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ABSTRACT

An analysis is made of various methods that have been de«l
veloped to solve linear differential equations with time varying
parameters and how these techniques apply to the solution of Control
System problems. The various techniques are evaluated to determine
their range of application and relative worth when applied to a

particular systémo In this way criteria are established to deter-
| mine which of the various techniques will be most advantageous in

solving a particular problem.



CHAPTER 1

INTRODUCTION

The type of §rdinaryy linear differential equations with con-
stant coefficients has been studied in great detail by many individuals,
and a good number of teehniques have béen developed to solve them. The
situation is altered considerably when the coefficients of the equation
- variables become‘time varying also; The once useful methods of time
'invarient differential equation solution become difficult with which
to work, Consequently, attempts have been made to seek new approaches
" to obtain solutions,

In an effort to find some convenient means of attacking the
problem, investigators have tried both analytical and numérical'methcds
of solution. The purpose of the ensuing chapters will be to discuss
each of these areas in sufficient detail to give a general picture of

various numerical and analytical techniques that have been proposed for
solving time varying différentiél equations, along with their good and
.bad points. The ultimate objective is to choose one or more methods
that are useful in solving a wide range of problems in a relatively

~ simple manner. Analytical methods are discussed first; followed by a
chapter on numerical methods. Finally, the entire paper is sumﬁed up
‘and conclusions are drawn, based on the presented facts, The follow-
ing paragraphs give a geﬁeral'idea of the material to be covered in |

each chapter,



Chapter 2 deals with analytical meth;dsg those that seek to
épply the standard theory for the sﬁlﬁtion of differential equation
with constant coefficients fo the time varying case, Both time and

‘frequency domain approaches are presented,

The time domain approach involves breaking the answer up into
a complementary function and a particular integral and finding the sol-
ution for each. However; even though the solution to a problém may
_existy it is sometimes extremely difficult to determine by means of

‘ thié approach due to the complicated integrals that are éncountereda

Approxiﬁatioh technigues have been developed to get around this prob-
lem. Some of these are presented to demonstrate how the time domain
- approach may be used,

Various transform.techniques areviﬁvesﬁigated as well, The La;
place Transform, which has been used so effectively in working with
time invarient equations, is discussedp-along wifh other transform at-
tempts in an effort to point out their strengths ahd weaknesseés.

Chapter 3 discusses various numerical methods that are avail=~
able for the solution of time varying differential equations, Unlike
analyticalrmethodsg which supply a mathematical expression as the sol-
ution tc a problem, nunerical ﬁechniques yieldva series of points which
give a graphical,repreéentation of the answer, When time varying equa-
tions afé involved, the varying elemeht is approximated in a stepwise
mapmer with a change occurring each time a point is calculated, The
 exactness of this'apﬁroximatibn‘depends on the length of time between

points,



3
General background theory for numerical methods is represented
first, along with several elementary technigues that are useful in hand
caleulating problems of low order. The selection of a particular method
depends on the 1éngth of time one is willing to spend, and the acouraéy
desireds |
| The solutions to higher order equations can also be determined
by hahd caleplation; however, the amount of labor involved is prohibi-
 tive, Therefore, three methods are presehted which aré readily adapted
" %o use on a digital computer.
The mathematics involved is quite simple, and the repetitive
nature of the calculation necessary to obtain the desired points makes
tthem ideal for solution by digital machine,
| Chapter b is devoted to the actual application of a sample prob-
lem to a digital computer. The steps involved in determining the solu-
tion of‘the4pr0blem,will be outlined followed by an explanation of the
program that trenslates the mathematics into language which can be
mderstood by the computer, .

Finally, the resulis are summed up and conclusions are drawn.



CHAPTER 2

ANALYTICAL TECHNIQUES

2.1 Introduction

Much work has been done on the solution of ordinary linear dif-
ferential equations with constant coefficients by analytical technigues.
Books have been written describing methods that are applicable for solv-
ing equations in the time domain, Solution in the frequency domain can
be handled very well by the familisr Laplace Transforms

These weli—known and developed ideasvhave been put to work in
an attempt to solve ordinary lineaf differential equations with tiﬁe
varYing coefficients, It has been found that the presence of variable
" elements changes the compiexion of the problem. By presenting various
methods that have been used to solve time varying equations, Chapter 2
shows some of the problems involwved in applying these analytic tech~
nigues.

