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IHT ODUCTION

By deflnltlon a;boiyﬁ§mial‘is a fﬁnction of,a‘COmpiex‘yariaﬁlé
 $haf ig: regul%r uhfouohout the comple plane:an@‘ﬁhose.power'series
- :é£$éns1on equ res Oﬂly a.fln e number 6f*terﬁsg Thws type of funcblon
is wldely GQCOUﬂuefed W1tb the dom1aanu area. of appTlcutlon beln che
szudy of llnear, 1umped parameter sysbemso »L he polynomlal ‘can also be
>1used as an aDproxlmatlon foxr moce compjlcabed funculons0 .A partlcular
l»,zamp]_:Lc:aI;v_cm may require nnmerlcal evaluatlon of the p0¢ymomwal for
'variations'in thefcomplex variablec This requlres‘tedious‘calcu_atibﬂs
'if‘déne by'lbnghanda. In otner sntuauwoas it:ig nééessary ﬁo_determine
‘vgiues éf ﬁhe'coméie: verlabWe mmlch make thé péiynomial zérds bez |
>‘pciynomi@i3jof'degfee four or,13835:Bhesevfodﬁéiéan be.obtaiheﬁifrom
a@gropriéée'formﬂléé, bﬁﬁlhighéf de# ee polynomlals reau*ce the uedious
"tﬁeéhﬁiquésfdf humericai evaluation. I is the burpose of ohls thesms to
descrlbe a machlne capable of reduCLng the labor requ1r°d to 507ve
-boljnomlals of any deuree;'

;The concept of'machine'sélﬁtion,of polynomials is not new. Various
. ‘ S

analog'felationships,have been tried t 1@h varylng deﬁrees of suceess.
<Uh_0rbunaﬁe1y the soluilon of w.veneral noljnon117 by uhese methods is
~sually too Slow, Loo 1naccurane or Lhe machlne is too eypeqslve and com=

A'pllcated@, Dl”lﬁal Lechnlqueg oner a IaSu and accurate soWuoion but the

, l) For a discussion on some of these methods see: . Walter W, Soroka, -
%ma10ﬁ we thods in Compumabwon aad Slmulatlon9 @cGraw~Fill 19549 Chapter 4.




Do

f 1111%13.1 cos oi‘ hhe rmchlﬁe _Lo prohlb:z.‘b:r_vea , Ihe macn:me descrloed he’*ela

3_s a;ne.loo' 111 nawve,, comb1111ng rela 1vely ’!ow cost wl’sh speed und accuracyo ;
The partlcular ana,“og felamon..»hlp usod Lhcougbout Js:he f’o_“ﬂ orm_ng

work ha,; been usad befoweo Tl'ne nafmoalc symthes:mers use. a spec:x.al case

of it 2 "'he ceneral Df1n01p7@ has been par’cn.ally applled uo at’ least |

o
3
two worluncr models0 Never’cheless, uhe fulJ. capaoJ.:.tv es of plm'ollClbj

and accuraqr wherem': dn, the ba,s:Lc concepu ha.ve not beeq e_&plozted
here’bo;oreo Th:r.s presenbaﬁlon mcludes maay new 1deas eaabln.m' the

cons“oruc tion of a smplexb ) Ve’c more effec i:iw(e col,npu'c.e:c’c -

~2) TIbid

- . 3) Iofgren, Lars "Analog Compu‘ber for the Roots of Alrfebralc
Equatlons“" Proceedmo*s of L,he IRE, Jvly9 .r_%)o



Chapter 1

THEORY OF OPERATION

A general polynomial, Pz, of the nth degree, can be written
78 = 09 +a"z+a"22+ "°+anzn Qa)
or
¢ 2)
The coefficients, g., can assume any value, real or complex* A
technique for the solution of the polynomial fixed by any set of a*ls
is to be presented* The specialized solution involving only the poly-
nomial zeros will be called a root solution to differentiate it from
the complete solution which evaluates the polynomial as a function
of the complex variable, z*

(1*1) Basic Formulation

The complex variable, z, can be represented in polar form. Let

magnitude of z = exp(idt - p) (1.3)

argument of z = wt 1.4)
Thus

z = exp(tdt - p + jut) C5)

These definitions place no limitations on the range of z provided
sufficient variations in d, w, p, and t are allowed.
Since the coefficient, ap, may be a complex number, it can also

be represented in polar form. Let

(L .6)



The product, a%z , now becomes
avz’"— 1q%) exp - kB & j(kwt + %-)] (1.7)
or

dyz' = Javl exp(tkdt - kp) [cos(lxjt + %) + jsin(kut + %,)j
(

Substitution of equation 1.8 into the equation of the polynomial,
equation 1.2, gives
P3 = e:rp(ikdt - kp) cos (kwt + 9%) 4
j £_ lav| exp(tkdt - kp) sin(kut 4 9%) 1.9)

K=0

for simplicity of nomenclature, define

U= “lapj e:gp(tikdt - kp) cos (kwt 4 9%) a.1c)

V= ~0lk) exp(tkdt - kp) sin(loot 4 9%) (1.H)
Thus

P2=1U4 jV (1.12)

The advantages in the definitions of equations 1.3 and 1.4 can now
be seen. Consider t as representing time, w as a frequency in radians
per second, 1/d as a time constant, and p as a dimensionless number.
When viewed in this light, U and V become the sums of exponentially
varying cosine and sine waves respectively. This forms the basis of
the mechanization as an analogy is established between the terms of
the polynomial and physical quantities of a realizable network.

A complete solution of the polynomial is obtained when U and V
are recorded. A root solution is determined by a simultaneous zero of
U and V. 1In this special case, either of the following two expressions

may be substituted for the separate study of both U and V.



02 + V2 0 (1.13)
IUI +1V1 = 0 (1.14)

The basis of the mechanization is in the definitions of equations
1.3 and 1.4. These definitions placed no limitations on the parameters;
d w, B and t. It will now be shown that the time variation coupled
with a finite variation in p is sufficient to cover all possible values
of z.

It may be seen from the defining equations that the time variation
covers all values of the magnitude of z as well as all values of the
argument ¢ Unfortunately, all combinations of magnitude and argument
are not covered. This additional variation is to be provided by vari-
ations in p.

Figure 1.1 is a plot of the magnitude of z, as giwven by equation
1.3, versus time for two different values of 8, pi and p*. Although
the figure is drawn for the degenerative case of the exponential vari-
ation, the discussion applies equally as well to the regenerative
case. The two curves parallel each other and, except for the range
between exp(-p-j) and exp(-pp'), they sweep through the same range of
magnitudes. A line of constant magnitude is shown in the figure.
Equating the magnitudes of the points of interception gives

exp(-dt] - Pi) = exp (-dtp - pp) (1.15)
or
@ 16)
Hie variation between pi and p? will be sufficient to cover all

values of z if the time interval, t? - ti, is large enough to allow



exp (-Pi)

exp (-£2)

{

Magnitude



the argument a variation of 2m radianse This means
t2 - &, = 2rr/u (1.17)
The required p variation is obtained by equating the time intervals
of equations 1.16 and 1.17. This gives
Pi - fip = Ap = 2rxd/u (1%13)
Equation 1l.lo indicates a possible approximatione If u"2ircJd,
the required p variation becomes small and can be neglected. This
will introduce an intrinsic error which can be made as small as desired
by choice of d and u.
(1.2) Repeated Roots
The roots of the polynomial are fixed by the simultaneous zeros
of its real and imaginary parts. Unfortunately, these zeros do not
furnish a positive indication of the order of the root. This problem
is solved by the following analysis.
Suppose the polynomial, = U 4 jV, contains a repeated root.
Then dP*/dz contains the same root with degree decreased by one. A
repeated root is therefore indicated by simultaneous roots in both
Fz and dP*/dz.
Tie complex variable is defined, z = exp(tdt - p £ jut). If p

is assumed constant,

dz/dt = (d + ju) z (1.19)
Therefore
I
dpPs/dz = (dP7dt) (dt/dz) = (z(d € 20)

A root of dPg/dz is determined when

L 21)



This expression can be simplified. The tern, [id + jw| is a
constant and can be neglected as a condition for dP*/dz = 0* The tern,
(z|, is tine varying but it too can be dropped as it does not affect
the zeros of dP*/dz* Therefore the condition for a root of dP7/dz
reduces to

|dU/dt + jdv/dt| = 0 (1.22)

Equation 1.22 indicates the mechanization for the isolation of
repeated roots. U and V are smoothly varying functions of time and
differentiation with respect to time can be easily performed.

