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ABSTRACT

.This paper describes the design of a hybrid analog-digital 

pseudo-random noise generator intended to replace conventional random- 

noise generators in analog and hybrid computer simulations» It is 

capable 'of producing four essentially uncorrelated binary outputs from 

■ a single 25-stage shi£fc-register« The length of the pseudo-random out

put sequence is 33,554,431 bits which is equivalent to several thousand 

computer runs9 This hybrid, noise generator has several’ striking features 

not generally shared by'existing analog noise sources:

i» The analog noise output is independent of any physical quantity

except for the output clamping levels. In particular, the rel

ative amplitude distribution and spectrum are practically un- 

affected by environmental changes, such as temperature fluct

uations »

• , > 2. The shift-regis'ter may be reset at any time to repeat a se

quence of random events exactly, or it may run free»

3. The binary noise bandwidth is simply proportional to the shift- 

register clock rate (between zero and 4 Me). This permits 

exact time scale changes or intermittent-operation.

4. The flat spectrum binary noise permits multiplication for 

correlation experiments by simple analog switching and yields 

Gaussian noise with any reasonable spectrum by filtering; 

diode function generators can then be used to produce different 

amplitude distributions.

5. The noise generator produces binomially distributed digital 

computer random numbers as well as analog noise.

vii



I. INTRODUCTION

Analog and hybrid analog-digital computers used for random- 

process and statistical studies require noise sources capable of 

■^generating random signals -Whose amplitude distribution, d-c unbalance, 

spectrum, and RMS level arb specified within the computer accuracy 

limits - Noise samples must not be correlated for time delays exceeding .

■■■one-ten-thousandth to one -thousand th of a computer run.

Noise derived from-y'thyratrons in magnetic fields, noisy diodes - 

and photomultiplier tubes ^coated with radioactive paint changes with 

’•'various environmental conditions.. Thus, elaborate gain-c.ontrol,1 sam

pling and/or filter circuitry is required in order to meet"computer 

specifications<, By using the random signal from such sources to trigger 

a flip-flop or threshold-sensing comparator, flat-spectrum binary noise 

with ±A volt output levels is obtained. Such binary noise can easily 

be filtered to produce Gaussian signals and is very useful in its' own 

right. It can be used to drive analog or digital switching systems to simulate 

random events, machine failures, etc., and for direct correlation with other 

signals without the use of analog multipliers0 By precision clamping, the 

RMS level of binary noise can be closely controlled, but the non-stationarity 

of the circuits used to obtain electrical noise, even from stationary mech

anisms such as a radioactive source, still create problems and expense a 

For example, the 80 Kc random-telegraph wave generator developed at The 

University of Arizona°s Hybrid Computer Laboratory and described in Ref» 2 

required a fairly sophisticated and not completely satisfactory count-rate 

control loop0
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In the design of t&e University of Arizona's new ASTRAC II 

iterative differential analyzewhich is to he capable of .taking statis

tics over' 1,000 random-input computer runs per second, it was decided to 

abandon analog noise generation completely= Instead, the machine will 

employ a digital shift "-register sequence generator that can produce 

binary pseudo-random noise ’.sequences at any clock rate between 

zero and 4 Me» This permits exact time scale changes or intermittent 

operation. The noise generator produces digital computer random numbers 

as well as analog noise« The digital numbers are easily stored or trans

mitted and may be used to produce binomially or normally distributed 

random analog coefficients* • Digital multiplexing yields multiple 

uncorrelated noise signals'from a single shift-register* These noise 

signals are independent of any physical quantity except for the output 

clamping levels. The flat spectrum binary output permits direct logical 

or analog multiplication* The length of the pseudo-random output se

quence is 33,554,431 bits which is equivalent to several thousand computer 

runs*
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II. BINARY PSEUDO-RANDOM NOISE GENERATION WITH SHIFT-REGISTBRS

2.1 P-seudo-Random Binary Sequences

Binary pseudo-random noise differs in two important respects 

from purely random binary signals:

1o A truly random binary signal is non-periodic, while a pseudo

random sequence repeats itself after some suitably long se

quence «

2* In random binary processes (e0g., a random telegraph wave) the 

]transition from the "I11 state to the "O” state (or conversely) 

can occur at any time, and the state at any instant of time is 

independent of the state at any other instant of time» In 

the pseudo-random binary process the binary level transitions 

can occur only at specific clock pulse times, separated by 

intervals during which the binary state is fixed» In this case 

the state during the fixed time interval is independent of the 

state in neighboring time intervals.

In this paper a periodic binary sequence will be defined as a pseudo

random sequence if it satisfies the following conditions:

1. In each period the number of **1 's** must not exceed the number 

of 8$0 8 s8f by more than one (or conversely) *

2. In each period there must be twice as many sequences of 9s9!

or 8f0 8 s of length n as those of length n + 1.

3. The autocorrelation function must have the form shown in Fig.

3b, i.e., peaked in the middle (f = 0) and tapering off rapidly

at both e n d s . ^
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Such a periodic binary sequence with a sufficiently long period -- longer 

than a desired series of computer runs -- can be used essentially like true 

random noise for computing purposes.

