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ABSTRACT
Because of the Influence of small perturbing forces, the 

general orbit of an artificial earth satellite is not the Kepler 
ellipse = However, two special classes of closed orbits are found 
to exists (l) circular orbits of zero inclination, and (2) polar 
elliptical orbits with their centers at the center of mass of the 
eartho

The class of circular orbits is examined in a non-rotating 
spherical polar coordinate system. Under the assumption of an 
axially symmetric gravitational potential, these orbits are shown 
to lie in a plane south of the equatorial plane and are also shown 
to be stable.

The class of elliptical polar orbits is studied in an 
elliptic“hyperbolic coordinate system, and the Lagrangian formula- 
tion is employed in setting up the equations of motion. The earth’s 
potential is approximated by that of a uniform ellipsoid of revo
lution. A necessary condition for the existence of the closed ellip
tical orbit is found, and an expression relating time to position 
of the satellite is derived. Also, expressions are derived giving 
the period of the satellite and the velocity and geocentric distance 
in terms of latitude.
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CHAPTER I 
HTROBUCTIOH

Although celestial mechanics is one of the oldest areas of 
science to be treated successfully by the application of the laws 
of physics, the recent successful launching of artificial earth 
satellites has caused a revival of interest in this subject and has 
created many new problems» Aside from purely academic interest, much 
of the work which has been done in this field has obvious scientific 
and technological applications. As a result, many papers have been 
written in recent years dealing with the problems concerned with 
the motion of orbiting artificial satellites„

,If the earth were perfectly spherical and the only force on 
a satellite was a central gravitational force, the orbit of the satel~ 
lite would be the Kepler ellipse| and the usual statements of Kepler’s 
laws would apply to the motion of the satellite„ The ellipse would 
lie in a plane passing through the earth’s center with the center of 
the earth at. one focus of the ellipse, and the plane of the orbit 
would remain fixed in space „

However, in the actual case of an orbit about the earth, 
there are several small additional forces acting on the satellite« 
These perturbing forces result in non-central force motion and cause 
the orbit of the satellite to deviate from the Kepler ellipse5 and, 
hence, the satellite does not return to the same point in space on 
each successive revolution about the earth. The largest of these 
additional forces is that produced by the earth’s equatorial bulge,
For orbits lying close to the earth, atmospheric drag forces are 
also important, Other smaller forces on the satellite are caused by 
the asymmetrical mass distribution about the equatorial plane 
(resulting in the so-called "pear shape" of the earth), longitudinal 
variations in the earth’s gravitational field, gravitational attrac
tions of other celestial bodies, electromagnetic forces, and solar



radiation pressure 0
However, subject to certain assumptions, two special classes 

of closed orbits do exist, and these will be investigated in detail 
in this thesis. These two classes consist of circular orbits lying 
in a plane parallel to that of. the equator and closed elliptical 
orbits lying in a plane containing the earth’s polar axis 6 The only 
forces taken into account here will be those caused by the earth's 
gravitational field.



CHAPTER II
DISCUSSION OF THE GENERAL ORBIT ABOUT THE EARTH

Before considering the special classes of satellite orbits in 
detail, a brief discussion of satellite motion in general is in order.

The general solution of Laplace1s equation for the gravita
tional potential will yield an expression involving an infinite series 
of spherical harmonic terms. For axial symmetry about the polar axis, 
and for the origin of a spherical-polar coordinate system at the earth1 s 
center of mass, the gravitational potential at any point exterior to 
the earth's surface may be written"**

V - - (Vr) 11 - ) J„(R/r)nPn(cos 0) (1)
In this expression, r is the geocentric distance, 0 is the polar 
angle measured from the north polar axis (i.e., the co-latitude), 
ji = GM is the product of the Newtonian gravitational constant and the 
mass of the earth, R is the mean equatorial radius of the earth, 
is the Legendre coefficient of degree n, and the Jn are constants 
characteristic of the earth's mass distribution. Determination of 
these parameters by Kozai^ from the study of satellite motion gives 

J*2 = (1082.48 ± 0.04) x 10~6,
J3 - (-2.566 ± 0.012) x 10~6,

= (-1.84 ± 0.09) x 10"6,

"*VX. M. A. Danby. Fundamentals of Celestial Mechanics (New York: 
Macmillan Company, 1962), p. 111. Danby's Jn contain the factor Rn.

