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THE ANALYSIS OF AN INVENTORY SYSTEM

"by

Frederick J0 Naden 

ABSTRACT

The inventory system of a business firm in Tucson8 Arizona was 

modelled and analyzed with respect to five items in a particular class 

of stocke The data were obtained from company records and direct inquiry 

and estimates of the parameters were made for relevant variable costs Q A 

mathematical model was constructed using a general quadratic cost function 

and9 with cost minimization as an objective, the optimal inventory policy 

was determined for each of the five items 6 The cost function consisted 

of forty-eight unknowns constrained by twenty-four equations e The cost 

function was set up as a (6l x 6l) matrix and optimized using a computer 

program written for the problem0

The optimal policies for the five items resulted in a nine percent 

decrease in the associated variable costs from the policy of ordering 

exactly the demand each month 6

Tests were conducted to determine the effects of inventory tax, 

increased storage space, demand variations and cost parameter errors on 

the ordering schedule and in all cases there was no appreciable change 

in the resulting variable costs. A test was also conducted to determine



if a further reduction in variable cost would be realized if linear 

approximations were used for the cost parameterse It was concluded 

that the quadratic model was the better approximation©

Methods of extending, the analysis were suggested and they 

included examining the items together to determine the resulting 

•interactions with respect to common storage and ordering for minimum 

transportation costs•



CHAPTER 1

INTRODUCTION

lola Introductiono An inventory is a physical stock of goods which is 
held or stored for the purpose of future sale or production and the 
control and maintenance of inventories is a problem common to all enter
prises in any sector of a given economye There are many reasons why
organizations should maintain inventories„ The main reason for doing so
is that it may be either physically impossible or economically unsound 
to have goods arrive in a system precisely when the demand for these 
items occurs„ There are other reasons for holding inventories» For 
example 9 the price of a commodity may have considerable seasonal 
fluctuation and when the price is low it would be profitable to procure 
a sufficient quantity to last e at least partially $ through the period of 
higher prices„ Another reason for maintaining inventories 8 which is of 
particular importance to retail establishments s is that sales ̂ can be 
increased if there is an inventory of goods to display to potential 
customers.

Inventories, however8 enter directly in the determination of
income in the sense that the amount of earnings is less if the quantity
of goods on hand and the balance amongst the various components are not 
at the most economical level. If a larger amount of capital is required 
to operate the business because of an improper inventory policy9 this 
fact will have an adverse effect on profitability. The expense of



storing and handling goods may be substantially increased if inventories 
are not held at the proper level. For example, the larger the quantity 
of inventory the greater the possibility of loss as a consequence of 
deterioration and obsolesence. In contrast, the smaller the quantity 
of inventory the greater the possibility of lost sales and the possibility 
that customers will go elsewhere to purchase items the next time the need 
for them arises. It is essential, therefore, that an optimal inventory 
policy be realized,

1.2, The Purpose of the Thesis, The purpose of the thesis is to examine 
an existing inventory system and through the modelling and analysis of 
this system construct an optimal inventory policy,

1.3. Outline of the Thesis, The second chapter of the thesis is a 
general discussion of the nature of inventory systems and the differences 
that may exist between these systems. The reasons for and against hold
ing inventories are discussed in detail along with costs which are 
relevant to inventory systems. The chapter concludes with a discussion 
of the treatment of inventory systems.

The third chapter begins with an analysis of the inventory system 
which is to be optimized and then the gathered data is set forth. The 
chapter continues with the construction of the inventory model that is 
used in the optimization and concludes with a discussion of the method, 
and means of solution.

In the final chapter are the results obtained from the optimiz
ation and a sensitivity analysis which shows the effect that possible



errors in the cost parameters as well as in the demands have on the 
optimal policy. The sensitivity analysis also shows the effect that 
increased storage capacity % inventory tax and a linear approximation 

of the cost parameters have on the optimal policy and the variable cost„ 

The chapter concludes with an examination of the significance of the 

final optimal policy«



CHAPTER 2

THE NATURE OF INVENTORY SYSTEMS

201» Inventory Systems and Their Differences» A system is a group of 
components $ designed to serve some purpose| a system receives inputs from 
a certain class of inputs and is constrained to act upon the inputs to 
produce outputs„ the objective of the engineer is to manage the system in 
order to optimize some function of the inputs and outputs» Thus $ a system 
consists of a collection of entities, the system components, together with 
a set of rules e the system operations„ It is the purpose of this thesis 
to model and optimize a given type of system; the inventory system.

An inventory system is a fluctuating stock of items, together 
with an operating policy8 whose purpose is to act as a buffer between the 
supply and the demand for the particular items in the system. There are 
of course a great many differences between existing inventory systems.
They differ in their size and complexity9 in the types of items which are 
carried in inventory„ in the costs associated with operating the systemg 
in the nature of the processes (stochastic or deterministic) associated 
with the system and in the nature of the information available to decision 
makers at any given point in time. All these differences can be considered 
to reflect variations in the structure of the inventory system and these 
variations can have an important bearing on the type of operating policy 
(system operations) that should be used in controlling the system.

U



Consider in more detail the differences which can exist in 
inventory systems„ An item of inventory may be stocked at only a single 
physical location or it may be stocked at many locations« When there is 
more than a single stocking points there exists the possibility for many 
forms of interaction between the stocking points» One of the simplest 
forms of interaction involves one stocking point which serves as a ware
house for one or more stocking points. This leads to what is referred 
to as a multiechelon inventory system.

