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CHAPTER 1 

INTRODUCTION

The control of an artificial satellite's attitude may be 

accomplished by control devices installed in the satellite, proper 
utilization of natural forces or a combination of both. The natural 
means referred to are such forces as solar radiation pressure, earth's 
magnetic field, aerodynamics or gravity gradient. Depending upon the 
mission and geometry of the satellite, these forces may either be 
stabilizing or destabilizing.

Equations of motion for a gravity gradient stabilized satel
lite have been derived in reference (1). The satellite was of later
ally isotropic shape and the motion was considered to be small. Euler 
angles were used to describe the satellite's attitude with respect to 
a reference coordinate system. Solutions to the equations of angular 
motion indicated that, although the Euler angles were assumed to be 

small, the displacement about the Earth-oriented axis may not be 
expected to be small. Since this result is contrary to the assump
tion that the Euler angles are all small, it is reasonable to consider 
next the satellite's angular motion when the displacement about the 

Earth-oriented axis is not assumed small.

The objective of the first portion of this thesis is to derive 
the equations for the small angular motion of an Earth-scanning
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satellite stabilized by gravity gradient moments, allowing the angular 
displacement around the Earth-oriented axis to be unrestricted.

Equations of motion derived for a satellite of arbitrary shape 
stabilized by gravity gradient are then used to Investigate satellite 
stability. It may be said that a satellite can assume a number of 
various attitudes in which it will be in equilibrium. Therefore, an 

analysis is performed to determine what specific configurations will 
result in stable motion once the equilibrium is disturbed. It is 
assumed that only small motions are to be considered.



CHAPTER 2 
EQUATIONS OF MOTION

Consider a satellite of arbitrary shape injected into an 
elliptical orbit about the earth. A coordinate system shall be fixed 

in the satellite with origin at the centor of mass. The x,y,z axes 
of the coordinate system coincide with the principal axes of the body.

The angular momentum of tho satellite m y  be expressed in 
matrix notation as:

N o o Z 'X (-̂ X.
> = o ok o o W z  J

Where Hx, Ky, Hz represent the components of angular momentum on the 
body axes; Ix, ly, Iz tho moments of inertia about the body axes; and 

^x, wy, u>z tho components of satellite angular velocity on the body 

axos relative to a fixed frame of reference.
The time rate of change of angular momentum in vector notation 

may be defined as

H  = H r ■+■ CjO x  H

where H r is the relative rate of change of angular momentum, as 
observed from the satellite. Therefore, an expression for the time rate



of change of angular monentun of the satellite in terms of body axe: 
is

H = Hxi + KJ t Hzk + L J k
601)

H x Hy Hz
(2.2)

or, substituting equations (2.1) into equations (2.2) and collectin' 
terms

H  = L [ l ^  + OJy C i ,  - X u )] +

[ x, a * .  -  i z )] +J L -Ly ^  V-y.

k [ I 2 coz + % * ) ] (2.5)

Now H = Q

|—| , tho tine rate of cliange of angular momentum of tlie satellite about 

the center of mass, is equal to Q  , the resultant moment of the exter
nal forces about the same point. Denoting the components of Q  on the 

body axes as L, M and N, equations (2.5) m y  be written as

L - I, Cx, — )
M - ly CUy + Ld̂ CO-J Cx^ — X z) 
•N = Xgt̂ gf + ^  (ly - X y)

(2.4a)

(2.4b)

(2.4c)
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Consider now that the satellite is assigned the mission of 

orienting one of its axes toward the earth and maintaining that specific 
orientation. The reference coordinate system is defined as shown in 

figure (2.1).

SAT£l_l_| TE
O R B I T A L  P A T H

- LARTH

Figure (2.1). Reference Coordinate System.

The X p  - 1*L0 piano lies in the plane of the orbit and the 
"X0axi3 is directed toward the earth’s center. -fL is the angular velo
city of rotation of the referenco coordinate system about the y axis. 

Appendix 1 defines the Sulor angle transformation which relates the atti
tude of the satellite to the reference coordinate system. The body 
components of the angular velocity of the satellite can be related to the 
angular velocity of the reference coordinate system and the time rates 

of change of the Euler angles by the following equations in matrix nota

tion.
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L*J

' CaJ
CO. V j

of ^
(() is 

cannot 
la

r i o o i
| o co5<t) sin^j 

|_ o -  5in4> cos <̂j

cos© o -Sine 
o i o 

Sine o cose

C O S Y  S m Y  o

-stn^ cosy o 

O o  l
f.