The requirements for a repeated root can be expressed in two

forms analogous to equations 1.13 and 1.14.

Uu +v =0 and (du/dt) + (dv/dtf 0 (1.23)

0 (1.24.)

UL +|VI =0 and (du/dtl + |dv/dt|
Equations 1.23 and 1.24 indicate only the presence of a repeated
root, not its degree. The root degree could be obtained by repeating

the differentiation processes until the root no longer appears.



. Chapter 2. -

SGALING AND ‘NORMALIZATTION

The praoedlnﬁ-chapuef'féfms ﬁf%hebrétiéal Basisyfor ‘the éonshfucé,
Qi on of aﬂoolynomlal solv:!.nxT maehlnea 'It-is now necessary to cbﬁsidér
some of the praculcal problems that arlpe by representwng Ehe comple
aflabTe with a thS1cal varlatlonb. Pnysical variables are subjeCu EO 

bounds whﬂch 1ovm upper and lover Limits %o theﬂr a710uable fanaeso

LY

I the requlred variationiln 7 does not correspond %o these bounds,,

it

C‘l

is;neoessary resoro to scal‘ There is an analogous problem
' with'the coef'i i'ntsy aks as an upper llmlb on uhelf ainLtudes must
Usually be 1ntrooucedo Thls requ1res normailzablon oroc@duresa ‘

,(201) Determlnaolon ox Realon of Inneresb Rooﬁ,Bounds

Scallng o: Bhe enﬁlrc z=plane into the flﬂlne ranve of a phy51cal
varlable is 1m90031b1 Ib is necessary to deflne a fwnlte fealoa of
| ;p1ane 1nbereeto Thﬂs is. not dlf cult W1th Lhe conplete Ejpe solutlon
“as the areas of 1nuerest are usually 11zed by externaT conditionso
However, 1n Lhe case of rooc evaluatlon, tne appro rimate oot loca%ions“
.may not be knomn and 1t is mecesseny o deuerm1ne bounds on the roobs’
frqm ﬁhe co f“i'i nts of the polymomlalo The following development is

495

devoted to ﬁhis purposeq ASimiliar presentations may be found elsewherecs:

o ) Helﬂrl“h Buthafdt, r"hecmv of FUDCLTOH of a Complex Vﬁrlable,
Translazed by So s RaSO 5 Do Co Heqth and Company :

. b) Lafs Lofgren, WAnalov Compuoer for the Roots of" Aﬁmebralc
Fquaﬁlons“ Proceealnﬁs 01 the IRE, July9 1959




Evaluation of an upper bound on the magnitude of the roots will
be considered first. For convenience, the work on upper root bounds
will assume that the coefficient, an, is unity. This does not effect
the root wvalues.

The equation for a general polynomial is

2 k n
Pz = aq + aiz + a*z + ... + + eee + anz 2.1)
Define a number, G, such that
G 21 )a%| fork=0,1, 2, , n-1 (2.2)

Since a% = 1, it is seen from equations 2.1 and 2.2 that
p3 -z 1 Gt + |2+ |z] 4 eeo +1z/ C2)
Application of the formula for a geometric progression gives
Ip¥ -z I— G(IZI -1)/(lz|-1) (2.4)
For all values of =z with absolutevalue greater than or equal to
G + 1, equation 2.4 becomes
tez - 2 iR (2.5)
Therefore by denoting an upper limit on root amplitudes by M,
equation 2.5 shows that
M=G+1 (2.6)
The upper limit indicated by equation 2.6 may be the smallest one
available but a second and usually better formula can be developed
through the use of it.
Substitute z = hw into the equation for the general polynomial.
w is considered a new variable and h a scale factor. After division by

n
h , the following is obtained.



11.
n , n-1. . k. , n-k . n . .
w + (an-i'w )/h + + (@w)/h T+ eee +af/h =0 (2.7
None of the coefficients of equation 2.7 are greater than one if
h is chosen so that
fork=0,1, 2, see , n-1 ¢ 3)
Since equation 2.8 imposes an upper limit of unity on the coeffi-
cients, the conclusion of equation 2.6 can be applied to place an upper
limit on the variable w. This limit is 2. The corresponding upper
limit, M, on z is
maximum for variations in k
Two equations have been developed to determine bounds on the
maximum root magnitude. Similar equations can be developed for the
lower bounds by applying the upper bound conditions to the polynomial
resulting when the original variable, 2z, is replaced by 1/z. The upper
bounds on the variable of this new equation are the reciprocals of the
lower bounds of z in the original polynomial. It is assumed, of course,
that all zero roots have been eliminated by factoring. In evaluating
lower bounds it is found to be convenient to set the coefficient, aq,
equal to unity rather than an.
Table I summarizes the formulas for evaluation of root bounds.
In all cases, the lower upper bound and the upper lower bound are to be
used for the purposes of scaling.
(2.2) Scaling
The region of interest in the z-plane has been confined to a finite
area. It is now necessary to consider the scaling which will match the
machine variable to z. Different techniques of machine setup will

result in various allowable variational ranges but no generality is lost



Upper Limit, M, on
Maximun Root

Amplitudes
Conditions
of $ =1
Evaluation
Formulas: M =G+ 1 where

G 2: Japf for
k=0,1, 2, eee, n-1
Choose results
giving least
upper limit and
greatest lower
limit. MzZ2n"\j (ak| for

k=0,1, 2, eee, n-1

Lower Limit, m,
Minimun Root
Amplitudes

ao =1

No zero roots

on

m= 1/g+l where
g a lay for
k=1,2,3," ,n

m— 1/ 2 \j jay for

k=1,2,3, see

Evaluation of Root Bounds for a General Polynomial

k
Pz =09 + a*z + a2% * eeet gtz

TABLE I

n
+ eeet+ 3%z =0

,



13,
in assuming an upper bound on the machine variable of unity.

Define the machine variable to be z*e This variable has an upper
bound of unity. Let its lower bound be denoted by R. These limits
define an annular ring in the zl-planee

Since a finite region of z-plane interest is assumed, the least
upper bound, M, and the greatest lower bound, m, are fixed. These
values define an annular ring in the z-plane.

It is desired to scale the z-plane annular ring into the z* ring.
The following discussion will show that, in general, more than one
scaling may be required.

Divide the z-plane region of interest into L sub-rings. This is
illustrated in figure ..l in which =M and RO”m. Each of the
separate sub-regions of the z-plane are to be scaled into the annular
ring of the zf-plane.

The desired scaling requires matching at two boundaries. There-
fore two equations are required. For the special case of the sub-region
between and R 4 the equations are

& 10)

Rewriting these equations in a more convenient form gives

z = Rg zl and R = ¢ 11)

Equation 2.11 represents one special scaling. The general case

is obtained by the repetitious application of the technique to successive

sub-regions. This results in the following

1°u Scaling z=Rg z’ Rr =M

2~ Scaling z

Rg.j 2



SubHDivision of z-plane Region of Interest

RL=M m

FIGURE 2.1
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rd 2
3 Scaling z=%-2 2z RI~2 =+ M

th 9-1 . .
s Scaling s = Rji-st+l zI $-s+l1 = & M (2.12)

Equation 2.12 fixes the scale factor for each scaling. The sketch
in figure 2.1 shows the region of the sth scaling. The parameter s
varies from 1 to L to cover the required region of the z-plane.

Equation 2.12 can also be used to evaluate L, the total number
of scalings. Although the scaling procedure requires an s variation of
only 1 to L, there is. no reason to prevent the evaluation of equation
2.12 for s=L + 1* This gives

RL = Ro/RL /11 (2/3)

The inequality sign in equation 2.13 can be dropped if L is always

rounded off to the next highest integer. Thus
L = log(m/M)/ logR (2.14)

Equation 2.14 is the fundamental equation evaluating the number
of scalings required for a polynomial in terms of the lower bound, R,
of the machine variable.

