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INfRQBUCTION
Until about ten years ago5 communication fey radio 

signals in the 50=5000 megacycle frequency range was 
generally thought to be limited to distances within and 
just slightly beyond the horizon0 After the establish
ment of commercial television in the United States on a 
wide spread basis it was discovered that unexpectedly 

_ strong interference was. sometimes .experienced with stations 
on the same channel5 perhaps 200 miles aparto Further 
investigation showed that usable signals were present at 
all times at distances up to about 600 miles0 The signalss 
howeverp were characterized by severe rapid fading® The 
rapid fading suggested some sort of scattering mechanism®
The first reasonably accurate mathematical development of
the phenomenon was made by Booker and Gordon® Booker and
. . : :: ■ : ■ - "■ ' ■ ■ ■ 3 - ■ Gordon base their development on work done by Bekeris on
the scattering of sound in a turbulent fluid®

1h ® Sfcaras s "Tropospheric Scatter Propagation ** A 
Snmmary of Recent Progress^,sf R.OoAo Review# Vol® XBC# No® 15 
March# 1958# p® 3 : ; , . ,

' %® G® Booker and ¥® B® Gordon# "A Theory of Radio 
Scattering in the Troposphere#" Proc® I®R®B®# Vol® 38#
April# 1950# p» 401

% D I,® Pekeris# "Note on the Scattering of Radiation 
in an Inhomogeneous Medium#" Phys® Rev®# Vol® 71# February# 
1947# P= 268



Bihoffiogeneities in' toe atmosphere are believed to. be 
toe basic mechanism causing the scattering9 Hie Inhomo- 
geneities are produced and supported by turbulent motion* 
!hy the turbulent motion exists is not clearly understood6 
For the Booker-Gordon model the important consequence of 
the inhomogeneities is an instantaneously fluctuating 
permittivity that is a function of location in the atmo
sphere* .. . .. . " . ' ' ' ' .

Although several improvements have been made in the 
original Booker-Gordon theory^ the approach to the problem 
has remained essentially the same* It has therefore been 
felt worthwhile to develop the theory in detail from the 
beginning and to extend it as stated in Section 1*1«



; -v'V: : ' . c h a p t e r  I  '\  : : ,
1.1 SmTEmNT Of' THE PROBLEM , / :
■ ' - ' • . ' ' \ .' ’ ■ -' O$he Booker-Gordon theory 2 of radio seattering in 
the troposphere is presented in the Proceedings off the 
Institute of Radio Engineers In rather brief form. Although 
many improvements have been made in the theorys the basic 
development remains the same» For the purpose of becoming 
' very familiar with the. .techniques in the' approach to the ■'
problem and to be able to critically analyze the assump
tions made in the development$ Chapters 2 and 3 present in 
great detail the development of the theory as Booker and 
Gordon present it. Chapters 4 and 5 extend the theory to 
enable Its application to elevated horizon angles at the 
transmitter and receiver^ and; to narrow beam antennas .'
1.2 ' GEHERAh APPROACH. . ’I.' . . ; .. •

It is necessary to determine the loss In power en
countered between a transmitter and a receiver when the 
transmission is by means of tropospheric scatter propagation. 
The scattered power of Importance is in the common volume, 
i.e. the volume '’visible" by both; the transmitter and

Ĥ. G. Booker;and W» E. Gordon,-"A Theory of Radio
Scattering in the Troposphere^ nProcs I.R.E. Vol. 58» •
April, 1950  ̂pp. 401-412

2W.. E. Gordon, "Radio Scattering in the Troposphere," 
Proc'fl I.R.E., Vo 1 43, January, 1955, pp. 23-25 .



recelverv A scafcteplng coefficient^ defined as the 
scattered power measured per unit solid anglej, per unit 
incident power density# and per unit macroscopic element 
of volumes Is developed" first a The ratio of the power 
received to the power transmitted,, f/fos Is developed/ 
from the scattering coefficient„ The negative of this
ratio expressed In decibels is called the basic propaga
tion loSBs BPLo .

To express the total loss as the sum' of the losses
In decibels attributable to individual factors it will 
be necessary to develop for each additional loss multi
plicative factors which modify the power ratio# P/Pos 
Two such factors are developed and the resulting losses 
are called",the elevated angle loss#- SAL# and. the antenna- 
to-medium coupling lossa AEL0

Frequently in the following development if is 
necessary to use the earth’s radius* Refraction of electro
magnetic waves in the atmosphere# caused by the decrease 
in' permittivity as the, height above the surface of the 
earth is increased# is taken into account by using an 
effective earth’s radius# a# which is usually taken as 
4/3 the actual earth’s radius0 (A value commonly used 
for a is #280 miles*).



Chapter 2

THE SCATTERING COEFFICIENT

2.1 AUTOCORRELATION
This autocorrelation analysis of radio scattering^

ofollows the work done by Pekeris in connection with the 
scattering of sound. The method of analysis describes 
the fluctuations in the dielectric constant in terms of 
an autocorrelation function, thus reducing the complexity 
of the mathematics. Then from statistical considerations 
a form is assumed for the autocorrelation function which 
simplifies the mathematics further. The final result 
of this section is to obtain an expression for a scattering 
coefficient, e" , which is defined as the scattered power 
measured per unit solid angle, per unit incident power 
density, and per unit macroscopic element of volume.

