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A LINEAR BENDING THEORY OF TAPERED
SANDWICH PLATES

by
SANDOR SILVERMAN

ABSTRACT

In this thesis, six partial differential equations
are derived whlch govern the bending of a linearly tapered
sandwich plate. The plate is compdsed of two face layers
- of constant thickness and a core which is‘linearly tapered
in the direction of one coordinate axis. The face 1ayers’
" are rigidly connected to the core at their natural bound-
arles. |

The core is assumed to be linearly elastic,
orthotropicg,inextensional in the directionﬁnormal to its
>middle plane, and free from certain stresses acﬁing par-
allel to its middle plane. The Tace layers are linearly

elastic, plane-isotropiec, and obey Kirchhoff's hypothesis.

iii



x

ACKNOWLEDGMENT

The awthor wishes to extend his gratitude to Dr.
Robert Schmidt, for his help and guldance during the
writing of this thesis.

The results presented in this thesis were obtained
in the course of research conducted under National Scilence

Foundation Grant NSF-G-14892.

iv.



CHAPTER
I
1T

ITX

v

VI

TABLE OF CONTENTS

Page
LIST OF FIGURES : vi
NOTATION | | vii
INTRODUCTION 1
CORE 5
1 Stresses 5
2 Displadements 7
FACE LAYERS (FACINGS) ' 11
3 Displacements ' 11
L, Stresses k 1l
5 Equilibrium Equations A 19
‘CONTINUITY CONDITIONS FOR DISPLACEMENTS
AT THE INTERFACES . 31
GOVERNING EQUATIONS , : 35
DISCUSSION 4 | 45

REFERENCES | | 47



Figure

oa
2D
L3

3D

LIST OF FIGURES

Page -

Section of a l%pearly ﬁapered sandwich
plate.

Stresses acting on an infinitesimal element.
cf coré locéﬁed at theﬁinteffacé‘between
facing a and the core. . | | |
Stresses acting on an infinitesimal element
of core located at the interface between
facing b and the core.af

Displacement componentsgfor a general

- point P“inffaeing a that has displaced

to point Q.

Displacemeﬁﬁ components for a general
point P' in facing b that has displaced
to point QY. ’ |

vi

4

30

32



NOTATION

X, ¥, 2 Rectangular coordinates for the core

(Figure 1).

m, y, n Rectangular coordlnates for facing a
(Figure 1).

r, ¥y, S Rectangular coordinates for facing b
(Figure 1).

cm, oy, on Tensile stresses acting on plane elements

that are normal to m, y, and n coordinate

lines, respectively.

Tmy, Tmn Components of shearing stress in y and n
directions, respectively, acting on a plane
element that 1s normal to the m coordinate
line. Similarly, Tyn denotes the n compo-
nent of shearing stress acting on a plane
.element that 1s normal to the y coordlnate
line; =T

= T

=

=T » T y T T .
my ym mn nm yn ny
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M, H

N, S

Q

Gm, Gy, Gn

Yoy Yyn' Ymn

E

v

G = mpre
2‘I+V5

ze’ Gyz

E53

D = 5

12(1-v°)

Bendling and twisting moments per unit length,
respectively, defined by Equations (23) and
(24).

Normal and shearing forces per unit length,
respectively, defined by Equations (23) and
(24).

Shearing force per unit length defined by
Equations (23) and (24).

Unit elongatlons parallel to the m, y, and

n coordinate lines, respectively.

Components of shearing strain in the my, yn,

and mn planes, respectively.

Modulus of elasticity of the face layers.

Poisson's ratio of the face layers.

Modulus of rigidity of the face layers.

Moduli of rigidity of the core in the xz

and yz planes, respectilvely.

Flexural rigidity of the face layers.
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Ed

l-v2

o)

2t

o
v3, ve, we
ua, va, wa,
3 2

m y

a

aq

2$ = wa + w
QV-J = wa - W

Extensional rigidity of the face layers.

Thickness of a face layer.

Varlable thickness of the core.

Angle formed by x and m axes as well as x

and r axes.

Displacement components of a general polint
in facing a parallel to the m, y, and n

coordinate lines, respectively.

Displacement components of a general point
on the middle plane of faclng a parallel
to the m, y, and n coordinate lines,

respectively.