Periodic binary sequences may be obtained from a digital shift-regis- 

ter with modulo-2 adder feedback (Fig. 1). Modulo-2 addition generates the 

sum (A + 2 any two binary inputs A and B according to the follow

ing table: ________________ _
A B * ^Mod. 2

1 : °>
1

0 1 i 1

1 ■’ 1 0

o1 k 0'
0

Table 1
As can be seen from the above table, modulo-2 addition can be implemented 

logically with an EXCLUSIVE - OR circuit. The shift-register consists 

of cascaded flip-flops driven at the desired rate by external clock pulses 

(shift pulses). The outputs of certain flip-flops are added modulo-2 and 

their sum is then fed back to the first stage of the shift-register.

Figure 2 illustrates three shift-register periodic sequence 

generators and their corresponding sequences. Each column of ’’I,s” and 

’'01 s’1 corresponds to the successive states of each stage of the register.

It should be noted that No. 1 and No. 2 outputs are periodic every 2 - 1 = 7

bits, while No. 3 is periodic every 3 bits. In each case the periodic 

series is completely determined by the initial state of the flip-flops
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and by the feedback connections. The resulting sequences for an all
zero initial condition are also shown.

2.2 Maximum Length Sequences

It is easy to show that the maximum length of any sequence pro

duced by a shift-register is 2n - 1, where n is the number of flip-flop 

stages. For an n-stagc generator, there are 2n possible states. The

all-zero state can be ruled out as an admissible condition, since with

modulo-2 addition, each succeeding state would also be all-zero as illus

trated in Fig. 2. Therefore, the sequence is periodic with a maximum of 

2 - 1  bits. Golomb has proven that every maximum length shift-register

sequence satisfies the three conditions required for a pseudo-random 
3sequence.

The number of different maximum length series obtainable from a n-stage

shift-register is given by , where 0 (m) is Euler's Phi Function,

defined as the number of integers s such that 0 < s < m and s is prime to m,

including the integer one. For a three-stage generator n ■ 3, m - 2n - 1 * 7 ,
3

and the integers s are 1, 2, 3, 4, 5, 6. Therefore, ^ ^  a 2, so a

three stage shift-register can produce two different maximum length 

sequences, each corresponding to a unique feedback arrangement. Gener

ators No. 1 and No. 2 in Fig. 2 show these two feedback arrangements. 

Generator No. 3 in the same figure is an example of a feedback arrangement 

that produces a non-maximum length sequence. Non-maximum length se

quences do not in general satisfy the three conditions required of pseudo

random sequences, and thus they are not useful for statistical studies. 

Consequently, to design a practical pseudo-random noise generator of n-



stage£3, it is necessary to determine the feedback connections which 

produce a sequence of 2n - 1 bits in length.

Another important characteristic of maximum length sequences is 

the so-called ’'shift and add” property. That is, when any maximum length 

sequence is delayed by an integral number of clock periods and then added 

modulo-2 with the original sequence, a third identical sequence delayed 

with respect to the first two is f o r m e d T h i s  property has a useful 

application, as will be pointed out in Section III where the actual hard

ware design of a binary pseudo-random noise generator is considered. The 

"shift and add" property is also used to derive the autocorrelation 

function for maximum length sequences (see Appendix).

2.3 Obtaining the Maximal Period

A mathematical technique for obtaining maximum length sequences is 

rigorously presented in Refs. 3 and 3. The method consists of viewing 

each state of the n - stage shift-register as an n - dimensional vector 

and the shift-register/modulo-2 adder system as a linear operator, pro

ducing the successive states of the n - dimensional vector. Such an 

operation may be represented by an n x n matrix X. The first row of 

this matrix corresponds to the first stage of the register, the second 

row to the second stage, etc. The same is true for the n columns, i.e., 

the first column represents the first stage, etc. Each element of the matrix 

is either a "1" or ”0”. A "1" in any position indicates that the flip-flop 

stage denoted by the column drives the flip-flop stage denoted by the 

particular row. Otherwise, a "0" element exists. Considering generator 

No. 1 in Fig. 2, the X matrix may be constructed by observing that stage 1
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is fed by stages 2 and 3; therefore in the first row, a ”1M is entered in 

columns two and three. Stage 2 is fed by stage 1, so in row two a "I" is 

placed in column one. Again stage 3 is driven only by stage 2, hence in 

row three a "1" is placed in column two. This completes the X matrix, 

for generator No. 1, viz..

0 1 1
]. 0 0
0 1 0

Similarly, for generator No. 2 the defining matrix is

1 0 1

1 0 0

0 1 c

It should be noted that the diagonal below the main diagonal will always 

consist of a series of "1 ’s”, while the first row of the matrix repre

sents the feedback coefficients. Generalizing, the X matrix for n 

stages may be written:

Ci c* . r* •
0 * '*—'<4- # # » Ct*.

