gives a set of nonlinear first
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TABLE 1
DATA FROM TWO BAR MODEL 

FOR LOAD P = 2

, Increments 1 1,0 100

ITERATIVE Iterations 10/10* 53/8* 423/7*

Displacements 1.17157 1.17157 1.17157

TANGENT Increments 1 2 3
MODULUS

Displacement 1.17180 1.17159 1.17157

INCRE Increments 1 10 100
MENTAL

Displacement 1.0000 1.12368 1.16527

1st ORDER Increments 1 10 100
EULER

Displacement 1.0000 1.14816. 1.17068

Increments 1
TANGENT
MODULUS
WITH
ITERATIONS

Iterations 3

Displacement 1.17157

*Total iterations/iterations last increment.



order differential equations as indicated in Chapter 2.
These equations are then numerically integrated for the solu
tion. Graphically (Figure 9) this method interprets the 
stress-strain curve as a series of straight lines that are 
tangent to the stress-strain curve. This tangent is based 
on the current strain in the element. Thus for the (i)th 
increment of load the strain used to compute the tangent is 
based on the (i-l)th increment of load. From this it is evi
dent that the smaller the increment of load the better the 
approximation of the solution.

This study used two integration schemes. It used the 
first order Euler method and the fourth order Runge-Kutta 
method with Simpson rule coefficients. Again the same load 
was applied in increments and in total. The data were tabu
lated in Table 1.

Problem Two
The major purpose of Problem One was to show that a 

solution to' a nonlinear problem could be achieved using both 
numerical integration techniques and linear techniques. A 
simple stress-strain relationship was used. In the case of 
Problem Two an existing stress-strain relationship was used.

Problem Two is identical to Problem One except the 
Richard (1961) equation was used. Properties of the bars 
were
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Curve.
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E = IE 7 (5.13)

L1 = L2 = 10 (5.14)
A -j = A 2 = .25 (5.15)
CT̂  = 1.25E5 (5.16)
P = 1.25E5 (5.17)
n = 2 (5.18)

The four methods were again programmed with the new relation
ship and then loaded into the plastic range with "P". The 
load was applied in both an incremental procedure and in 
total. Data were tabulated in Table 2.

Problem Three
This problem consisted of programming the Jensen et al. 

(1965) model using the Richard (1961) equation and then solv
ing it by both the iterative procedure and by the Runge-Kutta 
algorithm. The properties of the bars were

A 1 = A 2 = A3 = a 4 = a 5 = A6 = 1 (5.19)

L1 " L2 = L3

(Nin11.qII (5.20)

L5 = l6 = 10 (5.21)

11b" 1.25E5 (5.22)
n = 2 (5.23)

Three different load cases were applied. These loads were
P = 2.5E5 (5.24)
P = 2.3E5 (5.25)
P = 2E5 (5.26)
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TABLE 2

DATA FROM TWO BAR MODEL 
FOR LOAD P = 1.25E5

ITERATIVE

Increment 1 10 100
Iterations 12/12* 70/9* 451/6*
Displacement .40288 .40288 .40287
Time .011

>*
.08 .693

TANGENT
MODULUS

BY
RUNGE-
KUTTA

Increment 1 3 4
Displacement .41133 .40288 .40288
Time .032 .081, .1071

INCRE
MENTAL

Increment 1 10 100
Displacement .2500 .35779 .39816
Time .006 .048 .46

1st ORDER- 
EULER

Increment 1 10 100
Displacement .2500 .3689 .40196
Time .0096 .053 .471

TANGENT
MODULUS
WITH
ITERATIONS

Increment 1
Iterations 7
Displacement .40289
Time , .402

*Total iterations/iterations last increment.



Data were taken and were tabulated in Table 5, Table 4, and 
Table 3 respectively.
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TABLE 3

DATA FROM SIX BAR MODEL 
FOR LOAD P = -2E5

ITERATIVE

Increment 1 10 100
Iterations 25/25* 77/22* 414/13*
Displacement .26258 .26260 .26258
Time .36 1.3 7.03

TANGENT
MODULUS

BY
RUNGE-
KUTTA

Increment 1 6 10
Displacement .25677 .26299 .26299
Time .223 .813 1.289

*Total iterations/iterations last increment.

TABLE 4
DATA FROM SIX BAR MODEL 

FOR LOAD P = 2.3E5
I

ITERATIVE

Increment 1 10 100
Iterations 65/65* 131/63* 744/40*
Displacement .42847 .42848 .42848
Time .74 1.68 9.422

TANGENT
MODULUS

BY
RUNGE-
KUTTA

Increment 1 20 26
Displacement .38260 .42992 .42994
Time .231 2.3 3.02

*Total iterations/iterations last increment.
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TABLE 5
DATA FROM SIX BAR MODEL 

FOR LOAD P = 2.5E5

ITERATIVE

Increment 1 10 50
Iterations 500/500* 614/500* 1370/500*
Displacement 1.2808 1.2867 1.3363
Time 4.539 5.84 13.933

TANGENT
MODULUS

BY
RUNGE-
KUTTA

Increment 1 . 10 50
Displacement .52309 1.12434 2.2996
Time .223 2.3 5.587

*Total iterations/iterations last increment.