^Maurice Roy (ed.), Dynamics of Satellites (New York: Academic 
Press Incorporated, 1963); p. 71.
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If there were no perturbing forces on the satellite, the size,
shape, and orientation of the orbit In space could be specified In 
terms of a set of six elliptic orbit elements of classical celestial 
mechanics. (See Pig. l). If the projection of the elliptic orbit 
on the celestial sphere is considered, the point on the orbit at 
which the satellite crosses the plane of the equator going northward 
is called the ascending node. Its position is specified by a , the 
right ascension of the node, where right ascension is the angular 
distance measured eastward along the equator from the vernal equinox.

FIGURE 1 
THE ORBIT IN SPACE

The plane of the orbit is specified by the inclination angle, 1, where
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1 is measured counterclockwise from the equatorial plane to the orbit 
plane at the ascending node. The other element needed to fix the 
ellipse in space is the argument of perigee, lu, which is the angular 
distance from the ascending node to the perigee. Here perigee is used 
to denote the point on the orbit at which the value of r is a minimum. 
The size and shape of the ellipse are determined respectively by the 
semi-major axis, a, and the eccentricity of the ellipse, e. The 
remaining element necessary to specify the motion is the time of peri
gee passage, tp.

To locate the satellite in its orbit at some instant of time 
several additional elements are usually introduced. The first of 
these is the true anomaly, f, which is the angular distance from the 
perigee to the radius vector of the satellite. (See Pig. 2). The 
equation of the orbit is^

" r f e f t  .  <=>

SATELLITE

CO
NODE

FIGURE 2 
THE TRUE AND ECCENTRIC ANOMALIES

If a circle is constructed of radius a about the center of the ellipse 
and a line drawn through the satellite position perpendicular to the

M. Smart, Celestial Mechanics (London: Longmans, Green, 
and Company, 1953), p. IT*



6
major axis, then the extension of this line onto the circle forms an 
angle with the major axis at the center called the eccentric anomaly,
E. It can be shown** that the relation between E and f is given by 
the equation

tan f/2 “V j - T T  tan e/2 (3)

and that the distance r as a function of E is
r s= a(l - e cos E). 00
Another element, called the mean anomaly, M, is defined as 

a linear function of time by the equation
M = n(t - tp). (5)

Here, n is the unperturbed mean angular velocity of the satellite and 
can be shown to have the value^

n = (ji/â )1/2, (6)
and (t - tp) is the time elapsed since perigee passage. E and M are 
then related by Kepler's equation^

M = E - e sin E.
Because of the small additional forces acting on the satellite, 

a closed elliptic orbit is no longer obtained, since the non-central 
forces cause the orbit elements to change in time. One method by 
which these changes may be calculated is by the use of Lagrange's 
planetary equations. These six equations are simultaneous first- 
order differential equations relating the rates of change of the 
orbit elements to the elements and to the derivatives of the disturb
ing function with respect to the elements. Die disturbing function.

^Ibid., p. l8. 
^Ibid., p. 3-
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8, is the negative of the potential function, Eq. (l), including «n 
but the first term, idiich is the potential of a point mass. Setting

The method of obtaining approximate solutions to these equa
tions consists of first expressing S explicitly in terms of the desired 
orbit elements and then expanding S in terms of series involving 
powers of e and either the mean anomaly or the true anomaly. Die 
elements a, e, and i undergo only periodic variations about their 
mean values aQ, e0, and iQ, if there is no drag on the satellite.
Hence, as a first approximation, these values may be used in the 
right-hand side of the equations. On the other hand, Jl, w, and A 
are each the sum of a constant term, a secular term (one which varies 
as a linear function of time), and various periodic terms. To a 
first approximation, these may be represented by the sum of a constant 
terms plus the product of the mean rate of change of the variable 
times the time. Die planetary equations written explicitly as a 
function of the true or mean anomaly can then be integrated directly 
to give the first-order changes in the variables over short intervals

A = - ntp, these six equations can be written

(8)

^  na^e na^Vl-e^ ^  ,

Tlbid., p. 69.



of time.
Although all of the orbit elements undergo periodic variations, 

the most important changes are secular perturbations resulting from 
the earth's oblateness. If A is replaced by the mean anomaly, the 
secular perturbations show up as terms in the equations for SI, oo, 
and M. Including only the terms, these secular terms are8

~ 2 **2 n (l - e^) ^ cos It (9a)

^  | J2 n (R/a)2 (1 - e2)"2 (U - 5 sln2i) , (9b)

s - "  f1 * ! ^  i*/-'2 ] . <»=,
IVom Eq. (9a), it can be seen that the node regresses at a 

rate proportional to cos i. Therefore, for 1 = 90° (a polar orbit), 
the orbit plane is fixed in space, while for orbits nearly in the 
plane of the equator, the rate is most rapid. On the other hand, 
from Eq. (9b), the perigee can be seen to advance for 0° = i <  6394, 
to remain at a constant latitude for 1 = 6394 (sin^i - 4/5), and to 
regress for 6394 <  1 =  90°.