Most inventory systems encountered in the real world are multi
echelon in nature, However$ it is often true that it is practical not 
to consider the multiechelon system in its entirety. The reason for this 
is that different organizations usually operate different parts of the 
system. In such a system a manufacturer might control only a plant and 
factory warehouse8 while different organizations operate regional ware
houses and still other organizations operate city warehouses and retail 
establishments. Within most such systems a each organization has the 
freedom to choose the operating policy for controlling the inventories 
under its jurisdiction. In general8 because of the complexity $ it is 
impossible to analyze the system as a whole and determine the operating 
policy to be used by each stocking point at each echelon of the system. 
Up until this time very little analysis has been directed towards multi
echelon systems, Several articles in Scarf9 Gilford and Shelly (1963) 
pertain to this problem.

Frequently„ there is a single source from which an inventory 
system or subsystem replenishes its stocks when desirable. This source



6
may be the plant where the item is made, a factory warehouse or a ware
house at a higher echelon. The inventory system that is optimized in 
this thesis is much simpler than the general multiechelon system be
cause it consists of one stocking point with a single source of supply. 
Customer demands arrive at the single stocking point and at appropriate 
times orders are placed with the source for replenishing the inventory. 
The operation of this system is illustrated schematically below.

Customer Orders
-----------------------> Single —  —  —  —  ^
Demands Single

Stocking
Goods to ^ -------------------------

Source^ ------— " Point Goods
Customers

2.2. Reasons For and Against Holding Inventories. Inventories are 
frequently held because of savings in larger procurements. If the aver
age cost of purchasing stock decreases as larger quantities are purchased, 
clearly it is economical to purchase in relatively large quantities pro
vided the additional storage cost does not offset the gains. The result 
is the accumulation of stock prior to actual need.

Another reason for holding stock is that the requirements for the 
items may vary substantially over a period of time and this in itself may 
serve as an incentive for holding stock* Consider the case of an increas
ing average cost of procurement. In this case, given a constant flow of 
requirements, there is no advantage to purchasing in large quantities 
and hence no inventories are maintained, excluding other motives. In 
other words, given this type of a cost function, purchases are made at a



constant rate to satisfy requirements for the itenu On the other hands 

if requirements vary sufficiently* a policy of this sort may result in a 

very high marginal cost from such things as backorders * lost sales and 

special ordering and it may be advantageous to procure the item before 
it is needed at a lower marginal cost s thus contributing to the for

mation of inventories 6 This motive for holding inventories is reinforced 

if the cost function displays a decreasing average cost for procurement0 

The demands upon an inventory system (the outputs) may be refer

red to either as deterministic or as stochastice That is* the demands 

may be known precisely or almost precisely over a period of time or they 

may be known only to the extent of a mean value and a variance about this 

meano If the demand pattern (deterministic or stochastic) is unchanging 

from one period to another the system is said to be a steady-state system 

and if the processes generating demands are constantly changing with time 

then the system is said to be dynamic0

If demands are uncertain then regardless of the operating policy 

adopted there is generally some possibility available stock levels will 

be insufficient to meet demand6 A number of courses of action might be 

followed in this event0 One possibility is to satisfy the demand by some 

alternate method of procurement such as a special order6 Another possi

bility is to wait until sufficient stock becomes available through the 

normal functioning of the supply system to satisfy the request6

Yet another motive for holding stock* in addition to the fluc

tuation of requirements over time* is that the costs of purchasing may 

themselves be functions of time. Commodities may be held for the sole



reason that the anticipated rise in price will more than cover the pres
ent purchase price plus the cost of maintaining stock. This type of 
policy applies of course when fluctuations in cost are predictable in 
advance.

Now consider the motives for not holding inventories. If items 
are held in inventory they must be stored somewhere and holding or 
storage charges may be assessed against the stock. The variable holding 
costs are generally calculated as some function of the stock on hand 
either at the beginning of a period, at the end of a period or averaged 
throughout the period and are usually proportional to the quantity of 
stock held,

2.3. The Relevant Costs. Costs, and the balancing of opposing costs, 
lie at the heart of all inventory control problems. It is necessary to 
obtain an inventory policy that is optimal according to some appropriate 
measure of effectiveness and this measure of effectiveness is essentially 
a method of summarizing, in terms of costs, conflicting motives for 
holding stock.

Usually an attempt is made to arrive at an operating policy that 
will make profits as large as possible or costs as small as possible.
The criterion for selecting the operating policies is that of profit 
maximization or cost minimization. For purposes of computing optimal 
operating policies it is only necessary to include those costs which vary 
with the operating doctrine and if the revenues received by an inventory 
system are independent of the operating policy then the maximization of
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profits is equivalent to the minimization of the variable costs0