Let ( be the average permittivity in a particular 
region of interest in the atmosphere. Let (A 6 ) be the 
departure of the permittivity from the average at a point 
P, and let (A €)' be the departure from the average at the

1H. G. Booker and W. E. Gordon, "Theory of Radio 
Scattering in the Troposphere," Proc. I.R.E., Vol 38, 
January, 1950, pp. 403-405

^c. L. Pekeris, "Note on Scattering in an Inhomo- 
geneous Medium," The Physical Review, Vol. 71, February 15, 
1947, P. 268



neighboring point P1. ( A O  will not be completely 
correlated with (AO'; that la, if ( A O #is known at all 
times ( A O  will not be completely predictable unless P 
coincides with P1. As the distance between P and P‘ 
increases, the predictability decreases until eventually 
no prediction can be made. (These predictions would 
probably be made from a knowledge of the conditional 
probability distribution of (AO and (AO 1) • A measure 
of the correlation or predictability is given by the normal
ized space autocorrelation function, p.

The terra in the denominator is equivalent to the volume 
times the mean square departure of the dielectric constant

Generally the statistics describing A£ are a function 
of location within the volume and the autocorrelation 
function will be a function of the location of P and P*. 
Assuming that the statistics describing the variations of 
( )  are identical to those describing the variations of 
(AC )1 (that is, the statistics are not a function of 
location within the volume) the autocorrelation function 
will depend only upon the vector distance between P and P 1.

/ v J ^ n v (2.1)

from the average, (A€).
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In cartesian coordinates this may be written:

At this point, Booker and Gordon make the assumption 
that the turbulence of concern in this scattering problem 
is isotropic in nature. The turbulence will be called 
isotropic^ if the average value of any function of the 
velocities of the particles in turbulent motion is 
independent of the directions of the velocities. There 
is a definite tendency for the velocities of particles in 
turbulent motion to be isotropic. This tendency has been 
observed in the atmosphere, though as the height above the 
ground is decreased the vertical components of the velo
cities of the particles become smaller than the horizontal 
ones. With the assumption of isotropy, the autocorrelation 
function is no longer a function of the orientation but 
is dependent only upon the magnitude of r, where r = pp1, 
i.e., the scalar distance between P and P1. There is 
considerable doubt as to the validity of this assumption 
for the heights above the earth that are important to

otropospheric scattering. Harold Staras has extended the

^G. I. Taylor, ’’Statistical Theory of Turbulence”, 
Proceedings of the Roval Society of London. A151, 1935, P. 430

2h . Staras, "Forward Scattering of Radio Waves by 
Anisotropic Turbulence.” Proc. I.R.E., Vol. 43, October,
1955, PP. 1374-1380
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theory to an anisotropic turbulence. If the degree of 
isotropy is a function of the height above the surface 
of the earth, there may be considerable variation in prac
tice, since the height of the scattering volume above the 
earth may vary greatly from circuit to circuit.

Both the work of Pekeris and the work of Booker and 
Gordon assume a mathematically simple form for the auto
correlation function. This form is the exponential given 
in equation (2.3).

jt is a measure of the size of the turbulence and is

the radius of the structure of atmospheric turbulence 
(spherical in this case). The structure of turbulence 
that is believed to be the cause of scattering is some
times called a blob. The form of the autocorrelation 
function is controversial, and many other forms have been 
assumed.

A. D. Wheelon^ uses a modified exponential correlation 
function with the following form.

(D (r) = e - r / l
(2.3)

called the scale of turbulence. X may be thought of as

(̂V) a (2.4)

1A. D. Wheelon, "Note on Scatter Propagation with a 
Modified Exponential Correlation." Proc. Vol. 43,
October, 1955, PP. 1381-1383
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jlo Is the scale of turbulence associated with the large 
scale turbulence of the atmosphere, and jts is associated
with the smallest "blob" size in the fine structure of 
the atmosphere.

2.2 POLARIZATION AND RERADIATION
In general, for omnidirectional transmitting and 

receiving antennas, we would be concerned with essentially 
the total volume above the horizons seen by the transmit
ting and receiving antennas. In most practical situations, 
however, both the receiving and transmitting antennas are 
highly directional, and we are concerned only with the 
intersection of their beams. This volume will be called 
the scattering volume.

For lack of detailed information it is assumed that 
the scale of turbulence and other such quantities are

Harold Staras* uses the Gaussian form of correlation
function:

(2.5)
and the generalized Cauchy form:

(2.6)

^H. Staras, "Scattering of Electromagnetic Energy in 
a Randomly Inhomogeneous Atmosphere," Jour. Appl. Phys., 
Vol. 23, October 1952, pp. 1152-1156
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uniform throughout the scattering volume. Generally 
this is not true; however, instead of making this 
assumption, the scattering volume could have been broken 
up into smaller volumes (large in comparison with the 
scale of turbulence) where it could be assumed that the 
scale of turbulence and other such quantities were constant 
throughout that volume. David Paul* develops the scatter
ing coefficient assuming ellipsoidally shaped blobs 
(anisotropic turbulence) and a Gaussian distribution of 
blob sizes.

Consider scattering from an elemental volume, dV, 
in Figure 2.1.

(earth's curvature exaggerated)
Transmitter Receiver

Figure 2.1

^D. I. Paul, "Scattering of Electromagnetic Waves in 
Beyond-the-Horizon Radio Transmission," I.R.E. Transactions, 
Vol. AP-6, Number 1, January, 1958, pp. 61-65



11
dV is an elemental volume at the point P in the 
scattering volume. Let Rq be the distance from the 
transmitter to the point P and R the distance from the 
receiver to point P.