Distributed tangential loads on the free
surface of facing a in the m and y direc-

tions, respectively.

Distributed normal load on the free surface

of face a 1n the n direction.

1x



. a,

As superscripts, they refer to facings a

and b, respectively.



CHAPTER I

INTRODUCTION

Because of the extensive use of sandwich components
ih alrcraft deslgn, numerous pépers‘have been written on
the subjeet of bending and buckling of sandwich plates and
shells [1]1%. In many of these papers 1t is assumed that
| the flexural rigldities of the faceflayers are negligible,
and that the thicknesses of these-face layers are émall as
. compared to the thickness of the core. The above simplify-
ing assumptions are not included in the present work,
Within the author's knowledge, ho means of,analysis
are currently available of a plate composed of two constant-
thickness face layers and a linearly tapered core (Figure 1).
In this thesis a system of differential equatlons is de-
rived which describes the small-deflection behavior of the

aforementioned tapered sandwich plate.

#Numbers in brackets designate references at the
end of thesis.
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Herein, the core is assumed to be linearly elastic,
orthotropic, inextensional in the direction normal to its

middle plane, and free from x and y components of stress

i acting on plane elements normal to the x and y coordinate

lines (Figure 1). In addition the taper of the core 1s
assumed to be so small that the following approximations
are valid:
. 8in 6 = 0O,
g 005‘6 = 1.
These assuﬁptions allow the determination of stresses and
displacements in the core to within six unknowh functions
of x and y. |
The two constant-thickness face layers are assumed
to be composed of identical, plane-isotropic materials and
to obey Kirchhoff's hypothesis [2]. It is alsoc assumed
that the face layers are rigidly connected to the core at
their natural boundaries (interfaces). This last statement .
is "equivalent to requiring that the displacement components,
‘and certaln of the stresses in the face layers and core,
be continuous across the Interfaces.
Utilization of the foregoing assumptions permits
the establishment of twelve independent equations involving
twelve unknown functions. These equations are then manipu-

lated tb obtaln the final system of six differential



equations involving only the six displacement components

of the middle planes of the two face layers. The remaining
six equations permit a direct determination of the previ-
ously'mentioned six unknown functions associated with the

core.
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CHAPTER I1

CORE

1l Stresses

The coordinates for the core are shown in Figure 1.
With reference to these coordinates (x, y, z) the usual

O, To., T

stress notations UX, o 2’ Txy vz’

v’ and Vo will be
employed. For example, Ux denotes the tensile stress
acting on a plane element that 1s normal to the x coordi-
nate line; sz denotes the z component of the shearing
stress acting on a plane element that is normal to the x
coordlnate lilne.

From the classical theory of elasticity [3] the
stress equations of equilibrlium, in the absence of body

forces, have the form:

+ T =
X, X Xy, ¥ XZ,2Z

g T = 0
“xy,x ¥ %,y t Tyz,z ’ (1b)



T T =
xz,x * I + 0, o, (1c)

where subscripts following a comma denote differentiation.

That 1s

do ot

- ox xy
GXJX - TXY:Y - y ’

d
il

and so on.
The core is assumed to be free from x and y com-
ponents of stress acting on plane elements normal to the x

and y coordinate lines, i.e.,

g. =0, o. =0, T =0 . (2)

With Ejuations (2) the foregoing equilibrium equa-

tions reduce to

TXZ,Z =0 ’ (3&)
Tyz,z =0, (3b)
T + 7 + 0 = 0 (3c)



Equations (3) can be integrated with respect to z. Per-
forming this integration, the following expressions for

stresses In the core are obtained:

sz = fl(x,y) s (lLa)
Tyz = fz(XJY) s (l‘lb)
OZ = -z(fl,x + fe’y) + fs(x-ﬁy) E] (LI-C)

vhere fl, f2, and f3 are arbitrary functions of Integration;

they are independent of the thilckness coordinate of the core.

