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ABSTRACT

Three different models for the base of the drift transistor 

are derived, corresponding to three different impurity profiles: 

exponential, gaussian and complementary error function. The models 

for gaussian and complementary error function doping profiles are 

original. When there is a gaussian impurity profile in the base, the 

model for that profile gives values of c% cutoff frequency in close 

agreement with measured values.

All the models are lumped, network-like models that can be 

analyzed using the techniques of ordinary network theory. They are 

determined entirely by the physical make-up of the transistor and 

the properties of the semiconductor material. The lumped elements 

of the models bear a one-to-one correspondence with the physical pro

cesses occurring in the transistor.

vii



Chapter I 

INTRODUCTION

The type of drift transistor Considered in this paper is the 

planar transistor. Besides good performance, it has the advantages 

of good reproducibility and control of parameters. Planar transistors 

are fabricated by solid state diffusions of donor and acceptor impur

ities from the same surface plane, hence the name planar. The processes 

by which planar transistors are produced cause their impurity profiles 

to be either in the form of gaussian or complementary error function 

(erfc) distributions.^ There is then a gradient of impurities in the 

base region; that is, the impurity density decreases from the emitter 

to the collector. This gradient of impurities produces a drift field 

(built-in field) in the base region of the transistor; the built-in

field enhances the flow of minority carriers in the base and hence ira-
2proves the performance of the transistor .

In the past lumped models of the type proposed by-Linvill have
3been derived for the drift transistor . However, the models were de

rived by assuming an exponential impurity profile. The principle pur

pose of this paper is to derive lumped models for the drift transistor 

when the impurity profile is a gaussian or erfc distribution. The 

models are of arbitrary subregions, or lumps, of the base so that a 

model of any desired complexity can be formed by dividing the base into 

a sufficient number of subregions. Graphs are given so that lumped
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model parameters can be determined for any emitter junction depth below 

the surface and any base width.

It is shown that the model derived by assuming a gaussian im

purity profile yields values of the a cutoff frequency and (3 about one 

third the values obtained when exponential doping is assumed. Actual 

experimental values are in close agreement with values obtained from the 

gaussian model.

The important steps in development of the models for gaussian 

and erfc doping are:

1. An expression for the built-in field is derived by 

assuming the majority carrier density to be equal to the 

impurity density.

2. The built-in field and the continuity equation are 

used to obtain the minority carrier density in the steady 

state.

3. A lumped model is obtained by integrating the continu

ity equation to remove dependence on the space variable. Use 

is made of the important approximation that the form of the 

minority carrier density is the same in the time-varying case 

as in the steady-state^.

4. The values of a, cutoff frequency which are obtained 

from the gaussian and exponential impurity, profile models are 

compared with measured values.



Chapter II

MATHEMATICAL DESCRIPTION OF THE DRIFT TRANSISTOR

2.1 Built-In Field

A cross-sectional view of a typical low-power planar transistor 

is shown in Fig. 1. While we shall deal only with p-n-p transistors in 

this paper, models for n-p-n transistors are easily obtained by using 

the constants of n material instead of p material. A typical plot of 

impurity density vs. x, the distance from the surface, is shown in 

Fig. 2; it can be seen that in the base of the planar transistor there 

isi. a gradient of impurity density. The electric field resulting from 

this gradient opposes the tendency of majority carriers to diffuse, 

and equilbrium of these carriers is established. However, the field 

in the base region (built-in field) enhances the flow of minority 

carriers (holes) from the emitter to the collector; thus minority car

riers in the base region dominate transistor performance.

This is reasonable because the built-in field in the base is in a di

rection normal to the collector junction and therefore confines the 

flow of minority carriers to the region directly under the emitter. 

Thus, only the region under the emitter is important and we may express 

the balance between majority carrier drift and diffusion currents by 

writing

Current flow in the base is assumed to be one dimensional.

(2.1)

3
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where

|in ■» electron mobility cm^/volt-sec

E ■ built-in field volt/cm

Dn ■ diffusion constant for electrons cm^/sec

n ■ electron density cm~^

Solving for the built-in field, we obtain

E - - lSl 1 IB (2.2)
q n dx

D kTwhere Einstein's relation, — ■ —  , has been used. When n ■ isp q °
assumed, then the built-in field becomes

(2-3)

We assume that transistor operation is always at sufficiently low cur

rents that there is only a small departure of majority carrier behavior 

for equilibrium conditions; therefore E is always determined by Nj(x). 

Note that for this case * 0 and therefore, ^  ^  , even if the

material is not space charge neutral.

