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ABSTRACT

A noninteract control system of a linear time 

invariant multivariable process can be constructed with 

controller networks mathematically described by RLCS RL, 

RC, or LC matrices, if a ratio of rational polynomials 

With real coefficients characterize the process matrix. 

Special control configurations proceed from a forward 

controller and feedback controller scheme.
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' '■ CHAPTER' I ' ; ; ' ;

 ̂,,iNTkDDugff6N' i,.. , ... .

A multivariable process has one or more input vari

ables and one or more output, variables. The addition of a 

control scheme to a multivariable process1 gives us a multi- 

variable process contrpl system.

If we can assume that the process and the control 

scheme are both linear, then a set of linear equations char

acterize the system. These linear equations lend themselves 

to matrix theory which condenses the mathematics of analysis 

and synthesis. In this thesis we may observe the parallel 

between the matrix algebra of multivariable systems and the 

algebra of single variable systems.

The authors of multivariable system literature pre

vious to'1957 and 1958 studied particular multivariable pro

cesses . The years of 1957 and 1958 marked the introduction 

of a general multivariable control system theory. At that 

time, the problem of interaction or coupling between process 

inputs and outputs received attention also. Since the non in

teract . control'; system- removes crosscoupl i ng, i t is often de
sirable in multivariable systems.

1
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A propeller aircraft engine quickly illustrates a 

multivariable process. If power is the product of the'engine, 

then the output variables may, be propeller shaft torque and 

propeller shaft speed. The inputs may be fuel rate, air flow 

rate, and propeller pi tcti angle. The process has three inputs 

and two outputs, a 2 x 3 system.

Other exampl es of mu l t i var i abl e processes are a steel 

rolling mill, a petroleum refinery, and a hydro-electric pow

er generator.

If a multivariable process must be automatically con
trol led, of what components shall we construct the control

lers? The type of controller depends upon the physical pro

cess, which may be electrical, liquid, gas, flow, thermal, 

chemical, mechanical, or a combination of these. Manufactur

ers have available, singly or in combination, electric, pneu

matic, hydraulic, and mechanical controllers. In this thesis 

we investigate electrical controllers with passive network 

components. Resistors and capacitors are two common passive 

network elements because of their cheapness, durability, and 

reliability. A less common passive network component is an 

inductor. What effect do the four possible combinations of 

these components have upon the controlabi1ity of processes?

The purpose of this thesis is to answer that question.

The problem solved here unfolds in this statement: 

Given the desired noninteract characteristic, the conditions 

that an RLC, RC, RL, or LC controller must satisfy, and a
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general control system form, find the limitations that are 

thereby imposed upon the. process characteristics. List these 
limitations and. employ them to answer some particular ques

tions such as: Can ah unstable" process be control led? Can a 

process with a time delay be control 1ed? Can a process with 

a time lag be control led? What combi nations of RL.C components 

can control systems such as 'these? What configuration can the 

control system take to control these processes?

In control systems, often a physical or economic con

dition demands a certain control configuration. In the char

acteristic process equations the independent transfer func

tions of the two controllers outnumber the dependent transfer 

functions of the process. The choice of a controller trans

fer matrix reduces the number of independent transfer func

tions. The result is a number of special cases of control 

configurations. The special cases illustrate extension of 

process characteristic equations to a desired control system 

configuration.



CHAPTER I I 

MULTIVARIABLE p ro ce s s CONTROL 7

A linear time invariant multivariable process com

mon 1 y has m inputs and ji outputs where m ? n. See the pro

cess block diagram of Figure (2.1) where the z's are inputs
r

and the y 1s are outputs. The case where n > m is feasible

but impractical, and is omitted from this paper.

Since only ni inputs are needed to control the ri out

puts uniquely, there are m - n inputs that may have arbitrary 

values. Designating m - n inputs as virtual outputs in

creases the number of outputs to equal the number of inputs. 

The general block diagram then becomes Figure (2.2).

‘ Since the process is linear and time invariant, a set

of m linear equations mathematically relates the process in

puts and outputs.

y t = 9 11 2 1 + 9 12 Z2 + ‘ '+ 9 lm Zm

y2 = g21 z, + g22 z2 + ...+ g2m zm (2 .1)

^m ~ ^ml z 1 + ^m2 z 2 + * * * + ^mm zm

where the coefficients gXy are Laplace transforms. The matrix 

form simplifies the expression of the equation set (2.1);

4
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m

Multivariable Process With m Inputs and n Outputs

Figure 2.1

n

m
Multivariable Process With m - n Virtual Outputs

Figure 2.2

n n

ciE ciE

Process Block Diagram With Data Lines 

Figure 2.3
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Y = GZ (2.2)

where Y and Z are m x 1 column matrices and G is m x m trans
fer matrix.

The data line technique separates the n variables as

sociated with the real outputs and the m - n variables assoc

iated with the virtual outputs. The process block diagram of 

Figure (2.3) illustrates the data line technique. Each data 

line represents ji or m - n variables. The output and input 

column matrices of Equation (2.1) are

Y = (2.3a)

and

Z = (2.3b)

where Yg and Zg are n x 1 column matrices, Y^ and Z^ are 

(m - n) x 1 column matrices, and G is an m x m transfer ma

trix. The matrix G completely describes the process;

G =

G 1 1 G22 " G l m

G21 CMCM
CD

• ‘* G2m

_G m l Gm2 ••• G m m

(2.4)



In search for a general control configuration, let us 

place a controller in front of the process, one in the feed

back loop, and one in front of the summing junctions. The 

block diagram appears in Figure (2.4); A, B, and C are con

troller transfer matrices and G is the process transfer matrix. 