In most inventory problems the actual costs that influence the 

selection of an appropriate operating policy are those described above 8 

1,6.* procurement costs 9 shortage costs and holding costs0 Now examine 

the relevant costs in more detail»
The procurement costs can be divided into two parts 0 First there 

is the amount which must be paid to the source from which the procurement 

is made,. The sum paid to this source simply represents the cost of the 

items procuredo Then there are the costs incurred by the inventory sys

tem itself in making a procurement0 These costs can arise from many 

different - factors and they can differ considerably in nature from one 

inventory system to another0 For example 9 there are the costs of proc

essing an order through the purchasing and accounting departments and 

these costs include paper and postage costs $ labour costs and the cost of 

updating the accounting records <, Sometimes the cost of transporting the 

order from the source of supply is paid by the source and hence is includ

ed in the cost of the units while in other cases the inventory system 

pays the transportation costs 6 Also there are usually receiving costs 

incurred when the stock arrives at the warehouse because it may be neces

sary to uncrate the goods s perform an inspection of them or perhaps even 

carry out detailed testings
The costs incurred by the inventory system itself can be divided 

into two classes $ those which depend upon the quantity ordered and those 

which are independent of the quantity ordered6 Transportation costs and 

part of the receiving costs depend upon the quantity whereas such costs
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as paper„ postage and the labour for processing the order are incurred 
each time an order is placed and are independent of the quantity.

An inventory policy that permits large shortages to occur persist
ently is generally of little value. The advantages of keeping shortages 
at a tolerable level must be weighed against the cost of maintaining high 
levels of stock and hence it is convenient to describe shortages numer
ically in terms of costs. In some inventory models' the appropriate 
shortage cost may be suggested quite naturally. If for exampleg shortages 
are satisfied by extra shipments,, it seems natural to use as a shortage 
cost the difference in cost between the extra shipments and the regular . 
procurements. In a model in which the items are being sold for certain 
pricese and in which sales are lost if they cannot be met out of current 
inventory, the appropriate shortage cost is related to the loss in profit. 
In both of these instances, shortages produce a real increase in cost or 
a decrease in revenue that can be translated into an appropriate cost. 
There are models, however, in which the cost implications of a shortage 
are by no means as immediate and the selection of the correct shortage 
cost becomes more difficult. If, for example, excess demands are back- 
logged until stock becomes available, the shortage cost must be determined 
by an analysis of the implications of waiting for the particular item.
In some instances the shortage may not be a real cost and may reflect 
only judgment as to the urgency with which an item is required when a 
demand is presented and the possible loss of goodwill.

Finally, the costs of holding inventory include the real out of 
pocket costs such as insurance, taxes, breakage and warehouse rental if
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the warehouse is not owned by the inventory system and the costs of 

operating the warehouse such as heat and light and labour involved in 

maintaining the warehouse as well as the labour required for periodic 

inventory countsc Sometimes the mistake is made in thinking that money 

tied up in inventory does not cost anything* especially if the cash to 

finance the inventory is generated internally through profits and depre

ciation 0 However$ this implies that the cash in inventories would other

wise sit idle whereas the money could be profitably invested* Therefore 

a determination of a possible rate of return on the money must be made 

and this is equal to the largest rate of return which the system could 

obtain from alternative investments 0

2eU0 The Treatment of Inventory Systems0 The control of inventories has 

been a problem which businessmen have been concerned with for many years*

In the past * they have been able to achieve reasonably balanced inventory 

policies largely through an intuitive understanding of the needs of their 

businesses * However * as a business grows it becomes more complex and the 

. achieving of an economical inventory intuitively is increasingly difficult * 

. It is for this reason that the growing quantity of inventory theory has 

become more prevalent in the construction of optimal inventory policies6 

One of the first mathematical analyses performed on inventory 

systems was carried out by FeWe Harris, who, in 1915  ̂derived the 
15economic lot size formula”

q =\/2C2R/Ci ,
where q is the economic lot size, R is the rate of requirements per unit
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time, Cj is the cost of carrying one unit in inventory for a unit of time 
and Cg is the cost of replenishing inventory. The formula holds only for 
a very special system for which the rate of requirements is known with 
certainty and is constant for each time period, no shortages may occur, 
lead-time is negligible and stock is replenished at fixed intervals. The 
formula is derived in an example by Sasieni, Yaspan and Friedman (1959)•

Until World War II the majority of the work done on inventory 
problems was restricted to the examination of deterministic steady-state 
systems. A review of the systems which were studied until 1951 is given 
by Whitin (1957) and includes a bibliography which covers the period 1923 
to 1956.

It was not until after World War II that detailed attention was 
focussed on the stochastic nature of inventory systems. Whitin8s book 
was one of the first to deal with this topic. Papers by Arrow, Harris 
and Marschak (1951) and Dvoretzky, Kiefer and Wolfowitz (1952) were the 
first to provide a rigorous analysis of inventory systems from the point 
of view of their mathematical properties rather than their practical 
applicability.

Up to the present time a great deal of work has been done on the 
modelling and analysis of steady-state inventory systems. Hadley and 
Whitin (1963) discuss deterministic and stochastic steady-state systems 
in detail. The systems are placed in two categories which depend upon 
the type of review method used to keep account of the stock in inventory. 
The two review methods are transactions reporting and periodic review.
An inventory system uses transactions reporting if all transactions are
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recorded as they occur and the information is immediately made known to 

the decision maker. In the periodic review system$ the state of the 

inventory is examined at equally spaced time intervals and decisions con

cerning the operation of the system are made only at these review periods, 

For the deterministic steady-state system there is no distinction 

made between the two methods of review because the state of the system is 

always known, A (s $Q) model may be used for this type of a system.

