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ABSTRACT

This dissertation is a theoretical exploration of commonly used policy tools meant to

improve market performance. The first chapter examines the use of prizes and grants

as instruments for encouraging research and development. The second chapter in-

vestigates the welfare impact of price caps in oligopoly markets with endogenous

entry. The third chapter studies the relationship between deposit insurance and

bank risk taking, when a banker is motivated by reciprocity.

The first chapter explores the use of grants and prizes as tools for encouraging

research activity and innovation. Grants and prizes are commonly used by public

and private research funders, and encourage R&D activity in different ways. Grants

encourage innovation by subsidizing research inputs, while prizes reward research

output. A common rationale for prizes is moral hazard; if a funder cannot observe

all relevant research inputs then prizes create a strong incentive for R&D activity.

In this chapter, it is shown that grants are a more efficient means of funding when a

researcher’s ability is unknown to the funder (adverse selection). When both adverse

selection and moral hazard problems exist, a grant may emerge as an optimal fund-

ing mechanism, provided the moral hazard problem is relatively weak. In settings

where the moral hazard problem is sufficiently strong, a grant emerges as part of an

optimal funding mechanism, in conjunction with a prize. These results are useful

for understanding different funding mechanisms used by both public and private

entities.

The second chapter, which is based on joint work with Stan Reynolds, examines

the impact of price caps in oligopoly markets with endogenous entry. In the case of

deterministic demand, reducing a price cap yields increased total output, consumer

welfare, and total welfare. This result falls in line with classic results on price caps

in monopoly markets, and with results for oligopoly markets with a fixed number of
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firms. These comparative static results for price caps need not hold when demand is

stochastic and the number of firms is fixed, but recent results in the literature show

that a welfare improving price cap does exist. We show that a welfare-improving

cap need not exist in the case where demand is stochastic and entry is endogenous.

In addition, we provide restrictions on the demand function such that a welfare-

improving price cap exists under endogenous entry and stochastic demand.

The third chapter, which is based on a joint project with Martin Dufwenberg,

investigates the relationship between deposit insurance, risk taking, and insolvency.

Empirical evidence suggests that the introduction of deposit insurance increases risk

taking by banks and results in a greater chance of insolvency. The common rationale

for this connection is that deposit insurance decreases the incentive for customers to

monitor their banks, and invites excessive risk taking. In this chapter, it is argued

that this classic explanation is somewhat puzzling. If customers can monitor their

bank’s behavior, certainly the insurance provider (FDIC) has this same ability. If

this is the case, appropriate mechanisms could limit the moral hazard problem. We

put forth an alternative explanation, and demonstrate that deposit insurance invites

excessive risk taking when a banker is motivated by reciprocity.
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CHAPTER 1

Grants, Prizes and Information

1.1 Introduction

R&D spending is essential for long-run economic growth. Yet in many instances,

the social value of innovation may far exceed the private value to the innovator.

As a result, investment in research may fall well below the socially optimal level1.

Research grants and innovation prizes are two instruments, commonly used by both

public and private agencies, meant to stimulate research activity and innovation.

The Bill and Melinda Gates Foundation, for instance, issued more than $2.6 billion

dollars in grants in 20122, much of which was issued to promote the development

of new pharmaceuticals. Innovation prizes are a key component of the Obama

Administration’s efforts to stimulate American innovation as part of the Recovery

Act of 20093. From 2010 to 2012, 200 new innovation prizes were offered by federal

agencies in areas ranging from national defense to education4.

Fundamentally, grants and prizes encourage innovation in very different ways.

While grants encourage innovation by subsidizing research input, prizes reward re-

search output. Given the important role played by research grants and innovation

prizes in the market for research, understanding the trade-offs between these two

tools is extremely valuable. In this paper, a principal-agent model is analyzed in

1Jones and Williams (1998) estimate that the socially optimal level of R&D spending is 2 to 4
times greater than observed investment. For a recent survey of the empirical literature on returns
to R&D see Hall et al. (2009)

2http://www.gatesfoundation.org/Who-We-Are/General-Information/Financials
3http://challenge.gov/about
4http://www.whitehouse.gov/blog/2012/09/05/challengegov-two-years-and-200-prizes-later
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which the agent expends costly research inputs to increase the chances of develop-

ing a new technology. Successful innovation generates a private return to the agent,

but this incentive is not sufficient to warrant investment in R&D. The principal

values innovation more than the agent, and encourages R&D by offering a grant

and/or prize. An innovation prize is taken to be any reward (be it a cash reward,

tax credit, or anything else of value), which is received by the agent only if she

successfully develops the technology. A grant is a reward received by the agent with

the expectation that she will devote resources towards innovation; it is received

regardless of whether she successfully innovates.

The common rationale for the use of prizes, or output-based compensation more

generally, is moral hazard; if the funder cannot observe all relevant research input,

then a prize creates the natural incentive for R&D activity. This insight dates back

to the work of Jensen and Meckling (1976), Myers (1977), and Innes (1990) in the

context of firm financing, and Stiglitz (1974) in the context of sharecropping. This

logic hinges on the idea that inputs are wholly unobservable to the principal. Thus,

greater rewards for innovation are the only means by which effort can be encouraged.

In the context of encouraging R&D activity, however, some relevant inputs may be

fairly easy to observe, while others are not. The purchase of large-scale capital

inputs, for instance, could be verified by a research funder, while the researcher’s

physical effort may not be easily observed. It seems plausible that these capital

investments may increase the returns to the researcher’s physical effort. In such

a scenario, a grant can be used to encourage capital investments, which in turn

may encourage greater non-verifiable effort. Thus it would seem that output-based

compensation may not be necessary to induce greater effort.

In the model, the probability of successful innovation depends on an observable

research input, which we call investment, a non observable research input, which

we call effort, as well as the researcher’s ability. The researcher knows her own

ability (type), while the funder knows only the distribution over types. Thus, the
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model admits both a moral hazard problem (since one relevant research input is

not observable), as well as an adverse selection problem (since the agent is privately

informed of her own ability). The two research inputs are strategic complements,

so that greater investments increase the marginal returns to effort (and vice versa).

It is shown that, in a pure adverse selection environment (i.e. all relevant research

input is contractible, but the agent’s ability is unknown to the principal) the optimal

funding mechanism uses only a grant. The reason is that the rents captured by the

agent are proportional to the reward for innovation. Prizes, therefore, generate more

rent for the agent and are a more costly means of funding. In a pure moral hazard

environment (i.e. some relevant research inputs are non observable, but the agent’s

ability is known), the optimal funding mechanism, in general, uses only a prize. This

result follows the classic rationale for prizes; the prize creates a strong incentive for

the agent to exert effort since it is only received if the agent successfully innovates.

However, we highlight the fact that grants can still be relevant policy instruments;

if the agent’s effort supply is limited, then under some conditions, the first-best

outcome may be attained through a grant.

When both information asymmetries exist, the optimal funding mechanism de-

pends on the relative strength of the two informational asymmetries. When the

moral hazard problem is fairly weak, the optimal funding scheme uses only a grant.

In this environment, we also show that prizes, in some sense, become a less attractive

means of funding as compared to a setting with pure adverse selection. In settings

where the moral hazard problem is strong, grants emerge as part of an optimal

funding mechanism, in conjunction with a prize. The grant is used to offset invest-

ment costs so that smaller prizes may be offered; smaller prizes enable the agent

to capture less rent. Thus, we highlight the fact that grants may be an important

means of funding, even when moral hazard problems exist.

Our model has implications for the funding of research in many areas including

energy, health, and academic research. One particular setting is in the develop-
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ment of pharmaceuticals for health conditions mostly concentrated in the developing

world. These diseases, referred to as neglected tropical diseases (NTDs), dispropor-

tionately affect people in underdeveloped areas. The Center for Disease Control

estimates that more than 1 billion people are infected with one or more of these

conditions5. Despite the prevalence of these diseases, treatments and vaccines have

been very slow to develop. As a whole, NTDs carry over 10% of the global disease

burden. Yet of the 1,393 new drugs brought to market from 1974-1999 only 16 were

for NTDs (Yamey, 2002).

As discussed in Glennerster et al. (2006), there are two important market distor-

tions that have resulted in underinvestment in new vaccines for NTDs. First, there

is a collective action problem; since the benefit of a new vaccine would spill over to

many nations, no individual nation has a strong incentive to put up the necessary re-

sources. Second, manufacturers of new vaccines face the potential for hold-up. The

primary buyers of new vaccines are governments, not individual consumers. With

few buyers, these governments hold bargaining power, and after a drug is devel-

oped, the buyers have an incentive to try to negotiate prices down towards marginal

cost. Anticipating this possibility, pharmaceutical firms are hesitant to undertake

the high cost of development. The social value of treatments for NTDs, however,

is immense. First, there are obvious ethical and moral considerations. The devel-

opment of new drugs and vaccines could save, or drastically improve the quality of

life for millions worldwide. Second, there is a large body of empirical evidence that

suggests improvements in health have a significant positive impact on output and

economic growth. Fogel (1994) argues that improvements in health may be viewed

as technological improvements which increase the efficiency of workers; he attributes

about half of the observed economic growth in Britain since 1790 to improvements

in health. Gallup and Sachs (2000) present evidence for a significant causal link

between malaria and poverty, and estimate that the eradication of malaria in a na-

5http://www.cdc.gov/globalhealth/ntd/

http://www.cdc.gov/globalhealth/ntd/
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tion significantly affected by the disease would increase economic growth by about

2.6%. This suggests that helping to improve health conditions in the developing

world could drastically improve economic conditions in these areas.

1.2 Related Literature

Many authors have explored the use of innovation prizes. Wright (1983), De Laat

(1997), Scotchmer (1999), Hopenhayn et al. (2006), and Chari et al. (2012) for

instance, compare the use of prizes and patents in various informational environ-

ments. Our focus is not on the trade-offs between prizes and patents but rather on

trade-offs between prizes and grants. While patents might be an effective tool in

some instances, many funders of research do not have the ability to use them. Pri-

vate NGO’s like the Gates Foundation and public agencies like the National Science

Foundation (NSF) do not have the ability to issue patent protection without an act

of Congress. Instead, these agencies rely on the use of grants or prizes. Understand-

ing the trade-offs between these two mechanisms thus has important consequences

for many funders of research. Second, much of the existing literature considers a

funder whose objective is to maximize social welfare. It is typically assumed that

payments from the principal to the agent constitute transfers of wealth and do not

affect overall welfare. In our model, payments from the principal to the agent are

costly to the principal. This formulation seems very natural for most private funders

of research, like the Gates Foundation. Similarly, research funding from public en-

tities like the NSF would require higher taxes and/or increases in government debt.

Either option may carry some social cost.

Fu et al. (2012) explore the use of prizes and subsidies in the context of a research

contest. In their model, a budget-constrained principal allocates her budget between

a prize offering and a subsidy to each of two agents. The two agents exert costly effort

in an attempt to be the first to innovate. The first agent to innovate receives the prize
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as well as a private value. The trade-offs between prizes and subsidies in Fu et al.

are driven by their effect on the nature of competition. They show, for instance,

that if the two agents differ in ability, the principal allocates a larger subsidy to

the less able contestant in order to “level the playing field”, which fosters greater

competition and promotes faster innovation. The focus of the current analysis is not

on fostering competition, but rather on how the optimal funding scheme changes

in response to different information asymmetries. The contest designer in Fu et al.

does not face an adverse selection problem, which is of primary concern in the

present analysis. Finally, the budget-constrained principal in Fu et al. has no value

for unused budget. In our model, the resources used to provide research incentives

to the agent are costly to the principal.

The model also relates to the literature on optimal contracting. Bolton et al.

(1997) characterizes the optimal contract of a similar model in the context of an

owner of a productive asset (the principal) wishing to sell the asset to another

party (the agent). The asset’s return is binary (i.e. it succeeds or fails) and the

probability of success depends both on the agent’s (privately known) type and unob-

servable effort. Lewis and Sappington (2000a, 2000b and 2001) analyze this model

more generally and also allow for constraints on the agent’s wealth. There are two

distinguishing features of the current analysis. First, in our model there are two

inputs to production; one that is contractible, and one that is not. Second, in our

model success generates a private return to the agent, which cannot be extracted

by the principal. These two differences have important consequences for the nature

of optimal contracts, and distinguish our results from the existing literature. In

particular, our analysis suggests that grants may be relevant policy instruments,

even when some inputs are not observable.
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1.3 The Model

A principal would like to incentivize an agent to expend research inputs in the

development of a new technology. The likelihood of innovation success depends on

both observable and non-observable inputs. The observable input, which we refer

to as investment, may be thought of as a capital investment such as the purchase

of a new research facility. The unobservable input, which we refer to as effort, may

be thought of as the time and energy devoted by the agent to the success of the

project. This type of research input would be much more difficult to monitor and

verify by an outside agency.

We denote investment by, x ≥ 0, and effort by, y ≥ 0. The probability of suc-

cessful innovation is θα(x, y). The parameter θ ∈ (0, 1] captures the agent’s ability6.

For a fixed level of investment and effort, the agent is more likely to successfully

innovate when θ is larger. The function α : R2
+ → [0, 1] is twice continuously differ-

entiable, strictly increasing and strictly concave in x. α is increasing and concave in

y. Finally, the two research inputs are complementary in the sense that higher levels

of investment increase the marginal returns from effort (and vice versa). Following

the interpretation of the two inputs outlined above, this complementarity may be

interpreted as a complementarity between capital and labor. Our assumptions on α

are summarized as follows:

Assumption 1.

(i) α(0, y) = 0 for all y

(ii) α is twice continuously differentiable with: α1 > 07,α11 < 0, α2 ≥ 0, α22 ≤ 0,

and α12 ≥ 0.

6θ may also capture private information the agent holds regarding the difficulty of the project.
A lower θ corresponds to a more challenging project.

7For a function H(x1, · · · , xm), we write Hk to denote ∂H(x1,··· ,xm)
∂xk



17

The cost of investing x ∈ R+, to the agent is x, while the marginal cost of

exerting effort, y ∈ R+, is c. We think of c as representing the strength of the

moral hazard problem. When effort is relatively cheap, the moral hazard problem is

relatively weak, while a high effort cost is indicative of a more severe moral hazard

problem. We allow for an upper bound on the agent’s effort y ∈ (0,∞], which could

be thought of as constraints on the agent’s time or energy. Innovation carries a

small private benefit, π > 0, to the agent which does not depend on her type. We

assume that in the absence of any other incentive, π is sufficiently small so that the

agent would choose to invest nothing.

The principal may observe whether or not the agent successfully innovates, and

the agent’s investment, x; the principal may not observe the agent’s research effort,

y. The parameter θ is drawn from a continuous distribution with support, Θ ≡
[θ, θ] ⊂ [0, 1], according to CDF, F , and corresponding PDF f . The agent knows

the true θ while the principal knows only its distribution. To avoid two simultaneous

adverse selection problems, we assume that π is known by the principal. Successful

innovation carries a large benefit, W > 0, to the principal, which could be thought

of as the benefit to society, which is not captured by the firm8.

Assumption 2.

(i) θα1(0, y)π − 1 < 0 for all y ∈ [0, y]

(ii) θα1(0, 0)(W + π)− 1 > 0

(iii) θα2(0, 0)(W + π)− c > 0

8In some cases W may represent the net present value of consumer surplus associated with
innovation. However, in many cases innovation may carry large benefits to society even though
consumer surplus is small. The reason is that consumer surplus, as typically thought of in the
literature, is calculated by examining the willingness-to-pay of consumers. But, consider the NTD
example outlined in the introduction; the willingness-to-pay for a new malaria vaccine may be
quite low since those that need the treatment typically are unable to pay very much. Still, such
an innovation could drastically improve the quality of life in many nations and lay the foundation
for future economic growth. Thus, the benefit to society may be far greater than just consumer
surplus.
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Assumption 2(i) ensures that in the absence of any other incentives the agent

would choose to invest nothing. Assumption 2(ii) and (iii) respectively ensure that

the benefit to society from innovation is large enough to warrant a strictly positive

level of investment and effort from an agent of any type.

We rule out the possibility of transfers from the agent to the principal. There

are two types of agent-to-principal transfers that could potentially arise. First are

entry fees, which commonly arise as part of an optimal mechanism in environments

with moral hazard (see, for instance, Lewis and Sappington (2000b) and (2001)).

However, the researcher may face liquidity constraints that might prevent such pay-

ments. Moreover, as mentioned in Che and Gale (2003), entry fees of this sort are

rarely used in practice.The second type of agent-to-principal transfer that could po-

tentially arise, is a payment made to the principal in the event of innovation success.

This would amount to a payment of all, or part, of the private profit, π. However,

if π is not verifiable by a third party, such contracts would be difficult to enforce.

We rule out both of these possibilities. In this setting, the principal has two tools

at her disposal - prizes and grants.

Since the agent’s investment is contractible, our model allows the size of the

grant/prize to depend on the level of investment. In practice, grants with this

feature are fairly common. Matching grants, for instance, reimburse the grantee

a portion of their own private investment. Prizes do not often have this feature.

Prizes tend to be fixed rewards which are earned so long as some objective is met.

One exception is a provision in the United States “Orphan Drug Act” of 1983.

The Orphan Drug Act was an act passed with the intention of providing incentives

to pharmaceutical agents to develop treatments for rare diseases in the U.S. One

incentive in the Orphan Drug Act is a tax credit, earned by the sponsor of one of

these drugs, equal to half the cost of clinical development (Reider, 2000).
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1.3.1 The Principal’s Problem

The contracts we consider are take-it-or-leave-it offers made by the principal to

the agent. The contractible quantities are the level of investment, x, and the size

of the grant or prize, g or V respectively. It suffices to consider only the use of

direct mechanisms. That is, the agent announces his type, θ, and the principal

specifies a level of investment, x(θ) ≥ 0, as well as a grant and/or prize amount

g(θ) ≥ 0 and/or V (θ) ≥ 0, respectively. After this contract has been formed, the

agent chooses his effort level, y ≥ 0. If a type θ agent invests x, and the reward for

successful innovation is z, she chooses the effort level:

y(θ, x, z) ≡ arg max
y∈[0,y]

{θα(x, y)z − cy}

If a type θ agent reports her type as θ̂, her payoff is given by:

U(θ, θ̂) = θα
(
x(θ̂), y(θ, x(θ̂), V (θ̂) + π)

)[
π+V (θ̂)

]
−x(θ̂)−C(y(θ, x(θ̂), V (θ̂)+π))+g(θ̂)

The principal’s problem is then:9

max
{x(θ),V (θ),g(θ)}

∫
Θ

[
θα
(
x(θ), y(θ, x(θ), V (θ) + π)

)
[W − V (θ)]− g(θ)

]
dF (θ) (1.1)

Subject to individual rationality (IR), incentive compatibility (IC), and the non-

negativity constraints: x(θ) ≥ 0, g(θ) ≥ 0, and V (θ) ≥ 0. IR and IC require that

for all θ, θ̂ ∈ Θ:

9Note that the principal places zero value on the profit generated by the firm. This specification
contrasts the typical objective function considered in the innovation literature, where the principal
is a social welfare maximizer. The results in our paper would generalize to a specification in which
the principal cares about firm profit, but values her own resources more. This specification would
change the marginal cost to the principal of the funds that flow to the agent.
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(IR) U(θ) ≥ 0 (1.2)

and

(IC) U(θ, θ) ≥ U(θ, θ̂) (1.3)

Where U(θ) ≡ U(θ, θ) is the agent’s payoff when she reports her type truthfully.

Note that assumption 2 ensures that in the absence of any other incentives, the

agent would earn zero profit. Therefore the IR constraint simply requires the agent

earn a nonnegative payoff. The IC constraint requires that truth-telling is optimal

for the agent.

1.3.2 Efficiency and the First-Best

It will be useful to have a notion of investment and effort levels that are socially

efficient, and those which are efficient from the perspective of the principal. This

leads to the following two definitions

Definition 1.

Let S(θ, x, y) ≡ θα(x, y)(W +π)−x−cy. The investment schedule, xe(θ), and effort

schedule, ye(θ), are efficient if

(
xe(θ), ye(θ)

)
∈ arg max

x(θ)≥0,y(θ)∈[0,y]
Eθ[S(θ, x(θ), y(θ))]

Eθ[S(θ, x(θ), y(θ))] is the ex-ante expected total surplus that is generated when

the agent invests according to x(θ) and chooses effort according to y(θ). The effi-

cient investment/effort schedules maximize expected total surplus. Note that xe is

uniquely characterized by the first-order condition:

θα1(xe(θ), ye(θ))(W + π)− 1 = 0
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At an interior solution, ye(θ) satisfies:

θα2(xe(θ), ye(θ))(W + π)− c = 0

Note that if θα2(xe(θ), y)(W + π) − c > 0 then ye(θ) = y. Our next definition

concerns mechanisms that are efficient from the perspective of the principal.

Definition 2.