I* I o  o

I O COs4> Sin4>

‘cos  © o -  Sin e

o I o

s in e O COS© <

1 O o ' f ° f  * "
O COS 4) Sintf) r1 +

o -sm4> COs4> 1° . I  o J

fz.5)

Assuiae that the 2ulor an^los O , y  and the tine derivatives 
© and y  can be considered oiaall but that the Euler angle 
not necessarily snail. Trigonometric toms involving <$ then 
>e linoarized# The second order approximation of equations (2.5)
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( 1
1 Y - 6 r -) 

o
► ©  Sin<f) - ‘V CD5 4> © Y  s m t  t  cos $> s\nty < JTL > +

©  costf) 4 Y  5in4> e  Y  co5<t> -  sm4) C05<t> . ° J
1 o - © c

o

e sm4> cos sm<t> < o » 4
0 cosy -smY cosY

o o 
o cos<t> sm<t> 
O  COS^

f
o
■

.
(2.6)

Equations (2.6) can now bo oppressed as

lUv ^ l
r > -©

[° 1
r ' I

► = «©YsmY + cos ^ 4  ̂Y + 'cosY ” © 4 4 0
0Y cosY - sln YJ l.COSY, -̂smY.

4>

Therefore

~ - e V 4- 4) (2.7a)

GJy = (et'5lnij> -t- Cos4>)n. + V sm<f> + ecosc^. (2.7b)

COjj = (eifJcos* - sin<t>)rL + Vcosfc - e sm<t>
end

(2.7c)

u j % - Y J L  + xi-v - ©(p - hj s  + 4> (2.8a)
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- G Y  _tl sin 4) +- ©Y-Q-4) cos Y © Y-O. sir? 4> +

e  Y-Ci- s m ^  ■+* x x  c o s 4 - xx4> sin4> 4- Y  s m ^  +

Y COS 4- ©  cos 4) - G cp sin ̂  (2.8b)

cô  - ©  Y X X  costf) - e  YXXC^ sincb 4- ©  Y-fX cos4> 4-

©Y xxcos.^) - _c l  Bin 4> - x~x<i> cos4> 4- 

Y  cos4> - ^  4> sin 4> - ©  stn <t> - ©  cj> c o s  4> (2.8c)

Substituting equations (2.7) and (2.8) into equations (2.4), and el In

ina ting third order and higher torms in 0  and vt/ and the tine 
derivatives of <$> , © and Y 1 , the following moment equations result.

H^XX +■ QV-Tl?) C o s  z4> 4- (-©XX ■+■ ~  ̂ s m z ^ J  (2.9a)

M  “ X^ ( ( G Y X X  4- e Y X X  4- @ Y x x  — x x  Y Y  —  4)e)sin4) -f- 

( A  -̂ <#>y  t ©  ) cos 4)] 4 ( [  ( T  4̂  4* 

t  T x x ) c o 5 4 )  f  ( e y x x -  4 > x x - - 4tri4- (2 .9 b)
— &  Y X X  ) s*im 4> 3
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N  ~~ [C~ -Cjl - <j),X - © ) s i n 4 )  (̂ G'P Xl 4- ©  N-̂ -CL +•

- - 4>e) c o s ^ ]  + ( 1 ^  -

4)0 +VJ^-- &V~CL+ &V£'2.)cos4>+(<pV + VVS2') Sin^)] (2.9o)

Since no restriction has been placed on -O. , it is reasonable 
to assume that -CL will be large in comparison with <£> , ©  and ^  .

It has been stated that the & and ^  displacements and the time deriv
atives of <J> , ©  and f  are assumed small* Utilization of the above 
two assumptions and elimination of products of these small quantities, 
equations (2*9) can be reduced to the following set of moment equa
tions.