The time domain approach is presented first, followed by the
freguency domain or transform approach. In each case, various methods
are covered in some detail to reveal the actual complexity that is en-

counteread,

2,2 Classical Solution

The term classical solution is used here to refer to those
methods of solution of linear differential equatioms with time vary-
ing parameters that are a reapplication of the time domain techniqﬁes

L



5

ugsed to solve linear differential equations with constant coefficients.
Included in this set are some appruximate solutions that have been de-
veloped to make computation easier,

When one is confronted with the problem of solving a linear
differential equation with time varying coefficients, the natural im-
pulse is to seek to apply the theory that has already been developed
for the solution of linear differential equations with constant coeffi-
cients. Theoretically, exact solutions for equations can be found in
this way; however, "in most caseg details of finding the solution be-
come exceedingly complicated." (1)

By way of example, consider the following standard form for a
first order differential equation,

dx

gt * Plt)x =Q(t) (2,1)

where Q(t) and P(t) are functions of time.
The standard form for the solution of this equation is known

to be

X = Ce - SP(t)dt . e -fP(t)dth(t)efP(t)dt at (2.2)

where C is a constant determined by initial conditionms,

The above solution is not always difficult to apply, although
the calculation may become involved depending on the problem in ques-
tion. It can be used to solve problems involving current or charge
distribution in time varying circuits, Practical examples would in-

clude the case of a carbon microphone or condenser transmitter circuit,
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Solved examples of such circuits may be found in a book by Cunningham(1)
and a paper by Pipes (2).
Since most problems of practical interest involve equations of
higher order than first, the classical solution to second order prob-
lems is the next item of interest (1).

The general equation
% + 2P(t)k + B°(t)x = Q(t) (2.3)

is a second order equation with a forcing function. Its solution con-
sists of a complementary function and a particular integral,
When the equation is solved for the complementary function, it

might appear as
x, = Axy(t) + Bx,(t) ' (2.4)

where x.l(t) and xz(t) are the independent parts required for a second
order equation and A and B are arbitrary constants,

In this case, the method of variation of parameters will be
used to determine the particular intepgral. This method is "based on
the observation that the particular integral of a linear equation can
be written as the product of one or more parts of the complementary
function and one or more functions of the independent variable." (1)

First, reduce Eq. 2.3 to a set of first order equations by
letting 2 = Xo

£ =3

' (2.5)
= ~2P(t)z - Rz(t)x + Q(t)



The complementary function, Eq. 2.L, can be written

x = Axy + Bx, (2,6)
z = Ail + Bi2

The particular integral has the form of Eq. 2.6 except that the
terms A and B are functions of time, With this in mind, substitute Eq.

2.6 into Eq. 2.5. I!lanipulation of the equations yields

[.\xi+8;:2 = 0
££1'+ éiz = Q(t)

(2.7)

If the equations are solved simultaneously for A and é, the re-

sult is

- =2
i, - 43,
| ' (208)
&y

2T k- §1x2

Integrating these values and substituting into Eqe. 2.l yields

“x, !
x = (-fm at + Cl)xl + (jm dat + C2 ) X2 (2,9)

where C1 and C2 are arbitrary constants.
The evaluation of the integrals can become quite complex. This
can be demonstrated by sample problems (1).

In order to make computation easier, approximate solutions have

been developed to cover problems of a special type. For instance, a

,
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technique has been developed that applies to time varying equations in
which the varying coefficient changes by a small amount about a larpe
mean value, It is known as the WKBJ approximation (1) (2),

The equation to which the WKBJ approximation applies is of the
form
2

‘_‘.,’éﬁ + G (t)x = O (2.,10)

t

o

where G2(t) includes the varying coefficient that has a large mean
value with small variation. ' No forcing function exists in this equa-
tion, If there is a forcing function, the variation of parameters
method can be used to find the particular integral. The solution to
5qe 2,10 would be a complementary integral,

The WKBJ approximation comes from a combination of the names
Wentzel, Kramers, Brillouin, and Jeffreys. The approximation solution

has the form
x = o(t) ‘%[clej‘”(t) . cee‘”’“)] (2.11)

where $(t) = fG(t)dt and j is the imaginary unit., If Eq. 2,11 is

differentiated twice, it can be shown to satisfy the following equa-

tion,
2 v )
d—%*l}z*g"ﬁ(g ]x-o (2.12)
at 2G
4 - 4 . &G
where = 3t and G = —



If Gz(t) is such that

Ges>

g 30)2
Bt 4]

then Tqse 2,10 and 2,12 have essentially the same form, and Eq. 2.11
ie an approximate solution for Eq. 2,10,
Finally, if G(t) and #(t) are both real, Eq. 2,11 may be

written in the following form,.