1 o . . .o . . . oo i
m

o . . . o
•
•

0

0

' 1. •
o o... o 1 o



where Che C's represent the feedback coefficients ("0" or "1"). The 

characteristic polynomial of the X matrix is thus.

e t [x-Al] =

(-A.)n-1

G - A (2,
i - A . .  O
o 1 . '— A
•6 Oo

x) - c ^C-a,)n'2 + c3(-x)"-J .

e •

. . O• ‘ o
* 1  - A

v n-n „

(i - -1- '2 °3
X X2 x3

.Lil
- £  8l]
i=l

where 8 = —

The bracketed term
n

^  - £ ci e i ] - 0 1is defined as the characteristic

equation of the shi ft-register generator. A necessary, but not sufficient, 

condition for the period of the shift-register to be of maximum length 

is that the characteristic equation be irreducible (unfactorabLe). In 

Fig. 2 both generators No. 1 and No. 2 have irreducible characteristic 

equations, but that for No. 3 can be factored. Using a technique known 

as the "sieve method", the irreducible polynomials which produce maximum 

length sequences have been tabulated, e.g., sac kef. 4.
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2.4 The Autocorrelation Function

One of the most important properties of a maximum length sequence 

generator output is its time autocorrelation function. Since the sequence 

is periodic every 2n - 1 bits, the autocorrelation function will also be 

periodic every 2n - 1 bits. Each bit represents one clock period. At 

seconds in duration. In general, the autocorrelation function for the 

first period of an n-stage shift-register can be shown to be

R (t) = (

?n1 - I T I   for I t I < 1 bit
I I 2 n  _  i '  *

XX

2n - 1
for I t I ) 1 bi

R ^ C t) , for t equal to an integral number of bit intervals, is derived 

in the Appendix. Figure 3 shows the autocorrelation function of a maximum 

length sequence x(t). It can be seen that for time delays equal to or 

greater than one clock period, the correlation is essentially zero for 

large values of n.

As opposed to the one-pcak-per-period autocorrelation function 

of maximum length sequences, the autocorrelation function of non-maximum 

length sequences has several positive and negative peaks per period.^  

Consequently, such binary sequences do not satisfy the third condition 

required for randomness on page 3.
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2.5 The Power Density Spectrum

From the Wiener-Khintchine theorem, it is known that the power 

density spectrum G^Cf) of a function x(t) is simply the Fourier transform 

of the autocorrelation function for x(t). As derived in the Appendix, 

the power density spectrum for a maximum length pseudo-random binary 

sequence x(t) is

^ > + E  y  - i r  >
z -to

oy 0

where Z “ 2n-l is the number of bits in one period of x(t) 

f ■ 1/At is the clock frequency

From the above expression, it should be noted that
f

(1) G ^ ( f ) is a discrete spectrum with a harmonic separation of —  c«p• s

(2) Nulls occur at integral multiples of the clock frequency f^.

(3) The bandwidth of G^Cf) £2 0.32 f^ .
25Therefore, for a 25-stage shift-register (Z = 2 - 1) and a 4 Me. clock

rate, G (f) has a harmonic frequency separation of 0.123 c.p.s. and a
r *12

bandwidth of 1.28 Me. The envelope of G^^(f) has the familiar £

form and is shown in Fig. 3Ae
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III. DESIGN OF A PSEUDO-RANDOM NOISE GENERATOR

3.1 Overall Design

The noise generator employs the same plug-in digital module 

cards (Computer Control Co. S-Pacs) standard in the new ASTRAC II com

puter. The block diagram of the entire noise generator system is shown 

in Fig. 4. This system will operate at clock rates as high as 4 Me and 

as low as desired. Multiplexing* yields 4 uncorrelated pseudo-random 

noise outputs from a single 25-stage shift-rcgister. The clamping 

circuitry produces + 6 volt analog outputs which are easily filtered to 

generate Gaussian signals; diode function generators can be used to pro

duce other types of analog noise with specified amplitude distribution 

and power spectra.

3.2 The Shift-Register and Modulo-2 Adders

The shift-rcgister consists of 25 general purpose flip-flops. » 

The SET output of each flip-flop is connected to the Reset Level Control 

of the next stage, and the RESET output is connected to the Set Level 

Control (Fig. 5).^ The shift-register is normally driven from the main 

4 Me ASTRAC II Clock Oscillator. The maximum length period for n * 25
25is 2 - 1 *' 33,554,431 bits. Since there are usually many feedback

arrangements which will produce a maximal sequence, the one requiring 

the least hardware will be selected. Using the table in Ref. 4, it was 

found that if the outputs of stages 3 and 25 are fed back, only one 

modulo-2 adder is needed. Using this same table, the feedback arrangements, 

for n ” 10 through n * 33, requiring only one modulo-2 adder to produce
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a maximum length were calculated and are listed in Table 6 of the Appendix® 

In terms of C.C.C. logic modules, a modulo-2 adder requires 4 NAND gates® 

The first 3 gates form an EXCLUSIVE - OR, and the fourth gate provides 

the complement of the EXCLUSIVE - OR circuit (Fig® 5)® The output of 

the modulo-2 adder is fed back to the Reset Level Control of the first 

shift-register stage, and its complement is fed back to the Set Level Con

trol e

The output of each flip-flop and its complement are wired to a 

small patchbay (with a removable patchboard) provided for the noise 

generator. Since the binary sequence for any stage of the shift-register 

is the.same as that of the preceding stage delayed by one clock interval, 

the patchbay allows access to 25 sequences -- each delayed by one clock 

interval from the previous one. The DC SET and DC RESET input terminals 

of each flip-flop are also brought out to the patchbay so that any desired 

initial state may be patched into the shift-register from the computer 

NOISE GENERATOR RESET LINE at the start of each computation® This re

setting feature is of considerable interest for rechecking a series of 

Monte-Carlo computations with different pseudo-random noise inputs®

If the NOISE GENERATOR RESET patching is omitted, the noise 

generator will run free and produce periodic sequences at a repetition 

rate not in general commensurable with the analog computer iteration rate®

To provide the option of having two completely independent noise 

generators, the connections between shift-register stages 11 and 12 are- 

patched rather than wired internally® The first 11 flip-flops require 

only one modulo-2 adder to produce a maximum length sequence, but the 14 

stage shift-register requires three adders to produce a maximal period®
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One arrangement used to obtain a maximum length sequence from the 14- 

stage generator is to add the outputs of flip-flops 3, 4, 5, and 14 

modulo-2 and to feed the sum back to stage 1.