Applying Eq. (2.3) to exponential, gaussian, and erfc impurity 

profiles, we obtain the expressions for the built-in fields given in 

Table I, where:

N0 ■ impurity density at the surface (x - 0)

L, a, and c are constants determined by the process used 

in producing the transistor.
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Profile Type Functional Form Built-in Fields. E

Expcnentia1 N0 e-x/L kT
qL

Gaussian N0 e-<l>2 2kT 
qc2 X

erf c N0 erfc (|) 2kT e
<la V* erfc (^)

Table I. Built-in Fields

A normalized plot of the built-in field vs. the distance below

the surface is shown in Fig. 3, for gaussian and erfc doping. It will

be noted that when ~  is large the built-in field in the erfc case 
2kTapproaches — 7 x ; far into the transistor the built-in field is of
qa

the same form for either erfc or gaussian doping.

Table I shows that when the impurity density is gaussian or erfc 

in form the built-in field is not constant, in contrast to the exponen

tial case. Poisson1s equation then requires that there be some space 

charge in the base. If the space charge is small compared with n, the

majority carrier density, we may write Nj % n . Employing Poisson*s 
equation

dB O
5J “ e

we obtain for the gaussian case

2kT 
e " e ^

from which the density of space-charge carriers is
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P 2€kT"c " -  " ^ 7

When both sides of the above equation are divided by n we obtain

"c _ 2€kT _ 2 in (2.4)
n q^n

where:

Ln

' 1 
€kT \ 2 
q2n I

Ln is a characteristic length called the Debye length"*. For typical 

transistors, n is usually 10 cm or greater and c is seldom less than 

10 ^ . Hence, Ln ■ 10  ̂ cm and

2 ho-5 '2 .02

Thus, it is reasonable to assume n % and therefore ^  ■ 0 , and we

can say that ^  . This condition is termed quasi neutrality. Since

minority carriers control the behavior in the base region, any changes

in majority carrier density which occur do so in order to maintain

quasi-neutrality.

When the impurity density is erfc in form it can be seen in Fig. 3

that the slope of uhe built-in field, ~  , is always less than in the

case of gaussian doping. Therefore, the ratio —  is even less for erfcn
than for gaussian doping. Again the assumption of quasi-neutrality is 

reasonable.



2. 2 P-N Junctions

Bounding the base of a transistor are the emitter and collector 

junction regions. The external terminal constraints on the transistor 

act through the p-n junctions to determine the minority carrier density 

at the edges of the base region. Two of the most important properties 

of p-n junctions are:

1. Voltage across the junction determines carrier density 

at the boundaries of the junction region through the 

"law of the junction."

2. A capacitance is associated with the junction depletion 

region.

Conventional assumptions concerning p-n junctions are

made:

1. The junction has a depletion layer on each side of the 

metallurgical junction, where the density of carriers 

is zero (p - n - 0).

2. No recombination of carriers occurs in the junction, thus 

continuity of minority and majority currents across the 

junction is maintained.

3. Minority carrier density at the edge of the depletion re

gion is related to the applied junction voltage by the

" law of the junction":

SX
kTn ■ ttpC p material (2.5)

ax
kTP * Pne n material (2.6)



where:

rip = equilibrium density of electrons in p material 

pn = equilibrium density of holes in n material

v ■ applied junction voltage, p material positive with

respect to n material.

Junction capacitance is exhaustively treated in the literature^

and will not be discussed here.

2.3 Minority Carriers in the Base

Because of space-charge neutrality, minority carriers in the base 

control the operation of a transistor. To derive the model of the base 

region in Chapter 3 it is necessary to have an equation describing the 

minority carrier density as a function of the space variable, x .

of change of minority (hole) carrier density to the physical processes 

which are dominant in the base region:

where: Tp * effective lifetime of holes.

The continuity equation is an expression of the condition that 

holes (minority carriers) are conserved within a subregion of the base.

A subregion is volume of the base defined by x^ <  x < %2 and having an 

area A in the y - z plane (see Fig. 4). The time rate of change of hole

plus the divergence of current density associated with a subregion; that

A continuity equation can be written which relates the time rate

- - + Dp 5 ^  - MP E - Up p (2.7)

, is equal to the net recombination rate of holes, - —
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is, the last three terms on the right in Eq. (2.7). To obtain the recom

bination terra, net recombination is assumed to be proportional to the 

excess of minority carriers, p - pn the excess majority carriers being 

negligible.

The following assumptions are made to simplify Eq. (2.7):

1. Steady state conditions, defined as ^  - 0 , are assumed 

to exist.

