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A LINEAR BENDING THEORY OP TAPERED
SANDWICH PLATES

by

SANDOR SILVERMAN 

ABSTRACT

In this thesis* six partial differential equations 
are derived which govern the bending of a linearly tapered 
sandwich plate. The plate is composed of two face layers 
of constant thickness and a core which is linearly tapered 
in the direction of one coordinate axis. The face layers 
are rigidly connected to the core at their natural bound­
aries .

The core is assumed to be linearly elastic* 
orthotropic* ,inextensional in the direction normal to its 
middle plane * and free from certain stresses acting par­
allel to its middle plane. The face layers are linearly 
elastic* plane-isotropic* and obey Kirchhoff1s hypothesis.
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NOTATION

x, y, z Rectangular coordinates for the core
(Figure 1).

m, y, n Rectangular coordinates for facing a
(Figure 1) .

r, y, s Rectangular coordinates for facing b
(Figure l).

am' an Tensile stresses acting on plane elements
that are normal to m, y, and n coordinate 
lines, respectively.

my' mn Components of shearing stress in y and n 
directions, respectively, acting on a plane 
element that is normal to the m coordinate 
line. Similarly, denotes the n compo­
nent of shearing stress acting on a plane 
.element that is normal to the y coordinate

Tmy “ Tym' Tmn = Tmn' Tyn 53 Tn y '

vii



Bending and twisting moments per unit length, 
respectively, defined by Equations (23) and 
(24) .

Normal and shearing forces per unit length, 
respectively, defined by Equations (23) and 
(24) .

Shearing force per unit length defined by 
Equations (23) and (24).

Unit elongations parallel to the m, y, and 
n coordinate lines, respectively.

Components of shearing strain in the my, yn, 
and mn planes, respectively.

Modulus of elasticity of the face layers.

Polsson's ratio of the face layers.

Modulus of rigidity of the face layers.

Moduli of rigidity of the core in the xz 
and yz planes, respectively.

Flexural rigidity of the face layers.
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Extenslonal rigidity of the face layers.

Thickness of a face layer.

Variable thickness of the core.

Angle formed by x and m axes as well as x 
and r axes.

Displacement components of a general point 
in facing a parallel to the m, y, and n 
coordinate lines, respectively.

Displacement components of a general point 
on the middle plane of facing a parallel 
to the m, y, and n coordinate lines, 
respectively.

Distributed tangential loads on the free 
surface of facing a in the m and y direc­
tions, respectively.

Distributed normal load on the free surface 
of face a in the n direction.



&H b As superscripts5 they refer to facings a
and b,, respectively.
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CHAPTER I

INTRODUCTION

Because of the extensive use of sandwich components 
in aircraft design, numerous papers have been written on 
the subject of bending and buckling of sandwich plates and 
shells [l]*. In many of these papers it is assumed that 
the flexural rigidities of the face layers are negligible, 
and that the thicknesses of these face layers are small as 
compared to the thickness of the core. The above simplify­
ing assumptions are not included in the present work,

Within the author’s knowledge, no means of analysis 
are currently available of a plate composed of two constant­
thickness face layers and a linearly tapered core (Figure l). 
In this thesis a system of differential equations is de­
rived which describes the small-deflection behavior of the 
aforementioned tapered sandwich plate.

^Numbers in brackets designate references at the 
end of thesis.
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2
Herein„ the core is assumed to be linearly elastic, 

orthotropic, Inextensional in the direction normal to its 
middle plane, and free from x and y components of stress 
acting on plane elements normal to the x and y coordinate 
lines (Figure l). In addition the taper of the core is 
assumed to be so small that the following approximations 
are valid;

sin 0=9,
■; COS 0 = 1.

These assumptions allow the determination of stresses and 
displacements in the core to within six unknown functions 
of x and y.

The two constant-thickness face layers are assumed 
to be composed of identical, plane-isotropic materials and 
to obey Kirchhpff's hypothesis [2]. It is also assumed 
that the face layers are rigidly connected to the core at 
their natural boundaries (interfaces). This last statement 
is equivalent to requiring that the displacement components, 
"and certain of the stresses in the face layers and core, 
be continuous across the Interfaces.