Two special cases will now be investigated in detail: circu
lar orbits of zero inclination and closed elliptic polar orbits. It 
will be seen that these two cases do not require the use of the 
Lagrange planetary equations, but may be attacked in a more elemen
tary manner using mathematical methods more familiar to the engineer 
or physicist.

o
Y. Kozai, "The Motion of a Close Earth Satellite," Astro

nomical Journal, 64:367, November, 1959*



CHAPTER III 
CIRCULAR ORBITS OF ZERO INCLINATION

If the earth is assumed to be axially symmetric, the only 
class of circular orbits will be those of zero inclination. This is 
because the nearly oblate-spheroidal shape of the earth leads to 
non-central forces, which would cause a satellite to deviate from 
a circular orbit for any inclination angle other than zero. How
ever, it will be shown that the presence of odd harmonic terms in the 
potential function causes the plane of the orbit to lie slightly to 
the south of the equator rather than in the equatorial plane itself.

Tie forces per unit mass on the satellite in the r-direction 
and in the 0-direction can be found from the potential function,
Eq. (l), and are

Fr = - ^  = - ^ [ 1 - ^ J n(n+l)(j) Pn(cos 0)] , (10a)
*=2L

Pe = * r 55 Il/nlr) Pn(cos e) sln 9 ' (l0b)
where the prime denotes differentiation with respect to cos 0. Now, 
a circular orbit will exist only if the magnitudes of the radius vector 
and the polar angle remain constant. To insure constant latitude, a 
necessary dynamical condition is that the total force on the satellite 
normal to the plane of the orbit is zero. Following the method of 
Blitzer? this requirement is specified as

FN “ Fr 008 e " Fq sin 8 - 0  (ll)
or

Leon Blitzer, "Circular Orbits in an Axially Symmetric 
Gravitational Field," American Rocket Society Journal, 32:1102, 
July, 1962.
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cos 0 ^ 1 -  J]jn(n+l)j5J P^(cos 0) ] +

sin2© T J  (£) P*(cos 0) = 0. J-l  n\ t  I n (12)
Because of the small magnitudes of the the co-latitude 0 will be 
very nearly it/2; hence, setting 0 = k /s - 6, where 6 is the latitude, 
one may write cos 0 = 6 .  Bien, letting r be equal to a constant 
value a, Eq. (12) can be written

B [l - J > n(n+l)(tfPn(5)] + & n( ! ) V >  = °- (13)

By use of the expansion of the Legendre polynomial"

P (6 ) = y (-i.)j (.̂.--2ilLs-n'.!3.
“ /^2“j:(n-j)!(n-2j)!

10

(14)

where
n/2, for n even, 
(n-l)/2, for n odd.

to first-order terms in 6, the P^(6) and P^(8) may be approximated 
by

pn(6)

P'(6) a (-1)

(15a)

(15b)

(l6a)

(16b)

n. V. Churchill, Fourier Series and Boundary Value Problems 
(Hew York: McGraw-Hill Book Company, 1941), p. 177-
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After utilizing these approximations in Eq. (13) and retaining only- 
linear terms in 6, it is found that

Z  A J (-n m a
,n

1 - E  B J (“ )n even n nl a /
( i t )

■where

. (n+l)!

B r- ( - ^ n / g  ) ( " + ! ) :
n 2n [(n/2):

Die smallness of the J allows Eq. (17) to he approximated hyn
.n

6 8 L AnJn(!)

= ̂slf f - f + a)... (l8)
Because of the dominance of the negative term over the other terms 
in the earth's potential function, 5 must be negative; hence the plane 
of the orbit lies in the southern hemisphere. As examples, for 
(a/R) = 1, 6 = -3.4 x 10 ^ radians = -0.00020° (75 feet south of the 
equatorial plane), and for (a/R) = 3, & = -O.O96 x 10 ^ radians = 
-0.000008° (6 feet south of the equatorial plane).