The preceding work on scaling has assumed that the machine variable
covers the z*-plane with perfect annular rings. This is not exactly
correct when the p variation is used. Figure 2.2 compares the idealized
annular ring to the actual region covered by the variable. The region
determined by exp(-Ap) < \z| < 1 is not completely coveredwhile certain
values of z* outside of the ideal ring are included. Except for the
first scaling, this presents no problems as the missing values are in-
cluded in the extra wvalues of the preceding scaling. To assure a com-

plete coverage at the first scaling, the upper bound, M, should be



Comparison of Annular Ring to Region
Actually Covered by Machine Variable
Annular Ring Bounded by ----------
Machine Coverage Bounded by

FIGURE 2.2

zl-plane

le6.
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increased by M exp (Ap) .
(2.3) Normalization
The polynomial has been scaled to fit the machine variable. The
problem of normalization of coefficients must now be considered.
The general polynomial of equation 1.2 can be rewritten in terms
of the machine variable by the use of equation 2.12.
n e v

Pzl= S- ap (Pl~st+i) z' where s =1,2, ece , L (2.15)

Tlie factor, Rp-s+l? can be removed with the useofequation 2.12.

5- k ks-k k . X
= ZakM R z1 (2.16)
K*o
Define
bic = laklMk (2.17)
This gives
~zl= Sbj, R 5k e:gp(jtk) =z|k (2.18)
ks -k
For any particular scaling, b* R represents the coefficients

which are to be normalized. It is desired to normalize them to unity.

Unity normalization is accomplished by dividing equation 2.18 by

s
the maximum value of bjc R with respect to variations in k. This
normalization process does not affect the root values but the factor
must be included in the complete type solutions. Define Ck, the nor:ml-

ized coefficient, as
ks-k. ks-k
~k — 'fic y /A ) maximum ( ¢19;

The polynomial can now be expressed in a final form, suitable for

machine solution.

Jl k
pz' = C Z' (2.20)

Equation 2.20 can also be expressed in the expanded form analogous
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to equation 1,9e

n
Prl= 2.M0], exp(i®-:dt - kp) cos(kut + 9*) +
j A Cv exp(ti:dt - kp) sin (lout + 9*) (2,21)
K*o

Unfortunately the evaluation of the coefficients, 0%, can prove
tedious as separate calculations nust be made for each value of s. The

amount of this labor can be reduced by a graphical solution as follows:

ks-k
Express b], R in logarithmic form.
log(b[-R ) = (ksk) log(R) + log(b") (2.22)
ks-k
A plot ofb”“R versus s on semi-logarithmic paperresults in a

family ofstraight lines of slope k log(R) and verticalintercept
log(b]lc) - K log(R). The family parameter is k. The normalized coef-

ficients can be read directly from the plot using dividers.



Chapbor

MECHANIZATION COW&TDERATIONS

The msans by wh:ch the genera] poTymomlaL caa be “educed to a
scaled and normaleea ¢orm sumtabTe for mechanlzablon in a phJSlcally
‘reallzable machlne have been debﬂlled in Chapter 2, I 1s,nqw 1oglcal |
‘Lo con51der some ﬁeneral aspecus of bhe machlne‘ﬂtselfo ,The‘fihai
.choice of d651gn w111 be baued on many fa0uors°' tjpe of soluilon
'desiredgsphysicalﬂvariable_ho be_used,vspeed'of‘operazlon and degree .
of accuraCJ ?eqvlred, ju 1able inves menb avallab76 equlpmenw,
y‘number of. machlnes o be construcoed9 and even the egperlence of ﬁhe
d651gnero Th° viide range of these considerabi bnsvrendersvanyiautempbA
,at:aesignation4of opbimum design impossible but a few of the general
requirements and cbnsiderétiéns'caﬁ be discﬁsééds

(BBl)lBg31c Operatlons

The b951c operablons OL the po]yﬁomLGT solv:na machine can be
'leléed into three malﬂ d1v1310n3° run0ulon generaono“, addition, and
'_fead outn | | |
The fuﬂc cion veneraLOfs prov1oe uhe exponenulally vevy1nr sine and-
._5081me waves "of equa blon &6219 The generabors must feSpona to an eQSi7y
obualnea stlmulus 8nd have‘br §451on for prooramlns the coefficient
amp_lnudeug Ck? and when necessary, the coe 101en0 phasesj @k/ ;Ad

the B variabion, Mecnanlzablon of the coe flClent phases 19 non almmys

required as many polynomialS‘have onlyrreal coefficientsq, ifjrepetiﬁious :



20 s’ .
solu 1ons are desired, repetltlous e ci%étion-and proﬁision forvthe
Aféseﬁtiué‘qf zero initial conditions are nécessary. It.is naturally;_
desired that the programing of the?coefficiénts and the B variation
bé:és.siﬁple‘aS'possibleo 'Thus one.seﬁﬁiﬁg'of,the coefficient paramebers'f

should be - sufflcvens to provram both. the sine and cosine n'eneﬂator
'Outputse‘ Similarly; the B varlatlon lS 1dee]ly mechgnlzed in bqnwed
'Vassemb y po “that one contfol affects all fun6ulon generators ﬁhe ré~t-:'
g qulfed amounb
| The add:tlon of LhP func tion gener%tor oubpums 1ssbr81ghtPorwafd
‘ “mechan17amvon requarlnc Jltﬁle commento When prov1smon is made for
;dhe checklnv of repeated TOObsg bhe ?eq11red dlLferenplators.may,be
'bUllt 1ato or around the adder c¢rcu1t

The read out syscem converﬁs the time vawanm oubputs of the aéders 5; 
|  ian a usable form of soluﬁlono The various types of read out systems; -
fall into two, caLewo 1epemd1ng on- whcther the compleue or ;n_y
5ohe root SOluulOﬂ is vequ1fede
The simplesﬁ.method,of'read out for the éompleté solution records

the adder outputs as: ?unctloas of bxmeo Thus the pqunomial is evalﬁafed;'
in recnaqcu_ar form by two recordlnrso' If‘deSiredg a cbﬁplete solutibn
nay be obtalned from a, 51ngle recordﬂn@ if U and V, the adder ovcbutsg_
are plotted 3, alnSu each o hef beLOfe recordln Thls glves a plot oxn
'tbe complex plane of the polynom*alo BObh of'Qhese systems mns%'be
callb"aued w1th respecb to tlme 1f the bolynon187 is to be callbrated
lwith respech to'zo Thls callbfatlon mdy be dlf;lcu“b in the- comnTez

’p1ane form of read out
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‘Thé éompleﬁé éolutiéns aiéofinéiude he root values qu the spe; 8
'~clallzed root solutlons degerve sebarabe attentlon because of - the
'Slmp11_1ed read oub mechanlza tion LhOb is pOSSlbleo
Tt was mentloned in Ghapber 1 that ei her of tﬁo formS'of %he,rk
equatlon, Py O can be con51dered Lnsbeod of the szudy of the seDafaLer

ZeT0S ‘of U aﬁd Vm These Iorms_are

A : T S . o
U7 =0 S S L (361)
o «v] =0 = Con o ()02)
. ' ' e R 2 : '
Either of the two quantities, U +V or |U] lV( can be recorded

=3 o

-against calibrated time, thg instants of waveform zerocs :1x1ng‘the.
root ﬁalueée' | |

_Ali of the preceding syétems re@uifé external'computafion_involving
scaié;féctofS“and equation 1.5 to obtain the actﬁél valueé Of-Za :Aé:
w1de varleby of addltlonal mechanlzanlon can be included ﬁo Drov1de B
a direct T?adlng’ouipﬁﬁ@' The Doss1b111twes in “this ares are almosn SR
ﬁnlimitéde
()02) Sbeed and Accuracv of Qperatlon

2

rdSb speed of operatlom and hlgh accufacy are. both des1fed pro-

perties. Uhfortunauelj, one w131 uSLally be ob alned at- the expease

~ of the other, ”hefe are four main factors bearlpc on the n?oblem°

"the - lee base of the machlne, the machvne*s noise levely bhe qeclslonv

regarding use of the,B sweep, and ‘the chqgce of read out Sjsﬁemav Al?