Utilization of the foregoing assumptions permits 
the establishment of twelve independent equations involving 
twelve unknown functions. These equations are then manipu­
lated to obtain the final system of six differential



3
equations involving only the six displacement components 
of the middle planes of the two face layers. The remaining 
six equations permit a direct determination of the previ­
ously mentioned six unknown functions associated with the 
core.
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CHAPTER II

CORE

1 Stresses
The coordinates for the core are shown in Figure 1. 

With reference to these coordinates (x, y, z) the usual 
stress notations oz> rxy, Tyz, and txz will be
employed. For example, denotes the tensile stress 
acting on a plane element that is normal to the x coordi­
nate line; denotes the z component of the shearing
stress acting on a plane element that is normal to the x 
coordinate line.

From the classical theory of elasticity [3l the 
stress equations of equilibrium, in the absence of body 
forces, have the form:

a + t + t x,x xy,y xz, z

t + a + t xy,x y,y yz,z

5

(la)

(lb)



where subscripts following a comma denote differentiation. 
That is

a = T == ^Txy
XjX dx 9 xy,y By '

and so o n .
The core is assumed to be free from x and y com­

ponents of stress acting on plane elements normal to the x 
and y coordinate lines, i.e..

With Equations (2) the foregoing equilibrium equa­
tions reduce to
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Equations (3) can be integrated with respect to z. Per­
forming this integration, the following expressions for 
stresses in the core are obtained:

Txz 3 > (4a)

Tyz = r2<iX,y'> ’ (4b)

az = "z(fl,x + f2jy) + f3(x’y ) » (4c)

where f^, f^, and f^ are arbitrary functions of integration; 
they are independent of the thickness coordinate of the core.

2 Displacements

The strain-stress and strain-displacement relations 
are required for the determination of displacement components 
of the core. These relations are taken from the linear 
theory of elasticity. The strain-stress relations are [4]

^xz^xz Txz 9 (5a)



G y  = t ,yz yz yz '

8
(5b)

v/here G and G arc the shear moduli of the core in the xz yz
xz and yz planes, respectively. The remaining strain- 
stress relations are disregarded. The components of strain 
are [3]

€x = U 'x ' (6a)

€y 53 v,y ' (6b)

ez “ w 'z ' (6c)

^xy ^ Jy + V >x * (6d)

^yz V,z + Wjy 3 (6c)

. (6f)

where U, V, and W are the displacement components of a 
general point in the core in the directions of the x, y, 
and z axes, respectively.



Equations (4), (5)> (6c, e, and f ) are sufficient 
for the determination of displacements to within five 
arbitrary functions of x and y. These five functions and 
the function f^ [see Equation (4c)] can be determined by 
using the conditions of continuity of displacements at the 
interfaces and the equilibrium conditions for the face 
layers.

The assumption that the core is inextehsional in 
the direction normal to its middle plane is equivalent to 
the assumption that is zero, or that the modulus of 
elasticity of the core in the normal direction is infinite. 
With this assumption. Equation (6c) can be integrated with 
respect to z to obtain

w = F1(x,y) . (7)

In order to obtain expressions for the displacement 
components V and U, Equations (5) are rewritten with the 
aid of Equations (4). Hence,
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Equations (6e) and (8b) can be solved for V , a n d  then 
Integrated with respect to z . Thus,

v = - zFi v + Fp(x,y) . (9)
yz ^ ,iy

In a similar manner, U is found from Equations (Gf) 
and (8a),

U = q *' f2 - zF1#x 4- F^(x,y) . (10)

The quantities F^, Fg, and Fg In Equations (7), (9), and 
(10) are functions of Integration. It is easily seen, by 
setting z = 0 in these equations, that they are the dis­
placement components of the middle plane of the core.



CHAPTER III

FACE LAYERS (FACINGS)

3 Displacements

Three coordinate systems, each of which belongs to 
one layer of the tapered sandwich plate, are used to describe 
the behavior of this plate. The notation for quantities 
associated with the core was explained in Chapter II,* the 
notation for.quantities associated with the facings is 
explained in the following.

All of the components of stress, strain, and dis­
placements of each facing are taken in the directions of 
the coordinate lines for that facing. The superscripts 
attached to each component indicate the facing to which 
this component belongs * The subscripts attached to the 
stress and strain components have their usual meaning. For
example, cr̂ denotes the tensile stress in facing a acting

bon a plane element normal to the m coordinate line; 
denotes the tensile stress in facing b acting on a plane 
element normal to the r coordinate line.