2 Dlsplacements

The straln-stress and straln-displacement relatlions
are requlred for the determination of displacement components
of the core. These relations are taken from the linear

theory of elasticity. The strain-stress relations are [4]

G, . Y = T 2 (53-)



Yyalyz = Tyz (50)

vhere ze and Gyz are the shear moduli of the core in the
Xz and yz planes, respectlvely. The remaining strain-
stress relations are disregarded. The components of strailn

are [3]

€, =V, > (6a)
€, = V,y s (6b)
€, =W, » (6c)
Yy = Usy + Yoy s (Ga)
’sz =V, + W, , (6e)
Yoy = Usy + Wy s (61)

where U, V, and W are the displacement components of a
general point in the core in the directlons of the x, y,

and z axes, resgspectively.
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Equations (4), (5), (6c, e, and f) are sufficient

for the determination of displacements to wlithin five
arbitrary functions of x and y. These five functions and

the function f, [see Equation (4c¢c)] can be determined by

5 1
using the conditlons of continulty of displacements at the
interfaces and the equilibrium conditions for the face
layers.

The assumption that the core is inextensional in
the direction normal to its middle plane 1s equivalent to
the assumption that €, 1s zero, or that the modulus of
elasticity of the core in the normal directlon is infinilte.

With this assumption, Equatlon (6¢c) can be integrated with

respect to z to obtain

W= F(x,y) - (7)

In order to obtain expressions for the displacement
components V and U, Egquations (5) are rewritten with the

ald of Equations (4). Hence,
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Equations (6e) and (8b) can be solved for V,,» and then

integrated with respect to z. Thus,

Z
V = E;’;fe - ZFl,y + Fg(x,y) . (9)

In a similar manner, U is found from Equations (6f)
and (8a),

4
U= ﬁ;;fl - ZFl,X + F3(x,y) . (10)

The quantities F,, F,, and F3 in Equations (7), (9), and

(10) are functions of integration. It is easily seen, by

setting 2z = O in these equatlons, that thcy are the dis-

placement components of the middle plane of the core.



CHAPTER I1II

FACE LAYERS (FACINGS)

3 Displacements .

Three coordinate systems, each of which belongs.to'
one layer of the tapered sandwich plate, are used to describe
the behavior of th.isvpla‘ce° The notationvfor quantlties
assoclated with the-bore was explained in Chapter II; the
notation for quantities éssociated wiﬁh the facings is
explained in the following.

All of the components of stress, straih, and dis-
placements of each»facing are taken in the directionsg of
the coordinate lines for that facing. The superscripts
attached to each componené indicate the féciné to which
this component bélongs° The subscripts attached to the
stress and strain components have their usual meaning. For

-example, Gg denoteg the tensile stress in facing a acting

5

o

on a plane element normal to the m coordinate line; o)

denotes the tensile gtress in facing b acting on a plane

element normal to the r coordinate line.

11
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The components of strain for facing a can now be
written using Equations (6) and the notatlion explained

above. They are

e2 =15, (11a)
e; = v?y , (11b)
ei . w?n , (11c)
v;y = U?y + V5, (114)
v;ﬂ = V5 + w?y , (11le)
v, = US, +us (11f)

where Ua, Va, and w2 denote the dlsplacement components of
a general point in facing a in the directions of the m, Yy,
and n axes, respectively. (The notation u®, v¥, and w* will
be reserved for displacement components of a general point

on the middle plane of facing a.)
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In order to obtaln expressions for the displacement
components, the Kirchhoff hypothesis is assumed to be
valld. According to this hypothesis
€ = Yy = vyn = 0
in the case of facing a. Introducing these assumptions

into Equations (llc, e, and f) one obtains the following

expressions which can be integrated with respect to n:

w?n =0, (12a)

Ve o+ w"j‘y =0, (12b)
a a

Uy, + W, =0. (12¢)

After integration, the displacement components are
found to within three arbitrary functions of integration.
By setting n = O 1n these resulting expressions, the
arbitrary functions are easlly Interpreted to be the dis-
placement components wa, va, and u? of the middle piane of
facing a. Performing the above manipulations, the following

results are obtalned:
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v = w¥(m,y) , (13a)
ve = -nw?y + v¥(m,y) , (13b)
v? = -nw?m + v¥(m,y) . (13c)

The foregolng process, when applled to facing b,
results in the followlng expressions for displacement

components:

WY o= w(r,y) (1la)
v = -sw?y + vb(r,y) , (14p)
P = —sw? + ub(r,y) . (14e)

T

l} Stresses

Since the face layers are assumed to be composed of
identical, plane-isotropic materials, the stress-strain rela-
tions of the classical theory of elasticity are valid.

