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ABSTRACT

The effect of free stream dissociation on convection 
heat transfer through a subsonic laminar boundary layer is 
described for the limiting cases of thermochemical 
equilibrium and frozen chemical composition with a simple 
molecular model. Continuum flow at the stagnation point 
of a blunt axisymmetric body and flow over a flat semi- 
infinite plate are considered.

The treatment of the stagnation point is adapted 
from the literature available on this subject. For the 
purpose of this thesis, the flat plate problem has not been 
solved and a new solution for it is presented herein, A 
new heat transfer equation accounting for variable density 
and viscosity is developed and its applicability and 
extension discussed.
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1. INTRODUCTION

The real gas effects of dissociation an<3 the 
accompanying variable transport and thermodynamic properties 
have received considerable attention in connection with the 
problem on aerodynamic heating of bodies moving at 
hypersonic velocity. The predominate complexity of this 
problem arises from the fact that a dissociated gas may no 
longer be assumed to have constant properties„ For a few 
special cases, the theory of the effect of dissociation 
on heat transfer has been well developed and this thesis 
Will' be an attempt to outline these results and extend 
their application to the subsonic flow regime„

Specifically, it is the purpose of this thesis to 
outline the effect of free stream molecular dissociation 
on heat transfer through a subsonic compressible laminar 
boundary layer in the continuum flow regime = The limiting 
cases of flow over a flat plate and stagnation point flow 
about a blunt axisymmetric body will be considered. Ther
modynamic equilibrium will be emphasized but the effects 
of frozen chemical composition and; body catalyticity will 
be discussed. Because the general flat plate problem has 
not been solved, a new solution for it of restricted 
validity will be given.

• ■ ■ ■. i ■: :■'



The contribution of gas and surface radiation are 
significant# but will not be considered.

The term "stagnation point" will refer to the 
stagnation point of an axisymmetric blunt body. In all 
cases the body temperatures are assumed to be constant 
and the free stream properties are assumed also to be 
constant.



2„ BACKGROUND

Publication of research into the real gas effects 
on heat transfer began with a paper by Moore^* in 1952.
He investigated the flat plate problem and used the 
familiar compressible boundary layer equations, presumably 
determining the effect of dissociation on heat flux by the
use of variable transport properties. The omission of
certain energy transport terms in the energy equation had 
the effect of making the assumption that the Prandtl Number 
(Pr) ** and Lewis: Number (Le) were constant and equal to 
unity. .This resulted in inconsistencies since a variable 
Prandtl Number was used in other parts of his work. Moore 
transformed the boundary layer equations into ordinary 
nonlinear differential equations and used an analogue 
computer to obtain solutions. One of the principle
features of his solutions was,the use of a calculated . ;
value for the Prandtl Number in the determination of the 
heat transfer. ; / ' ' y .

About a year after Moore published his results ,• 
Hansen showed that Moore's calculation of the Prandtl

*Numbers in superscript refer to the table of 
references.

**Definitions of symbols are contained in Appendix
A. ■: ' /



Number, was considerably in error and gave corrected values 
for it. -

■ , ■ ' ■ ■ ; ■ ■ ■ 3  ■ . . ■ . ■In 1954 a report by Romig and Dore on the flat 
plate problem was announced. The same boundary layer 
equations were used with the same implications about the 
Prandtl and Lewis Numbers. The essential advancement of 
this report was the use of improved values for the Prandtl 
Number. The results of their calculations were not greatly 
different from those pf Moore's . Subsequently, the 
dissociation energies of oxygen and nitrogen have been re
computed leaving Romig's work to be somewhat in error.
No further work on the flat plate has been announced.

The first published research on the problem of the 
effects of dissociation on heat transfer to the stagnation 
point of a blunt axisymmetric body was a paper by Beckwith^ 
in 1953, using integral methods. Several other investigators 
followed using a variety of techniques, but not until the 
comprehensive report by Lees in 1956 was a distinction 
made between the roles of atomic diffusion and molecular 
conduction in the transport of energy. Along the same lines/ 
as Lees‘ work is that of Fay and Riddell^ which is the most 
recent on the subj ect and is the basic source of information

■ - - ■ ■ . . n ' - ■ _ nfor this t h e s i s . A  companion paper by Rose and Stark des
cribes experiments to determine heat transfer to a blunt body 
under hypersonic conditions. The solution of Fay and Riddell 
is nicely verified. . '-



3= QUALITATIVE DESCRIPTION OF THE EFFECTS OF DISSOCIATION
3.1 EQUILIBRIUM CONSIDERATIONS

Dissociation affects the heat transfer in several 
ways. . First, an appreciable amount of energy is required 
to cause the dissociation. This energy may be obtained 
from the compression in a strong shock wave, in the 
hypersonic boundary; layer by viscous dissipation, or from 
the combustion of a fuel, for example. The dissociation 
process is endgthermic and the same amount of energy is 
released upon recombination. If the gas is in thermochemical 
equilibrium, the amount of dissociation is a function of 
the thermodynamic, State, increasing as. the temperature 
increases and decreasing as the pressure increases.

Air is almost entirely made up of molecules which 
have nearly the same weight and thus similar mechanical 
properties. It is thus possible to assume the existence 
of an air.molecule and its. corresponding air atom/ each • 
with average properties. If the concentration of the 
constituents of such a two-component gas is not uniform, or 
in other words, if a concentration gradient exists, opposed 
currents of molecules and atoms will result, tending to 
restore homogeneous equilibrium. For the problem at hand
it may be expected that the atom concentration at the
: . 5 r . /  : . . , '



surface of the body will be less than in the free stream 
because of the relatively low body temperature. This 
effects a diffusion of atoms from the region of high con
centration to that of lower concentration. The energy 
of dissociation is carried along. As they diffuse toward 
cooler regions, they tend to recombine, releasing energy.
If the flow is in thefmochemical equilibrium, the 
recombination rate must be sufficient to cause the degree 
of dissociation to match the thermodynamic state of the 
gas. Thus the temperature field is coupled to the 
concentration gradient in equilibrium flow because the 
recombination necessary for equilibrium releases energy.