11
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The components of strain for facing a can now be 

written using Equations (6) and the notation explained 
above. They are

<  = < 1  > Ula)

6y = Vfy , (11b)

e® = v:?n , (He)

C = u'y + V' » '  (lld)

= U 'n + ti?m ’ Ulf)

where Ua, V3, and VJa denote the displacement components of 
a general point in facing a in the directions of the m, y, 
and n axes, respectively. (The notation ua, va, and wa will 
be reserved for displacement components of a general point 
on the middle plane of facing a.)
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In order to obtain expressions for the displacement 

components, the Kirchhoff hypothesis is assumed to be 
valid. According to this hypothesis

€ = 7 = Y = 0n rnm yn
in the case of facing a. Introducing these assumptions 
into Equations (11c, e, and f) one obtains the following 
expressions which can be integrated with respect to n:

VJ?n = o , (12a)

V?n + W?y = 0 , (12b)

U?n + M?m = 0 . (12c)

After integration, the displacement components are 
found to within three arbitrary functions of integration.
By setting n = 0 in these resulting expressions, the 
arbitrary functions are easily interpreted to be the dis­
placement components wa, va, and ua of the middle plane of 
facing a. Performing the above manipulations, the following 
results are obtained:
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Wa = V7a (m,y) , (13a)

V* = -nw“y + va(m,y) , (13b)

Ua = -nwam + ua(m,y) . (13c)

The foregoing process, when applied to facing b, 
results In the following expressions for displacement 
components:

Wb = wb(r,y) , (14a)

Vb = -swb,r *f vb (r,y) , (14b)

Ub = -swb^ + ub(r,y) . (14c)

4 Stresses

Since the face layers are assumed to be composed of 
identical, plane-isotropic materials, the stress-strain rela­
tions of the classical theory of elasticity are valid.
Using the Kirchhoff hypothesis, and employing the notation



for facing a, these relations have the form [3]:
15

(15a)

(15b)

(15c)

where E is Young’s modulus, v is Poisson’s ratio, and G is 
the shear modulus.

terms of displacement components of the middle plane of 
facing a. This is accomplished by substituting Equations 
(13) in Equations (11a, b, and d) and then substituting the 
resulting equations in Equations (15). The expressions for 
stresses obtained in this manner are

The stresses a^, a^, and can be expressed in

(1 - v2)cr̂  = E[vfy + vu1a

Tmy = G(u*y + v®m " 2nv^ m y ) (16c)
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The stress-displacement relations for facing b are 

obtained by the method outlined above for facing a. They 
are

(1 - v2 )a£ = E[u^r + Vv^y - s(wVrr + vwVyy)] , (17a) 

(1 - v2 )a^ = E[vVy + vu^r - + vw^rr)] , (17b)

^  = 0(U?y + - SBW?^) . .(^C)

Since it is assumed that the face layers are 
rigidly connected to the core at their natural boundaries, 
the following continuity conditions for stresses exist at 
the interface of facing a and the core:

run1 n = - —  ^nm J

T3, Iny'n

| = Pn • (18)

Here, the stresses denoted by p are the stresses shown in 
Figure 2a.
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An element of the core located at the interface of 

facing a and the core is shown in Figure 2a. Equilibrium 
considerations for this element yield the following rela­
tions :

^nm ^az + Txz *

P = t , ny yz

Pn = az - 20Txz • (19)

The small angle approximations for 0 are used in these 
equations.

By substituting for the stresses a^, txzj and 
in Equations (19) their expressions from Equations (4), and 
evaluating the resulting equations at z = t (the Interface), 
one can write the stress continuity conditions. Equations 
(18), in the form:

nm n =

ny 6 =3 f (20b)
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n n = - |  = f3 - 29fl - + f2,y) •

Proceeding along the lines of the process just out 
lined, one obtains for the stress continuity conditions at 
the other interface

sr s = 2 = fl - 0f3 - et(fljX + f ) , (21a)

(21b)

3 = 2 = f3 + 2 0 ^  + t(f + t ) . (21c)

Equations (20) and (21) will be used in the following 
article.