The electric field at point P due to the transmitter 
will be

We have assumed that Rq is very large compared to a 
wavelength so that point P is in the far field of the 
transmitter (E0 is proportional to 1/Rq). cu is the 
angular frequency, 2 it f, and k is the propagation con
stant, tu/v > where v is the velocity of electromagnetic 
energy in the medium of concern. A line over a symbol 
is used to indicate a vector. The absence of the line 
indicates the absolute magnitude of the quantity represent 
ed by the symbol.

Now assuming that the linear dimensions of the scat
tering volume are much smaller than either R0 or R, the 
magnitude of the field, Eq, will be assumed constant 
throughout the volume. The phase dependence of the field 
will necessarily be retained.

l-E. R. Peck, Electricity and Magnetism, McGraw- 
Hill Book Co., Inc., 1953, pp. 449

(2.7)
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We will assume further that negligible signals will 

be received at the receiver from multiple scattering 
compared with the signals received from single scattering.
A comparison of the relative signal strengths received 
from single and multiple scattering would be very 
desirable; however, techniques for handling the problem 
of multiple scattering have not yet been adequately 
developed.

The electric polarization vector, P, may be written:* 

P= ifJV (2.8)
where dp is the differential dipole moment in a differential 
volume, dV. The polarization may also be written in terms 
of the electric field intensity.

P = (2.9)
where is the permittivity of the medium at point P,
and 6. is the permittivity of free space. It should be
noted that is a function of time. Using equation (2.7), 
equation (2.8), and equation (2.9) the differential dipole 
moment in a volume, dV, is

*

dp — E 0(£P- £ 0) olV (2.10)

^E. R. Peck, Electricity and Magnetism, McGraw- 
HL11 Book Co., Inc., 1953, pp. 65, 8b
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From the differential dipole moment the E-field at the 
receiver may be determined. Booker and Gordon use a 
polarization (Hertzian) potential for this development.
The development could have as well been made using the 
vector potential, A. The latter approach will be used.
The main development is done in books on electromagnetic 
theory and only the results will be presented herel. The 
differential contribution to the E-field at the receiver 
due to a differential volume in the scattering volume is 
(taking only the far field component):

r i  f  « £><*»* ^ot-ke.-ki?) (2.11)
\ t 7 e ^

X is the angle between the direction of the E-field in the 
scattering volume at point P and the direction from the 
point P to the receiver. ( is the average permittivity 
throughout the volume under consideration, and

4  = f (2.12)
is the instantaneous permittivity at the point P. ££ 
represents the deviation of the permittivity from the 
average and may be positive, negative, or zero at any 
particular point. The electric field, equation (2.11), 
may be broken into two parts, one in which the permittivity

1e . C. Jordan, Electromagnetic Waves and Radiating 
Systems, Prentice-Hall, Inc.,1$50, PP. 305
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Is a constant throughout the medium, and another part 
which contains the deviations in the permittivity. All 
the differential contributions received at the receiver 
are assumed to be in the same direction so that the 
integration is scalar.

Consider first the electric field re-radiated in a 
medium where the dielectric is homogeneous throughout 
the medium.

(2.13)
The total electric field at the receiver is given by 
equation (2.13) integrated over the scattering volume.
R for magnitude purposes may be thought of as constant 
throughout the volume. The resulting E-field at the 
receiver due to the polarization of a homogeneous medium 
may be written as:

E - <2 -u >

Strictly speaking sin X should have remained under the 
integral sign; however, for a horizontally polarized wave 
sin X is always one, and for the volume under consider
ation if vertical polarization is used, sin X will be 
very nearly one over the integration. The volume under
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consideration may be thought of consisting of a very 
large number of "cells" all of equal volume, AV. The 
phase at the receiver associated with the n-th cell is

= - (fin. This makes the summation zero or very nearly 
zero, and equation (2.15) becomes zero.

The remaining term from equation (2.11) is due to the 
perturbations in the dielectric constant as a function of 
position in the scattering volume.

Defining Y as the characteristic admittance of the 
atmosphere, the magnitude of the magnetic field intensity, 
H, may be written in terms of the electric field intensity.

-(kRo + kR)n and will be designated (fin. We may now write:

It may be argued that for every particular phase <$n, 
there may be found some other phase cfm such that (fim

(2.15)

(2.16)

and recalling that K =

(2.17)

H = Y E

(2.18)



At the receiver the average complex power density due to 
the scattering in the volume V is > the time averaged 
Poynting vector.

The product of two integrals in equation (2.20) may be 
combined into a double integral of the product if the 
notation is adjusted (primes added in this case) so as to 
maintain the independence of the integrations.

The primed parameters may be thought of as referring to a 
differential volume dV1 at point P '. It is important to 
understand the assumptions made and the model used so 
that equation (2.21) may be reduced further. To do this 
we may write the functional dependence of the various 
parameters involved. This may be done in cartesian

(2.19)

where:
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coordinates.

(2.23)

(2.22)

(R«- R.') =  f, @ » W  

(  R -  R )  =  -fj f <a(; (2.25)

(2.24)

(x*, y 1, z ’) are coordinates of point P 1 with respect

distances respectively, measured with respect to an origin 
at point P*. The first integration (with respect to dV) 
is a volume integration over a volume with linear 
dimensions large compared with the scale of turbulence 
so that a good representation of the product is obtained, 
and since the scale of turbulence is small compared with 
the scattering volume, the phase terms, (Rq - Rq1) and 
(r - R ‘), are a function of only ( of, @ ) and not
(x1, y 1, z 1) within that volume. This volume is the 
macroscopic element of volume that will be set to unity to 
obtain the scattering coefficient, Note also from
equation (2.23) that the integrated product of (A € / £ ) 
and ( A  (/£ )1 will retain a functional dependence upon 
(e(, ^ , Y), i.e. the distance between P and P 1 and the

to the origin, 0. o< , (3, and V  are x, y, and z
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orientation of P with respect to P1. We may now rewrite 
equation (2.21)

1 ~ L i  { 2 - 26)

Equation (2.26) may be reduced to a simpler form by using 
the autocorrelation function of equation (2.2).