That is, when the inventory decreases to s units„ the reorder point, then 

Q more units are ordered. The problem then is to determine the optimal 

values of s and Q„
For stochastic steady-state systems in which the number of units 

demanded at any given point in time is a random variable it is possible 

to overshoot a reorder point even when transaction reporting is used.

In this situation it is no longer possible to order a fixed quantity each 

time an order is placed. An alternative procedure is to set two levels 

of inventory , s and S (s < S) „ such that if the inventory level is x, 

x-SSj, then a quantity is ordered which brings the amount of inventory up 

to S. Such an operating policy is referred to as an (sBS) or two-bin 

policy. Here the problem is to determine the optimal values for s and S, 

Stochastic steady-state systems using a periodic review method 

may also use an (s,S) policy or may use an ”order up to S policy". In 

an "order up to S policy", if there have been any demands since the last 

review then a sufficient quantity is ordered to bring the inventory level 

or the amount on hand plus on order up to a level S.
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Dynamic systems, on the other hand, are more difficult to model. 
If the cost relationships of the inventory system are linear or may be 
approximated by linear functions then linear programming„ as discussed 
by Gass (1957)» may be used. If the cost relationships are quadratic or 
may best be approximated by quadratic functions, then quadratic program
ming could be used. One advantage of linear and quadratic programming is 
that any constraints which may exist within the inventory system may be 
easily incorporated into the model. Dynamic inventory models, both 
deterministic and stochastic, have been studies from the point of view of 
dynamic programming by Arrow, Karlan and Scarf (1958) and Hadley and 
Whitin (1963).



CHAPTER 3

THE MODELLING AND ANALYSIS OF AN EXISTING SYSTEM

3.1. The Inventory Problem0 The inventory problem associated with a 
particular inventory system may be stated as the determination of the 
optimal operating policy with respect to the system parameters and an 
objective. The inventory problem consists of the construction of a 
mathematical model of the existing inventory system and the use of this 
model as an aid in developing a suitable operating policy for the system. 
It is important that the model represents„ with sufficient accuracy, the 
essential characteristics of the system which are important determinants 
of what the operating policy should be. The model for the case in point 
consists of an objective function of the controllable variables which
is optimized subject to a set of relationships amongst these variables,

3.2, The Existing Inventory System. The inventory system which is 
modelled and optimized, in this thesis exists within an organization which 
deals’ with products at the wholesale level, Goods are purchased from a 
manufacturer and sold to retail outlets. The organization would like to 
determine the most economical ordering and storage schedule for the major 
items of a particular class of stock. Five items, which contribute 
eighty percent of the revenue for the particular class, were examined and 
for each item the optimal policy determined. Each item was treated

15



individually with no interaction existing between the items»1
The forecasted'demand pattern for the considered items is very 

nearly deterministic and was approximated as such. In addition an 
analysis was made of the effect of small variations from the determin- 
isti.c pattern. The demands are satisfied either from the regular stock 
on hand or by backorders which are satisfied from the next regular ship
ment, The regular orders are placed once a month and the delay time for 
shipping is negligible.

There is a warehouse associated with the inventory system and 
there are facilities for handling incoming material from boxcars, A 
normal maximum storage capacity has been set for each item and excess 
inventory may be stored elsewhere within the system at a slightly higher 
cost. In addition to the normal holding costs there is an inventory tax 
which is assessed at the end of each year on the inventory that is in 
storage. The items are not subject to spoilage with storage and they do 
not become obsolete if stored for any length of time.

3.3. Data, For each item under consideration there is a fixed manufac
turer’s list price which does not vary throughout a given year and hence 
there is no seasonal fluctuation in the basic price. There is a fixed 
discount for the items which is independent of the quantity ordered. 
Therefore9 each item has a fixed cost price at the time it leaves the 
manufacturing plant,

1, Each item was examined as though it was the only item in 
the inventory system. In contrast to this situation$ the items could 
be competing for sales* storage space or money spent for inventory.
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The transportation charges on the items shipped by boxcar vary 
according to the weight of the shipment, The items of the examined class 
are always ordered in quantities required for minimum transportation 
charges, with mixed loads permitted. With the fixed transportation char
ges and the fixed purchase price it is clear that the items arrive at the 
warehouse for the same fixed cost per item. This situation is encountered 
in many wholesale businesses, but is less common in retail trades. This
eliminates purchase cost as a variable in this problem. The fixed cost
per item is referred to as the invoice price.

The other costs considered for the items of the particular class
include the cost of handling the incoming items, the cost of excess 
storage when the number of stored items exceeds a normal maximum storage 
capacity, the cost of backordering unsatisfied demands and the inventory 
tax at the end of the year.

For handling the incoming stock, two men and a forklift truck are 
required for unloading a boxcar and placing the items in storage. The 
items handled are placed into three categories. Items one, four, and 
five each weigh fifty pounds, item two weighs two hundred and thirty-five 
pounds and item three weighs one hundred pounds. Table 3.1. gives the 
approximate handling times for items in each of the three categories.