Using matrix algebra, the equation relating the m process in

puts to the summing junction output is

Z = BE (2.5)

where Z is the m x 1 column matrix of process input variables 

and E is the m x 1 column matrix of the summing junction out

put. At the summing junctions,

E = AX + CY (2.6)

where X is the m x 1 column matrix representing the m control 

system inputs. Substituting Equation (2.6) into Equation (2.5) 

and manipulating,

Z = B(AX + CY)

Z = BAX + BCY (2.7)

which can be rewritten

Z = DX + HY (2.8)
' i

where D and H are m x m transfer matrices. The block diagram 

representation of Equation (2.8) reduces Figure (2.4) to Fig

ure (2.5). Therefore, the block diagram of Figure (2.5) is
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Control System Block Diagram With Redundant Controllers

Figure 2 .b

m-n rn- n

General Control System Block Diagram 

Figure 2.5



the simplest and most general one possible under our assump

tions. Physical considerations raise practicality questions; 
however, a practical control system configuration can proceed 

from analysis results of Figure (2.5).

Substituting Equation (2.8) into Equation (2.2),

Y « GDX + GHY . (2.9)

The convenient data line technique prompts the partitioning 

of the m x m matrices into the following dimensions;

1

cXc

1 .
. n x (m - n)

(m - n) x n 1• I

—
iciEc1E (2.10)

Partitioning matrices D and H,

D =
'Da °c' "Ha Hc'

Db
H =

,Hd Hb
(2.11)

The "passing through" of m - n inputs to m - n virtual outputs 

dictates the partitioning of G,

G =
Pa pc

(2.12)

The matrix products GD and GH in terms of their partition ma

trices are



To simplify the control system equations, let us im

pose the constraint of independent output restoration. The 

open loop diagram of Figure (2.6) aids the physical interpre

tation of this constraint. Independent output restoration 

says that if one of the Y^. or Y^. variables is changed, then 

only the corresponding Yao or Y^Q variable is effected. For 

the open loop system we write the equation

where the o subscript denotes process output and the j_ sub

script denotes feedback controller input. But the variables 

of Yao depend on only one of the corresponding variables of

Y . and the variables of Y, depend on only one of the corres- a i bo '
ponding variables of Y^j; therefore the partition matrices of 

GH, Equation (2.14) must satisfy the conditions.

Y0 = GHY. (2.15)

PgHg + Pj-Hj is diagonal 

is diagonal

(2.16)

(2.17)



Block Diagram Illustrating Independent Output Restoration

Figure 2.6



paAc + pcHb = 0

12

(2.18)

and H d = ° (2.19)

The derivation of the overall control system matrix 

is now possible. Substituting conditions (2.18) and (2.19) 

into Equations (2.13) and (2.14), Equation (2.9) becomes in 

partition algebra form

Ya = <PaDa + PcDd>Xa + <PaDc + pcDb)Xb + PaHaYa (2*20a)

(2.20b)Yb “ DdXd + DbXb + HbYb

Solving Equation (2.20) for Ya and Y|.

sumes the form

Ya Ka Kc xa

Yb Kd Kb Xb

(2.21)

where

Ka Kc

Kd Kb

(I - PaHa)''(Pa0a + PcDd) (I - PaHa)-1(PaDc+PcDt

(I - H.)"1D,
(2.22)
(2.23)or, Y = KX

where K is the transfer matrix of the overall system specifi- 

cation.
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To make the following step possible, the inverse 

matrices in Equation (2.22) are assumed to be nonsingular.

Let us assume that outputs y^, y^, ... y^ are to be 

dependent on only inputs , Xg, ... xm , respectively. The 

control system matrix is then diagonal which defines the 

system as noni nteract. The noni nteract condition necessi

tates requirements of the control system partition matrices:

Ka = (I - W ’CVa + PcD(j) is diagonal (2.24a)

Kb = (I - V ' Db is diagonal (2.24b)

Kc = (I - W ' ( PaDc + PcDb) = 0 (2.24c)

Kd = (I - HbJ '“d = °- (2.24d)

To avoi d a nonsingular condition requires, in light

of Equations (2.24a) and (2.24b),

PaHa + I (2.25a)
i
Hb * I. (2.25b)

The elimination of redundant factors changes Equations 

(2.24c) and (2.24d) to

paDc + pcDb = 0 * (2.26a)

Dd = 0. (2.26b)

The noninteract matrix of Equation (2.22) upon substi

tution of Equations (2.26a) and (2.26b) simplifies to



K =
(I - PgHg)"1PaDa a

(I - Hb) 'Db

14

(2.27)

Equation (2,26a) and partition matrix Kg of Equation 

(2,27) lead to the process matrix conditions which are im

posed by controller realizability. The equation

Ka = (I - PaHa)-,PaDa (2.28)

gives us ?a in terms of the controller matrix and the control

system matrices.

P = K (D„ + a a (2.29)

where (Da + HaKa) is nonsingular. The expression for the 

matrix Pr comes from Equation (2.18),

pc = -paHcHb

Pc " “PaDcDb

-1

-1

(2.30a)

(2.30b)

Matrices and are nonsingular.

Both equations (2.30a) and (2.30b) express Pc in terms 

of controller matrices and process matrix Pa . Since Pc is in 

terms of Pa , any conditions found by Equation (2.29) that Pa 

must satisfy, Pc must also satisfy; unless, the condition on 

Pa is less restrictive than the condition on Pc due to the 

factor or DCD|:)"^. Either of Equations (2.30) give us

the conditions imposed on Pc by controller realizability.
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Equations (2.29) and (2.30) are the process charac

teristic equations which determine the conditions that the 

process matrix must satisfy for a noninteracting multivari

able process control system.