2
x = 6(t) [Acos #(t) +B sin ¢(th (2,13)

where A and B are constants and $(t) =_J G(t)dt. Equation 2,13 then
is the WKBJ approximation for Eq. 2.10. Examples of this technique
are given by Cunningham and Pipes,

The use of this approximation, however, does not alleviate the
situation to the point where problems can be worked with ease (1).
Complicated, if not impossible, integrals are encountered even in ap-
parently simple problems., For this reason, the classical approach in
the time domain is not often used in practice today. Investigators have
turned their attention away from this method toward something that gives

more promise.

23 Transform lethods

Under this category are included both attermpts to utilize exist-
ing transform methods as well as develop new ones, This section covers
three approaches along this line, starting with the most familiar, the

Laplace Transform.
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Since Laplace Transforms have proved so useful in the solution
of constant coefficient differential equations, it is logical to deter-
mine the efficacy of the Laplace Transform approach in dealing with
time varying equations.

The first concern is the development of the transforms. Since
no tables exist specifically for time varying cases, they have to be
developed by the individual solving the problem.

The defining equation for the Laﬁlace Transform assumes the
form

Ilew tw} = 7 & g () at

o

This may not be difficult to evaluate in such familiar cases as tf(t)
and e’““’sin e t, but, conceivably, cases could arise in which the
evaluation of the integral would prove difficult,

However, the actual determination of the transform does not put
an end to the difficulty involved. It happens that the Laplace (rans-
form of a time varying equation leads to a differential equation in s
which may be nonlinear. Thus, the original problem is transformed into
another problem of equal or greater magnitude,

As an example, consider the following equation (3).

2

ti“—§+d-£+tx -0 (2.1L)
w2 at

where x = x(t)



Taking the lanlace Transform of both sides ylelds

- ads EZX(S) - 8x(0) - x‘(o)] + sx(s) - x(0) - aqs- x(s) =0 (2.15)

If x'(0) = 0, this reduces to

(32 + 1)x'(s) + sx(s) = O

(2.16)

Equation 2,16 is a nonlinear differential equation, Thus,

nothing has been gained by using Laplace Transforms.
The solution to Eq. 2,16 is
k
x(g8) = ————
Vg2 + 1
where k is a constant of integration,

Equation 2,17 may be written as

-2
x(s) = ks™L (1 +-1-2
s
or
@®
(en)1 _ (-1)°
x(s) = k >
= 22n(n”2 s2r1+1
Taking the inverse transform term by term, the result is
[e9] n
2n)i (-1 -1 1
n=0 22n(n1 )2 sanbl
or

n,2n

®
(1) = % () v
x(+) ng) 221’1(nl)2

(2.17)

(2.18)

k2 .19)
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The amount of work involved here may be considerable, Since
by this method, one problem, perhaps more difficult than the original,
is simply substituted for another, there does not seem to be any point
in pursuing this line further,

Je A, Aseltine has developed a general transform approach to
solve time varying equations in which a transform can be developed to
handle each type of problem encountered (4). It is possible by this
method to generate both the Laplace and Mellin transforms., Although
there is a number of situations in which this method can be used, "the
complications for equations hisgher than second order usually make other
methods more attractive." (L)

The intepgral transformation is of the form

(0¢]
Lfa(t)} = Q) = [ alt) nf,e)a (2.20)
o

where h(y,t), the kernel, is a function of time and the transformation
variable ¥ . Q(y) is the transform of q(t).

A requirement is placed upon the transformation to lnsure that
it is an algebraic equation in the transform of the dependent variable,

Q(y). Thus, in working with an equation of the form
a(t)q" + b(t)q' + d2q = e(t) (2,21)

where a(t), b(t) and e(t) are functions of tire, and a® is a constant,

the transformation should be of the form

£0f) Q(y) + a°u(y) = E(p) + (initial conditions)  (2.22)
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where f(f) is an arbitrary function of the transform variable, The
nature of the resultant transform depends on the function off thet is
selected,

Once the kernel h(p,t) is evaluated, the nature of the trans-

-t

form is determined. For instance, if h(p,t) = e~ ~, then Eq. 2,20 has

the form
L{a(t)} -.f(JD a(t)e Tt at
[o]

which is the familiar Laplace Transforr.

The disadvantages of this technique are the fact that it is
only pgood for problems of first or second order, and it requires that a
new table of transforms be developed for each problem. The lack of
interest by other investigators is obvious for the method has not been
developed further in the literature since its proposal.

