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ABSTRACT

In this thesis, the operational amplifier is defined and 

analyzed in circuit applications from the viewpoint of a network 

theoreisto This leads to an equivalence theorem relating different 

types of infinite gain controlled sources, A number of active 

synthesis techniques utilizing the operational amplifier are 

discussed. Several ideal devices are realized using the operational 

amplifier. Noteworthy among these are a negative-immittance converter 

realization using a single operational amplifier and a number of 

gyrator circuits. It is concluded that the operational amplifier 

should be more seriously considered for use in non-computer circuit 

applications.
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Chapter 1 

INTRODUCTION

1.1 PURPOSE

In recent yearsj, in an attempt to solve some of the more 

difficult problems associated with the realization of complex linear 

network functions^ circuit theorists have resorted to the use of active 

elements. The active elements that have received the most attention 

are the negative-immittance converter,the gyrator*, and the controlled 

source. Another active element, the operational amplifier, has not 

received such attention. This particular device has been confined to 

use primarily in analog computers. This is indeed unfortunate since 

the operational amplifier has several features which make it an 

extremely attractive device for use in non-computer circuit 

applications. It, therefore, seems important that—the potential of 

the operational amplifier as a practical circuit element be more 

seriously investigated. It is the purpose of this thesis to do just 

that. ,4;"

1.2 REASONS FOR USING ACTIVE ELEMENTS IN NETWORKS

As a starting point, let us consider why we even bother to 

use active elements in networks. One good reason arises from the

^The gyrator is more properly classified as a passive element; 
it is considered here because active devices are required for its 
implementation.

1



shortcomings of inductors» The inductors required for applications 

below 1000 cycles are usually large in size and nonlinear in operation. 

In addition, these inductors are usually quite lossy. By introducing 

an active device into a network, the need for inductors is eliminated, 

A second reason is that the use of active elements allows one 

to construct network functions which could not be realized with 

passive elements alone. For example, Kinariwala^ has shown that it 

is possible to realize any driving point function (positive real or 

not) using just resistors, capacitors and a single active element,

1,3 REASONS FOR USING OPERATIONAL AMPLIFIERS
Having discussed some of the advantages of including active 

elements in network realizations, we now turn our attention to a 

particular active element, the operational amplifier. For the 

moment let us view the operational amplifier as a controlled source 

with a gain constant approaching infinity. Due to this high gain, the 

parameters of a network which has been realized using the operational 

amplifier are virtually insensitive to small variations in the gain of 

this device®. If, however, the same network was realized with an 

active device with finite gain, the gain constant itself would appear 

in the resulting network functions and sensitivity with respect to 

variations in this gain constant would be a serious problem. Hence we 

may say that one important feature gained by using the operational

@The reason for this will become clearer in the light of a 
later discussion.
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amplifier is a minimizing of network function sensitivities with 

respect to the gain of the active device.

A second important feature is availability. Operational 

amplifiers (as opposed to devices such as the gyrator and the 

negative-immittance converter) are a practical reality and their 

availability makes the implementation of any network realization a 

simple matter.

Based upon these two factors, the operational amplifier 

certainly appears to be an attractive circuit element. At this point 

then, let us define more specifically what the operational amplifier 

is.

1.4 DEFINITION OF THE OPERATIONAL AMPLIFIER

There are several high gain devices in use today that might 

be referred to as operational amplifiers. However, for the purposes 

of this thesis, the circuit shown in Fig. 101 will provide an adequate 

definition.

Fig. 1.1
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We see that the operational amplifier is a four-terminal device 

composed of a dependent voltage source with a magnitude proportional 

to the difference between the voltages of the two isolated terminals. 

The constant of proportionality, k, is infinitely large. The symbol 

denoting the above circuit is shown in Fig. 1.2 where it is understood

E

-------------i n ---------------

Fig. 1.2

that the reference terminal is ground. In many applications 

terminal 2 is connected to ground, making the operational amplifier 

a voltage-controlled voltage source with a gain approaching minus 

infinity.

The most common configuration in which the operational 

amplifier is used is shown in Fig. 1,3.

Fig. 1.3



Simple calculation shows that the voltage gain between input and 

output is

E3 ~y2
Eo y i + ( y i ^ )

(i.U

As k becomes large, this transfer function approaches

Eo " XI (1.2)

For gains larger than 10,000, the error involved in assuming k to be

infinite is usually less than the accuracy of the components used to
2realize yi and y2»

1.5 METHODS OF ANALYSIS

The most naive way to analyze a circuit containing an 

operational amplifier is to write down the loop or node equations of 

the network and solve them. This is the approach that was used in the 

last section. However, since the operational amplifier is an infinite 

gain device, it forces certain conditions to exist in the circuit 

which, if noted, can greatly simplify the analysis of the circuit.

The first of these conditions can best be described by again 

considering the configuration in Fig. 1.3. Since the positive input 

to the operational amplifier is grounded, we may write

e3 - * kEg (1.3)
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Eg is forced to be finite (for E0 finite) due to negative feedback.

This means that Eg must approach zero as the gain k approaches infinity, 

In the limit

E6 " 0 (1.4)

3This is known as the concept of the "virtual earth.” Using this 

concept, the analysis of the circuit in Fig, 1.3 becomes almost

trivial. By inspection, we see that the input impedance of the circuit

is

y2 (1.5)
Z,

To calculate the voltage gain we note that

Xo " y2Eo (1.6)

and

l3 " ~y lE3 (1,7)

But these two currents must be equal since the input impedance of the 

operational amplifier, by definition, is infinite. Equating the 

expressions in Equations (1.6) and (1.7) and solving, we obtain

E3 -y2
Eo " Vi (1.8)

which checks with Equation (1.2).