1 ‘ (2.27)

The apparent simplification is strictly speaking only 
apparent since the true value of ^ may only be determined 
by making the integration; however, in pratice a form is 
assumed for ^ from statistical considerations. The form 
to be assumed for p is given in equation (2.3).

The real part of (n) , equation (2.19), is the actual 
average power density at the receiver. The power scattered 
toward the receiver per unit solid angle is given by
times the real part of (n). In equation (2.19), Y*E§/2
is the power density received at the scattering volume from 
the transmitter, assuming that Y has been taken to be the 
mean characteristic admittance of the atmosphere, so that 
the same value is used for the scattering volume and the 
receiver. Recalling that it was desired to find e7, the 
scattered power per unit solid angle, per unit incident 
power density and per unit macroscopic element of volume.
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we may now write:

r I ( K ' s m X Y  ?
^  R e l v /

_ ( k ' s i n X ) *  p  f r? (2.28)

Using equation (2,27) we may rewrite equation (2.28),

^  ICj e*p{-tk(*°-R‘+«-eprf (2-29)
2.3 GEOMETRICAL CONSIDERATIONS AND INTEGRATION

The integration of equation (2.29) may be carried 
out after a coordinate transformation and the assumption 
of a form for ^ . The new origin is at point P*, and the 
9 = 0  axis (the z axis) is in the direction from the 
transmitter to point P*. Figure 2.2 shows the spherical 
polar coordinate system used.

The coordinates (o<, @ , Y )  and {?,&,<$) are the 
cartesian and spherical polar coordinates of the point P. 
"f, *$, and "6 are unit vectors associated with**, and 
y  respectively. (R',G ̂ ̂ ) are the coordinates of the 
receiver with respect to the new origin.
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rec e iv e r

p y)

P (0,0,0)
*

o< = h- f̂rt 0 cos <j0 
^ = h* 51*̂ 0 SihcP 
tf = h cof 0

ĥ4n$mitteh
Figure 2.2

R - R» - -r • R
« -r (sin ©  oos^t 4- sin © sin ̂ J  4- cos © k)
• (sin 9  cos $ i 4* sinG sin <$> J + cos 6> 'k)

* ~r [sin (9 cos (jP s in© cos $  + sin© 3ln(p sin© sln$
+ COS €) 003 b]

r « (2.30)« -r L cos 6  cos 0  4- s i n ©  sin© cos (<jP-$ )J
also note that

R 0 - R 0 = r cos © (2.31)
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Now we may write:

Rq - + R-R' (2.32)
= r [ cos 9(1 - cos©) - sin©sin0 cos ($-§)

Using the following trigonometric identities:
(1 - cos©) = 2 sln^ (2.33)
sin Q m 2 sin-̂ * c o s (2.34)

equation (2.32) may be written:
(Ro - Rq ) (R - R ’) = 2r sinjj^cos 0 sin ̂

- cos ® sin G cos
- 2r sln^ [cos S cos i(&-rr) 
-#-sin O sin £(@-fr) cos(<fi-$)]

(2.35)
The angles involved in the bracketed term may be seen in 
Figure 2.3 to receiver

T to t ra n jm ifte

Figure 2.3
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The law of cosines In spherical trigonometry* may be 
written for the cosine of the angle, IK , between the 
vectors with directions > $) and ( G , ).vectors with directions
cos IK = cos B cos ^(0 - -H sin B sin ^(©-rr) cos (<$- $ )

Using equation (2*36), equation (2*35) may be written:

The expression obtained in equation (2.37) and the 
differential volume dV =* r2 drd^L may be substituted into 
equation (2.29). d-n. is a differential element of solid 
angle.

It has been assumed that the turbulence is isotropic so 
that  ̂ is a function of r only. The integration on r 
may be taken from 0 to infinity since as r—*<*>, f -»0, and 
the scale of turbulence is very small compared with the 
linear dimensions of the volume.

Consider the angular portion of the integral in 
equation (2.38) and the geometry shown in the Figure 2.3. 
Since ^  is the angle between vectors in the directions

as a dot product between two vectors, k 1 and r, where k 1

(2.36)

(Rq - Rq ') + (R - R') = 2r sinf cosY' (2.37)

and ( 8 , ), the exponent may be thought of

Reference Data for Radio Engineers, (4th Edition), 
International Telephone and Telegraph Corporation, New 
York, 1956, p. 1045
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is given by equation (2.39)•

k' - 2k sth J0.
x (2.39)

is constant in the integration. The polar axis may 
now be shifted (since the integration is over all angles) 
so that the direction is the new polar axis.
The angle if now corresponds to the standard polar spherical 
coordinate angle of O  . The angular portion of the integral 
has been simplified considerably and can now be integrated 
as follows:

^  € x p s/n S. h cos1/ ^  J j l

d iVecb'oH t
si'hV'cf 'tdcf (2.40)

4 IT s in (k’t-) 
kV

Equation (2.38) may now be written:^

^  jj^l tm fk ' r ) h jhj (2.41)

If the exponential autocorrelation function of equation
o(2.3) is used, we have:

1Booker and Gordon introduce an imaginary term at 
this point resulting in an exponential which simplifies 
the next Integration. This is justified since only the 
real part of the result will be used.