2. Tp ■ oo . Infinite lifetime is assumed because, while we 

shall later consider the effect of lifetime on transistor 

behavior, it has little effect on the distribution of 

minority carriers.

The continuity equation then becomes:

DP ■ ^PE p - ’tp — p * 0 (2-8)
oX

When exponential doping is assumed, the solution of Eq. (2.8) 

for the minority carrier density as a function x is

p(x) . g L l i a  V k P2 exA. (2.9)

where:
x2“x l

K - e L

Here and are the boundary values for a subregion of arbitrary size

between x% and X2.. Hence, P^ - p(x^) and ?2 ■ p(x2) .



If the imparity profile is gaussian the solution of the continu

ity equation is (see Appendix B for complete solutiop)

_ / l \2 _ / 2\2 / 2  2 *! 2

p m  . F w  c - +  c . -.v . T .  e(fL K 2 - Kl k 2 - K 1 J J (f) 

(2.10)
where:

cV, , ,X 1. 
2 erf (— )

The error function (erf) is defined in Appendix A along with other trans

cendental functions that are used here.

When the impurity profile is erfc in form the built-in field (see 

Table I) is a complicated expression. Equation (2.8) becomes an integro- 

differential equation which is not easily solved in closed form. There

fore, a linear approximation, shown in Fig. 3, is used for the built-in 

field:

E * (1 + 2x) ' (2.11)
• qa a

The built-in field is now of the same form as in the gaussian case. A
  .change of variable is made and the solution or the continuity equation

now becomes of the same form as in the gaussian case:



where

Ki " er£ ^

K2 ’ (V2)

x
VTi (—  + •“)

Having now obtained solutions for the steady-state minority 

carrier behavior, we shall proceed in the next chapter to use this be

havior in formulating a lumped model which portrays the behavior of 

minority carriers in a subregion for both steady-state and time-varying 

conditions.



Chapter H I  

LUMPED MODELS

3.1 Introduction

The model used here to describe the drift transistor is the 

lumped model as proposed by Linvill. A lumped model of a transistor 

has the following properties:

1. It is a network-like model that can be analyzed using the 

techniques of network analysis, but with current and charge 

density the variables used.

2. Each lumped element has a one-to-one correspondence with a 

physical process in the transistor.

3. The lumped element values are completely determined by the 

geometry of the transistor and the properties of the semi

conductor material.

4. A model of any desired accuracy can be generated by taking 

an increasing number of subregions of the region modeled.

Table II shows the lumped elements we will use. In the diffusance, cur

rent is proportional to the difference between the densities at the ter

minals. In the driftance, however, the current is proportional to the 

sum of the densities at the terminals. This element is non-reciprocal; 

it is a non-network-like element.

14
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To obtain the lumped model one begins by formulating a distri

buted mathematical model in terms of partial instead of ordinary differ

ential equations. In the case of the drift transistor the distributed 

model leads to the continuity equation (Eq. 2.7). Next dependence on 

the space variable x is removed by integrating the continuity equation

across a subregion of the base between x^ and X2 • This is termed the 
4Integral Approach. Finally lumped elements are identified with coeffici

ents of the resulting ordinary differential equation, and are connected 

together to form a model which represents the subregion.

Process Name Symbol Equation

Hd
iPDiffusion Diffusance P2 ip " Hd (p1-p2)

iPDrift Driftance F(P]+P2)

Recombination Combinance

Charge Storage Storance

Therma1 
Generation

Current
Source

Table II. Lumped Model Elements



r
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Fig. 5 Lumped model of euLregion

Fig. 6 One Tf-seotion model of drift transistor



3.2 Lumped Model for the Exponential Impurity Profile 
(Constant Field Case)

A lumped model of the drift transistor, where constant built-in 

field is assumed, has been derived in Linvill and Gibbons. Figure 5 

shows a one rt-section model of a subregion of the entire base. The ele

ment values are:

in which occurs whatever majority carrier behavior is necessary to 

maintain neutrality. k and 1-k are dimensionless weighting factors that 

are associated with and pg in the calculation of the current in the 

driftance. The drift current is given by

Si - qA(x2-x1)k
P

(3.1)

S2 ■ qA(x2-x1)(1-k)

where:

A » emitter area

k - -H- . _ L  .U-l InU ’ U * e L

pn(x i) ■ equilibrium density of holes at x^ 

Pn(x2) * equilibrium density of holes at x-̂  

L * constant defined in Table II

Majority carrier behavior is indicated by the circle in Fig. 5,



I1pldrlft ■ Ft kPl + (1"k)P2 ]

But the diffusion current is still the same as in Table II

I M d i f f .  " Hd < P r P 2>

A typical value of k is about .8 ; its significance is that the built- 

in field causes to be more important to transistor behavior than P2.