As one of many alternative patching combinations, two identical 

11-stage maximum sequence noise generators, employing only one modulo-2 

adder each, may be constructed by using the same feedback connections for 

the 14-stage shift-register as are used for the 11-stage register (the 

outputs of flip-flops 2 and 11 are modulo-2 added and fed back to flip- 

flop 1). The sequence output of the 14-stage shift-register is then 

taken from the eleventh stage, leaving 3 stages unused»

3»3 Multiplex Logic

The purpose of the multiplex logic is to provide several (in this 

case four) uncorrelated pseudo-random noise sources from a single shift- 

register. There are at least two ways of accomplishing this. The first 

method consists of sampling the shift-register output once every fourth 

clock interval= This method is used in the noise generator for ASTRAC II, be

cause it requires less digital equipment. The second method utilizes the 

"shift and add" property of maximum length sequences.

3.3.1 Method I - Output Sampling

The output sampling technique uses four staggered 1 Me pulse 

trains to sample the 4 Me pseudo-random noise output. Each pulse train 

samples the shift-register noise output every fourth clock interval, e.g.,
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the first sampling pulse'train senses the state of the noise generator 

output during the first* fifth, ninth, etc., clock intervals* The final 

result is four essentially uncorrelated 1 Me pseudo-random noise outputs, 

each of which is a maximum length sequence (33, 554, 431 bits if the 25- 

stage shiffc~regisfcer is used).

Since the 4 Me noise, sequence is sampled only once every fourth 

clock interval by any one of the 1 Me pulse trains, it takes 4 periods 

of the 4 Me sequence to produce the 33, 554, 431 bit period of any one 

of the 1 Me. sequences. The 1 Me sequences do not become periodic after 

the first 4 Me period, because the number of bits in the 4 Me period is 

not evenly divisible by four. In fact, by designating the four 1 Me out

puts as A(t), B(t), C(t), and D(t) respectively, it can be shown (see Fig. 6) 

that during the second 4 Me shift-register period A(t) takes the same se

quence B(t) had during the first period of the shift-register, etc., until 

the fifth period. Then A(t) begins to repeat the sequence it had during 

the first shift-register cycle, A similar process holds for the other 

three sequences B(t), C(t), and D(t), Actually, all four outputs have 

the same binary sequence, but each of them is delayed from the previous 

one by approximately 8, 388, 608 bits. That is, for the outputs A(t),

B(t), C(t) and D(t),

A(t) = B(t 4- 8, 388, 608 bits)

A(t) = C(t 4- 16, 777, 216 bits)

A(t) = D(t 4- 25, 165, 824 bits)

A(t) = A(t 4- 33, 554, 431 bits)

It follows that the crosscorrelation function of A(fc) and B(t) will peak
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only after 8, 388, 608 bits* For the sampling rate of 1 Me, 1 bit is 

equivalent to 1 microsecond in time» Therefore, the correlation peak 

occurs approximately 8.4 seconds away from the time origin. The same is 

true for B(t) and C(t), or C(t) and D(t). This is long enough for, say, 

500 computer runs using 159000 bits per run from four essentially uncor

related noise generators. The digital circuitry required to implement 

the above operations is shown in the Appendix.

Using the same approach, other combinations are possible. For 

example, the ASTRAC II pseudo-random noise generator is designed so two 

uncorrelated 2 Me maximum length sequences may be generated. Denoting 

them E(t) and F(t), then E(t) « F(t -f 16, 777, 216 bits). One digital 

bit in this case is equivalent to 1/2 of a microsecond. This added 

feature requires little additional circuitry, as can be seen in the 

Appendix.

As with the shift-register, the flip-flops of the multiplex 

logic may be reset as desired by patching between the flip-flop DC SET 

or DC RESET terminal and the computer NOISE GENERATOR RESET LINE.

3.3.2 Method II - g!Shift and Addn Property

In effect, the sampling method described above merely produces 

four identical sequences delayed with respect to one another. In view 

of the "shift and add" property of maximum length sequences^, similar 

results can be achieved by suitable modulo-2 addition of the various 

flip-flop outputs. By selecting the arrangement which produces four 

sequences delayed by approximately 8 million bits from one another, 

four essentially uncorrelated noise outputs are obtained. The
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main external difference between this method and the sampling method is 

that here the noise sequences are still 4 Me, whereas before they were 

reduced to 1 Me...

3.4 Digital Equipment Requirements

Using commercially produced (Computer Control Co.) 5 Me plug

in cards, the entire digital system (25-stage shift-register, 3 modulo-2 

adders, and the multiplex logic) costs approximately $2,100.00. The 

following components are required.

1. Eight MF-35 flip-flop cards (4 flip-flops per card).

2. Four DI-35 Hand gate cards (8 NAND gates per card).

3. One PN-35 power amplifier card (4 power amplifiers per card).

4. One mounting rack (19 card capacity).

5. Vector patchboard and frame (300 contacts).

The design of the front panel and associated patchboard of the ASTRAC II 

Noise Generator is shown in Fig. 7.

