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ABSTRACT

In this thesis, methods of numerical integration are 

developed through minimization of the sum of error squared for step, 

ramp, and parabola inputs. These methods are compared on the basis 

of frequency characteristics and the ability to generate sine waves.



ACKNOWLEDGMENTS

The author wishes to express his gratitude to Dr. Andrew P. Sage 

for his assistancej, interest^ and encouragement throughout the prepara

tion of this thesis * The author would also like to thank General Samuel 

R. Browning for his help with programming and running the computer 

studies and John V. Wait for his many inspirational and tutorial 

discussions*

iv



TABLE OF CONTENTS

Chapter

1

2

3

INTRODUCTION. . . . . . . . . . . . . . . . . . . . .
1.1 Objectives. . ................. . . . . . . . .

1.2 Classical Approach to Developing Integration 
Rules . . . . . . . . . . . . . . . ......

1.3 Types of Errors . . . . . . . . . . . . . . . .

1.4 DDA References. . . . . . . . . . . . . . . . .

DEVELOPMENT OF OPTIMUM NUMERICAL INTEGRATION RULES. .

2.1 Introduction. . . . . . . . . . . . . . . . . .

2.2 The Optimum Numerical Integration Pulse 
Transfer Function . . . . . . . . . . . . . . .

2.3 Discussion of the Fixed Portion of the System .

2.4 Integrators for.Step^ Ramp, and Parabola Inputs

2.5 Physical Interpretation of the Integrators. . .

INTEGRATOR FREQUENCY CHARACTERISTICS AND ERROR 
SEQUENCES . . . . . . . . . . . . . . . . . . . . . .

3.1 Introduction. . . . . . . . . . . . . . . . . .

3.2 Frequency Characteristics .  ............  . .

3.3 Error Sequences . . . . . . . . . . . . . . . .

SINE LOOP ERROR ANALYSIS. ..............  . . . . . .

4.1 Introduction. . . . . . . . . . . . . . . . . .
4.2 Development of Sine Loop Transfer Functions 

and Output Sequences. . . . . . . . . . . . . .

v

Page
1

1

1

3

5

5

5

9

10
12

16

16

16

23

25

25

25



Chapter Page

3 ROOt luO GUIS P lOtS s e ® o e o e o » e o e ® o 6 o 33

4*4 Errors in Amplitude and Frequency 41

4,5 Root Perturbation Method, . .   ............... 46

5 CONCLUSIONS , . . . .  ............................  49
5.1 Integrator Comparison From Sine Loop Analysis

and Frequency Characteristics . 49

5.2 Component and Speed Comparison,..............  51

5.3 Figure of Merit..................  . . .  . 52

5.4 Suggestions for Further Study .  ............  53

BIBLIOGRAPHY 54

APPENDIX ROOT LOCATIONS AND VALUES FOR "a" AND "b" . . . . . 55



Chapter 1

INTRODUCTION

1.1 OBJECTIVES

In digital differential analyzers (DDA) and digital computers.

the process of integration is carried out by some form of numerical 

integration. This thesis is concerned with the development of optimum 

numerical integration techniques and a discussion of the accuracy of 

these methods when compared with ideal integration. Frequency 

characteristics are studied in Chapter 3, and sine loop errors analyzed 

in Chapter 4.

1.2 ' CLASSICAL APPROACH TO DEVELOPING INTEGRATION RULES

short interval, t, and then the polynomial integrated rather than the 

original function. Integration of the polynomial is relatively simple 

while integration of the original function may be very complex. Newton’s 

formula for representation of the function from t0 < t < tQ + nT is the 

polynomial^.

A given function may be approximated by some polynomial over a

P(t) = x0 + u£x0 •+

(1.1)
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where x(t) is the function, P(t) the polynomial, and if T is the 

sampling rate

u = ~ o  t » t0 + Tu

x0 ® xi » xO

A2x0 » Ax^ - Z5t0 = X2 - 2x^ + x0 

A3x0 = A2x^ - A2x0 = xg - 3x 2 + 3x| - xD

and where x0, x^, x2, xn are the values of x(t) at tc, tQ + T, tQ + 2T,

 t0 + nT. The value of the integral

t0 + nT 
y(t) = x x(t)dt

4  d - 2)

is then approximately

tQ + nT tD + nT
( x(T)dt %  ( . P(t)dt
to <> (1.3)

If Equation 1„1 is substituted and integrated term by term the result is

tQ + nT
X(t)dt%T 

+
n2**° ■ ( f  - 4 ) 4 ?

( 4  - + „2) A \  I
V 4 / 3! - - - J  (1.4)

nxG + 5 +

Various classical integration rules are obtained from Equation 1.4 

by making n = 1, 2, 3-- , etc.

If n is made 2 in Equation 1.4, we find that
to "h 2T 1 2
( x(t)dt = T(2x0 + 2Ax0 -4- 3 A » y2-y0
to (1.5)
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From the definitions given in Equation 1.1 this becomes

y2 = y0 + 3 (x2 + + xQ)T (1.6)
or

y*(t) = y*(t-2T) + | (1.7)

which is known as Simpson8s one-third rule* The trapezoidal rule is 

derived with h. = 1 and Simpson8s three-eighth rule with n «■ 2.