Die angular velocity about the polar axis, W, may be obtained 
by setting the component of centripetal acceleration directed along 
the radius vector equal to

aW2cos25 - -|[l - f. Jn^n+1^(irPn^sln 6 ]̂ » <19)
or
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Die period Is thus easily found to be

[1 - y
f1 - W ; )  * •••] ■ (21)

where use has been made of Eq_. (15) and nl 1 second-order product terms
in Jn6 have been ignored. The period can be seen to be slightly less 
than that for an orbit at the same distance from a spherical object

This can be explained by noting from Eq. (10a) that the radial force 
on the satellite in a near-equatorial orbit is slightly larger than it 
•would be in an orbit about a spherical earth; hence, the satellite must 
move at a slightly greater speed in order to remain at the same radial 
distance•

These circular orbits can be shown to be stable. That is, 
a small disturbance of the satellite from its equilibrium orbit 
results only in small bounded oscillations about the circular equi
librium orbit. To demonstrate this, three difference coordinates 
are introduced. These are defined by

a = 0 - wt,
where 0o and a are the equilibrium coordinates of the circular orbit, 
and W is the angular velocity when r = a and 0 = 0o.

of the same mass as the earth, the factor being 0.9992 for (a/R) = 1.

d = r - a.
(22)

The Lagrangian function in r, 0, and 0 is
L = (l/2)(r2 + r2©2 + r2sin20 #2) - V(r,0).

The method of Goldstein*^ is followed in which the Lagrangian is 
(23)

^Herbert Goldstein, Classical Mechanics (Reading: Addis on- 
Wesley Publishing Company, 1959)> PP« 318-20.
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expanded In Taylor1 a series about the equilibrium orbit. Since a and
0o are zero and $ is equal to a + W, Eq. (23) becomes

L = (l/a)[d2 + (a+d)2̂ 2 + (a+d)2(ae«-W)2(sln2eo +
sin 20o X + cos 26 X2 + ...)] - V(a,P ) -
V1(a,6o)d - V2(a,Oo)x - V12(a,0o)xd -
(l/2)Vu (a,eo)d2 - (l/2)V22(a,6o)X2 + .... (2U)

In this expression, the subscripts 1 and 2 denote the partial deriva
tives with respect to r and 0, respectively. Also, at equilibrium 
there exists the conditions

= aV^sin^0o ,
Vg * a^vfsln 0o cos eQ , (25)
L « a^W sin^O , z o '

where Lz is the constant value of the angular momentum about the polar 
axis. Lagrange's equations of motion for the generalized coordinates 
q% can be written

M S J  ■ S i = 0 • ( 2 6 )

Utilizing Eqs. (2k ) and (25), and neglecting all but linear terms in 
d, a, and X, it is found that la grange1 s equations of motion for d, 0, 
and X are

d - 2aW sin26o a + (V12 - aV^sln 26 )x +
(Vu  - W2sln26o)d - 0, (27)

& ° x - |Sa, (28)
sto260

a2^ - 8 %  sin 26o a + (V - a ^ c o s  26^)X +
(V^ - attain 26Q)d - 0. (29)

Eq. (28) can be used to eliminate a from Eqs. (27) and (29) with the
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result that tvo coupled linear differential equations are obtained. 
These equations can be written in the form

d + Ad + Ov = 0, (30)
X + BX + Dd = 0, (31)

where
A ■ vn  + 3 ^B ± n 2Q„,

B = + (2 + cos 20n)W2,
(32)

C = + aW^sin 20Q>

D = a”^C.
To evaluate these expressions, Eq. (20) is used to eliminate and
Eq. (18) is used to eliminate 6. These expressions to order then
become

A -
a

si l1 "  I  ^ s l a )  ]  »

B ” ̂  l1 + - Pn(5)8 - (n+1)pn(5)jJ

[28 + l Jn(!ft“+l) %(»> - 2Pn(6)8]]

d s - ¥ j 3( I ) 3 -

(33)

By noting that A, B, C, and D are all positive quantities, and by
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setting the initial values of d and 7\ equal to zero, the solutions
to Eqs. (30) and (31) can readily he obtained by the use of Laplace 12transforms:

1/2

d * B cos W^t + G cos Wgt,

X « H cos W^t + I cos Wgt.
The characteristic frequencies are

-K1/2)|a  + B + B)2 - 4(AB - CD)

sbL/2 s (J)1/2[1 + ¥ j2(!]2]>

Wg = K 1 / 2 ) J a  + B + - ^ ( A  + B)2 - 4(AB - CD)