The elimination of Pc in Equations (2.30) yields an 

interesting controller requirement. The combined effect of 

independent output restoration and of noninteraction demands

HcHb = D cDb (2-3,)

Rewriting in algebraic form the process character

istic equations (2.29) and (2.30) gives us a different view

point. This form relates a matrix element in the (ij) posi

tion on the left side of an equation to an (ij) element on 

the right side of the equation.

The definition of the inverse matrix A"^ is

b i : = D--!..' (2.32)
det(A)

where bj is an element of A ~ %  det (A) is the determinant of 

A, and a | j ; is the cofactor of A.

The definition of the matrix multiplication C = AB is

c ij = ̂  a ikbkj (2'33)

where c-j is an element of the product matrix, and a .^ and 

b^j are elements in the matrices A and B.
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Using the definition of the inverse matrix and matrix 

multiplication the element by element algebraic expressions 

for Equations (2.29) and (2.30) are, respectively.

■ i

i
'J k=l

Da + HaKa jk
ik

(2.34)
det (Da + HaKa)

Pa N j i _
,k kq det (HJ

m - n 

Q-Z-l (2.35a)

Equation (2.35b) is the same as (2.35a) when d's are exchanged 

for h 1s. In Chapter IV we investigate Equations (2.34) and 

(2.35) as complements to Equations (2.29) and (2.30).



CHAPTER I 11 

CONTROLLER -REAL tZAB ILITY^" ̂

3.1 Introduction ■ , , -;, ' - '

The physical realizabi1i ty of a control system is 

the ultimate goal of control system design theory. Each 

transfer function in the matrices describing the multivari
able controllers, then, must be physically realizable. The 

investigation of a matrix element transfer function is in
structive when made in the light of combinations of common 

network components. Chapter I I I contains the investigation 

of the combinations of the passive network components, re

sistance (R), inductance (L), and capacitance (C).

The controllers are characterized by transfer matri

ces, the elements of which are Laplace transforms of output/
. ’ ' ' ■ ■ ■ ■ - ..... ) ■ 

input transfer functions. The transfer function of a practi

cal network is defined as tlhe ratio of the La PI ace transform 

output voltage to input voltage. The zero impedance driving 

source requirement and the zero output current requirement 

have the advantage of network cascade computation by function 

multiplication. The transfer function in the (ij) position 

of the controller matrix D, for example, is
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u .

X  .J
for p ^ j (3.1)

where u. is the (i)th output of the controller and x. is the 

(j)th input of the controller. See Figure (3.1).

controller transfer matrix element. In the block diagram of 

Figure (3.2)

The transfer function F(s) can be expressed in terms of driv

ing point immitances and transfer immitances

where is the open circuit input impedance, 's the

open circuit transfer impedance, is the short circuit out

put impedance, and y ^  is the short circuit transfer impedance. 

The characteristics of the open and short circuit driving and 

transfer immitances yield the properties of a system transfer 

function. The transfer function F(s) is a ratio of rational 

polynomials with pole and zero locations dependent upon the 

combination of network components.

Let the transfer function F(s) represent an arbitrary

F(s) = E2/E (3.2)
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• I 1
• D •

X.
J * : ui1

Xm f um

Controller Block Diagram With m Inputs and Outputs

F igure 3.1

Transfer Function Block Diagram 

Figure 3.2
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ao + a ls +
F(s) =

b + b,s + O I + b
q

(3.4)

where the a 1s and b's are real coefficients.

Any one of four combinations of three passive com

ponents, RLC, RC? RL, or LC, gives us a realizable control

ler. Each combination of the three components, RLC, prompts 

a list of realizability conditions.

3.2 RLC Case

ents, the RLC case imposes the least restrictive conditions 

on transfer functions of RLC combinations.

(1) Poles are in the left half plane (LHP) or on the 

imaginary axis and simple. 1

(2) Zeros may have any s_ plane location, but must always

occur in conjugate pairs.

(3) Poles may not be located at the origin or at infini

ty.
(4) The degree of numerator may equal but not exceed the

degree of the denominator.

the imaginary axis and simple, and these zeros are poles of 

the transfer function; hence, Equation (3.3) gives us RLC 

condition (I). A transfer immitance has zeros that are re-

Sinee the network contains all three of the compon-

A driving point immitance has zeros in the LHP or on
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qui red to occur in conjugate pairs if complex, but may have 

any .s plane location; hence. Equation (3,3) gives us RLC 

condition (2). At zero frequency, the network becomes pure

ly resistive sinde inductbrs are short circuits and capaci

tors are open circuits; likewise, at infinite frequency the 

network is again purely resistive since inductors become 

open circuits and capacitors become short circuits; hence, 

physical reasoning gives us RLC condition (3), There can be 

no pole at infinite frequency hence, we have RL6 condition

(4). : . : c

3.3 RC Case
f The network is realized by two. passive elements, re

sistors and capacitors. The RC network modifies the RLC re

al izability conditions: : ic '

(1) Poles are on the negative real axis and simple.

(2), (3), and (4) remain as in the RLC case.

3.4 RL Case
' the network is realized by two passive elements, re

sistors and inductors. The RL network modifies the RLC rea

lizability conditions:

(1) Poles are on the negative real axis and simp&e.
(2), (3), and (4) remain as in the RLC case.

Notice that the conditions on transfer functions rea

lized by RC components and those realized by RL components



are exactly the same.

3.5 LC Case

The network is realized by two passive elements, 

inductors and capacitors. The LC network modifies the RLC 

realizability conditions: ' . v ' ' :

(1) Poles are on the imaginary axis and are simple.

(2) Zeros must have quadrangle symmetry.

(3) arid (4) remain as in the RLC case.