^d . Bierens De Haan, Nouvelles Tables D 1Integrales 
Definies, G. E. Stechert OCT., New York, 1939> P* 5^4
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* - Lk' ™ A ' ( * e y  (~e-r/ss,»(^)r<i<"4irk \€ / Jo

_ (k*sinx) & (&G/e) (2.42)
+ ̂ 2kt sin J

Replacing k by 2 IT / 2 where A is the mean value of the 
wavelength in the medium, the final expression for the 
scattering coefficient is obtained.

gJ _= (AG/G) (̂ irJl/A) s'mXX Zp

> [ ' * ( ¥  > " f ) T
The following section uses the scattering coefficient 

to develop a basic propagation loss for a scatter circuit.



Chapter 3

THE BASIC PROPAGATION LOSS

This section uses the expression for the scattering
coefficient developed in the previous section to derive
a basic scatter propagation loss.^ The scattered power

2will be found relative to the free space power, PFS, 
associated with the distance, d, between the transmitter 
and receiver,

(3.1)
P0 is the transmitted power, G^ is the gain of the trans
mitting antenna relative to the gain of an isotropic 
antenna, and Ar is the effective area of the receiving 
antenna. Equation (3.1) may appear in several forms; 
frequently the effective aperature of an antenna. A, is 
replaced by X&hit where G is the power gain of the antenna, 

6-* , as defined in the previous section, is the 
scattered power measured per unit solid angle, per unit

1#. E. Gordon, ’’Radio Scattering in the Troposphere, ” 
Proc. I.R.E., Vol. 43, January, 1955> PP. 23-25

2K. Bullington, "Radio Propagation Fundamentals,"
The Bell System Technical Journal, May, 1957> P. 594
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incident power density, and per unit macroscopic element 
of volume. The incident power density at the volume is

to the volume. The solid angle subtended by the receiver

receiver. The received power P is given by equation (3.2).

A constant, K, may be introduced to account for the presence 
of the earth. K will be one for a very rough or non
reflecting earth and may be as large as four for a 
perfectly reflecting earth. Using equation (3.1) the 
power ratio may be written.

d is the great circle distance between the transmitter and 
receiver. From the previous section equation (2.43) may 
be written for reference.

where 0 is the angle between the direction from the trans
mitter to the scattering volume and the direction from the

PoGrt/̂ JnR* where Rq is the distance from the transmitter

is Ar/R^, where R is the distance from the volume to the

(3.2)

(3.3)
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scattering volume to the receiver.
3.1 COMMON VOLUME GEOMETRY

We must now place some limits on the volume of 
integration. 0o is the angle 0 evaluated at its small
est value.

A plane perpendicular to the earth at the transmitter and 
a plane perpendicular to the earth at the receiver inter
sect each other in the angle do. The edges of these 
planes are shown in Figure 3.1.

L ---

/

(earth's curvature exaggerated)
aFigure 3.1

Along the line of intersection of these two planes there 
may be defined a length, w, which will be thought of as
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the width of the scattering volume. To simplify the 
integration w will be considered independent of height.
The length w/2 will be defined as the length, along the 
intersection of the planes, from the center of the 
scattering volume to a point where the angle 0 becomes G,. 
0, is the angle where the scattering coefficient becomes 
1/2 and is defined by equation (3.6)

& 0 =
This may be seen more readily in Figure 3.2.

(3.6)

x
Figure 3.2

Using the small angle approximation for the tangent of 
the angle the following equality may be written.

4:)' (3.7)



Using equation (3.6) and equation (3.7) the width of the 
volume becomes:

w

^  0.3122. cL__ (3.8)
<2

From Figure 3.1, the length L of a strip of the 
scattering volume as a function of height may be written, 
making the small angle approximation for the tangent and 
using equation (3.5):

-2 A
r-2H /Oo I

(3.9)
a

Hie differential volume, dV, is:
J l /  -  (^0 .322  oil.

(3.10)= i.ie-ihoi oti,

Since the contribution to the power ratio, equation (3.3), 
decreases rapidly with height because of the denominator 
terms of e-' , equation (3.4), the following approximation 
may be made.

Ro = = <V"2 (3.11)

Equation (3.3) may now be written:



3.2 SIMPLIFICATION AND INTEGRATION
An assumption may now be made which simplifies the 

scattering coefficient, equation (3.4). To maintain the 
notation of Booker and Gordon, a new parameter, s, will 
be defined.

s ~ 2 itA (3.13)
Using equation (3.13), the small angle approximation for 
the sine, and the inequality:

I S‘h (3.14)

equation (3.4) reduced to:

(3.15)j 8"
The term sin2X has been set to unity since X is very 
nearly 90° in the region where the scattering coefficient 
is significant. This is true for either polarization. 
Experimental values of the parameters in the scattering 
coefficient justify inequality (3.14). s is in the order 
of 400 meters, generally A is less than a meter, and the 
minimum value of sin (6/2) is in the order of 0.01 for 
a 100 mile path length.

The terms in equation (3.15) may now be investigated 
more thoroughly. It will be assumed that s is a constant.
and (A€-/e)1 has inverse square dependence upon the height 
above the surface of the earth, therefore:
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hQ is the height of the bottom of the scattering volume 
above the earth. The National Bureau of Standards1
indicates that (A&/6)* is independent of height up to 
2,250 feet, and then decreases inversely proportional to 
the height squared. h0. Figure 3.1, is given approximately 
by the following formula.