It is clear that the nature of the temperature and 
concentration profiles will be, complicated. In addition, 
they are coupled to the velocity field by reason of the 
temperature dependent viscosity, The use of enthalpy 
rather; ttiah temperature in the mathematical treatment of 
the thermochemical equilibrium problem reduces its 
mathematical complexity. In the case of frozen flow, the 
concentration of atoms is independent of the temperature 
field and the use of enthalpy is of no advantage.

Another effect of dissociation is the alteration 
of the transport properties of the fluid. The thermal 
conductivity, viscosity, diffusion coefficient and specific 
heat are functions of the molecular weight and atom



concentration, which is in turn dependent upon the 
thermodynamic state. This is probably the most important 
effect of all as far as the velocity and temperathre 
profiles are concerned, but the assumptions made on the 
behavior of the Lewis and Prahdtl Numbers largely, mask its 
significance. The assumptions mentioned will be discussed • 
in greater detail. . t :

As previously noted, two extremes, of chemical 
equilibrium exist in dissociated flow. When the molecular 
mean free path between collisions is.much shorter than the 
thickness of the boundary layer, it may be assumed that the 
chemical composition of the gas mixture is completely 
determined by the thermodynamic state at the point of 
interest. This is known as equilibrium flow. Because 
dissociation and recombination are chemical rate processes, 
the reaction requires a finite time to occur. Thus, .
equilibrium i s •never•actually.realized. : In the continuum 
flow regime, however, the reaction time may usually be 
neglected without significant error.

If the mean free path is not short relative to the 
boundary layer thickness, the atom concentration at some 
point :within the boundary • layer may not be completely 
determined by the state at that point and, in the limit, 
the atom concentration,wilt be determined only by the 
diffusion rate and whatever recombination may occur due 
to the eataTyticity of the surface.



It is not to be expected that purely frozen flow 
will exist under ordinary continuum flow conditions, but as 
already implied, all actual flow regimes are somewhere • 
between the two extremes. In most cases of interest, the
flow will clbsely approximate thermochemical equilibrium.

3 ' - ' ' 'Goulard , considering the atmospheric reentry problem,
discusses at length where frozen flow may be expected.

3.2 BODY SURF&CE EFFECTS '

If the. flow is in thermochemical equilibrium, and 
the surface temperature is below the dissociation 
temperature, the atom concentration at the surface:of the 
body and for some finite distance into the boundary layer 
must be zero. Thus the heat flux may be calculated directly 
from the calculated temperature gradient at the surface. 
Should the surface temperature be in the dissociation range 
however, the Concentration gradient must be calculated to 
completely determine the heat flux. If the flow is frozen, 
and the surface catalytic, a gradient of atom concentration 
will exist and diffusion will contribute to the heat flux.
If the surface is non-catalytic, the only heat transfer will 
be by ordinary convection and it may be considerably reduced.

The effect of the formation of compounds of oxygen 
and.nitrogen, in the dissociated gas will be neglected as is 
the custom in the literature. The electrical neutrality of 
the dissociated molecules is also assumed.



4. MATHEMATICAL TREATMENT OF THE GENERAL PROBLEM
4.1 THE BOUNDARY LAYER EQUATIONS.

The boundary layer equations have been known for
some time. Those for the flat plate were obtained by 

9Prandtl in 1904 by an order of magnitude analysis similar
to that in the textbook by Ekert and Drake^. The equations
for axisymmetric flow were first given by Boltze"^ in his
dissertation published in 1908.

In the case of the flat plate, the equations may be
derived intuitively by considering the flow of mass, momentum
and energy respectively through a control element of volume.

1 2This method is discussed in detail by Shapiro^ . A similar 
attempt was made to derive the equations for the axisymmetric 
case. Unfortunately, the momentum equation as derived 
contained an extra term, which, in good conscience, could 
not be dismissed. The derivation of the energy equation and 
the continuity equation was successful, proving that it pays 
to know the answer beforehand when one attempts shortcut 
derivations.

The boundary layer equations for the axisymmetric 
case with dissociated gas are:

Global continuity: ^~y ) = O  (4.1)
9



where steady state is being assumed.
For the axisymmetric case, the x coordinate is 

measured along a meridian on the surface of the body, i.e., 
a projection of the axis of symmetry on the surface of the 
body. The y coordinate is measured normal to the surface. 
The coordinate r is the orthogonal distance from the axis 
of symmetry to a point in the boundary layer. For small 
boundary layer thickness on an axisymmetric body of small 
curvature, r is an approximate function of x only, 
which function is specified by the given body shape. In the 
vicinity of the stagnation point r(x) = x. The velocity 
u is directed parallel to the body surface in the direction 
of the axis. v is directed perpendicular to it. The flat 
plate is a special case of this coordinate system.

The continuity of species equation for the i'th 
species is:

generation rate for the i'th species, and is the mass
fraction of the i'th species. is the binary diffusion
cooefficient using the air atom-molecule assumption.

(4.2)
where the thermal diffusion is neglected, w^ is the mass



11
Energy:

(4.3)
where H is the sum of the mechanical energy due to the 
velocity in the boundary layer and the local thermal energy. 
For the air atom-molecule assumption, the Lewis Number is 
nearly independent of species and will be assumed to be 
a constant for the purposes of this treatment.