Table 3.1. Approximate Handling Times in Minutes 
for selected Items in Inventory Study

Weight per item Number
50

of Items 
200

50 lbs. 15 75
100 lbs. 20 110
235 lbs. 30 160
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The cost of storing inventory includes insurance on the stored 

itemss the cost of money tied up in inventory, and breakage. This cost 
has been estimated by the company as fifteen percent per year for each 
dollar of inventory, based on the invoice price. The inventory tax, 
which is charged on inventory which is in storage at the end of the year, 
is twelve percent of the invoice price of the stock.

When the number of units of a particular item in storage exceeds 
its normal maximum storage limit there is a further cost for storing the 
excess units. Although additional storage space does not have to be 
rented, there is an added cost for locating the excess units elsewhere 
in the system. The cost of excess storage has been set by the firm as 
approximately one percent of the invoice price per item of excess storage
: for,, one hundred units increasing to approximately two percent if there
are two hundred items of excess storage.

The last cost considered was the cost associated with backorders.
The backorder costs have been divided into two separate costs. These are 
the costs of loss of goodwill and loss of sales. Since excess demands 
are backlogged until stock becomes available, the backorder costs must be 
determined by the analysis of the implications of the shortage. These 
are usually difficult to assess. The following estimates were obtained 
from company representatives, The loss of goodwill was determined to cost 
approximately five percent of the profit of the number of backordered 
items. The number of lost sales was determined to range from about ten 
percent for fifty items of backorder to approximately fifteen percent for 
every one hundred items of backorder. The lost sales are usually slightly
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higher when shortages occur during certain demand periods because of the 
necessity of the items and the fact that there are other firms in the 
same locality which deal in the same products,

3.4. Construction of the Model, In the formulation of the mathematical 
model for a particular inventory system it is necessary to fit the model 
to the situation rather than the situation to the model. There are, of 
course, many models which have been formulated for use in analyzing in
ventory systems, some of which were mentioned earlier. In many cases it 
is possible to approximate existing inventory systems to fit particular 
models without destroying the characteristics of the original system.
In quite a few instances, however, results have been obtained from these 
approximations which suggest an operating policy which would result in a 
more drastic situation than if no model had been used at all. Therefores 
an examination of any approximations to an inventory system, before an 
analysis is performed, is of the utmost importance.

One of the factors examined was whether the costs associated with 
the existing inventory system were linear or nonlinear. It may well be 
the ease that both linearity and nonlinearity are present in the costs 
which are relevant to the optimization. It is usually desirable to use 
a linear model because of the ease of computation and interpretation and 
therefore, before deciding whether a linear or nonlinear model should be 
used in the optimization, it was necessary to determine whether the non
linear costs could be approximated by linear functions without destroying 
the reality of the situation or whether they should be approximated by 
nonlinear functions.
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In order to translate the inventory problem into a mathematical 

problem of optimizing a cost function„ it is necessary to have a math
ematical model which is both sufficiently flexible to approximate a wide 
range of complex cost functions or relationships and sufficiently simple 
to allow easy mathematical solution* Consideration of the kinds of costs 
that are involved in an inventory system indicated that a U-shaped cost 
curve may be appropriate. The cost to an inventory system is high when 
inventory is low because of fixed costs g frequent backorders and lost 
sales. The cost decreases as volume increases because the variable costs 
for backorders and lost sales diminish. The cost increases again as in
ventories become large and the variable costs for handling and storing 
items become more important. It seems reasonable„ therefore8 that the 
overall cost function could possibly be approximated by a general.quad
ratic function which includes both linear and quadratic terms in the 
controllable variables.

The existing inventory problem was formulated with a cost min
imization objective where the cost function is a sum of the controllable 
variable costs,2 A graphical examination of the costs associated with 
handling, backorders and excess storage indicated that a quadratic func
tion was the most realistic approximation. The inventory tax and the 
cost of holding inventory however are linear. Therefore a cost function 
was constructed with the costs being treated as linear or quadratic or a 
combination of the two to provide greater flexibility,

2, There may be other objectives in an inventory problem, 
such .as minimization of loss of sales, backorders, or excess stock 
which give different optimal solutions,
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The requirements of satisfying the storage restriction as well as 
the forecasted demand are set forth as constraints of the cost function. 
The constraint for the storage restriction is set up so that if the amount 
of stock received at the beginning of a period plus the stock on hand is 
greater than the normal maximum storage capacity then an additional cost 
is incurred for the excess units. The constraint for the forecasted de
mand is set so that the demand is met by stock on hand or by backorders.

The inventory model is formulated as follows. The general cost 
function for a year (in 12 monthly periods) is

12 12 12 
Cv - Z (a-t + bixi)xi + Z (ct + d/w. )w. + Z (e. + f̂ y, )ŷ

1=1 1=1 1 1=1 1
12

+ Z k^fsi ♦ x1 ♦ si+1)/2 + t(s1),
i=l

where Cy = the total variable cost,
x̂  = the quantity ordered and received in the 1th period,
w^ = the excess storage at the beginning of the ith period,
y^ = the backorder from period i-1 which is included in x^,
ŝ  = the inventory at the beginning of the ith period^, 

and where parameters â  and b^ are used to approximate the handling costs 
for the ith period, parameters c^ and d^ are used to approximate the 
excess storage costs for the ith period, parameters ê  and f̂  are used to 
approximate the backorder cost for the ith period and parameters k and t
are the inventory holding cost and the inventory tax respectively.