A mechanism, M, attains the first-best for the principal if his equilibrium payoff is

equal to E[S(θ, xe(θ), ye(θ))]

Definition 2 says that a a mechanism is first-best for for the principal if his payoff

under the mechanism is equal to the maximum total surplus. Note that any payoff

to the principal greater than maxx(θ),y(θ) Eθ[S(θ, x(θ), y(θ))] would require that the

agent’s ex-ante expected payoff is less than zero. Such a mechanism would violate

voluntary participation.

1.4 Baseline: Full Information

We begin by examining the case where the principal knows the agent’s type and

may observe, and contract on, all relevant research input. This could be thought of

as a special case of the general model presented in section 2.2 where F places unit

mass on some particular θ̃ ∈ Θ and the probability of success depends only on the

observable research input. Since effort, y, is irrelevant and θ is known, we suppress

these notationally and simply write α(x) as the probability of successful innovation.

The optimal contract solves the following problem:

max
x,g,V ∈R+

{α(x)(W − V )− g} such that α(x)(π + V )− x+ g ≥ 0 (1.4)

In this perfect information environment, the principal can calculate the socially
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efficient level of investment, xe ≡ arg maxx{α(x)(W + π) − x}. She then requires

the agent to invest xe to be eligible for the grant and/or prize. Finally, the principal

specifies the grant/prize combination in such a way that the agent is indifferent

between investing xe or not:

g + α(xe)V = x− α(xe)π

Hence, the principal is indifferent between the use of a prize only, a grant only, or

any combination thereof that satisfies IC. With fully contractible research inputs

and no uncertainty over the agent’s ability, one can simply think of the expected

value of a prize as a a transfer which the agent receives with certainty. The socially

efficient investment level is achieved and the principal attains the first-best.

1.5 Adverse Selection

In this section, we maintain the assumption that all relevant research inputs are

contractible but we consider a non-degenerate distribution of the parameter θ. Since

unobservable effort is irrelevant to the problem at hand, we write θα(x) as the

probability of successful innovation. Let h(θ) ≡ 1−F (θ)
f(θ)

be the inverse hazard rate.

As is standard in the contracting literature, we assume h′(θ) < 0 for all θ. We also

assume f(θ) > 0 for all θ.

Before stating our first result, it will be instructive to re-write the maximand in

(1.1) to reflect the fact that the principal’s payoff is the total surplus generated less

the rent that accrues to the agent. The principal’s problem is hence:

max
x(θ),U(θ)

∫
Θ

[θα(x(θ))(W + π)− x(θ)− U(θ)] dF (θ) subject to IR and IC (1.5)

Our first proposition demonstrates the optimality of grants in a setting with pure
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adverse selection.

Proposition 1. When the principal faces adverse selection only, the optimal funding

mechanism uses only a grant: V ∗(θ) = 0 for all θ ∈ Θ

Proof. All proofs in this chapter are contained in Section 1.9

To understand why the principal offers no prize, consider a two-type version of

the model: Θ = {θ, θ}, where θ > θ. From (1.5) it is clear that the principal’s payoff

is decreasing in the rent captured by the agent. Under the optimal mechanism, the

low type will therefore capture zero rent. To maintain IC, the high type must be

permitted to capture at least as much rent as she could by imitating the low type.

If z is the reward for innovation offered to the low type, the amount of rent that the

high type can capture by misreporting is:

(θ − θ)α(x(θ))z (1.6)

Clearly, the amount of rent the high type captures is increasing in the low type’s

reward for innovation. Hence, a prize creates more rent for the higher type than

does a grant. These rents are costly to the principal, and so the optimal funding

mechanism involves a grant only.

Proposition 1 complements existing results from the literature on optimal con-

tracting. Bolton and Dewatripont (2005) (pp. 231) explore a similar model in the

context of the sale of a new firm.10 It is shown that in a pure adverse selection

environment, the seller (the principal) achieves the first-best by asking for the 100%

of the revenues generated by the firm, and then reimburses the buyer (the agent)

her full effort costs. By collecting 100% of the revenues from the project, the “prize”

left for the agent is zero. In Bolton and Dewatripont the principal achieves the first-

best through this scheme. As our next proposition shows, the optimal mechanism

10The model the authors consider is also explored in Bolton et al. (1997), Lewis and Sappington
(2000a, 2000b, and 2001)
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in our framework involves only partial cost reimbursement, and the principal does

not attain the first-best.

Before stating our next proposition, note that by using Proposition 1 and stan-

dard techniques it is shown in Appendix A that we may write the principal’s problem

as:

max
x(θ)≥0

∫ θ

θ

(
θα(x(θ))[W + π]− x(θ)− h(θ)α(x(θ))π

)
dF (θ) (1.7)

Subject to the non-negativity constraint: g(θ) ≥ 0 and the constraint x′(θ) ≥ 0.

Also let

θAS ≡ max{θ, θ|θα′(0)(W + π)− 1− h(θ)α′(0)π = 0}

Note that assumption 2 ensures that θAS < θ. Our next proposition characterizes

the optimal mechanism in the pure adverse selection environment.

Proposition 2. When the principal faces adverse selection only:

(i) For all θ ∈ [θAS, θ] x∗(θ) satisfies:

θα′(x∗(θ))(W + π)− 1− h(θ)α′(x∗(θ))π = 0 (1.8)

and for all θ ∈ [θ, θAS] g∗(θ) = x∗(θ) = 0

(ii) For all θ ∈ [θAS, θ], the investment schedule, x∗(θ), and the grant schedule,

g∗(θ), are strictly increasing in θ with g∗(θ) < x∗(θ)

(iii) x∗(θ) < xe(θ) for all θ < θ and x∗(θ) = xe(θ)

(iv) ∂x∗(θ)
∂π

> 0 if and only if θ > h(θ)
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Part (i) of Proposition 2 characterizes the optimal investment schedule chosen

by the principal. To provide some intuition for the optimal schedule (at an interior

solution), note that by re-arranging equation (1.8) we obtain:

θα′(x∗(θ))W = 1− θα′(x∗(θ))π + h(θ)α′(x∗(θ))π

When an agent of type θ invests x, the expected benefit to the principal is

θα(x)W . Hence, the left-hand side of the above equation is simply the marginal

benefit of investment to the principal. The cost incurred by the principal, when

the agent invests x may be broken up into two terms. First, the principal must

compensate the agent to maintain the individual rationality constraint. When a type

θ agent invests x > 0, the loss incurred by the agent is θα(x)π−x < 0. The principal

must compensate the agent to offset this loss and ensure participation. The first

term on the right-hand side of the equation above, 1− θα′(x∗(θ))π, is the marginal

cost of maintaining the individual rationality constraint. The term h(θ)α(x)π is the

cost to the principal of maintaining the incentive compatibility constraint. Agents

of type θ > θAS capture strictly positive information rents since they may always

profit by imitating lower types. To obtain higher levels of investment from higher

types, the principal must offer these high types larger grants. The term h(θ)α′(x∗)π

is the marginal cost of maintaining IC.

Parts (ii) and (iii) of Proposition 2 show that in the pure adverse selection

environment, the principal only partially reimburses the agent for investment costs,

and that the second-best investment path lies below the efficient path of investment.

Both of these facts contrast results in Bolton and Dewatripont (2005). Driving the

difference is the presence, in our model, of the private profit incentive, π, which the

agent receives in the event of innovation success. Since the principal is unable to

extract this profit from the agent, this leaves information rents for all types (except

the lowest type). Going back to the two-type model, equation (1.6) shows that

the amount of rent the high type can capture is positively related to the low type’s
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investment level. To limit these rents, the investment level is below the efficient level

for all types less than θ. But, since there is some private incentive for innovation, the

principal need not reimburse the agent the full cost of investment. For this reason,

the grant is always strictly less than investment.

One interesting feature is the relationship between the investment path charac-

terized in (1.8) and the private benefit, π. Part (iv) shows that x∗(θ) may either

increase or decrease in π. This is in stark contrast to the full information environ-

ment, where the optimal level of investment is always increasing in π. Intuitively,

with full information an increase in π simply reduces the cost to the principal of

maintaining the individual rationality constraint. When the agent’s ability is un-

known, x∗(θ) increases in π if and only if θ > h(θ). As outlined two paragraphs

above, the total cost to the principal of incentivizing a type θ agent to invest x(θ)

may be expressed:

x(θ)− θα(x(θ))π + h(θ)α(x(θ))π

The first two terms above give the cost of maintaining IR and the third term is the

cost of maintaining IC. As in the full information environment, when π increases,

this decreases the cost to the principal of maintaining IR. At the same time, recall

from equation (1.6) that the greater the reward for innovation, the more rent higher

types are able to capture. Thus, an increase in π creates more rent for higher

types and increases the cost of maintaining IC. An increase in π has two competing

effects on the principal’s cost function, and the effect on the optimal investment

path depends on the balance of these two forces.

1.6 Moral Hazard

In this section we assume that θ is known by the principal (i.e. F places unit mass

on some θ̃ ∈ Θ) but not all relevant research inputs are fully contractible. That is,
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α depends non-trivially on the level of unobservable agent effort, y. In this version

of the model the principal faces a moral hazard problem but no adverse selection

problem. We make the following assumptions on α:

Assumption 3.

(i) α(x, 0) = 0 for all x

(ii) α is twice continuously differentiable in y for fixed x > 0 with α2(x, y) > 0,

α22(x, y) < 0 and α12(x, y) > 0

Assumptions 3(i)-3(iii) says that successful innovation requires the agent to exert

effort and strengthens the assumptions made in assumption 1. Since θ is known

we suppress this from our notation and simply write α(x, y) for the probability of

successful innovation. Let y(x, z) ≡ arg maxy∈[0,y]{α(x, y)z − cy}. That is, y(x, z)

is the agent’s optimal effort choice when the agent invests x and earns z when

it it successfully innovates. At an interior solution, y(x, z) satisfies the first-order

condition α2(x, y(x, z))z − c = 0.

Note that the agent’s effort constraint binds if and only if α2(x, y)z − c ≥ 0.

For the moment, we ignore this possibility and assume y is arbitrarily large. For

simplicity, we also assume α2(0, 0)π−c > 0, which ensures the optimal effort level is

strictly positive for any level of investment and any prize.11 The principal’s problem

may then be written:

max
x,y,g,V≥0

{
α(x, y)

[
W − V

]
− g
}

subject to

α(x, y)
[
π + V

]
− x− cy + g ≥ 0 (1.9)

11This assumption is not necessary for the qualitative nature of our results, but simplifies expo-
sition tremendously.
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and

α2(x, y)(π + V )− c = 0 (1.10)

Equation (1.9) gives the individual rationality constraint. It is clear that this con-

straint will bind under the optimal contract; if not the principal could increase the

level of investment slightly and increase her payoff. Equation (1.10) is the first-order

condition for the agent’s maximization problem. The strict concavity of alpha in

y ensures that this first-order condition is sufficient for a global optimum and that

this solution is unique for any x and z, so that this first-order approach is valid.

Proposition 3.

In the model with moral hazard only, when effort is unconstrained the optimal mech-

anism uses only a prize (g∗ = 0).

Proposition 3 demonstrates that when the principal faces only moral hazard,

the optimal mechanism uses only a prize. The intuition is clear; by only rewarding

success a prize creates a greater incentive for unobservable effort than does a grant.

This result is in line with standard theory on moral hazard. It is worth noting,

however, that in our environment with pure moral hazard, a grant may be used to

elicit higher levels of unobservable effort. A grant is effective in inducing higher levels

of contractible investment; the complementarity between investment and effort, in

conjunction with the presence of the private benefit, π, then leads the agent to

exert higher levels of effort. In this way, grants can be relevant policy tools even

when some relevant inputs are unobservable to the research funder. Our next result

highlights this notion, and shows that the optimal mechanism may use a grant when

the moral hazard problem is relatively weak, and effort is constrained.

Proposition 4.

Suppose effort is constrained and α2(xe, y)π− c > 0, then the principal may achieve

the first-best through the use of a pure grant (V = 0).
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Proposition 4 highlights the fact that a grant, or output-independent payment, can

be effective policy tools for encouraging R&D activity, even when some relevant in-

puts are not observable. This result contrasts many of the classic insights on moral

hazard where rewards must be tied to output12 in order to induce non-contractible

efforts from the agent. As Proposition 4 highlights, output-based compensation is

not the only way to encourage non observable inputs; compensation tied to observ-

able and complementary inputs may also be just as effective.

1.7 Combined Moral Hazard and Adverse Selection

In this section, we consider a version of the model with both moral hazard and

adverse selection. That is, θ is unknown to the principal and the the probability of

success is determined both by contractible investment and non-contractible effort.

In general, when both adverse selection and moral hazard problems are present,

the optimal mechanism will involve some combination of a grant and prize. To

obtain insights into how adverse selection and moral hazard interact, and maintain

tractability, we examine a special case of the model where the agent’s effort choice

is binary: y ∈ {0, 1}. If the agent does not exert effort, y = 0, then innovation fails

with certainty. If the agent exerts effort, y = 1, then she incurs cost, c, and the

probability of success is θα(x). If investment is x and the reward for successfully

innovating is z then the agent exerts effort only if:

θα(x)z − c ≥ 0

We let y(θ, x, z) be an indicator function equal to one if θα(x)z − c ≥ 0 and equal

to zero otherwise13. We suppose that the socially efficient level of investment and

12See for instance Stiglitz (1974), Jensen and Meckling (1976), Myers (1977), Grossman and Hart
(1983), Innes (1990), and Mirrlees (1999). But also note that, as shown in Hölmstrom (1979), it is
beneficial to condition the contract based on any signal that provides additional information about
the agent’s effort, above the information provided by output alone.

13We assume that if the agent is indifferent between exerting effort or not, he will choose to
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effort are strictly positive for any type: xe(θ) > 0 and ye(θ) = 1.

Let xAS(θ) and gAS(θ) respectively denote the optimal investment and grant

schedules characterized in Proposition 2 when the principal faces a pure adverse

selection problem. Our first result in this section demonstrates that when the moral

hazard problem is relatively mundane, the optimal mechanism uses a pure grant.

Before stating the result, note that when the principal uses a pure grant, Appendix

A shows that her problem may be written:

max
x(θ)

∫ θ

θ

[y(·)θα(x(θ))(W + π)− x(θ)− y(·)c− y(·)h(θ)α(x(θ))π] dF (θ) (1.11)

Subject to the non-negativity constraint x(θ) ≥ 0 and the IC constraint x′(θ) ≥ 0.

Define θm such that:

θm ≡ max

{
θ, θ|θmα(xAS(θm))(W + π)− xAS(θm)− c− h(θm)α(xAS(θm))π = 0

}
θm is the smallest θ ∈ Θ such that the principal’s instantaneous payoff in (1.11)

is non-negative when xAS(θ) is the path of investment, and all types exert effort.

Since h(θ) = 0 and xAS(θ) = xe(θ) > 0 it must be the case that θm < θ. We now

state our first result in this section.

Proposition 5.

Suppose c < θmα(xAS(θm))π. Then the optimal funding mechanism uses a pure

grant (V ∗ = 0). Moreover, for all θ ∈ [θm, θ] the optimal investment and grant

schedules are x∗(θ) = xAS(θ) and g∗(θ) = gAS(θ) + c. For θ ∈ [θ, θm) x∗(θ) =

g∗(θ) = 0.

Proposition 5 shows that when the investment path xAS(θ) is sufficient to induce

exert effort.
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agent effort, the optimal contract uses only a grant and the optimal investment

path is unchanged from the version of the model with only adverse selection. Under

the supposition of the proposition above, the moral hazard problem is relatively

mundane; the agent has enough of an incentive to exert effort without the need

for the principal to alter the contract offering from the version of the model with

adverse selection only. The principal must offset the additional cost of effort; the

grant offered by the principal increases by exactly c, relative to the case with adverse

selection only.

It is interesting to note that, in some sense, the use of a prize actually becomes

less attractive than the pure grant when there exists a weak moral hazard problem,

relative to the pure AS environment. As compared to the pure AS environment,

the principal’s payoff under the optimal contract decreases by c - the effort cost.

The agent captures exactly as much rent. But suppose the principal, sub optimally,

uses a pure prize, rather than this optimal contract. As compared to the pure AS

environment, the prize offered to the lowest type must increase by just enough to

offset the additional effort cost, in order to maintain IR. But recall from Section

1.5 that the rent captured by the agent increases with the reward for innovation.

To maintain IC, the principal must therefore allow higher types to capture more

rent than in the version of the model with adverse selection only. This means the

expected value of the prizes offered to higher types must increase by more than c.

The expected payoff to the principal thus decreases by more than c when she uses

a prize. In this way, prizes become even less attractive than grants when the moral

hazard problem is present but fairly weak.

Our next result formalizes this intuition. Before stating this result, let φAS and

φc respectively denote the principal’s payoff under the optimal contract in the pure

AS environment and in the combined AS/MH environment. Also let φASp and φcp

respectively denote the principal’s maximal payoff when she (sub-optimally) uses

a pure prize in the pure AS environment and the combined AS/MH environment.
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Finally, we define h̃(θ) such that:

h̃(θ) ≡
∫ θ
θ
θ̃f(θ̃) dθ̃

θ2f(θ))
(1.12)

Our next result assumes h̃ to be strictly decreasing. This assumption is qualitatively

similar to the decreasing inverse hazard rate assumption. Both conditions rule

out distributions with long, thin tails, and are satisfied for distributions such as

the uniform, the triangular distribution, and many parameterizations of the beta

distribution.

Proposition 6.

Suppose h̃′(θ) < 0 and W is sufficiently large. Under the hypotheses of Proposition

5: φc − φcp > φAS − φASp .

Proposition 6 says that, when a weak moral hazard problem is added on top

of an adverse selection problem, the use of a pure prize results in a greater loss to

the principal than in the pure AS environment. This is somewhat counterintuitive,

given that prizes tend to be more effective in dealing with moral hazard, as outlined

in section 1.6. Our next result characterizes the optimal contract when the moral

hazard problem is relatively severe. In this case, a prize is essential to induce effort.

Proposition 7.

Suppose c > θα(xe(θ))π for all θ. Then the optimal investment path is given by:

x∗(θ) = xe(θ) for all θ. The grant schedule offers full reimbursement of investment

(i.e. g∗(θ) = x∗(θ)). Finally, the prize schedule is strictly decreasing and is given

by: V ∗(θ) = c
θα(x∗(θ))

− π. The mechanism is efficient but the principal does not

achieve the first best.

Under the hypotheses of Proposition 7, the moral hazard problem is relatively

severe. This corresponds to an environment in which effort is particularly costly

and/or the private benefit of innovation is particularly small. In such settings, a
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prize is necessary to elicit effort from the agent. However, higher types do not need

large prizes to induce effort; to limit the rents captured by the agent, the prize

schedule is thus decreasing in type. It is also interesting to note that the severe

moral hazard problem leads to a socially more efficient outcome than environments

with pure adverse selection. In the pure adverse selection environment, the optimal

contract specifies an investment level below the socially efficient level. The principal

does this in order to reduce the amount of rent that accrues to the agent. When the

moral hazard problem is severe, the principal to specifies a greater investment level

in order to reduce the size of the prize that must be offered to induce effort. It is

more cost effective from the principal’s perspective to do this, because large prizes

create significant rents for the agent. It is worthwhile to note that the mechanism

characterized in Proposition 7 is weakly implementable, in the sense that an agent

of any type is indifferent between reporting truthfully and not. If a high type

underreports, she receives a larger prize, but also invests less, meaning she is less

likely to receive the prize than if she reported truthfully. Under the optimal contract,

these two effects offset one another, leading the agent to be indifferent between

truthful reporting and not.

The form of the optimal contracts in this combined AS/MH environment con-

trast existing results in the literature. Driving the difference is the presence of a

productive observable input that increases the returns to the non observable input,

and the private benefit, π. Lewis and Sappington (2000b) (Henceforth, LS) inves-

tigate a similar model in the presence of adverse selection and moral hazard in the

context of the sale of a productive asset. The objective in LS is to understand the

economic impact of wealth constraints. In our model, we rule out up front payments

from the agent to the principal; this is exactly the case in LS where the agent has

zero wealth. In the absence of wealth constraints, an agent of high ability can credi-

bly signal this to the principal by making a larger upfront payment to the principal,

in exchange for a larger prize. When the agent has zero wealth, she loses the ability
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to signal her type, and the principal’s only relevant tool is the prize for success.

Armed with this one policy tool, the principal in LS is forced to offer the same

contract to all types.14 In our model, the observable investment serves a similar

role as an upfront payment to the principal. Higher types are able to distinguish

themselves through their willingness to make larger investments. Moreover, because

this input is contractible, grants become a relevant policy tool. Finally, because

the agent derives some private benefit for success, no prize may even be necessary

under the optimal contract, as shown in Proposition 5. Even when moral hazard is

a significant problem, as in Proposition 7, grants are still an important part of the

optimal contract. This is because large prizes create significant informational rents

for the agent. The use of a grant reduces the size of the prize that must be offered,

and limits the amount of rent the agent captures.