A similar approach may be used when neither input to the 

operational amplifier is grounded. Consider the network in Fig. 1.4,

Fig. 1.4

Since

k^Eg2"Egl) " E3 (1.9)

when k becomes infinite

Eg2'Egl " 0 (1.10)
Thus we see that the operational amplifier forces its two inputs to be 

equal. Let us use this fact to calculate the voltage gain from input 

to output. We note that

Eo - Eg2 - Egl (1.11)
since no current can flow into either operational amplifier input. We 

also note that
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Solving Equation (1.12), we obtain

£3 . yi+fz
E° yi (i.i3)

Though these techniques provide a quick way of analyzing 

fairly simple circuits, one must still rely on loop and node equations 

for the solution of complicated networks. Since matrix analysis readily 

lends itself to the solution of the more complicated configurations, it 

would be nice to associate the operational amplifier with matrices in 

some way. Nathan^ has suggested a technique to do this based upon the 

fact that the operational amplifier constrains a network. This 

technique is discussed in the appendix.



Chapter 2

AN INVESTIGATION OF HIGH GAIN AMPLIFIERS

2.1 INTRODUCTION

In the last chapter, the operational amplifier was defined as 

an ideal voltage-controlled voltage source (VCVS) with infinite gain. 

Unfortunately, practical considerations make it impossible to construct 

such an ideal device. With this in mind, let us investigate a nonideal 

VCVS with finite gain to see how closely it comes to acting like the 

operational amplifier. We shall consider only the case where the 

positive terminal of the operational amplifier is grounded since this 

is the most common usage of the device.

2.2 THE NONIDEAL OPERATIONAL AMPLIFIER

The operational amplifier is always used in a negative feedback 

configuration as shown in Fig. 2.1.

Fig. 2.1

9



N is a three-terminal network with admittance parameters Yl2f

Y2it and ygg* If the active device in Fig, 2.1 is an ideal VCVS with 

infinite gain, the resulting network has an impedance matrix

D O - o

i / y 12 (2.1)

Let us now replace the ideal VCVS with a nonideal one and find 

the new impedance matrix. A nonideal VCVS can be represented by the 

circuit in Fig. 2.2.

kE

Fig. 2.2

If this network is used in place of the ideal VCVS in Fig. 2.1, the 

impedance matrix for the resulting network is easily found to be

0 0  - ii\
(y22+?2) - ( y u )

-(ky2+y2i)  ( y i + y n ) (2.2)
where

| y | ■ y i / z  + y^yi i  + yiy22 + y n y 2 2  ~ y i2y2 i  * t y ^ y z  (2 .3 )
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Typically yg is quite large and y% is quite small. If k is made very 

large. Equation (2.3) becomes

ly -kyi2y2 (2.4)

and

-1
^ 12*2

(X22+y2) <-yi2) 0 0
23

-(ky2+y2i) (yi+yn) 1/y12 0 (2.5)

which is the same as the matrix in Equation (2.1). Therefore, we may 

say that whenever these approximations are valid, the nonideal VCVS acts 

the same way as the ideal operational amplifier.

Just how good these approximations are depends upon the 

particular circuit application. We can, however, note several 

interesting things about the results. First, if y^ and are ^ar from 

their ideal values of zero and infinity respectively, the approximations 

will still be valid if k is made large enough. Secondly, at the zeros 

of y ^ t  which are the poles of the entire network, the approximation of 

Equation (2.5) fails. Physically this means that the Zgi term in the 

matrix in Equation (2.1) will not be infinite at the poles of the 

network. This term will, however, be a maximum at these poles and the 

value of the maximum will get larger with increasing values of k„ Hence 

we may conclude that the nonideal VCVS will act essentially the same 

way as the ideal operational amplifier if k is made sufficiently large.
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2.3 AN EQUIVALENCE THEOREM

In the last section, we found that we could obtain ideal 

operational amplifier action from a VCVS with noninfinite input 

impedance and nonzero output impedance. We could have used Thevenin’s 

and Norton's theorems to convert the VCVS into a current-controlled 

current source (CCCS) and we would have still obtained the same 

results. A similar statement could be made about the current-controlled 

voltage source (CCVS) and the voltage-controlled current source (VCCS). 

It appears as if there is some sort of equivalence between networks 

containing these four types of controlled sources. This equivalence is 

stated by the following theorem:

"Given four separate networks, each one being composed of 
a different type of controlled source in parallel with a passive 
network; if the gains of the controlled sources are infinite and 
if the y12 terms of the four passive networks are identical, the 
resulting networks will be equivalent when viewed from their 
respective external terminals."

To prove this theorem, consider the networks in Fig. 2.3.

(a) (b)

(c)

Fig. 2.3
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In this figure, (a) is a CCVS, (b) is a CCCS, and (c) is a VCCS. Let 

us investigate the impedance matrices corresponding to the networks 

obtained from the substitution of each of these controlled sources for 

the controlled source in the network in Fig, 2.1, For all four 

possible circuits, the impedance matrix will be

H  - A
(y22+y2) (-yi2>

'(y0+y2i) (yn+yi) (2.6)

where

y| * yiy22 + y^/ii + yiy2 + ^1^22 ’ yi2y2i ■ yo^n (2.7)

The term y0 for each source is defined in Table 2.1.

Source Gain Zero Terms Infinite Terms Vo

CCVS r r, y v  y2 ryiy2

CCCS P y2 P> yi Pyi

VCVS k yi k> V2 ky2

VCCS d yi> y2 & g

Table 2.1

In this table, the infinite and zero terms are the parameters which 

would be infinite and zero respectively if the controlled source 

associated with them were ideal. It is of interest to note that yQ is 

always the product of the infinite terms.
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If the gain of each controlled source tends to infinity, each 

of the y0 terms will also tend to infinity. In the limit, the matrix 

in Equation (2,6) will be the same as the matrix in Equation (2,1),

Since this matrix describes all four networks, the four networks must 

be equivalent. Since only the y^g term appears in the final matrix, 

it is only this term that must be the same in the four feedback 

networks. Hence the theorem is proved. An important application of 

this theorem will be discussed in the next chapter.