I1 ' I

where the product CD is ignored because of its small magnitude in 
comparison with (A - B)2. The remaining constants in Eqs. (3*0 and 
(35) are

(34)

(35)

(36a)

1/2 (36b)

E .. W, dr, - Bdn + 2oC

Wl2 - W22 Wl2 - W22 '
(37a)

0 » %  ~ .9vi - w2 A l

n = - ATy, + Ddp

T „  AV l -  P flo  -  Wg2 ^ ,

XqC
V  - V

Wl2 - W22 '

Mo.
Wl2 - W22 '

(37b)

(37c)

(37d)

^TJ. W. ffcLachlan, Pieory of Vlbratlona (Hew York: Dover 
Publications, Incorporated, 1959% p. ^3-
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where the subscript o denotes the initial values of X and d. Since 
W = (WX + V ^ )/2 , Bqs. (3^) and (35) can be written as

sXqJJR
d = dQ cos Wgt + — j-=2- sin (l/2)(%^ - Wgjt sin Wfc, (38)

2d J R
X = X cos W t + —=— A- sin (l/2)(W - W )t sin Wfc. (39)O JL UgS -1 d

By substituting the solutions for X and d into Eq. (28), integrating, 
and ignoring very small terms, the solution for a can be found to be

0 * ■ V s 1 sln W2t- (40)

The s o l u t i o n s  t h e r e f o r e  show  t h e  m o tio n  t o  b e  o s c i l l a t o r y  w ith

periods

^  ^  - 1  J 2l f )  ]  '  ( l t l )

T2 = ̂  S [x + I Ja(a) ]} (42)
and, hence, the orbits are stable.

If the Jn are all set equal to zero, = W, and the
solutions to Eqs. (28), (30), and (31) become

d - d  cos Wb, o '

X = XQ cos Wb, (43)
Of = - sin Wb. a

Allowing a to become very large has the same effect on the orbit as 
setting the = 0, as would be expected, since at very large dista 
the earth appears to the satellite to be only a point mass.

Since and both differ in magnitude from the equillbrl
period of the satellite, Eq. (2l), by the small quantity



until the two cosine terms In Eqs. (38) and (39) "become appreciably 
out of phase, the oscillations about the equilibrium orbit will be 
closely approximated by Eqs. (4-3)> and the oscillations will be nearly 
In phase with the orbital motion Itself.



CHAPTER IV 
CLOSED POLAR ELLIPTICAL ORBITS

Since the earth*s figure is very nearly that of an ellipse 
rotated about its minor axis, the question arises as to the possible 
existence of a class of closed polar elliptical orbits• A satellite 
in an orbit of this type would follow the path of an ellipse lying 
in a plane through the earth*s axis and would return to the same 
point in space above the earth on each successive orbital revolution* 
It will be shown here that such orbits do exist, if the earth’s 
potential is approximated by that of an oblate spheroid, and that 
their centers lie at the center of the earth. Furthermore, it will 
be shown that the major axis of such an orbit remains fixed in the 
equatorial plane.

a constant value of the coordinate | designates a closed ellipse in 
this system in the same way that a constant value of r is the locus 
of a circle in a plane polar coordinate system. The equation of an 
ellipse in Cartesian coodinates is

where a is the value of the semi-major axis and b is the value of the 
semi-minor axis. If c is the distance frcra the origin to either focus, 
a quantity jj can be defined by means of

A plane elliptic-hyperbolic coordinate system is used, since

£ ■ b/c.
Therefore, in terms of ̂  and c, a can be expressed as

(45)

(46)
and Eq. (44) takes the form



For a given value of c, different values of £ give a family of con- 
focal ellipses.

In a similar manner, the equation of a family of confocal 
hyperbolas is

w >

The foci are again at x = ± c, and the semi-axes of the hyperbola are 
b* ** H e,

a* = (c2 - b *2)1/2 = (1 -‘h2)1/2c. ^9)
Since the angle, 0, between the major axis of the hyperbola and the
asymptotes of the hyperbola is found from

l50)

it can be seen that % is the sine of this angle.
For a given value of c, a point in the coordinate system used 

is then specified by the intersection of a hyperbola, given by the 
coordinate 7|, and an ellipse, given by £. (See Fig. 3)* It can be 
seen that in two dimensions this coordinate system is not single- 
valued in that given values of § and h can denote two points on 
opposite sides of the y-axis. The family of ellipses can be shown 
to be everywhere orthogonal to the family of hyperbolas. Finally, 
by elimination of first y and then x between Eqs. (Vf) and (48), the 
transformation equations can be shown to be

X =  t c-^(t2+l)(l-1i2) , (51)
y = c£n* (52)

It may be noted briefly that in three dimensions the third variable 
would be the azimuthal angle, thereby forming a system, a point in



w h ich  i s  s p e c i f i e d  b y  t h e  i n t e r s e c t i o n  o f  a n  o b la t e  s p h e r o id ,  

h y p e r b o lo id  o f  one s h e e t ,  and  a  p la n e .