3.5 Level-Shifting and Clamping Circuitry

To obtain precision-limited binary sequences of + 6 volts, it is 

necessary to pass the digital-noise sequences through level shifting and 

output clamping circuits. The voltage level shift is required since the 

standard outputs of the C.C.C. digital modules are - 6 and 0 volts.

Shown in Fig. 8 is the circuit used to accomplish the level

shifting and clamping operations. Transistors and form a Schmitt 

trigger. provides a current source for the Schmitt trigger, and

provides a clamped emitter follower type output. The rise time is less
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than 50 nano-seconds as is the delay through the circuit.

3.6 Control of the Mean and Mean Square Value'*'

3.6.1 Mean Value

~ At high digital-clock frequencies (10 Kc to 4 Me) used in 

typical repetitive computer applications (10 cps to 1 Kc repetition 

rates), the DC level E [x] of the noise generator is best controlled by 

a DC blocking filter with the transfer function

= T T ts

where T = RC (Fig. 9) is an appropriately long time constant. For "slow" 

analog computation, symmetrical precision clipping of the binary noise 

output is usually sufficient to control E [xjj , or the active filter of 

Fig. 10 may be used to generate-the transfer function shown above„

3.6.2 Mean Square Value

Finite time averages :,of the squared binary noise output are 

not subject to fast random variations, and equal one-fourth of the squared 

peak-to-peak output when a DC blocking filter is used. However, even with . 

a constant load (operafcional-n'ampllfier input), the peak-to-peak output 

of the clamped emitter follower in Fig. 8 is subject to. slow drift 

due to temperature variations of the break points of the clamping 

iiodes. For example, a 10° F temperature variation could change 

the peak-to-peak output as much as 30 millivolts, or 0.25 per cent of the': 

nominal 12 volt value. This.corresponds to a 0.5 per cent.change in the 

mean square outptit E [x2] . Although drift should be negligible during



27
any one computation^ the peak-to-peak voltage will be monitored during 

computation by oscilloscope comparison with a DC reference voltage 

read on the computer digital volfcfnefcer* At low clock frequencies^, simple 

analog precision limiters may be used to clip the binary waveform with 

an accuracy of approximately 0»1 per cento Still, at high clock frequen

cies improved transistor clamping circuits, as opposed to more cumbersome 

AGOtype control, would be useful in regulating the mean square value»
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IVo EXPERIMENTAL TESTS

In many computer statistical studies^ a Gaussian noise source is 

necessary„ It is the purpose of sections 4.1 and 4.2 to show that a noise 

source with a Gaussian amplitude distribution may be generated from a pseudo

random binary sequence by simple low-pass filtering. These experiments were 

conducted with the aid of the ASTRAC I statistics computer using the set-up 

shown in Fig 11. The Schmitt Trigger shifts the ± 6v noise generator output 

to Hh lOOv in order to obtain more accurate measurements. Section 4.3 shows 

that binomially distributed random numbers may be obtained from a maximum 

length sequence. Section 4.4 illustrates two methods that may be used to 

determine the autocorrelation function of such sequences.

4.1 Amplitude Distribution of a Filtered Maximum Length Sequence

McFadden has vigorously shown that when a random telegraph wave 

is low pass filtered, the filter output has a Gaussian amplitude distri

bution if the filter time constant is much greater than the reciprocal of
g

the mean count rate„ Although no such rigorous criterion exists, 

intuitive reasoning indicates that the same snould be true for a pseudo

random sequence, providing its period is very long relative to the filter 

time constant.

The mean count rate of a maximum length shift-register sequence 

was found experimentally to be approximately one-half of the clock 

frequency. Its amplitude distribution is measured by using a distribution 

analyzer built into ASTRAC I. The analyzer employs a slicer-circuit 

which enables its output counter to register one pulse per computer run
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T - - - - " ' -  - - - - - - - - - - - - - - - -

Y (volts)
Observed 
Frequency j PROB < y(t) <_ Y +

-50 8 0.0083

-45 12 0.0125

-40 19 0.0198

-35 25 0.0260

-30 34 0.0355

-25 48 0.0500

-20 59 0.0616

-15 71 0.0740

-10 76 0.0794

-5 82 0.0856

0 85 0.0885

5 83 0.0867

10 77 0.0804

15 72 0.0752

20 57 0.0594

25 48 0.0500

30 37 0.0386

35 26 0.0271

40 19 0.0198

45 13 0.0135

50 8 0.0083

A  Y = 5 volts

TABLE 2
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if, and only if, the analyzer input voltage y(t) lies between the preset 

values (Y - ~  ) and (Y + ~  ). The resulting count estimates the probability 

that ^  < y (t) < Y + , 9  Thus if AY is made small compared to the

total range of y(t), an approximation of the density function p^(y) is obtained. 