Momentum:

= - i f  +
(4.4)

The equations for the flat plate are the same except for 
the continuity equation which becomes:

* T y ( ^ )  =  °

(4.5)
The continuity of species equation is only required 

in frozen type flow since in equilibrium flow, the specie 
concentration is uniquely determined by the temperature 
and pressure which are in turn determined by the energy 
equation. The energy equation is the same as that for the 
undissociated flow with the addition of a term accounting 
for the added transport of energy due to the concentration 
gradient.
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The equations for the stagnation "line" of a 

cylinder are the same as for the flat plate, as they are 
for any singly curved surface of small curvature. If the 
curvature may not be considered "small", centrifugal body 
forces become important. For slender axisymmetric bodies, 
circumferential spreading of the boundary layer becomes 
important and tends to maintain the laminar characteristic 
of the boundary layer.

The enthalpy convention and some details on the 
diffusion phenomenon are contained in the following section.

4.2 PRELIMINARY CONSIDERATIONS ON HEAT TRANSFER

According to the kinetic theory for a gas which 
may be considered to be a continuum, the heat flux q from 
the wall is given approximately by*:

q = -  k V T  +• £ ̂  %  hi^ (4.6)
The equation neglects the coupling of mass diffusion due to 
the thermal gradient with the mass diffusion resulting from 
the concentration gradient. This is a widely used assumption 
According to Fay and Riddell, the diffusion velocity v^ 
for the i'th species is:

*  = - - § r  ^

where the thermal diffusion has been neglected. Combining
   i 3*See for instance. Chapman and Cowling
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equations 4.6 and 4.7 gives:

^  =  ™ k 17 ~ ^  D,lh‘ I 7

(4.8)
where all quantities are measured at y=o assuming that 
the gradient is in the y direction.

It is clear by this relationship that if 
thermochemical equilibrium exists and if the wall temper
ature is lower than the dissociation temperature of the 
gas, then both the atom concentration and the concentration 
gradient will vanish at a finite distance from the wall, and 
the heat flux will then be determined by the temperature 
gradient in the familiar relationship:

9. = - [k I 7 ] y = o
(4.9)

It is convenient to establish the following thermodynamic 
convention:

The total enthalpy, including the chemical enthalpy 
of dissociation and the enthalpy due to the kinetic energy 
is given by: |-| = h + U 1/  2.

where h - ^ h; C l

and h; = Cp- d T  t hj . The quantity h° is the
dissociation enthalpy and is assumed to be independent of 
state.
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Thus d h = ^  C«; d hi. + ^  hi dCi
and d he = Cpe d T
then cl h =• £  hi dCe t C p d T
giving the following relationship for the temperature 
gradient in terms of the static enthalpy:

^ 7  -  cf b y  c P <  1 a y
(4.10)

Substituting this relationship into equation 4.8 and 
defining the following relationships:

Le = D,a Cp / k

p r = C p /  k

the heat flux is seen to be given by:
(4.11)

(4.12)
Regardless of the wall temperature, the calculation 

of the heat flux will be considerably simplified if the 
following assumptions can be justified: Pr = 1, Le = 1.

For air, these are close to the actual values and 
are frequently used. Thus for a wide variety of conditions 
the heat flux is given at least approximately by equation
(4.9) .



4.3 THE ANALYTICAL TREATMENT OF THE BOUNDARY LAYER EQUATIONS

To evaluate the beat flux using the general relation
ships developed in section 4.2, the gradients of temperature 
and specie concentration must be known at the surface of the 
body. These are computed through the solution of the 
boundary layer equations which, in general, require thfe 
simultaneous solution of a set of nonlinear coupled partial 
differential equations governing the behavior of a fluid 
with properties which are dependent upon the thermodynamic 
state of the fluid. The number of equations depends upon 
thd number of distinct species of atoms and molecules which 
may be expected to appear within the flow.

For the equations under consideration, no analytical 
exact solution exists, and thus the solution depends upon 
our ability to reduce them to ordinary differential 
equation form which is suitable for numerical solution.
This is usually done in two steps. First, the independent 
variables are transformed by some convenient relationship 
and second, the transformed equations are simplified by 
some reasonable criteria which will result in equations in 
ordinary form and preferably in equations which have , 
already been studied.

, The reducing criteria is the concept of "similarity" 
which is simply the assumption, that,in the cases of



interest, the dependent variables are functions only of the 
normal coordinate, i.e., the profiles of enthalpy and specie 
concentration are similar, differing only by a scale factor, 
along the surface coordinate.

equations (meaning the treatment as outlined above) is 
limited to a relatively few flow cases; namely those to 
which the concept of similarity applies. These include 
the flat plate, the region of the stagnation point, either 
two dimensional or three dimensional, and flow over a 
wedge. Fortunately, these bracket the heat transfer 
problem except for the case of flow over corners and other 
abrupt changes of profile. General regimes of curved bodies 
require some higher degree of approximation.

the form presented.
Using the subscript w to mean evaluated at the 

wall or edge of the body, and e to indicate the edge of 
the boundary layer where free stream conditions may be 
taken to exist, the transformations of the independent 
variables are:

The analytical treatment of the boundary layer

The transformations used here are due to Lees^ in
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The dependent variables are made dimensionless and trans
formed as follows:

f * /#, 4
9 = H/He 

5<: = C l /
(4.14)

Since the boundary layer equations for the flat 
plate are identical except for the continuity equation, it 
is possible to treat them simultaneously for the purposes 
of the transformation. By writing the continuity in the 
following form:

h =  0
(4.15)

and letting b = 1 for the axisymmetric case and b = o 
for the flat plate, the differential equations may be 
treated as one problem up to the point of applying the 
boundary conditions.