3. The backorder required for the 12th period is ordered in the 
1st period and the inventory at the end of the 12th period is the inven
tory at the beginning of the 1st period.
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The constraints for the cost function are

xi + si - Yi “ 3i+l + Yi+i = Di i = 1,...,12,

and + ŝ  + ŝ  = S + i = 1 . , 1 2 ,

where = the forecasted demand for the ith period,
S =* the normal maximum storage capacity,
, *i = 0, > 0

and ŝ  = a slack variable {
*1 > 0, ŝ  = 0.

The constraint equations form a (2U x 6l) matrix.
Since the forecasted demand is always met from either the regular

stock or from backorders, which are satisfied by the next regular ship
ment of stock, the total number of items that pass through the warehouse 
in a given year is fixed. Therefore, any linear cost associated with the 
total number of orders placed during a year may be eliminated from the 
function of variable costs. The parameters for each cost were treated as 
being constant from month to month and hence the cost function becomes

12 12 12 
C = T, bx^ + E (c + dw )w + E (e +fy )y.
v 1=1 1 1=1 1 1 1=1 1 1

12
E ks. + t(s ).

1=1 1 1
The cost data used in the thesis are given in Appendix Table A.I. 

and the parameter values used in the optimization of the cost function 
are given in Appendix Table A.2..
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3.5. Methods of Solution. The optimization of a general quadratic 
function subject to linear constraints can be performed in a number of 
ways. The Lagrange Multiplier technique, Saaty (1959)* can be used if 
the number of unknowns is not great enough to make the solution of the 
resulting set of linear equations unmanageable, A modified simplex 
algorithm for the solution of quadratic programming problems has been 
formulated by Frank and Wolfe (1956), and requires only a limited number 
of changes in the linear programming simplex algorithm.

The technique used in the thesis, Vajda (1961) and Beale (1959), 
starts initially with a first feasible solution from the constraints.
The non-zero variables in the feasible solution are called the basic 
variables and the variables which are zero in the feasible solution are 
called the nonbasic variables. The cost function is then written in terms 
of the nonbasic variables and the partial derivatives with respect to the 
nonbasic variables are examined. If one of the partial derivatives is 
negative then it is useful to increase the value of the nonbasic variable 
until either a basic variable becomes zero or the partial derivative be
comes zero. The cost function was set up as a (6l x 6l) matrix in the 
following form

60 60 
Z Z 
1=0 j=0cv = A  A  au  xi xj •

where xQ = 1 and a^ ® aji •
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A computer program was written to find the optimal vector which 
gives the cost function a minimum and the program consists of a two 
hundred instruction Fortran program written for the IBM 7072 computer =, 
The program and the matrices required for the solution of the problem 
used eighty-five hundrede ten-digit locations in the memory of the ma
chine e In the determination of the optimal policies, an average of six 
iterations were required and the time to obtain an optimal solution was 
three minutes.

No major difficulties were encountered in the writing of the 
program, the only problem being that of keeping the size of the program 
and matrices such that the entire operation could be carried out within 
the memory of the machine. This eliminated the additional running time 
required when magnetic tapes are used for storage„



CHAPTER It

RESULTS AND CONCLUSIONS

U„ls Resultso For each of the items under consideration the optimal 
solution was determined using the constructed model and the computer 
program written to perform the optimization. The optimal solution for 
each item is presented in Appendix Tables B610 - B»5o= Each table lists 
the forecasted monthly demand„ the storage at the beginning and end of 
each month, the number of items ordered at the beginning of each month, 
the amount of excess storage, and the number of backorders each month 
that is included in the order for the next month. At the end of each 
table is the variable cost for ordering exactly the demand each month 
and also the variable cost of the optimal solution. The resulting de
creases in variable costs for each item considered are given below.

Item Number Decrease in Variable Cost 
(Percent)

1 5
2 12
3 8
U 7

The overall decrease in variable costs was nine percent

25
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An examination of the optimal policies showed that in most cases 

it was not economical to have inventory in storage at the end of a month. 
In only two instances* when demands increased over a period of three to
four months to reach a high peak* was it advantageous to build up storage
to satisfy the peak demand.

In most cases where backorders were required* the reason for 
backordering, rather than building up stock previous to the demand* was 
that it was more economical to balance the number of incoming items each 
month and hence eliminate high handling costs.

It was necessary to determine the effect on the ordering sched
ules made by certain model variations. The variations tested included an 
increased normal maximum storage capacity for each item, an ordering 
schedule with no inventory tax on goods in the warehouse at the end of 
the year, errors in the cost parameters and variations in the forecasted 
demand pattern, A linear approximation of the cost parameters was also 
tested. An example of the ordering schedules for these selected model
variations is given in Table U„l,„ A summary of these results is given
in the following section,

U,2» Sensitivity Analysis, The test made to determine the effect of 
increasing the normal maximum storage capacity for each item showed that 
the further reduction in the variable cost in all cases was so small that 
unless additional storage space was available at no extra cost it would 
not be economical to increase the storage capacities,

The effect of the inventory tax was examined by determining the 
optimal policies assuming there was no inventory tax. The results showed



Table U.l. Monthly Ordering Schedules for Selected Model 
Variations for Item 3 of Inventory Problem.