For a AY setting of 5 volts, a clock frequency of 4Kc (2Kc mean count rate), 

and a filter time constant of 2 milliseconds, tne data shown in Table 2 

was obtained. In this case the time constant is 4 times as large as the 

reciprocal of the mean count rate. The experimental density function 

determined from the data is plotted in Fig 12, where

PROB [ y - ~  < y(t) <_ Y + 
py(y) EXPERIMENTAL = ------------ — ----------------

The Chi-Square test of goodness of fit will be used to test the 

hypothesis that y(t) has a Gaussian amplitude distribution. In order to 

apply the test, it is necessary to estimate the mean and standard deviation 

of the theoretical Gaussian distribution from the experimental data. The 

sample mean y and sample standard deviation S will be used for the respective 

estimates. They are

y «= 0.078 volts 

S = 22 volts
—  2 y will be considered to be zero for all practical purposes. The \jr

test compares the observed frequency with the expected frequency as defined

by the following equation:
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Voltage
Boundaries

li for
Voltage
Boundaries

Area Under 
Normal Curve 

0 to u

Area for 
each 

interval

Expected
Frequency

1 Observed 
| Frequency

Voltage 
Level

-52.5 -2.39 .4916
.0070 7 8 -50

-47.5 -2.16 .4846
.0113 11 12 -45

-42.5 -1.932 .4733 ; /
.0174 17 19 -40 •

-37.5 -1.705 .4559
.0257 25 25 - 35

-32.5 -1.478 .4302
.0358 34 34 -30

-27.5 -1.25 . 3944
.0483 46 48 -25

-22.5 . -1.02 .3461
.0594 57 59 -20 !•

-17.5 - .795 .2867
.0717 69 71 -15

-12.5 . ' - .568 .2150
.0815 78 76 -10

- 7.5 - .341 .1335 i.
.0881 84 82 - 5

- 2.5 - .1137 .0454
.0908 87 85 0

2.5 v- .1137 .0454 ' ;
.0881 84 83 5

7.5 .341 .1335
.0815 78 77 10

12.5 .568 .2150
.0717 69 72 15

17.5 : .795 .2867 ' ;
.0594 57 ' 57 20

22.5 ' 1.04 .3461
.0483 46 48 25

27.5 1.20 .3944
.0358 34 37 30

32.5 1.478 .4302
.0257 25 26 35

37.5 1.705 .4559 -
.0174 17 19 40

42.5 1.932 .4733
.0113 11 13 45

47.5 2.16 .4846
.0070 7 8 50

52.5 2.39 .4916
----------------------------

H is the standardized normal variable
y-£ = iL_0 _

^ s 22 22

TABLE 3
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where 0 is the observed frequency and E is the expected frequency. The

expected frequencies for this problem are calculated as shown in Table 3

from the assumption that y(t) has a Gaussian distribution with mean 
—  2y « 0 and variance S = 475. As with most statistical tests, the Chi-

Square test can not prove the assumed hypothesis to be true, but rather the
2probability of it being false. Tabulated values of \Jf indicate the maximum 

2value i|f can be expected to have at the indicated probability levels if the
2 2 hypothesis is true. If the calculated \|r is larger than the \Jf listed

in the table for some chosen probability level, then the hypothesis is

rejected with the corresponding probability of being in error.
2The degrees of freedom v , upon which is dependent, is determined

by the number of independent observation levels that are used in the 
2calculation of \|/ . For n^ observation levels (or voltage levels), the 

number of independent levels is nu - 1. Also, any estimations of the 

hypothetical population parameters reduce V by the number of parameters 

estimated. Since both the mean and variance of the Gaussian distribution 

had to be estimated,

V = n^ - 1 - 2 

= 2 1 - 1 - 2  

= 18

For 18 degrees of freedom and a significance level of 0.05 the
2 2 tabulated \Jr is 28.8, and the t calculated from the experimental data

2is 1.99. Since the calculated \|r is less than the tabulated value, the

result is not significant at the 0.05 level. In fact with 18 degrees
2of freedom the probability of obtaining a \J/ that exceeds 1.99 is greater

2than 0.99. An experimental v|a of 1.99 is therefore not at all significant.
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and the test furnishes no evidence against the hypothesis that y(t) has 

a Gaussian amplitude distribution.

4.2 Mean and Mean Square Value of a Filtered Maximum Length Sequence

The mean value (or time average) of y(t) is measured by sampling the 

filter output and converting it into the appropriate number for a digital 

counter. The direction of the count is determined by the polarity of the 

sample. When the preset run counter stops, say, at m computer runs, the 

number indicated in the digital counter will be
mE yk = my
k=l

For m «* 10,000 computer runs, the mean value of y (t) was calculated to be

y = - 0.00706 volts 

Thus y may be considered to be zero, which agrees with the value for y 

obtained in section 4.1.

By using a diode squaring circuit and the same "sample and count" 

method used to find the mean value, the mean value may be determined. After 

m computer runs the counter will read
mE yk « m y
k=l

For m = 10,000, the mean square value of y(t) was found to be

~~2 2 y = 552 volts

Since the variance of y(t) is

Var {y(t)} = y2 - (y)2
= 5 5 2 - 0  
= 552 volts^ ,
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q
Observed
Frequency

Experimental Density 
Function - p(q)

Binomial Density 
Function - p(q)

Expected
Frequency

0 0 0.0000 0.000975 0.125

i 0 0.0000 0.009750 1.250

2 4 0.0312 0.045000 5.750

3 15 0.1170 0.117000 15.000

4 28 0.2180 0.205000 26.300

5 32 0.2490 0.246000 31.400

6 29 0.2250 0.205000 26.300

7 14 0.1100 0.117000 15.000

8 4 0.0312 0.045000 5.750

9 2 0.0156 0.009750 1.250

10 0 0.0000 0.000975 0.125

TABLE 4
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—2the standard deviation of y(t) is simply the square root of y or 23.5 

volts. This also compares very favorably with the estimated standard 

deviation S = 22 volts obtained in section 4.1.