1.8 Conclusion and Discussion

We have explored the use of optimal funding schemes in environments where research

input is partially contractible. In such environments, compensation need not be tied

to output in order to induce non observable research inputs. We have shown that

grants are a more efficient means of dealing with adverse selection. As a result,

grants may emerge as an optimal means of funding in settings where both adverse

selection and moral hazard problems exist, provided the moral hazard problem is

relatively weak. In settings where the moral hazard problem is severe, prizes may

be necessary to elicit non observable inputs. However, even when the moral hazard

problem is severe, grants still emerge as part of the optimal funding mechanism

whenever adverse selection is a relevant.

Our findings may shed light on some of the recent observed behavior of the

Gates Foundation. As mentioned in the introduction, the Gates Foundation awards

14When there are at least two agents, LS show that the principal re-gains the ability to tailor
the contract to different types by awarding the contract to higher types more often.
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awards billions of dollars in grants every year. The vast majority of these grants

are issued to non-profit organizations. As stated explicitly on their website: “The

foundation awards the majority of its grants to U.S. 501(c)(3) organizations and

other tax-exempt organizations...”. Many of the non-profits awarded grants are

non-profit pharmaceutical developers. In July, 2013, for instance, the Gates Foun-

dation awarded a $160 million dollar grant to the Medicines for Malaria Venture.

This organization is a non-profit pharmaceutical organization seeking to develop

treatments for Malaria. In November, 2012 the Gates Foundation awarded a $3

million grant to the International Vaccine Institute - another nonprofit organization

seeking to develop vaccines for NTDs. The Gates Foundation very rarely awards

grants to large pharmaceutical agents.

Still, the Gates Foundation has committed significant resources to the new Ad-

vanced Market Commitment program for pneumococcal vaccines (AMC). The AMC

is a program which guarantees pharmaceutical agents a viable market for certain

pneumococcal vaccines. The AMC very closely resembles a prize-like mechanism in

that agents only receive a reward if they successfully develop the vaccine. With re-

gards to non-profit pharmaceutical organizations moral hazard is likely not as severe

an issue as is adverse selection. Researchers who choose to work for a non-profit drug

developer likely attach a high value to the development of these drugs and therefore

have a fairly high private value of successful innovation. Moreover, monitoring of a

small non-profit would seem to be easier than the monitoring of a large corporation.

At the same time, there likely exists a fairly significant adverse selection problem as

non-profit pharmaceutical organizations likely have a much wider range of ability

than do large multinational corporations. Our model therefore predicts that grants

would be the dominant form of funding, which appears to be the case.

With regards to large pharmaceutical firms, it would seem natural that moral

hazard is a much more significant issue than is adverse selection. Large pharmaceu-

tical firms have many more profitable business opportunities and therefore devoting
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effort to the development of NTDs is much more costly. Moreover, monitoring of

investment would be a much more arduous task. At the same time, these firms

attract some of the most talented, high-ability researchers in the field. As a result,

it would again seem natural to think that there is less variance in the ability of these

firms, than with small non-profits. Our model therefore predicts prizes would be

the dominant form of funding, which again, appears to be the case.

1.9 Proofs

Proof of Proposition 1

Proof. Incentive compatibility requires:

U ′(θ) = θα(x(θ))(V (θ) + π)

Clearly, the rents captured by the agent are increasing in the prize. Since the

principal’s payoff is decreasing in U , optimality requires V ∗(θ) = 0.

Proof of Proposition 2

Proof. First note that equation (1.8) is the (point wise) first-order necessary condi-

tion for the problem given in (1.7). For θ > θAS it holds that θ(W+π)−h(θ)π > 0. It

is straightforward to show that this means the maximand in (1.7) is strictly concave

in x(·) for each θ. This ensures that the first-order conditions indeed characterize a

global maximum point wise for each θ. Since h(·) is strictly decreasing, then for all

θ ≥ θAS, we must have θα′(0)π− 1−h(θ)α′(0)π ≥ 0. This ensures that the solution

given by (1.8) is indeed non-negative.

Then, differentiating the first-order condition with respect to θ, it is easy to see

that since h′(θ) < 0 and θ(W + π) − h(θ)π > 0, we have x∗
′
(θ) > 0. Hence, (1.8)

characterizes the optimal level of investment.
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Then see that that U2(θ, θ) = 0 implies

x∗
′
(θ)(θα′(x∗g(θ))π − 1) + g∗

′
(θ) = 0

By assumption, we have θα′(x)π− 1 < 0 for all x > 0. Since x∗
′
g (θ) > 0 we must

have g∗
′
(θ) > 0. Now, note that the efficient investment schedule, xe(θ), satisfies:

θα′(xe(θ))(W + π)− 1 = 0

Since h(θ) > 0 for all θ < θ, equation (1.8) clearly implies x∗(θ) < xe(θ) for all

θ < θ, and since h(θ) = 0 we have x∗(θ) = xe(θ). Finally, (iv) may be verified by

differentiating (1.8) with respect to π.

Proof of Proposition 3

Proof. Let C∗ = {x∗, y∗, V ∗, g∗} denote the optimal contract and suppose g∗ > 0.

We will proceed by contradiction. Since optimality requires the IR constraint to

bind, we must have: g∗ = x∗ + cy∗ − α(x∗, y∗)(π + V ). Define Ṽ > 0 such that

α(x∗, y∗)Ṽ = g∗. Finally, let V ∗∗ = V ∗ + Ṽ . Consider the new contract offering:

C∗∗ = {x, y, V, g} = {x∗, y∗∗, V ∗∗, 0} where y∗∗ is the agent’s optimal effort choice

when investment is x∗ and the prize is V ∗∗. Let U(C∗) and U(C∗∗) respectively

denote the agent’s payoff under the contracts C∗ and C∗∗. We have:

U(C∗∗) = α(x∗, y∗∗)(π + V ∗∗)− x∗ − cy∗∗

≥ α(x∗, y∗)(π + V ∗∗)− x∗ − cy∗

= α(x∗, y∗)(π + V ∗)− x∗ − cy∗ + α(x∗, y∗)Ṽ

= α(x∗, y∗)(π + V ∗)− x∗ − cy∗ + g∗

= U(C∗)
= 0



38

The first equality is definitional. The inequality follows from the optimality of y∗∗

when investment is x∗ and the prize is V ∗∗. The second and third equalities follow

from the definitions of V ∗∗ and Ṽ , respectively . The fourth equality is definitional,

and the final equality is true since the payoff to the agent under C∗ must equal

zero. Thus, the contract, C∗∗, satisfies the agent’s IR constraint. From equation

(1.10) it is clear that, at an interior solution, the agent’s optimal effort choice is

strictly increasing in the reward for innovation. Since the principal offers a strictly

positive grant under the contract C∗, optimality of this contract requires x∗ > 0. By

assumption, α2(0, 0)π − c > 0, which means y∗ > 0. Since effort is unconstrained,

y∗ is interior, and so we must have: y∗∗ > y∗.

Let φ(C) denote the principal’s payoff under the contract C. It is easily confirmed

that, under our assumptions, the optimal contract must generate a strictly positive

level of surplus. Since the agent captures no rent, the principal captures the full

amount of surplus generated: φ(C∗) > 0. This implies W > V ∗∗. Thus:

φ(C∗∗) = α(x∗, y∗∗)(W − V ∗∗)
> α(x∗, y∗)(W − V ∗∗)
= α(x∗, y∗)(W − V ∗)− g∗

= φ(C∗)

The first inequality holds since y∗∗ > y∗ and W > V ∗∗. The last two equalities are

definitional.

Proof of Proposition 4

Proof. Our assumptions imply α2(xe, y)(W + π) − c > 0 and hence ye = y. This

means xe solves: α1(xe, y)(W + π) − 1 = 0. We will show that the principal can

achieve the first-best without the use of a prize. Thus, we set V = 0. Let x∗ be

the optimal investment level chosen by the principal, and suppose that the agent’s
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effort constraint binds: y(x∗, π) = y; we will then verify that this is the case. The

principal solves:

max
x,g
{α(x, y)W − g} such that α(x, y)π − x− cy + g = 0

Substituting the constraint into the principal’s problem and taking the first-order

condition yields:

α1(x∗, y)(W + π)− 1 = 0

So x∗ = xe and hence y(x∗, π) = y(xe, π) = y, which verifies that the agent’s

effort constraint must bind. Thus, the principal can achieve the first-best through

a grant only.

Proof of Proposition 5

Proof. We first suppose that the optimal funding mechanism uses a pure grant. We

will then show that this is in fact the case. Comparing the principal’s problem in

(1.11) with the problem in (1.7) it is clear that the two problems are equivalent

(up to the constant, c) so long as all types are exerting effort. Assuming all types

exert maximal effort, at an interior solution, the optimal investment path which

solves (1.7) must therefore also solve (1.11). For all θ < θm, the integrand in (1.11)

evaluated at xAS(θ) is strictly negative. Since xAS(θ) maximizes this integrand at

each θ it must be that for all θ < θmg , the integrand in (1.11) is strictly negative for

any non zero investment path. Hence, the principal sets investment equal to zero in

this range. The condition θmα(xAS(θm))π ≥ c is sufficient to ensure that all types

in [θm, θ] would choose to exert maximal effort when investment is xAS(θ). Hence,

if the optimal contract uses a pure grant then for all θ ≥ θmg , the principal chooses

the investment path xAS(θ).
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The optimal contract will specify that a type θm agent captures zero rent. To

offset the cost of effort, this means that the grant offered to this type must increase

by exactly c, as compared to the pure adverse selection environment.

Now, since xAS(θ) is sufficient to elicit effort from all types above θm, the optimal

contract will set V ∗ = 0. To understand why, recall that IC requires: U ′(θ) =

y(·)α(x(θ))(V (θ) + π). Clearly, a positive prize would create greater rents for the

agent and decrease the payoff to the principal.

Proof of Proposition 6

Proof. We first show that, under the optimal contract, the principal’s payoff de-

creases by exactly c in the combined AS/MH environment, as compared to the pure

AS case. When W is sufficiently large, we may, without loss of generality, suppose

that the optimal investment path is strictly positive for all θ. Under the hypotheses

of Proposition 5, the optimal contract in the combined AS/MH environment induces

the same investment schedule as in the pure AS environment. It is easily checked

that:

φAS − φc =

∫ θ

θ

c dF (θ) = c

Appendix B provides the solution to the principal’s pure prize problem for any

c ≥ 0. Using this characterization, it may also be verified that

φASp − φcp =

∫ θ

θ

[c+ h̃(θ)c] dF (θ) > c

Hence,

φASp − φcp > φAS − φc ⇐⇒ φc − φcp > φAS − φASp
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Proof of Proposition 7

Proof. We first establish the following lemma.

Lemma 1. Suppose x∗(θ) > 0 for all θ. Then U
′
(θ) ≥ c

θ
for all θ ∈ [θ, θ].

Proof. First see that IC requires U ′(θ) = α(x(θ))(V (θ) + π). Then, since x∗(θ) > 0,

it must be that all types exert effort. This means θα(x(θ))(V (θ) + π) ≥ c for all θ.

In particular, we must have θα(x(θ))(V (θ) + π) ≥ c, or U ′(θ) ≥ c
θ
. IC requires:

U12(θ, θ̂) = x′(θ̂)α′(x(θ̂))(V (θ̂) + π) + α(x(θ̂))V ′(θ̂) ≥ 0 for all θ, θ̂ ∈ Θ (1.13)

and

U2(θ̂, θ̂) = θ̂

[
x′(θ̂)α′(x(θ̂))(V (θ̂)+π)+α(x(θ̂))V ′(θ̂)

]
−x′(θ̂)+g′(θ̂) = 0 for all θ̂ ∈ Θ

(1.14)

Equations (1.13) and (1.14) together imply: x′(θ) ≥ g′(θ) for all θ ∈ Θ. Now,

note that U ′(θ) = α(x(θ))(V (θ) + π) may be equivalently expressed: U ′(θ) =
U(θ)+c+x(θ)−g(θ)

θ
. See that:
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U ′′(θ) =

[
U ′(θ)+x′(θ)−g′(θ)

]
θ−
[
U(θ)+c+x(θ)−g(θ)

]
θ2

= 1
θ

[
U ′(θ) + x′(θ)− g′(θ)− U(θ)+c+x(θ)−g(θ)

θ

]

= 1
θ

[
U ′(θ) + x′(θ)− g′(θ)− U ′(θ)

]
= 1

θ

[
x′(θ)− g′(θ)

]
≥ 0

So, U ′(θ) ≥ c
θ

and U ′′(θ) ≥ 0, which implies U ′(θ) ≥ c
θ
.

To minimize the rent captured by the agent, the principal sets U(θm) = 0 and

U
′
(θ) = c

θm
, so long as it is feasible to do so. This would imply: U(θ) = c

(
θ−θ
θ

)
.

The payoff to the principal is then:

∫ θ

θ

[
θα(x(θ))(W + π)− x(θ)− c− c

(
θ − θ
θ

)]
dF (θ) (1.15)

Pointwise maximization of the expression above yields the first-order condition:

θα′(x∗(θ))(W + π)− 1 = 0

Hence, x∗(θ) = xe(θ). To ensure feasibility, we now establish that the grant

and prize schedules are nonnegative. U ′(θ) = c
θ

implies α(x∗(θ))(V ∗(θ) + π) = c
θ

or

V ∗(θ) = c
θα(x∗(θ))

− π. Under our assumptions, V ∗ is in fact nonnegative. This then

gives:

U(θ) = c

(
θ − θ
θ

)
− x∗(θ) + g∗(θ)
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Which implies x∗(θ) = g∗(θ) ≥ 0. Finally, we establish that the integrand in (1.15)

evaluated at x∗(·) is non-negative. Let Γ(θ) denote this integrand when investment

is x∗(·). Note that Γ(θ) is maximum total surplus at θ, which is assumed to be

non-negative. Also note that

Γ′(θ) = α(x∗(θ))(W + π)− c

θ

Which is again positive by our assumptions. Hence, Γ(θ) ≥ 0 for all θ.
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CHAPTER 2

Price Caps, Oligopoly, and Entry1

2.1 Introduction

Price ceilings or caps are relevant in many areas including: wholesale electricity

markets, interest on loans and credit, telecommunications services, taxi services,

and housing in densely populated areas. For instance, regulators have imposed price

caps in a number of U.S. regional wholesale electricity markets, including ERCOT

(Texas), New England, and PJM. A key goal for price caps in wholesale electricity

markets is to limit the exercise of market power. The principle that a price cap can

limit market power is well understood in the case of a monopolist with constant

marginal cost in a perfect-information environment. A price cap increases marginal

revenue in those situations where it is binding and incentivizes the monopolist to

increase output. Total output, consumer surplus, and total welfare are decreasing

in the price cap.

Recent papers by Earle, Schmedders and Tatur [2007] and Grimm and Zottl

(2010) examine the effectiveness of price caps in Cournot oligopolies with constant

marginal cost. Earle et al. (2007) show that while the classic monopoly results for

price caps carry over to oligopoly when demand is certain, these results do not hold

under demand uncertainty. In particular, they demonstrate that when firms must

make output decisions prior to the realization of demand, total output, welfare, and

consumer surplus may be locally increasing in the price cap. This result would seem

to raise into question the effectiveness of price caps as a welfare-enhancing policy

1This chapter is based on joint work with Stanley S. Reynolds
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tool. However, Grimm and Zottl (2010) demonstrate that, within the framework

of Cournot oligopoly with uncertain demand analyzed by Earle, et al., there exists

an interval of prices such that any price cap in this interval increases both total

market output and welfare compared to the no-cap case. Thus, while the standard

comparative statics results of price caps may not hold with uncertain demand, there

always exists a welfare-improving price cap.

Importantly, prior analyses of oligopoly markets with price caps assume that the

number of firms is held fixed. In this paper we explore an additional margin upon

which a price cap may operate; firm entry decisions. We modify the analyses of

Earle et al. (2007) and Grimm and Zottl (2010) by introducing an initial market

entry period prior to a second period of product market competition. Market entry

requires a firm to incur a sunk cost. The inclusion of a sunk entry cost introduces

economies of scale into the analysis. This would seem to be a natural formulation,

since an oligopolistic market structure in a homogeneous product market may well

be present because of economies of scale.2

Our model of endogenous entry builds on results and insights from Mankiw and

Whinston (1986) and Amir and Lambson (2000). Mankiw and Whinston show

that when total output is increasing in the number of firms but per-firm output is

decreasing in the number of firms (the term for the latter is the business-stealing

effect), the socially optimal number of firms will be less than the free-entry number of

firms when the number of firms, n, is continous. For discrete n the free entry number

of firms may be less than the socially optimal number of firms, but never by more

than one. Intuitively, when a firm chooses to enter, it does not take into account

decreases in per-firm output and profit of the other active firms. Thus, the social

gain from entry may be less than the private gain to the entrant. Amir and Lambson

(2000) provide a taxonomy of the effects of entry on output in Cournot markets.

2Cottle and Wallace (1983) consider a possible reduction in the number of firms in their analysis
of a price ceiling in a perfectly competitive market subject to demand uncertainty. Our interest is
in the impact of price caps in oligopoly markets in which entry is endogenous.
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In particular, they provide a very general condition under which equilibrium total

output is increasing in the number of firms. Our analysis relies heavily on their

approach and results. We demonstrate that Amir and Lambson’s condition under

which total output is increasing in the number of firms is also a sufficient condition

for total output to be increasing in the number of firms when there is a price cap.

Our objective is to analyze the impact of price caps in oligopoly markets in which

entry decisions are endogenous. Given the prominent use of price ceilings or caps

as a regulatory tool in settings with multiple suppliers, we believe that an analysis

that fails to consider their impact on market entry decisions may be missing a vital

component. We show that when entry is endogenous, demand is deterministic, and

marginal cost is constant, the standard comparative statics results continue to hold.

In this case, a price cap may result in fewer firms, but the incentive provided by

the cap to increase output overwhelms the incentive to withold output due to a

decrease in competition. It follows that, regardless of the number of firms that

enter the market, output will always increase as the cap is lowered. Welfare gains

are realized on two fronts. First, the cap increases total output. Second, the cap

may deter entry, and in doing so, reduce the total cost associated with entry.

In addition, we demonstrate that a welfare-improving price cap need not exist

when demand is uncertain and entry is endogenous. Thus, the results of Grimm

and Zottl do not generalize to the case of endogenous entry. On the other hand, we

provide sufficient conditions for existence of a welfare-improving price cap. These

conditions restrict the curvature of inverse demand, which in turn influences the

extent of the business-stealing effect when an additional firm enters the market.

We also consider a version of the model with disposal; firms do not have to sell

the entire quantity they produced, but instead may choose the amount to sell after

demand uncertainty has been resolved. This version may also be interpreted as a

model in which firms make irreversible investments in capacity ex ante, followed

by output choices upon observing the realization of demand. We show that the
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sufficient condition for existence of a welfare improving price cap for the no-disposal

model carries over to the model with disposal. Our results for the model with

disposal are complementary to results in Lemus and Moreno (2013) on the impact

of a price cap on a monopolist’s capacity investment. They show that a price cap

influences welfare through two separate channels: an investment effect, and an effect

on output choices made after realization of a demand shock. Lemus and Moreno

(2013) make additional assumptions on demand and the distribution of demand

shocks that permit them to characterize the optimal price cap for a regulator.

2.2 The Model

We assume an arbitrarily large number, N ∈ N, of symmetric potential market

entrants. We formulate a two period game. The N potential entrants are ordered

in a queue and make sequential entry decisions in period one. Each firm’s entry

decision is assumed to be observed by the other firms. We assume that there is a

cost of entry K > 0 which is sunk if a firm enters. If a firm does not enter it receives

a payoff of zero.3

The n market entrants produce a homogeneous good in period two. Each firm

has a constant marginal cost of production, c ≥ 0. Output decisions are made

simultaneously. The inverse demand function is given by P (Q, θ) which depends on

total output, Q, and a random variable, θ. θ is continuously distributed according

to CDF F with corresponding density f . The support of θ is bounded and given

by Θ ≡ [θ, θ] ⊂ R. Each firm knows the distribution of θ but must make its output

decision prior to its realization. We assume that a regulator may impose a price

cap, denoted p. The following assumption is in effect throughout the paper.

3An alternative formulation involves simultaneous entry decisions in period one. Pure strategy
subgame perfect equilibria for this alternative model formulation are equivalent to those of our
sequential entry model.
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Assumption 4.

(a) P is continuous in Q and θ, strictly decreasing in Q for fixed θ, and strictly

increasing in θ for fixed Q.

(b) limQ→∞[P (Q, θ)− c] < 0

(c) max
Q∈R+

E[Q(P (Q, θ)− c)] > K

Assumption (1a) matches the assumptions imposed by Earle et al. (2007); Grimm

and Zottl (2010) additionally assume differentiability of inverse demand in Q and

θ. Assumption (1b) insures that a profit-maximizing quantity exists for period two

decisions.

