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PREFACE

,lnrrg@@ni years, the need f@ﬁ,magneti@ materials

V~”gtnar't&an'f@rr@magn@ti@ heg s@imﬁlat@@fx@sear@h and ﬁﬁ@@c

. retieal progress in the field of ferrimagnetism. With the

arrival of computers, electwomic br&ins? and other recording
. deviees @p@n~th@'maaaxn scen@, a search was_madé‘igﬁfmagn@tic“\
ma@egials'@apabls.of operating effici@ntly in the vefj high
'7fﬁgq@en¢yf§anges;  The answer tg>this'cﬁa11@ngé Waspf@and#inw
ﬁgnem@talli@ @rysta1s.sm@h a8 the ferrites. Since they are

© non-metallic, the ferrites are poor conductors, snd can thus

eliminate maeh of the power losses due to e&dy-earrentsb"xﬁ‘fi-’

additi@nﬁ'many have 1QW'hystsreais‘1@ssg ba@h advantages a8
- theae over a metallla ferromagnet are cbvious,
: Xm @r&@? t@ explain the fun@am@ntal pr@p@rti@s @f &
| ferrlmagnetlc @rymtal LD He@l wa.s led to postulate th@ |
@xistenc@ of separate 1nter§enetrat1ng magnetl@ smblattlc@% .
Wlthln a crystal, whleh interact in sueh a Way that a net
sp@ntane@us maﬂnetlzatlon W@ald r@smlto Neel“s @rlglnal 5%@ ‘:
 sub1attl@@ m@@@l w&s @xtand@a re@ently to mpre complicated
‘three sublatti@@ sys’semso’ On@ %ach systemg,the trlangulw '
‘\Was &iseasse& by o Ko Wangsnessg ana saggesvs n@w avanm@s
of rasear@h in thig flaldg o | | N

Ehis ga@er esnsldezs an extemsxgn of th@ triangular -

Ci4d



_ bramches, interacting in such 2 way as to produce a met mag-

~ netization, ‘I@fisrn@tfygﬁ-kn@wn‘wh@th@x @x:nqt“gﬁgﬂﬂgystgmg;'.w o

. metuslly exist in mature, bui in snbicipation of new discove

eriag in §hé fiel&'“We7léak into the problem of fhe’mégnetic L

;'@haracterlstl@s af a d@ubly trlangalar f@xrimagnetic systemo,

1 wish t@ expx@sa ny @a@pest thanks and ap@reelatlon o

t@ Pr@fesgar Boald X, Wamgsn@ss of @hﬁ ﬂnlver%lty @f &rlz@n&:1'  “

»f@r‘hlglv@ry valuable suggestions and asslstan@@~whlle,liwasv,“

preparing this manuseri@ﬁP

Tueson, Arizona - ... FohoBs

- January, 1961
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CHARTER I
INTRODUGTION

Before the sdvent @fwthelm@dern‘thaaries of magnetism,
there were only a few spbatances known Whi@h P@§$@§S§d 8
spontén@aas magn@tizati@n; the m@@t G ommen @xamplés are the
magnetie group of iven, e@lbalt and- nickelo A matérial’is.'
gaid %e be Spantanegusly magn@tized wh@n small regions or
“&Qmalns” of the sp@@imen are magnetized t@-s&taxatl@ng but
ta@ n@t magnet;za&;an gf the Whole specimen may ba ZE L0 1f

all of the d@malns are @rienﬁe& at ran@@m,s@ that theix magc |

n@tlzat;@ns @@n@@i*@aeh @@h@x~wh@n~av@r&g@dﬂgv@x th@ spe@imeno  "

In 1907, B, Weiss p@s@alat@& that SP@ntan@@us magnetlzatlon
‘was a m@l@@ﬁlar phem@men@n in whieh.at@mﬁ oY L@n& having a
_p@rmanent magnetle m@mant @ng&gea in & G@ll@&tl?@ lnt@ractlon
which xesulte@ in th@ir noments b@e@ming &llgnedo In th;@

'_ WY, dlfferent E@gl@ns of a sg@eimen axhiblt@d 2 net magnetic
mam@nﬁ ox magnetlzatleng even in the absence @f an external
fie1ds Weiss gssumed that the actusl field seting om the
magnetic atoms in a’fgxremagnatie substance consisted of an*_
‘_interna1 “m@1@¢a1éﬁ“5fiel@ ér@p@rti@nal to the magn@tiéatién_
in addlti@n to any external fields The imternal fi@l@ arose

£from th@ @glle@tlve lﬂt@ﬁ&@tlgn @f all the at@ms in the

1
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material. Alﬁhcaghymbisa?_th@ary wes net completely sue@essé'
ful qagmtitéﬁiVelyg it astablish@ﬁvan excellent appxoa@h to
magnéti@‘pr@biémsvfgx létar'werk@ﬁa'in'the fi@ldo"
| - Hore r@c@ntlyg Lo N@@l pr@p@se@ that an@th@r type of
|  magnetLe lnteraeti@n in e@rtain @ryatals @@uld lead to &

sp@ntan@@us magnetization in & sgeelmenq ‘He agsumed the

existence of unigue snblsttices in & cryetal, esch sublattice .

possessing a net megnetization in a preferved diresctiom..
 These guhlatti@as'migh@ interact with each oth@r; xééulﬁing
in & net megnetization for the somple, The “otal Field
a@ting @ﬁ'any magn@tie'atom @onsist@d of an @Xternal fiel&

’ and @ Weios-type molaeular fi@l@ du@ -to naighborlng atomg on
}gther sublattiees, - me@l First eanceiV@é of 8 systenm haV1ng
;@W@‘idanti@al-subla@t;@@&?:@rlent@& antiperallel to sach
étherprsgrthat the magn@tiiatians of each Pr&@tieaily cané
@elie@-the othex, N@@l ealled thl& type of magn@tization

'”antlfezromagnetlsm“

~ o~

THE PROBLEM

_In'19459 Néél sagggst@@ s%ili anéthez‘typé of situa~
tiom witnin‘a @rystgi which could yield e net spontancous
magnetization fo?'tha‘sampleo’ He called thisvnewv@ffé@t A
f"ferrimagneﬁi&m” ‘ Eaﬁzimagnetism is attributed o the @zis@%=
@nc@ @f n@nnldenti@al lnteraetlng magnetic sublaﬁ$1@@s Wlthim