4.3 Probability Distribution of a Pseudo Random Sequence

Approximately binomially distributed random numbers q may be obtained 

by counting the noise generator "I's" occurring during Q clock periods, where 

Q is much less than the period of the sequence. The probability 6 of 

obtaining a "I" is one-half. Therefore,

p(q> - u )  (e)q(! - e )Q "q 0 < q  < Q

E (q} = Q/2 

Var ^qj = Q/4

Picking a Q of 10, the data shown in Table 4 was taken. The experimental

and theoretical density functions are compared in Fig 13. Again applying

the Chi-Squared test to determine how closely the observed frequencies
2correspond to the expected frequencies, the calculated xjr is found to be

22.07. With 10 degrees of freedom the probability that \|z will exceed 2.07
2is greater than 0.99. The calculated \Jr is therefore not significant, and 

the test furnishes no evidence against the hypothesis that q is binomially 

distributed.

Note that the random variable q is asymptotically normal as Q —> OO . 

Thus, the random variable u, where
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u = q ~ Q/2 = 2q - Q

Vq/4 V q™
converges in probability to a standardized normal random variable.

4.4 Correlation Experiments

A unique method for measuring the autocorrelation function of pseudo

random sequences is to wire two shift-register random generators to produce 

identical maximum length sequences.^  One of the generators is driven at 

a clock frequency of f^ and the other at a clock frequency of f^ + Af, 

where Af is very small compared to f^. Thus the noise generator outputs 

appear with a continuously varying delay with respect to one another.

The generator outputs are multiplied together to form x(t) x(t + t ) .

This product is then low pass filtered to yield the approximate autocorre

lation R ^ C t) . Shown in Fig 14 is a Sanborn recording of x(t) and its

autocorrelation function R (t) obtained by this method. Note how wellxx
this experimental result compares with the expected result shown previously 

in Fig 3.

The autocorrelation function may also be estimated by using the 

ASTRAC I computer to generate the following functions:^

kx(t1) + kx(t1 + t)

and kx(t^) - kx(u^ + t)

where k is the k ^  computer run and the sample t  ̂ and t̂  + t are taken during 

each computer run. The two functions are then squared to give

[^x(t^) + kx(t^ + T)]| and [kx(t^) - kx^(t^ + t)J

After m runs, the final result stored in the counters is
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m/2 f 2

j r x C t ^  + kx(t1 +  t) J  - |_ kx(l:̂ ) - kx(tx 4- t)J 1 
k=l ^

m/2
y  ] kx(t1) kx(t1 + t)
k=l

For a large number of runs,

m/2
— \  ' kx(t ) kx(t + x) = estimated R (t)m / . «L i. xx

k=l
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V. CONCLUSION

In conclusion^ it should be pointed out that such a hybrid noise 

generator has several striking features not generally shared by existing 

analog noise generators:

e?lo The analog noise output is independent of any physical quantity
other than the output clamping levels*

2, The shift-register can be reset at any time to repeat a sequence
of random events exactly*

3» The binary noise bandwidth is proportional to the shift register
clock rate, which can be changed (and modulated) at will* This 
permits exact time scale changes or intermittent operation.

4* The noise generator produces digital computer random numbers as
well as analog noise* Random digital words are easily stored 
and transmitted and also may be used to produce binomially dis
tributed random analog coefficients with the aid of D/A - converter 
multipliers *

5* Digital multiplexing yields multiple uncorrelated noise signals
from a single shift-register^ \

6* The binary output permits direct logical or analog multiplication.
In addition, the group-alphabet property of shift-register se
quences yields delayed sequences^ with the aid of digital logic, 
which is useful for correlation experiments."1

7. One noise generator may also be broken into two or more com
pletely independent generators if desired.

In view of the versatility of pseudo-random noise generators and the 

reliability and decreasing prices of digital-logic modules, the con

ventional analog noise generator may well become obsolete.
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Multiplex Circuitry

To obtain the four staggered 1 Me sampling signals, a Gray-Code 

logic circuit driven by the 4 Me ASTRAC II clock is used |(Fig. 15)„ The 

Gray-Code effectively divides the clock input by four. The required 

sampling pulses exist at the outputs of the four NANI) gates. They are 

denoted by (T), (T), (T), and (4^ (Fig. 16)„ The multiplexing is ac

complished by inverting one of the sampling pulses, for example and

applying it to the AC input of a flip-flop. The inversion is necessary 

for correct triggering. The 4 Me pseudo-random noise sequence and its 

complement are applied to the flip-flop Set and Reset Level Controls as 

shown in Fig. 17. The flip-flop output is then the desired 1 Me pseudo

random noise. The other three 1 Me noise sources are similarly derived.

Two staggered 2 Me sampling pulses arc easily obtained by 

NAND-gating pulse trains (T) and (T) to give the first 2 Me sampling 

signal and NAND-gating (s) and (^) to give the second. They are then 

applied to the AC input of a flip-flop, as was done with the 1 Me sampling 

pulses, to obtain two uncorrelated 2 Me maximum length sequences.