Earle et al. (2007) assumed that E[P (0, θ)] > c. Their assumption ensured that

“production is gainful”; that is, given a fixed number, n > 0, of market participants,

there exist price caps such that equilibrium market output will be strictly positive.

Our assumption (1c) is a “profitable entry” condition which guarantees that there

exist price caps such that at least one firm enters the market and that equilibrium

output will be strictly positive. We let P denote the set of price caps which induce

at least one market entrant. That is

P ≡
{
p > 0 | max

Q∈R+

E [Q(min{P (Q, θ), p} − c)] ≥ K

}
In this paper we are only concerned with price caps p ∈ P. In the analysis that

follows, we restrict attention to subgame-perfect pure strategy equilibria and focus

on period two subgame equilibria that are symmetric with respect to the set of

market entrants.

For a given price cap and a fixed number of firms, there may exist multiple

period two subgame equilibria. As is common in the oligopoly literature we focus

on extremal equilibria - the equilibria with the smallest and largest total output
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levels - and comparisons between extremal equilibria. So when there is a change in

the price cap we compare equilibrium outcomes before and after the change, taking

into account the change (if any) in the equilibrium number of firms, while supposing

that subgame equilibria involve either maximal output or minimal output.

One other point to note. Imposing a price cap may require demand rationning.

When rationning occurs, we assume rationning is efficient; i.e., buyers with the low-

est WTPs do not receive output. This is consistent with prior analyses of oligopoly

with price caps.

We denote by Q∗n(p), period two subgame extremal equilibrium total output4

when n firms enter and the price cap is p. We let q∗n(p) be per-firm output in

this equilibrium and let π∗n(p) denote each firm’s expected period two profit in this

equilibrium. We let Q∞n = Q∗n(∞) be the period two equilibrium total output when

n firms enter with no price cap and let q∞n denote the corresponding per-firm output.

Let π∞n denote each firm’s expected period two profit in this equilibrium. Firms are

risk neutral and make output decisions to maximize expected profit. That is, each

firm i takes the total output of its rivals, y, as given and chooses q to maximize

π(q, y, p) = E[q(min{P (q + y, θ), p} − c)]

After being placed in the queue, firms have an incentive to enter as long as

their expected period two equilibrium profit is at least as large as the cost of entry.

We assume that firms whose expected second period profits are exactly equal to

the cost of entry will choose to enter. As mentioned above, we restrict attention

to subgame-perfect equilibria. For a fixed price cap, p, subgame perfection in the

entry period (along with the indifference assumption) implies that the equilibrium

number of firms, n∗, is the largest positive integer less than (or equal to) N such

4We do not introduce notation to distinguish between maximal and minimal equilibrium output.
In most cases our arguments and results are identical for equilibria with maximal and minimal total
outputs. We will indicate where arguments and/or results differ for the two types of equilibrium.
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that π∗n∗(p) ≥ K. Clearly, n∗ exists and is unique. Moreover, for any p ∈ P we also

have 1 ≤ n∗ ≤ N , due to Assumption (1c).

For convenience and clarity, we will define Q∗(p) ≡ Q∗n∗(p), q
∗(p) ≡ q∗n∗(p), and

π∗(p) ≡ π∗n∗(p). Similarly, we define Q∞ = Q∞n∗ , q
∞ = q∞n∗ , and π∞ = π∞n∗ .

2.3 Deterministic Demand

We begin our analysis by considering a deterministic inverse demand function. That

is, the distribution of θ places unit mass at some particular θ̃ ∈ Θ. In this section,

we supress the second argument in the inverse demand function and simply write

P (Q). For a given number, n ∈ N, of market participants Earle et al. (2007) prove

the existence of a period two equilibrium that is symmetric for the n firms. Our main

result in this section demonstrates that the classic results on price caps continue to

hold when entry is endogenous. We first state three lemmas that are used in the

proof of this result; all proofs are in the Appendix.

Lemma 2. For fixed p, extremal subgame equilibrium total output, Q∗n(p) is non-

decreasing in the number of firms, n. Moreover, extremal subgame equilibrium profit

π∗n(p) is non-increasing in the number of firms, n.

Lemma 3. For fixed n, extremal subgame equilibrium profit π∗n(p) is non-decreasing

in the price cap p.

Lemma 4. In equilibrium the number of firms is non-decreasing in the price cap,

p.

Proposition 8. Restrict attention to p ∈ P. Then in equilibrium, total output, total

welfare, and consumer surplus are non-increasing in the price cap.
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Proposition 8 is similar to Theorem 1 in Earle, et al.5 However, our model

takes into account the effects of price caps on firm entry decisions. This is an

important consideration, given that Lemma 2 ensures that for a fixed price cap,

total equilibrium output is non-decreasing in the number of firms. This fact, along

with the fact that a lower price cap may deter entry, suggest that a reduction in the

cap could have the effect of lowering the number of firms and reducing total output.

Our result shows that with constant marginal cost and non-stochastic demand, even

if entry is reduced, the incentive for increased production with a cap dominates the

possible reduction in output due to less entry. There are two sources of welfare

gains. First, total output is decreasing in the price cap, so a lower price cap yields

either constant or reduced deadweight loss. Second, a lower price cap may reduce

the number of firms, and thereby decrease the total sunk costs of entry.

Assumption 1 allows for a very general demand function, and because of this,

there may be multiple equilibria. Proposition 8 provides results for extremal equi-

libria of period two subgames for cases with multiple equilibria. With an additional

restriction on the class of demand functions the equilibrium is unique and we achieve

a stronger result on the impact of changes in the price cap.

5As explained in Section 2.2, an equilibrium referred to in Lemma 4 and Proposition 8 involves
period two subgames in which firms play either maximal or minimal subgame equilibrium output.
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Proposition 9. Suppose P is log-concave in output. Then for any p ∈ P there

exists a unique symmetric subgame equilibrium in the period 2 subgame. Moreover,

equilibrium output, welfare, and consumer surplus are strictly decreasing in the cap

for all p < P (Q∞) and p ∈ P.

The intuition behind Proposition 9 is straightforward. When inverse demand

is log-concave, there is a unique symmetric period two subgame equilibrium for

each n and p. If p is less than the equilibrium price when there is no cap then p

must be binding in the subgame equilibrium. In addition, the subgame equilibrium

price when there is no cap is non-decreasing in n, from Amir and Lambson (2000).

Any price cap below the no-cap free-entry equilibrium price is strictly binding in

equilibrium, since the number of firms that enter will be no greater than the number

of firms that enter in the absence of a cap. A lower price cap therefore yields strictly

greater total output.

A consequence of our results is that the welfare-maximizing price cap is the lowest

cap which induces exactly one firm to enter. Imposing such a cap both increases

output and reduces entry costs. Since marginal cost is constant, the total cost of

producing a fixed total output does not depend on the number of firms that enter.

The assumption that marginal cost is constant is not innocuous. Reynolds and

Rietzke (2013) consider a variation of the deterministic demand model in which firms

have symmetric, strictly increasing marginal costs of production. This assumption

on marginal cost, coupled with a sunk cost of entry, implies that firms have U-

shaped average cost. The standard comparative static results on price caps go

through when the number of firms is fixed. However, they show via an example that

under endogenous entry, imposing any binding price cap can result in fewer firms,

lower output, and lower welfare, compared to the no-cap case.
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2.4 Stochastic Demand

We now investigate the impact of price caps when demand is stochastic. For the fixed

n model with stochastic demand Grimm and Zottl (2010) demonstrate that there

exists a range of price caps which strictly increase output and welfare as compared

to the case with no cap. Their result is driven by the following observation. Fix

an extremal symmetric equilibrium of the game with n firms and no price cap. Let

ρ∞ = P (Q∞, θ) denote the lowest price cap that does not affect prices; i.e., ρ∞ is

the maximum price in the no-cap equilibrium. And let MR
∞

be a firm’s maximum

marginal revenue in this equilibrium. If firms choose their equilibrium outputs and

a cap is set between MR
∞

and ρ∞ then the cap will bind for an interval of high

demand shocks; for these shocks marginal revenue will exceed what marginal revenue

would have been in the absence of a cap, and for other shocks marginal revenue is

unchanged. Firms therefore have an incentive to increase output relative to the

no cap case for caps between MR
∞

and ρ∞.6 Earle et al. (2007) provide a quite

different result for price caps when demand is stochastic. They show that raising a

price cap can increase both total output and welfare. This is a comparative static

result, in contrast to Grimm and Zottl’s result on the existence of welfare improving

price caps.

We begin this section by providing an example which demonstrates that a welfare

improving price cap may not exist when entry is endogenous.

Example 1. Consider the following inverse demand, costs and distribution for θ:

P (Q, θ) = θ + exp(−Q), K = exp(−2), c = 1, θ ∈ {0, 10}, Prob[θ = 10] = 0.1

With no cap, each firm has a dominant strategy in the period 2 subgame to choose

6When there are multiple equilibria of the game with no cap, the argument of Grimm and
Zottl (2010) is tied to a particular equilibrium. It is possible that there is no price cap that would
increase output and welfare across multiple equilibria.
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an output of 1. This leads to 2 market entrants; each earning second period profit

exactly equal to the cost of entry. This results in total output of 2 units, total welfare

of approximately 0.59, and ρ∞ = 10 + exp(−2). Consider a price cap slightly less

than ρ∞. Clearly such a cap will deter at least one firm from entering since the profit

constraint is binding in the absence of a cap. Indeed it may be verified that one

firm enters in equilibrium, and per-firm output increases (slightly) to approximately

1.04. The impact of the price cap is to reduce total output from 2 to 1.04, and to

reduce total welfare from 0.59 to 0.51. It may be verified for this example that any

price cap p ∈ (c, ρ∞) will deter entry, reduce total output, and reduce total welfare.

Example 1 demonstrates that when demand is stochastic and entry is endoge-

nous, there need not exist a welfare improving price cap. There are two important

features of this example. First, the particular inverse demand and marginal cost

selected imply that, when there is no price cap, firms have a dominant strategy to

choose an output of exactly one unit. Hence, the business-stealing effect is absent

and total output increases linearly in the number of firms.7 Thus, a price cap can

lead to lower total output by reducing the number of market entrants, as long as the

cap doesn’t stimulate too much output per firm. This is where the second feaure

comes in. As explained in Earle et al. (p.95), when demand is uncertain firms

maximize a weighted average of profit when the cap is non-binding (low demand

realizations) and profit when the cap is binding (high demand realizations). These

two scenarios provide conflicting incentives for firms. The first effect is that a higher

price cap creates an incentive to expand output as the benefits of increasing quantity

increase when the cap is binding (and are not affected when the cap is not binding).

The second effect is that a higher price cap may reduce the probability that the cap

will bind, and this reduces the incentive to increase quantity. For Example 1, when

the price cap is set slightly below p∞ output per firm increases slightly compared

to the duopoly no-cap equilibrium; this increase in output per firm is much smaller

7The same result holds for similar examples with a small business-stealing effect.
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than the reduction in total output due to fewer market entrants. Further reductions

in the price cap in the interval (c, p∞) result in monotonic reductions in output as

the first effect outlined above dominates the second effect for the distribution of

demand shocks in this example.8

Example 1 suggests that a zero or weak business stealing effect is one source of

failure of existence of welfare improving price caps. The Proposition below provides

sufficient conditions on demand that ensure the existence of a welfare-maximizing

cap. These conditions ensure that the business stealing effect is relatively strong, so

that reduced entry does not have a large effect on total output. Assumption 2 is in

effect for the remainder of the paper.9

Assumption 5.

(a) f(θ) is positive and continuous for all θ ∈ Θ

(b) P is additively separable in Q and θ with: P (Q, θ) = θ + p(Q)

(c) p(·) is twice continuously differentiable with p′ > 0 and p′′ ≤ 0

(d) θ + p(0) = 0

Lemma 5. For fixed p ∈ P, extremal subgame equilibrium total output, Q∗n(p) is

non-decreasing in the number of firms, n, and extremal equilibrium profit π∗n(p) is

non-increasing in the number of firms, n.

Proposition 10. There exists a price cap which strictly increases equilibrium wel-

fare.

8The probability that the price cap is binding is constant at 0.1 for p ∈ (c, ρ∞). So the second
effect is zero for this example. This is an artifact of our use of a two-point distribution coupled with
a low value for the low demand shock. However, analogous results are possible with a continuous
distribution, provided that the second effect is smaller than the first.

9Part (d) may be viewed as a normalization of the support of θ; it is used only for the free
disposal case. This assumption was made in Grimm and Zottl (2006). Lemma 5 is used in the
proof of Proposition 10.
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Assumption 2 provides sufficient conditions for existence of a welfare improving

price cap. This assumption places strong restrictions on the form of inverse demand,

but no restrictions other than a positive and continuous density on the form of

demand uncertainty. The business-stealing effect is relatively strong when demand

is concave in output. As demonstrated in Mankiw and Whinston (1986), when

the business-stealing effect is present and n is continuous, the free-entry number of

firms entering a market exceeds the socially optimal number of firms.10 The proof

of Proposition 10 first establishes that, when the entry constraint is not binding in

the absence of a cap, then there is an interval of prices such that a price cap chosen

from this interval will yield the same number of firms, but higher total output and

welfare. This follows directly from Theorem 1 in Grimm and Zottl (2010). The proof

proceeds to show that when the entry constraint is binding (i.e., zero equilibrium

profit in the endogenous entry game) in the absence of a cap, then a reduction in

the number of firms by one will increase total welfare. Indeed, it may be shown

that when the entry constraint is binding (for n ≥ 2) and there is no price cap,

the socially optimal number of firms is strictly less than the free-entry number of

firms. The imposition of a price cap in this case has two welfare-enhancing effects.

First, the cap deters entry, and reducing the number of entrants by one is welfare

enhancing. Second, the cap increases total output and welfare relative to what

output and welfare would be in the new entry scenario (i.e., with one less firm) in

the absence of a cap.11

10Their result is for a model in which n is a continuous variable, whereas our analysis restricts
n to whole numbers. Nonetheless, we are able to apply the intuition on excess entry to prove our
result.

11The assumption of additively separable demand shocks is important for the second effect. It
implies that the maximum marginal revenue in symmetric subgame equilibria is invariant to the
number of firms. So if n is the equilibrium number of firms with no cap, maximum marginal
revenue in a subgame with n − 1 firms and no cap is less than the maximum equilibrium price
in a subgame with n firms and no cap (ρ∞). This means that a price cap between maximum
marginal revenue and ρ∞ will both reduce the number of entrants and induce the firms that enter
to produce more output than they would in the absence of a cap.
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2.4.1 Free Disposal

We now examine a variation of the game examined previously. This model is a

three period game. In the first period, firms sequentially decide whether to enter

or not (again, with each firm’s entry decision observed by all firms). Entry entails

a sunk cost K > 0. In the second period, before θ is realized, firms that entered

simultaneously choose outputs, with xi designating the output choice of firm i;

output is produced at constant marginal cost c > 0. In the third period, firms

observe θ and simultaneously choose how much to sell, with firm i choosing sales

quantity qi ∈ [0, xi]; we assume output may be disposed of at zero cost.12 Versions

of this model with a fixed number of firms have been analyzed by Earle et al. (2007),

Grimm and Zottl (2010), and Lemus and Moreno (2013).

This model with free disposal may be interpreted as one in which the firms that

have entered make long run capacity investment decisions prior to observing the

level of demand, and then make output decisions after observing demand. Under

this interpretation, c is the marginal cost of capacity investment, and the marginal

cost of output is constant and normalized to zero.13 We use this description of the

model with disposal for the remainder of the paper. As in the proof of Proposition

10, we demonstrate and use a result that in the absence of a price cap, if the free-

entry constraint binds (i.e., π∞n = K), then welfare is strictly higher if entry is

reduced by one.

Before stating the main result for free disposal we introduce some of the key

expressions; all of the expressions stated in this paragraph are for the free disposal

model with no price cap. In the third period each firm solves:

12In the version of the model examined by Earle et al. (2007), disposal has marginal cost δ which
may be positive or negative. Our results continue to hold in this case.

13The assumption that firms choose outputs in the final period is important. Reynolds and
Wilson (2000) analyze a two period duopoly model in which firms first choose capacities and then
choose prices after observing a demand shock. They show that an equilibrium with symmetric
capacities may not exist.
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max
qi

(θ + p(qi + y))qi − cxi such that qi ≤ xi

Let n denote the number of entrants in the first period. Under Assumption 5, there

exists a unique symmetric subgame equilibrium level of capacity in the period two

subgame for any n ∈ N (see Grimm and Zottl (2006)). Denote by Xn > 0 the total

equilibrium capacity and let xn = Xn

n
denote equilibrium capacity per firm. Let

θ̃(Xn) satisfy:

θ̃(Xn) + p(Xn) + p′(Xn)xn = 0

θ̃(Xn) is the lowest value of the demand shock at which firms’ capacity constraints

bind in the period 3 subgame equilibrium, given total capacity Xn. Assumption

(2d) above ensures that θ̃(Xn) > θ and Assumptions (2a) and (2d) ensure that

θ̃(Xn) is single-valued. Then for θ ∈ [θ, θ̃(Xn)), it holds that no firm is capacity

constrained in equilibrium. Let Q̃n(θ) denote the total equilibrium output in period

three and let q̃n(θ) = Q̃n(θ)
n

denote the equilibrium per-firm output. Note that for

each θ ∈ [θ, θ̃(Xn)), Q̃n(θ) is given by the first-order condition:

θ + p(Q̃n(θ)) + p′(Q̃n(θ))q̃n(θ) = 0

So, total equilibrium output in the third period is given by:

Q∗n(θ) =


Q̃n(θ), θ ≤ θ < θ̃(Xn)

Xn, θ̃(Xn) ≤ θ ≤ θ

We may write equilibrium profit per firm as:

π∗n =

∫ θ̃(Xn)

θ

q̃n(θ)(θ + p(Q̃n(θ))) dF (θ) +

∫ θ

θ̃(Xn)

xn(θ + p(Xn)) dF (θ)− cxn
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Grimm and Zottl (2006) prove that equilibrium capacities satisfy the following con-

dition:

∫ θ

θ̃(Xn)

[ θ + p(Xn) + xnp
′(Xn)] dF (θ) = c

This can be interpreted as indicating that the expected marginal revenue for capacity

is equal to the marginal cost of capacity in a symmetric equilibrium. Since c > 0

and F contains no mass points, it must be that θ̃(Xn) < θ.

The following two lemmas are for period two subgames of the free disposal model

with no price cap. The lemmas are used in the proof of Proposition 11, our main

result regarding price caps for the free disposal model.

Lemma 6. Let m,n ∈ N and let Xm and Xn denote total equilibrium output when

m and n firms enter, respectively. Then θ̃(Xm) = θ̃(Xn).

Lemma 7. Fix n ≥ 2. Then for all θ ∈ Θ

(i) Q∗n(θ) > Q∗n−1(θ)

(ii) q∗n(θ) < q∗n−1(θ)

(iii) π∗n < π∗n−1

Proposition 11. The statement of Proposition 10 remains valid in the version of

the model with disposal.

2.5 Conclusion

This paper analyzes the welfare impact of price caps, taking into account the pos-

sibility that a price cap may reduce the number of firms that enter a market. The
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vehicle for the analysis is a two period oligopoly model in which product market

competition in quantity choices follows endogenous entry with a sunk cost of en-

try. First, we analyze the impact of price caps when there is no uncertainty about

demand when firms make their output decisions. For this case, we show that the

standard comparative statics results remain true. That is, output, welfare, and

consumer surplus all increase as the price cap is lowered.

Next we analyze the impact of price caps when demand is stochastic and firms

must make output decisions prior to the realization of demand. We show that

the existence of a welfare-improving price cap cannot be guaranteed. This points

to an important role for entry of firms in response to a price cap. It is precisely

because a price cap can reduce entry that a welfare improving cap may fail to exist

when demand is stochastic. On the other hand, we provide sufficient conditions on

demand for which a range of welfare-improving price caps will always exist. The

sufficient conditions restrict the curvature of the inverse demand function, which

in turn influences the welfare impact of entry. Indeed, these demand conditions

are sufficient for the result so weaker conditions on demand, perhaps coupled with

restrictions on the distribution of demand shocks, may also yield existence of a

welfare improving price cap. We also extend this result on welfare improving price

caps to an environment with free disposal. This type of environment can be viewed

as one in which there is endogenous entry, capacity investment decisions are made

prior to observing demand, and output decisions are made after observing demand.