Chapter 3

NETWORK SYNTHESIS WITH OPERATIONAL AMPLIFIERS

3.1 INTRODUCTION
In the last two chapters, the operational amplifier and its

action in circuits were discussed. In Chapter 2, we found that ideal 

operational amplifier action could be obtained with a nonideal VCVS. 

From this point on then, we shall assume that the operational amplifier 

under discussion is ideal as defined in Chapter la

We are now ready to investigate how the operational amplifier 

is used to realize network functions* To this end we shall outline a 

number of important synthesis techniques that have been previously 

developed. It should be pointed out that this chapter is not devoted 

to elaborate explanations or proofs of these techniques because such 

an effort would merely be a duplication of existing literature* It is 

the purpose of this chapter to indicate that these techniques do exist.

3*2 THE DIFFERENTIAL ANALYZER

Operational amplifiers have seen their widest use in 

differential analyzer type analog computers^. To understand how they 

are used, consider the circuit in Fig* 3.1. For this circuit we may 

write

(3.1)

15
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Fig

y0

If yQ is a conductance gQ, we see that the output E0(s) is 

proportional to the sum of the input voltages. This circuit is 

called a summing amplifier.

If yQ is a capacitor C0, Equation (3o1) becomes

Eo<*> " gtEi<8)^os 1 ■ 1

The inverse transform of this equation is

e°(t) i - i 81 /  6i(t

(3.2)

)dt
(3.3)

We see that eQ(t) is proportional to the sum of the integrals of the 

input voltages. This circuit is called a summing integrator.

The differential analyzer is made up of a large number of 

these summing circuits. The constants of proportionality for these 

circuits are usually assigned fixed values (1, 4, and 10 are common) 

and adjustments for fractional coefficients are obtained with resistance 

voltage dividers.
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By appropriately interconnecting these summing circuits, any 

stable voltage transfer function can be realized. Unfortunately, for 

a transfer function with m poles, m integrators are usually required. 

This disadvantage is more than offset in computer applications by the 

fact that this technique provides programming flexibility and very 

high accuracy. However, for noncomputer applications, the number of 

operational amplifiers required is usually the dominant factor. With 

this in mind let us move on to investigate a synthesis technique using 

only one operational amplifier.

3.3 SYNTHESIS WITH ONE OPERATIONAL AMPLIFIER 

Consider the network shown in Fig. 3.2.

Fig. 3.2

By applying the concept of the virtual earth described in Chapter 1, 

we may write

l2<s) ■ -y*i(s) E^(s) (3.4)



a bwhere 73^(s) and y ^ ( s) are transfer admittances of networks Na and Ny 

respectively. Since the currents in Equations (3,4) and (3.5) are 

equal, we may write

e 2<s> _ -yn<5> _ -p(8)
E 1(S) yi2(s) 9(S) (3.6)

If we write Equation (3.6) as

-P(s)
~y21(s  ̂ . N(s)
b . .

y12 N(s) (3.7)

we can make the following identifications

721(6) -Piil
N(s) (3.8)

and
vb ,s) „ -aisi12' ' N (s) (3.9)

If certain restrictions are placed on P(s), Q(s), and N(s), the 

transfer admittances in Equations (3,8) and (3.9) can be realized 

using unbalanced passive RC networks. These restrictions are:

1) The zeros of N(s) must all fall on the negative real 
axis in the s plane6.

2) 0N(s)fc°P(s) + 1 if 0P(s)3k °Q(s)
&°Q(s) + 1 If 0Q ( s ) ^ ° P ( s )*'6

*°P(s) should be read as "degree of P(s)."
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3) P(s) and Q(s) contain no zeros on the positive real
axis?. (Note that for P(s)/Q(s) to be a stable function, 
Q(s) cannot have any zeros in the right half of the 
s plane.)

Since we can always find a polynomial N(s) that will satisfy 

restrictions 1) and 2), the only restriction on the original transfer 

function is that it contains no positive real axis zeros. Depending 

upon the locations of the zeros of P(s) and Q(s), we can realize 

y^Cs) and y ^ C 6) by a ladder development using zero shifting^, or by 

the synthesis techniques of Guillemin®, Dasher^, or Ozaki*^.

In this section we have outlined a very useful synthesis 

technique requiring a single operational amplifier. The ideas 

associated with this technique have been presented in very general 

terms. In the next section, we shall investigate more specific 

configurations which have received a lot of attention in the 

literature.

3.4 THE USE OF OPERATIONAL AMPLIFIERS WITH LADDER NETWORKS

The most important single operational amplifier configuration 

was suggested by Bradley and McCoy * *. This circuit is shown in Fig. 

3.3.

Fig. 3.3
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Let us use Nathan's technique (see appendix) to analyze this circuit. 

The Y matrix for the five-terminal network without the operational 

amplifier is

w -

?1

~yi (y1+72+73+74)

”73

-X4

3

0

”73

(73+75)

"75

”74

■75

(74+75)
( 3 .1 0 )

where the numbers around the outside of the matrix denote the rows and 

columns of the matrix. In accordance with this technique, the Y* matrix 

is obtained by deleting the third column and the fourth row from the Y 

matrix.

M ■71

-y

(71+72+73+74)

•73

■74

'*5

To find the voltage transfer function we use Equation (A.7).