‘though these‘faétors are reiatéd} ﬁhey,Wiil'be diséﬁssed éeﬁarately;
The time base of the ﬁachiﬁe a@tﬁallj réfers to,twovqnantiﬁiesi

- the time required for the machine variable to cover its given .range .
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and %hé chéice beﬁﬁeén repétitious or l;'Sing]_e.shot"’0‘10.era',{;j'.ong The
 time consumed as the varlable covers 1ts given ranae is not llmlnlng
in an elECufOan mechagvzatlon because of ﬁhe relatlvely high' operaulnc
frequencies but with other setuPS; such as’mechanicallmechanizaticns,
this facﬁo? één limitvﬁhe possiblé‘speed of operatibngv The choi¢e 
bétweén‘repetiﬁibus;and‘“Single:shot“.solutions is an impbrtant speed
of operafion consideration when the § sweep is usedo Tn order to stUdJ
‘vthe effects of nhe 8- sweep ﬁhe machlne nust presen t 3 separate tlje
~var1ation for each4vélue of S@ UhleSS'the funcnion'veneratOTS'have a
‘falrly hﬂgh rebenltlon rate, tnls can become time consum:mgo Theo*ebw
ically the ac curacy should not be affected by Lhe time base but pracblcallg
‘:cons1deraﬁloas Wlll Usuahly 1nvslldate thls re ela on5ﬂ1po Unforuunately
>the effects of Lhese factors w111 vary from machine to machlne ana no
ceneral conclusﬂons can be drawne
The dlSCUSSWOn of scallng presenued in Chapter 2 inhroducedva
1a0uor, Ry wach dotefmlned uhe number . of scaTlnvs requlfede The
:mlnlmum accepbable value of R is 7i'ed_by:the‘noise—levelrof the mach-
ine, This is an 1mporbant consideration aé sach séaliné_fequires,éddi~
bional computation and settiqg of coefficiénts,'thereby‘inqréasipg the
time'of,solufionp In cértain simpler_types of read outb Sjstems, however,
Coar large R increases accuracy. It is also poSsible ﬁhat the time for
tbe compvna tion of coefflclents can be reauced by the use of an
:qu11lary cempvbero‘ These 00D31dersﬁ¢ons can reduee the advantage o?
. a.low noise, level buu n01se remalns ‘the one factos whose feductlon

always improves operatiQna1'QharaCberlstics;'
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A very 1mp0ftaﬁt de ign oonSWderétlon concerns the ratio of g
to W When ?ﬁdég=u, nhe B varlatwon can be ne@lected at the expense .
off an intrlaglc nechaanﬁtlon error uhlcn -can be made as §mall as

Py

‘ deslvedo hhus tvseem hlﬁ nhe exGLm eqiﬂomenn and opera31n~ t;me
'”qu“Teﬂ bv dhe ﬁ sweep 1s Dob gust;flablea' Thare are, howevarg at
'*'least t_ree 0uher fectors to be cons:ui‘eredo Befoce dlscuspvng these

polnts a few words abovt tne extra u;me and eculpmeat are 1n ordern

The B8 sweeo reou res epetlilous Lypeg of solu 1on bu* *hls-mebhod
‘of. me&hanlzatlon hap many‘ofher advantages and vlll often be chosen

)

; independenﬁ of ﬁ‘sweep consiaeranionsb ,In elecﬁraniq mechaniﬁaﬁibng
vf ﬁ: S Ejpe, the - only extra‘equlpmenu ﬂeeded mlgnu bcra Sb ot gédﬁeé,
n0n=¢inéar-potentiomeﬁersc_-hlth ganged assembly:the ezura,time df |
‘  operaﬁioh¥cén'béiconsidered sméll, espeéially'cqmﬁared %quﬁgfﬁimeu
necessary for ﬁﬁe coméutaﬁipn and setting Qf;the\scaléd éoefficiéntéo'
Thé first féétor'fhat might'make:the B'sweep»advantagecué’is thé‘t ”.

mere presence of an exﬁra.ﬁafiabié;. The ouf'ut vavefrfr 545 éimplér'
 when B is ncluﬂed and this can %esult in simpler read oub sySUems and
'9381er aﬁaly51s of resulbso of cour e ﬁhe pfepence of an eﬁtra var1ab1e 1tA
iﬁcreases'nhg chance of error 2 nd may the%e~0fe decrease tne acourocjg‘

_A.sééond factbr, slightly analogous uO the firsu9 appears inj |
. the eV%lUﬂblOﬂ of‘uhe srﬂument of uhe machlne varlableo This b;e is '
given by wh, = N2m where Bg denotes the ulmo of vnnerest and i is an’
integéx fix;ng the‘ 1&10, 21N 'w Newy betueen 0 and 97 radlansgi IT
w ;a>gno, Wty aad N can. s ncme very laroeo “When akdesired resulﬁ'ls

the diffefeﬁce:betWeém Lavge ﬁumber” cf @bour nhe same macnlcude, both

numbers must be very aCcura elJ upuernlned 1” the d erenoe is %o be



accurate. Thus the exclﬁsion bf the vaari tion requlfes —eatér
éécuracy in fixiﬁg'the bk equeacles o- the fUHCElOﬂ gele"azors and in
determlnlﬁg Ehe time calibration f’the outpuiywaveformsg

A.Llﬂa1 consideration beariﬁ& on the choice of %ﬁe;éftb w ratio
is the type of ava11ab7e eqalpm.em;e With cértain ty§es“§£ equipﬁsnt
it may beﬂimpbssiblevno @enerame the'fuhctions under‘thé,cbﬁdition

o

 thét w&ﬁ>}>2ﬁ65 (Thi was the caselvn ﬁhe experlmenuaT compvtef deserit ed‘;
in the nexﬁ chapuer

The fourth factdr’liétéd,éé applying totthe aécuiacyaandasﬁeedv
.of operation is the,dhoice bfvread ouﬁ:éystéme Af ter: a.class of read .
out systems has beeﬁ»fijed by the Eype OL desi fed soluuvong uhere
reméins_a‘variety of-possible designsffu:nlshing»differe;t aewfeesro;
Simplicity;'accuracy, andvspeed of red&-oﬁtq The systems. discussed in',j'
“the pfecodmng section are baswc ldeas wh ch can be exﬂahdéd fb meeﬁ' 2
different,reqpirementse. ‘These basic sysnems are slow in opevatvor |
as the ansWer is nob, dlsplayed in the most convenlent IOT@e‘ The gheed
of opefatloﬁ can be. 1ncreased Ulnh sone’ type of QLTeCu ansver dlspl
,Thls exmra_mechanﬁzatLon may‘aecrease accuracy because of eztra COﬁplex='
Ity or it may 1ncrease eccuracy by femovwng the ﬂeu6351uy of wavefotm 3
analy81so Lhe acbual effeco of varloLs fead outb SJstems 1s 3ﬁ 1mpv 'antﬁ'
COBSWdeTBbloﬂ that needs ;urther Studyo,

The effect of 1our factows, tlme baseg noige 1eve19 S‘Sweep, a“d
'"vead Ou 8YS Lem have been dlscussed in‘ﬁnls sectlone ihe dlscu381ons
' have beeg; of neQ6331Ly, ve*y general and few 1f‘aﬁy, concluswons were

reached. Iu seems, howévér, Shat for a magorltv of cusesp the predomw -

Inate deuermemu to hlgh speed of operatlon.ls uhe time requlred‘ r the .
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. f_compu‘hai:ioﬁ‘ahd‘ sétﬁi‘ng of“éhe scaled coeffi.éien%::;sa ‘Th'ere appeafs to
be no mag or 'éccuracy' £ agto’f ‘aithotfgh‘ the accuracy of he regd out
‘system could easily .bédoﬁé"é. iz&ni_ﬁiﬁg édiléidéra‘biono |