Month Optimal Increased No Inventory Linear Parameter Sensitivity Demand Sensitivity
Schedule Storage Tax Approx. High Low *5% -5% *5%

Number of Units

Jan. 600 599 579 750 601 600 619 571 6i4
Feb. 417 4l8 412 310 422 417 442 399 426
Mar. 333 333 331 290 344 333 354 319 345
Apr. 390 390 389 390 373 390 410 366 370
May 391 391 391 410 391 391 409 373 400
June 330 330 329 350 330 330 346 314 329
July 249 249 249 210 249 249 262 236 254
Aug. 245 245 245 245 245 228 257 233 233
Sept. 230 234 235 150 268 167 242 221 230
Oct. 288 291 292 100 297 262 299 278 288
Nov. 346 349 350 360 325 376 356 336 345
Dec. 4l6 406 433 670 390 492 446 393 4l4

Variable
Cost $345.86 $344.92 $345.50 $380.72 $346.59 $348.81 $380. $314. $350.
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that the inventory tax had an effect on the optimal policy and the 
variable cost only for the cases in which the demand in January was 
significantly higher than the demand in December, Even for these cases 
the decrease in the variable cost was negligible.

To determine whether a linear approximation for the cost func
tions would have given different results from those obtained using the 
quadratic model, sample tests were run. In selecting the linear cost 
parameters, it was necessary to approximate the cost relationships in the 
area of the optimal solution. The variable cost from the linear approx
imation was then equated to the variable cost of the quadratic solution 
because in the linear form the handling cost is not a variable cost when 
the demand is deterministic. This was accomplished by eliminating the 
handling cost from the quadratic model and comparing the resulting vari
able cost to that obtained from the linear approximation. It was found 
that, when using linear approximations, the reduction in variable costs 
was less than twenty-five percent of the reduction attained using the 
quadratic model. This showed that the larger decrease in the variable 
cost justified the formulation of the model using the quadratic cost 
function.

To determine the effect that errors in the cost parameters had 
on the results of the optimization, the cost parameters that were used 
for obtaining the optimal results were doubled and halved and optimal 
policies were determined for both the "high" and "low" parameter values. 
Each of these policies was then equated to the final optimal policy by 
calculating the variable cost of operating with the "high" and "low"
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parameter optimal policies using the initial cost parameters. Although 
the optimal policies were slightly different in each case, the resulting 
difference in the variable cost was always less than two percent.

The results of the tests on the variation of the parameters point 
out a very important aspect of inventory analysis. An examination of 
the cost function associated with most inventory problems shows that there 
is a region within which the cost function is relatively flat. Within 
this region there is a substantial range over which the inventory policy 
may vary without resulting in a significant variation in the variable 
cost obtained with the optimal solution. It is important to note, as a 
result of this analysis, that when the cost parameters are difficult to 
determine, the expenditure resulting from attempting to obtain accurate 
cost data may not be justified because of the slight change in the vari
able cost.

An analysis was also performed to determine the effect on the 
optimal solution, of a variation in the demand patterns. The three cases 
tested were a demand increase of five percent, a demand decrease of five 
percent and a demand fluctuation of plus and minus five percent. The 
analysis showed that there was no major change in the optimal policies 
(i.e., the optimal solution vectors changed mainly in value only).
However, for the demand increase, the variable cost increased, on the 
average, twelve percent and for the demand decrease, the variable cost 
decreased ten percent. For the demand fluctuation, the variable cost 
increased approximately two percent.
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The large fluctuations in the variable cost which resulted from 

changing the demand patterns were due9 only in part„ to the actual 
increase or decrease in the number of items handled. Because of the 
quadratic nature of the costs associated with storing„ handling, back
ordering and excess storage, the increase or decrease in the number of 
units would not result in a linear change in the variable cost«

U,3. Conclusions and Extensions. An inventory policy of the form 
suggested by this thesis requires no large scale revision in the oper
ation of the inventory system. Only relatively small changes were 
suggested from the policy of ordering exactly the demand required each 
month, Because * of the small variations which always occur in the fore
casted demand pattern, the actual solution values are of little value 
by themselves but the pattern of the optimal solution can be used as a 
guide in determining the appropriate ordering policy.

It is important to note that inventory policies are usually 
quite stable with respect to the cost relationships involved. Changes 
in prices, demand pattern and storage capacities require no drastic re
visions in the basic inventory policy. For this reason, business may 
view the introduction of inventory control methods as non interfering in 
the sense that small changes in the business pattern usually require no 
major revisions with regard to inventory policies.

There are a, number of possible extensions of this thesis. The 
five items considered could be examined together with the items being 
stored in one large storage area. In this case, if the number of units



of a particular item in storage is low in a certain month„ the unused 

area could be taken up by another item. It would also be interesting 

to include constraints requiring that the total weight of the order for 

all items each month be as close as possible to the minimum weight re

quired for the lowest transportation rate. This would eliminate the 

excess ordering of other items* which have less demand$ in order to fill 

a boxcaro A. further extension would be to examine the items of the par

ticular class to determine whether the items may be complementary or 
competing*

An inventory model should never be looked upon as a decision 
maker* but rather as an aid to the decision maker* It is hoped* of 

course* that useful answers result from the solution of an inventory 

problemffi However*' insofar as a model is an imperfect representation of 

the actual situation* the model will contain defects. It is the job of 

the analyst to make certain that the formulation and manipulation of the 

model are not at variance with the end use of the model solutions» These 

model solutions must always be interpreted into real decisions through an 

understanding of the assumptions and limitations- of the model.