L - I*  ( Y_n_ <-V-n_ + £; + ( I z. - 1 3 )[ v n  c o s z ^  +
(-©-CL - ) Sin 2.^0 (2.10a)

M  = Zy[( - 4’-CL + sin c)i + (-CL *■ ©J cos4>J +
( r x - I z ) ( - - V-CLZ ) Sm4> (2.10b)

N = Ig ( C-rx - ©) sm4> + (- <j)n. + v ) c o s 4,] ■*-
( l y  - 1 ^ )  ( 4 > ^  + IHO-2- ) C O S  4» (2.10c)

Thus, equations (2.10) represent the angular motion of an arti

ficial satellite in an elliptical orbit.



CHAPTER 5 
GRAVITY GRADIENT MOMENTS

As a means of controlling the satellite's attitude, the
principle of gravity gradient is useful. The gravity gradient torque 
can provide inherent static stability for a satellite with respect to 

the earth's gravitational field, providing external disturbances are 
small.

The gravitational potential of an element of mass located at 
( X 0, ) on the reference coordinate system as defined in

Figure (2.1), is

where <3o is the acceleration of gravity at the earth's surface; R, 
the radius of the earth; and r, the distance from the center of mass of 
the earth to the origin of the reference coordinate system.

Rewriting equation (3.1)

d u  = -

d m

10
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Expanding according to the binomial expansion,

( f - n » I m

and olinlnating the $rd order and higher toms,

d U  = - ^ 0  + + (T )"" k ( ~ k ( % D  d m  (5.2)

Tlie relationship of body and r of or once coordinates, ohoxm in 
matrix notation bolow, may be obtained from the Euler angle trano- 

formtims described in Appendix 1, assuming small external disturbance:

r A r
x.

y > =

_

'V - ©

©  ‘bln $  - ip C o 5 -t COS$ Sin^

©  co&4> t 51n 4> © P  cosc^ - Stn4> cos$

The inverse relationship is given by

II

/

Z z

- e

- *+J cos <̂> r ©siĥ  cf>sin4> + e co54>

(l - ^ l) C O S  <£> -f- - f  i - V*-

c i - f  )sin<t> 0 ~ £ )co54)

~ ( I ~ £ ̂ Sln(J’ + 
© V c-os 41

z' A9C

y
zV. V

(5.5)
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Then we can write

Ocy2- -  I — ~ j *>c 4» 'f*cos <̂> +- a  s in  4>) ij 4- Sin <|> 4- © Cos<^) 2̂ j

y ̂  = f T "X + [(i - cos* 4- e<v^>m*] y +[-0- £)sin4> + © V C o s ^ z  j-

11"ex + [(l y + ((| - ̂   ̂cos*) $E. |

It is advantageous, at this point, to define the static moments, pro
ducts of inertia, and moments of inertia, respectively, prior to 

expanding the 'x-l , yj" , terms and integrating.

^ 'X <d rn = J" y <d mn — ^ d Mn — CZ)

J Icy d m  = JyZ drn -  ̂X  21 d m  - O

^ ( x z 4- LjlJdlm =  ̂ ^ t y Z + Z 2- ) d m  -  ̂ ^ ( X t-Z J J m  = % y

Thus, integration of the -jr term of equation ($.2) in terms of 

x, y and a and terms Involving products of x, y, z are zero and there
fore neglected. Expanding the squared terms and eliminating third 
order terms or higher in the small quantities e or Y  , the follow

ing expressions for 'X* , yj- and Z /  result.

Xj" = Cl - + C ^ 2" cos2-̂  - Z e ^ ^ m ^ c o s ^  + as,n*>)</ +
(4>zs i n 2‘4> +  z e f  s i n ^  cos4> 4- e ^ c o ^ c t ) ) ^  z
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Uj2- - l+J ̂  x 2- -1- (^COS2- 4= - C O S  4- Z © ^  S>in4 cos 45 ) Ljr +

C sin2-̂  — ^"L sin1--4 - 2. sin4 cos4 ) Z.2" (5.4b)

't£l o  ”  ©*" ^ '2" +• {jO  “  ^  i j L 4 CO ~ eZ) COS2" ^  Z (5.4c)

Substitution of equations (5.4) into equation (5.2) and into^ratln^ 
equation (5.2) utilizing the definitions of the moments of inertia 

yields

U  - - ( m  +• £-r^ ( l y + I z  - z +

^ » © 2' ( X > - X Z ) + ( X y - ' X y ' )  +

£h- ( x z  - X y ) ( e x - H jl) sin1*  f  

- sinc^ CO^C^C) (5.5)

The partial derivatives of LJ witli respect to ^ , © and vp yield the

components of the gravity gradient moments in the directions of increas

ing 4> , O  , 4" .