8, sp@glm@ng g@n@rally armanga@ in an antlnarallal fashlgn ﬁ@
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3
‘yiel@ aﬁ'absex#&ble net magnetizati@no‘ One p@sslble arrangem
m@n@ of smbl&ttle@@ is @h@ thr@@ subl&tti@@ trlangubar syst@m'w
,1n whi@h one @f the antip&rallal branehga is @btaine@ by the
v@@ggr addltlon of twa sublattle@@ making arb;tzaxy angles'
w&th th@ thxz& ‘gueh that the r@sult&nt of thls branech is  _1
antiparallel to the third sublattice, The triangular ferpi-
‘mégﬁatié prmbl@@ has béen iﬁ?éstig&?é@ vexy;ﬁéean@i&?l,an@ | .
sev@ralfan@xpa@t@@ xésﬁlts? Whi@h,appear.@Qmpl@@aly‘qniqu@ ;"
to the triangular sy@tamg'hava‘baen ‘described. By édapting 
41 m@theds Whieh have b@an sae@@safml ln prev;oas treatmenﬁs

ef ﬂlmpl@E axrangem@ntsg ona mlght b@ able te &etermine th@
pr@p@rties of a @@mbly trlaag@lar f@rfimagn@tla system. I@,
is the pafpage of this sbudy to inv&stlgat@ the regonanee
pK@peE@;ag of @&@h.a %ys@@mﬂ‘ani t@ eopupare th@,@@&ul@s With"
th@ gxapeﬁti@s af sim@l@r‘§y§t@ms‘Whi@h.h@vé(baen c@mplgﬁely_

salvaao‘
m@gﬁﬂm@g OF THE SI«:@BLEM

@h@ doubly triangmlar ferrimagnetlc system cemsxsts

| of f@mz 1ntera@t1ng @ubl&tt;@@s ar@&ng@@ in & somewhat
gymmetrical patteﬁn,WLEh r&%p@gt to some preferred @ireetignr
in space., In samé iesp@@ts, it'ia.basigailyvsimilax te both'ilf

an anbiperallel @wg'sublattieeiéystemg’ana't@ a triangular -

1%, X, Wengsness, Phys. Rev, 119, 1496 (1960).



foerrimagnetic system, as shown in Fig, 1. This similarity
might lead one to suspect that the doubly triangular system
should reduce to one of the other two under certain simpli-
fying restrictions. For example, if the vector sums ﬁii“ﬁzv
and.ﬁh4~&t are considered as the only interacting sublattices
in the doubly triangular system, it is apparent that this

reduces precisely to the two antiparallel sublattice system.

— — M[ fMy -y
s M, MZ
7”./ /Tiz A—Zl
Y - 4| /M
l [ ? N\ | Mg+ 7
]\M’ ﬁz* Wl.: TA_;;’ M T/;l,

(a) Two sublattice (b) Triangular (c) Doubly tri-
system system angular system

FPig. 1. Three types of ferrimagnetic systems.

If the combined branch M, +M, were to interact with both
ﬁé and'ﬁg gseparately, this system should be identical with
the triangular ferrimegnetic system.

Since systems (a) and (b) have both been completely
solved, it should be possible to suspect some possible
interesting results for the doubly triangular system by

employing such analogies between the various cases. In
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&dditi@ng byvtr@ating~th@ d@ably triangul&r-sy@tem alone, We
.may be able to @@termine some @f the magnetle prepertiag

anmqa@ to this sys@&no
METEOD OF TREATMENT

- One @eghniﬁa@ that is extengivsly ugg@4t@‘inv@stiga@g,
the magnetic properties of & specimen ig known as the method |
of mégn@ti@ resonance, in which the specimen ig subjected fo
‘various external magnetic fields, and the effects én the
specimen ane @bservedgt E@ilowing thevmsmai‘theer@ti@al‘teahs
nigues f@r'magnetle r@s@man@e prabl@msg We ad@pt the &ssump@
tions of the Weiss m@l@@ular fl@ld approximation for & mag-
netic system and set up the gemiclegsical equations of mobion
vf@r a sygtem'gf four goupled mégnetic sublattices érxange&
in a &@ably trlanwul&x farrimagne@i@ pattern. IEf @ertaim"
symm@trias ot the mole@alax £ield coefficients are agsumed,
sevaral @@ndltlans @n th@ static magnetizatlons 218 @btaln@do
These, combined W;bh.@§h§r usefnl relationships among the
mglacular field c@éffieientsg make it.PQSSible 0 simylify |
- the equations of m@timn of thg\sysﬁém whgn an éztarnal fiél@jh
consisting of a 1arge gtatic e@mp@n&hﬁ spd & small srbitrer-
ily @xiénﬁ@@ oS@ill&ting component is'imﬁréda@@@a E@ﬂ,@artéiﬁ 1
raties, thaga équa@i@ng reduce exactly to those for o Two

gublattice or a th?@a‘sdblattic@ system,



ORGAVIZATION

In ord@r to faeilitate eamprehemszon.of the detallg '
of th@ doubly tflangular prpblem, & brief diseassxgﬂ of magm,
netie ﬁ@saaan@@ and agseeiat@@ tarm& ig given in.@hanter I,
Thig ig f@llgwe@ by a pr@g@ntat;@a in @h&pt@r IKI of th@
@ssentlal @one@pts @f N@ol“s th@ory @f ferrimagnetism and
Weigs? mplaealax £ield’ aggrezlmatleno These @@ﬂcepts are
illastrate@ gualatativaly by applying them to the sampla
two. antip&rallel sublattie@ gystem.