Ghapter 4 |
THE EXPERTMENTAL COMPUTER

The 6681gn and construCulon of & vorLlng cémputef is depeﬁdent
upon ﬁany facto;s, a few of wnlch were llSued ab the be01nn1n6 of the
”preceding chapter. The: prndomlnate d631gn COHSld@f&ulon _oljthe pllot
ccmputer about to be descrlbed was the avallablllny of equwpmenu and
: S1mp1101 y of constructlono The'maln purpose of ‘the pllot ‘machine
: was the pfOV1SlOﬂ of e?perlmen al verlfwca 1on of the th@OTVov The

compuner’s.developmen also furnlshed data to gu;de luS expaﬁqlono

{4 l) The Gomputer in Geneval

The pxlot comput ter wa.s d831vned EO handle a third degree poly~

 nom1a1 wlth real coe““iclentso ThlS ues deemed suff1c1ent to zulfill

- the compuber s requ femehtso Provv31on fcv programvag complex coezfl—

:01eabs wes not conszdered neceosafy to ‘the general Bheory of operaulon°
The compuuer was constfucted around analoo compuulnv equlpmenu

ib011t by G A@ Phllbr1ck Inc0 ThlS equlpment 1ncluded operatlonal

ampllflefsﬁ multlpllers, varlab]e 95 iny anpll?lers, and addefsu Bz

iliary.equ pment wncluded two pouare wave aeﬂerauors, one osc 1losc00e,v

',

s,

"; one’ bulse generator, one osenllographlc éamera, decaqe canac tof t“"es;
ALlied re31storsg dlodes, and 12AU7 vacuum.tvbeso

The compucer prov1ded “the repeﬁ uvous uype soTutwonc iﬁﬁniﬁation
wa.s obtalned from a square wave”genefator Uluh frequen31es of" the order

of 10 cpso Solvﬁlons were obtalned over one hal“ of the cycle, the
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second half of the wave heing- usea to aoulvéte the. clamolna c1rcu1ts,',:
thereby resettlnm‘the necessarv zero i# Tal conaltlonso

The operaulng values oP ﬁ~and W were chosen to match avallable.
equipmente - d was set at 20 sec . and ijas fixed at 200 wadlens per B
:seconde‘ These valucs requlred a B vaflatlon of O to O 6280 |

The 01rcu1ury requlred for the cbecklng of fepeated roots was .
1ncorporated in the adder c:J.rcuv_’ose A;SWLUCh was: pfOVlded GO chanﬁe
v'boLh of Lhe adders 1nuo aadewmdl fferentiators “ |

Seetion 3.1 diseussed_four basi;,meﬁhods of read out., 411 of
V#hese systemé,were mechanizéd\in the computer although no attempt wés
made to intfoduée ramifiéations‘to increase ease of.read oﬁt;. A1l of
the syswems used the 81molest vehlcle for presentlnﬂ the ouoputS° the
oscilloséoplc traceo.<Permanenp’recqrdlngs were obtained with the; 
oScillographic camera.s | | |

Flvure 401 presen te Tthe general block deovam of the computer up. |
| Lo the po1nt of "ead ouﬁo The COeleCLeauu CO, Cly 62, and Cﬁ'were
set manuallj 1nuo the LUﬂCthﬂ generabors and the varlaLle galn ampli= o

; :

‘.fiero- The_ﬁ variatidn was seb An bhe same manner gs the coefflcwenbso“f

Flﬂure 4 8 1llustrabee tne various. vead out systems in kﬂocL
diagram fom; o | |

(4o2) Funcﬁlon Generatlon

The function ge evator should be con51dered the hearu o? the
computer; all other ODerations bein necess“ry, qu subordlnauoo Each
of the three LUDCUlOﬂ generatows con31stea of two d-c operational ampli-

._flefs, Phllbrlck moael K?Hs w1nh a39001aned 1n;mt and Feed back cmcuﬂryei




Excitation

Clamp

Variable
Gain constant term. On
Amplifier
Ci exp(-dt+B)cos (ut)
Function
Generator
Function CO €XP2 (-ot+B)cos(2ut)
Geneg”tor
Power
Cj exp3 (-dt+Q)cos (3wt)
Power Cg exp3 (~gt+B)Gin(3Dt)

Block Diagram of Computer

FIGURE 4.1

28

Adder

Read Out

Adder
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. 6
The Laplace transforms of the required outputs are

2 2 2
eie” (-dt~p) cos(wt) s+ d/(s +2ds+d +u) @4.1)

/ 2 2 2
enp (-dt-f) sin(ut) (u/(s +2ds+d +u) “4.2)

Equations 4.1 and 4*2 represent the response of the function
generators to a unit step input with zero initial conditions. There-
fore the function generator had to have the following transfer functions.

s(s + d)/(sz+ 2ds + d2+ (jz) @4 .3)
(sw)/(52 + 2ds + d2 + w2) 4 .4)

Due to the similarity of equations 4.3 and 4*4 the following
mechanization procedure was chosen. The transfer function of equation
4*3 was mechanized with one operational amplifier and associated cir-
cuitry. This network was followed by a second operational amplifier
circuit which modified the output into the form of equation 4.2. The
transfer function of the second system was then

w)/(s + d (4*5)

Both of the operational amplifier circuits had the basic form
shown in figure4.2. Since the operational amplifiers had a very
large open loopgain, the transfer functionof figure 4.2 can be written
in terms of the general impedances and Zp as'7

$ut/%n = 2/ ~1 (4*6;

The main problem in the synthesis of equation 4.3 was the intro-

duction of the required complex poles. This problem was complicated

6) Murray F. Gardner amd, John L. Barnes, Transients in Linear
Systems, John Wiley and Sons, Méw York, wvol. 1, 1942

7) Walter W. Soroka, Analog Methods in Commutation and Simulation,
McGraw-Hill, 1954, page 45



Basic Form of Operational Amplifier Circuitry

FIGURE 4.2

Circuit to Provide Complex Poles

FIGURE 4.3

Second Half of Function Generator

FIGURE 4-4
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by the necessity of avoiding the use of inductors because of the diffi-
culty in obtaining them with the required values and accuracy. Figure
4-.3 shows the circuit chosen to provide the complex poles. The follow-
ing development presents the design equations for this circuit.

The impedance of the circuit of figure 4.3 may be found in the

8

literature as
Z= (AT3) (s + 1/T3) / (TiT3)(s + s/T2 + 1/TiTq) 4.7)
The factor, A, is arbitrary and can be assigned any convenient value.
Comparison of equation 4*7 with equation 4*3 shows that the
following condition must be imposed.
2T2 = T3 (4.3)
Under the condition of equation 4*3 the following relations can

9
be shown to hold,

$ = (2T2a)/(ZT2 - %) (4.9)
R2 = (AT*/tTi) (4.10)
Ci = 2(4T? - Tt)/(A) (4.11)
C2 = (T1)/(23) (4.12)

Comparison of equation 4.7 with equation 4*3 also shows that the

following must hold.

T2 = 1/ (29) (4.13)
2 2
Ti= (2d)/(w + 6 ) (4.14)
8) F. R. Bradley and R.McCoy, "Briftless D-c Amplifier", Electronic:

25(4) $144-148

9) Ibid
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Equations 4.9 through 4.14 are sufficient for design but more
convenient forms can be obtained by defining a new parameter, r.
r = u/d (4.15) -
With this new parameter, I'p and Tf can be related. From equations
4.13 and 4.14
4T2 = $I (x2 + 1) 4 .16)
Application of equation 4.16 to equations 4.9 through 4.12 gives

the final design equations.

Rg = A(r + 1) (4.17)
$ = Rg/(2r ) (4.18)
C2 = T1/(24) (4.19)
Gj = 4::2 Cp (4.20)

The impedance of equation 4.7 includes a constant coefficient,
(AT~)/(Ti Tp) . After application of equation 4.3 and 4.19 this factor
becomes 1/Cp.