Y

FIGURE 3
AN ELLIPTIC -HYPERBOLIC COORDINATE SYSTEM

D is t a n c e  from  t h e  o r i g i n  i s

V x 2 + y 2 «  c V S  2 + 1  - h 2  ,r

and  t h e  p o la r  a n g le  m easu red  p o s i t i v e l y  from  t h e  x - a x i s  i s  

8 =  sln-1(£)= .

The d i f f e r e n t i a l  e le m e n t  o f  l e n g t h  i s  g iv e n  b y

(as)2 = (ax)2 + (ay)2 = h^2(a )̂2 + ^ ( a i i ) 2,

w h ere
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2 . J2

h.2 - c2L 1 2 L  .

Therefore, the velocity of a satellite in terms of % and 7? will be

V* = c2(£2 +7l14) (56)

In the present analysis, use is made of a potential function 
developed by Virrti^ for an axially symmetric ellipsoid of revolution. 
For the origin at the center of mass, it is given by

(57)

Vinti shows that this expression can be expanded in the form

V - g°jig = b0cr-1[ 1 - c2r"2P2(sin 8) +

o r̂-lV^(sln 6) - ...] . (58)

Comparing this expression with that for the earth's potential written 
in the usual form,

V = - Jir-1 [ 1 - fX(!)\(sln 6)1 , (59)
L n=a J

where 6 is now the latitude, it can be seen that
b e = - Ai, (60a)

!2 = JgK2
Eq. (57), therefore, contains all of the even harmonic terms of the

c = JgR • (60b)

■^John P. Vinti, "New Method of Solution For Unretarded Satellite 
Orbits,11 Journal of Research of the National Bureau of Standards,
63B:105-16, October, 1959*
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potential function of an oblate spheroid, where the Oth- and 2nd- 
order terms have been made to fit those of the earth. Using the 
values R = 6378*15 km. and = 1082.48 x 10"̂ , c is found to be 
209*84-7 km. The coefficient of the fourth harmonic term of Eq. (58) 
then turns out to be c^ * Jg^R^ = (1.17 x 10"^)R^, as compared with 
-J^R^ = (1.84 x 10 ^)R^ in Eq. (59)* Use of this function assumes 
equatorial symmetry of the earth, of course, since none of the odd 
terms is present.

From Eq. (47) it is clear that the condition which must be 
satisfied in order to have a closed elliptic orbit is that § equal 
a constant, or that § and 5 are zero. It will be shown that a 
necessary and sufficient condition for this to be true is that

& $<£2+?i2)2
Lagrange’s equation of motion for £ is

(61)

d_
dt

m

faJ *2- n 2o .PltiW)2
f2(i-*2) + -ft2

i - h
0. (62)

L (1+
Setting § = £ = 0 in this equation and solving for Tj2 yields Eq. (6l). 
On the other hand, to show that if is given by Eq. (6l) | and ^ 
will always be zero, Eq. (6l) can be substituted into Lagrange’s 
equation of motion for >1,

d__
dt

2 M
W + t 2)2 

iLiiLiii + l i
i+S

0, (63)

which will yield



For arbitrary values of the above equation implies that £ * 0. 
Substituting £ = 0 and Eq. (6l) into Eq. (62) then gives

v2, * 2 ••
6 - °» (65)

i+S
which shows that 5 « 0. Hence, once a satellite is put into an 
elliptical polar orbit such that the rate of change of h is given 
by Eq. (6l), it will remain in this same orbit indefinitely, providing 
that the other small perturbing forces can be neglected.

In the elliptical orbit with £ = 0, the velocity of the 
satellite as a function of £ and >i is, from Eqs. (56) and,(6l),

• (66)

The total energy per unit mass of the satellite then becomes

E = i v2 + V = - £ 5. (67)

It should be noted that in this case the total energy is inversely 
proportional to the semi-minor axis b, while for a Kepler orbit about 
a spherical mass distribution the total energy is inversely proportional 
to the semi-major axis of the ellipse.