As n is increased in Equation 1.4, the approximation to the 
true value of the integral usually becomes better. The error involved

type of error considered in detail in this paper. Another source of

error in digital integrators is known as round-off or quantization

error. These errors are present whenever numerical representations are

used for physical quantities. A typical quantizer input-output curve is

shown in Figure 2,3. An input between %/2 and 3^/2 is rounded off to
2q. All physical digital integrators have quantized outputs, Widrow 

has shown that if q is sufficiently small, the approximate root mean 

square quantization error is *VJl2„ He used this fact in giving a 

method for analyzing round-off error in sampled data problems * In the 

error analysis presented in this paper it is assumed that q is 

sufficiently small such that truncation errors predominate»

1.3 TYPES OF ERRORS

in this approximation is known as truncation error and will be the only



TYPICAL QUANTIZER INPUT-OUTPUT CURVE 

Figure 2.3

1.4 PDA REFERENCES

Probably the most complete discussion of PDA theory, operations
omechanization,and programming is the presentation by Gschwind . Trunca 

tion errors are discussed in references 3, 4, 3, and 6 while round-off 

errors are discussed in references 2, 3, 5, and 6.



Chapter 2

DEVELOPMENT OF OPTIMUM NUMERICAL INTEGRATION RULES

2.1 INTRODUCTION

In this chapter an expression for the optimum numerical 

integrator pulse transfer function is developed on the basis of the 

minimization of the sum of truncation error squared. Integrators are 

then determined for step, ramp, and parabola inputs for both the 

physically realizable and physically unrealizable case. The manner 

in which the integrators operate is shown graphically* and simple 

examples of the integration process are given.

2o2 THE OPTIMUM NUMERICAL INTEGRATOR PULSE TRANSFER FUNCTION

The theoretical design problem may be visualized by referring 

to Figure 2.1,

x-to y CL(nY)

e(nT)

___ /
H w F O O C(ft-r)

SYSTEM FOR OPTIMIZATION PROBLEM
Figure 2.1



In Figure 2 . r(t) is the input, I(s) is the ideal operation, 

H(z) is the desired transfer function,and F(z) is the fixed portion of 

the system. The error sequence of the system is

e(nT) » c± (nT) - ca (nT)

where c^(nT) is the ideal output after sampling, and ca(nT) is the

actual sampled output. After substitution the error sequence in z

transform notation is

E(z) » [r (s )I(s )] ^ - R(z)F(z)H(z) (2.1)

where £r (s )I(s )J ^ is the z transform of R(s)I(s),

The sum of error squared may be written

Z e(nT)2 » — 7 f E(z)E(z~1)z~idz"jCj J r,

1

Jp (2.2)

where the contour of integration is the unit circle . Substitution of 

Equation 2.1 into this expression yields

°L e(nT)2» -17(|a(z)-R(z)F(z)H(z)] [aCz'1)-R(z™1)F(z-1)h(z-15 z-1dz
P " (2.3)

where A(z) = [R(s)I(s)j

H(z) is to be determined to reduce the sum of error

squared given by Equation 2.3 to a minimum. This problem may be solved
7by applying the calculus of variations . In order to find the condition
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for minimum sum of error squared the following steps are taken:

!e Substitute H0(z) + e?\(z) for H(z) in Equation 2.3 so that 

the optimum transfer function E q ( z ) is varied by e ?l(z)® Here 

€ is the only variable- since H0(z) and T^(z) are presumed kpown.
oo

2. Find d Z e(nT)2
nBO <= 0

de c ® 0

3. Make this true regardless of 7\(z).

From steps 1 and

2 e(nT)2 = — L. f ^A(z)-R(z)F(z) [ H o ( z )  + e?\(z|UA(z'1) 

-R(z-l)F(z-l) [hoCz-1) + e>|(z-l)3] z “ l d z (2.4)

and

2~j j>i(z"1)R(z“1)F(z"1) [a(z)-R(z)F(z)H0(z)3 z"ldz 

+ Ilj^(z)R(z)F(z) [A(z-1)-R(z-1)F(z-l)H0(z-1)] z'^dz = 0.

(2.5)

Since the two integrals of Equation 2.5 are equal^ the second is

dropped while the first may be rewritten as

- K  \ n ^ ' 1) f R(z-l)F(z-l)A(z)-R(z)R(z-l)F(z)F(z-1)H0(z)l z^dz » 0.j Jp L. -I
(2.6)

Now let

R(z)R(z-l)F(z)F(z-l) » A(z)A(z-l) (2.7)



where A(z) has poles and zeros Inside the unit circle and A(z~l) has 
poles and zeros outside the unit circle. Then Equation 2.6 may be 
written

A ( - A(s)K(s)l ,-ld« . 0
J)r L 6(2-1) J (2.8)

Now let
R(2~1)F(z~1)A (z) , P (z) + r,(2-i)

A(z-1) (2.9)

where Pi(z) is picked so that it has poles only within the unit circle 

and 1 £ ( is picked so that it has poles only outside the unit circle, 

Stated differently^ Pi{z) is the physically realizable part and T 2(z~^) 

the physically unrealizable part of Equation 2.9. Equation 2.8 then 

reduces to

~  y^Cz-^ACz-l) (z)-A(z)Ho(z)] z'1dz = 0 ^  ^

since the integral around the unit circle of Xj (z~^)A(z~l) p 2(z~l)z"l 

is zero.

If this is made true for arbitrary 7 \ ( z ) , the optimum H0(z) is

H0(z) = -1---
A(z) (2.11)

or in more useful notation

f R(z-l)F(z-l)A(z) q  
ilo(z) e l & , l z ) ^ l )̂ F(z:l)_ 3-j P. R.

[r (z )R(z-1)F(z )F(z "1)] + (2.12)

where the subscript P. R. refers to the physically realizable portion

of the term within, f i(z)# and the + and - subsubscripts refer to 
A(z) and A(z~l) respectively.
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2,, 3 DISCUSSION OF THE FIXED PORTION OF THE SYSTEM

If a solution of the equation

(2.13)

(a time domain expression for ideal integration) where y(o) = 1 is 

attempted by a numerical integration process such as

where y(o) = 1 and y '(6) = -1. But ye(T) cannot be obtained until 

y(T) is known.
This means that, although the rule may be implemented, a delay

is introduced. In open loop problems this delay is not important. 