Figure 6 shows a one it-section model for the drift transistor. 

Here the emitter junction is located at depth and the collector junc

tion at depth below the surface. The base width is .

This model represents the intrinsic transistor; all terminal 

voltages appear across the junctions, ohmic drops and other factors 

have been neglected. The terminal voltages and currents are related 

to each other by means of the intermediate variable minority charge 

density, p. The relation between voltage and charge density is given by 

the law of the junction. In Fig. 6 the rectangular areas at and X£

are models of the junctions. They represent the law of the junction:

qve
kT

P1 " pn(*l)e (3.2)

qv^
kT

p2 " Pn(x2^e (3.3)

where: ve * emitter junction voltage

vc ■ collector junction voltage 

In Chapter IV the model will be used to calculate terminal behavior.
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3.3 Gaussian Impurity Profile(Model (Linear Field)

When the impurity profile is gaussian the model of a subregion 

is of the same form but element values and weighting factors are differ

ent .

Hole current (minority carrier current) across a subregion is 

given by an equation similar to (2 .1):

When the expressions determined in Chapter II for the built-in field 

and p(x) are substituted into Eq. (3.4) the total current is obtained

x, is removed by integrating across a subregion; i.e., employing the 

Integral Approach.

This is the average diffusion current in a subregion between x% and X2 • 

The drift current is obtained by subtracting the average diffusion cur

rent from the total current.

(3.4)

diffusion

The dependence of the diffusion current on the space variable

diffusion (3.5)

where:

Hd " x 2"x l
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-(^)2
Pie -P2e qAD

- q A D ----------------------- :— E (P1-P2) <3 '6)drift K 2 - Ki x 2-x1

Rearranging we obtain

V  ip drift " F(hlpl + h2P2) (3.7)

where:
qAPp

x2~x l

Xi 2x 2-x1 _( 1)*
It can be shown that -— e is the ratio of N(xi) to the average

k2“k 1
value of N(x) in the subregion. Figures 7 and 8 show the weighting

/--xi 1factors h^ and h2 plotted vs. the normalized subregion width — )
x,with the normalized depth of the subregion (— ) as a parameter. The 

value of the driftance, F, is equal to that of the diffusance, ; it 

can be shown that this is also true for exponential doping with the 

appropriate weighting factors.

Continuity of minority carriers (holes) is now used to determine 

the difference between the hole current into a subregion and the hole 

current out of the subregion (see Fig. 3). The continuity equation can 

be written

diD Bp p-pn
- ■ qA 51 ■ q* (3-8)
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The first term on the right is due to storage of holes , the second due 

to recombination. Now the Integral Approach is used to eliminate de

pendence on the variable x :

the lumped model is used: it is assumed that conditions applying in the 

steady state also apply in the time varying state. Specifically, the 

distribution of minority carriers, p(x), is assumed to have the same 

functional form as in the steady state, although the boundary values, 

p^ and P 2, vary with time. The form of the function p(x) is assumed to 

be time independent. Then, when Eq. 2.10 for p(x) is substituted into 

Eq. (3.9) and the latter is integrated (see Appendix C) and rearranged, 

it becomes

X 1
/

At this point the most important approximation made in deriving

where:

■ qAcG 2̂ e
S
TP
1

(3.10)

$2 ■ qAcG]^ e
S
T

2

P

and
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x2 x2 X1 X1 X1 r X2 X1 -i(— )erf (— ) -("2-)erf (— ) - 2d(— ) [ erf (— ) - erf (~)3
r x? x i _ _ Xn x i _

2 [d(-^) -d(-g-)J [erf (— ) - erf (— )]

The term d(— 1) is the symbol for Dawson1s integral, which is defined c Xiin Appendix A, evaluated at —

Figure 9 shows m plotted vs. the normalized subregion width,

X 2"X 1 X 1— -—  , with the normalized subregion depth, —  , as a parameter. A 

lumped model of a subregion is formed by combining the equations for 

the currents in the subregion; Eqs. (3.5), (3.7) and (3.10). The lump

ed model of a subregion has the same form as is shown in Fig. 5.

A one x-section lumped model is accurate enough for most pur

poses. However, any number of x-sections can be connected together in

tandem, each x-section representing a subregion. With base width held

constant, the widths of the subregions decrease and the overall model 

becomes more accurate as the number of x-sections increase.