5 Equilibrium Equations

The equilibrium of the face layers is considered in 
this article. With the notation for facing a, the stress 
equations of equilibrium [Equations (l)) are
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aa + Ta + Ta = o ,m^m my,y mn,n

Ta + aa + Ta = 0 , my,m y,y yn,n

(22a)

(22b)

Ta 4- Ta 4- a3 = 0 . mn,m yn,y n,n (22c)

For the purpose of eliminating the variable n from these 
equations, the stress resultants for facing a are defined 
as follows:

Nm = / " >  • (23a)

Ny = / ffydn , (23b)

S3 = / T ^ d n  , (236)

<  = S C dn * (23d)

Qy ~ f Tyndn ' (23e)

<  = / <ndn , (23f)

My = / Oyndn , (23g)



H = / v n d n '

21

(23h)

where all the Integrals are definite and are evaluated 
between the lower and upper limits of n = - and n = 
respectively.

Similarly, the stress resultants for facing b are 
defined as follows:

Nd = / c£ds , (24a)

Ny = / Oyds , (24b)

Sb = / Tbyds , (24c)

= / Tbsds , (24d)

Qb = / Tygds , (24e)

= / a^sds , (24f)

My = / OySds , (24g)

Hb = / Tb sds. (24h)
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where all the Integrals are definite and are evaluated 
between the lower and upper limits of s = - and s = ~  
respectively.

In the future It will be convenient to use the 
following notations:

Tarun 2 = , (25a)

6
2 = Ty , (25b)

a^|n = l  = qa . (25c)

The terms Ta, Ta, and q represent the components of the 
distributed load acting on the free surface of face a in 
the positive directions of the m, y, and n axes, respectively 

Three force equilibrium equations for facing a are 
obtained by integrating Equations (22) through the thick­
ness of that facing and using Equations (20), (23), and (25). 
For example, from Equation (22a)

S.t/2 ^ ° ™ dn + ^ -6/2 ^

6/2 %
+ f _6/2 3 n V  dn = 0 • (2G*)
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This equation can be rewritten

- Tanm n _ _ A  = 0 , (26b)n “ 2

where the last two terms in Equation (26b) are obtained by 
integration of the last term in Equation (26a). With the 
aid of Equations (20a), (23a,c), and (25a) the foregoing 
equation can be expressed as follows:

Nm,m + S -y ' fl ' 0f3 + 9t(fl,x + f2,y)

= - Tm ’ (27%)

In a similar manner one obtains from Equations (22b) and 
(22c) the remaining force equilibrium equations for facing 
a . They are

S * m + N y,y " f2 = " Ty ' <27b>
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< m  + < y  - f3 + 26fl + t(fl,x + f2,y) = " ^  ^

The previous method outlined for facing a is also 
valid for facing b . Thus, one obtains the following force 
equilibrium equations for facing b:

Nr,r + S 'y + fl - 9f3 " 9t(fl,x + f2,y> = ^  * (28a>

S 'r + < y  + f2 = Ty ' <28b>

^ . r  + Qy,y + f3 + 29fl + + f2,y) = qt> 1 (28c)

Here, and qb represent the components of the dis­
tributed load acting on the free surface of face b in the 
negative directions of the r, y, and s axes, respectively.

The two moment equilibrium equations for facing a 
are obtained by multiplying Equations (22a) and (22b) by n, 
integrating them through the thickness of that facing, and 
then utilizing Equations (21), (23), and (25). For example, 
from Equation (22a)
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6/2 a Q

f _ d/2 5 i (am )ndn ;-6/2 ^ (Tmy)ndn

This equation can be rewritten

a r6/2 
3 “  - 6/2 °m ndn + ^  ^ T^y ndn

6/2
- 6/2 + I  TL i

n =

= 0 (29b)

where the last three terms are the result of integration by 
parts of the last term in Equation (29a). With the aid of 
Equations (20a), (23f,h), and (25a) the foregoing equation 
can be expressed as follows:

m,m H i 1  fl
06
"T

9t6
2 (fl,x + f2,y^ l Tm (29c)

Similarly, from Equation (22b),
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^ = H ’m + «y,y + i f2 + ! Ty ■ ( ^ )

The moment equilibrium equations for facing b are 
obtained by the method just outlined for facing a. They are