As result of the preceding work, equation 4.7 can be written

2 2 2
Z= (s+d)/(Cp)(s + 2ds + d+ @) (4.21)

The Z of equation of 4.21 is to be the Zp of the operational
amplifier of figure 4.2. -Comparison of thetransferfunction, equation
4.6, of this circuit with the requiredtransfer,equation 4 .3, shows
that 29 must be a capacitor: Denoting thiscapacitance by Cv,

%, = 1/sCv (4.22)

Equations 4.21 and 4.22 fix the circuitryof i)he first operational

amplifier. The transfer function of the second system is defined by

equation 4.5. The circuitry shown in figure 4.4 was used to develop
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'Vthisffuncﬁicner The transfer funchion of f gure 4ol 1ls easil Ly seen to be
'1/(33c:4)_(s 1 RZC[) ~ '(”4023)
A,compavlson of equation 4.5 and 4.23 lees the design equations

'fof the‘seéohd dperational‘ampiifier circuitry.
/(R0 =g | . o (4eRA)
(Rﬁi/(33§‘=if o _— - (4.525)
'Figuré 405-ShOWS_oﬁe,cdmplete function generator. In édditioh

to uLe alscussed ClTCULuf‘ three clar pin actiCns are indicated. - The
9

de31ﬂed outpum was obt alaed only‘uhen uDlL step ef01tatlon was. appTled

£

to a‘menefator thh zero initial cond a’ons0 Since repetiﬁious Solutionsj_,

were 6951r669 pfOVlulOﬁ had 1o be made to resen uhese zero conditions
-_éfter each‘solat;ono‘ The clampers fu~f171ed thls requlremertu
 TEeicoéfficiént4—Gk, was programed into the functlon cv*eneraﬁo-w
bv varﬂatlons in' the eapa0150f, Cﬁ; UQLOPtun& elv the B variation baﬂ
-ﬁo be prOﬂramed using the same copa01bov Thlq was theore tically sound
but rather.inconvgnient as separate settings were required for each
generatofﬁ'LQ,ganged assembly would haﬁe increaéed speed of operatioﬁ;
The fuﬁction generators were designed for ¢ = 20 sec-l and =
200 dizns:perrségondo' Thesé values wereichosen as ﬁheyAresulﬁed in
‘easiij ayailabie-fesistqrs‘and capaciﬁérsg: A_soméwhat 1argérvratio of
w to &;probably ﬁbuld have been éhoséﬂ if ¥he components had been oﬁ
| hand ag the ra; ge of nhe B sveep was relatl ely 1arveo It ié worth
meﬂbTOﬂlﬂg, however, uhab uhe cireuit of figure lag comblnea with the
,KEU{ oper ti nal ampllllers s 1n§apob7e of dépe ing an. outpuu that

: mould “emove the ne06351cy of the B8 Sweepe When m/d becomes veﬂy lafﬂe
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[Clamp I jeiamp |

Function Generator
ein — Square Wave
eouti = EAVO0* [exp(-dt) cos(ut])

eout2 = W t y [exp(-dt) sin(ut)]

FIGURE 4.5
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the reSulting‘circuit'values léad'%he opeﬁauiohal‘%mplifier bejdﬁ@1 
’its capacitya  Al though differenﬁ cifcuitry probably exist59 ﬁhe'author
- was unable bo develop it for abpllcatlon to the K?U‘ampllllersa |
Table 2 719us the valuep acuually uged in. uhe vaflous fUQCElOﬁ
‘géneratorssv

(4.3} CI Lampine, Addition, and Read Out

The dlampiﬁw actioﬁ shown-iﬁ figure 4;5'pré§ideé the néqessary
reée tting of zero 1n1u1allconditionse, The circuit'for<0ﬁé of the .
élam@efs ingivén‘in figure 4060 The-clampiﬁg siggai ﬁasrthe.excitaﬁion
,quare waveg 1nverLed and ampli d o LOOivolts péakito peak. The" |
negative po rtion of this clamp signal was sufficient in amolluvae to
cut off the tube. The various capaclitors dischargéd-through the tube
vhen the clamping signal ﬁés positive.

in adder and repeéted rdot'checker‘are iﬁcorporaﬁedﬂin the)bifcui%"
of figure 4;70"The switches of both adders-were‘gahged tqgeﬁhéro,‘whén;‘f
‘the SWitch was‘open, differentiation was closeTy approxi ;mated for: the
fre@uencies.éf interest, 'Tﬁe switch was kept closedrunﬁil a root had
" been detezminédd The switch was thén opened for checking:repeatea'rootsg
This operatlon correspondes to th e conditions of equanloqs _023 and 1. gLO

‘The Ffour 1 ead out sy5uoms of sectlon 3.1 were mecnanlzedo The
simplest mechanization recorded U and V as functions-ox leeej The‘-
block diégréms 01 he o her three set ups are shown in figure 40

Plcure LOSa represen ts the: gySUem for pfesegtlng a. complete séiﬁﬁion‘3

as a’ single p?oto The result 01 ampljlnc U and V to the wver 1cal an

horizontal deflection plates was an oscillographic trace representing,
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c4d

Circuit Values for Function Generators

First
Power

2.0 M
0.005x £

0.05 xf£

50K A
10 meg Q.

0*1 megil,

1.0 meg *

See figure 4*5

TABLE II

Second
Power

1.0
0.0025
0.025
5DK

10 meg
0.1 meg

1.0 meg

Third
Power
0.667
0.00167
0.0167
50K

10 meg
0.1 meg

1.0 meg
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Output

Terminals

Clamping Circuit

Provides Low Impedance Output With Positive Clamp Signal

FIGURE 4,6



ini 0.1 meg 0.1 meg

°c*2_ v5 ~ i

ein3 0.1 meg

Adder and Repeated Root Checker

Switch Closed: eout

(e + ein2 + e ")

Switch Open: eOTt

40 d/dt (e”® + eln2 +e *)

FIGURE 4.7
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Complex Plane

Variable
Frequency
Square Wave
Generator
Excitation

U or exp(-dt-H3) sin(ut)

V or exp(-ot+B) ocos(cjt)

Root Detection:

UL + 1Iv|
Generator .
m +

(See Fic 6.9)

Root Detections

2
Multiplier U

v F—— [*Multiplier" v

Presentation
Pulse
Generator
CR:
Vert
1l + V1
ivl
Vert
U +

Az$ U PV

Read Out Systems

FIGURE 4.8

39.

Horz
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‘the compTex plane of the po_ynomialg The répresentafion of the machine
varlngeg zt, in‘uhe complex‘pléne was simila:ly oﬁﬁained by applying
exp(~ct-8) cos(wi)vand exp(=ot-8) éin {wt) inéﬁeadvof U and V.,  The
‘ ve=1able LT@QU@DCV square wave genefauor and pu*se generator shown in
%he.f' ﬁre were used to amplitude modulate the scope trace with a time
synchfonlzed pulse o’ rrov1de time calibration for the trace. This
| pulse was used to reWate the complex plﬂnes of the machlne varlable
‘aLd Lhe polynommale' Uhlortanately ‘the pu se was ﬂob synchronlzcd
(ugless Lbe rrequeqcy of the vari ab7e square wave qeneratqr was set on
»}an 1nnegval mv7tlple of. tbe ex01uaoigm cU;ro Wave.

F¢gures 4 8b and 4°oc‘are the block diégréms of the fead out
‘Sjsnems capable of foot aenectlon on1yo The mefhdds wéfe eséentiéiiy}
'iuhe oame, the qLanuluy lU|+lVl or the quantlty U + V beld‘ plotied
j‘"eiga,;msf& tlmeg {Tne times of wavelorm Zeros fixed the root vulueso-‘

,Figﬂré 409 gives the details of +the iU}+(Vi generator. This circuit
éaﬂ be con31dered ‘as two full wave recltifiers with sﬁmmed outpntov |

The mechanlzablon of” uhe computer was completed W1E1 tﬂree Phil=-
brick variable gain amplifierso These provided an inverted funcﬁion
geﬂerator wnpvt to prov1de for the sign variations in the Qéefficienﬁs,
a varisble aﬂbllbude of the ex cifat‘on square wave to represent the
‘golynomialis constant_term? énd the'émplification required Lo derive
the‘clémping signal from the excitation signal.