The expression for 7? as a function of time is obtained by inte
gration of Eq. (6l):

* - * < . - ( £ )  f y f e & A "  <68>

The right-hand side of this expression cannot be integrated explicitly 
in terms of 7?. However, by making the substitutions k = l/£ and 
7? = sin 0, the integral can be written in terras of elliptic integrals



of the first and second kind with parameter k:
2k

?ia) a% (69)

■ f t

k2sin 0

- f t 1* *  « • ]

|[2F(k,0) - E(k,0)] - [2F(k,0o) - E(k,0o)]j .

Expanding the integrands by means of the binomial theorem and integrat
ing termwise, the quantity 2F - E becomes

2F - E « 0 + 3k2 | sin 20) + (TO)

- g sin 20 - ^ sin^0 cos 0) +

3 7 ^ ^ ^  " g sin 20 - ^ sin^0 cos 0 -

^  sin^0 cos 0) + ... ,

where 0 = 0 =  it/2. Substituting into Eq. (JO) the expression for k, 
namely

k - RJ21//2/b, (71)
and integrating Eq. (68) over a complete cycle, it is found that the 
period of the satellite is



T = 2jt
A/2
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^95 , 3|R 
3305 2 lb (73)

The period of a Kepler orbit of the same size and shape about 
a spherical mass distribution equal to that of the earth can be written

1/2
(74)T = 2jc a~V1

By use of Eqs. (46) and (60b) this expression can be expanded into

.1/2, o 4
T = 2jt

(75)W  Js31

where the in this expression is interpreted here only as the
square of the distance from the center of the ellipse to either focus. 
Therefore, the period given by Eq. (73) is very slightly larger than 
that for a Kepler orbit of the same size and shape in an inverse square 
law force field where the force is along the radius vector.

The velocity of the satellite as a function of the latitude 
can be found by first solving Eq. (54) for 7l, which yields

2 (Sg+l) slng6
,2 2 9 6 + sin 6

(76)

and then substituting this result into Eq. (66):

4 4 2b - c sin 6
4 / 2 2 4\ 2b + (2b c + c ) sin 6

(76)

This equation can then be expanded using the binomial series to obtain
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(78)

where only terms of order Jg have been retained. The velocity Is thus 
at a maximum at the equator. Note also that for Jg » 0 (spherical 
earth) this equation reduces to that for a circular orbit of radius b.

The geocentric distance in terms of the latitude can be obtained 
from Eqs. (52) and (76) by writing

Solving for r and multiplying the numerator and denominator by c yields

Although the maximum values of r occur at the equator, the height of 
the satellite above the earth1s surface is actually less at the equa
tor than at other points in the orbit because of the earth's oblate
ness.

A numerical example was calculated. For R = 6378.15 km.,

to 32.000, which corresponds to an orbit at a height of approximately 
211.4 miles above the mean equatorial radius, the results below are 
found:

a = 6718.38 km.,
b = 6715.10 km., 
e = 0.0312348,
T = 5480.32 sec.
= 91.3386 min., 

vmax = 7'70^ km./sec.,
vmin “ 7.6969 km./sec.

r2sin25 =,26 « y2 = slnfs .
is £ -i. 4̂ — (79)

ab (80)

c = 209.847 km., and ju » 3.98603 x 10^ km?/sec?, if | is set equal



CHAPTER V 
. CONCLUSIONS

In Chapter II it was pointed out that any orbit within the 
most general class of satellite orbits about the earth has two main 
features § (l) as a first approximation it can be considered as a 
Kepler ellipse with one focus at the earth’s center of massa and 
(2) because of small additional forces* the largest of which is 
due to the oblate shape of the earth* all of the orbit elements vary 
by small amounts as a function of time. The most important variations 
of a drag-free satellite orbit were seen to be secular changes in the 
orbit orientation consisting of a regression of the node for all but 
polar orbits and a regression or advance of the perigee* depending 
on whether the inclination angle is greater than or less than 63%* 
respectivelyo In addition* there is a small change in the secular 
variation of the mean anomaly and periodic variations in all of the 
orbit elements.

In Chapters III and IV* however* two special classes of orbits 
were investigated which do not come within the general class of orbits 
mentioned above. These two classes consist of the circular orbits 
of zero inclination and the closed polar elliptical orbits with their 
centers at the center of mass of the earth. Neither case exhibits 
any secular changes nor any periodic variations in any of the equilib
rium orbit elements.