According to Romig^ the transformation above bears 
with it the implicit assumption that the change of 
variables will reduce the boundary layer equations to 
ordinary nonlinear equations which are amenable to solution. 
By inspection of equations (4.13) it is seen that the 
variable has roughly the form of . The
reduction of the transformed equations to ordinary form will
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require that we assume that the dependent variables are
functions of t̂. alone which, in tufh, carries the implication
that they are constant along parabolic contours originating at
the stagnation point> or the leading edge in the case of
the flat plate.

. I f  the thermodynamic state of the free stream is 
not constant with respect to time or position, the assump
tion of similarity is hot valid. In addition, thermo- 
chemical equilibrium is required since in the absence of 
equilibrium, the. air in the boundary layer could change 
ip. physical state from non-dissociated to dissociated 
along a line of constant ft with the attendant change in 
properties. Specifically then, the relaxation time must 
be zero for the strict applicability of the transformation. 
This requirement is universally ignored. - If thermochemical 
equilibrium exists, the continuity of species equation is 
not heeded because the specie concentration is uniquely 
determined by the thermodynamic state, which is in turn 
determined by the energy equation.

Although the above procedure has reduced the 
equations to ordinary form, their nonlinearity makes further 
analytical treatment dfffiqult'r ̂ ll^.\c.losed form solution -• 
is known and in most cases even series-type hand solutions 
are too cumbersome to be practical due to the variable 
transport properties. Certain simplifications are possible



which greatly facilitate their treatment, many of which 
are apparent from examination of the reduced equations.
It will be noted that the equations are coupled in the 
dependent variables. This complexity is characteristic 
of boundary layer problems and is one of the reasons why 
resort to computer techniques is necessary. The use of 
the computer is encouraged by the fact that the variation 
of the fluid properties is non-linear and that the data 
available is in tabular or graphical form. Correlation
formulae for the various transport and thermodynamic

14 6properties are given by Scala and Fay and Riddell and
the references contained therein.

The task is how to apply the boundary layer
equations (4.2, 4.3, 4.4 and 4.15) and the transformations
4.13 and 4.14 to the flat plate and the stagnation point.
To be considered first is the stagnation point of an
axisymmetric body.

From the transformations 4.13, the following
partial derivatives are determined:
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These will be required in the transformation of the
continuity equation which follows.

Applying the general relationships 4.13 and 4.14
to the continuity equation 4.15, and substituting the 
appropriate partial differential equations 4.16 gives:

From equations 4.16 the last term is seen to equal zero 
and the equation may be integrated for /̂ V' .

(4.18)
This equation will be used in the remaining transformations. 

Since the convective operator yO u 4. V ̂ —^  ^ a y
is common to the equations of momentum and energy it is 
next treated. Using the same general procedure as with the 
continuity equation, one obtains:

(4.17)

.far di

(4.19)
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Using the convective operator and proceeding 

similarly, the energy equation transforms into:

I t " ?T h ] "  ̂rii:  ̂ iii["R i f ]

+  h I t ]

+ ,4.20)
And the momentum equation 4.4 becomes:

[% w k ~ i f  = i f  -(%) ]

(4.21)
Where N  =  y 0^  ///>„

The plausibility of the similarity requirements in 
the physical coordinate system is established by the 
statement of the problem. If one realizes that there can 
not be much difference between the coordinate system 
introduced by the transformation and the physical system, 
the application of the similarity requirements (being an 
approximation) to the transformed equations should be equal
ly plausible. Specifically, it is required that the 
dependent variables be independent of the meridianal 
coordinate £ . The equations to be solved become
ordinary differential equations with 1% independent.
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Momentum:

ff" <■ 4r I f  [2--('')'] = o

(4.22)
Where the "prime11 denotes differentiation with respect to
n .
Energy:

r r j '

(4.23)



5. SOLUTIONS OF THE STAGNATION POINT PROBLEM
5.1 THE DIRECT SOLUTION

The transformed boundary layer equations are suit
able for application to the stagnation point problem except 
for the determination of the bracketed term in the momentum 
equation 4.23. According to Fay and Riddell:

2. i Ûc _ _L 
~ u :  h i  2 .

(5.1)
for hypersonic flow. Lees^ discusses this in greater detail 
and concludes only that a range of values is possible. The 
actual value is dependent on the density ratio across the 
bow shock and the body curvature as discussed by Li and 
Nagamatsu1^. Using equation 5.1, the momentum equation 
becomes:

( N f " )  + ■  +  z  ~  )  J  ~ °
(5.2)

The heat transfer is determined by equation 4.12 
and the solution to equations 5.14 and 5.15. If the 
transformation 4.13 is applied to the heat transfer 
equation, the following equation results:

_ r t y / v M jt  rg'+.  l i z l  /  he Cl 1 
^  Cfwl}2T  L He <> _ U = 0  ( 5 . 3)

23
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Using equation 5.1 and the transformation 

properties 4.16, it is seen that:
_ r /  dut \ ~ j Va.

£* L L d X / x = O J

If we now define the Nusselt and Reynolds Numbers

N u. —  “  ̂ ku/ ( He * H w )
H  ~ tlt X/^ W/y/yWy,

Then the heat transfer at the stagnation point is given by:

(m j v w
(5.4)

where:

-  = T ^ L  t 9' ^  T T

(5.5)
For their calculations. Fay and Riddell chose the 

Lewis Number in the range 1.0 to 2.0. The viscosity was 
determined by an empirical formula which is believed to be 
accurate within ten percent below 15,000 R . The actual 
variation of the Lewis and Prandtl Numbers is uncertain at 
the temperatures of interest, but they are not believed to 
be strongly dependent on either temperature or pressure. 
Recent estimates of the behavior of the transport properties
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are given by several sources*.