We now develop a two x-section model of the base by dividing

the base into two subregions of equal size (see Fig. 10). The emitter
x 2-btiis at x-l the collector at x-j and the center of the base, — 2—  > lo

cated at . The principal improvement of the two x-sect ion model over 

the one x-section model is that with the two x-section model we obtain 

excess phase.

Because the two subregions have equal widths, we have:
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2qAD£Hdl " Hd2 * Hd XJ.X1
(3.11)

Fl ■ Fr, ■ F ■
2qAD£

1 2 x3“x l

Other elements of the mode 1 are defined in a manner similar to 

that of a single subregion, except for the middle storance and combin- 

ance, S2 and , respectively. They are equal to the sum of contigu

ous storances and combinances of the two sections .

- A 2 siSl - qAcG12e c mi Hcl - —

X2x2„ „ S
S2 “ qAc e^c  ̂ |Gi2(l-mi) + G 22m J hc2 - T

- ( — ) 2 S 2S3 - qAcG23 e c (l-rn^) Hc3 - —

i a 2+ 1

h 3 - S ^ )2" 1 h4 - - § 5  e < ^ )2+  1

where: erf (-^), erf (-^), Kj - erf (-1)

G 12 * Ed " d (™^)] g23 " &  (%) “ d (%)]
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The values of the weighting factors , h ^ , h ^ , h^, and h^ can be 

obtained from Figs. 7 , 8  and 9.

3.4 Erfc Impurity Profile Model

approximation to the built-in field (Eq. 2111), together with the equa

tion for p(x) derived using that approximation (Eq. 2.12). Terminal re

lationships of the lumped elements have the same form as in the exponen

tial and gaussian cases. The model of a subregion is again shown in 

Fig. 5. The values of the lumped elements are

The lumped model for erfc doping is obtained by using the linear

H , «= --- -

2
1

Where the drift current is given by

It will be recalled that K| and are defined on page 13.
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I

Fig* 10 Two TT-seotion lumped model

e -

V i

Fig. 11 Olroult for calculation of storage time
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where: G *2 - j=r [ d(v2) - dCvj^) J

V2 erf(V2) erf(v^) - 2 d(v^) [erf(v2) - erf(v^) J

2 E d(v2) - d(vi) J [ erf(v2) - erf(vi) ]

It will be noted that element values are the same as for the gaussian 

mode 1, except a change of variable is made:
XoVg is used instead of ~

and
X 1v^ instead of —

The main difference between the constant field model and linear 

field models is that in the case of constant field the same weighting 

factors k and 1-k appear both in values of the storances and combinances 

and in the equation for drift current. This is not true in the linear 

field case where there are weighting factors m and 1-m are associated 

with the storances and combi nances, while h^ and are associated with 

the drift current.

In the next chapter the models derived here are used to calculate 

drift transistor terminal parameters.



Chapter IV 

APPLICATIONS

4.1 p. Cutoff Frequency

The lumped model is a large signal model; it can be used to 

calculate the large signal behavior of a transistor as well as the 

small signal behavior.

cutoff frequency, fa  . If the one «-section model is used (Fig. 6) 

and the transistor is operated in the forward active region, then 

P2 * 0 because vc «  0 , and for the gaussian case

A simple check of the accuracy of the lumped model is the a

Hd + h iF
(4.1)

1 + s

from which the cutcff frequency is

Hcl + Hd + h lF
a

Recombination is again neglected, therefore:
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When exponential doping is assumed and the values of the lumped 

elements in Eq. 3.1 are used, fa  becomes

[cx2> k + (x2-*i)i] (4-3)

In order to compare the performance indicated by the different models, 

we chose L so that the exponential and gaussian doping are equal at the 

emitter and collector.

Jl
x2 + x 1

When the gaussian model is used the lumped element values are 

taken from Eqs. (3.7) and (3.10), fa is:

DPf_ -
(<)3/,2c2 Y

X9 x9 Xi Xi
(— )erf (-)-(— ) erf (— )

xi f x2 xi
-d (— ) jerf (— ) -erf (— )

(4.4)
X2~X 1A normalized plot of fa  (gaussian) vs. base width, -----  , with the

Xiemitter depth, — , as a parameter is shown in Fig. 12.x 
c

To compare the two models, Motorola experimental planar, NPN,

silicon transistors with gaussian impurity profile in the base were 

used. The dimensions of the transistors are between

c ■ 1.03p xx * 2.54x1 X2 * 3.Op min.

c ■ .972p xx ■ 2.03p X2 ■ 2 .84p max.
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2D^g the diffusion constants is assumed to be 13 cm /sec at 300°K. Re

sults obtained for f after the values above are substituted into Eqs, 

(4,3) and (4*4) are given in fable III*

Constant Field Linear Field |
max | . mi n max I min ‘ i

1720 M 1 1550 M 640 M I ]570 M Ic e c
! -e i

fable III* Calculated c Cutoff Frequency 

fable IV shows the measured values of f^, taken at different 

values of emitter current * for seven transistors* The a cutoff fre

quency is obtained from f^, the frequency at which p = 1, by nailtiply-
7ing f̂ , by the factor 1*33.