2.6 Proofs

Proof of Lemma 2

By Assumption (1c) there exists some M > 0 such that a firm’s best response is

bounded by M . As in Amir and Lambson (2000), we can express a firm’s problem
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as choosing total output, Q, given total rivals’ output, y. Define a payoff function,

π̃(Q, y, p) = (Q− y)[min{P (Q), p} − c], (2.1)

and a lattice,

Φ ≡ {(Q, y) : 0 ≤ y ≤ (n− 1)M, y ≤ Q ≤ y +M}. (2.2)

First we show that π̃ has increasing differences (ID) in (Q, y) on the

lattice Φ. Consider Q1 ≥ Q2 and y1 ≥ y2 such that the points

(Q1, y1), (Q1, y2), (Q2, y1), (Q2, y2) are all in Φ. Since y1 ≥ y2 and P (Q2) ≥ P (Q1),

we have,

(y2 − y1) min{P (Q1), p} ≥ (y2 − y1) min{P (Q2), p}. (2.3)

Add (Q1−Q1) min{P (Q1), p} = 0 and (Q2−Q2) min{P (Q2), p} = 0 to the left and

right hand sides of (2.3), respectively, to yield,

((Q1 − y1) min{P ((Q1), p} − (Q1 − y2) min{P ((Q1), p} ≥
(Q2 − y1) min{P (Q2), p} − (Q2 − y2) min{P (Q2), p}.

(2.4)

Subtracting c(y1 − y2) from both sides of (2.4) yields,

π̃(Q1, y1, p)− π̃(Q1, y2, p) ≥ π̃(Q2, y1, p)− π̃(Q2, y2, p),

which is equivalent to,

π̃(Q1, y1, p)− π̃(Q2, y1, p) ≥ π̃(Q1, y2, p)− π̃(Q2, y2, p). (2.5)

Inequality (2.5) establishes that π̃ has increasing differences in (Q, y) on Φ.

Note that the choice set Φ is ascending in y and π̃ is continuous in Q and sat-

isfies ID in (Q, y). Then as shown in Topkis (1978), it follows that the maximal
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and minimal selections of argmax{(Q − y)[min{P (Q), p} − c] : y ≤ Q ≤ y + M}
are nondecreasing in y. The remainder of the proof follows almost directly from

the proofs of Theorems 2.1 and 2.2 in Amir and Lambson (2000). A symmetric

equilibrium exists for the subgame, via the same argument employed in Amir and

Lambson (2000). However, asymmetric subgame equilibria may exist for our for-

mulation, since the price function, min{P (Q), p}, is not strictly decreasing in Q.

For symmetric equilibria, extremal total output is non-decreasing in n and extremal

profit per firm is non-increasing in n.

Proof of Lemma 3

Fix n ∈ N. Let p1 > p2 and let q∗n(pi) and Q∗n(pi) be minimal extremal equilibrium

output per firm and total output, respectively, in the subgame with n firms and cap

pi. Then,

π∗n(p1) = q∗n(p1)(min{P (Q∗n(p1)), p1} − c)
≥ q∗n(p2)(min{P (q∗n(p2) + (n− 1)q∗n(p1)), p1} − c)
≥ q∗n(p2)(min{P (q∗n(p2) + (n− 1)q∗n(p1)), p2} − c)
≥ q∗n(p2)(min{P (q∗n(p2) + (n− 1)q∗n(p2)), p2} − c) = π∗n(p2)

The first inequality follows from the fact that q∗n(p1) is a best response to (n −
1)q∗n(p1). The second inequality follows since p1 > p2. For fixed n Earle et al. (2007)

prove (in Theorem 1) that minimal equilibrium output per firm is non-increasing

in the price cap, so that q∗n(p2) ≥ q∗n(p1). Since P (·) is decreasing, the third in-

equality holds. The argument for maximal extremal equilibrium subgame output is

analogous.

Proof of Lemma 4

Let p1 > p2. Assume that firms play minimum extremal equilibrium output in each

possible subgame. Let ni be the equilibrium number of firms under pi, i ∈ {1, 2}.
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We will establish the claim by contradiction. So, suppose n2 > n1. By definition,

ni must satisfy π∗ni
(pi) ≥ K and π∗m(pi) < K for m > ni. Since n2 > n1, we must

have π∗n2
(p1) < K. But by Lemma 3 we must have π∗n2

(p1) ≥ π∗n2
(p2) ≥ K which is

a contradiction. The argument for maximal extremal equilibrium subgame output

is identical.

Proof of Proposition 8

Let p1 > p2. Let ni be the equilibrium number of firms under pi, i ∈ {1, 2}. From

Lemma 4 we know that n1 ≥ n2. Let Q̂i = P−1(pi). We must have Q∗ni
(pi) ≥ Q̂i,

otherwise any one firm could increase output slightly and increase profit. Moreover,

since p1 > p2 Assumption (1a) implies that Q̂2 > Q̂1.

Part (i) We must show that Q∗n2
(p2) ≥ Q∗n1

(p1). Earle et al. (2007) prove in their

Theorem 1 that the desired result holds if n1 = n2. So the remainder of part (i)

deals with the case n1 > n2. The arguments for the equilibrium with the smallest

subgame outpus are different from those for the equilibrium with the largest subgame

outputs. We provide the argument for the smallest subgame outputs first, followed

by the argument for the largest subgame outputs.

We will proceed by contradiction. That is, suppose that Q∗n2
(p2) < Q∗n1

(p1).

Immediately we have Q∗n1
(p1) > Q∗n2

(p2) ≥ Q̂2 > Q̂1. Now, consider the subgame

with price cap p2 and n1 active firms; let q be any non-negative output.

πn1(q
∗
n1

(p1), (n1 − 1)q∗n1
(p1), p2) = q∗n1

(p1)(min{P (Q∗n1
(p1)), p2} − c)

= q∗n1
(p1)(min{P (Q∗n1

(p1)), p1} − c)
≥ q(min{P (q + (n1 − 1)q∗n1

(p1)), p1} − c)
≥ q(min{P (q + (n1 − 1)q∗n1

(p1)), p2} − c)
= πn1(q, (n1 − 1)q∗n1

(p1), p2)

The first equality follows from the definition of subgame payoffs. The second equality
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follows from the fact that Q∗n1
(p1) > Q̂2 > Q̂1 (ie, the price cap is not binding

under either cap). The first inequality follows by definition of q∗n1
(p1). The second

inequality clearly holds since p1 > p2. This establishes that Q∗n1
(p1) is an equilibrium

total quantity in the subgame with cap p2 and n1 firms. In addition we know that

(1) Q∗n1
(p2) is the extremal (minimum) equilibrium total output in this subgame,

and (2) Q∗n1
(p2) ≥ Q∗n1

(p1) by the result on price caps in Earle et al. (2007) for a

fixed number of firms. Taking these results together yields Q∗n1
(p2) = Q∗n1

(p1).

Now since Q∗n1
(p2) = Q∗n1

(p1) and Q∗n1
(p1) > Q̂2 > Q̂1 this means that the

equilibrium payoff for the subgame with n1 firms and price cap p2 satisfies the

following:

π∗n1
(p2) = q∗n1

(p2)
[
min{P (Q∗n1

(p2)), p2} − c
]

= q∗n1
(p1)

[
min{P (Q∗n1

(p1)), p2} − c
]

= q∗n1
(p1)

[
min{P (Q∗n1

(p1)), p1} − c
]

= π∗n1
(p1)

≥ K

But this contradicts the fact that n2 < n1 is the equilibrium number of entering

firms when the price cap is p2; the subgame equilibrium payoff for n1 firms and

price cap p2 must be less than K. So we have the result, Q∗n2
(p2) ≥ Q∗n1

(p1).

The argument above explicity relies on the fact that the equilibrium under con-

sideration is the smallest equilibrium output level. We now provide an alterna-

tive proof of this result for the largest equilibrium output level. As before, let

p1 > p2. Let Q∗n(p) be the maximal equilibrium output when the cap is p and

n firms are active. We aim to show that Q∗n2
(p2) ≥ Q∗n1

(p1). We will proceed

by contradiction. So, assume that Q∗n2
(p2) < Q∗n1

(p1). Immediately we have that

Q̂1 < Q̂2 ≤ Q∗n2
(p2) < Q∗n1

(p1)

Claim. Q∗n1
(p2) is an equilibrium output level in the subgame with n1 firms and

price cap p1
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Proof of Claim: All subgames dealt with in this Claim have n1 firms; so n = n1

and we drop the n subscript in the proof of the Claim. We proceed by contradiction.

So, suppose Q∗(p2) is not an equilibrium in the subgame with cap p1 and n1 firms.

By EST it must be that Q∗(p2) > Q∗(p1). Let y∗(pk) ≡ (nk − 1)q∗(pk). Now, as in

the proof of Lemma 2, let π̃(Q, y, p) ≡ (Q − y)[min{P (Q), p} − c]. We may again

think of a single firm choosing total output, Q, when the other n1 − 1 firms choose

y. Let Q(y, p) be the maximal selection from the best response for a firm when the

total output of the other n1 − 1 firms is y and the price cap is p.

Since Q∗(p2) is not an equilibrium in the subgame with cap p1 and n1 firms, we

have:

π̃(Q∗(p2), y∗(p2), p1) < π̃(Q(y∗(p2), p1), y∗(p2), p1) (2.6)

The inequality Q∗(p1) < Q∗(p2) implies that y∗(p1) < y∗(p2). Recall from the proof

of Lemma 2 that Q(y, p) is nondecreasing in y for fixed p. Hence, we must have

Q(y∗(p1), p1) ≤ Q(y∗(p2), p1). But since Q∗(p1) is maximal subgame equilibrium

total output, we must have Q(y∗(p1), p1) = Q∗(p1). Hence:

Q∗(p1) ≤ Q(y∗(p2), p1) (2.7)

Recall that Q̂1 < Q̂2 < Q∗(p1) < Q∗(p2). Equation (2.7) therefore implies

Q̂1 < Q̂2 < Q(y∗(p2), p1). But then (2.6) implies,

π̃(Q∗(p2), y∗(p2), p2) < π̃(Q(y∗(p2), p1), y∗(p2), p2)

since neither cap binds under either output level. The above equation contradicts

the definition of Q∗(p2) . Hence, the claim is established.

The Claim establishes that Q∗n1
(p2) is an equlibrium total output for the subgame

with n1 firms and cap p1. This output cannot exceed maximal equilibrium output
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for this subgame, so Q∗n1
(p2) ≤ Q∗n1

(p1). By Theorem 1 in EST, we must have

Q∗n1
(p2) ≥ Q∗n1

(p1). Combining these two inequalities yields, Q∗n1
(p2) = Q∗n1

(p1). As

in the proof for the minimal equilibrium output level, we can use this equality to

show that n1 firms would have an incentive to enter when the cap is p2, contradicting

the condition n1 > n2.

Part (ii) Let W (p) be total welfare in the equilibrium with the lowest output when

the price cap is p. Let Q∗i = Q∗ni
(pi), i ∈ {1, 2}. Now note:

W (p2) =
∫ Q∗2

0
[P (z)− c] dz − n2K

≥
∫ Q∗2

0
[P (z)− c] dz − n1K

≥
∫ Q∗1

0
[P (z)− c] dz − n1K

= W (p1)

The first inequality follows since n1 ≥ n2. The second inequality follows from the

fact that Q∗2 ≥ Q∗1 and that P (Q∗2) ≥ c (otherwise any firm could increase its period

two profit by reducing output).

Part (iii) Let CS(Q, p) denote consumer surplus when total production is Q and

the price cap is p.

CS(Q, p) =

∫ Q

0

[P (z)−min{P (Q), p}] dz

Note that CS(Q, p) is increasing inQ and is decreasing in p. SinceQ∗n2
(p2) ≥ Q∗n1

(p1)

and p2 < p2, immediately we have that CS(Q∗n2
(p2), p2) ≥ CS(Q∗n1

(p1), p1).

Proof of Proposition 9

Let p < P (Q∞) such that p ∈ P. We first claim that equilibrium output under the

cap satisfies P (Q∗(p)) = p.

To establish the claim we proceed by contradiction. So, suppose not. Then we
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must have P (Q∗(p)) < p or equivalently, Q∗(p) > Q̂(p). Now, consider the subgame

with no cap and n∗ firms. Since n∗ ≤ n∞ it must be that Q∞n∗ ≤ Q∞ < Q̂. It follows

that Q∗(p) > Q̂ > Q∞n∗ .

Let π̃L(Q, y) ≡ ln(π̃(Q, y)). Where π̃(Q, y) = (Q − y)(P (Q) − c). Note that

since P is log-concave this implies π̃L is strictly concave in Q for all Q such that

P (Q) > c.

Let Q(y) ≡ arg maxQ≥y π̃L(Q, y). Since π̃L is strictly concave in Q, clearly

Q(y) is a single-valued function. In the subgame with n∗ firms and no cap, using

standard results, we must have a unique equilibrium since P is log-concave. This

means Q∗(p) cannot be an equilibrium output level with no cap and n∗ firms. Let

y∗(p) =
(
n∗−1
n∗

)
Q∗(p). Then since Q∗(p) is not an equilibrium output in the absence

of a price cap it follows that Q(y∗(p)) 6= Q∗(p). In particular, it must be that

Q(y∗(p)) < Q̂ < Q∗(p). If Q(y∗(p)) ≥ Q̂ then Q(y∗(p)) would also be the best

response to y∗(p) under the price cap as well. This would contradict the definition

of Q∗(p). Then since in any equilibrium price must be strictly above marginal cost,

the strict concavity of π̃L implies:

π̃L(Q(y∗(p)), y∗(p)) > π̃L(Q̂, y∗(p)) > π̃L(Q∗(p), y∗(p))

This implies that π̃(Q̂, y∗(p)) > π̃(Q∗(p), y∗(p)). But since P (Q̂) = p and

P (Q∗(p)) < p, we have:

(Q̂− y∗(p))(min{P (Q̂), p} − c) > (Q∗(p)− y∗(p))(min{P (Q∗(p), p} − c)

This contradicts the definition of Q∗(p) and establishes the claim. Now under

any relevant cap, equilibrium output must satisfy P (Q∗(p)) = p. Clearly, this means

there may exist only one symmetric equilibrium.

Consider two caps p2 < p1 < P (Q∞) such that pi ∈ P for each i ∈ {1, 2}. By

the claim established in the first part of the proof, we must have p1 = P (Q∗(p1)) >
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P (Q∗(p2)) = p2. Obviously, since P is strictly decreasing Q∗(p1) < Q∗(p2) The

result is immediate.

Proof of Lemma 5

As in Lemma 2 we define a firm’s payoff function in terms of total output Q and

rivals’ output y:

π̃(Q, y, p) = E [(Q− y) min{P (Q, θ), p} − (Q− y)c]

Let θb(Q, p) satisfy P (Q, θb(Q, p)) = p. So when total output is Q and the cap is p

the price cap will bind for shocks θ ≥ θb(Q, p). Now define

P̃ (Q, p) = E[min{P (Q, θ), p}] =

∫ θb(Q,p)

θ

P (Q, θ) dF (θ) +

∫ θ

θb(Q,p)

p dF (θ)

Since f(θ) > 0 for all θ ∈ (θ, θ], and andP1(Q, θ) < 0 for all Q ≥ y, θ ∈ Θ we have:

P̃1(Q, p) =

∫ θb(Q,p)

θ

P1(Q, θ) dF (θ) ≤ 0

Then π̃(Q, y, p) = (Q − y)
(
P̃ (Q, p)− c

)
. The cross partial derivative of π̃ with

respect to Q and y on Φ is given by −P̃1(Q, p) ≥ 0. This establishes that π̃ has ID

in (Q, y) on Φ. The remainder of the proof is analogous to Lemma 2.

Proof of Proposition 10

For notational convenience, in this proof we let n∞ ≡ n. Concavity of p(·) implies the

existence of a unique symmetric period two subgame equilibrium. Also, concavity

of p(·) implies that, for a fixed number of firms, equilibrium profit is continuous in

the price cap. If π∞ > K then by the continuity of period two profit in p, there

is an interval of price caps below ρn such that the equilibrium number of entrants
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remains at n. For a fixed number of firms, Grimm and Zottl (2010) establish that

any price cap p ∈ [MRn, ρn) both increases output and total welfare. Thus, a price

cap in the intersection of [MRn, ρn) and the set of price caps for which n firms enter

will leave the equilibrium number of firms unchanged and will increase both output

and welfare.

If π∞ = K then there exists a range of price caps below ρ∞ such that the

equilibrium number of firms decreases by exactly one. Also, if π∞ = K then by

Assumption (1d) we must have n ≥ 2. We let Qm denote equilibrium total output

in the absence of a price cap when m firms enter in the first stage. We also define

per-firm output and profit analogously. We begin by demonstrating that πn−1 > K.

In a subgame with no cap and m firms, the symmetric equilibrium condition is

given by:

µ− c+ p(Qm) +
Qm

m
p′(Qm) = 0 (2.8)

where µ = E[θ]. Given that p(Q) is strictly decreasing and concave, equation (2.8)

implies that Qn−1 < Qn and qn−1 > qn. The inequality for total output implies that

p(Qn−1) > p(Qn), and this inequality combined with the inequality for output per

firm, implies that πn−1 > πn = π∞ = K.

We now demonstrate that in the absence of a price cap, total equilibrium welfare

is higher in the subgame with n− 1 firms than with n firms. Let ∆Q ≡ Qn−Qn−1.

We claim that ∆Q ≤ 1
n
qn. To establish the claim, we will proceed by contradiction.

Suppose that ∆Q > 1
n
qn. Equivalently, Qn−1 < g where g ≡ Qn − 1

n
qn.

Now , since g > Qn−1 and since p is decreasing and concave, equation (2.8)

implies that:

0 > µ− c+ p(g) +
g

n− 1
p′(g) (2.9)

Moreover, the concavity of p implies that:
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p(g) ≥ p(Qn)−
(

1

n
qn

)
p′(g) (2.10)

Then equations (2.9) and (2.10) together imply that

0 > µ− c+ p(Qn) + qnp
′(g)

Note that g < Qn =⇒ p′(g) ≥ p′(Qn). So,

0 > µ− c+ p(Qn) + qnp
′(Qn)

But this contradicts (2.8) for m = n. So we must have 0 ≤ ∆Qn ≤ 1
n
qn.

Now, let

B(z) ≡ E

[∫ z

0

P (s, θ) ds

]
= µz + b(z)

where

b(z) ≡
∫ z

0

p(s) ds

Let W (z,m) = B(z) − cz −mK denote total welfare when total production is

z and m firms enter. Let ∆W ≡ W (Qn−1, n− 1)−W (Qn, n) denote the change in

equilibrium welfare when the number of firms decreases by one in the absence of a

cap. Note that πn = K implies that

∆W = − [B(Qn)−B(Qn−1)− (∆Qn)c] + πn

Note that the term in square brackets above is given by

(µ− c)∆Q+

∫ Qn

Qn−1

p(s) ds

Now, let T (s;x) = p′(x)s+ p(x)− p′(x)x denote the equation of the line tangent
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to p at output x. Note that since p is concave and decreasing, for all s ∈ [Qn−1, Qn],

p(s) ≤ T (s,Qn). This means

∫ Qn

Qn−1

p(s) ds ≤
∫ Qn

Qn−1

T (s;Qn) ds = ∆Qp(Qn)− 1

2
(∆Q)2p′(Qn)

Plugging this back into the expression for ∆W we see that:

∆W ≥ 1

2
p′(Qn)(∆Qn)2 − (p(Qn) + µ− c) ∆Q+ πn

Then, from (2.8), it follows that p(Qn) +µ− c = −p′(Qn)qn and πn = −p′(Qn)(qn)2.

Combining this with the fact that ∆Q ≤ 1
n
qn, p′ < 0 and n ≥ 2 yields:

∆W ≥ 1
2
p′(Qn)(∆Q)2 + p′(Qn)qn∆Q− p′(Qn)(qn)2

≥ 1
2
p′(Qn)( 1

n
qn)2 + p′(Qm) 1

n
(qn)2 − p′(Qn)(qn)2

= p′(Qn)q2
n

(
1

2n2 + 1
n
− 1
)
> 0

Thus we see that, in the absence of a price cap total welfare increases when the

number of firms that enter decreases by one. Let MRm denote the maximal equi-

librium marginal revenue when m firms enter and there is no price cap. Clearly, by

assumptions placed on P ,

MRm = θ + p(Q∞m ) + p′(Q∞m )q∞m

By the first order equilibrium conditions, it follows that p(Q∞m )+p′(Q∞m )q∞m = c−µ.

Hence, independent of m it is clear that

MRm = θ + c− µ
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and since p′ < 0:

MRm < θ + p(Q∞m ) = ρm

Since MRm is independent of m, we drop this subscript and write MR. Let

ρm = P (Q∞m , θ). Now, since π∞ = K and πn−1 > K, there exists a range of price

caps strictly less than ρn such that the equilibrium number of firms will decrease by

exactly one.14 Let p̂1 denote the smallest of these price caps. Let p̂ ≡ max{p̂1,MR}.
Then since MR < ρn and p̂1 < ρn we have p̂ < ρn. Also see that under any price

cap p ∈ [p̂, ρn) the equilibrium number of firms is n−1. Finally note that by lemma

(5) it is clear that ρn ≤ ρn−1.