-  V i  z ( x g  -  I tl) [ c e 1 - y 1)sln ^ c o s *  4-

—  ©H-1 ( C o s 1 *  - s i n 2-

(5.6a)



14

3 U  
9 O

(J.6b)

a u
3 Y

C )[e sin2̂  - Lp s.in4> c o s ^ J

3 # ' {  ( ^ - r 3 ) * .

- ( L 2 '-Xa )[4JSint <t> -f ©  s»m4> cos4>]^- (5.6c)

The angular dlsplacenent 4> is about tlie body x axis. However, 

©  is about an intermediate t-j| axis and Y  about the reference 'Z.0 
axis. Therefore, the results of equations (3.6) roust be transformed 
to the body axes. The Euler angle transformations of Appendix 1 can be 
utilized for this operation. Transforming the components of the gravity 
gradient moment to the body coordinate system, the following is obtained.

fL 1 o o r* o - & z

M ° cos $ zsm <p o 1 o <
. N, o - sinq> Cost I eL

o 1

r o

_2iT]
<9 v j

I
O

d Uo  o o
BVcos 4> T.mt “a© > 4- ^ o r

- Sin <$ cos^ o
Combining matrices,

h r arr'L o - e
M ’ = O cosX Bin $> au-ae

- Sin cost BU,NJ L° 3Y V (5.7)



Substitution of the equations (^.6) into equations (5»7) yields

3<̂  p̂ 2 r
L  - ~ —  { ( L z ((e2- - V  ̂ ) ^ ,n 4s cos4> "t

— ©H-* C - S.ir-1 V̂ ) - ( r ^ - L c j ) © ^  +

~-I-cj)o (̂LIJ sin2"̂  t ^  ̂ in 4> cos ^ (3.8a)

30 R"M  = { ( r x - i z )ecos*, t (i„ X M) ^  ^10 4̂ 4-

( L z  -  T ^ )  COS 4> [©  — ip  3>in 4̂  COS <p~j +

-  (X  ^  )  E.m  c| 4- 0  B \ n c t  C.OS j»

N = — ^ r  { - ^ I -x~ Sirict> +  (!:,_- n ^ W c c s *  -h

— (x Y -X^,) Sin 4? [jB B.inr 4> — yj S> in 4> c-os^j +

(2.8b)

—  Cxz ~ ^m ) CoS 4- 4- e  CoS4'3 }
% y

•y
Substitution of the monont equations (2.8) into equations 

(2.10) results in the equations of motion for an earth orbiting satellite 
of unspecified shape stabilized by gravity gradient with unrestricted 

angular displacement about the earth-oriented axis.

I x (^A. + v -tl + 4>) +■ C X jj - l y ) cos z4> +
(- e-n- - t " ) Sln 2-4>] + -Xz )[(e1- +
— 5>incb CoS ~ ^ (cos z4, — s\nl(̂)J +
(X^ - 1^) SP •♦* (Xi^- X ^ ) ©  ̂ f1 S» in̂ cp © s»m 4> cos^]] = O  ^
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4̂  ) SIH4) 4- (_o_ 4- o  ) Cos 4? j f 
(.IL ^  -  )  (  -  4>-n_ -  N-'XX2- ) S in  ^  4-

^ ~ r  ( U z  - c-°s4> + C r y - i x )^sin4> +
(1 ^- cos 4 [j9 s — 4* S*in ̂  COS <4^4-

( ~ smc^ ̂  s in̂ -t 4 © ̂ >m 4> <cos 4  ̂j- - O (5.9b)

I  [ C - A .  - e  ) s m 4  4 (- <4 jn_ -H 4^ ) cosc^] 4  

(r^ - X^)((pjn. 4 q^-o^) cos <4 4 4

( X  41 Cos <4 4 (̂ jC- ̂  — X̂ 'z s 1 m 4 s>> < 4  4
- V|v s m 4  COS4 ] 4  C r z — X^) COS4 sin2" <4> 4 - 
©  Sin 4  clo-s 40 J- = 0  (5*9c)