«£ - < r  + H >y + I  fl - ^  f3

(fl,x + f2,y) + I  Tr ' (30a)

4 - H »r + < y + 4 f2 + 4 TJ * <3»)

The system of five equilibrium equations for facing 
a. Equations (27), (29c), and (29d), can be reduced to a 
system of three equations. This is accomplished by substi­
tuting for and in Equation (27c), their expressions 
from Equations (29c) and (29d). Performing this substitu­
tion one obtains

< m m  + 2H'my + My,yy ' f3 + 29fl + f  f3,x

+ t(fl,x + f2,y^ + 2(fl,m + f2,y^ 

' ¥ i i i [t(fl,x + f2,y)] =

(31)



Similarly, by substituting for q£ and in Equation (28c) 
their expressions from Equations (30) one obtains

Mr,rr + ^H'ry + My,yy + f3 + 2°fl " 2 f3,r

+ t(fl,x + fg.y) + + f2,y)

' ^  ̂ [t(fi,x + f2,y)] = qb

-  + i , y )  • (32)

It is convenient to replace all derivatives with 
respect to m and r by derivatives with respect to x .
Using the small angle approximations for 0 it is seen that 
the following transformations are valid:



With Equations (33), the equations of equilibrium 
for the facings can be rewritten as follows:

Nm,x + S 'y " fl - 9f3 + 6t(fl,x + f2,y> = " Tm >

S 'x + My,y " f2 = - Ty ' ^

< x x  + 2H'xy + My,yy " f3 + 29fl + ¥  f3,x

+ (t + |)(fljX + f2>y) - ^  H [t(fl,x + f2,y)]

-  9* - # K , x  + ^ , y )  ' (34=)

Nr,x + S 'y + fl - 9f3 - 9t(fl,x + f2,y) = Tr ' (35a)

S 'x + < y  + f2 = Ty ' (35^

4 , xx + 2H'xy + < y y  + f3 + 29fl " ¥  f3,x

+ (t + |)(fljX + fg.y) " ¥  33?[t(fl,x + f2,y)]
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The stress resultants for facing a that appear In

Equations (3*0 can be expressed in terms of the displacement
components ua, va, and wa of the middle plane of the facing 
by substituting Equations (16) in Equations (23) and per­
forming the indicated integrations. The relations thus 
obtained are

Nm “ K (u 'x + vv'y^ '

Ny = K(v?y + vufx ) ,

Sa = ^rrKfufy + vfx ) ,

K l = -D(w?xx + Vw*yy> '

My = -^("'yy + V< x )  *

H a - -(l-v)Dwa^y ,

where D = — ~ — 5— and K = ■ — ^ . Here, the transformations 
12(1-v ) 1-v

of variables. Equations (33), have been used.
The stress resultants for facing b can be obtained

by the method just outlined. They are

(36a) 

(36b) 

(36c) 

(36d) 

(36e) 

(36f)
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Nr = K(u'x + vv»y) ' (37a)

Ny = K(v'y + O  ' (37b)

Sb = K(ub + vb ) , (37c)

- -D(w?xx + vwTyy) , (37d)

= -D(wb^  + vw?^) , (37e)

Hb = -(l-v)DwbXy . (37f)

Equations (36) and (37) are used in Chapter IV.



CHAPTER IV

CONTINUITY CONDITIONS FOR DISPLACEMENTS 
AT THE INTERFACE

It is required that the displacement components of 
the face layers and core be continuous across the interfaces. 
This follows from the assumption that the face layers are 
rigidly connected to the core at their natural boundaries. 
Thus, at the interface between facing a and the core the 
following continuity conditions exist:

U = Ux «

V ,

W = W* . (38)

Here, U, V, and W are the displacement components of a gen­
eral point in the core in the x, y, and z directions.