^  ^ "A- (3.17)
The remaining term in equation (3.15) is 0 . From 
Figure 3.1 an approximate value for 0 as a function of 
h is:

6 = d-(w
* (3.18)

The scattering coefficient, equation (3.15), as a function
of h may now be written as:

, _  _____________
^ (3a9)

Using equation (3.19), the scattered power relative 
to the free space power equation (3.12) becomes:

_f. = 24-6 j r - j ,  xpF« J„ (h+k.wu+jk.y (3.20)

1K. A. Norton, P. L. Rice, and L. E. Vogler, "The 
Use of Angular Distance in Estimating Transmission Loss and 
Fading Range for Propagation through a Turbulent Atmosphere 
over Irregular Terrain," Proc. I.R.E, Vol. 43, October, 1955, 
P. 1497.
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The integration of equation (3*20) may be obtained 

through a partial fraction expansion of the integrand.
This expansion appears in equation (3.21) where h, is 
substituted for h -Kh0.

_EL _ lot Kd3 f~rs  T  i
p-« isf’t Jh. [ O .  hM.+i..) ~ kjl,.*

___________i_________ 2 1 , , <3-21’

The result of the integration is given by the following 
equation:

.6 kc d! f~ M ^ _̂______3______

.«5’6s lie III +
( 3*22)

After evaluating at the limits and using the value of ho 
from equation (3.17), equation (3.22) becomes:

(3.23)

Equation (3.23) gives the scattered power received relative 
to the free space power that would be received for a circuit 
of the same length. The ratio of the power received to the 
power transmitted may be found from equation (3.1) and



equation (3.23)•

i  - &  ̂
_  (3.24)

w - ,  j ~  e , £ r

Equation (3.24) provides a convenient method for determin
ing the basic scatter propagation loss in decibels.

(3.25)
+ H>loU (Ct) +10 U3" (t,¥)

where the basic scatter propagation loss (BPL)is:

BPL = - /o [l %o ( S d f j t y r ) ]  (3.26)

The value for c, s, and K may be determined from experimental
data. The order of magnitude of each is as follows:

c = 6x10 (meters)2 
s = 400 (meters) (3.27)
K = 1

Figure 3.3 gives the basic propagation loss relative to the
free space loss as a function of distance.

^W. E. Gordon, HRadio Scattering in the Troposphere,11 
Proc. I.R.E., January, 1955, P.22



BPL - (db)

a = 5280 miles 
c = 6x10"* meters2 
K = 1
s — 400 meters

40

PSL

BPL = -10 log,VO. 153a" cKl"I S ir2(lj

PSL = -10 log
100

110
100 150 200 

d (miles)
300 500 700

The Basic Propagation Loss Minus the Pree Space Loss 
as a function of Distance

Figure 3*3
U)-Pr



The basic propagation loss was developed assuming 
zero horizon angle® The next section will deal with 
the loss due to elevated horizon angles at each end of 
the circuit® "•



Chapter 4

THE ELEVATED ANGLE LOSS

The elevated angle loss is the loss that may be 
attributed to horizon angles other than zero at the 
transmitter and receiver. The development of this 
loss will follow directly from the proceeding chapter.
It is desirable to have the total loss in decibels 
expressed as the sum of the losses attributable to 
individual causes. To obtain this form for the elevated 
angle loss, EAL, it will be necessary to integrate 
equation (3.3) over the new volume (this will be the 
power received with the horizon angles other than zero) 
and divide the result by the basic propagation loss, 
equation (3.23). This ratio will be called the elevated 
angle factor, Pg, and is given in equation (4,1), (The 
elevated angle loss is the negative of the elevated angle 
factor expressed in decibels.)

The differential volume, dV, has changed slightly since 
the length and width of the volume will now be a function 
of the horizon angles at the transmitter and receiver.



Using Figure 4.1 and the same procedure that was used 
in the previous chapter, the width, w, and the length, 
are given approximately by the following equations.

Figure 4.1

* = 0.322. d (Go + Gr + Oi.) (4.2)

— 4 (h k )
Ot) (4.3)

Using these equations, the new differential volume is 
given by equation (4.4)

d( V — I.IKK d  fy — Ah) dk (4.4)



38
With this change in the expression for the differential 
volume and the new lower limit, equation (3.20), equation
(3.23) and equation (4.1) yield equation (4.5).

Fe __ 20 . (> d f  (h  cjk
~ 2S(> (2.4S) (̂ 'S)

It has been assumed that the scattering volume lies with 
its center half way between the transmitter and receiver. 
This is justified since the height of the bottom of the 
scattering volume remains approximately the same for 
asymetrical circuits. Again the substitution of h, for 
h-t-h0 may be made if the limits are changed to correspond,

Utilizing the integration in the previous chapter, from 
equation (3.22) we may write:

r _ l o . i r r j — 1 1 ( 3
J2SC 3* L f!>,•#• Ii.) t>2 h,

" i o b r r  < 4 ' 7 >

r 00
_ _  j Ah Ahx

The integration of the last term in equation (4.7) is
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Accomplished by a partial fraction expansion of the 
integrand.

^̂ "6 (2.4s) a4
ff 4 , I 4-

I I (4.8)

O ,  k.Yvk) kXk+k)' 

' ]},3k0(kb + Q \

By factoring out l/h^, recalling from equation (3.17) 
that ho is approximately d2/Ba, and evaluating at the 
limits, equation (4.8) reduces to equation (4.9).

Fe = I3T.0 ersr
(4.9)

n is a convenient parameter which has been substituted 
forAh/ho.