..... _ I. _  ■ _______ !Mo, 10 ma 12 ma 15 ma Average

1 631 645 651 642

2 691 711 725 710

f 3 645 658 665 655
a

4 591 598 605 i 598

5* 611 618 625 ; 618

6 585 585 585 585

7 >- 559

1

571 585 570

fable IV, Experimental Values of f
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fgg varies between a maximum of 710 Mc and a minimum of 570 with an 

average value of 625 •

When the two x-section model is used (Fig. 10 and Eq. 3.12), and 

operation in the forward active region is assumed, then ot(s) becomes:

a(s)
Hdi + h lFli/Hd2 + h3F2 v, 

\ S1

s + -
/Hdl + hi?! Hdl - h2Fi Hd2 + ̂ 3^2' ^d1 + hlFl|' ̂ d2 + ^3F2'|

\ S-l l\ S2

The characteristic equation of (4.5) is:

s2 ♦ (u)a + u)c + ub) s + u>au>b * 0

where:

+ hiFi
u)a " ----------- " wi

Si

(4.5)

wb
Hd2 + h3F3

W 2
1+ Gi2(l~mi)

G2 3^2

- h2F 1 erf* (^)c - erfc a ic
Si “ “ b erf c (^) - erfc A )c c



and ■ radian cutoff frequency of the first ^-section 

u>2 " radian cutoff frequency of the second %-section

When the dimensions used above to obtain the minimum value of

fg are substituted in Eq. (4.6) the corresponding value of fa is 570 Mc, 

as it was for the one %-section model. However, the two %-section mo

del gives a more accurate value of the phase shift than the one %-section 

model. For example, at the cutoff frequency, the phase shift of the sin-

4.2 Po-Low Frequency Common Emitter Current Gain

In the forward active region, when the one %-section model is 

used (Fig. 6), low frequency 3 is:

pQ, in the one %-section model, is equal to the radian cutoff frequency 

times the effective lifetime of minority carriers, Tp . Accurate data 

for tp is not available so f30 could not be compared with the average 

measured value of of approximately 90. However, both fB0 and can 

be measured and an effective value for Tp can thus be determined from 

measurements.

gle %-section is -45°, for two %-sections it is -53°.

hiF + ^
(4.7)

but

Therefore: Po ■ wcrfp (4.8)
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4.3 Storage Time

Transistor storage time is the time required for operation to 

shift from the saturation region to the forward active region. In the 

one it-section model shown in Fig. 11 the storage time is therefore the 

time required for P2 to become approximately equal to zero, when the 

terminal conditions are as shown. For the transistor to operate.in 

saturation, Po^bl >  - Ic > and for it to operate in the forward active 

region, p0Ib2 ^  Ic • The two natural frequencies excited are

S 1(Hd - h2F) +  S2(Hd + hjF)
S1 - ------------------------------

S1S2
(4.9)

_ Hc iHc2 + Hcl(Hd - h2F) + Hc2(Hd + hi?)
SjCHj - h2F) + S2 (Hd + h^F)

Using the fact that s^ »  S2 , it can be shown that the equation 

for P2(t) is

p2(t) - P2£ + Be82t (4.10)

where:

1= + Ib2
Hd + blF 1
 K

2f
cl
ITc2HC2 + Kd - h2F + (Hd + hi?)cl
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B -
d b i  ■

Hc2 + Hd -h2F + M  (Hd + hi?)
"cl

Equation 4.10 is set equal to zero to find the storage time, ts .

If Tp is calculated by the method outlined in Section 4.2, the 

time constant s# Tp ■ 20 n sec. This time constant of 20 n sec is

sufficiently close to the manufacturers specified value of 15 n sec.

All the terminal parameters were calculated using the intrinsic 

model. In Chapter V the effect of other factors is discussed.

(4.11)

where:

Hd +  hiF



Chapter V 

CONCLUSIONS

5.1 Important Results

The two most important contributions of this paper are:

1„ In Section 2.3 the continuity equation is solved to obtain 

an expression for the steady-state minority carrier density, p(x), for 

gaussian and erfc impurity distributions. Previously this had been done 

only for semiconductor material with an exponential impurity profile.