Slininating products of small quantities Q , T  reduce equations (3.9) 

to the following equations of notion,

I*. (  4  A -  4  4-0- -b #  ) + (  X y  - ) [ - 4 0 - Oos 2-4 4  ( 3, 10a)
(e»-0 _ 4- "^4  ̂s m  %_ 4 ] — O

CC“  4^-f4_ 4  4> ) S,m4  4 ( - O -  4 © ) c p s 4 >J ' * _ ( X ^  - X ^ ) ( 4 0 _ 4  

^-CtX) s.ncp] 4- 3.̂ A  - X^) ecos 4 4  (;l^-Ix)4 sm4>4

cos [© SI^'4 1 - 4  S in 4  COS <4 ] 4  

—  C 1-- ̂  - X ^ ) ̂  in4) £ 4  <sinL<4 4 ^ s i M 4 e o S 4 )] | - = : 0  (5.10b)
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X  £ C ( - _0_ - ̂  ) sir, ̂  +- (_ - 4> JO- + J) CO S 4) J +
+ ■+< jtx.z ) c.os4 + 3 p ° ^ {- CE Z •’-

- I ^ ) e  s m  p ■+ t-

~ - I z_ [̂ e St^c^, - Y S l ^ 4  c o s ^ ) ]  4-
“ ( I  ̂  - 1̂ .') cos 4̂ ^ |,n ̂ 4̂  +" ^  Sln 41 c-° J = ^  (5« 10o)

For a satellite of laterally isotropic slmpe ly *» Iz » I. For 
a satellite injected into a circular orbit, the angular velocity of 
rotation of the reference coordinate system, , is constant. There

fore, -A. = o and -O- may be expressed as \J — ^  - where r
is now a constant. Tho following equations of motion, derived from 
equations (y.10), result for the special case of a laterally isotropic 
satellite in a circular orbit.

(Y_n_ 4- 4 ) = O  (2.11a)

X  [(- -h <h e  4>] t- ( r -  r x ) (<£ -o_ -f
^ - O j )  sin^ ] 4- 3 -nJ-1( r  - r x )e cos 4> 4-
(r - r^) ̂  Bin j = o  O.llb)

X  [ - ̂  4- ( - i- Y  ) Cos Y] 4- (I- IIx ) ( 4_TL 4
_0_  ̂cos 4> 4- 3 -Cx2  ̂— sM<̂ ) 4-

(x - i x ) V cl°s 4.J = o (3.11c)



18
The toms in equations (3.11b) and (3.11c) represent moments about tho 
y and z body axes respectively. Equation (3.11%) represents the equilib
rium of moments about both the body x and reference "X0 exle since ©  and 
H' angular displacements were assumed small. Equations representing 
the equilibrium of mcments around the and X 0 axes may bo derived 
from equations (3.11b) and (3.11c) as follows.

[_ e ^ v j  a t - i  o n  . u b)] cos 4 ~ [e.q u at i o n (,3.11 c) ]  Sin 4> ( 3.12a)

[equation (3.'I o'] Cos 4 + b)j s m  4> ( 3.12b)

Performing tlio indicated operations of expressions (3.12) and rewriting 
equation (3.11a), the equations of motion become

$  +  4^-0- =■ O  (3.13a)

©  ■+• 3  C  T - ^ ) e  = °  (J.lJb)

r  -  +  -4 jrf (r^*-)  v  = O  (5.15c)

Equations (3.13) are identical to thoso derived in reference (l) 
assuming small <f> , ©  and v-p angular displacements. It can be
concluded that the same satellite motion will result whether the angu
lar displacement about the earth oriented axis of a laterally isotropic 
satellite is or is not restricted.



CHAPTER 4
STABILITY CONDITIONS FOR SATELLITE OF ARBITRARY SHAPE

For n satellite of arbitral shape, thero m y  be one or 
several attitudes it may assume in orbit for which the satellite is 
said to be in a condition of equilibrium. Once the equilibrium state 
has been established, the stability characteristics of the equilib
rium nuot be determined. If a satellite in equilibrium encounters a 
disturbance, it will either tend to return to the equilibrium state 
or continue to move away from it. Motion of the former nature is 
conoidered stable and of tho latter, unstable or divergent.