‘ Wh@n 8 @rlangular &rrangement is introéac@@ int@ a
‘@ggpl@& sygtem¢ the equations @f motion be@gme much mere -
Q@mpii@atgdg but ther@ifficultiés ar@tc@mpanéat@ﬂ by the
digeovery @f e@mpletely néw'and inﬁérestimg effechs, l@h@.
hlghllwhts of th;s system are lmtroduceﬂ and &13@&&%@@ in
~@hapter I¥o o |
» Chapter ¥ is devoted %o tne deteiled d@scfip‘@i@n of
“the &oably txiangmlar f@rrimagnetl@ &yst@mo and the reduction
of this System t9 s;mpler axrangements undey th@ appr@prlat@

k&%%mmpﬁl@n3¢ @hap@@x VI summarngs the stm&yo >



CHAPTER II
MAGNETIC RESONANCE

Any system which possesses an intrinsic magnetic
moment will be subjected to & torque when placed in & mag-
netic field. A simple example of such & system is a bar
magnet suspended in & homogeneous magnetic field. The field
exerts a torque on the magnet, thus tending to align the
magnet with the direction of the applied field. The torgue
is given by the usual expression

Torque = HXH, (2.1)
where # 1s the magnetic moment of the magnet, and H the
applied field. The torque equals the time rate of change of
angular momentum, in the usual language of classical
mechanics.,

In most cases, it is convenient to consider the mag-
netic effects of a specimen in an external field in terms of
its macroscopie porperties, such as the magnetic moment per
unit volume (magnetization), instead of in terms of micro-
gcopic phenomena like electron spin. If we let M denote the
magnetization of a sample subjected to a homogeneous field
E; the equation of motion for the sample becomes.

E: /WXF, (2.2)
£/t

1



where 3'represents the angular momentum per unit volume,
Suppose the sample 1s oriented in such a way that its mag-
netization makes an angle 8 with a constant field in the z
direction, ag illustrated in Fig. 2. The angular momentum
and magnetic moment are necessarily parallel, their ratio
Yy =M/ (2.3)

being known as the gyromagnetic ratio., Substituting this
into (2.2) yields

At

Pig. 2., Precession of a magnetization vector in an
external fleld.

If we agsume a time dependent solution such as

ﬁg'v i , the three component equations of (2.4) become
(twMy = YM;,H
z'wM; = -rMH (2.5)
My = ©

The third equation immediately shows that the z-component of



the magnetization is congtant in time, 3olving the first
two for Mx’ we get
Mx-: Yz/{z/Vl,,/coz .
or, cancelling M,  and solving for <&, we find that
w=rH , (2.,6)
The golution of (2.4) is a steady precessional motion of L
about the direction of H with an angular velocity @ given
by (2.6) and with ¥ remaining at a constant angle 6 with EH,.
The precessional frequency <« 1is called the natural or the
resonance frequency of the specimen,
Suppose that, in addition to a constant field in the
z direction, a small oscillating field hy were applied along
the x axis., Again assuming a time dependent solution of the
form M. ~ e"""t, we find that (2.4) yields new component
equations as follows:
LMy = r/Vl; He,
cwMy = "(Mehz-MrHa), (2.7)
‘W Mg = = )"M}/z;,
If we assume h,, My, and My are all small compared with H,
and M,, then the third equation becomes negligible. As
before, we substitute My from the second equation into the
first and get
My (1 - YR JR) = =P Ml hy e,
Solving for the x-component of the susceptibility, Mx/hx we
get
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X;': ___M_E = MGZHG ) (2.8)

ha ! = (wfw,)?

where k%==YHE denotes the natural or resonance frequency.2
As the frequency & of the oscillating field approaches the
resonance frequency (), the sample will absorb more and more
energy from the field, resulting in its shifting its own
orientation in space. It will then have a different compon-
ent of angular momentum along the z axis, and hence a dif-
ferent energy.

This brief discussion on magnetic resonance and the
two examples presented introduce most of the concepts which

will be required later on., In the next chapter the pertinent
details of ferrimagnetic theory will be discussed.

2Charles Kittel, Introduction to Solid State FPhysics
(John Wiley & Soms, Inc., New Jork, 1959), end ed., p. 220.



 CHAPTER IIT
THE NATURE OF FERRIMAGNETTSH

‘ ;Askintr@%u@@@ in Ghapter I, 8 magnetic materiél.whi@h
posﬁessés a net spontansous magn@ﬁization may fall into one
Cof twa~gan@xa1 clagsess - fexromag ne@ie or ferrlmagnetleo_
Eexr@magn@tgsm»is explained in an elementary way by-assuming
. that the atems of the material h&va e1@@trons.iﬁ various
shells, with each @1@@@&@& possessing a magnetic moment due
to sgino. Inrsome-shellsg th@'eleatf@n gpinsg axe not com=
pletely @aneell@@ ont, resulving in an anoampe nsated magnetic
. moment per at@mo,‘mn@ atams lns@ﬂac@ S0 ag to favorx paraileli
aligoment of théir magnesic momenﬁsg‘even in the absence of
an exbernal field, yielding & spontanepns magnetization f@r5'
the matexiaio ‘ | | N

| EHZEB l@f@m Tﬁjgg‘g B

L N@@l expl&;n@d an antiferramagn@tlc mat@rlal on a:ﬁ -
similex ba$1305 He aggumed ﬁhat certain crystal cgald b@ -
divided int@ @wo identleal lnﬁexp@n@traﬁing sublattlc@so,

The magnetlc atams on @aeh.smblattic@ @riente& themselves xn:

& Q&2a11@1 arﬁangem@n@,tg prg@ag@ a n@t sp@ntanee&a magneti=

f’5q; Sempel Smart, Am, J, Bhys. 23, 356 (1955},

11



| | | | a2
iz%ti@mg>bm@,ﬁh§‘m%gg§tizations éf'tha twe aab;étti@@s W@?@ ‘
‘alwaye sntiparallel to each other, so that the net @aga@@iz&?ff’
ti@nufox the @éyéyal was always‘z@@é‘in,th@'abééng@ of an -
',extarnal fl@l&o | |
The th&z@ class of magn@tl@ m&tew;&l&a the f@rmia'
-magnets W&s alse p@stulata@ by E@@lo & f@rx;magnet is
asaentially the same #s an antif@rr@magn@tg sxeept thatg in
: th@ almpl@st @asag the %WQ lnﬁerpen@tratlng %ublatti@ag are