A later paper by F. R, Gerardi (5) supgests the use of Mellin
Transforms as a means of attacking the problem. It can be used simi-
larly to the Laplace Transform,

The defining equation is

0 s-1 :
F(s) -J: £ gt = M [£(¢]]
vwhere
s = complex variable of Mellin Transform
M = Mellin Transform operation

t = time



The inversion integral is

(0 0]

£(t) = é‘%’i j:i Fs)t™ ds = M7t F(s]
c=J
where K™Y = inverse Mellin Transform,

Since the actunal application of the Mellin Transform is similar
to the Laplace Transform, the details of its use are not covered here,
Transform tables can be built up from the defining equation and applied
in the usual way, |

The difficulty encountered in the application of this method is
apparent upon reading the paper by Gerardi who restricts the problems to

Euler-Cauchy differential equations which have the form,

1 —
2 AT =% = 1(b)
n=0 dt

o}

Due to its limited scope, the Mellin Transform does not appear

to be worth further consideration,

2.4 Conclusion

This chapter examines both time and frequency domain solutions
to time varying equations. FPractically all of them are found to be
applicable only to first or second order equations. In most cases the
ariount of lahor involved in the solution of even a second order equa-
tion is not only preat but sometimes of a complicated nature.

None of the methods mentioned in this section are in general

use by peOple working with time varying problems., The work that must
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be done to get an answer and the lack of generality inherent in these.
analytical techniques have led investigators to find new approaches
to the problem. Up to the present time, the search has centered

around some sort of numerical rather than analytical technique,



CHAPTER 3

NUMERICAL METHODS

3.1 Introduction

The methods that were discussed previously were found lacking
. to such an extent that it is logical to abandon them and move on to a
different area of study. This new area includes a group of techniques
‘which are numerical rather tﬁan analytical in nature and are referred
to by the general title, numerical methods.

‘Numérical methods do not give quick, easy solution; however,
”gfeven though much calculation is involved, the mathematics is extremely
simple, and solving a problem becomes a question of repeating.a proced~
%”.ure over and over again., Also, some of these methods have a means of

" ¢checking for arithmetic mistakes.

Unlike the analytical approach, a numerical solution is not a

- mathematical statement, but, rather; a series of points which, when

conmnected, produces a curve that describes the way in which the vari--
able in question behaves., The solution to the equation is found at each
of these points, hereafter referred to as sample points. The time in-
terval between each of the poipts will be known as the sampling period
or sampling interval.

When a time varying coefficient is involved, the variation is
approximated by assuming that it is constant during the sampling period
and changes ét each sample point. The closer the sample points are,

16
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Zthe better the approximation is. One way to check if the sampling in-
:tervéi is small enough (1L) is to do the problem twice, using a shorter
‘sampling interval the second time. If no discernible change occurs,
then itrcan be assumed that the interval chosen is good enough for the

- problem. This is simply a brute-force method for determining the samp-
- 1ing interval; however, there is no convenient analytical way of determ-
ining this value.

This chapter deals first with numericael methods that can be
computed by hand or with the help of a desk calculator. These methods
are applicable to the solution of low order problems and are included
to give a ﬁoreAcomplete picture., Higher order problems require a more
sophisticated approach; therefore, a few‘methods are presented which
can be solved by means of a digital compgtero rThese methods are then
compared in order to provide a basis for Chapter ki, which will cover

the actual writing of a program.

3.2 Basic Hand Techniques

There are many numerical methods which have been developed to
solve differential equations. There is not room to present them all,
and since most are variations of the same idea, the following discus=-
sion congists of a summary of the basic theory involved and a presen-
tation of a few of the more common methods.

Basicailyg these methods consist of utilization of information
concerning one or more points on a curve, along with the slope between
these points. By knowing something aBout these, it is possible to

‘predict the location of the next point on the curve,
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The Taylor series expansion (7) of a function is often used
because it gives a relationship between the function at‘a point and the
derivatives of a function at a previous point.