Using the Kirchhoff hypothesls, and employing the notation
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for facing a, these relations have the form [3]:

2y .2
(1 - v9)od = E(el + ve;) , (15a)
2y .4
(1 - v )cy = E(e; + VE;) , (15b)
Ty = Doy (15¢)

where E 1s Young's modulus, v 1s Polsson's ratio, and G is

the shear modulus.

a
my

terms of displacement components of the middle plane of

The stresses 03, c;, and Tt can be expressed in
facing a. Thls 1s accomplished by substituting Equations
(13) in Equations (lla, b, and d) and then substituting the
resulting equations in Equations (15). The expressions for

gtresses obtained in this manner are

(1 - ve)ca = E[u?m + vv?y - n(w?mm + Vw?yy)] , (16a)
(1 - v2)a§ = Blvi, + vuly - n(wd o+ vl )], (16b)
a _ a a _ a

Ty = G(u,y + Vi 2nw,my) . (16¢)
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The stress-displacement relations for facing b are
obtalined by the method outlined gbove for facing a. They

are

b
(1 - v®)oD = E[u}, + VV?y - s(wy L, + VW?yy)] » (17a)
(1 - v3)op = B[V}, + vul - s(uly o+ vl )1, (170)

b b
= G(u,y + Vv, - zsw?ry)

b
T
ry (17¢)
Since it 1s assumed that the face layers are
rigidly connected to the core at thelr natural boundaries,

the following continuity conditions for stresses exlst at

the interface of facing a and the core:

a

Tamln = - % = Ppp
a
a

Here, the stresses denoted by p are the stresses shown 1n

Figure 2a.
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An element of the core located at the interface of
facing a and the core is shown in Figure 2a. Equilibrium
considerations for this element yield the following rela-

tions:

o
i

Goz 4+ T

nm xz °?
pny = Tyz s
p, =0, - Qerxz (19)

The small angle approximations for 0 are used in these

equations.

and T

By substituting for the stresses 0,1 Tyys vz

in Equations (19) their expressions from Eguations (4), and
evaiuating the resulting equations at z = t (the interface),
one can wrilte the stress continuity conditions, Equations

(18), in the form:

i

\
| o
’—l
w

1,a
nm|n

a
Tny|n = - g 2’
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a ) . (20¢)

ol IR % = f, - 20f

3 p -t + f

° 1,x 2,y

Proceeding along the lines of the process Just out-
lined, one obtains for the stress continuity conditions at

the other interface

&
b |s =5 _
Tep 2 =1 - 9f3 - Ot(fl,x + fe’y) s (21a)
g o3
5 .
S =5 _
cs‘ 2 = 3+ 20f) + t(fl’x + fg,y) . (21c)

Equations (20) and (21) will be used in the following

article.

5 Equilibrium Equations

The equilibrium of the face layers 1s considered in
this article. With the notation for facing a, the stress

equations of equilibrium [Equations (1)) are



o,a. a
m,m my,y
a a
my,m .Y
a Ta
mn,m yn,y

20
(22a)

(22b)

(22¢)

For the purpose of elimlnating the variable n from these

equations, the stress resultants for facing a are defined

as follows:

<P 8o

w2
[

5  Jo g

<P

a
oﬁMn,

a;ndn R

(23a)

(23p)

(23c)

(23d)

(23e)

(23f)

(23g)



H? = f Tgyndn s

(23h)

where all the integrals are definite and are evaluated

between the lower and upper limits of n

respectlvely.

and n = =

(3
2’

Similarly, the stress resultants for faclng b are

defined as follows:

Ng = [ cgds ,
Ng = [ Ogds ’
Sb = [ T?yds s
Q? =/ Tgsds ’
Qg = [ Tssds R

b b
Mr = [ crsds »

ao‘

(24a)

(24p)

(24c)

(244d)

(24e)

(24f)

(24g)

(24n)

2l
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where all the integrals are definite and are evaluated
between the lower and upper 1limits of 8 = - % and 8 = g
respectively.