However, for closed loop problems such as the solution of linear 

homogeneous differential equations, a delay will cause major errors. 

If the integral is estimated by using only previous values of the 

dependent variable the delay is eliminated. It will be seen that if

the delay is eliminated in all of the integrators considered here

forced to give the least sum of error squared when the present value of 

the dependent variable is not available. In this paper integrators

y(nT) = y(n-l)T -f (2.14)

which is the standard trapezoidal rule*, the solution for n = 1 is

y(t) » y(o) +

F(z) » e"snT -g z-n n s 1,2,— (2.15)

(see Figure 2.2). In letting F(z) = z“* the integrators developed are



with delay will be referred to as open loop integrators and those 

without delay as closed loop integrators. In any "single- loop only one 
closed loop integrator would be required® For purposes of standard

ization and ease of programming^ however^ it would be best to use just 

one type of integrator» Since closed loop problems are of major 

interest^ open loop integrators will be considered only for purposes 

of comparison.

2.4 . INTEGRATORS DETERMINED FOR STEP, RAMP AND PARABOLA. INPUTS

Substitution into Equation 2.12 with X(s) » 1/s and F(z) » z”n 
results in Table 2.1 where R(s) is given. Equation 2.20 is not a 
result of this procedure but is developed at the end of this section.

An example of the procedure is the solution for R(s) » l/s^ 

and n » 1, When it is noted that

R(z)R(z-l)F(z)F(z-l) =■ ----— — t t — I---
(1-z-l)2 (l-z)2

Equation 2.12 becomes

Ho (»)

fI2 z~1(l + z'1)(z)(Tz)
2 (l-z"1)3 (l-z)2
 ------  :---     | P.R.

T/(l-z)

(l-z'1)2 (2.23)
After cancellation this reduces to
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R(s) n z_nH0(z)

1/s 0 Tz’1 
, -1
1'z (2.16)

1/s 1 Tz"1
1‘z"1 (2.17)

1/s^ 0 T (1 + z"1)
2 <1 ~ z_1) (2.18)

1/S2 1 T (z“1)(4 T 3z-1 + z"2)
2 -1

(1 " z ) (2.19)

1/s2 1 T (z~1)(3 - z"1)
2 <l " z"1) (2.20)

1/S3
!

0
1

T 1 + 4Z™1 + z"2
3 1 - 21 “ z (2.21)

l/=3 1
T (z"1)(8 - 5z-1 + 4z”2 - z-3)

(1 ~ Z 2) (2.22)
EXPRESSIONS FOR OPTIMUM DIGITAL INTEGRATORS 

TABLE 2.1 .

The physically realizable portion of the term within the brackets must 

now be found. Expansion of this term yields

z + 1
l-3z-1 + 3z-2 - z-3 (2.25)

If z is subtracted from this it becomes physically realizable. It 

may be seen that in this case

4 - 3Z"1 + z-2
(1-z"1)3 (2.26)
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and

T 2 ( z ' 1 )  »  z  ( 2 . 27 )

when the notation of Equation 2„9 is used. Substituting Equation 

2.26 into 2.24 gives the desired optimum integrator

Z - X t o  - | + z-2)
(1-z'1) (2.19)

Another rule may be developed from practical considerations0 

If it is assumed that the slope of the function to be integrated is 

linear in each integration interval and thot each new interval has the

same slope as the previous interval (see Figure 2.2c), then we may

extrapolate the new value of y*(t) obtaining

y*(t) - y*(t-T) + T^x*(t-T) + ~ []x*(t-X)-x*(t-2T)] j (2.28)

or

,-n„0(2) . I
1-z-1 (2.20)

This is a closed loop rule which will be called the two-point extrapola

tion rule in this paper.

2.5 PHYSICAL INTERPRETATION OF THE INTEGRATORS

Time domain integration rules for the z transforms of Table 2.1

are listed in Table 2.2. As an example of the procedure involved in

establishing Table 2.2, let

Y(z) = T 4z-l - 3z"2 4- z~3
%(=) 2 l-z-l (2.19) '



13

or
Y(z) = z"1Y(z) + - jjtz-1X(z)-3z™2X(z)+z~3X(z)j ^  3 5 )

from which
ys (t) = ys (t-T) + | 4xs(t-T) - 3xa (t-2T) + x*(t-3T) (2.31)

It Is interesting to note that Equations 2.29, 2.30, and 2.33 

are long established integration rules. The two-point extrapolation 

rule of Equation 2.32 is commonly used in DBA®s. Equations 2.31 and 

2034 give closed loop integration rules which have never been used in 

DBA6s to the author8s knowledge. They will be called the three-point 

and four“point rules here.