Choose p ∈ [p̂, ρn). Then since p ∈ [MR, ρn−1) by Grimm and Zottl (2010)

Theorem 1, it follows that equilibrium welfare under the price cap is strictly greater

than equilibrium welfare in the subgame with n− 1 firms and no cap. Since welfare

in the absence of a cap when n− 1 firms enter is strictly higher than welfare when

n firms enter, the result follows.

Proof of Lemma 6

Recall that the necessary condition for equilibrium capacities is:

∫ θ

θ̃(Xn)

[ θ + p(Xn) + xnp
′(Xn)] dF (θ) = c (2.11)

By the definition of θ̃(Xm) and θ̃(Xn) this necessary condition may be re-written

as:

∫ θ

θ̃(Xm)

[
θ − θ̃(Xm)

]
dF (θ) =

∫ θ

θ̃(Xn)

[
θ − θ̃(Xn)

]
dF (θ) = c

14Once again, this follows since concavity of p implies the continuity of equilibrium profit in the
price cap.
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Let G(s) =
∫ θ
s
[θ− s ]dF (θ) and note that G′(s) =

∫ θ
s
−1 dF (θ). Note that G′(s) < 0

for all s < θ. Then, the first-order conditions imply that G(θ̃(Xm)) = G(θ̃(Xn)).

Since θ̃(Xm) < θ and θ̃(Xn) < θ it must be that θ̃(Xm) = θ̃(Xn).

Proof of Lemma 7

By Lemma 6 it follows that θ̃(Xn) = θ̃(Xn−1) = θ̃. First, fix θ < θ̃. Subgame equi-

librium outputs for n and n− 1 firms satisfy the following conditions, respectively:

θ + p(Q̃n(θ)) + q̃n(θ)p′(Q̃n(θ)) = 0

and

θ + p(Q̃n−1(θ)) + q̃n−1(θ)p′(Q̃n−1(θ)) = 0

From the subgame equilibrium conditions, the concavity of p together with the

fact that p′ < 0 implies that Q̃n(θ) > Q̃n−1(θ) and q̃n(θ) < q̃n−1(θ). Now, since

θ̃(Xn) = θ̃(Xn−1) = θ̃ it follows from the definitions of θ̃(Xn) and θ̃(Xn−1) that

θ̃ + p(Xn) + xnp
′(Xn) = 0

and

θ̃ + p(Xn−1) + xn−1p
′(Xn−1) = 0

Once again, these equations together with our assumptions on p ensure that Xn >

Xn−1 and xn < xn−1. This establishes (i) and (ii).

Note that the first-order condition given in (2.11) imply that(∫ θ

θ̃(Xn−1)

[θ + p(Xn−1) ]dF (θ)− c

)
> 0 (2.12)
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Then by parts (i) and (ii) above, we have:

πn−1 =
∫ θ̃(Xn−1)

θ
q̃n−1(θ)[θ + p(Q̃n−1(θ))] dF (θ) + xn−1

(∫ θ
θ̃(Xn−1)

[θ + p(Xn−1) ]dF (θ)− c
)

>
∫ θ̃(Xn)

θ
q̃n(θ)[θ + p(Q̃n−1(θ))] dF (θ) + xn

(∫ θ
θ̃(Xn)

[θ + p(Xn−1) ]dF (θ)− c
)

>
∫ θ̃(Xn)

θ
q̃n(θ)[θ + p(Q̃n(θ))] dF (θ) + xn

(∫ θ
θ̃(Xn)

[θ + p(Xn) ]dF (θ)− c
)

= πn

The first inequality holds since θ̃(Xn−1) = θ̃(Xn), q̃n−1 > q̃n, xn−1 > xn and by

inequality (2.12). The second inequality holds since Q̃n > Q̃n−1 and Xn > Xn−1.

Proof of Proposition 11

As in the proof of Proposition 10, we demonstrate our result by showing that welfare

in the subgame with n firms and no price cap is strictly lower than welfare in the

subgame with n−1 firms and no cap. For each θ ∈ Θ let ∆Q(θ) ≡ Qn(θ)−Qn−1(θ).

We will first demonstrate that for each θ, ∆Q(θ) ≤ 1
n
qn(θ).

Using the fact that θ̃(Xn) = θ̃(Xn−1) we first examine the case when θ < θ̃. In

this case, we use the first order conditions and the proof is identical to the proof in

the previous section. For the case when θ > θ̃ we again use the definition of θ̃ and

follow a similar argument as in the previous section.

Thus, for each θ ∆Q(θ) ≤ 1
n
qn(θ)

Now, let Wm denote equilibrium expected welfare in the subgame with m firms.

Let ∆W ≡ Wn−1 −Wn. Note that

Wn = E

[∫ Qn(θ)

0

[θ + p(s) ]ds

]
− cXn − nπn
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Which may be written:

Wn =

∫ θ̃

θ

[∫ Q̃n(θ)

0

[θ + p(s) ]ds

]
dF (θ) +

∫ θ

θ̃

[∫ Xn

0

[θ + p(s)] ds

]
dF (θ)− cXn − nπn

Let ∆W = Wn−1 −Wn and note that

∆W = −
∫ θ̃

θ

[∫ Q̃n(θ)

Q̃n−1(θ)

[θ + p(s) ]ds

]
dF (θ)−

∫ θ

θ̃

[∫ Xn

Xn−1

[θ + p(s)] ds

]
dF (θ)+(∆X)c+πn

Now, following a similar argument as in the previous section, using the concavity

of p, we may show that for each θ ∈ [θ, θ̃]

∫ Q̃n(θ)

Q̃n−1(θ)

[θ + p(s) ]ds ≤ ∆Q̃(θ)(θ + p(Q̃n(θ)))− 1

2
(∆Q̃(θ))2p′(Q̃n(θ)) ≡ A(θ)

Moreover, for each θ ∈ [θ̃, θ]

∫ Xn

Xn−1

[θ + p(s) ]ds ≤ ∆X(θ + p(Xn))− 1

2
(∆X)2p′(Xn) ≡ B(θ)

Now, using the first-order conditions we may write:

πn =

(
−
∫ θ̃

θ

(q̃n(θ))2p′(Q̃n(θ)) dF (θ)

)
+

(
−
∫ θ

θ̃

(xn)2p′(Xn) dF (θ)

)
≡ πAn + πBn

Hence, it follows that

∆W ≥ −
∫ θ̃

θ

A(θ) dF (θ)−
∫ θ

θ̃

B(θ) dF (θ) + (∆X)c+ πAn + πBn
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Now, note that

−
∫ θ̃
θ
A(θ) dF (θ) + πAn =

∫ θ̃
θ

[
−∆Q̃(θ)(θ + p(Q̃n(θ))) + 1

2
(∆Q̃(θ))2p′(Q̃n(θ))− (q̃n(θ))2p′(Q̃n(θ))

]
dF (θ)

Using the first-order conditions once again, we know that for each θ ∈ [θ, θ̃] it

holds that θ + Q̃n = −q̃n(θ)p′(Q̃n). This, combined with the fact that ∆Q̃(θ) ≤
1
n
q̃n(θ) allow us to write

−
∫ θ̃

θ

A(θ) dF (θ) + πAn ≥
∫ θ̃

θ

(q̃n(θ)p′(Q̃n(θ))

(
1

n
+

1

2n2
− 1

)
dF (θ) > 0

Now also see that

−
∫ θ
θ̃
B(θ) dF (θ) + (∆X)c+ πBn =

−∆X
[∫ θ

θ̃
(θ + p(Xn)) dF (θ)− c

]
+
∫ θ
θ̃

[
1
2
(∆X)2p′(Xn)− (xn)2p′(Xn)

]
dF (θ)

From the first-order condition, it follows that

∫ θ

θ̃

(θ + p(Xn)) dF (θ)− c =

∫ θ

θ̃

−xnp′(Xn) dF (θ)

This, combined with the fact that ∆X ≤ 1
n
xn allows us to write:

−
∫ θ

θ̃

B(θ) dF (θ) + (∆X)c+ πBn ≥ (xn)2p′(Xn)

∫ θ

θ̃

(
1

n
+

1

2n2
− 1

)
dF (θ) > 0
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It follows immediately that ∆W > 0. The remainder of the proof works identi-

cally to the proof of Proposition 10. The result follows.
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CHAPTER 3

Banking on Reciprocity: Deposit Insurance and

Insolvency1

3.1 Introduction

Two oft-proposed reasons for banking crises are runs and insolvency; see Calomiris

(2008). In the former story banks get in liquidity trouble if all depositors with-

draw funds (Diamond and Dybvig (1983)). The latter story may be linked to moral

hazard; for example, government legislation may create incentives for excessive risk-

taking, something Calomiris (2009) forcefully argues is particularly relevant for un-

derstanding the recent financial crises in the US.

Deposit insurance (DI) is a policy tool that speaks to both crises reasons. Dia-

mond & Dybvig show theoretically how DI can help avoid bank runs, while Calomiris

(1990, 2008) interprets historical records to indicate that DI often caused insol-

vency by inviting excessive risk-taking. Our paper is concerned with the latter phe-

nomenon. We argue that from the viewpoint of traditional economic thought, the

DI-causes-insolvency pattern is a puzzle. DI affects depositors’ payoffs, not bankers,

so no direct link connects DI to the behavior of a profit-maximizing banker. It has

been argued that DI reduces customers’ incentives to monitor their bank’s behavior,

and thus invites excessive risk taking (See, for instance, Gropp and Vesala (2004)

and Cooper and Ross (2002)). However, if depositors can monitor and constrain

bankers’ choices then the insurance provider (e.g. the FDIC) will presumably also

have that ability. In fact, the FDIC (an organization run by professionals) would

1This chapter is based on joint work with Martin Dufwenberg
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seem better positioned to take on that task than would private depositors (acting

as individuals, or as fragmented possibly hard-to-organize collective).

A banker’s payoff is that of a residual claimant; he gets what is left after de-

positors’ demandable debt is serviced. His leveraged position invites heavier risk-

taking than would benefit depositors, enough to make insolvency loom. For a profit-

maximizing banker that wedge between his and the depositors’ interests would seem

no stronger with than without DI (as argued in the previous paragraph). But

bankers owe their livelihood to their customers. Without deposits bankers would

not be in business. Is it not plausible that this makes them somewhat protective of

their customer base, and disinclined to hurt them? Without DI there is an obvious

way to do that: hold back on risk taking. With DI, by contrast, there is no need

to hold back. Even if a banker is grateful, risk-taking won’t hurt depositors, so the

banker throws caution to the wind.

In other words, if bankers are motivated by reciprocity – so that they avoid

hurting those that helped them – the empirical link between DI and insolvency can

be explained. The purpose of our paper is to tell this story precisely. We incorporate

preferences for reciprocation (Rabin (1993); Dufwenberg and Kirchsteiger (2004))

in a model of depositor-banker-insurer interaction. We explore properties, including

variations that concern whether a bank’s risk-taking is observable, how fragmented

is the bank’s depositor community, and the degree of DI coverage.

Some economists find it hard to swallow the notion that professional bankers

would not maximize profit. They look back at recent market turmoil and interpret

it in terms of greed and profit, not in terms of quid pro quo reasoning. But consider

the following: First, experimental and empirical evidence suggests that many people

are motivated by reciprocity2. It can hardly be ludicrous to assume that bankers are

2For empirical evidence see: Tidd and Lochard (1978), Cialdini (1993), Giacalone and Green-
berg (1997). Experimental evidence of reciprocity in ultimatum bargaining games can be found
in Güth et al. (1982), Camerer and Thaler (1995), Roth (1995), or Cameron (1999). Positive
reciprocity has been documented in many trust experiments. See, for example, Fehr et al. (1993),
Berg et al. (1995), or McCabe et al. (1996). For an overview of the literature see Fehr and Gächter
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like normal people and explore what this implies. Second, assuming that bankers

are reciprocal gets the predictions right. By contrast, if one sticks to traditional

assumptions the empirical evidence amounts to a puzzle. Third, with DI, if bankers

are motivated by reciprocity, they act as if they cared only about their bottom line.

Section 2 introduces the game form on which our analysis builds. Section 3 intro-

duces reciprocity and derives main results. Section 4 considers variations. Section

5 sums up, and offers concluding remarks on policy implications.

3.2 Setting The Stage

Diamond & Dybvig’s classical model of bank runs trivializes bankers’ choice of risk;

if they get $1 of deposits then there is but a sure-fire way of investing, which yields

return R > 1 for sure, with a delay. The more interesting part of their analysis

concerns the coordination intricacies that occur when a collective of depositors con-

sider withdrawing deposited funds. In our paper we shift focus, abstracting away

from bank run coordination issues while making bankers’ choice of risk non-trivial.

The model we present is our attempt at formulating the simplest structure that

may achieve those ends while being rich enough to highlight key economic insights

that emerge. The benchmark case has just one depositor, and a banker with some

freedom to control the riskiness of investment. A later extension allows for more

depositors, but the purpose is to explore how this influences the bankers’ incentives

and we still rule out/abstract away from withdrawal panics.

Consider a customer and a bank who engage in a three-stage game. The customer

is initially endowed with π < 1 units of money. In the first stage, the customer faces

the decision of whether or not to deposit her endowment in the bank. If the customer

chooses not to deposit then the game ends; the payoff to the customer is π, and the

payoff to the bank is zero. If the customer chooses to deposit, then in the second

(2000).
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stage the bank may invest in a risky asset. There is a continuum, [0, 1], of possible

assets available to the bank. If the bank invests the deposit in asset x ∈ [0, 1],

then in the third stage the asset pays 0 (fails) with probability x, and pays 1 +Kx

(succeeds) with probability 1 − x where K > 0. Thus, a higher x increases the

potential return of the asset, but also increases the likelihood with which the asset

fails. For this reason, x may be thought of as the level of risk undertaken by the

bank. Of course, by “risk” we do not mean the variance of the payout of the asset.

The payout of the asset choice x = 1, for instance, has zero variance since it pays

nothing with probability one. By “risk” we mean that higher values of x carry a

greater chance of insolvency.

If the customer deposits, the bank pays the customer an interest payment of

1 − π; the customers’ payoff is then: π + 1 − π = 1. If the asset fails, the bank

becomes insolvent and is unable to meet its obligation to the customer. We impose a

bankruptcy rule such that the payoff to the bank is zero. The payoff to the customer

is a ∈ [0, 1]. The parameter a represents the degree to which the customers’ deposit

is insured. We will examine both the case where a = 0 (no deposit insurance) and

the case where a > 0 (the deposit is partially or fully insured). If the customer

deposits and the asset is successful, the bank keeps the residual earnings, Kx, as

profit. The timing of the game is summarized as follows:

1. In the first stage, the customer chooses to deposit (D) her endowment or not

(N). If the customer does not deposit then the game ends.

2. If the customer deposits, then in the second stage the bank uses this deposit

to purchase an asset x ∈ [0, 1].

3. In the third stage, the outcome of the asset is determined, payoffs are realized,

and the game ends.

Figure 3.1 summarizes the game described. We now analyze this model under

classical assumptions. We restrict attention to sub-game perfect Nash equilibria,
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(
π
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(
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x

Figure 3.1: Game Schematic

working by backwards induction and first examining the behavior of the bank in

the second stage. If the bank chooses risk level x ∈ [0, 1] the probability of success

is 1− x and its payoff in the event of success is Kx, so that the expected payoff is

(1− x)Kx. Thus, the bank solves:

max
x∈[0,1]

(1− x)Kx

It is easily verified that the profit-maximizing asset is xb = 1
2
. Should the

customer deposit, her expected payoff would then be 1
2
a + 1

2
= a+1

2
. Hence, if

π > a+1
2

, then in equilibrium the customer does not deposit. If π < a+1
2

, then the

customer deposits in equilibrium.

Notice that the equilibrium amount of risk taken by the bank in no way depends

on the degree to which the customers’ deposit is insured (i.e. the parameter, a).

Since a affects only the customers’ payoff and does not affect the material payoff of
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the bank, classical theory suggests no connection between the bank’s asset choice

and the presence or absence of deposit insurance. But the notion that DI should be

linked to risk-taking seems rather intuitive and is supported by empirical evidence

(see, for example, Grossman (1992), Ioannidou and Penas (2010), Calomiris (1990

and 2008) ).

One may argue that our model is simply not rich enough to capture this link. As

mentioned in the introduction, the common rationale is that the presence of deposit

insurance decreases the incentive for customers to monitor their bank’s behavior.

With less oversight, banks take on more risk. However, such monitoring would

require customers to acquire a great deal of information about their bank. Moreover,

customers would need to be able to understand the risk associated with the various

assets in which the bank has invested. In a recent article in The Atlantic, authors

Frank Partnoy and Jesse Eisinger (2013) contend that monitoring risk portfolios of

financial institutions is no easy task:

The financial crisis had many causes - too much borrowing, foolish

investments, misguided regulation - but at its core, the panic resulted

from a lack of transparency. The reason no one wanted to lend to or trade

with the banks during the fall of 2008, when Lehman Brothers collapsed,

was that no one could understand the banks risks. It was impossible to

tell, from looking at a particular bank’s disclosures, whether it might

suddenly implode.

Even if one assumes that customers could acquire and understand this informa-

tion, surely the banking experts at the FDIC could acquire more accurate informa-

tion at a lower cost. Just as any insurance provider has an incentive to monitor the

behavior of their customers, the FDIC would certainly have the incentive to moni-

tor the level of risk undertaken by the bank. The introduction of deposit insurance

would then simply shift the monitoring role from the customers to the insurance
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provider. If anything, the bank would then be more heavily monitored. But this

constitutes a puzzle! Classical theory does not seem to have a reasonable explana-

tion for the observed link between DI and risk taking. In what follows, we take a

“non-classical” approach as a means of overcoming the failure of classical theory to

explain this observation.

Before proceeding, it will be useful to define a notion of social welfare. To this

end, we define welfare to be the total surplus generated. So, if the customer deposits

and asset x is chosen, welfare is given by:

W (x) = (1− x)(1 +Kx)

Maximizing the above expression, we find that the socially optimal asset is xs =

max{K−1
2K

, 0}. Note that for all K, xs < 1
2
. Interpreting x as the level of risk

undertaken by the bank, it is clear that the bank takes on more risk than is socially

optimal. Also note that each customer’s payoff is strictly decreasing in x. Thus,

from their perspective the optimal choice of x is xc = 0. For any K > 1, it holds

that xs > xc. This leads to three distinct benchmark assets: xc, xs, and xb where

for all K, xc ≤ xs < xb and for K > 1 all inequalities are strict. We now introduce

reciprocity theory.

3.3 Banking on Reciprocity

We proceed with our analysis assuming that the bank has a preference for reciprocity.

In an effort to make this paper self-contained, we provide a brief introduction to the

D&K model of sequential reciprocity. We formally present D&K’s theory only as

far as is needed to handle our specific games. Readers interested in a more general

treatment of the theory should reference D&K.
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3.3.1 The D&K Reciprocity Model

In an effort to keep our presentation as readable as possible, motivated by a few

technical details of D&K’s reciprocity theory, in this section we focus on the case of

less than full DI, so that a < π. The case where a ≥ π, which differs in its technical

details but is similar in spirit, is covered in section 3.3.4.

Following D&K, the utility earned by the bank is given by:

UB ≡ mB + Y ∗ κ ∗ λ

Where: mB is the material payoff earned by the bank, Y is a parameter which

reflects the bank’s sensitivity to reciprocity, κ is the bank’s kindness to the customer,

and λ is the bank’s belief of the kindness of the customer. κ is positive (negative) if

the bank is kind (unkind) to the customer. Similarly, λ is positive (negative) if the

bank believes the customer was kind (unkind) to the bank. The product Y ∗κ ∗λ is

the reciprocity payoff earned by the bank. Reciprocity is captured by the fact that,

all else equal, the bank will want to be kind (unkind) to the customer if the bank

believes the customer has been kind (unkind).

The term κ captures the kindness of the bank towards the customer. Given that

the customer deposits, this term is a real-valued function of the asset chosen by

the bank. Specifically, when the customer deposits, κ(x) is defined as the difference

between the expected material payoff the bank will give the customer by choosing

some x, and the “equitable payoff” of the customer. The equitable payoff of the

customer is defined as the average of the maximum and minimum payoffs the bank

can give the customer when the customer deposits. Note, however, that any x

greater than the profit-maximizing asset choice of 1
2

is strictly worse for both the

bank and the customer than choosing x = 1
2
. So, when making this calculation

we restrict attention to x ∈ [0, 1
2
], as any x > 1

2
is sub-optimal for both parties 3.

3In D&K’s reciprocity theory any x > 1
2 is called “inefficient”, which requires a cumbersome
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Let me
C denote the equitable payoff of the customer when the customer chooses to

deposit. Also, let mC(x) ≡ xa+ (1−x) denote the payoff to the customer when the

customer deposits and the bank chooses x. Then, we have:

me
C ≡

1

2

(
max
x∈[0, 1

2
]
{mC(x)}+ min

x∈[0, 1
2

]
{mC(x)}

)
(3.1)

Finally, when the customer deposits, and the bank chooses x, the kindness of the

bank to the customer is defined as4:

κ(x) ≡ mC(x)−me
C (3.2)

The term λ captures the bank’s belief about the customer’s kindness when she

chooses to deposit. Before defining this term, it will be instructive to derive the

customer’s belief about her own kindness. The customer’s kindness, when she de-

posits, will depend on her belief about the asset the bank will choose. Specifically,

the customer’s kindness is defined as the difference between the material payoff the

customer believes she gives the bank when she deposits, and her belief of the equi-

table payoff of the bank. The customer’s belief of the equitable payoff of the bank

is the average of the maximum and minimum payoffs the customer thinks she could

give the bank.