54
El

u 14
Cll

7i (7i+y2+73+74) 
0 -73 -y ly3

(71+72+73+74) '74  
"73 -75!

y5 ( y l+72+73+74 )+7374

( 3 . 1 1 )

(3.12)



21

Bradley and McCoy restrict their investigation of this

transfer function to the case where each of the admittances in

Equation (3*12) is either a single resistor or capacitoro The authors

include in their paper a table of the transfer functions resulting

from all possible combinations of these two elements„ Bridgman and 
12Brennan have extended this work by developing a technique that will

realize a number of the transfer functions in this table using standard

value capacitorss

It should be noted that the order of the denominator of the

transfer function in Equation (3®12) can be at most two if the are
13single elementso Wadhwa has extended this approach to a third order 

system by adding another full section to the ladder in Fig® 3*3®

The biggest advantages of these ladder techniques are that they 

often lead to a small number of elements and one has some control over 

the values of the capacitors that are required0 However, for transfer 

functions that are higher then third order, the design equations 

become too complicated and other techniques must be used,

3.5 CASCADE SYNTHESIS

In the last two sections we discussed synthesis techniques

using a single operational amplifier® For complicated transfer

functions, these techniques sometimes produce networks which are
14difficult to align® Dietzold has suggested a somewhat different 

configuration which minimizes this problem® To understand this
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technique, consider the circuit in Fig, 3,4 .

Fig. 3.4

Let us calculate the transfer impedance of this network. To
afacilitate doing this, we shall let the impedance parameters Zj^s), 

Z12(G), zfi(s), and z^Cs) describe the network Na (not Na) shown in 

Fig. 3.5.

Fig. 3.5

The same statement is true for networks Nc, Ne, etc. and their 

associated impedance parameters.

*In his original patent, Dietzold used ideal VCCS circuits. 
However, from the theorem in Chapter 2, we can replace the impractical 
VCCS circuits with operational amplifiers and still obtain the same 
results.
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Noting that the voltages at the inputs of the operational 

amplifiers are zero, we may write

E2(s) - z2i(s) I1(s) (3.13)

and
a b

e2(s) - RaIi(s) (3.14)

Solving these two equations, we obtain

b aIl<s) -   I^S)

But

hence

Ra (3.15)

b b b
Il<s) - YnCs) e2<®) (3.16)

- M W ' : " '
Extending this reasoning, we may write

Z21<6> V  1 V Z21<S)W 1
Z2l(S) " 1 Rfl A  yb2(s) )\ Rc / ^ 2(s)/...... (3.18)

Thus we see that the overall transfer impedance, Z2l(s), is 

proportional to the product of the transfer impedances and admittances 

of the component networks. Simple alignment of this circuit will be 

possible if we let each component network realize one pair of poles or
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zeros of (s) • Realization of these component networks can be 

accomplished using the techniques mentioned in Section 

In addition to these techniques, Balabanian and Cinkilie^** have 

published a table of component networks and the transfer functions 

associated with them.

3.6 SYNTHESIS BY PARTIAL FRACTIONS

In the preceding sections, we have considered synthesis 

techniques using only passive networks in cascade and parallel with 

the operational amplifier. Some particularly interesting transfer 

functions can be obtained if we allow these networks to be active. As 

an example, consider the following circuits suggested by Mathews and 

Seifert*^.

Fig. 3.6

Let the network in Fig. 3.6(a) be the network Na in Fig. 3.2. 

Similarly, let Fig. 3.6(b) represent Nb- For Na we can write

-721(8) " YA<s) " kaYa<8) (3.19)



Similarly for Ny
b

-yi2<s) - Yb (s ) - kbYb(s) (3.20)

From Equation (3.6), we know that

E2<s) ’y21(s) ya <s) " kaYa(6) -P(s)
El(s) yi2<s) Yb (s ) - kbYb(s) Q(s) (3.21)

If we divide P(s) and Q(s) by some polynomial N(s), we may write

Ya (s> - M a ( s) - (3.22)

and

YB(s) “ kbYb<s) " N(S) (3.23)

If N(s) fulfills conditions 1) and 2) in Section 3.3, we may perform 

the following expansions:

JL A JL. a
m i  . 4  + £  _hL_ - H hL. + A
N(s) i - 1 s+ai i - 1 s-K̂ i oo (3.24)

and

i w  (3.25)

where all of the K*s are positive numbers, n is the order of N(s), and 

the (Xi's are the zeros of N(s). If we let
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(3.27)

kaYa<s> * X ,  
1 = 1

a

s+a.i (3.28)

kbYb(s) - i± l s+a± (3.29)

then these four admittances can be realized as passive RC driving point 

functions.

Hence we see that this technique provides a very straightforward 

way to realize any voltage transfer function including one with zeros on 

the positive real axis. The only other technique discussed so far that 

can realize positive real axis zeros is the one in Section 3.2. However, 

that technique will normally require more operational amplifiers than 

the one just described which requires only three.

This brings us to the end of our discussion of existing 

synthesis techniques. The ones mentioned represent the most important 

procedures in the literature today.

In the next two chapters, we shall focus our attention on a new 

area - the realization of special circuits. These special circuits will 

open the door to a whole group of synthesis techniques which have not been 

previously associated with the operational amplifier.



Chapter 4

REALIZATIONS OF SOME IDEAL DEVICES

4.1 INTRODUCTION

This chapter is primarily concerned with showing how the 

operational amplifier lends itself to the realization of other active 

devices. To this end, it will be shown that the operational amplifier 

can realize all four types of controlled sources. In addition to this, 

several other interesting circuits are presented.

4.2 REALIZATION OF A CURRENT-CONTROLLED VOLTAGE SOURCE

As a starting point, consider the ideal CCVS shown in Fig. 4.1

RI

Fig. 4.1

It is assumed that R is greater than zero.

27
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This circuit can be described by the impedance matrix

0 ]  -
-R (4.1)

Now consider the circuit in Fig. 4.2

Fig. 4.2

From our discussion of this circuit in Chapter 2, we know that it 

has an impedance matrix

DO
(4.2)

where yyi Is the transfer admittance of network N. If we let this 

network consist of a series resistor R, then

- - -R <  0
y 12 (4.3)
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From this we see that the matrix in Equation (4.2) is the same as the 

matrix in Equation (4.1) and, therefore, the networks associated with 

these two matrices must be equivalent. In short, the circuit in 

Fig. 4.2 is a CCVS.