Figure 2.1 gives a self-explanatory interpretation of how the 

various integrators operate. The more complicated rules are inter
preted with simple examples. These examples give exact answers since 

exact values are used for all quantities» This would not be true in 

a physical integrator. It may be noted that n ® 1 in Equation 2.15 has 
in each case removed the difficulty encountered in Section 2.3 since 

only past values of the dependent variable are needed for each new 

computationo
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X(2)
Y(z) Integration Rules

Tz"1
1-z-1 7* (t) = y^(t-T) + Tx*(t-T)

Rectangular Rule (2.29)

T (1+z-l) 
(1-z- )̂

y* (t) = y& (t-T) + jx*(t) + ~x^(t-T)
Trapezoidal Rule (2.30)

T 4z_1-3z-2+z-3
2 (1-z'1)

y* (t) = y& (t-T) + | j4x*(t-T)-3x& (t-2T)
+ x*(t-3T)J

Three-Point Rule (2.31)

T z"1(3-z"1) * /t\ = y*/t Tx , T r t - T
2 d-z"1)

y (c> “ y (t-f) + r J x 2 I 

Two-Point Extrapolation Rule ^  32)

T (l-i-4z”1+z”^) 
3 1-z"2

y6(t) = y*(t-2T)+ | [x*(t)+4x*(t-T)+x$(t-2T)J

Simpson9s Rule (2.33)

T (8z“^-5z”2+4z"3~z"^') y* (t) =- y*(t-2T) + ™ |sx^(t-T)-5xs (t-2T)

+4x*(t-3T)-x®(t-4T)*l 
Four-Point Rule (2.34)

3 1-z"2

INTEGRATION RULES IN THE TIME DOMAIN

TABLE 2.2



<(*) l-V*

xc-t')

T

Rule

Xitl =. T  i+V‘
X(^ 1 i - V

/(t'k

'^Cx* ^ 4‘x'n̂ '"t3
x~(W

T  rex pC 1.0 i d <x I Rule
I. X b

l i l } -  X
xf%) 2 I- % *

y ^ M =  3W(t-T)-hT[3A^H-T)-

i +

^ - P o i r r h  E*tr<=-(>cloi.tsc n R u l e

2.1 C

Y i y i . - r
%(M 2. I -*■'

y*(t - T ) t r < * ( t  -irlj

*<*) tito-f Xt^di
O
= H +-1(h-6+3^= M.s

»T*» ) 3
3 -  P o i n i - R u l e  

2.2 d
X(2) = I. IAHj'+t + *(■*> 3 »-vx

x(-t>

X tt-OT)

+T-J» I X 3

i ^  +MXHa-T'l i-

z3
y — \ = 4. s

y^(t\ - ),9 4- -%-^o +- m +1^ = M.S"

5 i m  p & ̂ <1 & V3 Role 

2.2 e.

X̂ il-1 (aa'1- ? *'Vm%-ws) ^(0= + -1̂
< c t \ 3 1 -  *  ̂ ^

KV(t-ST>)
At-ni

y  (-b)= fx(t)dt- - 2O
^  —  6-+ -5  ̂8-10 4 a-m"^ r ?

H -  P 0 Iin*t R u l e  

2 . 2 4

Figure 2.2 Graphical Explanation of Integration Rules



Chapter 3

INTEGRATOR FREQUENCY CHARACTERISTICS AND ERROR SEQUENCES

3.1 INTRODUCTION.

In this chapter the quality of approximation of the digital

integrators developed in the last chapter is discussed from two view 

points. Probably the first approach taken in the analysis of digital

Therefore, this approach is taken first here with the development of 

phase and amplitude characteristics. Relative amplitude and phase 

characteristics are also given for purposes of comparison. Finally, 

error sequences are discussed. It must be emphasized that only 

truncation errors are considered.

3.2 FREQUENCY CHARACTERISTICS

integrators was through the study of frequency characteristics®.

The trapezoidal rule

can be rewritten as

G(jw) . i ,-j i cot m2 (i-e-jwT) 2 2 (3.2)

16
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where jw is substituted for s. Amplitude and phase characteristic 

functions may be written as

G(jw)

Y(w)

% cot ^2 cot 2 (3.3)

E
2 (3.4)

If this is done for the integration rules in Table 2.1, the results 

given in Table 3.1 will be obtained. Simpson6s one third rule is 

included but results have not been derived for its closed loop 

counterpart, the four-point rule, since it is shown to be impractical 

in Chapter 4,

The Amplitude and Phase Characteristics of Table 3.1 are 

plotted in Figures 3.1 and 3.2. In these figures

(3.21)

where Ts is the sampling rate. For frequencies less than about one 

tenth of the sampling rate, all rules are seen to merge with the ideal 

characteristic. But Simpson°s one-third rule and the trapezoidal rule 

remain close to ideal up to frequencies around one fourth of the 

sampling rate. These two rules also have ideal phase characteristics. 

However, they are open loop rules.

Since the rectangular, two-point extrapolation, and three- 

point rules are closed loop rules, their amplitude and phase 

characteristics are compared relative to the ideal in Figures 3.3 and 

3.4. Here it may be seen that although the rectangular rule has the



INTEGRATION
RULE

z TRANSFORM 
G(z)

FREQUENCY
CHARACTERISTIC
Function G(jiu)

AMPLITUDE 
CHARACTERISTIC 
Function |G(jw)|

PHASE 
CHARACTERISTIC 
Function ip( jw)

Rectangular Tz-1
1-z*1

(3.5)

|e'juT (l-jcot^)

(3.6)

T
2 CSC™

(3.7)

/o wT-$t/2— j

(3.8)

Trapezoidal T 1+z"1
i i-.-i

(3.1)

-jfcot^
(3.2)

T
2

(3.3)

-s/2

(3.4)

Two-Point 
Extrapolation

T z'1(3-z"1)
2 (l-z-1)

(3.9)

|e-juT (2-jcot~)

(3.10)

1 j ^ - c o t W / 2!
2 1 2

(3.11)

*r 1-wT-tan
coT— 12

12)
2 _ 
(3.1

Three-Point 
Rule

T z~l(4-3z~l+z~2)
Ye'iwT £4-je~ juTcotr^^ 

(3.14)

T
2 |'(4-sintjTcot™

• ( j cosuT c6T~)j J 
(3.15)

_] coswTcot^ -wT-tan 2
 ̂ l-z™ 3-

(3.13)

4-sinwTcot—2

(3.16)