Fay and Riddell solved their boundary layer equa
tions with the aid of an I.B.M. 650 Digital Computer and 
found that their results could be accurately represented by 
the correlation formula:

z x, \0,4 r /. 0.52 , A h,
s - ^ m , T \ ^i/R"«

(5.6)
where hg is defined as: C<:e h;
Using equation 5.6 in equation 5.4 with the Prandtl 
Number 0.71 will give the heat flux per unit area at the 
stagnation point. If some other value of the Prandtl 
Number is required, the heat transfer equation becomes:

<{=■- 0 . 7 6 3 Ph' 1 f ( L V "̂ 7 ] Z9 = f He - H")

(5.7)
where /S is the stagnation point velocity gradient. From 
this equation it is seen that the direct influence of 
dissociation is small if the Lewis Number is near unity, as 
may generally be expected.

For frozen flow with a fully catalytic body. Fay 
and Riddell found that the exponent of Le becomes 0.63.
In an earlier paper Lees was able to show that the ratio

The most recent data is contained in the paper by 
Scala-^ and in NASA TR R-50.



:. : ■■ : . ' ; 26 of equilibrium; heat flux to frozen heat flux is proportional
to L e ^ ^  with a fully catalytic surface.

The results of Fay and Riddell may be extended almost 
unaltered to subsonic flows if one is willing to accept, as 
an assumption, the validity of the momentum equation 5.2 
and equation 5.1 which was used to obtain it. The 
derivation depended upon the use of hypersonic flow theory 
to evaluate the velocity gradient at the stagnation point.
The flow field between a blunt body and its detached shock’ 
wave is not Newtonian but in the vicinity of the stagnation 
point the velocities are low and the flow may be considered 
to be incompressible and nearly Newtonian. In this region, 
any deviation from Newtonian flow will be small as far as 
its effect on the solution of the momentum equation is 
concerned and thus•the principle variation in the,heat 
transfer will be due to an alteration to the term dun/dx 
in the equation 5.4.

The accuracy of the heat transfer formula 5.7 has 
been verified in shock tube experiments by Rose and Stark.
Its acceptability for subsonic flows is shown by the 
experiments of John and Bade16 who used an electric arc 
heater to produce air at temperatures of approximately ■
7000 to 12,000 R. In Ibis experiment, the hot gas was 
directed at a flat plate calorimeter. The velocity gradient



was approximated by:
is | - SI
dx  • x - o ™ 0

where U is the jet velocity and D is its diameter.
The experiment was conducted using a variety of 

flow rates but with apparently constant power input to the 
arc. Thus the specific enthalpy of the hot gas varied 
inversely with the flow rate and the resulting heat flux 
was essentially constant over the entire range of the 
experiment. The correlation formula 5.7 gave heat 
fluxes consistently about five or ten percent low. This 
constitutes a rather good justification for the use of 
Fay's heat transfer formula in the subsonic flow regime.
Since the error was relatively constant, it was possibly 
due to the use of the momentum equation 5.2 which was 
obtained assuming hypersonic flow.

5.2 ALTERNATE PROCEDURE FOR THE CALCULATION OF THE HEAT FLUX

From the above discussion, it should be clear that 
the driving force for heat flux is actually the enthalpy or 
energy gradient. This suggests that perhaps a modification 
of the available conventional heat transfer techniques might 
yield satisfactory results for the real gas problem. Since 
it has been shown that the method of Fay and Riddell is 
both accurate and widely applicable, the principle aim here is
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acquire a better understanding of the effects of real gas 
behavior rather than to seek an improvement on what amounts 
to an exact solution of the governing equations.

For the case of a spherical surface with subsonic
flow, the "perfect" gas low temperature heat transfer was

T 7 1 ̂3found by Sibulkin using the results of Homann who
solved the momentum equation for axisymmetric flow.
Sibulkin's solution is:

= - S-t C-p Z 3 U (Tlo )
(5.8)

where St is the Stanton Number defined by: 

s* = o.7<3 p,-‘ ( ^ ) ' 5 f ^ £ 7 5

* (5.9)
Goldstein19 gives D/U •= 3 for the sphere and^d* Cj/(J = 4*
for the cylindrical stagnation point in low velocity flow.

Since the temperature difference is merely an 
indication of the thermal energy gradient at the surface 
of a body, and since the actual energy gradient is in
dicated by (He - Hw) when dissociation is present, then 
equation 5.8 rewritten as:

*1 “ ~ St /° U  ( He. ~ H kv )
(5.10)

would be appropriate for the case of dissociated

*The constant 0.763 in equation 5.9 becomes 
0.570 for the cylindrical stagnation "line".
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equilibrium. The properties cp, k,̂ /U and / Q must be 
evaluated at the edge of the boundary layer. This approach 
is discussed in detail by Van Dr i e s t ^ .

If the stagnation enthalpy is defined as:
/ 2.

it is independent of any dissociation effects and its use 
in equation 5.10 gives results which compare accurately 
with the experimental data of Rose and Stark, after correct
ing for the effect of a hypersonic bow shock on the density 
and viscosity. As a result of this comparison, one may 
conclude that the effects of atomic recombination and 
diffusion are of only secondary importance if one recognizes 
that the "total" energy gradient is the driving force for 
heat transfer rather than the actual temperature gradient.