Figure .10 presents two photographs of the actual compuber,

(4ok) Computer Wave Forms

This section is devoted to the presentation of photographs of
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Photographs of Experimental Computer
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Lhe cormuuer wave Loris. Tbe;;r prov:Lde itei*if‘icé‘atibn. of ‘the 'bheéry and -
,, il lustra.ue the type m _ *esultp hau can be expect ted. - .' |
_Flg;;u" z,,o J1l is a rmltlevposufe 5 :x.nbended 4o - demonsnsfane Lhe
‘ ‘efféct of ﬁhe B va'riationo L‘ach, ‘traee resulted from the appls_caumn_ of .
exp(~ot-B) c,os(wu) and e::p(-dw-ﬁ) SWn(wt) to fesnecuiVe hcjrizo;ntal end
ver ti a,l deﬂ ecw,_on plafse"sg; Thewmor\, eoch sp:u*al repF ents a comwle‘rr‘_?
"p'1 ané p?.ou of ‘the va]‘uaus r‘ovcred by uhe mac,h.me vaw able j.‘or-a Spécifiq
vaiue of .B_o The parame er of’ “bhe f’aml,j OJ. traces is B tmlc‘h was V&I‘lpﬁ 5
:'in' disc:c‘éte s*bépf over bne fequlfed fanwe of va. iv | on, O oo O 62&
f'-The lovef bound of the macm_ne Varlable, R, was set atb abou 0@4'7 b;[
‘:-Athe 3cblon of the clamplnrf circuits,

Figures 4.12, 4,13, 4olk, and L5 compare the four read ou_.-é .
Sysﬁe@s oi Tl;é same ‘equa‘bic;n_ Wa.s programed ;n a1l cases. This equanlon
sl | | | |

g o
7z 46z —32z+8 (z + 10) (= -2 - i2) (= »2+32)
' : (4 26)

.Thé équé‘tior_l wass orowra;med in Lhe comnu”cer with a scale factor of 5.

‘fhus g = 5z ! whe re 7' wos the machvne variable exp(-~ot B-’-Lut) The
lowe:c l‘L_ﬂ_L R on the machlne varlabWe was Set at 004’7 o MNo gpecial

g gmificence can bo nl Taced on these values as th_ey were. chosén.for
cdzﬁe:v:‘i_ence and provided w‘aveforms to a satisfac’tqry séaJ;e; Since the
factored form of ‘the e‘ciuation wa.s available, it was not"nvecessarry to

| use the complete gcallﬂg p:c'ocedures oF’ Chapter 2. In all of the ¥arious
soTu'tJ.ons of’ equ,:a tion Aopé B WA set at 0. 0.2)o Fbr this setting the

ch:me gwepu throur"h a range of Va.lues that 11ﬂ07uded he polynomial. "

' _root,\"‘z: 2 - j2;



Complex Plane of Machine Variable;
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FIGURE 4.11
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‘Figure 4.12 gives the, comp]_e:x_:ﬁrplmiés of both the polynomial ‘and -
the machipe variablee The tfaces‘fesﬁlted froﬁ tﬁe read éut sys€em ofb
.figure 408a0' The aﬂplltuﬂe modulatlon celated b .twglplénes at‘Qniy'
one 1nstant of ‘time and 1n uhlS 5ense the SOlUElOﬂ was uot of the
complete typed However3~the modulating pulss‘is variablejin ﬁime-
p031t10ﬂ and the planes can be veTatedﬂat any caosea 1nst nt of”time@
From this point of v1ew3 flgure 4852 fepresenbs a comPTene qybefofr
scﬂuolon°
Figure 4o13 resenﬁslthe'simplest methdé'of read oub: the,sepafate e
récordings of both U;and V'versus timeo This is, of\ééﬁrse, a cémpléte
type of solutibn@“ |
. Figure 4011 offers the 0801110“fa0hlc plots correspon 'ngﬁté the a
’read out sysnem.ox'l;gure £o8be Thls gﬂoU of |U1*IVI Versus lee leeS'
'only the root‘type soluﬁion,‘the wave form hav1ng no meanlng’exnepb.

Y,

when it is zefoo The two traces.are , the same wave Lornpy tne-sacond'

i shows the . eTLeCt oP a recorder magnification of 50

Fi 1fe ch5 is anaTOgous to ngure 4 1/ e3 cepﬁ that U +—Vg is

| plotted against times In this case, howeverﬁ the waﬁgfbrm have meaalag‘

ab alliinstanﬁs of time és AU’2 % Vvi is fhe magniﬁudé bf fhe @olyﬁomialg'j
H»Figures 4612 4013, ,oll and [ 15 have preseated SOlUu“OHS OL

equation 4.26. Figure 4.16 1Tlusnraues tae effect of the repeaued 700

checker and results from programing the foll 0W1ng equablona
B 3 2,{‘ .'l . . ‘ i . k.:' ’ R S
z #z =8z ~12=(z+2)(z+2)(z~3)=0 ;(4¢27
This equation'Was promfaméd with é‘scale'faC%or of 3 or Ui h 32*

This :E‘actory l¢k° ohe scallng of equaoTOD 4 26, was chosen ent _reTv ;orj;(,
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U versus Time; V versus Time

0.01 seconds per cm

FIGURE 4.13
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U + V versus Time
Second Trace Shows Effect of Magnification by 50
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ebnveniénce'énd eage of preséntationoulBéth of.thé tracés of\figufé
4016_are'éhown for ‘the éame'value'of'ﬁg O;O9a' For ﬁhis'value'the
foét at'z.=‘~2 is evaluat ed by the conpuuere ~The read out s&étem
Vchosen ié the one uSed to obtain figure‘éolAs ﬁherabsoiute value ci?éuit
of figﬁré'zg% | o

A.repeated root is 1ﬂdlcaued by flpvre L 16 as boch IU] lVI
énd jav/at| + ]dV/dtl have zeros st ‘the same instant of time. A.second
zero apparently exlsts in the differentiated trace bu it has no neaning.

(405)'Computer‘Accuracv

A_compuber de51pn whlcn 1ncludes the B varlatlon has no uheoweclcal
accuracy limit, Lhe compuuef under discussion was 71mited as it was
'consnfucted on a "breadboard" basis Wl&h equ1pmenb thac was SaEISLaCEOTJ
but Uhlch lacLed many desired Ieawureso ‘In pacuchlaf, ‘the G° A,
Philbrick componentS'which formed the heart of the computer were rei~
atively Jlow aceuracy equlpmencs w1th no d=c stabl zation and poorj

‘ LO&dlﬁg_Ch&T?CuerlSuTCSo

{

E<)

The photocraphs of figufes Lol td 4Q15:illustfaﬁe %be effect of
-varloup fead out sysUéms, all of which_werevféd by thevsame‘basicu
computer. Figures 4.1/ and 4;i5 are the bes# illustrations of the -
_accuracy“poﬁentialitieslofithe‘machineb The magnified traces sﬁow
~exceediﬁgly shafp;definiﬁion-of wavé'fofm'zeroo The tﬂmé Qf the zero
wa.s obtalned from the callbrated‘trace or figure A.14 as 2705‘millisec—
onds . Thls value is an avefa@ed value obtained from severaW readwngso
: Substitution'of this value of ‘time i@no equations 103 and 1.4 ang

applying thé!scalejfactér Qf‘57gives‘the value of the root as z = 2981'43160 '



,:Thé §¢£ua1 vaiue 0£‘£he fobt ag fixed by equation 4.26 is z =2 % j2;'
- or in poiérAfbrﬁ; % =:2583. 3159, |
.Thé’éx@erimehtal rOoﬁ'agreés with the ac%uai value with'an’accﬁraQ
_ conf_bettef'than,l% in both argument and amplitude. This is*indicatiﬁetA
of possibie'accﬁracy;but an accuracy figure of 2 to 5% is probably
“1more realiS%ié‘for the pfeéenf com;@ter as the vaiue of 27.5 milliseconds
ié*an avefaced valuey neither uﬁé photograph‘nor ‘the ériginal trace as
presented on the. 03017108ﬂome’s screen. could be read on any one reading
to,aﬁ aﬁouracy.of more han one: millisecond, The accuracy obtainable
Ifroa fwcures 4012 and Lis 13 was far below Ehe 5% fivure és recorder
| magpifibaxion,wanﬂmon.pOSSibleo Thls wa.s the faul of the read_oﬁt_
Sys#em?-nOt‘ﬁhe Bésiévcomputerg