Simpson8s 
1/3 Rule

T 1+4z"^+z""2 3

(3.17)

.T 2+coswT 
3̂ sinuT

(3.18)

T 2+coswT 
3 s inwT

(3,19)

-s/2

(3.20)

AMPLITUDE AND FREQUENCY CHARACTERISTIC FUNCTIONS 

TABLE 3.1

03
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Figure 3.1 Amplitude Characteristics of the Digital Integrators
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Figure 3.2 Phase Characteristics of the Digital Integrators
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best amplitude characteristic^ its phase characteristic is very bad 

even at very low frequencies<, Observing the characteristics of the 

other rules at low frequencies^ the three-point rule amplitude and 

two-point rule phase characteristics are seen to be the best. If the 

function sin 0)ot is integrated when

Wg - 0,1 Wg or T0 » 10TS

the per cent errors are as given in Table 3.2, In comparing the 

figures in this table the three-point rule is best followed by the 

two-point extrapolation and rectangular rules.

Rule
Per Cent Per Cent 

Amplitude Error | Phase Error
Sum of 
Errors

Rectangular 1.7 20 21.7

Two-Point 
Extrapolation 15 3.2 18.2

Three-Point 4 G » o io„o

COMPARISON OF AMPLITUDE AND PHASE ERRORS 

TABLE 3.2

3.3 ERROR SEQUENCES

Another way of comparing digital integrators is through 

applying test inputs and deriving error sequences from the equation

E(z) M i l  
s J -R(z)sTnHo(z) (3.22)
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As an example of this procedure consider the application of a ramp

(3.23)

(3.24)

(3.25)

(3.26)

If Equation 3.26 is divided out the error sequence is found to be

e(nT) ■= T2/2 u(t-nT); n # 1, 2,°°° (3.27)

This result points out the trouble encountered In attempting to develop 

the two-point extrapolation rule using the minimum sum of error squared 

approach,since such a sum would be infinite»
A similar procedure would be involved in determining the error 

sequence for any desired test inpute However, each of these would 
provide an error evaluation for a special case only. It is felt here 

that the sine loop and frequency characteristic analyses form better 

bases for comparison of the integrators. General error coefficients for 

any desired input have been given by Nelson^ for the rectangular and 

trapezoidal rules*

input to the two-point extrapolation■rule. Then

-1R(z) Tz 
(l-z-1)2

M
T2 z’1(l+z-1)
2 (l-z*1)3

and Equation 3.22 becomes

E(z) - f

2 . (l-z-!)-3
' Tz'1 T z~1(3-z~l)~ 
(l-z"1)2 2 (l-z-1)

e(Z) - f
(l-z"1)



Chapter 4

SINE LOOP ERROR ANALYSIS

4.1 INTRODUCTION

Probably the most demanding function required of digital 

integrators is the generation of sine waves (far less demanding would 

bej for instance, a decaying exponential generator). In this chapter 

means will be developed by which truncation errors involved in sine 

wave generation may be compared.

sequences are shown (for T 53 jr/ft) for each of the integrators. Root 

locus plots are then determined. From very accurate values of the 

control pole locations, $,a8i and Hbg$ are plotted for the expression

e-anT cos(bnT). Finally, a method for finding the root pertubation 

due to truncation errors is described.

4.2 DEVELOPMENT OF SINE LOOP TRANSFER FUNCTIONS AND OUTPUT 

SEQUENCES

Figures 4.1a and 4.1b show the sine loop for the digital and 

ideal integrators. If impulses are assumed for inputs, the outputs are

Sine loop transfer functions are developed and the output

D

(4.1)

25
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SINE LOOPS FOR THE DIGITAL AND IDEAL INTEGRATORS

Figure 4.1

and

;i(Z) ° Is2 + 1 (4.2)

Now, if the expressions for z**nH0(z) from Table 2.1 are substituted 

into Equation 4.1, results are obtained which are listed in Table 4.1. 

The expressions for C(z) in Table 4.1 may be divided out for any 

desired value of T in order to determine the output sequences. This 

was done on the IBM 7072 computer for each of the integrators with 

T = a/8, and results (except for the four-point rule) are shown in 

Figures 4.2 through 4.6.
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z"nHo(z) C(z)

Tz"1 T2z-2
l-z-1 l-2z-1+(T2+l)z-2 (4.3)

T (1+z-1) 
2 (l-z"1)

t2 l+2z"1+z"2 
(-[•2̂ 4) 2,+2d2-4)z-1+z-2

(T2+4) (4.4)

T =-1(3-z-1) 2 9z~2-6z"3+z-4

(l-z-1) 4 l-2z-M.glitU z-2-6T2 z-3+ 11 z-4
4 T ~  • 4

(4.5)

o ( 16z--24z""3+17z-̂ -6z 34-z-^)
4 l-2z-1+z"2-t-™( 16z-2 -24z"‘3+17z-̂ -6z~j4-z- )̂

(4.6)
2 d-z'1)

T (l+4z-1+z^) 
3 (l-z-2)

T2— —  (1+8z-1+18z"2+8z-3+z-4)
T +9

1+5 | L  z-l+ 212-2 z-2 + 812 z„3t2.4
T +9 + 1 T +9

9 (4.7)

X z-1(8-5z-1+4z"2-z~3)
2 (l-z-2)

■ ...

t2 (64z-2-80z"3+89z-4-56z-5-i-26z-6-8z-7+z-8)
9 l-2z-2+z-4+I^(64z-2-80z-3+89z-4-56z-5

+26z-6-8z-7+z‘8)
(4.9)