The polynomials of LC network imrnitances are alternately even 

ind odd in the numerator and denominator. An even polynomial 

has roots that possess quadrangle symmetry. Since the numera

tor polynomial of the transfer imrnitance[refer to Equation

(3.3)3 has roots of quadrangle symmetry, we have LC condition

(2). Roots with quadrangle symmetry appear as shown in Figure

(3.3)y or in any combination of the four configurations.

3.6 Transfer Function Zeros of a Ladder Network

1 The ladder network synthesis technique imposes further 

conditions on the zeros of RLC, RC, RL, and LC networks. The 

importance of the ladder techriiqUe in four terminal network 

synthesis prompts its mention.

In Figure (3.4), Z, and 2? are series and shunt imped

ances, respectively, of the ladder network element. When zero

output occurs for finite input at some frequency, the transfer
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function of the ladder network has a zero at that frequency. 

A short circuit of shunt impedance Zp or an open circuit Of
» . - - - * .. . . -f .

Series impedance Z 1s interrupts transmission through the 

ladder network. The series impedance is an open circuit at 

its pole frequencies whereas the shtint impedance is a short 

circuit at its zero frequencies. The zerosoof the ladder 

network transfer function are identified with the poles and 

zeros of the series and shunt impedances respectively. Thus, 

if all the subnetworks are realized by;

(a) RLC components, then the network zeros lie in the 

RHP, rather than as in RLC condition (2),

(b) RC or RL components, than the zeros of the ladder 

lie on the negative real axis, rather than as in 

RC or RL condition (2),

(c) LC components, then the zeros of the ladder lie on 

the imaginary axis, rather than as in LC condition 

(2). '

3.7 Network of a Single Component

'' If a controller is realized of R, C, or L components 

singly, then an analytical alternative bxists. We could 

consider the matrix as a special case of an RLC, RC, RL, or 

LC network. Nevertheless, the investigation of a network 

matrix, realized from one component, has merit.
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(b) (c)

Quadrangle Symmetry 

Figure 3.3

(d)

Ladder Network Element 

Figure 3.4



The transfer function G(s) of one of the elements of 

the controller matrix is

G(s) = M (3.5)

where M is a constant and 0 <. M 5 1. M is not equal to zero 

because that is the trivial case of no network existing.

When M equals one the network is “straight through".

The process characteristic equations of Chapter II 

and the RLC, RC, RL, or LC network conditions of this chapter, 

allow us to determine the process matrix conditions due to 

controller network restrictions.



CHAPTER IV 

PROCESS MATRIX CONDITIONS

The practicality of RLC, RC, RL, and LC controllers 

and the simplicity of noninteract control systems prompts us 

to find the conditions that the process matrix must satisfy.

The process characteristic equations (2.29) and (2.30) 
can yield the desired conditions that a process must satisfy 

in order to be controlled by an RLC, RC, RL, or LC realized 

controller.

The process characteristic equations are rewritten

The P's are process matrices, the K is a control system matrix, 

the D's are forward controller matrices, and the H's are feed

back controller matrices. A subscript â denotes an n x n 

matrix, a subscript b denotes an (m - n) x (m - n) matrix, 

and a subscript c denotes an n x (m - n) matrix.

In Equations (4.1) and (4.2) controller partition ma

trices appear in unaltered form and in inverse form. The

26

-1
(2.29) (4.1)

(2.30a) (4.2a)

(2.30b) (4.2b)



controller partition matrices are products with control sys

tem partition matrices. Hence the nature of an inverse ma

trix and a matrix product invites investigation where we es

pecially note both the polynomial root behavior and polyno

mial order.

The definition of the inverse matrix A  ̂ is

. A : j i
b U  = det (A) (4'3)

where b.j is an element of A"^ in the (ij) position, det (A)

is the determinant of A, and A .. is the cofactor of A in
J i

the (j i) position. The determinant of A is not zero. A co

factor is a determinant with a sign affixed. A sum of terms 

characterizes a determinant.

■ t
det(A) = \  a jk

k^T
jk * (4‘4)

Hence the element of an inverse matrix. Equation (4.3), is a 

ratio of sums.

The collected terms of a determinant sum have the 

same poles as the sum, but have zeros different from the sum 

zeros. A rational polynomial with real coefficients has com 

pi ex conjugate roots and real roots that lie anywhere in the 

finite complex plane. Thus:
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If the terms in a sum are restricted to a ratio 

of rational polynomials with real coefficients, 

then the poles of the collected terms are the 

poles in the terms of the sum, but the zeros of 

the collected terms are complex conjugate and 

real, and lie anywhere in the finite complex 

plane.

(Statement 1)
Examp 1e 4.1:

Suppose that the "sum" mentioned in Statement (1) 

contains two terms,

5 + 3 / 2  1 • (4.5)
(S+1)(S+3) S2 + S + 2

As required in Statement (1), the numerators and denominators 

are rational polynomials with real coefficients. The poles 

and zeros of Equation (4.5) lie as illustrated in Figure (4.1). 

Collecting the terms,

S(S2 + 3/2S - 1/2)
(S+l)(S+3)(S2+S+2) (4.6)

the poles are again in the same locations as in the sum of 

terms. In the sum of terms, one zero lies in the LHP, but in 

the collected terms one zero lies in the LHP and one lies in 

the right half plane (RHP) as illustrated in Figure (4.2).

Thus Example (4.1) satisfies Statement (1).
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-1

Pole-Zero Diagram for the First Term 
Figure 4.1a

Pole-Zero Diagram for the Second Term 
Figure 4.lb

x + 1.32j

— i—

-1
7

-3 -1.75 -1 0.28

Pole-Zero Diagram for the Collected 
Terms 

Figure 4.2
X .. - 1.32
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The conditions of RLC, RC, RL, or LC transfer func

tions require a ratio of polynomials with real coefficients. 