4.3 REALIZATION OF A VOLTAGE•CONTROLLED VOLTAGE SOURCE 

An ideal VCVS is shown in Fig. 4.3

Fig. 4.3

where ke is assumed to be greater than zero. This source has 

associated with it a g-parameter matrix

Il 0 0 Ei

- H m

h_ -kg 0 *2

The infinite input impedance of this circuit is the most difficult 

thing to obtaino However, this and thus the ideal VCVS can be 

accomplished with the bootstrap circuit^ in Fig® 4.4.
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aR-

Fi&. 4.4

It is easy to show that the g-parameter matrix for this configuration 

is

-R,0 'o
Ri (4.5)

where

11
2R + R. - aR ______ 1_____ o

RRi (4.6)

If we let

2R + R1
R,

then will be zero. If we now make the identification

(4.7)

(4.8)

the matrix in Equation (4.5) will be the same as the matrix in
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Equation (4.4). Hence the circuit in Fig. 4.4 realizes the VCVS in 

Fig. 4.3.

Unfortunately this realization requires two operational 

amplifiers. If voltage inversion is not required (i.e.,Ke*<o), it is 

possible to realize a VCVS using a single operational amplifier. 

Consider the circuit in Fig. 4.5.

Fig, 4.5

Analysis of this circuit leads to the matrix

M -

8U  0

op 0 (4.9)

where

811 P(l-OH-V)
(l+ap+Y-<cwe))R2 (4.10)
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For the resistors in this circuit to be positive, we must insure that

0 <  i <  a (4.11)

and

(4.12)

If we let

Y * Ct-1 (4.13)

the gii term in Equation (4.9) will be zero. Inspection of Equation

(4.11) shows that y will be positive as required.

If we make the identification

k » -00 <  0 (4.14)

the circuit in Fig. 4.5 will be equivalent to the VCVS in Fig. 4.3. We 

note that there is no voltage inversion since ke is always less than

zero.

4.4 REALIZATION OF A CURRENT-CONTROLLED CURRENT SOURCE 

An ideal CCCS takes the form

Fig. 4.6

where ki is assumed to be greater than zero.
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The h-pararaeter matrix for this configuration is

E1 li 0 0 h

- H
-

h_ e2 h  2 e 2

This controlled source can be realized by the following circuit shown 

in Fig. 4.7.

2R OR

Fig. 4.7

Analysis of this circuit will lead to the h-parameter matrix

DO
_2.OR h22 (4.16)

where

(4.17)
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If we let

(4.18)

h»22 will be zero. By making the identification

(4.19)

the matrix in Equation (4.16) will be the same as the matrix in 

Equation (4.15). Hence the circuit in Fig. 4.7 realizes the CCCS in 

Fig. 4.6.

4.5 REALIZATION OF A VOLTAGE-CONTROLLED CURRENT SOURCE 

An ideal VCCS is shown in Fig. 4.8.

Here it is assumed that G is greater than zero. We could easily 

realize this circuit using some combination of the three controlled 

sources already discussed. We would find, however, that such a 

realization would require three operational amplifiers. We can decrease 

the number of operational amplifiers required to two by making use of

+

E2

Fig. 4.8
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the circuit in Fig. 4.9 17

Fig. 4.9

The admittance matrix describing this circuit is

0 0
"g

If we let

Ogf 82 'at>i

g2 ■ <*gl

(4.20)

(4.21)

the ^22 terra the matrix in Equation (4.20) will be zero. The 

resulting matrix can be realized as

Fig. 4.10
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If this circuit is cascaded with the VCVS in Fig. 4.5, the resulting 

circuit will be a VCCS. If we let the transconductance in Fig. 4.8 be

-agiK? 0 (4.22)

the circuit in Fig. 4.11 will realize the VCCS in Fig. 4.8.

VCVS
in

Network
in

Fig. 4.1U

Fig. 4.11

Thus we see that we can realize all four types of controlled 

sources using, at most, two operational amplifiers in each realization. 

Having completed these realizations, we shall now turn our attention to 

an investigation of two circuits which perform interesting transforma

tions on an immittance.

4.6 REALIZATION OF NEGATIVE IMMITTANCF

Karplus ̂  has suggested an interesting circuit using two 

operational amplifiers which will produce negative immittance. Using 

a similar approach, we shall arrive at the same result using a single 

operational amplifier.

As a starting point, consider the circuit in Fig. 4. 12. Let 

us determine the impedance looking into port 1. To do this we first 

calculate the voltage gain

R-KXk
R l+a (4.22)
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Zin----- >

OR

~ r ------

Fig. 4.12

We can write

E1 - E2 -OE. ZI

and

in

(4.23)

(4.24)

Hence we have realized a negative impedance.

There are two interesting things associated with this circuit. 

First, since 0£ is determined by a ratio of resistors, it will be a 

very stable parameter. Slight variations in R and QR can be made to 

cancel each other such that QL will remain constant. The second point 

is that the voltage across Z^n is available (times a constant) at the 

output of the operational amplifier which is a low impedance point. 

Hence this voltage may be obtained without significant loading problems

4.7 REALIZATION OF AN IMMITTANCE INVERTER

In the last section, we developed a circuit that could change 

the sign of an immittance. In this section, we shall develop a circuit
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which inverts an iramittance. Work on immittance inverters has been 
19 20done by Bogart and Meyers • We shall use a somewhat different 

approach in this discussion.