31
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respectively; the quantities U^, V^, and are the dis­
placement components of a general point in facing a in the 
x, y, and z directions, respectively. The quantities and 

are illustrated in Figure 3a.
A general point P in facing a that has displaced to 

point Q, is shown in Figure 3a. From the figure the follow­
ing relations can be obtained:

= u3 - ewa ,

= v* ,

wa = eu3 + w3 , (39)

Here, the small angle approximations for 0 are used.
By substituting for U3, V a , and Wa in Equations (39) 

their expressions from Equations (13) and evaluating the 
resulting expressions at n = - ^ (the interface), the right 
hand sides of Equations (38) are determined in terms of ua, 
va, and wa . The left hand sides of these equations are 
obtained by evaluating Equations (7)> (9), and (10) at .z = 
t (the interface). The foregoing method yields the following 
expressions for the continuity conditions at the interface 
between facing a and the core:



34
ua + |  wax - 0wa = F3 - tFljX + fl , (40a)

va + |  w?y . F2 - tF1>y + 5 ^  fg ' (40b)

wa + ^  wax + 9ua = F^ (40c)

Here, the transformations of variables. Equations (33), have 
been used.

Proceeding along the lines of the method outlined 
above, the following displacement-continuity conditions are 
obtained for the other interface:

u^ - -g x = Fq + tFl,x " Gxz
> (41a)

vb • I w'y = P2 + tFl,y " 0yz 2 ’ (41b)

wb + ^  wbx - 0ub = F^ (41c)



CHAPTER V

GOVERNING EQUATIONS

Before deriving the final system of governing 
equations it is convenient to introduce the following 
notations:

2w = wa - ,

2Mx = Mm + Mr '

2MX = Ma - , (42)

2<£ = qa + qb ,

2q = qa - q^ ,

and so on.
35
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With the aid of Equations (42) a system of twelve 

independent equations involving twelve unknown functions 
can be obtained from the continuity conditions for displace­
ments at the interfaces and the equilibrium equations for 
the face layers.

Thus, the continuity conditions. Equations (40) and 
(41), can be rewritten in the following form:

4 + |  w,x - 9w = , (43a)

G + 4 - 0* = - tFljX + 15̂  fi ' (43b)

4 + -| w,y = F2 , (43c)

v + I *,y = - tF1>y + f2 . (43d)

4 + -^ 4,x + 9u = , (43e)

w + -—  w,x + 0u =» ° , (43f)

where, for example, Equation (43a) is obtained by adding 
Equations (40a) and (4la) and dividing this sum by two.

In a similar manner, the equilibrium equations. 
Equations (34) and (35), can be rewritten as follows:
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L x + K - Qf. - T (44a)

Sx,x + S'y - fl + 9t<fl,x + f2,y) = " fx » ( ^ )

S,x + Ny,y = - T (44c)

s,x + Ny,y - f2 = - ty ' (44d)

Mx,xx + 2H’xy + My,yy + 29fl + (t + 2 )(fl,x + ^ . y 5

6/ + + \
2 Tx,x + Ty,y^ ' (44e)

Mx,xx + 2H,xy + My,yy ” f3 + 2 f3,x

2V x,x y,y (44f)

where, for example. Equation (44a) Is obtained by adding 
Equations (34a) and (35a) and dividing this sum by two.

The expressions for the stress resultants in terms 
of displacements. Equations (36) and (37), can also be re­
written with the aid of Equations (42). Thus,



38

Nx = K(a,x + vv,y ) ,

Ny = K ^ ’y + *

N,r = K(v,__ + vu. ) ,

S = 1-v

l-v
2S = ^  K(u, + v. ) ,

ML = - D(*>xx + ^ y y )  '

(45)

K  = - D(” 'xx + v” 'yy) '

yy

M„ = - D(w,„„ + vi, ) ,yy

H = -(1 - v)D*,xy ,

H = -(1 - V)D w , .
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The functions F^, F^, and F^ are determined directly 

in terms of displacement components from Equations (43a, c, 
and e), respectively; the functions f^ and f^ are obtained 
in terms of displacement components from Equations (44a) and 
(44d), respectively, with the aid of Equations (45).

The function f^ is determined by eliminating 
between Equations (43b) and (43e). Thus,

fl - -TT<5 + + 6x»,x + ^  * >xx) . (46)

Here, the approximation
t + -̂  = Ox , 

has been used. For emphasis,
t = t(x) .

Equations (47) are the final system of six simulta­
neous differential equations; they are obtained by eliminat­
ing f^, fg, F1, Fg, and F^ from Equations (43f), (44b, 
c, d, e, and f). Two of these equations. Equations (43f) 
and (44c), involve only the unknown displacement components, 
and therefore require no manipulations; they are the first 
and third governing equations, respectively.