A Gray-Code circuit is used instead of two cascaded flip-flops 

to provide the "divide by four" operation, because only one of the flip- 

flops shown in Fig. 16 changes states per clock pulse. On the other hand, 

with two cascaded flip-flops, both go through a transition of states 

every second clock pulse. This creates undesirable coincidence spikes 

when the cascaded flip-flop outputs are NAND-gated to obtain the four 

staggered 1 Me sampling trains.
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Derivation of the Autocorrelation Function R (t) of ______________________________________________ xx______

Maximum Length Sequences^

(For T equal to an integral number of bits or clock periods)

Previously, the pseudo-random noise from a shift-register has 

been considered to be a sequence of "01s" and "1 *sH, representing the 

two stable states of the flip-flop stages. If instead, the two stable 

flip-flop states are designated as "I" and "-I" respectively, it can 

be shown that modulo-2 addition with M0" and "I" is equivalent to 

arithmetic multiplication with "I” and "-I".

A B (A+B)Mod o 2 A B A ‘ B

1 0 1 -1 1 -1

0 1 1 1 -1 -1

0 0 0 1 1 1

1 1 0 -1 -1 1

TABLE 5
Thus, the "shift and add" property for "1" and "0" sequences becomes 

the "shift and multiply" property for "-1" and "1" sequences. Since for 

maximum length sequences of "I's" and "O's", it is true that

X (t) + X (t + T^) = X(t + T2)j

where and are equal to some integral number of clock periods. It 

follows that for maximum length sequences of "-I's" and "l's";

X (t) X (t + T^) = X(t + T2) . (1)
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The time autocorrelation function for a function x(t) is by 

definition
T/2

(2)Rxx(t1) = lira Y J  x(t) x(t + T^) dt.

T^ 0°  -1/2

When x(t) is periodic, as is the case for a maximum length shift-reg- 

ister sequence, no limiting process is needed. Therefore, the auto

correlation equation becomes
T/2

** t J  x (t + T1) dt. (3)
-T/2

Since 1 bit is equivalent to 1 clock interval in time, the

period T = 2n - 1 bits. Now substituting equation (1) into equation (3)
and expressing the limits in terms of n, we have

2n-l

W  = 2n [ 1 /  X(t + T2) dt . T1  ̂ 0 (5>
( 2 n -  1)

n / \ 1 . / Number of "I's" in the sequence \
xx 1 2° 1 lmeS I minus the number of ’’-I ,s" in j

' the sequence /

Since the all "111 state (or equivalently, the ail "0" state in terms of

modulo-2 addition) is a forbidden condition, a maximum length sequence

always has one more ’’-I" state than it does "1" state Consequently,

W  “ - 3 T —  \  * 0 (6>Z - 1

If = 0, the autocorrelation function may be written.
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Rxx

2n-l

(0)
2n - 1 / x (t) dt

2n - 1

1 dt

,n- (2. - 1) 
2

=  1



Derivation of the Power Density Spectrum
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G^Cf) of Maximum Length Sequences

xx
7(f) - F (  Rxx(t)) - J  Rxx(t);J2nfTdT

- 0 6

using a Fourier series representation for ^XX(T)

00 T/2

X X a
OF -OO

n f  T i f

° , e« “ ? J
R(t) e" ja 2n fo T dt f

) °
- T/2

Gxx(f>

oo
^  F eja 2" fo T e‘j dT/__/ a .

-  OO O F “ oO

since the Fourier series for R (t) converges uniformly, the order ofxx
integration and summation can be reversed, giving

o p

GX X ( £ )  -  E
O F  -0 0

a
oo

/
- oo

e J“ 2n £o T e'j 2nfT dt

OOE ra £(£ ' “£0)
O F  - 0 0

OOE
O F -OO

T/2

T/2

Y f  R(T) e"-’a2l<£oT dt 
L -T/2

<T(£ - a f ) o

r 00
I fR(t)e"j 2" £T dt ^(£ - a£o)

J OO* -oO-T

OO

¥ g t (£) E £(f " a £o)
O F  - 0 6

i—•) H
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where G^(f)

T/2

f R
(t) e dT iS the Fourier transform of R (t)XX XX

-T/2
defined over one period.

(T)XX

nwhere Z = 2

T/Z < | t | <  T/2

T I <  T/Z

n = number of shift-register stages.

Evaluating the integral for G^(f) ,

Gt (£) - -y- (Z+l) 
Z

r  n 2 —  —
sin 2nf T/2Z I sin 2nf T/2
2nf T/2Z Z 2Rf T/2

• • Gxx(£> T2 (Z+1) T/2Z
-CO'

2 ix O. f0 T/2z"l2 T fiin 2n a £0 T/zjV 
Z L2 n a fQ T/2

£ (p1 Ettrf]2 - I
Ci* - '

U*
uV 0

where
fc » Zf0 is the clock frequency.
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n Add Modulo-2 the 
Outputs of Stages

10 3,10

11 2,11

15 1,15

17 3,17

18 7,18

20 3>2Q U,
21 2,21 .

' 22 1,22 ■

23 ; ' :.:'y 5,23

25 r 3,25:

28 : '• 3,28

31 .'V : " 3,31 .

33 V,: 13,33

(n equals the number of stages) •

Those values of n between.10 and 33 not appearing above can not produce 

a maximum length sequence with one modulo-2 adder,

FEEDBACK CONNECTIONS REQUIRING ONLY ONE MODULO-2 ADDER TO PRODUCE A 

MAXIMUM LENGTH SEQUENCE: n = 10 through n = 33

TABLE 6
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