L_— ---  _

SINE LOOP OUTPUT EXPRESSIONS

TABLE 4.1
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Figure 4.2 Output Sequence for Rectangular Rule
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Figure 4.4 Output Sequence for Two-Point Rule
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4.3 ROOT LOCUS PLOTS

From Equation 4.1, it is seen that the characteristic equation 

of the sine loop is

1 + [z-nH0(z)] 2 = 0

After substitution from Table 4.1, solution of this equation for 

several values of I gives corresponding pole locations on the root 

locus. For example, if

z-nHo(2) „ 1 Z'1(4-32-l + z-2)
(1-2-1) (4.10)

then Equation 4,9 is

2
l - z ~ ^ + + 7 ( -f 17z“̂ -5z"̂  Jr z"̂ ) ̂  O

^ (4.11)

and, therefore, for T ^ 0.3 the pole locations in the z plane are the 

roots of

z4-2z3 + 1.2025z2-.135z + .0225 (4.12)

Numerous values of T were substituted and the roots of the resulting 

polynomials found on the 7072. Results are given in the Appendix and 

plotted in Figures 4.7 through 4.12.

The ideal root locus may be found by considering Equation 4.2 

which may be rewritten

f l i fe z"1 sin T
Ci(z) 83 (_s2+l].s l-2z" 1 cosT +z-2 (4.13)



Figure 4.7 Root Locus for Rectangular Rule Sine Loop
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Figure 4.9 Root Locus for Two-Point Rule Sine Loop
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Ideal pole*locations are plotted in Figure 4*13 and given in the 

Appendix„ These are solutions of the equation

Z£ - cos T + j \ l-cos2! (4#14)

Although root loci may be found in the s-plane from

s ss ^ In z# the different modes of transient or steady-state behavior 

are characterized by the root loci in the z plane* Complex conjugate 

poles inside the unit circle correspond to a damped oscilliatory output 

sequence while complex conjugates outside the unit circle indicate an 

exponentially rising or unstable output sequence* An ideal sine wave 

output sequence is indicated by complex conjugates on the unit circle *

If poles fall near the origin so that their magnitude is much less than

onethey may be neglected in favor of complex conjugate pairs near the
unit circle* Poles near the origin represent fast decaying transients *

In all but one of the root locus plots it is seen that for small 

values of T one complex conjugate pair lies near the unit circle while 

the remainder of the poles are near the origin. Thus, in these cases, it 
is a very good approximation to deal only with what may be called the 

eontrol-poles near the unit circle, especially after the first few samples* 

From Figures 4,2 and 4.7, it appears that the rectangular rule, 

although very simple, compares unfavorably with the trapezoidal^two- 

point extrapolation and three-point rules. Therefore, it will not be 

discussed throughout the remainder of this paper, Simpson8s 1/3 rule 
has two pairs of complex conjugates on the unit circle. • The effect of 
the extra pair may be seen as a high frequency oscillation of the



41

sample points in Figure 4.6. A similar but worse effect may be seen 

with the four-point rule. Simpsonfe 1/3 rule and the four-point rule 

are thus unsatisfactory when sine wave generation is used as a 

criterion and so are also not discussed after this section.

In general, it may be seen that as the integration rule becomes 

more complicated more poles are added to the function generator with a 

corresponding increase in chances of instability and spurious modes of 

response. To be specific the two-point extrapolation rule adds two 
extra poles while the three-point rule adds four extra poles. Simpson8s 

1/3 rule adds only two extrap but these are very damaging. The four-point
rule, which is the closed loop counterpart of Simpson8s rule, has six

extra poles of which two are very damaging.
The two best choices are now seen to be the two-point extrapola

tion rule and the three-point rule. Both are closed loop counterparts 

of the open loop trapezoidal rule. The next section will give a 
detailed examination of these rules as compared with ideal integration 

and the trapezoidal rule.

4.4 ERRORS IN AMPLITUDE AND FREQUENCY

From the locations of the control poles it is possible to find 

"a" and 8,bIM in the expression

c(nT) ® cos fonT (4.15)

since the z transform of this expression is
. e~a^ sin bTz~^

G(a) l-2e~a^cos bTz~^ + e~2aTg-2 (4.16)
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Assuming that all but the control poles may be neglected, relation 

4*16 may be used to find the values for f,a9r and 8$b91 in relation 4*15* 

For example, if z = *95408697 + j*30758337 (these are the control poles 

for the two-point rule with T 53 0*3) then the denominator of Equation 

4*16 becomes

1-2(.95408697Jz”1 + 1.00488948z”2 (4.17)

From Equations 4* 16 and 4*17, it may be shown that na,f « -*0081333 and 

J,bM ss 10 0395181, or since z ® eST, flafl and 6,bM may be found from 

s s= ^ inz * This was done for a number of values of T, and the results 

are given in the Appendix* The results are also plotted in Figures 

4*13 and 4.14 for the trapezoidal, two-point extrapolation and three- 

point rules* Per cent errors in | 'a,‘ | and I "b" I are given in Figure 

4*15 * A comparison of absolute value of per cent errors was made at 

T S3 * 1^and the results are summarized in Table 4.2* A sum of errors 

indicates that the three-point rule is about four or five times better 

than the two-point extrapolation rule*

Rule Per Cent Error 
in | "a" !

Per Cent Error 
in |"b“ i

Sum of’ 
Errors

Three-Point . 0255 .08 .1055

Two-Point
Extrapolation .0495 .409 .4585

ABSOLUTE MAGNITUDES OF PER CENT ERRORS IN "a91 AND "b" 

TABLE 4*2
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4.5 ROOT PERTUBATION METHOD

In this section a root perturbation method introduced by 

Nelson^ and extended to the two-point extrapolation rule by Wait'' will 

be discussed. The truncation errors of any linear time invariant 

system with n roots in the complex frequency plane may be found by 

this technique.