Therefore, we can apply Statement (1) to a sum of such trans

fer functions. But, the element of an inverse matrix is a 

ratio of these polynomial sums; hence we may state:
If the terms in the definition of the inverse 

element matrix are restricted to rational poly

nomials with real coefficients and any of the

conditions on RLC, RC, RL, or LC network reali

zation are applied to the terms, then the poles 

and zeros of the inverse element are complex 

conjugates and real, and lie anywhere in the 

finite complex plane.

(Statement 2)

Statement (2) follows from Equation (4.3): the zeros of b..
i I J L  , IJ

are the zeros of A .. and the poles of 2L. a .. A .. ,I Iji k=l i k I i j k
also the poles of b.. are the poles of

1J n
.. and the zeros of T" a.. 
J 1 ks 1 jk •

Example 4.2:

As an example of Statement (2), suppose we desire the 

inverse of the matrix.
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(S-1)(S+3)(S+5) 
(S+1)(S2+S+1)

(S-l)(S+4)
(S+l)(S+3)

(S-l)(S+3) 
(S+2)(S+4)

S(S2+S+1)
(S+2)(S+3)(S+5)

(4.7)

The elements of Equation (4.7) could represent transfer func

tions of RC or RL networks since the transfer functions sat

isfy RC or RL network conditions.

Equation (4.3) yields the inverse matrix

S(S+!)(SZ+S+1) 
(S-1)(S+3)(S+5)

(S+2)(S+4)
S + 3

(S+l)(S+3)
(S+4)

(S+2)(S+3)(S+5) 
S2 + S + 1

(4.8)

The poles and zeros are complex conjugate and real, and lie in 

the finite complex plane as demanded in Statement (2).

Equation (4.9) illustrates the order of the polynomi

als in Equation (4.3):

O(b.j) —

0 ( s r )
Q(st)
0 (sP)
0(S9)

= 0(Sr+cl-t‘P). (4.9)

But by condition (4) for each case in Chapter 111,

t > r and q > p. (4.10)
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Since no relation exists between the two inequalities (4.10), 

Equation (4.9) does not yield relative polynomial order be

tween the numerator and the denominator of bjj. Thus:

If the numerator sum and the denominator sum in 

the definition of the inverse matrix be required 

to satisfy condition (4) in Chapter III, then the 

relative order of the numerator and the denomina

tor of the inverse matrix element is not deter- 

mi ned.

(Statement 3)

Inverse matrices appear in both process characteristic 

equations (4.1) and (4.2), viz. (Da + HaKa)‘ 1, Hb \  and Db“1. 

Hence, with Statements (2) and (3), the establishment of the 

conditions on Pa and Pc is possible.

Since the definition of matrix multiplication in

cludes a sum of matrix elements, the elements in a matrix 

multiplication product satisfy Statement (1). However, the 

pole-zero conditions in Statement (1) are more restrictive 

than those in Statement (2); therefore, the conditions of 

Statement (2) are imposed on Pg and Pc rather than those of 

Statement (1). The imposition of Statement (2) conditions 

follows whenever an inverse matrix, or both an inverse matrix 

and a matrix multiplication, appear in a matrix equation.

Finally, in consideration of Equation (4.1) and 

Statements (2) and (3), we can state:'
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The conditions placed on the elements of Pa and

Pc due to the realization of controllers from

RLC, RC, RL, or LC components requires that the

elements be ratios of rational polynomials with

real coefficients. For instances,

U(s) uQ + uis + ... + unsn

Paij V(s) v + v,s + ... + v smo I m

where the u 1s and v's are the real coefficients.

(Statement 4)

Example 4.3

To illustrate Statement (4) suppose the controller 

matrix elements satisfy the RL conditions and some elements 

may have gain. The matrices in Equation (4.1) are given,

Sz + 4S + 1 
(S+l)(S+2) S+l 13

D. S - 2 
S + 3 S+3 '23 (4.12)

0
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 1_ S+2 S-l '
S+2 S+l/5 S+l

S+1 S+2 S+2
S+3 S+3 S+l

o o -JLlL
s+i

K.

S+l

0

0

S-l
S+2

0 K-
33

The element has a zero in the RHP (a lattice network

can realize a RHP zero, whereas a ladder network cannot.) 

Equation (2.24b) gives us . Equation (2.31) gives us

13' a23
, and d.

'33

Substituting Equation (4.12) into Equation (4.1), 

the square process partition matrix is determined,

pa =

2(S+2)
S + 3

. S(S2 - n  
(S+2)(S+3)

 2(S+3)
S + 1

(S - 1)(S+3)
(S+2)

(4.13)
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The elements of Pa satisfy the conditions imposed by 

the RL controllers and by Ka ; i.e., the conditions in State

ment (4). Notice that Pa has elements with zeros in the RHP,

also P_ and P^ have the order of the numerator one great- a21 a22
er than the order of the denominator; yet, the controllers 

are physically realizable with RL components.

The 2 x 1 matrix Pc becomes, upon substituting Equa

tions (4.12) and (4.13) into Equation (4.2a),

Pc= -

-12S2 - 44S - 40
(S+l)(S+3)(S-1)

7S3 + 9S2 - 7S - 9
. (S+2)(S+3)(S- 1)

(4.14)

Notice that transfer functions P,
1 1

and P.
21

represent un

stable systems; thus we have control of an unstable process 

with RL controller networks in a noninteract control system. 

The elements of Pc satisfy the conditions found in Statement

(4). The substitution of Equations (4.13) and (4.14) into 

Equation (4.15)

0
(4.15)

yields the complete (m x m) process matrix.