In the future 1t will be convenient to use the

followling notations:

5
a Inn = — a
T | 2 =T, (25a)
a n =-§' a
ny| 2=y (25b)
ain =é a
anl 5 =q% . (25¢)

The terms T;, T;, and qa represent the components of the

distributed load acting on the free surface of face a in

the positive directions of the m, y, and n axes, respectlvely.
Three force equilibrium equations for facing a are

obtained by integrating Equations (22) through the thick-

ness of that facing and using Equations (20), (23), and (25).

For example, from Equation (22a)

6/2 d a /2 d a
o dn + t2  dn
I s/, 3 °n I /5 3% "y
&/2
+ [ é% T:n dn = 0 . (26a)

-5/2
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This equation can be rewrltten

6/2 6/2 6
a a a a a Nn = e
B-H-;{ f_é/g O’m dn + B—; f 6/2 Tmy dn + T 2
- Timln = - % =0, (26p)

where the last two terms in Equation (26b) are obtained by
integration of the last term in Equation (26a). With the
ald of Eguations (20a), (23a,c), and (25a) the foregoing

equatlon can be expressed as follows:

)

a a
Nom *+ Siy - fy - Ofg +08(f) _+ £ o

. (27a)

In a similar manner one obtains from Equations (22b) and
(22¢) the remaining force equilibrium equations for facing

a. They are

+N - f,=-12, (27o)



2k

a a a
- e = - .
Qm,m + Qy’y f3 + 20f, + t(fl,x + fg,y) q (27¢)
The previous method outlined for facing a 1s also

valid for facing b. Thus, one obtains the following force

equilibrium equations for facing b:

b b

Nr,r + S,y + £ - ef3 - t9t:(fl,x + f2,y) =T, (28a)
b b _ b
Sy, + Ny,y + £, = Ty (28p)
b b b
6 = . 8
Qr,r + Qy’y + f3 + 26 + t(fl,x + fe,y) q (28c)

b b
r’ Ty’

tributed load acting on the free surface of face b in the

Here, T and qb represent the components of the dis-
negative directions of the r, y, and s axes, respectively.
The two moment equilibrium equations for facing a
are obtained by multiplying Equations (22a) and (22b) by n,
integrating them through the thickness of that facing, and

then utilizing Equations (21), (23), and (25). For example,
from Equation (22a)
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8/2 > o} 3
f—6/2 ga(ag)ndn + f_é/2 3§(13y)ndn

J e 5—5 (t2,) ndn = 0 . (29a)
+ T ndn = 29a
-6/2 on
This equation can be rewritten
6/2 o/2 &
) a s) a d . .a |n ==
o_ ndn + T dn + 5 7
a5 om 57 1y Tmy PO+ 3 o[ T2

v 0, (29p)

£

ol -8
- 2

where the last three terms are the result of lintegration by
parts of the last term in Equation (29a). With the aid of
Equations (20a), (23f,h), and (25a) the foregoing equation

can be expressed as follows:

a _ @ a o 06
Qm = Mm,m + H,y + 5 fl +-27 f3

etéd

5 (t + f

1,x 2:y

Similarly, from Equation (22b),
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a a a d e}
Qy:H, + M +5 £, + 5 T . (294)

m Ys¥

The moment equilibrium equations for faclng b are

obtained by the method Just outlined for facing a. They are

b b b o) 86
Q. = Mr,r + H’y +t5 58 -5 f3
8t é d b
-T2 (fl,x + fe,y) +3 Ty (30a)
b b b -~ 6 d _b :
Qy:H,r+My,y+-§f2+§Ty. (30p)

The system of five equillibrium equations for facing
a, Equations (27), (29¢), and (29d), can be reduced to a
system of three equations. This 1s accomplished by substi-
tuting for Qﬁ and Q; in Equation (27c), their expressions
from Equations (29¢) and (29d). Performing this substitu-

tion one obtains

a a 66
- 0 Z9
M;’mm+zn,my+my,yy fq + 20f) + 5 £3
s u(e, 4P, ) +2E, L, )
1,x 2)y 2'71,m 2,y

05 o a
B TT'3ﬁ[t(fl,x + f2,y)] = 4

6,_a a
- §(Tm’m + Ty,y). (31)
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Similarly, by substituting for QB and Qg in Equation (28c)

their expressions from Equations (30) one obtains

b b b [2]s)
0 - ——
Mr,rr + 2H,ry + My,yy + f3 + 2 fl 5 f3,r
Fe(e, 4L, )+ of, 4T, )
1,x 2,y 2 l’r 2’y
06 9 b
-7 Fplt(fy x + Lo y)] = a
5
S92y (32)