‘Iﬁ addiﬁion ﬁd‘ he above dlscusglon on'accuracy if wbﬁl&ﬁﬁe desir-
- ghle to preseﬁu f%gures on uhe speed of opef blOHo Uhforﬁunétely} fép? ,
“wegenuabwve values canpo be ﬂlvena' It Va.s aecesaary o prowram g into -
each sepacate furctlon geﬂefatore Tﬁls was a very tlme conpumlng process
lthlch wou~d usuaWIy be ellmlnateo in Ouher Lhan 8 pilot model compubefo.q
Wurbhermoros d GaAlS nob avaﬂlable on the time reguired for uhe comuuoﬂ?
“blon amd settlng cf the scaWGG and normalized. COBfPlCleFtSo The graphical
'uechalque mentloneq aﬁ the end of section NQB wa.s checked aad fouao to
’"be relatively fast qulit ﬁas'notiapéliéd_to‘the equabions used above.
The authpr is cgfuain,uhowevér, that the machine is faster than long
hénd meﬁhodé;‘eveﬁ for ﬁhird'degree eqhaﬁidﬁs.Whiqh have analytical
solutions. Tor hlgh deg reeip5lynomials ﬁheré is no quégtion about the

advantage of” tbe Lacalne mechod oP solunlona»r
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(4.6) Recommendations for Further Mbchanization

This section 1s devo ted to the presentauwon of pfoposed.lmprove—
ments in ﬁhe pilot model oompuuero Al%hough equal or superior mezhodsw
of mechanizaﬁioﬁ undoubﬁedly'éxist;‘ﬁhe'folloﬁihggare 1deas thab would
have been realized if thé time and equipment had been avallablee
Tho most obvious change requirea fofra genersl purpose compuber
is aayvncreaae 1n oapacluyo The pilot oomputer was'desighed for third:
}degroe polynomiqlsq ThlS should be 1ncreased to handTe ab leasb £if h
or sixth.degree équaﬁlonso There are;no-difficultieé foreséon to hinder
this expansion.
| The'method of B sweep sbould be. cbanged to g Ganeed ausemblv g0
on1j one ex tefnal setting has to be made for a specific vaTue of Ba
‘uommefcla.lv avallabl p sentiometers of the requlreé nonllneaf design
could Uroduce this mechanizationa
- The settlng of the: quf 1cienté'of”the fuhctionwceﬁeréﬁofs by
variable capa01tors should be replaced by linear. pobenulomeners as
the present mechanization is slower thanjrequ1redo
The ﬁwo drift of‘thé oporational anplifiers shoﬁld_be corrected‘
* with long'ﬁiﬁe»d%o‘stdbilizatioho This is important éS‘ooprecﬁ d-c
voltage,levols are necessary to the proper operation of the computere.
The maintensnce of tbese levels is very. Aifficult with the present
computerg, The requl red equ1pmenu is commefclallj avallableo

The breadboard cype consnruction must be ellmlnated6 -The use of

hapnazafd vnshlelded wﬂrlng resulted in g lufoe ouantlty of 60 cycle

hum, This hum was very anuoying.
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There are two Ceatures. that woﬁld-be'desirable:but not.nécéssary
to correct. l)Theycircﬁitry of thé fuﬁction generators i6ads ﬁhe operml
ational amplifiers tO‘B émall deﬁree; -Z)Thé cl mping acﬁionuis<not
‘perfect; Nelther of thepe Jaths int fodvce notlcedble error provided
a correct voltage level is maintained.

The fﬂnaL nodl_loatién of'the‘comnufér should be ah'inérease in the
ratio of w to G Ib was preV1ously menﬁloned thau this 1nzroduces in=-
ereased loading problems but they can be solved, esoe01ally if bebuer
operational.amplifiers are usedc Eu:ther vork.is required to determine-
the exact ﬁalue df w/d'as(ﬁhe'auth03:has béen unablé tévarrivé at an
opbinum figure,

Thé chbice of read out»systém dépends on the ﬁyﬁe of sdlufion
:c'equ.ireda Flgure 4,017 presents two read out sysnmes, one for tne com=-
'ple te and one for the fOOb bypD solution, The root golution systen ig
@robably deserving offthermost attentiono BO*L systemé combinérthe
ad#anﬁages of a direqﬁ feadihg éuﬁpﬁt withouf loging the overall”picture
thét‘is §resentéd.by an OSciilngaphic ﬁracé; Tﬁe‘gaﬁes péss'a pulsé ”

helvht correppon 1ﬁg to thé‘value of the input at the:ﬁime éf the

Synchronizing pulse° Tbe peaL readlno meters are ca1 s tcl Bo record

(D

- the amp71uude of thi heiﬁhbo' Both o“ *he systems of figure 4.17 appear
to be practicals however, no. actuaT laborauory Wor: h,s been aﬁtempﬁed

n the areaé.




Complete Read Out
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FIGURE 4.17
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The obgect of Ehl& Lhesws is the description oan machine.tech=
nlque d631¢ned to f11~ the Deed fov a. fast aCGdet89 and econOhlcal
.mEuhod of golvvnd general polynomla*s of any dedree0 In,the dpinioﬁ of
iy the au hor9 %hls obgec+ hag beep ful i led. |
| The.acaﬁracy poteﬁtialities of the ﬁechnique are éxcellénta - The
rlba31c theory of operazlop need not 1hcluoe any approx1matﬂoase' waevef9
vlﬂ mary apb lC&BlOHS an 83pTOX~maﬁlOﬂ is practicu i1 whlch UlTl s~m071fy
the mechaalzatwona TLe compTete ejlmlnatloa of mechanlzaulon ervors
is 1mp0331b7@ bun uhey need non be larne as %he function ﬂené tion,
iaéditiony and read out syStems can bhe developed W1thOUL eyce851v di;fi~"
'cultyo- These preélcstﬂons of cood accuracy are borne ouL OJ the piilot
icéﬁpgter;. In-spite ofAmakeshift Qoﬁstruction, the expérimeﬂtal mabhine
thas an aééufacy.of afoﬁnd 2%01>

| In all types of pblyhémial‘spiving mabhines; the baéic'idea is
the~évalﬁation of the polynomial for variations in the,éomplex‘variableo
The‘méchine‘presénteﬂ 1n this ‘thesis séd—%ime to provide-mQSt or all
:of‘theéé Variationsa 'Thus a fast:sqiutioh is indicated, especiéliy in
eTecﬁfonlc mechaplzaulonsg  Speed ofvopération is feduced By&thé need
for- uCBTJng and programing but this is common to all types of conpuuefsg
'Tbo reqv1red ca?cu1ablons are usua]lj neg ble compared o the long
'-hand memhqd,of‘spluulonq
.,Thé eééﬁdmics-of mechanization‘ca_ be accura t61v evaluaﬁed

__because o” *he wide varlecy of n0551b7e &831gns and applications. In



57
.generai; however;‘ahalcg meohaniﬁations7are considered o be relatifely
iﬂeXpéﬁSiVé;"AlSO,‘With the possible exception of a set df commercially
aﬁailable;vnonlinear potentiometers,'%he\com;mter reduires no special
orAuncoﬁventional equipment.. Although an extensive economic study has
not been made, it seems that coﬁmeréiél‘prbdactioﬁ nay Be‘éoénomically
-féésible@ ItviS cértaih thaﬁ a well eqpippéd compﬁtef labdréﬁory could
:construct a'polynamial solving machine’almosﬁ‘entireiy from aveilable
equipmeﬁt@' | |

The basio'méchanizatioﬁai fechnique of the pilot compuﬁef is

‘satisfactory but Purther work in the field is indicated and hoped fors
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