Consider the network in Fig. 4.13.

in

OR

Fig. 4.13

Using the same type of analysis that was used in the last section, we 

first calculate the voltage gain

El R (4.25)

We may also write
Ei Ei - Eoli - -! + — ---- -1 R 06R (4.26)

Solving Equations (4.25) and (4.26), we obtain

-in OR
(I+OOR+Z (4.27)

If we pick R and such such that

R(l-KX) |z| (4.28)
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OR2
Zin ^  Z (4.29)

Hence we have obtained approximate immittance inversion using a single 

operational amplifier.

This concludes our discussion of the more elementary active 

devices. We have shown that the operational amplifier can be

successfully used to realize any of the four controlled sources. In

addition, we were able to produce negative immittance and immittance

inversion using a single operational amplifier in each case.

This discussion has not included all of the ideal active 

circuits postulated in network theory. In fact two of the most 

important devices have been omitted. The next chapter is devoted 

exclusively to the realization of these two devices.



Chapter 5

THE NEGATIVE-IMMITTANCE CONVERTER AND THE GYRATOR

5.1 INTRODUCTION

Two active elements which are receiving a great deal of 

attention from modern network theorists are the negative-immittance 

converter (NIC) and the gyrator. This chapter is devoted to possible 

realizations of these two devices using operational amplifiers.

5.2 DEFINITION OF THE NEGATIVE-IMMITTANCE CONVERTER

The NIC can most easily be defined in terms of its g-parameters. 

The necessary and sufficient conditions for a two-port device to be an 

NIC are that

8 11 - *22 * 0 (5.1)

and

812821 k2 (5.2)

where is a positive real number^. The parameter k is called the 

conversion constant or conversion ratio of the NIC. Usually both 

g 2̂ and gg ̂ are set equal to this constant. From the condition in 

Equation (5.2), we note that k may be either a positive or a negative 

real number. When it is positive, the device is called a current NIC 

(INIC), while when it is negative the device is a voltage NIC (VNIC).

40



In this thesis we shall be concerned only with the INIC.

One of the most important properties of the INIC is its ability 

to change the sign of an immittance. If an impedance Z is connected

across port 2 of an INIC, the impedance looking into port 1 will be
2-Z/k 0 Similarly if the impedance Z is connected across port 1, the

2impedance looking into port 2 will be -k Z. Hence we see that the 

INIC has the ability to convert Immittance equally well in either 

direction. It is of interest to note that the configuration discussed 

in Section 4.6 did not exhibit this property.

There are several other interesting properties associated with 

the INIC which we shall not discuss here. The interested reader is 

referred to the text by HueIsman^* which presents these properties 

along with a more complete discussion of the I NIC and its applications.

5.3 REALIZATION OF THE CURRENT NEGATIVE-IMMITTANCE CONVERTER 

In the literature, there have been a number of transistor 

circuits suggested for the realization of the I N I C ^ * ^ * ^ .  Rather 

than use transistors directly, we shall realize the INIC using 

operational amplifiers.

Let us consider again the circuit in Fig. 4.9. Since the 

INIC is defined in terms of g-parameters, let us calculate these 

parameters from the admittance matrix in Equation (4.20)„ The 

g-parameters are found to be
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If we let

a

then the matrix in Equation (5.3) can be written as
-kg2 T

D O -
k -k/gi

(5.4)

(5.5)

where

k ■
081-82 (5.6)

From the definition of the INIC in Section 5.2, we see that the above 

matrix represents an I NIC with an input shunt admittance -kgg anc* an 

output series impedance -k/g^ as shown in Fig. 5.1.

I NIC

Fig. 5.1

If we parallel the input admittance -kgg with an admittance kgg and 

similarly put an impedance k/g^ in series with the output impedance 

-k/gi, the g-parameter matrix for the resulting network will be

[G ]
(5.7)
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From the discussion in Section 5.2, we see that this is the g-parameter 

matrix of an INIC with a conversion constant k. Hence we may realize 

an INIC using the circuit in Fig. 4.9 and the appropriate series and 

parallel elements mentioned above. The final realization of the INIC 

is shown in Fig. 5.2.

Fig. 5.2

It is of interest to note that if g^ is infinite and g£ is 

zero the circuit in Fig. 5.2 will still be an INIC, in this case with 

a unity conversion ratio. The resulting circuit would consist of 

merely the operational amplifier and the g^ conductances. The 

simplicity of such a circuit makes it very attractive.

Hence we see that we may realize an INIC with any conversion 

constant using just one operational amplifier. This is an extremely 

important observation, for it means that all of the active synthesis 

techniques using the INIC, including the important procedures of 

Linvill^ and Yanagisawa^**, can be accomplished using a single 

operational amplifier.

This concludes the discussion of the INIC and its realization. 

Let us now move on to investigate another interesting device - the 
gyrator.
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5.4 DEFINITION OF THE GYRATOR

The gyrator, a device first suggested by Tellegen^ in 1948,

can most readily be defined by its associated admittance matrix

0 G
H  -

-G 0 (5.8)

Although G is sometimes defined as a function of the complex variable 

s, we shall adopt the more usual convention in assuming it to be a 

positive real number.

From the matrix in Equation (5.8), we may note several 

interesting properties associated with the gyrator. First, we see 

that the gyrator is a nonreciprocal device since the off-diagonal 

terms in the above matrix are of opposite sign. In addition to being 

nonreciprocal, the gyrator is also passive and lossless. These 

properties can be established by writing general power expressions for 

both ports and noting that their sum is zero. It should be mentioned 

that even though the gyrator is passive, active elements are required 

for its realization because of its nonreciprocal property.

Another interesting property of the gyrator is its ability to

invert an immittance. If an impedance Z is connected across port 2 of
othe gyrator, the impedance looking into port 1 will be 1/G Z. If Z is 

moved to port 1, the impedance looking into port 2 will also be 1/G Z. 