It is convenient to replace all derivatives wilth
respect to m and r by derivatives with respect to x.
Using the small angle approximations for 6 1t is seen that

the following transformations are valid:

3 D 32 2%
3m = 9%’ 52 " 32
3 _ 2 32 232 (33)
dr T ox ’ are  ox2
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With Equations (33), the equations of equilibrium

for the facings can be rewritten as follows:

a a
NG+ -1 -oerf

a
m, v 1 3 + Ot(fl’x + fe,y) =- T, (34a)

a a _ - -
S R T (34p)
a a a 8%
- ) =
Mp ax * Moy + Mo o0 - £3 4 208) + 5 £3
) 86 9
+ (¢ +"2')(f1,x + fe,y) -2 Ei[t(fl,x + f2,y)]
= - qa - .é(‘ra + 12 ) (34c)
2\ ‘m,Xx sy’ ?
b b b
Np x + Siy + ) - 0fg - 06(f)  + fo,9) = Tp » (353)
b b b
Soy # Ny o+ Fp =Ty, (35v)
b b b 85
My o * iy + My o+ F3 4 20f) - 5 f3 4
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The stress resultants for facing a that appear in
Equations (34) can be expressed in terms of the displacement
components ua, va, and w? of the middle plane of the facing
by substituting Equations (16) in Equations (23) and per-
forming the indicated integrations. The relations thus

obtalned are

N; = K(u?‘x + vv?y) , (36a)
N; = K( V?y + Vu?x) ) (36b)
s? = l%Xx(u?y +v3) (36¢c)
ME = -D(wS  + VW?yy) , (36d)
My = -D(Wsyy + VW) (36e)
H® = -(1-v)DwS, o (36f)
where D = ——Egz—g— and K = —225 . Here, the transformations
12(1-v<) 1-v

of variables, Equations (33), have been used.
The stress resultants for facing b can be obtailned

by the method just outlined. They are



b b
N, = K(u:x + VV:y) s

Il

b b
K(V:y + Vu:x) »

b 1-v K(u?

b
5 + Vi)

n
It

y

b b b
MI" = ”D(w:xx + Vw:y-y) ’

b b b

My = 'D(w::ry + vw’xx) ’
b b

H = -(1-v)Dw,xy .

Equations (36) and (37) are used in Chapter IV.

(37a)

(371v)

(37¢)

(374)

(37e)

(37f)

30



CHAPTER IV

CONTINUITY CONDITIONS FOR DISPLACEMENTS
AT THE INTERFACE

It is required that the displacement components of
the face layers and core be continuous across the interfaces.
This follows from the assumption that the face layers are
rigidly connected to the core at their natural boundaries.
Thus, at the interface between facing a and the core the

following continuity conditions exist:

W= W, (38)

Here, U, V, and W are the displacement components of a gen-

eral point in the core in the x, y, and z directlions,
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Figure 3b
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respectively; the quantities Ui, V;, and wz are the dis-
placement components of a general polnt in facing a in the
X, ¥, and z directions, respectively. The quantities Ui and
wi are 1llustrated in Filgure 3a.

A general point P 1n facing a that has displaced to
point Q is shown in Figure 3a. From the figure the follow-

ing relations can be obtalned:

u2 = 1 - e,
G
We = ou? + W, (39)

Here, the small angle approximations for 6 are used.

By substituting for U%, v, and W? in Equations (39)
their expressions from Equations (13) and evaluating the
resulting expressions at n = - % (the interface), the right
hand sides of Equations (38) are determined in terms of u?,
va, and w®. The left hand sides of these equations are
obtained by evaluating Equations (7), (9), and (10) at z =
t (the interface). The foregoing method yilelds the following

expresslons for the continulty conditions at the interface

between facing a and the core:
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a, % a _ga _ - _t
ut + 5 W,y - OwT = Fq tFy x * G, £y (40a)
a o t
Vi + 5 W,y = F2 - tFl,y + -G;—Z- f2 ’ (40b)
a 86 a

Here, the transformations of variables, Equations (33), have
been used.