The following analysis is intended to determine what specific 
attitudes a satellite of arbitrary shape must assume for stable notion, 
once its equilibrium has been disturbed. Further qualification of 

the analysis requires that
1. tho satellite is in a circular orbit, for which the 

angular velocity of rotation of the reference coordinate system, xx , 
is constant. Therefore, _o_ - o  and -Tl. may be expressed as

2. the satellite angular motion is small. Thus, the <£ 
trigonometric terms can bo linearized.

Application of the above criteria to equations (5.10) of Chapter 5 
reduces them to the following linearized equations.

19
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1-x <t> + rt (iy- iz)<t + xx<;rx-i^ + rz )v = o  (4.ia)

x ^ e  + ( r z - l ^ ) ©  = o  (4.ib)

+  4  .r^" ( -  I.*) Y  +_n. (r^ - x x - = o  (4.ic)

Inspection of equations (4.1) indicates that the equation of 
motion in the plane of the orbit is uncoupled. Equation (4.1b) will 

therefore be investigated briefly before considering the two coupled 
equations, A more complete analysis of equation (4.1b) is performed 

in Chapter 5.
Rewriting equation (4.1b),

e 4- 3>rx!- (iig-Z— ) e % o
Since -O-2 and are Intrinsically positive, the quantity must 
be greater than the X x quantity for stable motion. A general solu
tion to equation (4.1b) can then be written as

9 - A cos y/ 3  ~ x ĵ t t B  sin^-cx^^r x?̂  t

where A and B are arbitrary constants to be evaluated from the initial 

conditions.
The general solution is seen to be oscillatory from which it 

can be said that the motion in the orbital plane ia stable.
Consider now the coupled equations (4.1a,c) which, when 

solved, represent the response $ (.t) and ^  Ct) •



The above two coupled equations can now be rewritten as

4> +  s i l -O-(i - r.) v  - o (4.2s)

(4.2b)

Assume solutions to equations (4.2) of the form
ptcf) - A, e

Upon substitution of the assumod solutions into equations (4.2) and

can be obtained.
C P 2 + R. ) A  , t- _C X . <; t -  R  ) P = o

( s - i ) p A j  + 4- 4 S') Aj. O
Set the determinant of the coefficients equal to zero for a

non-trivial solution.

Ptdividing out the common factor G  r , the following two equations

(p2- + JTi! R) • X X ( | - R ) p
O

-Q.(s-I )p (p^ + i r f s )
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Expanding the determinant, the following characteristic 

equation results
p 1 +- -05 ( 3 5  + R.S + l ) p 2 + 4 ri R S  = O

The solution to the characteristic equation is of the form

p  -  -  i ^ ( 3 S  + R . S + i ) Z  +RS 4- l )  — \(oRS ( A .5)

Inspection of equation (4.%) indicates the roots for p 1 may be of 

the nature:

1. Real p z < o ; in which event the roots are pure 

imaginary.
2. Real p z > o ; for which the roots are real, positive 

and negative.
5 . Complex p z , with real part > o  or <  O  ; for 

which the roots are complex, the real parts positive and 
negative.

The nature of the roots for Case 1 indicate stable motion can result. 

Cases 2 and *>f however, always have roots with positive real parts.
The only acceptable condition for stable motion then is when the p 2- 

term is less than zero. Bearing this in mind, and focusing attention 
on the terms in equation (4.5), the ensuing deductions can be made.

The motion will always be unstable if the terms + RS + 1 
and RS are less than zero. This then indicates that the terms 
JS + RS ♦ 1 and RS must be greater than zero for stability. Should 

they be greater than zero, the motion will be stable only if 

(3S + RS + I)1 > 16 R S  .



CHAPTER 5
INVESTIGATION OF THE STABILITY CONDITIONS

The deduced conditions for stable motion from Chapter 4 
require further analysis before drawing conclusions regarding satel

lite attitudes which can result in stable motion. An R-3 diagram 
has beon instituted to facilitate visualization of the investigated 
conditions. The R-3 diagram resulting from the complete investiga
tion of the stability conditions will show the stability regions as 

function of R and S.
It is recalled from Chapter 4 that

R - & L — Ig and S - 2U--1*
Ix Iz

In addition, the conditions requiring farther investigation are 
RS > O  , 3S + RS + 1 >  O  and (53 + RS + I)2 - 16 RS >  O  .