A Taylor series can be written as (10)

@
k
f(s) = :E: ak(s - so) (3,1)
k=0
where
(f(k)so)
** T Txe
If this exprescsion is expanded, the result is
8-8 \ (5-80)2 f' (S-S )n i;]
£(s) = f(so) + L-—-an £ (so) ) B (so) + ece + ——-Q-—ns (so)
(3.2)
If Fqo 3.2 is written in terms of x and y coordinates, the re-
sult is

2
dyh h2 d yh h3 dBYn

Yasl T YntPax tar o R T TR (3.3)

where h = (s-so) is the sampling interval, Vel is the point to be
calculated, and Vn is a known point upon which.the calcul;tion is
based, The main sources of errors in predicting points by series
methods comes from:

(1) Inherited error = produced in the calculation of Yo+l due

to some error in the calculation of Y
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(2) Truncation error - due to cutting off the higher order

terms of the series,

The simplest numerical method, known as the Euler Method (10),
uses only the first two terms of this series to approximate the solu-

tion of the differential equation,

Yne1 = T ? h‘E§“ (3.L)

If the initial point is known, an interval, h, can be selected
and the value of y'p = %%2 computed from the differential equation in
question. Then y__  can be calculated from Fq. 3.4, This point be-
comes the Y for the next computation,

The above method has limited practical use since the error in-
creases exponentially. ilowever, it is sometimes used to start computa-
tion of a solution since it requires that only one point be known,
Later on it is seen that the knowledge of several points is necessary

" for more sophisticated methods. The Euler Method can be used to get
this information, and another method used to complete the computation,

A better approximation is obtained quite simply by the follow-
ing procedure (6) (7). The Taylor series given in Eq. 3.3 can be

written

Yy = y_ + hy' +-2—1'Y"+§-Y + eee (3.5)
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The series for the point y_ . will differ from Eq. 3,5 in that
the sign of all the odd derivative terms will be negative., This is

due to the fact that (s-—so) is less than zero, Therefore,

2 m h3 ny

h
- - ' — -
yn-l yn hyn+ 21 yn 3& yn T oo (3.6)

Subtracting Eq. 3.6 from Eq. 3.5 yields

3

h
- v o o
Yoel = Yno1 2hyh 37 Yn * (higher order terms) (3.7)
This may be rewritten as
1
Vool = Ypo1 * 2hy_ + (higher order terms) (3.8)

If h < 1, this approximation is better than the previous one
since the first term nepglected is a third order rather than second
order term,

Accuracy may be improved when using Eq. 3.8 by means of the
trapezoidal formwla, Eq. 3.9, which considers the average of the slopes

of the curve before and after the point in question,

5 NCATRRSAY (3.9)

Yoep = 7 n

n+l n

When solving a problem using Eq. 3.8 and Eq. 3.9, the following

procedure should be used:

(1) predict Y41 from Eqo 3.5

(2) f£ind y;+1 from the differential equation in question
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(3) Correct Ype1 DY Edo 3.6
(L) Correct yA+1 by use of the differential equation

(5) Repeat steps (3) and (L) until no further changes occur.

The value of h should be chosen such that the above calcula-

tion converges to some value within the first one or two attempts,

Example 3.1. To illustrate the above procedure, consider the following

differential equation:

y' = -2y’

Use the initial values x, = o, Yo = 1, and let h = ,1 ,
In order to start the problem, use the first three terms of
Fqo 3.3. This is necessary since information is available about one
point only,
2 n
v, h
Yn+1 Yo * hyn+ 21 'n
' Differentiate the problem to get y'.
2
y'o= -2y" - lxy y!

Evaluate y' and y" .

' a 2(0) (1) = 0
y' o= =2(1)% - 4(0) (1) (0) = -2

<
L}

Therefore

1 + O.h-h2 = 9990 at x = oi .

41
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The next computation can be made using Eq. 3.8 since two points

are now known,

- 1
yh+1 yh-l * 2hyn

'rom the given equation,

y; = -2(.1) (:990)% = -.196
So y2 = 1.0 + 2(01) (“0196) = .91

The computation of y3 proceeds as follows,

y3 = 990 + 2(.1) (-2(.2)(.961)° )
y3 - °990 - .07).1 - .9160

In order to use the correction formula, the steps outlined

previously will be followed,

yy = -2(.3)(.916)° = .50
From the trapezoidal formula,

yy = o961+ %(=e50L = .370) = 917
Therefore, the corrected value of yg is

vy = 2(3)an? - o

The two values of y; arree so closely that the difference cannot be
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detected on a slide rule. If pgreater accuracy is desired, a desk cal-
culator can be used,

The data calculated thus far is tabulated below.

1

x y y
0 1 0
ol «990 -.196
.2 2962 -.370
o3 <917 -+506

The procedure can be carried on to give as many points as
desired.

The procedures just presented are quite sinple and can be de-
rived dircctly from a Taylor series, There are many methods which are
much more accurate than these, The development of these alternate
methods is not nearly as simple as the ones given above, An example
of one of these will be presented below to give an idea of a more
sophisticated numerical method that can be computed by hand with rela-
tive ease.