The above treatment is far simpler than the general 
solution of the boundary layer equations as attempted by 
Fay, and is apparently equally accurate. For computational
purposes, the reader is referred to the artical by Van 

20Driest .



6 „ THE SOLUTION OF A SIMPLIFIED FLAT PLATE PROBLEM 
6„1 DEVELOPMENT OF THE EQUATIONS

Since the interest in real gas effects on heat 
transfer has been predominately concerned with the 
atmospheric reentry and exit of satellite and missile 
vehicles, the stagnation point problem has received greater 
attention than has the flat plate problem. The most recent 
solution to the flat plate problem was announced in 1954 • 
by Romig and Dore. It was not published publicly and was 
not a modern solution in the sense that it followed the 
general method of Moore's paper and did not explicitly account 
for the energy transport by mass diffusion in the energy 
equation.

For the purposes of this paper, the flat plate 
problem remains to be solved. This will now be attempted, 
however, the necessity of resorting to a hand calculation 
will require some severe restrictions. These will be dis
cussed as the problem is developed.

Beginning with the transformed equations 4.22 and 
4.23 which were developed for the flat plate as well as the 
stagnation point, it is seen that the term j in the
momehturn equation becomes zero because the flow field in the 
free stream is constant in accordance with the problem
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statement. In general, this will be the physical case if the 
momentum displacement thickness is small. The momentum 
equation then becomes:

The energy equation and the continuity of species equation 
are unchanged. Recall that the exponent b in the trans
formation 4.13 is equal to zero for the flat plate.

mochemical equilibrium exists. This assumption is required 
to make a hand solution of the equations possible and is 
justified to some extent by analogy with the stagnation 
point solution in which it was found that a completely 
frozen flow actually affected the heat transfer only 
slightly (compared with the equilibrium case), provided the 
body surface is fully catalytic. With equilibrium flow, 
the specie concentration is uniquely determined by the 
temperature and pressure and therefore, the concentration 
of specie equation is not required.

The equations to be solved are: equation 6.1
and the energy equation:

(6.1)

At this point it is necessary to assume that ther-

o

(6.2)



It will now he assumed that Howa^th's solution of 
the Blasius Equation applies to equation 6.1 above. In 
particular, this means that we are assuming that N = 1, 
but the implication is that the. heat transf er is not 
sensitive to a small variation in the velocity gradient at
the wall. That this is plausible is suggested by the
results of the stagnation point problem arid by the. accepted 
use of approximate velocity profiles in the elementary 
integral treatments of the boundary, layer. We are thus 
assuming that the momentum properties of the boundary 
layer are relatively ■insensitive to the energy transport 
within it. This assumption conveniently uncouples the 
momentum and energy equations making the solution of the 
energy equation much simpler.

It will also be assumed that the Prandtl Number is
a constant. It will be ehosen to be 0.7, which is
representative for air. The actual variation of the Prandtl 
Number is irregular but its value is never far, from this.

The diffusion terms in the energy equation represent 
a considerable difficulty, even when the’ air atom-molecule 
assumption is made. An attempt to determine €. as a 
function of enthalpy was made by plotting the percent mass 
fraction versus the total enthalpy from the data contained 
in NASA TR R-50. It was discovered that this function could 
be represented with good'accuracy by a "ramp" function.



Unfortunately, when the chosen function was expanded and 
differentiated as required in the energy equation, a large 
number of terms resulted, making a hand solution impractical„ 
Thus it was necessary to further assume that the Lewis Number 
equals unity. This is a great mathematical convenience, 
but is note -in 'ke^ihg'with the purpose of the thesis 
because the direct effect of dissociation is now concealed. 
However, it is to be recalled that one of the greatest 
■ effects of dissociation is the change it causes in the 
transport properties. By retaining N as a variable this 
will be accounted for.

. . If the Prandtl Number is Close to unity and if the 
free stream velocity is low relative to the total enthalpy, 
the third term of the energy equation may be neglected and 
the energy equation becomes:

(Ms1) f P{r f s ' -  0 .

(6.3) .
The assumption of low velocity is in accordance with the - 
problem statement.

It is proposed to demonstrate, at least in part, 
the effect of dissociation by solution of equation 6.3 
with N as a dependent variable.

Now N has known dependence on enthalpy. The 
calculations of Fay and Riddell show that its dependence on
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pressure is negligible. Even if it were feasible to express 
N as a function of enthalpy in closed form, it would result 
in a nonlinear energy equation. To avoid this difficulty, 
it is desirable to express N as a function of ^  rather 
than as a function of enthalpy. Since N is a tabulated 
function of enthalpy, if an enthalpy profile within the 
boundary layer is assumed, N can be determined as a 
function of . Mathematically, this is a first approx
imation in the method of successive approximations. The 
enthalpy profile chosen is identical with that of the 
velocity ratio: f 1. This is essentially a guess, but has 
justification in the fact that the enthalpy ratio will 
behave in at least a similar manner and the choice is con
venient. It will be shown that the choice was a good one.

6.2 THE SOLUTION

In integral form, the solution of the energy 
equation is:

(6.4)
where C0 and are constants of integration.
The boundary conditions are:

9 (oo) - |
g(°) = 9^
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Thus the constant is:

C| = 9 w
and the gradient of g at the body is: g'(0 ) = Co

Equation 6.4 was integrated numerically using the trapez
oidal rule for intervals of A  ̂  = 0.2 . The integration
was halted at ^r 3. £ . In all cases the remainder of the 
integration was negligible. The dependence of N was 
determined from the data of Romig and Dore which was 
corrected to agree with the calculations of Fay and Riddell.