2. In Sections 3.3 and 3.4 lumped models are derived for materi

al with gaussian and erfc impurity profiles, respectively. Previous 

lumped models were based on an exponential impurity profile. The lump

ed models are general, and apply to any semiconductor material with 

gaussian or erfc doping, not just the base of a planar transistor.

Charts are given in Figs. 7, 8 and 9 for determining weighting factors 

for the lumped model for a subregion of arbitrary size and location.

When the frequency responses of models for the two different types of 

doping, (the exponential doping-constant field and gaussian doping- 

linear field cases) are compared, it is seen (Table III) that the linear 

field model gives a cutoff frequency about one-third the value obtained 

from the constant field model. Experimental.values of f^ are in close 

agreement with values found using the gaussian model.

The procedure used to derive the three lumped models presented 

here can be applied to any type of impurity profile and a lumped model

38
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Impurity
Profile

Steady-State

Approach
Integral

Field
Built-in

Continuity
Equation

Transient Approx
Steady-state to

Lumped Model

Minority Carrier 
Distribution,p(x), 
in Steady-State

Fig.13 Flow ohart of model development
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for the profile obtained. The procedure is illustrated in the flow 

chart of Fig. 13. First, an expression for the built-in field is 

derived from the impurity profile by assuming Nj.a P ; that is, the 

majority carrier density is approximately equal to the impurity dens

ity. Next the built-in field is substituted into the steady-state form 

of the continuity equation, with the effect of recombination being 

assumed small (?p %  “) . The continuity equation is then solved to ob

tain an equation describing the minority carriers in the steady-state, 

as a function of x.

Now the equation for p(x) is substituted into the continuity 

equation, which is then integrated to remove dependence on x. The im

portant steady-state to time-varying state approximation is made; that 

is, the form of the distribution of minority carriers is assumed not to 

vary with time. When these two operations are performed the lumped mo

del for the desired type of impurity profile is obtained. The model 

for p-n junctions can now be added, yielding a model which can be used 

to determine the terminal behavior of the entire intrinsic devices.

When the built-in field is assumed constant in the base region, 

it is larger than the actual linear field at the emitter and smaller at 

the collector (Fig. 3). For this reason the constant-field model pre

dicts much better performance than the linear-field model. Both models 

have weighting factors which weight the minority carrier density near 

the emitter more heavily than that near the collector. Then, the ex

ponential model has a larger built-in field near the emitter thah en

hances the flow of carriers that are more important - those near the e- 

mitter. The linear field is larger near the collector but the carriers



there are weighted less heavily. Also the sfcorances and combinances 

near the emitter are larger for the gaussian model than the exponential 

modelo These two factors both contribute to make f^ and larger in 

the constant field case than in the linear case*

502 Extrinsic Effects

The models developed in the previous chapters are lumped models 

of intrinsic drift transistors0 However9 there are other extrinsic fac

tors which affect transistor behavior.

One additional extrinsic factor is hase resistance; current flow

ing out the base contact produces an ohmic voltage drop* In a planar 

transistor base current flows symmetrically out of the region directly 

under the emitter to the base contacts; it flows in the region of the 

transistor where the impurity profile is determined by the base diffusion. 

Base resistance is determined by the geometry of the transistor and the 

impurity profile in the base region. The resistivity of the semiconduc

tor material is a function of the impurity density9 $i(x)9 and hence is 

a function of x. Integration can be performed across the base region 

to determine the total base resistance. Base resistance does not enter 

into the calculation of A(jw) and in large signal behavior it is usually 

not important; therefore it can be neglected in most cases.

Another factor affecting transistor behavior is junction capaci

tance 3 CT o Associated with a p~n junction is a depletion region where 

the density of mobile carriers is zero; there is a depletion space-charge 

equal to the impurity density. The depletion region varies in width 

with the voltage applied across the junction. This factor gives rise



to a nonlinear capacitance in the junction. The capacitance increases 

with forward bias (v > 0) and decreases with reverse bias (v < 0) on 

the junction. For an abrupt junction, that is one that changes abrupt

ly from a large acceptor density to a large donor density, C-j- is pro-4portiona1 to (- v)^ . A planar transistor, however, has a gradual

translation from p to n material, and it is assumed that the impurity

distribution is a linear function of x near the junction. Then Cj is
-1/3proportional to (-v)

The emitter junction is forward biased and collector is reverse

biased in the forward active region, so in that region of operation C-pg

is much larger than Op^. To find the effect of the emitter capacitance

Opg, on the frequency response of a, a small signal treatment is made of

the emitter junction for a bias current of 1%. Then to a first approxi-
3mat ion the cutoff frequency becomes

“cr- 1 f CTE (5.1)
wa IE -9- kT

where: ■ cutoff frequency of the intrinsic transistor.