“'_n@t 1&@n€1@a1 due to difxeren@ kinds @f magneti@ atgmwv'éz

t@ magnetie &t@ms @eeupying dlff@rant p@sitlaas in th@ crya= L

tal Stx&@ﬁaﬁgmg @r b@@ho Ehese @ifﬁ@r@n@@s pr@du@e an -
asymmetfy in the sublatti@@s g0 th@t @h@ ney @p@nt&ﬁ@@us
magnetlzations are n@t aqual? alth@agh @h@y are st111 anbi-
parallalg‘7H§n@@¢ @®mF1@tQ~@%m@@l;ati@nL9f the smblgtti@@“
magn@tizaéigms‘dg@s not generally oéeuxg and there will exist
8 nﬁ@»magn@tizaticnff@r‘th@”mategialﬁ even in,theiébsen@@-df"
an external field, o | : ‘
The th@@ri@s of an@lf@rfamagn@tism and farrimagn@tlsm
axa}bas@&~@nzth@ ex;ﬁtane@ of unigue Sablattlc@s withln a
‘@rystalo :Jnst‘as tme an@igawallai @ublatti@@s Wer@"assuméd
in th@ pr@vlous pazagxaphug one might. p@stulate th@ @zlstm
ence of eny number of an;qu@g lnﬁarpenetratlng sublattic@s
'inﬁg‘erygtalg'imt@ra@timg'With‘@a@h.ot&@m to produce a net
magneﬁizatiana "Sévexal~p@§$ib1e’arrangem@nté of sublattiees‘

- are illmStxat@@.S@h@m&@i@@llywinugiga‘50'
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The triangular arrangement in Fig. 3(d) was first
suggested by Kittel and Yafet in an attempt to explain certain
types of magnetic properties which 4id not appear in Néel's
original theory of ferrimagnetism.4 The details of the tri-

angular ferrimagnetic system will be considered in Chapter IV,

$
!
!

et
!

M. Ma Ml MI ﬁ—ﬂ"; ~M-; M)y
—2
¥ /":‘0 w Jr M=o
() ()
|
f —
YA L\ My
| ]
-5 | 7 !
M\ A,
| - X -
. M ; M
) (e)

Fig. 3. Schematic diagrams of seversal possible subla ttice
arrangements: (&) antiferromagnetic, (b)
ferrimagnetic, (c) doubly antiferromagnetic,
(d) triangular, and (e) doubly triangular.

THE MOLECULAR FIELD APPROXIMATION

It was pointed out in Chapter I that Weiss, in trying
to introduce a mechanism for ferromagnetism, assumed that the
actual fields acting on the magnetic atoms of the specimen

were composed of two parts, H = Hy + ﬁ;, where ﬁ; is the ex-

4y, Yafet and C. Kittel, Phys. Rev. 87, 290 (1952).
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ternal field, and ﬁa an inner "molecular™ field, proportional
to the magnetization. That is, Hy = AM, where A is a co-
efficlent of proportionality called the molecular field co-
efficient and ¥ is the magnetization., liore recently, Neel
and P, W. Anderson revised the original ideas of Weiss and
applied their assumptions to actual magnetic crystals by
using Néel's concept of unique interacting sublattices,?
According to their postulate, the total field acting on a
magnetic atom of the jth lattice should be

Ho= H+Z A, M (3.1)
where Ajc is the molecular field coefficient for the field
of the k'P sublattice acting on the atoms of the jth sub -
lattice, ﬁ& i3 the magnetization of the gt sublattice, and
H 1s the total external field. It can be shown from the
thermodynamical properties of the system, that Ay = A .
The molecular field coefficients are seen to be of two types.
The first type A;; is a measure of the magnitude of the
intra-sublattice interaction, while the second kind, Ajk ’
gives the inter-sublattice effects., Hence, when one sums
over all the sublattices as shown in (3.l), the total mole~
cular field will be due to both inter and intra-sublattice
fields. In order to agree with experiment, it is found that
the molecular fields must be extremely large compared to any

ordinary external field,

5?. W. Anderson, Phys. Rev. 79, 705 (1950).
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THE TWO SUBLATTICE MODEL

To illustrate the ideas introduced thus far in this
chapter, let us consider a simple two sublattice model, as
shown in Fig. 3(b). The total field acting on each sub~
lattice is given by expanding equation (3.1):

-y -

H, = l:{-"f' AII/VII s /?;z/iﬂ—: '

FI:. = -"'T t ’?JIM/ + 2;4/34—; .

Let us aasume E'to be a constant field in the z direction,

(3.2)

It must be mentioned that in such a case as this, we are
neglecting all demagnetizing and anisotropy fields., If (3.2)
is substituted into the equation of motion
S = M x A
one notices that the intra-sublattice fields vanish in the
vector product. All that remains are two coupled equations
mo= v LMK + R,Q/WIX/W.J,
Moo= v LAXH + 2 Ao XM,
If each of these equations 13 divided by its corresponding

(3.3)

gyromagnetic ratio and both equations added together, we get

_";[ _/_\41 + A’I__‘i] = (/VI',+/W_‘)X /‘7) (3.4)
gtL 7 Y

where we have used the relation Aﬂzz-A,,. Equation (3.4) is
very similar to (2.4) for a single sublattice. If we assume
very strong coupling between the two sublattices, we can

treat the system in an approximate manner by writing

AT~ Xy
¢ MXN
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where J'= (ﬁ: /7v) + (f{:/);) is the total angular momentum
and M' = ﬂa.+ E; the total magnetization of the system. Re-
ferring to (2.0), the natural frequency of the strongly
coupled aystem can be written

w= g H
where Yy¢¢ 1is an "effective"gyromagnetic ratio for the
whole system, given by
y

Yege = _M___. = M+ Ma . .
¥ S ald Wm/r) +(M/r.) (3.5)

One might suspect a similar result for more complicated mag-

netic systems. We shall show that this is the case for a
triangular ferrimagnetic system, and from this one might

postulate the existence of an effective gyromagnetic ratio
for any system, although the form it may take might not be
as simple an expression as (3.5). Let us now look at some

of the featureg of the triaﬁgular system.