CHAPTER 6

- EVALUATION OF PROBLEMS

Problem One
Problem One confirmed that a nonlinear problem could 

be solved by either the "initial strain" method or the 
"tangent modulus" method. This problem used a load of

P = 2 (6.1)
Computational time was not a consideration.

The "initial strain" method provided an exact solu
tion only when the iterative technique was used. Applying 
the load in an incremental manner had no effect on this solu
tion but did increase the total number of iterations required 
for the solution. However, the incremental "initial strain" 
method was affected by the number of load increments taken 
and did provide an improved solution as the number of load 
increments increased to 100. . This increase, however, did not 
provide a correct solution.

The "tangent modulus" method provided an exact solu
tion only when the fourth order Runge-Kutta algorithm was 
used. This solution was affected by the number of load in
crements used. However, convergence was very rapid and an 
exact solution was achieved with three intervals of load.

' 31



In the first order Euler method an exact solution was not 
achieved, but the solution did improve as the number of in
crements increased to 100.

As a final consideration a test was conducted where 
the problem.was solved using one interval of the fourth order 
Runge-Kutta algorithm and then iterated to an exact solution 
by the "initial strain" method. An exact solution was com
puted. Convergence to the correct solution was very rapid 
and required only three iterations after One interval of 
Runge-Kutta. A graphical comparison of all methods is shown 
in Figure 10.

Problem Two
Evaluation of Problem Two indicated that convergence 

to a solution was possible. Comparison with an analytical 
solution could not be made; however, the author feels that 
the achieved solution was correct after comparison with the 
linear solution of the problem.

Again, as in Problem One, convergence to a solution 
was only achieved with the fourth order Runge-Kutta algorithm 
the iterative "initial strain" method and the combination of 
these two methods. Computational time was considered as a 
factor in the comparison of these methods. Although all 
times were very small, a trend was indicated. As seen in 
Table 2, the "initial strain" achieved convergence after 12 
iterations. Incrementing the load not only increased the
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total number of iterations but also increased the time to 
solution. Therefore, this incrementation proved of no value. 
The fourth order Runge-Kutta algorithm achieved convergence 
with four intervals of loading. The time for convergence was 
not as rapid as the iterative "initial strain" method. As a 
comparison of the two methods, three intervals of Runge-Kutta 
required approximately the same time as 70 iterations of the 
iterative "initial strain" method. The combination method 
proved faster than the Runge-Kutta solution, but slower than 
the iteration scheme. A graphical representation is given in 
Figure 11 of the various solutions. It can be seen that the 
incremental and the first order Euler method give only ap
proximate solutions.

Problem Three
Evaluation of Problem Three indicated convergence to 

a solution possible. Again, as in Problem Two, no analytical 
solution or test solution was available. Computational time 
and the applied load were factors in the evaluation. A. com
bination method was not evaluated as Problem Two indicated 
this method of no real value.

The initial load applied to the model consisted of 
P = 250000 lbs. 

and caused the model to act as a mechanism. in this case 
neither the ,rinitial strain"' method nor the "tangent modulus" 
method converged to a solution. The major point of interest
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for this load condition is the graphical representation 
(Figure 12) of the displacements in Bar Five and Bar Six.
This figure depicts very well how as the load is applied the 
major portion is taken by Bar Five which causes a nonlinear 
yield while Bar Six. reacts in a more linear method due to its 
smaller load. As Bar Five reaches its plastic limit, however, 
more of the load is transferred to Bar Six causing its rate 
of strain to increase. As the total load approaches 250000 
lbs. both bars become plastic and carry very little of the 
added load. This fact is evident as the tangent to the 
curves approach zero indicating no stiffness in the bars.
These curves demonstrate very well the excellent nonlinear 
characteristics of the Richard (1961) equation.

Other values of "P" applied to the model converged to 
a solution for both methods. Convergence by the iterative 
method was directly related to the size of the applied load. \ 
As the load approached the plastic load the number of itera
tions (Figure 13) increased. Computational time-for the 
solution was directly proportional (Figure 14) to the number 
of iterations. Convergence by the "tangent modulus" method 
was similar to the convergence of the iterative method 
(Figure 13). Again computational time was directly propor
tional to the number of intervals used. There existed a 
difference between the answers of the two methods. It is 
felt by the author that the "tangent modulus" method is the 
more accurate answer because of the IE-5 limit placed in the
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iterative method. This difference at the lower values of the 
applied load was very small. At the larger loads the itera
tive technique seemed to converge faster but its displace
ments appeared small indicating an overly stiff model. The 
"tangent modulus" method appeared t o .follow a more realistic 
displacement pattern.