Solutions were obtained for wall enthalpies in the 
range from 400 to 12,000 BTU/lb. with various combinations 
of Hw and He . This corresponds to wall temperatures of 
about 1600 to 4000 R and free stream temperatures of about 
3600 to 12,000 R at one atmosphere of pressure.

Following the method of Fay and Riddell, it was 
found that the solutions could be represented with good 
accuracy by the correlation equation:

-06 = 0.33 NeS

(6.5)
where Ne = y ^ e y ^ e . y / w  . As will be shown this is 
essentially in exact correlation with the corresponding 
function obtained by Fay and Riddell and thus seems to 
constitute a rather good vindication of the assumptions made 
and the method of solution.



With the results in minci, a few comments on the 
method of solution and its accuracy are in order. The 
variation of N across the boundary layer was taken from 
the data of Romig and Dore corrected to Fay's calculation 
using the assumed enthalpy profile, and replotted for each, 
chosen combination of Hw ! and He* . The derivative of 
N was determined graphically from each plot of N. This : 
is a rather crude method, but was-the only one practical„
The remainder of the solution; wa,s straightforward „ At t\_=0 
the value of N' was difficult to determine with any 
guarantee of accuracy. Unfortunately, when the difference 
between Hw and He was great, N' tended to become 
large and had- a strong effect on the solution. For this 
reason the solutions for low wall enthalpies with high 
free stream enthalpies were discounted because of their 
irregular behavior.

The solution of the energy equation 6.3 is 
unique as far as is known to the author. Of course, a ,
greater awareness of the problem would have enabled him to 
obtain the correlation function 6.5 directly from the 
results of Fay and Riddell.

' The next step would be to try a second approximation
using the newly calculated enthalpy profile to determine 
the variation of N within the boundary layer. This was not

*This data is also available in Hypersonic Flow 
Theory by W. D. Hayes and R. F. Probstein, pp.298, Academic 
Press, 1959. . : :"
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done here for several reasons. First, the solution was 
thought to be satisfactory "as is" since it differed from 
the stagnation point solution almost exactly by a factor 
of two in the constant and in the cooefficient of Ne as 
required by the fact that the parameter for the
flat plate is exactly one half that of the stagnation point. 
Second, the computed enthalpy profiles are quite likely to 
be more in error than the solution itself. In other words, 
a more accurate solution for the enthalpy profile is required 
before a second approximation would give an assured improve
ment. Last, the time involved even in this crude solution 
was considerable and since the results certainly could not 
have been improved, the extra effort did not seem worthwhile.

6.3 CALCULATION OF THE HEAT FLUX

the customary procedure. If the wall temperature is less 
than the dissociation threshold temperature at that pressure, 
and if thermochemical equilibrium exists, the heat flux is 
given exactly by:

The development of a heat transfer equation follows

- - .A*'., d-ti- |
CfV d y 'Y-O

(6.6)
Using the transformation 4.13 this becomes:

(6.7)



Defining: N v  -  -  ^  ^  c P ~ / k » ,  f  H e  - H i v )
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we obtain: Nu/ZrI = S ' l o ) / / 2 (l-

(6.8)
The stagnation point value obtained by Fay and Riddell is 
twice this.

Using the correlation function obtained from the 
solution of the energy equation, the enthalpy ratio 
gradient is seen to be given by:

g'(o) =  0 . 3 3 ^ / 2 .  (I-cj~) N t
(6.9)

Then in general for Prandtl Number 0.7 the heat transfer 
will be given by:

(6.10)
Pohlhausen obtained a solution for the energy 

equation 6.3 with N = 1 and found that the effect of 
the Prandtl Number on the numerical coefficient was 
approximately proportional to: P r ^ ^ . Applying this to
equation 6.10 gives:

(6.11)
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With the exception of the constant and the Ne term, this 
equation is similar to the equation used for heat transfer 
to a perfect gas*. Ideally, this equation should reduce 
to the perfect gas equation. The fact is that N is 
strongly temperature dependent even at low temperatures, 
and apparently should be considered regardless of the 
temperatures of interest. To verify this premise, a simple 
calculation was made with Tw = 500 R and Te = 1000 R. 
Equation 6.11 was high by only six percent. This is 
within the range of experimental variation quoted by Jakob.

cases with Lewis Numbers other than unity by analogy with 
the stagnation point solution of Fay and Riddell. If it 
may be assumed that energy transport by atomic diffusion will 
have a similar effect on the flat plate to that at the 
stagnation point, we may add the factor:

to equation 6.11. This is of course a guess as was the 
application of the Pohlhausen relation to equation 6.10.

For frozen flow a similar guess may be made, but in 
this instance the coefficient of Le becomes 0.64.

Equation 6.11 may be intuitively extended to

(6.12)

*See for instance Schlichting 20 , pp. 317.
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The use of Pohlhausen1s relation is subject to

/ . 1/3question because the parameter Pr may conceal some
of the effect of variable 1ST.

Strictly speaking, equation 6.10 is only valid 
for low velocity flow; however, the use of the total 
enthalpy and the enthalpy convention of sectibn 4.2 
should permit reasonable confidence in its use for high 
velbdity flow. ' , /' t '/ d '

6.4 CRITIQUE &ND SUGGESTIONS

Although equation 6.10 was obtained through the 
use of a rather complicated set of assumptions, it is in 
exact correspondence with the more rigorous result obtained 
for the stagnation point problem by Fay and Riddell. It 
is entirely possible that the assumptions may have been 
mutually compensating to some degree. Nonetheless, the 
results were good and apparently equation 6.10 may have 
more general applicability than the,usual perfect gas 
equation. Its range of applicability, particularly with1 
regard to free stream velocity invites investigation.