An approximate expression for Ah may be written 
using Figure 4.1.

d +&t) (4.10)

An expression for the parameter, n, in equation (4.9) 
may now be written.



n =.

d
(4.11)

(eh+0t) is the sum of the horizon angles at the trans
mitter and receiver in radians, a is the effective earths 
radius (usually taken as 5280 miles), and d is the great 
circle path distance between the transmitter and receiver 
in miles.

Figure 4.2 is a plot of n as a function of d, equation 
(4.11), for various values of horizon angles. Figure 4.3 
is a plot of the elevated angle loss in decibels as a 
function of n. The elevated angle loss in decibels is 
given by equation (4.12).

EAL = -10 ly„ (Fj
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Chapter 5

THE ANTENNA-TO-MEDIUM COUPLING LOSS

The antenna-to-medium coupling loss may be thought 
of as the loss in power due to the fact that the entire 
volume available for scattering is not utilized. The 
loss is appreciable only in the case of very narrow 
beam antennas since the volume is already quite restricted 
because of the terms in the denominator of the scattering 
coefficient.

The antenna-to-medium coupling loss, which will be 
designated AML, will be developed in a form such that it 
may be added to the basic propagation loss and the 
elevated angle loss to give the total loss in decibels.
5.1 NARROW HORIZONTAL BEAMS

For antennas that are narrow in the horizontal 
dimension, the width of the volume of integration will be 
determined by the horizontal beamwidths of the transmitting 
and receiving antennas and the angle dependence of the 
scattering coefficient. From equation (3.6) the width 
of the volume was determined from the relationship:
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In chapter 4, this was modified to account for elevated 
horizon angles by the expression:

G f -  -f^ (5.2)

where:

(5.3)

When narrow beam antennas are used, the beam widths of 
the antennas provide an additional reduction in the width 
of the scattering volume.

The relative power gains in a horizontal plane 
(normalized to one in the direction of the maximum) 
will be designated and for the transmitting
and receiving antennas respectively. is the angle 
measured from the beam axis of the antenna. The condition 
used to determine the width of the scattering volume, 
assuming a mid-path intersection of the beams, may now 
be written as:

dt( * h ) ^ U )  it(o) ̂ (o)
e - - <5-*>

where the geometry is shown in Figure 5.1.
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Prom Figure 5.1 the following approximate relationships 
may be written using the small angle approximations 
for the sine and tangent of the angles:

G 1 =  of* + 11$
Prom the equation (5.4) and equation (5.6) the relation
ship between o< and Q' becomes:

23t (°*-12.) 12-) - ^ I +  ̂ (5.7)

Before proceeding further it will be necessary to find 
an expression for the relative power pattern in the 
horizontal plane. A good approximation^to the pattern

Staras, "Antenna-to-Medium Coupling Loss,"
I.R.E. Transactions, Vol. AP-5, No. 2, April, 1957, p. 229
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within the half-power beamwidth is the Gaussian curve:

g 6*72) = e x p  ( @ / z ) J  J ’ (5.8)

where is the angle measured from the antenna beam 
axis and @ is the beamwidth of the antenna measured 
between the half-power points. For the antennas of 
concern the angles involved are small and the small 
angle approximation for the tangent may be made.

*=■ (5.9)

We may now write the product of the transmitting and 
receiving power patterns in the horizontal plane:

3 3r„(^/2) =  4--U1
r r (5-10)

where and are the beamwidths of the transmitting 
and receiving antennas respectively in the horizontal 
plane, and ^  may be obtained from the following 
expression:

Another expression will be used to approximate equation 
(5.10) and is given in equation (5.12).

(5-12)
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The justification for this approximation is the similarity 
of the curves in the region of interest as shown in Figure
5.2, and the comparison of the expansions of the two 
expressions.

Figure 5.2 indicates that the approximation is good 
in the region of interest. We may now substitute the 
expression of equation (5.12) in equation (5.7):

(5.13)

Solving equation (5.13) for :

cK =

(5.14)
i + 6.4̂ g;-

Prom equation (5.5) and equation (5.14) with width 
may be written as:

w' = 0.323 Ct'oli (5.15)

Using equation (4.2) and equation (5.15) we may define a 
factor, Fy, as the ratio of the new width and the old width.

- 9. T ~ '  —  <5-161
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This factor provides a means for finding the loss caused 
by beams narrow in the horizontal dimension. will be 
called the horizontal beamwidth factor.
5.2 NARROW VERTICAL BEAMS

We must now consider beams which are narrow in the 
vertical dimension. This problem will be treated from 
an elevated angle factor point of view. The elevated 
angle factor Fg is the ratio of the received power to 
the power that would be received for the case of zero 
horizon angles. The crosshatched area in Figure 5.3 is 
the cross sectional area of the common volume.

Figure 5.3
Suppose now that the transmitting antenna is narrow beam, 
and thus the common volume above the beam of the trans
mitting antenna contains essentially no power. A cross 
section of this volume is shown cross hatched in Figure 5.4.
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Figure 5.4
^ tv is the half-power beamwidth of the transmitting
antenna in a vertical plane. The received power is the 
power scattered from a volume whose cross section is 
shown dotted in Figure 5.4. This power is the power 
received by transmission over the smooth spherical earth 
reduced by the factor F^ evaluated at 0r+ @t + @tv.
FE was developed in Chapter 4 as a function of n, where 
n was 2a( ©r+ ©t)/d. Fg evaluated at any angle, 
y  , means that it is evaluated for n equal to 2aY/d.