Hence we see that the gyrator has the ability to invert immittance 

equally well in either direction.
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There are several other interesting properties associated with 

the gyrator which we shall not discuss here. The interested reader is 

referred to the text by Huelsman^^ which presents these additional 

properties along with a more complete discussion of the gyrator and its 

applications.

5.5 A GYRATOR REALIZATION USING TWO VCCS CIRCUITS

There have been several configurations suggested for the 
19 26 27realization of gyrators 9 9 . Many of these circuits suffer from

practical limitations. For example, Sharpe’s configuration does not 

include any biasing elements, which of course are necessary in an 

actual circuit realization. In this section, a new approach to the 

gyrator realization is suggested^®. Because of the simplicity of this 

approach, the configuration described readily lends itself to actual 

construction.

As a first step, let us write Equation (5.8) as

0 0 0 G
M - +

-G 0 0 0

Each of the matrices in the above equation can be realized as an ideal 

VCCS. The parallel combination of these two controlled sources 

produces a gyrator as shown in Fig. 5.3.

GE

Fig. 5.3



Each of these controlled sources can be realized using the circuit 

shown in Fig. 5.40

OR

2R

2R

2R

2R

Fig. 5.4

The admittance matrix between ports 1 and 3 with port 2 shorted is

where

1/2R 0 E 1

h -1/OR VRs fi (5

OffR
O&KX-P (5

and 0£ and P are constants shown in Fig. 5.4. Similarly, the 

admittance matrix between ports 3 and 2 with port 1 shorted is

.10)

.11)
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It can be seen that the admittance matrices in Equations (5.10) and 

(5.12) exhibit the same properties in their off-diagonal terms as do 

the matrices describing the controlled sources in Equation (5.9). By 

appropriately paralleling two networks like the one shown in Fig. 5.4, 

the following admittance matrix can be obtained:

1/2R+1/RS 1/OR

_-l/0R 1/2R+1/Rs I (5,13)

Inspection of Equation (5.11) shows that the main diagonal terms in 

the matrix in Equation (5.13) will be zero if

3/2P+1 (5.14)

If we then let

G - — 1OR (5.15)

the matrix in Equation (5.13) will be the same as the one in Equation

(5.8). Hence we have obtained an ideal gyrator, theoretically at 

least, using four operational amplifiers. It is worth noting that 

this gyrator is a three-terminal (common ground) network.

Using these ideas, the author has constructed the gyrator 

shown in Fig. 5.5. In this circuit a * .10 and R ■ 50,000 ohms. With 

this gyrator configuration and a capacitor connected across port 2, 

behavior simulating that of an inductor of several thousand henries
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was observed at port 1. It is worth noting that this is one of the 

first (if not the very first) three-terminal gyrators ever constructed*.

. 5M

-5M

5 OK

5 OK

Fig. 5.5

5.6 GYRATOR REALIZATIONS USING NIC CIRCUITS

An obvious disadvantage of the gyrator realization discussed in 

the last section is that four operational amplifiers are required. This

*Bogert has previously constructed a gyrator, however, his 
circuit has four terminals. In addition to this, several circuits have 
been constructed which exhibit some of the properties of the gyrator 
even though they are not gyrators. An example of this is Meyers^ 
iramittance inverter.
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number can be decreased by using NIC's. Two gyrator realizations 

using NIC's will be presented in this section. Both realizations 

require two NIC's, and therefore, two operational amplifiers if the 

circuits described earlier in this chapter are used to realize the 

NIC's.
29The first of these realizations was suggested by Harrison 

His circuit is shown be low

NIC

NIC

Fig. 5.6

where
ZaZb
V Za (5.16)

Since this configuration is well explained in Harrison's paper, there 

will be no discussion of it here.

As a starting point for the second realization, let us consider 

the transmission parameters (ABCD) for the gyrator. These are easily 

found to be

0 1/G

r a 
ts.i?)
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This matrix can be factored in the following way:

M
1 0 0 1/G

X
0 -1 -G 0 (5.18)

The first of the two matrices in the above equation represents an

INIC with a unity conversion ratio. The second matrix in the equation
30can be realized by the following circuit suggested by Bode in Fig. 5.7.

-G

Fig. 5.7

Equation (5.18) tells us that the cascade connection of this circuit 

with and INIC will produce a gyrator. The resulting configuration is 

shown in Fig. 5.8.

-G
INIC

Fig. 5.8
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The negative shunt conductance can be obtained with the aid of another 

INIC or with the circuit shown in Fig. 4.12, In either case, the 

resulting gyrator will require only two operational amplifiers.

5.7 A GYRATOR REALIZATION USING A DEPENDENT CURRENT SOURCE

Since we were so successful in using the circuit in Fig. 4.9 

to produce an INIC, let us again investigate this configuration to see 

if it is possible to make it into a gyrator. If the condition in 

Equation (4.21) is satisfied and if Q * 1, the admittance matrix for 

the circuit in Fig. 4.9 is

M  -

The y n  term in this matrix can be made zero by adding a conductance 

"g^ in parallel with the input to the circuit in Fig. 4.9. The 

resulting circuit, which is a gyrator with transconductance g%, is shown 

in Fig. 5.9.

-a

-8

(5.19)

Fig. '5.9
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The conductance -g% can be obtained with an INIC or with the circuit 

in Fige 4,12. Again we see that two operational amplifiers are 

required for the final gyrator realization.

This brings us to the end of our study of gyrator circuits and

to the close of this chapter. We have shown that it is possible to 

realize an INIC with any conversion constant using a single operational 

amplifier. In addition^ a number of gyrator circuits have been 

developed using, with one exception, only two operational amplifiers. 

The results of this chapter alone should be sufficient to convince the

reader of the great importance of the operational amplifier as a

circuit element.



Chapter 6

CONCLUSIONS

In the preceding chapters a number of applications of the 

operational amplifier as a circuit element have been discussed. 