. CHARTER IV
THE THREE SUBLATTICE TRIANGUIAR SYSTEM

| @he‘g@néﬁai'mé%héa?bf a@pﬁ@a@ﬁ.t@ méénéti@'res@naneg‘
pr@bl@ms sh@ml@ b@ @1@&% fﬁ@m.tne mat@rial intﬁ@dueed in
@hapter II apd fr@m the @X&mpl@ glvan towar& the end gf the
last chapt@r¢ ?WQ,@SS@ﬁﬁial @@n©99$3 which‘mgsﬁ be used im
“@és@ribing f@rzim&gnétié gystems W@$@ 3%@n to be Néel's.
theory of int@rp@n@txating.aablatti@@s and the Weiss molee~
‘ular field &pp?@xamaﬁieno' ﬁe are now in a position where we
ean b?l@fly‘@lSQQSQ the ;mp@rﬁant fea@ar@s of the ﬁrlanmalar'
ferrinagnetic system. Sln@@ the problem of resonance in

$riangular systems hag alr@ady-be@n campletely sglvsagl

. sh&ll present only the highlights of this systen,

, -The sub;att;@@ arxang@ment was described @arliarﬁf
and ig shown schematically in Fig. l(b)g} In this case, let
as‘aséﬁmé én appli@&i@xteznai field eanSisﬁing of & large
censtant component in the z diwection, parallel to gsublattice
1, plms a'small aibitfarilycerienté@ @s@illatiﬂg @Qmpénen®> '
El‘ As bhefore, the tetal. flelds aze glven by &561)9'and the
same symmetry of the moleealar fl@ld @Qefflclents m@nt;on@d
in that paﬁ&gz&ph &1@@ holds h@r@o. In triangular arrangea ; '
ments9 we may take advantage of the fact that in @he gtatie

cage, the subl&ttl@@-magn@tlzatlgnﬂ of. the specimen must be

17
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parallel to the total fields acting on them. If we do this,
when the total external field is zero, we obtain several
8implifying conditions which must hold at all times:

Az = Aus (4.1)
a0+ Doy (M5 +H3) =0 (4.2)
where H; denotea the static spontaneous magnetizations.
Since (4.2) is a vector equation, and since ﬁf’is in the z
direction only, we get the following conditions on the com-
ponents of the static magnetizations:
Ma + %(M.:e*/'”;a) =0, (4.3)

M;lf MJ., = M;} *M;/ = 0;' (4 4)

One must keep in mind that these conditions hold only for the
triangular arrangements.,

The equations of motion for the sublattices under the
influence of the external fields described above take the
usual form

W[t = Ve M XH: (445)
The effect of the external field is to induce a small com-
ponent of magnetization, so that the total sublattice mag-
netization components can be written
/Vl,, = My, M;’ = m, M/; = /Vllo? */”7/: * e,
May
Ms

where M{J are the large static components, m;, are small

)

tl

Mix My, M.v'y = /V/; F %y, Mz = /V/;e Ay +#54,(4.0)

U

[

Myy o1y, /”V /49 My, Mg = Mz # oy + #1354 -

static components induced by the large conatant field ﬁ: and
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mij are small oscillating components. The mfz must be intro-
duced to satisfy the requirement that myy— 0 as h — 0.
Under this restrioction, it is found that the mj, satisfy the
equations '

AramSy + Aaz (m3s + /m;z,> = o,
(4.7)
Az miis + Aas (/""a°e +/”’3°e) =0
Now when (4.6) is substituted into the equations of
motion (4.5), with the conditions (4.1), (4.3), (4.4) and
(4.7) kept in mind, and assuming that myj ~ et o hy , one
gets the complete set of equations for the system. In this
process, the equations are linearized by neglecting all
terms of second order in my ge
This set of equations can be solved for several
special cases. First, if one asswnes that the gyromsagnetic
ratios for sublattices 2 and 3 are eaual, that is, if 3=7;,
it turns out that the results reduce exactly to those for an
antiparallel two sublattice system.b described by an effec-
tive gyromagnetic ratio equal to (3.5).
When Y;¥ Y; , the general solution of the triangular

system yields a more complicated effective gyromagnetic ratio

L o= I ﬂ".,._l__._L{_L.,L_/_ (4.8)
Yagg Rl e Ny R )’

where £ = /]as/ﬁ:.-z = /1.13//1,3. In addition, it is found

that there exist both longitudinsl and transverse oscillating

6&. Eskowitz and R. K. Wangsness, Phys. Rev. 107,
379 (1957).
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magnetization components of the same frequency as the oscil-
lating external field. The longitudinal component is paral-
lel to the z direction, and arises from all three oscillating
components of the field h,, hy, and h,, The transverse com-
ponents lie in the x-y plane, and are also induced by 2ll
three components of the osecillating field. These results are

indicated conveniently in tensor notation

me= Lk 5 vy Ry E. (4.9)

Several important apecial cases may be reviewed,
First, consider the case when h, = 0, so that & = hxi + hyf.
Equation (4.9) reveals that there still exists an induced
oscillating magnetization component in the z direction, a
result that is not intuitively evident at first sight., This
new effect was predicted by R. K. Wangsness,l and the reader
may find a complete discussion of the effect in the litura-
ture.

The gecond case arises when hy = hy = 0, 80 that
'ﬂ = th. Once again, a new effect appears in the production
of oscillating magnetization components both parallel and
perpendicular to the applied oscillating field.7

At this time, these prediections have not yet been

experimentally verified. More experimentation is needed.

e

73. K. Wangsness, Phys. LKev, (in press).



CHAPTER V
THE DOUBLY TRIANGULAR FERRIMAGNETIC SYSTEM

In the previous chapter, some of the salient features
of the triangular ferrimagnetic system have been discussed.
Now we would like to extend the ideas of a triangular system
to an arrangement consisting of two triangular branches,

This arrangement is shown schematically in Fig. 4, where we

denote the two triangular branches as A and B. The magneti-

4'} -
. M. (" Brancy B
H «
M,
e M, -
l‘/ ] Ezhcb A TM

Fig. 4. The doubly trisngular arrangement,

zations of the two sublattices of each branch add vectorially
to give a resultant magnetization for the branch. The net
branch magnetizations are oriented antiparallel to each other,
It must be pointed out that the sublattice magnetizations
depicted in Fig. 4. are not coplanar in general. However,
gince ﬁ; and ﬁ% are antiparallel, they define a plane in
gpace. We chooge i; to be in the positive z direction.

21
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Since resonance phenomena pertaining to this doubly
triangular system are of primary interest, an external field
congisting of a large static component in the z direction
and a small arbitrarily-oriented oscillating component is
applied over the specimen., If we take the molecular fields

th

into account, the field ﬁ’i acting on the 1 sublattice takes

the form ’

He = /7: t JZ /]*'J'MJ'; (5.1)
where ﬁve = E‘.ﬁ + B 1is the total external,field applied across
the specimen, The oscillating field % is very small compared
to H, and each component hy, hy, h, is proportional to e“%,
The second term in (5.l1) represents a sum of Weiss~-type in-
ternal fields arising from sublattice interaction. The A,
are the molecular field coefficients and fj is the magneti-
zation of the jth sublattice. When (5.1) is written, terms
involving both inter and intra-sublattice interactions occur.
It can be shown in general that A, = A;c , but that Aev 7‘/&-/‘
for 1 £ J unless the sublattices i1 and J are identical, whiech
we will assume not to be the ecase.