It was found that one class of circular orbits which can
exist about the earth are those of zero inclination* and because of
the existence of the negative «3L term in the potential function*ithese orbits lie in a plane slightly to the south of the equatorial 
plane. These orbits are similar to Kepler orbits only in the sense 
that the angular momentum of the satellite is conserved. This.is 
because the earth’s potential function,was assumed to be axially

• 27 .'
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symmetrico

It was shown that if the satellite is given a small displace
ment put of its circular orbitP it will oscillate about the circular 
orbit position- Hence, the orbit is said to be stable- To calculate 
the exact motion, however, the additional perturbing forces would 
need to be taken into consideration- For example, longitudinal vari
ations in the potential function would cause the satellite to deviate 
from a perfectly circular orbit, and the gravitational attractions 
of the sun and moon acting nearly in the plane of the ecliptic 
would be expected to cause some additional effects -

A class of closed elliptical orbits in the polar plane
was shown to exist if the earth's potential function is approximated
by that of an oblate spheroid- One of the most interesting features 
of these orbits is1 that the center of mass of the main attracting 
body lies at the center of the ellipse rather than at one focus as 
in ordinary two-body motion- Also, even though the ellipse is closed, 
it is clear that the angular momentum of the satellite is not a constant 
because of the non-central force produced by the earth's oblateness- 
An additional point of interest is that the major axis of the ellipse 
remains constantly in the plane of the equator, unlike that of the
general polar orbit- The direction of the orbit plane remains fixed
in space also, of course; but this is a general property of all polar 
orbits-

The question of stability of the polar orbits was not studied 
because the equations of motion in a three-dimensional oblate-spheroidal 
coordinate system become extremely complicated- Another point which 
was not investigated is the effect that the odd terms in the potential 
function of the actual earth would have on the closed elliptical orbits- 

The above results are in agreement with the general solutionTil.of Vinti's dynamical equations obtained by Izsak for orbits of very 

IkI- Izsak, "On Satellite Orbits With Very Small Eccentrici
ties, " Astronomical Journal, 66? 129, April, I96I-

v



small eccentricity0 Setting p = c^p Isaak defines an eccentricity 
by

pmax “ pmin <» /,
• e ■ ('

For p(t) = constant (equivalent to making | a constant), ® = 0o 
It should he noted that e « 0 does not imply a circular orbit except 
for the ease in which the inclination angle is zero. For these 
special cases in which 6 = 0, Izsak finds orbits with two apogees 
with the maximal values of r at the ascending and descending nodes 
(ioe0, on the equator) and two perigees with the minimal values of 
r at the points on the orbit which have the largest value of lati
tude north and south of the equatoro These orbits are nearly 
ellipses that do not rotate in the orbit plane and whose centers

Qare at the center of the earfcho For the special case of 1 = 90 , 
rmax “ a "k*16 &&^®ction of the line of nodes), and = b0



BIBHOGRAPHI
Blitzerp Ison® "ApsidaX Motion of an XGY SateXXite Qrbit^" Journal 

of AppXied Physics8 28:1362, lovember, 1957® . ,
Blitzer, Leon* "Circular Orbits in an Axially Symmetric Gravitational 

Field," American Rocket Society Journal, 32:1102, July, 1962*
Danby, J* M® A® Fundamentals of Celestial Mechanics * lev York: 

Macmillan Company, 1962*
Goldstein, Herbert® Classical Mechanics® Reading: Addison-Wesley 

Publishing Company, 1959®
Izsak, Bnre® "On Satellite Orbits With Very Small Eccentricities, " 

Astronanical Journal, 66:329"31, April, 1961®
Kozai, Y* "The Motion of a Close Earth Satellite, ” Astronomical 

Journal, 64:367-77j> lovember, 1959®
MeLaehlan, 1® W® Theory of Vibrations® lew York: Dover Publications, 

Incorporated, 1951®
Plummer, H® C® Introductory Treatise on Dynamical Astronomy® lev York: 

Dover Publications, Incorporated, 1962® '
Roy, Maurice (ed=)® Dynamics of Satellites® lew York: Academic Press 

Incorporated, 19%®
Smart, W® M® Celestial Mechanics ® London: Longmans, Green, and 

Company, Limited, 1953®
Vinti, John P® "lew Method of Solution for Unretarded Satellite Orbits, " 

Journal of Research of the National Bureau of Standards, 638:105-

30