It is to be emphasized that equation 6.10 was 
obtained for low velocity flow with Le — 1. For Le ^  1, 
modification by the correlation function 6.12 is proposed. 
Thisoisia guess, but even if it has no analytical
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justification, its correcting effect is in the right 
direction since diffusion will tend to increase the heat 
transfer. For air, Le = 1.4 gives the best results for 
the stagnation point and should be a good guess for the 
flat plate.

The equations presented are for equilibrium flow, 
but should give at least approximate results for frozen 
flow provided the. body surface is fully catalytic. Frozen ; 
flow with various degrees of body catalyticity remains to 
be investigated. Also remaining, but of more practical 
significance, is the solution of the energy equation for 
high velocity flow. / . v - ;

Through private communication with Dr. Sherman 
Fenster of the Martin Company (Denver), it has been learned 
that a complete and detailed solution of the general flat 
plate problem has been obtained by him and will be pub
lished in the Fall of 1961. The solution was obtained 
using the method of Fay and Riddell except that the Lewis 
Number was treated as a dependent variable rather than a 
parameter. Ah analogue computer was used. ■
: . An interesting conclusion was obtained. Contrary
to the conclusions of other investigators, e.g., (5), (6),
(13), it was found by Fenster that the equilibrium state
of the boundary layer had an appreciable effect on the
heat transfer, even when the body surface was fully catalytic..



On the other hand, it is to be recalled that the results of 
Fay and Riddell have good experimental verification.

Dr. Fenster also mentioned that the paper by Fay 
and Riddell contains.a Serious algebraic error in the 
treatment of the equations for frozen flow, making the 
conclusions about this regime questionable. On this basis 
it appears that the stagnation point solution still 
requires detailed solution.



7 . THE APPLICATION OF THE INTEGRAL APPROXIMATION METHOD

Von Karxnan1 s integral approximation technique for 
the solution of the boundary layer equations has not been 
widely used for the study of real gas effects because,by 
its very nature, it tends to conceal the mechanism of
energy transport within the boundary layer.

. ■ ■ 22The stagnation point was investigated by Libby 
in 1956. He assumed equilibrium flow with Le = 1, Pr = 1, 
and the density-viscosity products a constant following 
the assumptions used by Lees, which was the most advanced 
work available at that time. Libby's results were 
comparable to Lees', particularly for the regions not at 
the stagnation point. ■ At the stagnation point, his results 
were about twenty percent low, compared to Lees1. This 
sounds satisfactory for an approximation method, but this 
kind of accuracy is about the same as would be expected if 
a perfect gas solution were used.

The real advantage of the integral approximation 
method appears ih regions where the similarity conditions 
cannot be applied. Their application to similarity regions 
is of value only for purposes of validating the method.

: V 43 ■ - ■■■■■' ■ - . -



The integral approximation method has not been 
applied to the flat plate dissociation problem to the 
best of the author ' s knowledge V \



8, SUMMARY

For engineering purposes, the heat flux at the 
stagnation point of an axisymmetrfc body may be calculated 
from either equation 5.7 or 5.10 with good accuracy. 
Care must be exercised in the evaluation of the transport 
properties. The heat,transfer to a surface which qualifies 
as a flat plate may be calculated using equation 6.10.
The results of such a calculation must be treated with sk 
skepticism because experimental data is not available to. 
verify its accuracy. The above equations are valid only 
for flows which are essentially in thermochemical 
equilibrium.

For flows which are frozen, a modification of the 
Lewis Number exponent as indicated in section 5.1 will 
give a better estimate of the heat flux at the stagnation 
point. The flat,plate problem is not sufficiently well 
defined to explicitly.; determine the effect of frozen flow 
at the time of this writing. As a first guess, the 
modified Lewis Number correlation terra might be used, as 
suggested in the discussion of the stagnation point.

Equation 6.10 obtained for the flat plate 
problem is original with this author to the best of his 
knowledge. By virtue of comparison with the more rigbrous

X  ■ ' ■ i  : 45 v  : . :



results of Pay and Riddell, it may be considered to be 
an "exact" solution of the energy equation 6.3 in which 
the density-viscosity product was variable with Le =1,
Pr = 0.7 and low velocity flow specified. It remains to 
be verified experimentally,. however, some Confidence 
may be assigned to its use in light of its closeness to 
the familiar perfect gas equation. Modification of this 
equation with Pohlhausen1s results and with Pay's correla
tion function for Lewis Numbers other than unity is a 
logical procedure but is strictly speculative. Its range 
of validity remains to be determined.
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APPENDIX A
DEFINITION OF SYMBOLS

Letters
C. Mass concentration of the i 1th species
Cp Specific heat <aefineci by Cp - CpiC^
H Total specif ic enthalpy def ined in section . 4.2.
h Specific enthalpy, not including the mechanical

• energy due to velocityP Defined in section 4.2.
k Local thermal conductivity of the fluid ' ; ;
T Local static temperature of the fluid
U Characteristic velocity used in Van Driest‘s

treatment of the stagnation problem? section,5.2 
u Component of velocity in the x direction
v Component of velocity in the y direction
x Thermeridional coordinate
y The normal coordinate \

Subscripts ■ 
e ■Referring bo the "edge” of the boundary layer
i Referring to the i 1th species

; w Referring to fluid properties at the wall of the 
body -

to Undisturbed free 'stream
... : ■ ' ' .■■■' ■ 47

conditions



3 o Greek Symbols ; x ■ v. v..,. .. , ,
1% The transformed normal coordinate defined in

equation 4,13 „ \ V'.;
Local fluid density 

yix Local dynamic viscosity < ’
| The transformed meridional coordinate defined in

equation 4.13. . -

48
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