Example 4.4:

In this example the controllers are realized by LC 

components. The controllers matrices and the diagonal con 

trol system matrix appearing in Equation (4.1) are given.

1 1

CM(/)+ 1 + s 2

1 1 + 2S2

_ 1 + s 2 1 + S2 .

-1 2
-

1 + 6S2

1 1 -

r s

1 + s 2
0

-1

1 + 6S2
0 1 + S2

Substituting Equation (4.16) into Equation (4.1) give us
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* 3 1 + 4S2 9 1
8 1 + S2 16 1 + S2

1 1 + 6S2 1 1 + 6S2
_4 1 + S2 8 1 +

—
i

CMCO

(4.17)

The controllers are LC networks, yet the elements in Pa sat

isfy the conditions in Statement (4). From the values of Pa 

in this example, we might conclude that the poles and zeros 

in Pa must lie on the real axis or on the j-axis. However, 

we cannot justify this conclusion, since the quadrangle sym

metry condition on the controller elements allows the zeros 

of Pa to appear on either axis as shown in Figure (3.2d).

The elements of K have no condition imposed on them 

other than the non interact requirements. Since appears in 

Equation (4.1) and (4.2) in inverse form and in multiplica

tion, we state:

The effect of Ka upon Pa and Pc depends on the 

chosen conditions of the noni nteract elements.

The effect appears in a manner analogous to the

controller network effect on P and P .a c
(Statement 5)

With no little different reasoning, the reiteration 

of Statements (4) and (5) follows upon consideration of the 

complementary and equivalent algebraic equations of Equations 

(4.1) and (4.2):
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n

I
k=l

Da + HaKa jk
a .ik det (D + H K )3 3 3
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(4.18)

■ J
k=

m - n

A = I

H,

Pa :„ hc
. (4.19a)

ik kq det(Hb)

Equstion (4.19b) is (4.19a) with h's replsced by d's. The 

sppesrsnce of the inverse mstrix in Equstions (4.18) and 

(4.19) gives us Statement (4).

It is interesting to note that Statement (4) allows 

poles in the right half plane and multiple poles on the j- 

axis, two characteristics that make a transfer function un

stable. Hence, the process transfer functions are not re

stricted to only stable ones. Also, Statement (4) allows 

zeros of the process transfer function in the RHP. An approx

imation to a time delay has zeros in the RHP. Hence, the 

process transfer functions may have time delays if the time 

delays may be approximated.

The ladder network synthesis technique requires the 

zeros of the network transfer function to lie in the LHP if 

the network is realized by an RLC component combination. By 

the definition of the inverse matrix, the zeros of the col

lected sum of terms occur real and in complex conjugates
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anywhere in the finite complex plane. Hence the ladder syn
thesis technique offers no additional restriction to Pa and

Let us consider the controller network realization

with single elements. The elements of the controller matri

ces are constants; therefore, we cannot impose any pole or

zero condition on P or P„ due to controller networks of aa c
single element.



CHAPTER V 

SPECIAL CONTROL CONFIGURATIONS

5.1 Introduction.

We mentioned the applicability of the process char

acteristic equations for a general control configuration to 

particular control system configurations. The finding of a 

special case for the general control system is possible by 

specification of a controller matrix. We investigate several 

special cases, each having a particular block diagram, modi

fied characteristic equations, and additional constraints.

The five equations, determined in Chapter II

Z DX + HY (5.D

Pa K (D + H K )■' (5.2)a a a a

P -1 (5.3)c

Pc (5.4)

-1 -1 (5.5)

characterize the control system. The use of Equations (5.1) 

to (5.5) establishes the characteristics of the special cases.

40
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5.2 Special Case 1 H = 1

When H = I, Equation (5.1) becomes

Z = DX + Y (5.6)

The graphical representation of Equation (5.6) yields the 

block diagram of Figure (5.1).

H = I and Equation (2.25b) requires

Ha = I ‘ (5.7)
and

Hc = 0 . (5.8)

By Equation (5.7), Equation (5.2) becomes

Pa = Ka (Da + V ' -  (5.9)

By Equation (5.8),the Equations (5.3) and (5.4) are

Pc = 0. (5.10)

Equation (5.10) means that the process must be square for

H = I. The square process requirement is reasonable since

the (m - n) process inputs reduce to a direct line from the

D controller outputs to the virtual outputs.

From Equations (5.5) and (5.8), the result

Dc = 0 (5.11)

is obtained which is reasonable since the process is square 

and has no need for control of nonexistent inputs. The new
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block diagram In lights of Equations (5.7), (5.8), (5.10), 

and (5.11) is, in data line form, shown in Figure (5.2).

Example of Special Case I

This example illustrates the control of an unstable 

process by controllers constructed of RLC components.

Let us have given the matrices in Equation (5.9),

Da =

t/2(S+7) 
S + .1

S + 2 
S2 + 1

S2 + 1
(S+l)

l/2(S+2)
(S+l)

(5.12a)

Ka =

l/2(S-8) 
S + 2

0 1/2(S+2)
(S+l)

(5.12b)

The elements of Da satisfy the RLC conditions in Chapter III. 

Substituting Equations (5.12) into Equation (5.9) and after 

manipulation,
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m - n

Block Diagram for Special Case H = I

Figure 5.1

Xa

Modified Block Diagram for Special Case H = I

Figure 5.2
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1/2(S+1)(S-8) 
S2 + 1

l/2(S-8)
S + 2

Pa (5.13)
1/2(S+1)(S+2)2 1/2(S2+ S + 3)
(S2 + I)2 (S2 + 1)

The element P_ has a multiple pole on the j-axis which is 
12

an unstable function; yet, the RLC network controls the pro

cess .