Stability Analysis of 4>. 4^ Motions 
Consider RS >  O  . Substitution of the expressions for 

R and S into the above inequality yields ̂  ^ ly “ y o

It becomes readily apparent that ly must be either greater than 
Iz and Ix or less than both for the product of the two terms to be 

non-negative. The regions of R and £ for which RS > o exist are as 

shown in Figure (5*1)•
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t

RS >O

RS >0

Figure (5*1). Regions of R,S for RS > O

Consider next + RS + 1 C>0. Rewriting, R >  - 
For R,S >  O  and for R,S <  O  the regions where JS ♦ RS ♦ X > O  

exist are as shown in Figure (5.2).

+

~ 3

- 3

Figure (5,2). Regions of R,S for $6 + RB + 1 > O

r-t| 
C

O



Now consider (53 + RS + 1)^ - 16 RS > O  
Expanding the tern under consideration, and equating to zero, we 
obtain t C ̂  ^ ^ 5 '̂ ) “ °

for which the solution is
R  = g  [ 7 - 3 S ± ^  1 3 - i S  ]

For S > O  and S <  O  the regions for which (53 + RS + 1) 

- 16 RS > 0  exist are shown in figure (5*5)

2

- / ) &  R S  >  O

-  8

-  1 Z

Figure (5*3) Regions of R,S for (53 + RS + 1) - 16 RS > O
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Prior to analyzing the ©  motion, and before superimposing 

Figures (£>.1 » 5*5)i analysis shall be performed to determine 
which regions of R and S yield negative moments of Inertia.

From the expressions for R and S,
IxR + I: * ly and IzS + Ix « ly

then
” $3-l] f°r non-negative moments of

Inertia, iz >  0  
Ix

Thus,
JLZ «a R 4 J&& » ^
lx Ix s-l

and now m  > o .  (5.1)o**l
IsLikewise, for non-negative moments of Inertia ^  >  O

Then ^R-lj >  o  (5.2)

Utilization of the inequalities (^.1) and (5.2) yield the regions ohown 
in Figure (5.4) for which values of R and S result in positive moments 

of inertia.
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+
t

R

Flruro (5.4). Regions of R,S for •>Oand

Superimposing Figures (5.1 - 5*4) shows the R,S regions in 
Figure (5.5) where stable notion can occur for the 4> and +* motions.
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t

5 TA B1_ &

- 2.

Figure (5.5) Stability Regions of R,S for <t> and Y  Motions.
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Stability/ Analysis of Q  Motion

Ad previously ctnted in Chapter ^ required for
stability. Then < 1 and the R,S refd-one whore thin applies are
shown in Figure ([3.6).

t
4

R-y

Figure (5.6) Regions of R,S for < 1 .

Superimposing Figures (5.4) and (5.6) show the R,S regions in Fig
ure (5.7) whore stable notion can occur for the © motion.
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oo

Figure (5.7) Stebility Regions of R,S for B Motion.
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Superimposing Figures (5*5) and (5«7) shows the complete pic

ture of the regions for R and S which yield stable motion for the 

4>, ©, 4* motions. These regions are shown in Figure (f.8).



+
+

R I

52

- 3

00

Figure (5.8). Stability Regions of R,S for ©, 'V Motions.



CHAPTER 6
APPLICATION OF RESULTS TO SPECIFICALLY SHAPED SATELLITES

Consider a homogeneous solid right circular cylinder of mass m 

with axis directed toward the earth's center, as shown in Figure (6.1). 
The x-z plane is in the orbital plane with y axis normal to it. A cir
cular orbit and small satellite angular motions are assumed.