These roots, if nut multiple, may be found from

S1 i . i j [ 0 (4.18)

since they are the ei.;en values of [ ^ . In Equation 4.18, [ I^ is

an identity matrix and

I S..

(4.19)
0  -  —  —  -  -  - — Si

where the roots, s^, k - 1, 2, --n are known since they are the roots 

of the desired system. The actual integrator transfer function 

z~nIi0(z) is known,and, therefore, the roots of the difference equation, 

Ski, are given by
1

z"nH0 (z) (4.20)

and the corresponding roots in the s plane by

ski f lnzki (4.21)

Since the s^ are the desired roots and the s^i are the actual roots.



this method will give a comparison in the s-plane as well as in the 
z-plane» The *'a" and nb01 of Equation 4*15 are then easy to find from 

well known methods» The effect of spurious poles is also easily 

obtainable if their location is known in the s-plane„
If the sine loop is considered, the ideal roots are s ® jl 

and from Equation 4.20

for the two-point extrapolation rule. This may be rewritten as

A Taylor series expansion will then yield the roots, and zg; an<* 

application of Equation 4.21 will give locations in the s-plane for the

repeated here. Wait8s curves for "a" and "b** are, however, very nearly 
the same as given in Figures 4.13 and 4.14.

The equation for the three-point rule which corresponds to 

Equation 4.23 is

The solution of this equation is very complicated, and this fact brings 

out the difficulties encountered with the root perturbation method 

when analyzing the sine loop for any but the simplest integrators.

(4.22)

perturbed roots. This has been carried out by Wait® and will not be

2z3 - (2 + 4jT) z2 + (3jT) z + jT «=> 0 (4.24)
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Major roots may be found in the s-plane directly from Equation 4.20 
by substituting z = e8^ but harmful spurious modes of response may 
then be overlooked.



Chapter 5 

CONCLUSIONS

5*1 INTEGRATOR COMPARISON FROM SINE LOOP ANALYSIS AND 

FREQUENCY CHARACTERISTICS

The concluding discussion will be restricted to the two-point 

extrapolation rule and three-point rule since the others considered 

were found to be inferior or impractical* However^ some discussion of 

the rectangular rule will be used as further background*

For the expression e~an^cos bnT, it has been shown in Chapter 4 

that "a" is about equal in magnitude for the two-point extrapolation 

and three-point rules* However, for the three-point rule 8?a,f is 

negative and thus represents a stable system whereas the two-point 

extrapolation rule sine loop is unstable* The radian frequency, 8lbn, 

of the sine wave output was seen to be more accurate for the three- 

point rule* When per cent errors in $,a9t and 91 b91 were added at T ® 0*1, 

the three-point rule was found to be about four or five times better 

than the two-point rule*

Since sine wave generation is a very severe test for the 

incremental integrator, it would seem reasonable to fix a minimum error 

for this, and then determine the necessary number of increments per 

second from Figure 4,15* For instance in Figure 4*15 it is seen that 

0fbH is the most demanding and that for a 0*1 per cent error T must be
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approximately 0.1 for the three-point rule and 0.05 for the two-point 
extrapolation rule.

In tffftary,0M('s (those for which the possible inputs are 
-1, 0, +1), the assumption that q is sufficiently small such that 
quantization errors may be neglected is invalid. To point this out, 
the value of T may be found which will give 0.1 per cent error due to 
round-off in the sine loop. For the sine wave

y = sin t (5.1)

the slope at t == 0 is .

= 1 (5.2)dt

or
Ay ■ At (5.3)

For 0.1 per cent error in y. Ay must be 0.001 and, therefore, since 
only one input increment may be added in each integration cycle$

AT = T = 0.001 (5.4)

From the standpoint of frequency characteristics, it was shown 
in Chapter 3 that the three-point rule offers by far the best amplitude 
characteristic while the two-point extrapolation rule has the: better phase 
characteristic. 1 When these errors were added the three-point rule turned 
out to be slightly better.

If the above comparisons are considered alone, it appears that 
the three-point rule has definite advantages. However, the number of



components and speed of computation must also be considered. Some 

rough estimates of these factors will be discussed in the next sectione

5.2 COMPONENT AND SPEED COMPARISON

Rectangular and two-point extrapolation digital integrators 

generally require two and three registers respectively. The three- 

point incremental integrator would require four registers if mechanized 
in the same way. Thus the number of registers is roughly n + 1 where 
n is the number of ordinate points used in the approximation^. The 

number of components and hence cost may then be roughly approximated 
as being proportional to the number of registers. The ratio of cost 
for the three-point rule to the two-point extrapolation rule would, 
therefore, be about 4:3 and the raio of two-point to rectangular 3:2.

Speed is inversely proportional to n + 1 where n is the number 
of ordinates when serial arithmetic is used since the above registers

3are in series as shown by Gschwind . Therefore, speed ratios are 
reciprocals of cost ratios, A summary is given in Table 5.1.

..  .... Cost Ratio Speed Ratio

Ratio of Two-Point Extrapolation
Rule to Rectangular Rule 3/2 2/3

Ratio of Three-Point Rule to 
Two-Point Extrapolation Rule 4/3 3/4

COST AND SPEED RATIOS 
TABLE 5.1
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5.3 FIGURE OF MERIT

Since costspeedy and accuracy are the primary considerations 

in the choice of digital integrators^ it is sensible to develop a 

figure of merit which accounts for these factorsd This figure of 

merit will be defined here as

" ' M a: ffo speed ratio
^1 to %2 cost ratio x ,?0 error ratio (5.1)

with a result greater than one suggesting that 1% is better than Ig, 

where I^ to Ig is the integrator ratio to be considered* When using 

the sine loop as a criterion at T ® 0.1^ per cent accuracy ratios may

be found from Table 4.2*

For the sine loop then
3
4

^3-point to 2-point extrapolation a 7TT 83
3 X 746 <5.2)

This result indicates that use of the three-point rule should be 

considered seriously. In the same manner, M may be found when frequency

characteristics are used to determine per cent accuracy. In this case,
3
4

M3-point to 2-point extrapolation m 4 ^ 10.0 ^ 1°02 (5.3)
3 18.2

which indicates no significant advantage in using the three-point rule.