Suppose the customer thinks the bank will choose x′ if she deposits (this is

the customer’s “first-order belief”). Let SC ≡ {D,N} denote the strategies of the

customer where D is deposit, and N is not deposit. Let mB(s, x) denote the material

payoff of the bank when the customer follows strategy s and the bank chooses x

definition. We avoid this detail here, but for a discussion of efficient strategies, and their relevance
in other contexts, see D&K pp. 275-277

4Readers familiar with D&K’s theory will know that, in many games, a player’s kindness may
depend not only on his feasible choices but also on his beliefs about other players’ choices. This
does not happen in our game (which simplifies our notational task) because no player (except
chance) moves after the bank. As will be seen shortly, we will, however, need to consider certain
beliefs when we define λ.
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when the customer deposits. The customer’s belief about the equitable payoff of the

bank, me
B(x′), is then given by:

me
B(x′) ≡ 1

2

(
max
s∈SC

{mB(s, x′)}+ min
s∈SC

{mB(s, x′)}
)

Finally, the kindness of the customer to the bank when she deposits and thinks

the bank will choose x′ is:

mB(D, x′)−me
B(x′)

The bank cannot directly observe the customer’s kindness since it does not know

the customer’s belief, x′. Instead, the bank forms a belief, x′′, about the customer’s

belief, x′; this is called the bank’s second-order belief. The bank’s belief of the

customer’s kindness when she deposits, λ, is a real-valued function of the bank’s

second-order belief. In a slight abuse of notation, we let me
B(x′′) denote the bank’s

belief of its equitable payoff and define this term:

me
B(x′′) ≡ 1

2

(
max
s∈SC

{mB(s, x′′)}+ min
s∈SC

{mB(s, x′′)}
)

Finally, λ is defined:

λ(x′′) ≡ mB(D, x′′)−me
B(x′′)

Notice that the bank’s belief about the customer’s kindness is mathematically

equivalent to the customer’s belief of her own kindness. The key difference being,

the former depends on the customer’s belief about the bank’s asset choice, while the

latter depends upon the bank’s belief about the customer’s belief.

The equilibrium concept employed is the sequential-reciprocity equilibrium

(SRE). This equilibrium concept requires that players maximize utility in each stage,

taking their beliefs as given; in equilibrium, these beliefs are correct. Note that when
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there are no concerns for reciprocity (Y = 0) then SRE is equivalent to subgame

perfection.

3.3.2 No Deposit Insurance

We first address the case where the customer’s deposit is uninsured, a = 0. Using

the definition provided in (3.1) and noting that the customer’s material payoff (when

she deposits), mC(x) = 1 − x, is strictly decreasing in x we see that the equitable

payoff of the customer is given by:

me
C =

1

2

[
mC(0) +mC

(
1

2

)]
=

1

2

(
1 +

1

2

)
=

3

4

Using the definition in (3.2), the kindness of the bank to the customer from choosing

some x is:

κ(x) = mC(x)−me
C = 1− x− 3

4
=

1

4
− x

We now calculate the bank’s belief about the kindness the customer when she

chooses to deposit. So, let x′′ be the second-order belief held by the bank. To begin,

we calculate the belief held by the bank about its equitable payoff. The least kind

strategy the customer could adopt would be to not deposit; this gives the bank a

payoff of 0. The kindest strategy the customer could adopt would be to deposit.

The bank’s second-order belief of its payoff is Kx′′(1− x′′). Hence the second-order

belief held by the bank about its equitable payoff is:

me
B(x′′) =

1

2
(0 +Kx′′(1− x′′)) =

1

2
Kx′′(1− x′′)

When the customer deposits, the bank’s belief about the material payoff the

customer is giving to the bank is mB(D, x′′) = Kx′′(1−x′′). The second-order belief

held by the bank about the kindness of the customer, when the customer deposits
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is:

λ(x′′) = mB(D, x′′)−me
B = Kx′′(1− x′′)− 1

2
Kx′′(1− x′′) =

1

2
Kx′′(1− x′′)

Given the second-order belief, x′′, the utility to the bank from choosing x when the

customer deposits is then:

UB(D, x, x′′) = mB(x) +Y ∗κ(x)∗λ(x′′) = Kx(1−x) +Y

(
1

4
−x
)(

1

2
Kx′′(1−x′′)

)
The bank takes its belief, x′′, as given and chooses x ∈ [0, 1] to maximize its

utility. UB(·) is strictly concave in x; hence, the first-order condition is sufficient

to characterize the bank’s optimal asset choice. Taking the first-order condition we

obtain:

1− 2x∗ − Y 1

2
x′′(1− x′′) = 0

In any sequential-reciprocity equilibrium (SRE), the second-order belief must be

correct, and hence x′′ = x∗. So, the first-order condition becomes

1− 2x∗ − Y 1

2
x∗(1− x∗) = 0

Solving for x∗ we obtain:

x∗ =
4 + Y −

√
16 + Y 2

2Y
(3.3)

To provide some intuition for the nature of the bank’s optimal asset choice,

suppose the bank holds the second order belief x′′ > x∗, which is close to the

material payoff maximizing choice of 1
2
. Such an asset would be particularly good
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for the bank (as it provides a high material payoff), but is bad for the customer.

Given this belief, the bank thinks the customer is being very kind; affording the bank

a high material payoff when she deposits. As a result, the bank would not choose

the asset, x′′, and would instead want to take on less risk in order to reciprocate

the customer’s kindness. But this would mean the bank’s second-order belief is

incorrect; hence, such a belief could not be part of a SRE.

On the other hand, suppose the bank held the second-order belief x′′ < x∗,

which is close to zero. Such an asset would be particularly good for the customer,

but gives the bank a low material payoff. When the bank holds this belief, a deposit

decision is not perceived as particularly kind since the bank thinks the customer is

not expecting the bank to earn a high material payoff. In turn, the bank would not

be so kind to the customer, and would choose a higher level of risk. The equilibrium

asset choice balances the bank’s belief about the customer’s kindness with its desire

to reciprocate; when the bank holds the second-order belief, x′′ = x∗, it optimally

chooses the asset x∗.

The payoff to the customer, should she choose to deposit, is 1− x∗. Hence, the

customer will choose to deposit only if 1 − x∗ ≥ π. Plugging the expression for x∗

into this inequality, we find that the customer chooses to deposit only if:

Y >
2(2π − 1)

π(1− π)
(3.4)

This leads to our first observation.

Observation 1. The bank’s equilibrium asset choice (given in 3.3) is strictly de-

creasing in Y , approaching zero as Y becomes large and approaching the profit-

maximizing level as Y approaches zero. In equilibrium, the customer deposits if

π < 1
2

or if Y is sufficiently large (see equation 3.4).

Proof. All proofs in this chapter are contained in section 3.6
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To provide some intuition for Observation 1, note that when the customer de-

posits she has done something nice for the bank. She has given the bank an op-

portunity to generate profit, while choosing not to deposit would provide no such

opportunity. When the bank has a preference for reciprocity, it will want to recip-

rocate this kindness and do something kind for the customer. Since the customer’s

payoff is decreasing in the risk taken by the bank, this preference for reciprocity

leads the bank to take on less risk than the profit-maximizing level. As the bank’s

sensitivity to reciprocity increases, the bank will wish to be kinder and kinder to

the customer should she choose to deposit. This leads the bank to take on less and

less risk.

As the bank’s sensitivity to reciprocity approaches zero, its reciprocity payoff

becomes irrelevant as compared to its material payoff. As a result, the bank’s asset

choice will approach the profit-maximizing level of 1
2
. On the other hand, as the

bank’s sensitivity to reciprocity becomes large, its material payoff becomes irrelevant

compared to its reciprocity payoff. As a result, the bank’s optimal asset choice will

approach the asset choice which is best for the customer. Note, however, that an

asset choice of x = 0 could never be part of an SRE. To understand this, suppose

the bank holds the second-order belief, x′′ = 0. When the customer deposits the

bank believes the customer thinks the bank will choose to give itself zero profit. The

decision to deposit would therefore not be construed as kind since the bank believes

the customer thinks she is giving the bank nothing! The bank would therefore not

wish to be so kind and would want to deviate to a higher level of risk. We now

discuss the welfare implications of reciprocity.

Recall that when the bank acts as a profit-maximizer, its asset choice was more

risky than is socially optimal. Observation 1 demonstrates that a bank motivated

by reciprocity takes on strictly less risk than the profit-maximizing level. So long

as the bank’s preference for reciprocity is not too large, this decrease in risk-taking

leads to a welfare improvement as compared to the case where the bank has selfish
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y = sin(2x) + 1
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2

1

Figure 3.2: Welfare for K = 2.

preferences. Before stating our next observation, suppose K > 1 and consider the

following bound on the bank’s sensitivity to reciprocity:

Y <
8K

K2 − 1
(3.5)

Observation 2. If K < 1 or if Y is sufficiently small (the precise bound is given

by (3.5)) then equilibrium welfare is increasing in Y .

Figure 3.2 shows overall welfare as a function of the bank’s risk choice when

K = 2. The profit-maximizing choice is x = 1
2

and welfare is maximized at x = 1
4
.

Observation 2 says that welfare is increasing in Y so long as Y is sufficiently small.

When K = 2, this occurs when Y < 16
3

. Examining Figure 3.2, Y < 16
3

means

x∗ > 1
4
. In this case, a small increase in Y moves us closer to the welfare-maximizing

level, and increases overall welfare (since x∗ is decreasing in Y ). Note, however, that

In this example welfare is higher than the profit-maximizing level, for any Y > 0.

We now move on to consider the implications of deposit insurance when the bank

has a preference for reciprocity.
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3.3.3 Partial Deposit Insurance

In this section, we suppose that an outside agency insures a portion of the customer’s

deposit. So, if the customer deposits and the asset fails then the payoff to the

customer is a > 0. We first examine the case where a ∈ (0, π). The case where

a ≥ π, which differs in its technical details although is similar in spirit, is covered

in section 3.3.4.

The insurance program is financed entirely by the bank. The observability of x

by the insurance agency is a critical determinant in how the bank will be charged

for the insurance program. In this section it is assumed that x is unobservable by

the insurance provider; the fee charged to the bank is therefore independent of its

asset choice. For simplicity, we take this fee as sunk5. One can think of this version

of the model in the following way: prior to the interaction between the bank and

customer, the bank pays a fixed fee to participate in the insurance program. Thus,

at the time of customer-bank interaction, this cost does not affect the incentives of

the bank. For ease of analysis, we therefore leave the material payoffs of the bank

unchanged from the case with no deposit insurance. In section 3.4.1 we examine a

version of the model in which the bank’s asset choice is observable by the insurance

provider, and the fee paid by the bank may depend on this choice of asset.

Now, suppose the customer deposits and the bank chooses some x ∈ [0, 1
2
]6. The

payoff to the customer is then mC(x) = ax + 1 − x. Since a < π < 1, mC(x) is

strictly decreasing in x. Hence, the equitable payoff of the customer is the average

of the her payoff when the bank chooses x = 0 and her payoff when the bank chooses

x = 1
2
. Hence:

5One could envision an alternative formulation in which the bank could choose whether or not
to pay F and enter in the first place. That formulation would not change the nature of play
following a decision to enter. For simplicity, we abstract away from this consideration.

6Recall from section 3.3.1 that any asset choice greater than 1
2 is ignored for the purposes of

utility calculations
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me
C(x) =

1

2

(
1 +

1

2
a+ 1− 1

2

)
=

3 + a

4

If the bank chooses x ∈ [0, 1
2
] then its kindness to the customer is:

κ(x) = mC(x)−me
C(x) = ax+ 1− x− 3 + a

4
=

(
1

4
− x
)(

1− a
)

Let x′′ be the second-order belief held by the bank about its asset choice if the

customer deposits. Recall that the material payoffs of the bank are unchanged from

the case with no deposit insurance. It therefore follows that the bank’s belief about

the kindness of the customer should she choose to deposit, λ(x′′), is unchanged from

the section with no deposit insurance:

λ(x′′) =
1

2
Kx′′(1− x′′)

Thus, when the customer deposits the bank solves the following problem:

max
x∈[0,1]

Kx(1− x) + Y

(
1

4
− x
)(

1− a
)

1

2
Kx′′(1− x′′)

The maximand above is strictly concave in x; thus, the optimal choice of x is

characterized by the first-order condition. Taking the first-order condition and using

the fact that in a SRE we must have x′′ = x∗ yields:

x∗ =
4 + Y (1− a)−

√
16 + Y 2(1− a)2

2Y (1− a)
(3.6)

Given the second-stage behavior of the bank when the customer deposits, the cus-

tomer will choose to deposit if:

ax∗ + 1− x∗ > π

Substituting 3.6 into this inequality, we see that the customer deposits if:
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Y >
2 [2π − (1 + a)]

(1− π)(π − a)
(3.7)

Observation 3. For fixed a, the bank’s asset choice, given by 3.6, is strictly decreas-

ing in Y , approaching zero as Y becomes large and approaching the profit-maximizing

level as Y approaches zero. For fixed Y , the bank’s asset choice is strictly increasing

in a. Finally, for any 0 < a < π the level of risk taken on by the bank is strictly

greater than in the absence of deposit insurance.

Observation 3 demonstrates that the bank takes on more risk in the presence

of deposit insurance than when the customer’s deposit is not insured. Intuitively,

in the absence of deposit insurance the bank takes on less risk (than the profit-

maximizing level) in order to reciprocate the customer’s kind action of depositing;

by taking on less risk, the bank decreases the likelihood of insolvency and increases

the expected return to the customer. Deposit insurance protects the customer in

the event of insolvency, and reduces the amount of harm the bank will cause the

customer when it takes on more risk. This decreases the incentive of the bank to

hold back on risk taking as compared to the case where the deposit is uninsured.

As a increases, the customer is afforded more protection in the event of insolvency

and this leads to additional risk taking by the bank. Still, note that for any a < π

it is still the case that the amount of risk undertaken by the bank is less than if the

bank acted as a profit-maximizer.

Our final observation in this section examines the welfare impact of deposit

insurance. We assume that the lump-sum fee paid by the bank is a transfer of

wealth and does not affect welfare. Similarly the amount, a, paid to the customer

by the insurance agency if the asset fails, is a transfer of wealth from the insurance

agency to the customer and therefore does not affect welfare.
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Observation 4. If Y is sufficiently small (the precise bound is given by (3.5)) then

equilibrium welfare is strictly decreasing in the degree to which the customer’s deposit

is insured, a.

To understand Observation 4 recall the result discussed in Observation 2 with

no deposit insurance. The bank’s preference for reciprocity leads it to take on less

risk than in the case where the bank had selfish preferences. For Y sufficiently

small, this decrease in risk-taking increases welfare. Introducing deposit insurance

leads the bank to take on more risk than they would without deposit insurance and

decreases welfare.

3.3.4 Fully Insured Deposit

In this section, we address the case of a ≥ π. When a ≥ π the full amount of the

customer’s initial deposit, π, is insured. Therefore, the customer is weakly better off

depositing than not depositing, regardless of the bank’s asset choice. Moreover, the

bank is always better off when the customer chooses to deposit. Therefore a decision

not to deposit seems quite unreasonable when a ≥ π. In essence, the customer faces

no trade off between depositing and not depositing. It’s better for everyone, no

matter what the bank does, when the customer deposits.

Under these circumstances, a decision to deposit by the customer is no longer

perceived as a kind (or unkind) action by the bank in the D&K model7; the kindness

of the customers is zero. Since the customer is neither kind nor unkind to the bank

when she deposits, the bank will act as if it is profit-maximizing. This leads to our

next observation:

Observation 5. If a ≥ π then there is a unique SRE in which the customer deposits

and the bank chooses the profit-maximizing asset.

7Technically, the decision to not deposit is no longer an efficient strategy for the customer.
As mentioned in section 3.3.1 we refer an interested reader to D&K for a thorough treatment of
efficient strategies.
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The implications of Observation 5 are quite significant; when the customer’s

initial deposit is fully insured, the insurance program counteracts any incentive

provided by reciprocity for the bank to hold back on its risk-taking. While the bank

may be motivated by reciprocity, its behavior is no different from that of a profit

maximizer. This result may provide a partial explanation for the casual observation

that banks maximize profit with little regard for the well-being of their customers.

3.4 Extensions

In this section we consider two variations of the model presented in the previous

section. We first examine an environment in which the insurance provider observes

the amount of risk taken on by the bank. We then examine a version of the model

with an arbitrary number of customers.

3.4.1 Observable Asset Choice

The previous analysis assumes that the risk taken on by the bank is unobservable

by the insurance provider. In practice, fees paid by members of the FDIC par-

tially depend upon the amount of risk a member bank undertakes. In this section,

we assume that x is costlessly observed by the insurance provider. The insurance

provider then charges the bank a fee that depends on its asset choice. Let C(x) be

the fee paid by the bank when it chooses asset x. It is assumed that the bank only

pays this fee in the event that the customer deposits and the asset is successful. If

the customer does not deposit then the bank has taken on no risk and therefore is

not charged. If the customer does deposit but the asset fails, it’s assumed that a

bankruptcy applies and the bank is not forced to pay the fee 8.

The insurance agency wishes to remain budget balanced (in expectation). If the

bank chooses x, the expected cost to the agency is ax while the expected payment

8This bankruptcy rule imposed is innocuous. The analysis is unchanged if the bank must pay
the fee even in the event of asset failure, provided the fee is actuarially fair
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to the agency is (1 − x)C(x). Budget balancedness therefore implies that for all

x : (1 − x)C(x) = ax. Hence, C(x) = ax
1−x . In this section, we assume that K > 1

and allow for any a ∈ [0, 1]9.

The profit maximizing choice of x then solves solves:

max
x∈[0,1]

(1− x)

(
Kx− ax

1− x

)
It is easily verified that the profit-maximizing choice of x is x̂b = K−a

2K
(which is

positive since K > 1 ≥ a). Also see that if the bank is a profit-maximizer, and the

insurance provider may observe x, then the welfare-maximizing level of risk can be

induced by setting a = 1.

Any choice of x > x̂b gives both the bank and the customer a strictly lower

material payoff than x = x̂b. So, for the purposes of utility calculations, we restrict

attention to x ∈ [0, x̂b].10 Modifying the definition given in (3.1), the equitable

payoff of the customer is given by:

me
C ≡

1

2

(
max
x∈[0,x̂b]

{mC(x)}+ min
x∈[0,x̂b]

{mC(x)}
)

Since the customer’s payoff is decreasing in x when she deposits, it follows that

me
C =

1

2

[
mC(0) +mC(x̂b)

]
=

1

2

[
1 + axb + 1− x̂b

]
The kindness of the bank to the customer is then given by:

κ(x) = ax+ 1− x− 1

2

[
1 + ax̂b + 1− x̂b

]
Plugging in for x̂b and re-arranging it follows that

9When x is non observable and a ≥ π (i.e. section 3.3.4) a decision not to deposit is inefficient.
In this section, this is not true. The reason is that the bank is not necessarily better off when the
customer deposits. If, for instance, the customer deposits and the bank chooses x close to 1, its
payoff would be negative, and it would have been better off if the customer did not deposit.

10As defined in D&K any x > x̂b is inefficient. See footnote 3



99

κ(x) = (a− 1)

(
x− K − a

4K

)
Now, if the bank holds the second-order belief x′′, then the material payoff the

bank believes the customer believes she is giving the bank when she deposits is

mB(D, x′′) = (1−x′′)
(
Kx′′ − ax′′

1−x′′
)
. By not depositing, the customer gives the bank

0. Hence, the equitable payoff of the bank is 1
2
mB(D, x′′). So, the bank’s belief of

the kindness of the customer is λ(x′′) = mB(D, x′′)−me
B(x′′) = 1

2
mB(D, x′′). Thus,

λ(x′′) = mB(D, x′′)−me
B(x′′) =

1

2
(1− x′′)

(
Kx′′ − ax′′

1− x′′

)
So, the bank solves the following problem:

max
x∈[0,1]

(1− x)

(
Kx− ax

1− x

)
+

1

2
Y

[
(a− 1)

(
x− K − a

4K

)][
(1− x′′)

(
Kx′′ − ax′′

1− x′′

)]
Taking the first-order condition and using the fact that in any SRE x′′ = x∗ we

obtain the optimal choice of x:

x∗ =
4K + Y (1− a)(K − a)−

√
16K2 + Y 2(1− a)2(K − a)2

2Y K(1− a)
(3.8)

Given the second-stage behavior of the bank following a decision to deposit, the

customer deposits only if ax∗ + 1− x∗ ≥ π. This leads to our next observation:

Observation 6. When deposit insurance is financed via a variable charge, the bank’s

equilibrium asset choice (given by 3.8) is strictly decreasing in Y , approaching zero

as Y becomes large and approaching the profit-maximizing level as Y approaches

zero. In equilibrium, the customer deposits if Y is sufficiently large.