It can be seen from Eq. (5.1) that if the emitter bias current, 

Ig , is large enough the effect of Cj,g is negligible. This condition 

was established in making the measurements of fj given in Table IV.

The collector capacitance, C-pQ, has an effect on transistor 

performance when there is a non-zero collector load resistance. However 

its effect is small in many applications.



Another factor which Offects transistor performance is the inje

tion efficiency of the junctions. In deriving the lumped models of the

base we assumed unity injection efficiencies; this is a good assumption

for planar transistors. However, if it is not true, additional lumped

elements can be added in the emitter and collector regions to include
3this effect in the lumped model.

Figure 14 shows a model of the total transistor, taking into 

account all extrinsic factors except injection efficiency.



44

+ rV

TE

Lumped Model 
of.the 

Base Hegion TO

fig. 14 Total transistor model



Appendix A 

TRANSCENDENTAL FUNCTIONS

This appendix defines the transcendental functions used in this

paper.

Error function:

erf(x) - T  eS ds (A.1)
o

11 12Complementary error function ,

2 r*-s2erfc(x) - 1 - erf (x) - 1 - / e ds (A. 2)
o

13,14,15Dawson0s integral

rx 2d(x) - / es ds (A.3)

Other useful relations are

ds ■ erf (2.) (A.4)

ds - c d(|) (A. 5)
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Appendix B

SOLUTION OF EQUATION 2.8 FOR GAUSSIAN DISTRIBUTION

When the expression for the built-in field in case (Table I) is 

substituted into Eq . (2.8) and it is simplified using Einstein's rela

tion, it becomes

(B.l)

2We set — r ■ b and make the change of variable c*

P - uv (B-2)

where v

When these two changes are made Eq. (B.2) is reduced to

u" - (— + — x^) u - 02 4 (B-3)

The solution of this differential equation is given in Kamke

o
(B.4)

but p ■ u e

Therefore the solution of Eq. (B.l) is:

46



and Pg

where

When the boundary values of a subregion are used (P^ ■ p(x^) 

■ pCxg)) the constants and Cg reduce to:

. ( ^ ) 2 - _ £ ) 2  
C l - W ™  - P2K1 6 (B 6)

k2 - Kl

C2 -
P2e

X
- (it)

2, 2
- pie: < ^ 2

K2 - Kl (B. 7)

Ki -

K2 -

Vxc
2

sf*C

erf (— )

x2
erf (~4 )

When the equations for Ci and C2 are substituted into Eq. (B. 

we obtain solution Eq. (2.10).



Appendix C 

SOLUTION OF EQUATION 3.9

Equation 3.9 consists of two different integrals 

,xx 2• f dx

and

X ,sx2 
e c' ds dx

The solution to C.l has been tabulated (Appendix A).

r a/ e c dx - cd (^)

Equation (C.2) can be changed to

V*C fa (%)2c erf (— ) dx

This expression can be integrated by parts

udv ■ uv - / vdu

where: u - e <!>2 dv ■ erf (^) dx

du - %  e(l)2 c dx erf (£
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(C.l)

(C.2)

(C.3)

(C.4)

(C.5)

) ds
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Also it has been shown that

erf (-) ds C -($) (C.6)

Equation (C.4) now beg oroes, after simplifying and integrating

e #  erf (|)dx - ^
,X\2 

x e c erf (~)

- [  x2e(c) erf (£) dxc ,1 o
(C.7)

The last term on the right is now integrated by parts to obtain an 

equation similar to Eq. (C.7) except in higher powers of x. All the 

terms can be evaluated except one:

f  x4 e ^  erf (£) dx 
3c J

(C.8)

This term is again integrated by parts to finally obtain for Eq. (C.4)

Vac r a e 2 , ,x. , c2Vx . ... (7)erf (§) dx ■ erf (£) e c< i  < ? 5]

[e2 - i<i>’ * 6 * 1  - ^  f »6 •<i>2- ‘ <e>dx

(C.9)
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Now we recognize that the terms above in brackets form power 

series, so that:

d(f) (C.10)

and [<!>=- M ] • =7 (C.ll)

Therefore:

r a /X(5)2 r
J dx

S ^ L  erf (f) d (f)- ^  (|) erf (|)

(C.12)
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