Proceeding along the lines of the method outlined
above, the following dlsplacement-continuity condltions are

obtained for the other interface:

b 5 b b t
u - ) w,x + Bw = F3 + tFl,X - —G—;-z- fl 3 (Llla)
b O b t
Vim 5 Wy = F, + tFl,y -5~ s s (41p)
ya
b 66 b b

(41c)



CHAPTER V

GOVERNING EQUATIONS

Before deriving the final system of governing

equations it 1s convenlient to introduce the following

notations:

ow = W& - wP B
4
a b
2MX =Mm+MI' 3
oM = M2 - M, (42)

and s0 on.
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With the aid of Eguations (42) a system of twelve

independent equations involving twelve unknown functions
can be obtained from the continulty conditions for dilsplace-
ments at the interfaces and the equllibrium equations for
the face layers.

Thus, the continuity conditions, Equations (40) and

(41), can be rewritten in the following form:

5 -

ﬁ + 'é‘ W,x - 6w = F3 ’ ()-I'3a)

- 5% t

u + 5 Wyy - 9* = - tFl,X + rxz fl ’ (43b)

}+2%, =F (43c)
2 'y T2’

- o + t

vV+s W,y = - tFl,y + 5 f2 s (434)

vz

$+%W,x+eﬁ=pl, (43e)

- 05 - +

Wt W, 4+ bu = O , (43f)

where, for example, Equation (43a) is obtained by adding
Equations (40a) and (4la) and dividing this sum by two.
In a2 simllar manner, the equillibrium equatilons,

Equations (34) and (35), can be rewritten as follows:
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+ + _
X, X + S,y - 6f3 =- T, (L4k4a)
Ny x + Ssy = £7 +68(f) L+ 1, ) =~ T, (44p)
+ + _
SJX + Ny,y = - Ty ’ (}440)
s N _-f, =-% (4bq)
sx Yy, y "t =7 Ty d
+ + + 5
Mx,xx + 21{,xy + My’yy + 20f; + (t +-—2-)(f1’x + fg’y)
06 9 -
- -é—-gi[t(fl’x + f2,y)] = - Qq
&5, F + .
- E(Tx,x + Ty,y) , (lLle)
M +2H,  +M - r. + 85
X, XX Xy Y,yy 3 2 " 3,x
S SCTE S 2 (4b£)
2" X,X v,y ?

where, for example, Equation (44a) is obtained by adding
Equations (34a) and (35a) and dividing this sum by two.

The expressions for the stress resultants in terms
of displacements, Equations (36) and (37), can also be re-
written with the aid of Equations (42). Thus,



=1 =+ =1 =+

T+

i

0

-
o~
ci
-
+
<
<
<
o

y
'(1 - V)Dw:xy s

—(1 - V)Dw,xy .
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The functions F3, F2, and F1 are determined directly
in terms of displacement components from Ejquations (43a, c,
and e), respectively; the functions f3 and f, are obtained
in terms of displacement components from Equations (44a) and
(44d), respectively, with the aid of Eguations (45).
The function fl is determined by eliminating F

1
between Equations (43b) and (43e). Thus,

G
XZ, - - At + 0td +
£, =0 + 6tu, - 6W + oxW, + %= W, ) .  (L6)

Here, the approximation
b

t +-§ = 6x ,
has been used. For emphasis,
t = t(x) .

Equations (47) are the final system of six simulta-
neous differential equations; they are obtalned by eliminat-
ing £y, fp, f3, Fy, Fp, and F, from Equations (43f), (U44b,
¢, d, e, and f). Two of these equations, Equations (43f)
and (44c), involve only the unknown displacement components,
and therefore require no manipulations; they are the first
and third governing equations, respectively.

The second governing equation is obtained by elimi-

nating fl and f2 from Equation (44b) by means of Equations
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(46) and (44d). The final form of this equation is

obtained with the aid of the fourth governing equation.
The fourth governing equation is obtalned by

eliminating F, between Equations (43d) and (43e), and

1
eliminating f2 from the resulting expression by means of
Equation (44d). The fifth governing equation 1s obtained

by eliminatling the term

g;[t(fl,x + fz,y)]
in Equation (4l4e) by means of Equation (44b), substituting
for fl,x in the resulting expression its expression obtained
from Equation (44b), and then eliminating £, and f, from the
expression obtained by the foregoing manipulation by means
of Equations (46) and (444).
The last governing equation is obtained by eliminat-

ing f3 from Equation (44f) by means of Equation (4la).