5.3 Special Case I I H = -I

Like Case I, the process matrix in Case 11 must be square.

For a nontrivial control system we have the additional restric 

t i on

When H = -I, Equations (5.1) and (5.2) become

Z = DX - Y (5.14)

pa = Ka (Da - Kg)"' (5.15)

(5.16)

5.4 Special Cases 111 and IV D = +1 D = -1

Special cases III and IV have the same conclusions as 

special cases I and II respectively when H is replaced by D.
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5.5 Special Case V H = D

When H = D, Equation (5.1) becomes

Z = D(X+Y) (5.17)

The graphical representation of Equation (5.17) yields the 

block diagram of Figure (5.3).

The three process equations (5.2), (5.3), and (5.4) 

reduce to two equations,

The condition in Statement (4) on Pa and Pc continues

to hold since the inverse matrix appears in Equations

(5.18) and (5.19). Hence, no additional restrictions on the 

process matrix arise when H = D.

Example of Special Case V

This example illustrates a 3 x 3 process partition 

matrix P . Also, this example illustrates Statement (6) 

which is the consequence of H = D.

Pa = Ka [Da (|+Ka)]
-1 (5.18)

(5.19)

-1

Suppose we have given D and Ka of Equation (5.18)
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— ^ o

< y

Block Diagram for Special Case H = D

Figure 5.3

r
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S + 1

S + 2 
S + 3

S + 1

0

s + 3
S + 1 S + 2

S + 4
S + 2 S + 1

(5.20)

K

S + 1

0

S + 2

0

0

S + 3

(5.21)



The elements of Da satisfy the RC conditions of Chapter III. 

the elements of Ka satisfy the RC conditions also. Substi

tuting Equations (5.20) and (5.21) into Equation (5.18),

0 0
(S+l)(S+2)

S + 1 1 S + 3 (5.22)
(S+2)(S+3) S + l (S+2)2(3+4)

S S
(S+2)(S+3) (S+3)2 (S+l)

The elements in Equation (5.22) then satisfy Statement (6),

i.e., the controller matrix elements satisfy the RC condi

tions and the process matrix elements do likewise.

By inspection of Equation (5.19), we see that 

Statement (4) for Pc is satisfied.

5.6 Special Case VI H = -D

When H = -D, Equations (5.1) and (5.2) become

Z = D(X-Y) (5.23)

-1 (5.24)

As in Case V, Statement (6) applies to Case VI.
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5.7 Special Cases VII and VI1 I D = H D = -H

Special cases VII and VI I I will have the same conclu

sions as Cases V and VI respectively when D is replaced by H.

5.8 Special Case IX H = 0

Since feedback is eliminated. Special Case IX con

cerns an open loop system. When H = 0, Equation (5.1) be

comes

Z = DX (5.25)

The graphical representation of Equation (5.25) yields the 
block diagram in Figure (5.4). Substituting Ha = 0 in the 

process equation (5.2),

Pa = K aDa''. (5.26)

Statement (4) holds for Pa .

Since = 0, Equation (5.3) is manipulated for the 

equation to be nonsingular,

pcHb = "paHc* (5.27)
.i

But, since = Hc = 0, Equation (5.27) reduces to

0 = 0  (5.28)

and no information is retained. However, Equation (5.4) re

mains unchanged. Statement (4) holds for Pc .



Block Diagram for Special Case H 

Figure 5.4
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The addition of an open loop control to a process may 

occur when the measurement of critical feedback variables is 

economically prohibited.

Example of Special Case IX

Suppose the controller is RC realizable, and the 

matrix of the controller is given.

D =

S + 2 

1
S + 2

2(S-1)
s + r

s + 5 
s + i

(s+i)
(S+4)(S+6)

(S+5)
(S+4)(S+7)

1
S + 4

(5.29)

The noninteract matrix is also given.

K =

S2 + 1 
(S+5)(S+l)

0

0

S + 2 
S + 1

0
S + 4

(5.30)
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Substituting Equations (5.29) and (5.30) into Equation (5.26) 

gives

Pa =

S2 + 1 
(S+l)2

S + 1

-2(S-1)(S/+1) 
(S+5)(S+l)2

S + 1

(5.31)

Taylor series expansion for e* ,

-sT = 1 - Ts + T2s 2 - T3 s3 + ..., (5.32)

approximates a time delay. Let the time delay be unity and 

the input frequency be small enough such that the Taylor 

series may be truncated after the fourth term.

i 5 = 1 - s + = (1-s)(1+s^) (5.33)

The process matrix element p. has the factors of Equa-
12

tion (5.33) in the numerator. Hence, an approximated time

delay is controlled by an RC controller.

Substituting and Dc into Equation (5.4) it follows
• u

4 3 ?s + 2s5 - 18s + 2s - 19

Pc -

(s+l)2 (s+6) (s+7)

s^ + 10s^ + 22s - 7
(5.34)

(s+l)(s+6)(s+7)

The results of the nine special cases are summarized 
in Table (5.1).
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TABLE 5.1

Special Character- Process Special
Case istic Equations Conditions

H = I  Pa = Ka (Da+ Ka)-'

Pc = 0

square
process

II H = "I Pg = KgCDg-Kg)"1 5(^303
process

Pc = 0 Da t K,

III D = +1 P = K (I +a a'*- a a

Pc = 0

P = -P D D ■'c a c b

square
process

IV D = -I P = K ( - 1 + H K ) " 1 squarea a a a process

pc = o HaKa 4 I

V H = D P= = K D (I + K )"' no3 3 3 3 additiona1 
restrictions

[continued next page]
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Special
Case

Character
istics

Process
Equations

Special 
Condi tions

VI H = - D Pa - W 1 - V " '  

Pc = -PaDcDb'1

Ka 4 I

VI 1 D = H Pa = KaHa(l + Ka)-' 

Pc = - W b ' 1

No
Additiona1 
Restrict!ons

VI 11 XinO 
‘ Pa = W - 1 + %a)"' 

Pc = -paDcDb''

Ka 4 I

IX H = 0 P = K D Open loop
a . a .a system
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5.9 Special Case X

Suppose for a practical reason we desire a system 

with a forward controller A and a feedback controller B as 

Figure (5.5) illustrates.