If we expand (5.1) and rearrange the terms, using
the fact that ﬁ’l + ﬁ"4 = M, and W, + 17&"3 = BTB, we get
Bo= Byt Q=200 + 2,4, # 2y + (0-2,)M, (5.2.8)
IT'/; = He + (’14.1‘ )JJ)/WJ + Aoy My + Ais M, f{’)Q”}-w)’q" o (52.D)
Hy = e+ [)J’J’"'A-IJ)/WS + MM, # )-23/17’; + (A - 1), (5e200)
He + =AWy # Ay Py + Agy My # Qo= A VM, . (50248)

1]

H,
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In the static case, when the external field is zero,

the sublattice magnetizations must be parallel to the total

fields acting on them. Applying this condition to equations
(5.2), and denoting the static magnetization components by

M., we get four conditions on the static components:

/Ly/p’:; t Mg + (/)/.z‘/]a)/{/?-‘: = o, (5+3.a)
/L.,/W; t );3/_14-,; + (),;-ﬂ,y)/‘ﬁ:" = o, (54 34b)
DM+ Qs Mo + Dy - A)M) = 2, (5e3.0)
DYV B N O S I V2 (5.3.4)

These are vector equations., If the x, y, and z components

of (5.3.,a) are separated, we obtain these three conditions:

(Ara=Ay) My = o, (5¢4.8)
(Aia= ;) M3y = o, (5.4.b)
/1,yM; + /)JJM; = 0, (504.0)

Equations (5.4.8) and (5.4.b) immediately indicate that
Au= A« If a similar process is caried out for (5.3.b)
through (5.3.d), it is found that A,= Ay , Ay = A3, and
Ay = Ajy, and that when all are combined we get

A = Ay = Agy = A3, = A, (5.5)
From (5.4.0) and a similar result obtained from the z com-
ponent of (5.,3.b), two simultaneous equations relating the
three remaining independent molecular field coefficients are

obtained:

i
b}

Rlv /V—[; + A /ﬁ:? p) (5.b.3)
/1 /i;’-:; 1+ /),13/{7’; = 0. (S.bob)
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Since any set of n simultaneous linear homogeneous equations
in n unknowns has nontrivial solutions only if the determi-
nant of the coefficients vanishes, a final relationship if

found:
) R P FPa (5.7)
It will be convenient to define
B= Ay = Au/A, (5.8.a)
so that My + BMg = o. (5.84b)

We have previously chosen.il and ﬁ% to be parallel
to the z axis. This being the case, we know immediately that
Mz + My = o, My My = o, (5.9.a)
Mz + Mix =0, My o My = o (5¢9.b)
Equations (5.5), (5.8), and (5.9) will be of great importance
in the remainder of this paper., These relationships were all
extracted from the static cagse, when the external field over
the specimen was zero.
Now let the external field.ﬁ; = Hﬂrfﬂ be applied.
The sublattice equations of motion for the system are of the

usual form
I et = vz M X H: (5.10)

where ), i3 the gyromagnetic ratio of the ith sublattice, ﬂl

is the magnetization of the i*} sublattice, and Hj is the

total field acting on the ith

sublattice, and is given ex-~
plicitly by (5.1). This field causes the sublattice magneti-

zations to be displaced slightly from thelir static equili-
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brium positions, and induces & small component of magneti-
zation in each sublattice. The sublattice magnetizations
can then be written as follows:

My = My +my; C=i039; [=k5 2 (5.11)
Here we have denoted M;J ag the large static components, and
mij = myy + myy, where mj, are very small static components
induced when H # 0, and myy &re the induced oscillating com-
ponents., We have to introduce the small induced static com~
ponents m{j 80 that the induced oscillating components will
g0 to zero as E'-—'O. This is a requirement unique to tri-
angular arrangements, and is necessary to preserve the con-
sistency of equations (5.10) when the small oscillating field
is turned off. We assumeé that all the small oscillating com~

t; that is, they vary as

ponents my4 are proportional to i
the field that induces them.

We are now ready to substitute (5.1) and (5.11l) into
the equations of motion (5.10), and obtain four equations,
one for each sublattice, The first equation, for sublattice
1 becomes

47 ot = A K, = v[Mx (R + K + 4,H, + AM, + AW, # A, )]

= n[Fawl + Fak + AXF, 5 AMAM, + A, MM ] (5,12)
where we have used condition (5.5). This is a vector egqua-
tion, and contains equations for the three components If,,,

Mly’ and My . If we write these out, taking into account
(5.8), (5.9) and (5.11), plus the fact that M%@y@% = dwm,;
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and keeping only first order terms in small quané{es, we
find that they take the form:

(e, [ = /VI,;[// thy # Alm)y v oml )+ Ay lam] ).

-M; [l‘.; + A[Mé hm_,'}) 7 },,/Mé -fmg'} )]7" /mé, H, (5¢13.8)

c'a)/m,; Jr = —Mix [,t/ 1Ay 4+ Almfy 2omly )+ Aoy lonls +m,;)]
*MI;£A;. 4 ’](/’"J,é f””‘;'e) * /‘w/”"/; ff"’v’))) - /”’/; /7/, (5.13.1’)

"“"”74/)7 = M,:[A; # )(M,,}'fm,/;) # ),y//"fy’f/my')]
-—M’}'[4x t ’)/””2; """sz ) + /]/v{/’”/; +/”7y’x)]. (5013.0)

There are nine more equations similar to (5.13), correspond=-
ing to the three components of ii"4, iz, and fi}.