The second governing equation is obtained by elimi­
nating f^ and fg from Equation (44b) by means of Equations



(46) and (44d). The final form of this equation is 
obtained with the aid of the fourth governing equation.

eliminating between Equations (43d) and (43e), and 
eliminating f^ from the resulting expression by means of 
Equation (44d). The fifth governing equation is obtained 
by eliminating the term

in Equation (44e) by means of Equation (44b), substituting
for fn in the resulting expression its expression obtained l, x
from Equation (44b), and then eliminating f^ and f^ from the 
expression obtained by the foregoing manipulation by means 
of Equations (46) and (44d).

The last governing equation is obtained by eliminat­
ing f^ from Equation (44f) by means of Equation (44a).

The fourth governing equation is obtained by

w 4- —  w, x + @4 = 0 (47a)

0t w. XX

+T (47b)
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v + etu,y + 9x*,y + t,xy - q^(S, x + Ny>y)

= + g^- Ty ' (^Td)yz ^

Mx,xx + 2H,xy + My,yy + |(Nx,xx + 2S'xy + Ny,yy)

- i(“x,x + S'y) + ~ M  (u + 9tu,x " 9* + 9x*'x

+ ^xx) = - ̂ + i ^x " 6(^x,x + *y,y) ' (47e)

^x,xx + ^'xy + ^y,yy + 2 (Nx,xx + S,xy^

' i (Nx ,x + S'y) = ' ^ + I  ^x

-  5( V x  + ^y,y) • (47f)

The approximation

i t e2 = i , 

has been used in Equations (47).
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By utilizing Equations (45) the foregoing system 

can be expressed entirely in terms of the six displacement 
components of the middle planes of the facings. Thus,

-  06 -w + —  w,x + 0u = 0 ,

-'XX + ¥  -'yy + ¥  v,xy - %  (u - 

- 9« + 0x«'x - 0t2-'xx ' 4 ^  i'xxx)

+ - P  (V'y + 0t-'yy + 6x”'yy + ¥  S 'xyy)

. 1-v + , 1+v + 1 -
Jyy 2 v,xx 2 u,xy “ ~ K y J

V'yy + ¥  9'xx + ¥  -'xy - - #  (v + 9ta'

(48a)

(48b)

(48c)

+ 9xw,y + w,xy) = - |  Ty , (48d)
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- |  (V2u,x + v % y ) + - y  ( u , ^  + I f  u >yy

+ 4 ^  v,xy) - y|§ (U + 9tu,x - 0w + 9x5,x

+ ^  “ 'xx1 = 5 5 - ^  5X + 5 (tXjX + Ty y ) , (48e)

v4” " I  55 ("'xx + "'yy + ^  v,xy)

12 /+ 1-v + 1+v + N 1 +
+ ^ 2  ("'xx + —  "'yy + “  v,xy) =■ p q

M  ?x + I  (^x,x + i?y , y ) • ( W )

oHere, V Is the plane-harmonic operator.

dx dy 

and

v4 d4 d4 d4
= i ?  + 2 W  '

Equation (49) below is an alternate, more symmetric 
form for Equation (48f) and may be used instead of the 
latter equation; it is obtained from Equation (48f) with 
the aid of Equation (48c),
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A  - |  (V*J.X + v ^ , y ) + ^  (JJxx + 5jyy

+ ^  v,%y) = (?x,x + fy,y) * (4 9 )



CHAPTER VI

DISCUSSION

The system of governing equations. Equations (48), 
is certainly not a simple system of equations. However, 
for many sandwich plates it may be possible to neglect
certain terms as small compared to other terms. One
criterion, other than

i  »  es ,

that can be used to simplify the foregoing equations by 
neglecting small terms, rests on the possibility that

Gxz Gvz1 »  ’£ • > and 1 »  »

where G and G are the shear moduli of the core, and Exz yz
is Young*s modulus for the facings. In certain sandwich 
plates with honeycomb cores [5l the foregoing inequalities 
are valid.

The boundary value problem to be solved is complete­
ly formulated if the governing equations are supplemented 
by appropriate boundary conditions.

45
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By solving the given boundary value problem the 

displacement components u, u, v, v, w, and w are determined. 
Once these components are known all other quantities of 
interest can be calculated by means of expressions presented 
in the text.
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