The process input equation is

Z = AX - ABY. (5.35)

Comparison of Equation (5.35) term by term with Equation 

(5.1) yields

and

which implies

A = D

-AB = H

A. AC' - ‘Da Dc
s

> CL Ab _Dd Db

(5.36)

(5.37)

(5.38)

Aa®a + Ac®d AaBc + AcBb 'HaHc

,AdBa + AbBd AdBc + AbBb _HdH b
(5.39)

From Equations (5.38) and (5.39), and the process character

istic equations (4.1) and (4.2), the requirements imposed on 

Pa and Pc could be found in a manner similar to that in Chap 

ter IV. Thus, in Case X we have specified a control config

uration and have used Equation (5.1) for the general control 
configuration to find the process conditions.
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A G

Common Control System Configuration

Figure 5.5



CHAPTER VI 

SUMMARY, CONCLUWON^ AND DISCUSSION^

6.1 Summary

Automatic control of multivariable processes, like 

steel roiling mills and petroleum fractionization processes, 

often results in improvement of product properties. Of the 

myriad controllers available, the RLC realizable controller 

is chosen for study in this paper.! ~

The problem attacked is the e^tabl hsbifaent of process

conditions imposed by both RLC realizable controllers and a 

noninteract control system. ' r

The process to be controlled is characterized by m

inputs and n outputs where mS;n. By assuming virtual out

puts we make the process transfer matrix square with dimen

sions m x m. Characteristic process equations which deter

mine process conditions are the results of manipulating con

trol system matrices under the assumption of independent out 

put restoration and noninteraction.

The construction of controllers of any RLC component 

combination yields requirements on the controller matrix el

ements. That requirement on controller matrix elements spec 

ifies root locations of the ratio of rational polynomials

57 ' '
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depending upon the component combination.

The investigation of inverse matrix and matrix multi

plication properties in conjunction with controller construc

tion of RLC component combinations yields the process condi

tions in Statements (4) and (5).

The choice of one controller matrix makes possible ; 

the analysis of several special cases which gives us modified 

process equations, modified block diagrams, and additional 

control system requirements. The modification of the charac

teristic process equations permits their application to any 

control system configuretion. .

6.2 Conclus ion j ^  :■

The principal contributions of this theses are:

1. Process conditions arise when the control networks 

are constructed of RLC component combinations.

2. The process Conditions require the elements of the 

process matrix to be a ratio of rational polynomials with 

real coefficients.

3. The effect of the noninteract transfer matrix upon 

the process matrix depends upon the choice of noninteract sys

tem matrix elements.

4. The modification of the characteristic process equa
tion permits their application to any control system config

uration.
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6.3 Discussion

The nature of the signals flowing in the system have

been assumed to be continuous data. However, sampled data 

systems are another important classification in feedback 

control.

trol of tremendous power by sensitive control elements, the 

economy of time sharing devices, transmission through noisy 

media, the use of digital computer adaptive control.

function) characterizes a sampled data system. F(z) is de

fined for a system as the ratio of pulsed output to pulsed 

input. See Figure (6.1).

transfer function and block diagram of Figure (6.3)

has pulse transfer function Gj(z) G^(z) y the general sampled 

data block diagram of this paper is shown in Figure (6.4).

The data line technique of Figure (6.4) implies a sampler for 

each variable of the multivariable system.

The process and controller matrix elements now become 

pulse transfer functions,

Some advantages of a sampled data system are the con-

A pulse transfer function F(z) (or z-transform

Since the block diagram of Figure (6.2) has pulse

g , , U )  . . .  9 l m(z )

(6.1)
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U  F(z)_

Illustration of Pulse Transfer Function
Figure 6.1

!-*-
(z)

O '  i

T

Location of Sampler at Output and Input
Ftgure 6.2

Gj(z) G 2 (z )

■) G 1

Location of Samplers Between Systems
Figure 6.3

X (z) Z Z(z) V(z)

General Sampled Data Control System 
Figure 6.4



J ^D(s)|= D(z) =

H(z) =

*d ll(z) ... d (z) 1 m

N

e ... d (z) 
mm

h||(2) . . . h (z) 
1 m

_hml(z)
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(6.2)

(6.3)

The equations

Z(z) = D(z)X(z) + H(z)Y(z) 

Y(z) = G(z)Z(z)

(6.4)

(6.5)

mathematically describe the control system in Figure (6.4). 

The characteristic process equations are found in a manner 

analogous to the method of Chapter II,

pa (z) = Ka (z)[Da (z) + Ha (z)Ka (z) ]-1

Pc (z) = -Pa(z)Hc (z)Hb (z)

Pc (z) = -Pa (z)Dc (z)Db (z)

-1

-1

(6.6)

(6.7a)

(6.7b)

The above discussion gives an indication for further 

study of the sample data multivariable process control system
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Control system stabi1ity is a reasonable require

ment. Does the control system stability requirement impose 

further restrictions on and Pc? For control system 

stability the poles of the elements of K are in the RHP. By 

consideration of Equations (2=29) and (2=30) and by the defi

nition of the inverse matrix, it follows that Statement (4) 
remains unchanged. 1
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