At this point, it is wise to check our system of
equations to see if they comprise a consistent set, so that
& solution would be possible. It is convenient to do this
for a aspecial case by letting h —» 0, so that all the in-
duced oscillating magnetization components myy— O. When
this 1is done, all twelve equations become:

w0 = My [H e Ay by ) # Aoy 1.m,)]
= Mie [ Aoy 0 m5y) # dug Gy 2miy )] # 3 H, - (501400)

/’”’J: o = —M’;lﬂ * )/A"J; f/m;}) * Ay (/”7/’; f/m‘fe>.7
f/w/.i[ﬂ (M); fnv_,}) + /?,,,//m,; 7«/;@;27 — 5 H) (v)

M3 O = M&[A{f"’:}fﬁﬂ&) 1 /)/v[/""}o*/"’f/:)]
- M,][ )(m,; +/v:,;) t Ay //”’/z' F Py )]) (c)
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My : O = Ma (H 1 A(”"re f”"va) * Aas (”"J& */”732)]
/V/a;[/](/"? 7‘/"’:/}) a /))3(/”7.0)7"/”7_;}27* ’"’oy /‘/ (d)

iy 0 = =MG[H + 2lmzrmi) + Azl oy,
*Mfe[_h (f’ﬂliv‘My}) + /)23(’”’2,? +/M3§)’7-‘ i I7, (o)

Mha: O = MJ;{A(/)”/ '//’”4') + Aa (”"-’;"’m.y ).7
‘/”7[/](”’7/;1'0’7”)'* Aaz (””—'l*’"’:z)]) (£)

My: O = Ma, [//*)(””/27"/”’%) * /}.13{/’"337‘/’”39]
’MBe[;)(M/]‘f‘myj)f' ).73(/”7)) -/-M_,vj)] a ’"7.5;/7/ (g)

/”737.' o == M_;; [// 7 R(/’ﬂ/‘éfﬂﬂ;e.) + /?;3(/"730? */’”33)_7
t MG (m2 s m2) + Aas(msstomg)] — mst M, (B)

Mhet © = M.?l[)(/'ﬂ, 'h")qj) + A:g(f"{,}*/”’;})j
‘/’1; [A(m,utm,;) + Aay (% fmv;r)) (1)

My ! O = /V/y [/'/ Lo A[’”’ae 7‘/”73;)'/' /}/7{”"&‘/'/”7??).7
‘/V/Vz[/) {/”’Jj?‘”’?jj) t /)/Y/”"/j '/"”7# ]+/m’ /7/ (J)

/»7,,}: o = -M,,;[/—/ + /){/"7;"3 +m3§) + A (M/a 7 /’”f?)]
Y ALY m32) + A3 fmri’»)] ~ i, (k)

Mya: © = Myx [/) (/»/7"* M}}) # /7/9(””/;7‘»'7,;)]
_/V),',}[ A {’"7); f /’73; ) * ;’/y//”?/;f/}’;y;>7 . (1)

If we add (5.14.a) to (5.14.3) and (5.14.4) to (g),
using once again conditions (5.9), we will get two equations:
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"(/‘4/3 *Mvé)b (/"b;v‘nm;) 1 A/yém,; +/»79;)_7+ (M/; 1‘-/)79}")//: O, (5.15.a)

Mz (/”?V m ) b (s #.m5)]# (ms; tomg /= 0.(5.15.0)

If we add these and rearrange terms, this becomes
(/"7/ tmy )[ A (MIE' t M‘/z)f‘ P [/{'be +/‘43£)7
{”"9 fm,})[/\ (M f/’lye)f Aoy (M + M5% )]7‘ /m,; fM,;/ f/m,} f/mg))H =0,
The first two terms are identically zero because of (5.0).
We are left with the relation
(m7°+/m,,)')= - [M;jfff'ﬂ,f).
If this is substituted back into {(5.15) and the terms re-
arrangad, we get the important result that
(m/;fm,})‘—' 6= - (M;, f/}ﬂ,}’ ). (5.106)
If a similar process is applied to equations (5.14.d), (k),
(e), and (h), we also find that
(g #mp)= 0 == (s t.m,3). (5.17)
These two results, when substituted into equation (5.,14) en-
able us to considerably simplify the twelve equations of
motion, It is immediately apparent that each of the z com-
ponent equations are consistent. By now subtracting (5.14.))
from (a), (g) from (d), (k) from (b), and (h) from (e), we
find that the small static magnetization components must
satisfy the following conditions:
{H /)7,, / 2% )-f)(/"ba*mh)‘l' /\/v (/”’/27‘/’”9?)" (5.18.a)

/ [/7‘ /5'7:;7//‘7;);;)7‘ ,)[/»7/,3 '/'f”’yg)f /?.73//»7:; ?‘/"Ue)- . (5.18.p)

These four conditions must be satisfied in order that a gen-



eral solution to the coupled system exists.,
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In order to focus our attention on the equations of

motion, let us put them in a compact form, using (5.18) and

the following notation:

B¢

@,

Ahay = ¢ 0,34

(5.19.a)

= AMiz (=02,3 9 (b)
= ) /y/;x; = 42 (e)

=AMy (=42 (a)
= Ny M A (o)
= MM 6= Al (£)

C= Moy M €=23 &)
= DgMay T = AazMiy, (h)

The equations of motion are a set of twelve simultaneous

nonhomogeneous equations in twelve unknowns, the mij's.

In

order to save space, the complete get is written below in

matrix notation, with the coefficient matrix given in terms
of (5.19):

-ErH
G
o]

[

-F

(4 E-H -6

F
A
-0a
Ca
()
02
Ca

G

G
£
o)

AX =
= 3 -0
'B/ (@] CI
O/ -C O
Aa Ho-tp =T
'//af/?' AJ Il
Js "rl ﬂa
&) Hs J
HJ o 'Il
-J, 1, o
© By D
‘&/ (@) ~C
-0, c, o

1,
./
-8, o
D, ~C
o Ha
-/1a %
‘.T' - L
A HH
~thth &
/R
O I3
-fy o©
_D, C‘I

- 0/ q E/
C, =& 6]
o G <—F

-y, © i3,
I, -¢g, O
o D.z ‘CJ
Jooo

L, -8y O
A3 ~03 (o8
0, Py G4

’C/ "L';-, fl /94/
o -G ~

(5.20)

_éﬁ

/—
(0]
-0,
Ca
O

Da
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i ’M,}Aé - Mihy T
::’7 ‘/‘/gir/;i t Mirhx
2 Yhy — M hy
_ Ma ¥ =3 3/“3' - Mg.?r{

X May and b4 Mg, & NUEAt
Maz szA; - M-?aj /t;
s Ml - ik,
iy ~Mixha + M5ahz
M2 Mixhy — My he
/»7‘/1 MV; 2+ = /v/y;/
My “Mykhs - Aﬁéﬂé
Usdts L va/y - Mighr J,

If the sublattice gyromagnetic ratios are =all dif-
ferent, the solution of (5.20) entaila the complete solution
of a twelve by twelve system, which is completely beyond the
scope of this paper. This is as far as one can go with the
general problem of the doubly triangular system without
explicitly solving (5.20). However, we can ask whether or
not our equations for this general system will reduce to
those of simpler systems under certain assumptions.