Table A.I. Basic Cost Data used for Analysis of Inventory Problem.

U )ro

Item Invoice
Price

Handling Costa Holding Cost 
per Item

Excess Storage Cost Backorder Cost
50 Items 200 Items 100 Items 200 Items 50 Items 100 Items

1 $5.82 $2.95 $lU.75 $.073 $5.82 $23.28 $4.36 $11.64

2 7.29 5.90 31.1*6 .091 7.29 29.16 5.46 14.58

3 1.8U 3.93 21.62 .023 1.84 7.36 1.38 3.68

k 1.76 2.95 14.75 .022 1.76 7.04 1.32 3.52

5 2.26 2.95 14.75 .028 2.26 9.04 1.69 4.52

a. The handling costs were determined using the following cost figures. 
Forklift - $2.1*0 per hour. Driver and helper - $U.70 per hour each.

APPENDIX 
A
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Table A.2. Parameter Values used for Analysis of Inventory Problem.

The values of the parameters c, e, k and t are in dollars per 
item and the values of parameters b and d are in dollars per item squared.

Item
No.

Handling
(b)

Excess Storage Backorders Storage
(k)

Tax
(t)(c) (d) (e) (f)

1 $.0001 $0.0 $.00058 $.058 $.00058 $.073 $.698

2 .0003 0.0 .00073 .073 .00073 .091 .875

3 .0002 0.0 .00018 .018 .00018 .023 .221

4 .0001 0.0 .00017 .017 .00017 .022 .211

5 .0001 0.0 .00023 .023 .00023 .028 .271



APPENDIX B

Table B.l. Optimal Solution for Item No. 1.

Month Demand Initial
Stock

Quantity
Ordered

Excess
Stock

Backorder
Required

Final
Stock

Number of Units

Jan. UlO — UU5 U5 26
Feb. 2U0 - 266 - - -
Mar. 237 - 237 - - -
Apr. 350 - 350 - - -
May 210 - 210 - - -
June 510 - U66 66 hk -
July 260 - 30U - - -
Aug. 250 - 250 - - -
Sept. 1U0 - 1U0 - - -
Oct. 335 - 335 - - -
Nov. 361 - 361 - - -
Dec. 600 - 539 139 6l -

Initial Variable Cost = $176.36

Final Variable Cost =* $167.81



Table B.2. Optimal Solution for Item No. 2.
35

Month Demand Initial
Stock

Quantity
Ordered

Excess
Stock

Backorder
Required

Final
Stock

Number of Units

Jan. 170 - 170 - - -
Feb. 160 - 160 - - -
Mar. 69 - 15U - - 85
Apr. U59 85 306 91 68 -
May 168 - 236 - - -
June 385 - 323 23 62 -
July U6 - 108 - - -
Aug. 50 - 50 - - -
Sept. 120 - 120 - - -
Oct. 100 - 100 - - -
Nov. 150 - 150 - - -
Dec. 288 - 288 - - -

Initial Variable Cost = $197.98
Final Variable Cost = $172.61



Table B.3. Optimal Solution for Item No. 3.
36

Month Demand Initial
Stock

Quantity
Ordered

Excess
Stock

Backorder
Required

Final
Stock

Number of Units

Jan. 750 — 600 — 150 —

Feb. 310 - 417 - 43 -
Mar. 290 - 333 - - -
Apr. 390 - 390 - - -
May UlO - 391 - 18 -
June 350 - 330 - 38 -
July 210 - 248 - - -
Aug. 245 - 245 - - -
Sept. 150 - 230 - - 80
Oct. 100 80 288 - - 268
Nov. 360 268 345 - - 254
Dec, 670 254 4i6 70 - -

Initial Variable Cost * $385.OU

Final Variable Cost = $3^5.86



Table B.U. Optimal Solution for Item No. U.
37

Month Demand Initial
Stock

Quantity
Ordered

Excess
Stock

Backorder
Required

Final
Stock

Number of Units

Jan. U80 U00 — 80 —

Feb. 100 - 180 - - -
Mar. lUO - lUO - - -
Apr. 160 - l60 - - -
May 125 - 125 - - -
June 220 - 220 - - -
July 110 - 1U3 - - 33
Aug. 285 33 252 - - -
Sept. 170 - 170 - - -
Oct. 150 - 150 - - -

Nov. 230 - 230 - - -
Dec. 1U5 - 145 - - -

Initial Variable Cost * $ 57.92
Final Variable Cost = $ 5^.26
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Table B.5. Optimal Solution for Item No. 5.

Month Demand Initial
Stock

Quantity
Ordered

Excess
Stock

Backorder
Required

Final
Stock

Number of Units

Jan. 40 — 49 — — 9
Feb. 128 9 190 - - 71
Mar. 317 71 331 - - 85
Apr. 600 85 473 58 42 -
May 379 - 394 - 27 -
June 190 - 217 - - -
July 120 - 120 - - -
Aug. 35 - 35 - - -
Sept. 30 - 30 - - -
Oct. 121 - 121 - - -
Nov. 65 - 65 - - -
Dec. 22 - 22 - - -

Initial Variable Cost = $ 71.71
Final Variable Cost = $ 68,21
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