The observation above demonstrates that the comparative statics with respect

to the bank’s reciprocity sensitivity are consistent with the model where x is un-



100

observable. In contrast, the relationship between the optimal asset choice and the

degree to which deposits are insured is much less clear in this version of the model.

Observation 7. When deposit insurance is financed via a variable charge, the bank’s

optimal asset choice may be increasing or decreasing in a. If Y > 4 then the bank’s

equilibrium asset choice is strictly increasing in a for a sufficiently small.

To understand observation 7, note that when deposit insurance is financed via a

variable charge, then an increase in a has two competing effects. First, an increase

in a provides additional protection to the customer and decreases the amount of

harm the bank can inflict when she takes on more risk; this leads the bank to desire

a higher x. However, an increase in a also increases the material cost of taking on

more risk, since, for any x, the fee paid by the bank is increasing in a. When the

bank’s sensitivity to reciprocity is sufficiently large, the reciprocity effect dominates

the material effect for small values of a.

3.4.2 Changes in the Number of Customers

In this section, we consider a version of the model with n ≥ 1 identical customers,

each of whom makes their deposit decision simultaneously. We assume that the

bank’s preference for reciprocity is the same amongst all the customers and that the

bank’s asset choice is unobservable by the insurance provider.

There are two distinct ways in which additional customers may be introduced to

our model. First, one could consider a version of this model in which we introduce

many customers, each of whom is endowed with π units of money at the start of

the game. This version of the model may be thought of as an expansion in the size

of the bank; not only do we introduce more customers, but the bank now has a

larger volume of deposits. Under bank expansion, it can easily be shown that the

bank’s optimal asset choice is independent of the number of customers. Moreover,

our results from sections 3.3.2 - 3.3.4 remain completely unchanged. Intuitively, the
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degree to which the bank would like to reciprocate depends on how kind the bank

perceives each customer to be. The bank’s belief of the kindness of each customer

depends on the additional payoff it thinks each customer has chosen to give the

bank by depositing. When we expand the size of the bank, the “gift” given by

each customer, when she chooses to deposit, is unchanged from the case of a single

depositor. Hence, the degree to which the bank would like to reciprocate does not

change. As a result, the bank’s equilibrium asset choice does not depend on the

number of customers.

Alternatively, one could consider a version of the model in which our single

customer, with π units of money to deposit, is fragmentized into many customers

while the total amount of money endowed in the economy is unchanged. That is,

each of our n customers is endowed with π
n

units of money. We first study the case

where a ∈ [0, π); the case where a > π is similar in spirit but differs in its technical

details and will be addressed later in this section. If the bank’s asset fails then the

payoff to any customer who deposited their endowment is a
n
. Finally, if the bank’s

asset is successful then the payoff to the customer is 1
n
. If m customers deposit, and

the asset is successful then the profit earned by the bank is m
n
Kx.

Letting λi be the kindness of the bank to customer i and κi be the bank’s belief

of the kindness of customer i following D&K, we define the utility of the bank in

this version of the model as:

UB ≡ mB + Y
∑
i

λiκi

The functions λi and κi are defined in a similar manner as in the single customer

case. We begin by analyzing the bank’s behavior when all customer’s deposit. Con-

sider some customer i. If customer i deposits and the bank chooses some x ∈ [0, 1]

then the kindness of the bank to customer i is:
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κi(x) ≡ mi(x)−me
i

Here, mi(x) = x a
n

+ (1− x) 1
n

is the material payoff of customer i when the bank

chooses x. me
i is the equitable payoff of customer i. As in the single customer case,

we have me
i = 1

2

[
mi(0) +mi

(
1
2

)]
. Hence, the kindness of the bank to customer i is:

κi(x) =
1

n
(ax+ 1− x)− 1

2n

(
1 +

a+ 1

2

)
=

1

n

(
1

4
− x
)

(1− a)

Now, suppose that each of the other n − 1 customers choose to deposit. Let

x′′i be the bank’s belief of the asset customer i believes the bank will choose. If

customer i does not deposit, then the bank believes i thinks the bank’s payoff will be:

(1− x′′i )n−1
n
Kx′′i . If i deposits, the bank believes i thinks the bank’s material payoff

will be: (1− x′′i )Kx′′i . The equitable payoff of the bank with respect to customer i

is the average of these two material payoffs: 1
2

[
(1− x′′)n−1

n
Kx′′i + (1− x′′i )Kx′′i

]
=

1
2n
Kx′′i (2n− 1)(1− x′′i ). If all customers deposit the bank’s belief of the kindness of

each customer i is then:

λi(x
′′
i ) = (1− x′′i )Kx′′i −

1

2n
Kx′′i (2n− 1)(1− x′′i ) =

1

2n
Kx′′i (1− x′′i )

If each customer deposits then the bank’s optimal asset choice solves:

max
x∈[0,1]

(1− x)xK +
Y

n2

∑
i

[(
1

4
− x
)

(1− a)

] [
1

2
Kx′′i (1− x′′i )

]
The maximand above is strictly concave in x. Hence, the optimal asset choice

is characterized by the first-order condition. Taking the first-order condition and

using the fact that in any SRE we must have x′′i = x∗ we obtain the bank’s optimal

asset choice:
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x∗ =
4 + (Y

n
)(1− a)−

√
16 +

(
Y
n

)2
(1− a)2

2(Y
n

)(1− a)
(3.9)

Given the behavior of the bank when each customer deposits, each customer will

deposit in an SRE if x∗ a
n

+ (1 − x∗) 1
n
> π. Substituting our expression for x∗ into

this inequality we see that the customer deposits if:

Y >
2n [2π − (1 + a)]

(1− π)(π − a)
(3.10)

Observation 8. For any fixed number of customers n ≥ 1, the bank’s equilibrium

asset choice (given by 3.9) is strictly decreasing in Y , approaching zero as Y becomes

large and approaching the profit-maximizing level as Y approaches zero. For fixed

Y , the bank’s asset choice is strictly decreasing in a. In equilibrium, the customer

deposits if Y is large enough (see (3.10))

Observation (8) demonstrates that in this version of the model in which cus-

tomers are fragmented, the comparitive statics results with respect to the sensitivity

to reciprocity and a remain the same as in the single customer case. We now move

on to investigate the impact of fragmentation on the bank’s optimal asset choice.

Observation 9. For fixed Y and a, the bank’s equilibrium asset choice is strictly

increasing in the number of customers and approaches the profit-maximizing level as

the number of customers becomes large.

Observation 9 demonstrates that as the degree of customer customer fragmenta-

tion increases, the bank takes on more risk. Intuitively, as n increases this decreases

the stakes of the game; each customer has less money at risk. This decreases the

harm the bank can cause each customer, and leads it to take on more risk. At the

same time, however, the bank is inflicting harm on a larger group customers when

it takes on risk; all else equal this would lead the bank to take on less risk. It turns

out that the first effect always dominates the second. The reason is that the bank’s
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utility is nonlinear with respect to the monetary stakes, but linear in the number of

customers. As n increases, the stakes of the game diminish at the rate of 1
n2 while

the number of customers grows at the rate n. As a result, the bank will take on

additional risk as the customer base becomes more fragmentized. In essence, the

bank is more comfortable causing a little harm to many customers than causing

significant harm to a few customers. Our final observation considers the case where

a ≥ π

Observation 10. If a ≥ π then for any n ≥ 1 there is a unique SRE in which each

customer deposits and the bank chooses the profit-maximizing asset.

As in the single-customer case, note that when a ≥ π, choosing not to deposit is

worse than depositing for both the customer and the bank. The logic of Observation

10 then follows exactly as in observation 5. For this reason, we do not include a

proof of this statement.

3.5 Concluding Remarks

The 2008 financial crisis is a testimony to the tremendous harm that can be caused

when financial institutions take on excessive risk. Policies in the banking industry,

which may invite excessive risk taking, must therefore be well understood. The

empirical connection between deposit insurance, risk taking, and insolvency is well

documented (Calomiris, 1990 and 2008). For policy makers, it is essential that we

understand, not only that this connection exists, but why this connection exists. Af-

ter all, how could a policy be formed to remedy the situation if we do not understand

the root cause?

From the perspective of classical economic theory, the connection between de-

posit insurance and risk taking is somewhat puzzling. A commonly cited hypothesis

contends that deposit insurance decreases customers’ incentives to monitor their

banks, and results in more risky bank behavior. While somewhat compelling, this
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story fails to consider the (perhaps very strong) incentive that the insurance provider

may also have to monitor banks’ behavior. In this regard, the introduction of de-

posit insurance should simply shift the role of monitor from the customer, to the

insurance provider.

In this paper, we propose an alternative theory linking deposit insurance to

bank risk taking. We demonstrate that this observed connection may be explained

by a bank that is motivated by reciprocity. To some economists, the idea of a

bank, which is motivated by reciprocity, seems far-fetched. After all, isn’t the 2008

crisis evidence of the ruthlessness of banks? In the United States the FDIC insures

up to $250,000 per depositor; more than enough to cover most people’s holdings.

Our theory suggests that the presence of deposit insurance, which fully covers a

customer’s deposit, would eliminate any incentive a reciprocity-driven bank would

have to hold back on risk taking. Therefore, the notion that banks may act as-if

they are profit maximizers is wholly consistent with our model.

3.6 Proofs

Proof of Observation 1

Proof. The fact that there exists a unique SRE in which the customer deposits

when Y exceeds the threshold in 3.4 is immediate. Multiplying the numerator and

denominator of the expression for x∗ by
(
4+Y +

√
16 + Y 2

)
, it may easily be checked

that we may re-write x∗ as

x∗ =
4

4 + Y +
√

16 + Y 2

Examining this expression, it is clear that the bank’s optimal asset choice is strictly

decreasing in Y approaching 0 as Y →∞ and approaching 1
2

(the profit-maximizing

asset choice) as Y → 0. Finally, since limY→0 x
∗ = 1

2
and x∗ is strictly decreasing in

Y it is clear that x∗ < 1
2

for all Y > 0.
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Proof of Observation 2

Proof. When K < 1 welfare is strictly decreasing in x for all x ∈ [0, 1]. Since x∗ is

strictly decreasing in Y , the result immediately follows. If K > 1 then the socially

optimal level of risk is K−1
2K

< 1
2
. Clearly, welfare is strictly decreasing in x for all

x ∈ (K−1
2K

, 1
2
). It is easily verified that when the inequality given by (3.5) is satisfied,

we have x∗ ∈ (K−1
2K

, 1
2
). Since x∗ is decreasing in Y , the result follows.

Proof of Observation 3

Proof. Multiplying the numerator and denominator of x∗(Y, a) by

(
4 + Y (1− a) +√

16 + Y 2(1− a)2

)
we obtain:

x∗(Y, a) =
4

4 + Y (1− a) +
√

16 + Y 2(1− a)2

Since a < π < 1 it is clear from this expression that x∗(Y, a) is strictly decreasing

in Y , approaching 0 as Y → ∞ and approaching 1
2
, the profit-maximizing asset

choice, as Y → 0. It is also easily seen that the denominator in the expression above

is strictly decreasing in a which means x∗(Y, a) is strictly increasing in a. Finally,

note that x∗(Y, 0) is the asset choice in the case where deposits are uninsured. Since

x∗(Y, a) is strictly increasing in a, clearly the bank takes on more risk than when

the customer’s deposit is uninsured.

Proof of Observation 4

Proof. First note that x∗(Y, 0) corresponds to the bank’s optimal asset choice when

the customer’s deposit is uninsured (this is the optimal asset choice from section
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3.3.2). Then recall from the proof of observation 2 that, for Y ∈ (0, Y ∗) we have

x∗(Y, 0) > xs, where xs is the welfare maximizing asset choice. Fix Y ∈ (0, Y ∗) and

note that for any a, a′ ∈ (0, π) with a′ > a, observations 2 and 3 together imply

x∗(Y, a′) > x∗(Y, a) > x∗(Y, 0) > xs. By the strict concavity of W (·) we must have

W (x∗(Y, a)) > W (x∗(Y, a′)).

Proof of Observation 5

Proof. When a ≥ π, both the customer and the bank are weakly better off when

the customer deposits for any asset choice x ∈ [0, 1]. Moreover, the bank is strictly

better off when the customer deposits for any asset choice x ∈ (0, 1). Thus, follow-

ing D&K’s definition of efficient strategies, not depositing is no longer an efficient

strategy for the customer. It follows that, when the customer deposits, this action

is not perceived as kind or unkind, since depositing is the only efficient strategy.

Therefore, the bank will choose the asset which maximizes its expected material

payoff (profit). When the bank chooses the profit-maximizing asset, the customer is

strictly better off depositing for any a ≥ π. Hence, there is a unique SRE in which

the customer deposits and the bank chooses the profit-maximizing asset.

Proof of Observation 6

Proof. Multiplying the numerator and denominator of (3.8) by

4K + Y (1− a)(K − a) +
√

16K2 + Y 2(1− a)2(K − a)2

We obtain the equivalent expression:

x∗ =
4(K − a)

4K + Y (1− a)(K − a) +
√

16K2 + Y 2(1− a)2(K − a)2
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Since a < 1 < K it is clear from this expression that x∗ is strictly decreasing in Y ,

approaching 0 as Y →∞ and approaching K−a
2K

, the profit-maximizing asset choice,

as Y → 0.

Proof of Observation 7

Proof. Differentiating x∗(Y, a,K) with respect to a and evaluating at a = 0 we

obtain:

∂x∗(Y, a,K)

∂a

∣∣∣∣
a=0

=
(4K − Y )

√
Y 2 + 16 + (Y 2 − 16K)

2KY
√
Y 2 + 16

Clearly ∂x∗(Y,a,K)
∂a

∣∣∣
a=0

> 0 if and only if the numerator of the expression above is

positive. Let Γ(Y,K) ≡ (4K − Y )
√
Y 2 + 16 + (Y 2 − 16K) denote the numerator in

the expression above. It is easily verified that Γ is strictly increasing in K for any

Y > 0. Since K > 1 =⇒ Γ(Y,K) > Γ(Y, 1). Finally, note that Γ(Y, 1) > 0 if and

only if:

(Y − 4)
[
(Y + 4)−

√
Y 2 + 16

]
> 0 ⇐⇒ Y > 4

Thus, if Y > 4 then for a sufficiently small ∂x∗(Y,a,K)
∂a

> 0.

Proof of Observation 8

Proof. Multiply the numerator and denominator of (3.9) by

4 +

(
Y

n

)
(1− a) +

√
16 +

(
Y

n

)2

(1− a)2

The remainder of the proof is analogous to the proofs of observations 3 and 4.
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Proof of Observation 9

Proof. Let x∗(Y, a) denote the bank’s optimal asset choice in the model examined

in section 3.3.3 with a single customer. Examining our expression for x∗n(Y, a) it is

clear that x∗n(Y, a) = x∗
(
Y
n
, a
)
. Letting Ŷ ≡ Y

n
we have,

∂x∗n(Y, a)

∂n
=

(
∂x∗(Ŷ , a)

∂Ŷ

)(
− Y
n2

)
By observation 3 we know ∂x∗(Ŷ ,a)

∂Ŷ
< 0 which means ∂x∗n(Y,a)

∂n
> 0. Finally, note that

limn→∞ x
∗
n(Y, a) = limŶ→0 x

∗(Ŷ , a) = 1
2

by observation 3.
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APPENDIX A

The Pure Grant Problem

In this section we first show that the principal’s grant problem given in equation

(1.1) may be expressed as in equations (1.7) and (1.11). When the principal uses a

pure grant, the payoff to a type θ agent who reports θ̂, and exerts effort is given by:

U(θ, θ̂) = θy(θ, x(θ), π)α(x(θ̂))π − x(θ̂)− cy(θ, x(θ), π) + g(θ̂)

By assumption 1 we have θα1(0, y)π − 1 < 0. This means that in the absence

of any other incentives, the agent would invest nothing, exert no effort, and earn

zero profit. Thus, the individual rationality (IR) constraint requires U(θ) ≥ 0 for

all θ. The incentive compatibility constraint (IC) requires U(θ, θ) ≥ U(θ, θ̂) for all

θ, θ̂ ∈ Θ. The IC constraint is satisfied if and only if U2(θ, θ) = 0 and U12(θ, θ̂) ≥ 0

for all θ, θ̂ ∈ Θ (a proof may be found in Laffont and Tirole (1993) pp. 64 and

121). U2(θ, θ) = 0 implies U ′(θ) = y(θ, x(θ), π)α(x(θ))π. Since U ′(θ) ≥ 0, the IR

constraint is satisfied so long as U(θ) ≥ 0.

It may then be verified that U12(θ, θ̂) ≥ 0 if and only if x′(θ) ≥ 0 for all θ. So,

the IR/IC constraints may be summarized:

U(θ) ≥ 0; U ′(θ) = y(θ, x(θ), π)α(x(θ))π; x′(θ) ≥ 0

Using the definition of U , the principal’s problem from (1.1) may be expressed:

max
x(θ),U(θ)

∫ θ

θ

[θy(·)α(x(θ))[W + π]− x(θ)− cy(·)− U(θ)] dF (θ)

Subject to the IC/IR constraints. The principal’s payoff is strictly decreasing in
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U(·). Clearly, the optimal solution must yield U(θ) = 0. This fact, combined with

the IC condition on U ′(·) imply:

U(θ) =

∫ θ

θ

y(θ, x(θ), π)α(x(θ))π dθ

Integrating by parts:

∫ θ

θ

U(θ) dF (θ) =

∫ θ

θ

h(θ)y(θ, x(θ), π)α(x(θ))π dF (θ)

Where h(θ) ≡ 1−F (θ)
f(θ)

. Thus, we may re-express the principal’s problem as

max
x(θ)≥0

∫ θ

θ

(
θy(·)α(x(θ))[W + π]− x(θ)− cy(·)− y(·)h(θ)α(x(θ))π

)
dF (θ) (A.1)

Subject to the non negativity constraint x(θ) ≥ 0 and the IC constraint x′(θ) ≥ 0.
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APPENDIX B

The Pure Prize Problem

We assume the functional forms α(x, y) = yα(x) and C(y) = cy as outlined in

section 1.7. The case with adverse selection only corresponds to an environment in

which c = 0 and y = 1.

First note that in this setting, the payoff to a type θ agent who reports θ̂ is:

U(θ, θ̂) = y(θ, x(θ̂), V (θ̂) + π)(θα(x(θ̂))(V (θ̂) + π)− c)− x(θ̂)

As outlined in Appendix A, the IC/IR constraints then require for all θ and

θ̂: U ′(θ) = U2(θ, θ), U12(θ, θ̂) ≥ 0, U(θ) ≥ 0. These conditions may be restated:

U ′(θ) = y(θ, x(θ), V (θ) + π)α(x(θ))(V (θ) + π), U(θ) ≥ 0 and x′(θ) ≥ 0. Note that

U(θ) ≥ 0 means

y(·)(θα(x(θ))(V (θ) + π)− c) ≥ x(θ)

Since x(θ) ≥ 0 the IR constraint therefore requires θα(x(θ))(V (θ) + π)− c ≥ 0.

That is, the IR constraint requires that any agent given a positive level of investment

will indeed exert effort. So, without loss of generality we will set y = 1 for all types

given a positive investment recommendation. Then, a simple substitution into the

IC constraint yields:

U ′(θ) =
U(θ) + x(θ) + c

θ

Using the fact that U(θ) = 0 and solving this differential equation we obtain
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U(θ) = θ

∫ θ

θ

x(θ̃) + c

θ̃2
dF (θ)

Integrating by parts:

∫ θ

θ

U(θ) dF (θ) =

∫ θ

θ

h̃(θ)(x(θ) + c) dF (θ)

Where h̃ is defined in equation (1.12). Substituting U(θ) into the principal’s problem

for V (θ), the problem faced by the principal may be expressed:

max
x(θ)

∫ θ

θ

[θα(x(θ))(W + π)− x(θ)− h̃(θ)x(θ)− c(1 + h̃(θ))] dF (θ)

Subject to the non negativity constraint x(θ) ≥ 0 and the IC constraint x′(θ) ≥ 0.

Note that concavity of α implies that the maximand above is strictly concave in x

at each θ. Maximization over this expression yields the necessary and sufficient

first-order condition:

θα′(xp(θ))(W + π)− 1− h̃(θ) = 0

Differentiating the first-order condition with respect to θ we see that h̃′(θ) < 0 is

sufficient to ensure xp(θ) is strictly decreasing, as required by IC. It is worth noting

that, at an interior solution, the investment path xp(θ) is chosen independent of the

effort cost, c.
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