Suppose now that the transmitting antenna is 
isotropic and the receiving antenna has a narrow beam
width in the vertical dimension. A situation similar to 
the one just discussed exists in this case, and the 
reduction in received power is given by Fg evaluated at 
9 r+ Qt minus Fg evaluated at Gr+ ̂ t + ̂ rv. & rv is 
the beamwidth in the vertical dimension.
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We may now consider the case of narrow beamwidth 

antennas at the transmitter and receiver. At first 
glance it might be thought that the power received relative 
to the power that would be received for zero horizon 
angle and isotropic antennas would be given by Pg 
evaluated at ® r + ̂  t minus Pg evaluated at & r  + & t + 9 r v  

minus Pg evaluated at @r4 6 t4@ rv. However* Figure 5.5 
shows that the volume represented by the cross-hatched 
area has been included twice.

rv

Figure 5.5 ^
To correct this, Fg evaluated at & r+ Gt+@tv+^rv must be
added. Thus the product of the elevated angle factor 
and a vertical beamwidth factor, Fv, is given in equation 
(5.17).

fefv = +



This product represents the ratio of the power received 
for antennas with beams narrow in the vertical plane and 
elevated horizon angles relative to the power received for 
isotropic antennas and zero horizon angles.

The effect of the narrow beams in the vertical 
dimension is given by Fv which may be obtained from 
equation (5.17).

5.3 COMBINED LOSS
From the chapter on the elevated angle loss, equation 

(4.2), the width of the volume was assumed constant for 
the Integration. This allows us to use the horizontal 
beamwldth factor, equation (5.16), as a multiplicative 
factor in obtaining the total power received. The antenna- 
to-medium coupling loss, AML, will be the negative of the 
product of Fjj and Fv expressed in decibels.

AML = -10 ( X r , )

L V + a454 &'1 \ Fe(0ti-6t)

Fe {Of ^
Fg (&ti- Fe ^6h+ 6 ()  /
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where:

Figures 5#6 and 5*7 provide a convenient means for 
calculating the antenna-to-medium coupling loss. It 
should be noted that (̂ tv and ̂ rv are effective beam- 
widths in the vertical direction (equal to approximately 
half the actual antenna beamwidths) since the earth cuts 
out part of the beam.
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Chapter 6

RESULTS

6el CONCLUSIONS
In Chapter 2 the scattering coefficient is developed. 

This is defined as the scattered power measured per unit 
solid angle, per unit incident power density and per 
unit macroscopic element of volume. In Chapter 3» 4, and 
5, losses attributable to individual facotrs are developed. 
The sum of these losses is the total circuit loss encounter 
ed for circuit operation using tropospheric scatter 
propagation. The total loss, Lfc, in decibels is:

If the transmitted power, PQ, and the received power,
Pr, are expressed in decibels relative to one watt (dbw) 
the received power is

L r = &PL- ■+■ EAL + AML (6.1)

(6.2)
The basic propagation loss is given by:

(6.3)
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a is the effective earth's radius, c is the constant of 
proportionality between the mean square deviations in 
the permittivity and its height dependence, k is a 
constant used to account for the reflective properties 
of the earth, A is the wavelength of the transmitted 
wave, s is a constant proportional to the scale of 
turbulence, and d is the great circle distance between 
the transmitter and receiver. A graph which may be used 
to determine the basic propagation loss is given in Figure

is plotted in Figure 4.2 and equation (6.4) is plotted 
in Figure 4.3.

The antenna-to-medium coupling loss is given by:

3.3.
The elevated angle loss may be determined from:

(6.4)

n is a convenient parameter given by:

(6.5)

For this case Y* is the sum of the horizon angles at 
the transmitter and receiver, #r+ ̂  t. Equation (6.5)

AML = ->° hJFJ-W (6.6)



Pjj is the horizontal beamwidth factor and is given by:

FH - I ^ 0A14 9? (6.7)
V « »

where:

and is d/a+ G  r>6t, Py is the vertical beamwidth
factor and is given by:

= | — Ft ^ Fe(Gf + &t
Fe Fg

(6.9)
4- F e ̂

Fc 4 GtJ

The horizontal beamwidth factor expressed in decibels is 
given in Figure 5.6, and the ratio PE(n) to PE(n=k) is
given in Figure 5.7. These figures provide a convenient
method for calculating the antenna-to-medium coupling loss.
6.2 CRITICISM AND SUGGESTIONS FOR FURTHER INVESTIGATION 

The Booker-Gordon theory has in general provided a 
sound method of attack for the problem of single scattering. 
A good method for handling the problem of multiple scatter
ing would be very desirable. The techniques for handling 
the problem have not yet been adequately developed.

The losses that are developed depend directly upon 
the scattering coefficient which in turn depends upon the



■; i ,  -  V '  , : : ; ;  ^ ' 5 9  .

fom assumed fov the correlation funetlons The correct 
fom. for this will probahly be found only from a /
detailed study-of the atmosphere and the turbulence in 
'the atmosphere whieh causes the deyiafclqns, in the permittivity 
from the averagec* The correlation function will probably 
be anisotropic ih form and height dependent» A large portion 
Of the further investigation should be 'directed toward the 
development of the correct form for the correlation function. 

The height dependence of the parameters is very 
Importanto This dependence needs considerably more 
investigation* It may be noted in the development of the 
basic propagation loss that a particular height dependence 
is assumed for the parameters in the scattering coefficient0 
This height dependence.'is at a point midway between the 
transmitter and the receiyer* At a height where the : 
length of the differential scattering volume becomes an 
appreciable part of the total path lengthy the height 
dependence at the end-.of the differential volume is quite 
different than the midpath height dependence* For long 
paths with small or negative horizon angles this effect 
may be appreciable* ' ' : .

f l e e l v  - 1 IhesiBfi
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