- 06-
Wt W, 68 = 0, (472)
N, _+S,. - EEE(G - 0%t°q, _ - of + ox¥
X,X 'y t ?xXx X
2.2
2+ 0t + =
6td + i
+ exﬁ,yy + =5 w’xyy) == T, , (47v)
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S, +N = -~ T I (}470)

6td + t

- - + -
V + 0tu,_ + wa,y T Wy T Gyz(s’x + Ny,y)
£t +
=4+ 75 T, (474d)
Gyz y
x,xx b Aoygy My oyt §(Nx,xx 2oy * Ny,yy)
y a Oxz /- - + +
-'g(Nx,x + S,y) + —of (u + otu, - OW + Oxw,
0t od - 1l + + +
+ =5 ﬁ,xx) =-q+3T, - 6(TX,X + Ty,y) » (47e)
i oH, 4 M S (X s
woxx ¥ gy ¥ My oy 5 (Ny e + Sogy)
1, + 1 -
] (Nx,x + S’y) =-4+ 7 "x
- &(7T it .
( x,x T 2 y,y) (47f)
The approximation
2

has been used in Ejuations (47).



By

components

4o

utilizing Equations (45) the foregoing system
can be expressed entirely 1ln terms of the six displacement

of the middle planes of the facings. Thus,
ﬁ,x 4+ 6u =0, (48a)
1l-v a + 14v {', _ GXZ (a -0 t2ﬁ

2 ‘yy 2 ’xy Kt ? xx

2,2

+ + ot 8 o +
9W + QXW, = et W, - —-_g— w)xxx)
oG

7 - - + etd +
——%— (v,y + etu,yy + wa,yy + = w’xyy)
+
- % T, (u48b)
l-v + l+v + 1 -
—2~—v,xx+—2—-u,xy = ‘K'ry P (48c)
G

l1-v = 1+v - Z (c =

7 Voxx ¥ T3 Wxy T K (v + otu,
9x+ + '9-2‘2 i ) = - 1 ::'- (48d)

W, ) ' xy K y ?
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4+ 6 2~ 2- 12 ;- l-v -
v - \Y = =7
w - = (Y, + v,y) + 24 (0, +5 Us gy
1+v - Gy |- - + +
5 V’xy) - Dto (u + otu,, - Ow + Oxw,

4 6 o ,+ 1-v + 1+v +
Viw - s5x Mgy + 55 Wyy + 5 V’xy)
12 + l1-v + l+v + 1l +
+ -9-62 ( ’xx + —2' u)yy + > ’xy) = ‘1_) q
I S % (z 13
55 Tx + D (Fyx,x + 37,y (481)
Here, V2 1s the plane-harmonic operator,
2 2
2 o d
v = +
3x2  oy°
and
y at Y
Vi=rgm+teTsst
dx 9x“dy dy

Equation (49) below is an alternate, more symmetric
form for Equation (48f) and may be used instead of the
latter equation; it is obtained from Equation (48f) with
the aid of Equation (48c¢),



v,y + 22
’ 062
+ 1 =

9-16 *x *

Ly



CHAPTER VI

DISCUSSION

The system of governing equations, Equations (48),
is certainly not a simple system of equations. However,
for many sandwlich plates 1t may be possible to neglect
certaln terms as small compared to other terms. One

criterion, other than
1> 62,

that can be used to simplify the foregoing equations by
neglecting small terms, rests on the possibility that
1>> E%E » and 1 >> E%E s

where ze and Gyz are the shear moduli of the core, and E
is Young's modulus for the facings. In certain sandwich
plates with honeycomb cores [5]) the foregoing inequalities
are valid.

The boundary value problem to be solved 1s complete-
ly formulated 1f the governing equations are supplemented

by appropriate boundary condltions.
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By solving the given boundary value problem the
. + - -+ -
displacement components u, u, 3, v, W, and w are determined.

Once these components are known all other quantities of

© dnterest can be calculated by means of expressions presented

in the text.
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