CHAPTER 7

• CREEP

A brief analysis of the creep problem was also con-
■ • ■ . ■ • • . -

ducted in this study. First, to establish a common under
standing, a brief discussion of creep and its properties will 
be conducted.

Creep is the displacement caused in a system due to 
an applied stress at a given temperature over a period of time. 
A term closely related to creep is stress relaxation. This is 
.the phenomenon that exists when an applied displacement is 
held constant over a period of time and the stress is allowed 
to vary.

The equation for the creep curve is normally produced 
by fitting a function to data generated from tensile or com
pression tests. It might be noted at this time that this 
curve applies to a specific stress and temperature as these 
parameters are held constant during the test. Therefore, a 
change in either produces a new curve. The equations are 
generally given as an exponential function or a power repre
sentation of the stress. The equation considered in this 
study was used by Jensen et al. (1965) and is an exponental 
function of the form

41
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£c ==<t (e?<r- 1) (7.1)

where " £ " is the creep strain, "t" is the elapsed time, "(T" 
is the constant stress, and "c<" , , and " are the empir
ical constants.

Studies conducted on creep indicate that the creep 
curve consists of three parts. These three parts (Figure 15) 
are called the initial (nonlinear) creep, the linear creep, 
and the tertiary creep. Tertiary creep is the region where 
rupture occurs; therefore, is not considered in an analysis. 
The remaining parts are described by the various derived 
functions.

The creep equation may be applied to a system in one 
of two ways. One method is analogous to the ,rinitial strain" 
method where the creep strain is substituted for the plastic 
strain used to compute the plastic load for incrementing the 
nodal loads. The second method is similar to the first ex
cept the creep equation is applied in an incremental form.
Two incremental theories exist.

Consider equation (7.1) as the basic equation of 
creep strain. Taking the derivative of both sides gives

d£ =c<(ee<r - D t ^  "1dt (7.2)
This expression gives the incremental strain as a function of 
stress and time and is called the "time-hardening" theory of 
creep. This theory implies that the total strain in the sys
tem does not affect the creep of the system. Again consider 
equation (7.1). Taking the " 2f" root of both sides yields



TertiaryLinearInitial

Figure 15. Creep Curve.
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f P (ePcr -1)F (7.3)

Taking the derivative of both sides and rearranging terms
gives

1 -I 1
df =<>< F (ep<r -1) f dt (7.4)

This equation shows the creep strain as a function of the 
stresses and the strains of the system. This equation is 
normally called the "strain-hardening" theory. Studies con
ducted by Rabotnov (1969) indicate the "strain-hardening" 
theory provides a closer approximation of test results than 
the "time-hardening" theory. Rabotnov's studies also showed 
that approximations of the solution for changing stresses 
varied with the type of stress change. An increase in stress 
caused divergence from the solution. A reduction in stress 
caused a small divergence from the solution but a realistic 
approximation could be attained. Because of this divergence 
the incremental theory was not considered in this study.

Tests conducted consisted of applying a load to the 
two bar model and allowing one bar to creep. The iterative 
method was programmed. A major assumption was required in 
order to program this method. This assumption was that minor 
changes in stress due to redistribution of loads would not 
affect the empirical constants. This made the creep equation 
valid throughout the iteration procedure.

In the iterative method the load was applied in order 
to compute the stresses and the strains in the elements.
After this computation the system was allowed to creep producing
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creep strains which were used to compute a creep load. This 
load was applied at the appropriate node and the procedure 
repeated based on the new stresses and.strains. The itera
tive method was applied and convergence to a solution 
(Figure 16) was achieved. Correlation with another solution 
was not possible. •
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CHAPTER 8

CONCLUSIONS

Two methods for the analysis of the displacements, 
strains, and stresses of a system containing nonlinear mate
rial properties have been presented. The element considered 
in the computer program was the uniaxially stressed bar.

The "initial strain" method was compared to the 
"tangent modulus" method. Both methods used the Richard 
(1961) stress-strain relationship which provided a smooth 
analytical expression which is numerically stable throughout 
the nonlinear range of the element.

Solutions of the two bar model and the six bar model 
were made by each method and the results compared. The 
"tangent modulus" method using the Runge-Kutta algorithm was 
shown to provide the more realistic solution when the pro
portional limit was exceeded. Computational time to solu
tion for this method compared very well to the iterative 
"initial strain" method. The iterative "initial strain" 
method provided the most rapid results but indicated a ten
dency to be overly stiff when the proportional limit was ex
ceeded.
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This study also has shown the application of the 

creep strain equations in the iterative technique of the 
"initial strain" method. Convergence to a solution required 
that load redistributions be small. Large changes required 
changes of the empirical constants of the creep equations.
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