Included in this discussion are several ideas which the author 

believes are significant contributions to active network theoryo

The first of these contributions is the equivalence theorem 

presented in Chapter 2* Besides the fact that this theorem closely 

relates all four types of infinite gain controlled sources^ it leads 

to an important practical idea. Specifically it tells us that we can 

replace the infinite gain VCVS (an operational amplifier with its 

positive input grounded) used in the synthesis techniques described 

in Chapter 3/ with an infinite gain CCVS and we will still obtain the 

same results. The importance of this observation is apparent when 

transistors are used to realize the active element^ the low input 

impedance of transistors making construction of the CCVS much easier 

then construction of the VCVS,

The collection of existing synthesis techniques presented in 

Chapter 3. is also a significant contribution since such information is 

scattered throughout the literature. The practicality of these 

techniques (especially the ones using a single operational amplifier) 

has already been established from their extensive use in computer

53
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applicationso The main reasons why these techniques have not been 

used in non-computer applications are because the operational 

amplifier was too large and too expensive* In answer to the first 

of these reasonŝ , it should be pointed out that there are now 

commercially available operational amplifiers in integrated circuit 

form* The Texas Instrument SN521 is a good example* Hence it is 

possible to buy a complete operational amplifier in one neat package 

which Is no bigger than a medium sized transistor*

High cost is still a valid reason for not using the 

operational amplifier in some circuit applications* Howeversince 

operational amplifiers are now being made in integrated circuit form, 

there is good reason to believe that prices will drop substantially 

in the next one or two years*

The circuits discussed in Chapter 4 have shown that the 

operational amplifier is a very versatile device. One of these 

circuits, the configuration used to obtain negative immittance, is 

worthy of further discussion at this time* It has been mentioned 

that this circuit will produce negative immittance that will show very 

little change in value with changes in time, temperature, or the gain 

of the operational amplifier* The importance of this feature can be 

appreciated by noting the stringent requirements placed on negative 

immittances used in active synthesis realizations.*

Undoubtedly the major contribution of this thesis is the 

realization of the INIC using a single operational amplifier. This 

realization makes it possible to construct an INIC with readily



55

available components and a minimum of design difficulties. In 

addition̂ , this I NIC should be very insensitive to changes in the gain 

of active device used to construct it,. Other I NIC realizations are 

continuously plagued with this probleme

Another important contribution was the construction of a 

three-terminal gyrator using four operational amplifiers. This 

gyrator may very well be the first one ever built.

Before concluding It will be worthwhile to mention several 

points worthy of further investigation0 Though many ideas have 

probably occurred to the reader by this time, there are several 

points that the author feels are particularly important. They are:

1) The construction and testing of the circuits presented 
in Chapters 4 and 5,

2) The testing of networks realized by active synthesis 
techniques using the XNXC and gyrator configurations 
shown in Chapter 5,

3) An investigation of the possibility of realizing a 
gyrator using a single operational amplifier.

In conclusion, it should be mentioned again that the purpose 

of this work was to show why the operational amplifier should be 

considered for use in non-computer circuit applications* It is 

sincerely hoped that this thesis has done just that*
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APPENDIX

Nathan^ has suggested a method of matrix analysis for 

networks containing operational amplifiers. To understand this 

method, let us consider the n-terminal network shown in Fig. A.I.

n-terrainal

network
2
1

Fig. A.1

We would like to see what happens when an operational amplifier is 

connected between the ith and jth terminals of the network as shown 

in the figure. For the n-terminal network, we can write

where fl is the column matrix of terminal currents, £) is the 

column matrix of terminal voltages, and |YJ is the admittance matrix 

for the n-terminal network.

We know from the concept of the virtual earth that ■ 0. 

Therefore, if we remove the ith column from QQ and E^ from Q ,  we 

will not be throwing away any information. However, we now have n 

equations and n-1 independent variables. Since the number of
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equations required to solve for any of the dependent variables is 

equal to the number of independent variables, we have one equation 

too many. Since Ij will always be of such a value to satisfy the 

constraint that * 0, we can eliminate the jth equation and still

have sufficient information left to solve for any of the remaining 

variables. If we perform these operations, we may write

L3 * CY3  0  (A.2)

where Ijj is f] with I j deleted, [y] is [jQ with the ith 

column and the jth row deleted, and Ejj] is E] with removed.

Supposing we would like to find the voltage transfer function

between terminals p and q. From matrix algebra, we know that

K jl -  [ Y ]  ~1 l 3  ( A . 3 )

We can also write

4L
E =» — I—  ) C lp |Y'| r - 1 pr r

r fi j (A.4)

where Cpr terms are cofactors associated with [Vj . If terminal p 

is excited by a voltage source while all other terminals are left open 

circuit (with the exception of terminals i and j) the only terminal 

currents that will be nonzero are Ip and Ij0 1^ is zero since the input

impedance to the operational amplifier is infinite. Since Ij does
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not appear in the above summation, we may write

Ep ■ j p f  xp (A. 5)

It also follows that

%t lY 1 r (A.6)

where Cpp and Cpq are the cofactors of the terms ypp and yp^ in Qx3 • 

From the above two equations, we may write that

2 m

Cpp (A.7)

An example of the analysis of a circuit using this approach is given 

in Chapter 3.

This method can very easily be extended to the case when 

neither input to the operational amplifier is grounded. Consider 

the circuit in Fig. A.2

n-terminal
network

2
1

Fig. A.2

From the discussion in Chapter 1, we know that ■ E^. We can
satisfy this equality by deleting E^ from Q  and adding the kth
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column of [VJ to the ith column. Again the jth row of 0 Q  is 

deleted and Ij is removed from fj . Hence, for the case where 

neither terminal of the operational amplifier is grounded, the 

matrix is formed by adding the kth column of [jQ to the ith column 

and then deleting the jth row. It follows that Equations (A.4) 

through (A.7) are also valid for this case.
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