5*4 SUGGESTIONS FOR FURTHER STUDY

Configurations other than the sine loop would, of course, give 

different values for M than those given in 5*3* Since no general way 

of finding errors in any numerical integration problem is known, it • 

would therefore be advantageous to consider the generation of other 

functions and the solution of typical problems in a manner such as 

that used here* As a further extension of the error analysis given 

here, it would be useful to add a round-off noise input at each 

integrator output such as discussed by Widrow^*

An investigation of integration rules other than those discussed 

here is needed* Some are well known^f ̂  such as the Runge-Kutta 

methods* Others might be developed from criteria different than the 

least sum of error squared.
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APPENDIX

ROOT LOCATIONS AND VALUES FOR "a" AND "b"

T Root Locations "a” "b" Rule

0.774545 + jO.532585
0.6 -0.563974 + jO.888763 0.10315 1.00405881 Three-Point

0.281852 <+ jO.221349
0.816382 + jO.501781

0.55 -0.922493 + j0.814074 0.07752 1.0021 Three-Point
0.2758673 ± jO.215852
0.852824 + jO.465741 ,

0.5 -0.121914 + jO.744092 0.05742 0.99962 Three-Point
0.26909 + jO.209806
0.8841650 + jO.425971

0.45 -0.1455 -S- jO.677146 0.041655 0.9977 Three-Point
0.261360 + jO.263116

0.91086 + jO. 383571
0.4 -0.163333 + jO.612105 0.02935 0.006364 Three-Point

0.252473 + jO.195674
0.933363 + jO.339181

0.35 -0.175521 + jO.548157 0.019828 0.995885 Three-Point
0.242158 ± jO.187336
0.95207 + jO.293252

0.3 -0.182127 + j0.484654 0.010828 0.9960 Three-Point
0.230056 + jO.177904
0.967326 .+ jO.246112

0.25 -0.182987 -j- jO.42081 0.00742 0.9975 Three-Point
0.215662 + jO.167088'



T Root Locations Rule

0.1
0.994963 
-0.143372 
0.148409

+
±
±

jO.0997505 
jO.0219769 
jO.119512

0.000495 0.9990 Three-Point

0.998748 + jO.049969
0.5 -0.106896 + jO.140940 0.0000424 - - ' Three-Point

0.108148 ± j 0.0908750

0.999687 + jO.0249961
0.025 -0.0773698 + jO.0930077 0.0000074 Three-Point

0.0773698 ± jO.0930077

0.820032 ± j0.684351
0.6 0.179967 ± jO.215647 -0.10975 1.1590 Two - Point

0.845575 ± j0.611444
0.55 0.154425 + jO.213556 -0.077397 1.13827 Two - Point

0.871127 + jO.543406
0.5 0.128873 ± jO.206594 -0.05274 1.11544 Two - Point

0.895390 ± jO.479765
0.45 0.104610 + jO.1952346 -0.034888 1.09308 Two - Point

0.91750 + jO.419749
0.4 0.0824598 + jO.180251 -0.022375 1.07255 Two - Point

0.937160 + jO.362578
0.35 0.0628395 ± jO.162422 -0.013857 1.05477 Two - Point

0.95408 + jO.307583
0.3 0.459131 + r jO.142416 -0.0081333 1.03952 Two - Point



T Root Locations "a" "b" Rule

0,25
' 0.968291 

0.0317085
+
+

jO.254232 
jO.120767 -0.0044445 1.02709 Two - Point

oa 0.9949875
0.0050125

+
+

jO.100253 
j0.049744 -0.00025465 1.004088 Two - Point

0,5 0.998749 + 
0.0012508 +

j 0.0500314 
jO.024967

-0.00003145 1.001121 Two - Point

0-025
0.999687 
0.0003126 ±

jO.0250059 
jO.012486 -0.000002512 -- --

0.6 0.6055 ± jO.795845 0 - - Trapezoidal

0.55 0.85938 jO.511337 0 0.9759 Trapezoidal

0,5 0.882353 + jO,470588 0 0.9799 Trapezoidal

0.45 -0.90363 + jO.428314 0 0.9836 Trapezoidal

0.4 0.92308 + jO.384608 0 0.9869 Trapezoidal

0.35 0.94075 ± jO.339101 0 0.9884 Trapezoidal

0.3 0.95599 ± jO.293399 0 0.9926 Trapezoidal

0.25 0.969231 ± jO.246154 0 0.9948 Trapezoidal

0.1 0.995012 ± jO.0997508 0 0.9992 Trapezoidal

0.5 0.998751 jO.0499684 0 0.9997 Trapezoidal



T Root Locations f*a8* ,fb,f Rule

0.025 0.999687 + jO.0249962 0 - “ Trapezoidal

0.6 0.82534 ± jO.564636 0 1.0 Ideal

0.55 0.85252 ± jO.522695 0 1.0 Ideal

0.45 0.90045 + jO.434959 0 1.0 Ideal

0.4 0.92106 + jO.38942 0 1.0 Ideal

0.3 0.95534 + jO.29551 0 1.0 Ideal

Vi00