Figure (6.1). Characteristics of Circular Cylindrical Satellite

The principal moments of Inertia are

Substitution of the values for R and S into equation (4.3) yields the 
following roots for the response <p (t) and Y  (t).

e a r t h

and
h* - 3 r*



The © motion can be obtained by substitution of the Iz and Ix values
into equation (4.1b). The roots for ©  (t) are t 1 3 ( h* ̂  •

Consider first the stability of the motion in 4> and Y  •
The notion is evidently stable if ^  and unstable
if tome of the parameter 3, the motion is
stable if S > - 1 and unstable if S < - . These conclusions

are in agreement with the stability regions of Figure (5»5)«
Consider now the stability of the © motion. If — > \f3 

the motion is stable and unstable if ^  . Or, in terms of S,
the motion is stable if S > o and unstable if S < O , These con

clusions agree with the stability regions of Figure (5*7)«

As our next application, consider a rectangular plate of 

infinitesimal width oriented in the orbital plane, as shown in Fig
ure (6.2). Assume a circular orbit and small satellite angular motions,

f

EARTH

Figure (6,2). Characteristics of Rectangular Satellite



The principle moments of inertia are
I * b-b3x IZ
I  ( Id7"-'- h 7") A

z lotf * yU 
fZ. ^

where yU is the m s e  per unit area.

Now, R = X ^ _ X ^  = t . S  = ~ -  i

The roots for <)> (t) and T  (t) are

p = ± iJTL

P = 1 Z. XV
The roots for the © (t) response are i. l XL \J 3 +"g~J

Consider first the stability of the 4> and f  motions. 

Apparently, b and h can assume any value and the notion will be stable. 
The values for R and 3 define a point on the boundary between stable 
and unstable notion of Figure (5*f) so that the results are incon
clusive in this case. The roots, however, are definitive and the 
motion is stable.

Consider next the stability of the 0 motion. The motion is 
evidently stable as long as h > b and unstable if h < b. In terms 
of the parameters R and S, the values for R and S define a point on 

the boundary between stable and unstable motion of Figure (^.7)• The 
results in this case are also inconclusive.



CHAPTER 7 
CONCLUSIONS

The equationo for the angular motion of a satellite of arbi
trary shape stabilised by gravity gradient moments have been developed. 

The angular motion has been assumed small except that the angular 
displacement around the Earth-orionted axis is unrestricted. For the 
special case of a satellite which is a body of revolution around the 

Earth-oriented axis, the equations of motion are identical with those 

for a small notion.
Making use of the equations of motion developed for a satel

lite of arbitrary shape, the dynamic behavior of such a satellite has 
been investigated. In order to linearize the equations of motion, a 

small notion is assumed.
The angular notion of the satellite in the orbital plane, 

represented by the Euler angle & , is uncoupled from the other angu

lar notion if the motion is small. The condition for stability is 
simply 1^ > Ix. In terns of the parameters R,S, the condition for 

stability is shown in Figure (5*7)«
The angular motions of the satellite out of the orbital plane 

and around the Earth-oriented axis, represented by the Euler angles 
vy and <(* , are coupled. Because of the complexity of the motion,
the condition for stability cannot be stated simply in terms of the

56



moments of inertia. In terms of the parameters the condition
for stability is sham In Figure (5»5) °



APPENDIX 1 
Euler Anrlo Tninafomations

x
T ®

r > rx, cos^p Sin ̂  o
► = — Sin vp COS1̂ O

i^J o O I

r cos ©
o
S m ©

0  - sin©
1 O 
O  C O S ©

%
7C

y
%

1 o o
O costj?
O - sin̂> cos4>
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APPETTDIX 2 
NOTATION

Cyrabol Quantiby
I Moment of Inertia

Angular Velocity 
H Angular Momentum
LijJk Unit Vectors

^ Resultant Moment about the Center of Macs

L,M,N Conponento of Q on the Body Axes
x,y,z Body Axes (Appear Frequently as Subscripts)
xo,yo,zo Reference Axes

Angular Velocity of Rotation of the Reference 
Coordinate Syotor,
3ulor Anglos 

LJ Gravity Potential

R Radius of the Earth
go Acceleration of Gravity on the Surface of the Earth
m Mass

r Distance from Center of Mass of the Earth to the

Origin of the Reference Coordinate System 
A,B Arbitrary Constants
R Parameter Equivalent to Ix

S Parameter Equivalent to ~
Iz

259
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APPENDIX 2 
(Oontlnuod)
NOTATION

Symbol Quantity
© Exponential
P  Root of the Characterictic Equation
t Tl’ie
>  Groater Than
<  Less Than
/J I'aos Per Unit Area

Dots ovor symbols indicate differentiation with respect to tine.
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