Pirst, let us assume that the gyromagnetic ratios for
both sublattices of the A branch in Fig. 4. are equal, that
is, 77 = Ty « Then, one can add corresponding component equa-
tions (5.13) for these two sublattices. If we define
Myg + Myy = mpgs j=x,y,2, and add the x component equations
together, we will get

‘2‘)”791/)’7 = ”’/’4;[// */)[MJO? 'fM3s)]— /)/‘/lﬂ;(”’Lyf'/”?,?j)‘/”;:? /l;- (5.21)
Similarly, combining the y and z component equations yields
iwmyy Jr; = -mﬁx[/v’*,](/‘44°e+/"1:‘3)]+ N Mgz (15 4my, ) Mg e, 15422)

mys = o. {5.23)
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Thegse three equations and six others for sublattices 2 and 3
reduce exactly to those previously found for the three sub-

lattice triangular ferrimagnetic system.1

Hence, in the
special case when 7»; =7, , the system acts just.like a single
triangular system, with an effective gyromagnetic ratio given
by (4.8).

Next consider the special case when Y = ¥, = ¥; and
%=
one can appropriately combine the corresponding component

= )’b . Then, by letting ﬁ’l + E’4 =EA and IE',Z -+ E} = -HT’B.

equations (5.13) such that the equations of motion reduce
identically to those for & system of two antiparallel sub=-
lattices. This system would behave exactly like a two sub-
lattice gystem having an effective gyromagnetic ratio given
by (3.5),0

We can therefore econclude that the resonance behavior
of the doubly triangular gsyatem 1is the same as that of simp-
ler systems under appropriate conditions, in spite of the
fact that its basic structure is more complex. However,
nothing more specific can be determined unleas the complete

coupled set of equations (5.20) are solved.



CHAPTER VI
DISCUSSION AND SUMMARY

Although the complete solution of the equations of
motion for the doubly triangular ferrimagnetic system waa
not found, several interesting properties of the system were
uncovered in the process of our investigation. First, by
considering the static case, when the total externsl field
over the specimen was zero, we found that several of the
molecular field coefficients had to be equal in order to
satisfy the condition that the sublattice magnetizations be
parallel to the local fields acting on them. This yielded
the result that A, = Ay = Ay, = Ay = A, since Ay =4,
this tells us that the internal field acting on either sub-
lattice of one triangular branch as a result of interaction
with the two sublattices of the other branch will be equal.
Moreover, this field enters into the problem as though it
were an "effective" field produced by a single sublattice
whose magnetization 1s the sum of the two branch sublattices,
It i3 also found that the intra-sublattice fields have no
effect whatever on the resonance properties of the system,
since they vanish in the vector product in the equations of
motion (5.10).

Another interesting result from the static eguilibrium

32
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case 13 the manner in which the three different molecular
field coefficients are related. From equation (5.7) we have
A% = AyAs3. This is & result that is unique to & doubly
triangular system. It alsao reduces the number of independ-
ent molecular field coefficients for the system to two, an
effect which would not be suapected at first glance,

The equilibrium state also reveals that the sum of
the x components and the sum of the y components of the sta-
tic magnetizations of each branch are zero. This result
should have been gqualitatively apparent from the manner in
which the doubly triangular system was set up, for we requir-
ed that the net branch magnetizations be antiparallel to
each other,

When an external field consisting of a large constant
component in the z direction and a small arbitrarily-oriented
oscillating component of circular frequency «w was applied
across the system, two effects occurred. First, the static
sublattice magnetizations were displaced slightly from their
nataral positions. Second, the small oscillating field in-
duced small oscillating magnetization components that varied
directly as the field. Hence, each sublattice magnetization
component became a sum of three terms: Mjy = My + m{j+ mjij4.

A similar situation was found to exist in the single tri-

angular system, 1

The complete set of equations of motion were then
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written out in detail, Using the fact that all the small
induced oscillating components of magnetization had to vanish
as h — 0, we obtained four comditiona (5.18) which simpli-
fied the general equations of motion. Thus, the set of
twelve linear nonhomogeneous equations of motion in twelve
unknowns (the oscillating components of magnetization) were
reduced to their final form. The complete solution of the
system requires the solution of these twelve simultaneous
equations, a problem much beyond the scope of this paper,

It might be remarked that it would be possible to
reduce the set of twelve equations to a set of six equations
in six unknowns by eliminating, say, all the myg from the x
and z component equationa, and by combining the z component

equations to get

Mg = — Mlyg . Maag = — Pz,
%5

However, the set is still so unwieldly that it cannot be
solved very easily. Therefore, & complete solution to the
doubly triangular system was not attempted., Rather, it was
shown that our equations can be reduced exactly to those for
a three sublattice triangular system and a two antiparallel
sublattice system under the appropriate conditiongs.

Ye aould not calculate the resonance fregquency, the

components of the susceptibility tensor, or an effective
gyromagnetic ratio without explicitly solving the equations

of motion., However, we can discuss some interesting phenom-
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ena on & qualitative basis. Fig. 5. shows schematically
what happens to the system in the presence of the small os-
cillating field. The individual sublattice magnetizations
are set into forced precession about their static equilibrium

positions. Each sublattice will possess an oscillating com-

o

x

Pig. 5. Origin of oscillating magnetization components.

ponent in the z direction plus a component in the x-y plane.
This should occur regardless of the orientation of h, even
in the special ocases when h lies along the z axis or in the
transverge x-y plane, Under these circumstances, one might
expect all the components of the susceptibility tensor to be
different from zero, although the exact values cannot be
known without the complete solution of the equations of
motion,.

FPinally, it might be mentioned that there is as yet

no conclusive experimental evidence for the existence of

doubly triangular ferrimagnetic orystals. However, with the
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