The method to be discussed is known as the Milne Method (6) (8).
It is based on a rather lengthy derivation, the salient features of
which are shown below,

The roots of the Milne Yethod are found in Newton's Formula
for Forward Interpolation (8)., If y = f(x) is a function which takes
values Yor Y12 Yps ooes¥y for the equidistant values X3 Xqs XpseeesX
of the independent variable x, let @#(x) denote a polynomial of the nth

degree,
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#(x) = a + al(x-xo) + az(x-xo)(x-xl) + oeee
(3.10)

+ an(x—xo)(x-xl)(x-x ces (x-xn

2) -1)

Determine the coefficients 8,9 8y Bojyoeesdy to make

¢(x0) - yO’ ¢(X1) - Yls-..;¢(xn) = y

n

Therefore, substitute the successive values X9 XiseeesX) into Eq. 3.10
and put ¢(xo) =Y, eeo ¢(xn) = y,, to determine the various values of a.

Remember that (xl—xo) = h and (x2-xo) = 2h, etc. This gives

(1) y, =8, ©°r a =y,

@) vy o= oagvey (g -x) =y +ah

y]-
Therefore, a - '_IBE = _Lth
(3 vy, = 2y al(x2-xo) * E"2()(2-xo)(x2_xl)
yl-YO
Yo = ¥, *—g5— (2n) + &,(2n)(h)

y2-2n1tye %%

Therefore, a, = 5 - 5
2h 2h

where AY, = ¥, = Ypo
: ) ‘ ,
and  p 'y, =AY, “AVpq " Vp " 2yn-l * Ype2

Continuing in this mammer, all the values 3, 50058 can be com=-

puted, giving as the final result
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2
AY AY
Bx) = y o+ == (xx )+ 2h2° (x-x ) (x-x7 )
(3.11)
3 y
¢ 8 Gom ) xom )+ e S G ) (xoy Joon(xm, )
Using the substitution
x-xo
n
- 2 - !f =2)
#(x) = Yo * uAY +ué;11 A2y°+u(u ;xu A3y0+ oeo
u "1 ees ( - +1) n
+ (u-1) Y] 1-1 A Y, (3.12)

Equation 3,12 is the statement of Newton's ¥Formula for Forward Interpo-
lation.

In order to obtain the actual Milne ¥ormula, integrate Eq. 3,12
fromu =0 tou =), If Eq, 3.12 is written in terms of y', the result
is

- ' v ,20 2" 8 3,28 L.
(y)-v1) h(ly, + Bayy, + T AV, *3 A7y, * 55 &Y, ) (313)

Now remove the A" terms by replacing them with their equiva-

lent values, i.e., Ay, = ¥ o and so forth, The result is

(r-yy) = % (2y; - vy +2y3) + -2—(83 h Ahy; (3.14)

Equation 3,14 is Milne's Formula., It can also be written in a differ~

ent manner,
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! h
Ype1 = Ypo3 * %r (2y;_2 - yg_l + 2y;) + (remainder) (3.15)

A checking formula can be developed quite easily to check for
arithmetic mistakes and to provide a means of calculating an error
compensation formula,

To obtain the checking formula, integrate eq. 3.12 over the

range u = 0 to u = 2, The result is

2 1
(yp-r,) = b2yl +28y)+ 3821 - Z by (3.16)

Replacing the A" values as before yields

h
Y, =¥, = % (yc’) + hyi + yz') - -9-6Al‘y(') (3.17)

The formula is more commonly written as

- .ll ! ' '
Yol = Va1 * 3 oy * Uy *Vpa) - (318)

Equations 3,15 and 3,18 give the pair of equations used in the
Milne Method, By examining the error involved in using these equa=-
tions, it is possible to develop a formula to compensate for the error
at each point,

Let y(l)n+1 and y(2)n+1 represent the results of Eqs, 3.15 and
3,18, respectively. Then, since the remainder terms have been neg-

lected (see Egs. 3.1} and 3.17), a more exact value of y at x = x

+1
is either
28 L,
y = y(1),, *55hd%y
or

y = y(2),, - % abys
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Equating these values yields

28
y(1),,q *55h Abyr - y(2) 4 - é% aby (3:19)
=29 . .
Y1) 0 - Y@,y = T natyr - 28 (3,20)

where E is the principal part of the error in Eq. 3.13. Therefore,

E = a5 (y(1)q - ¥(2) ;) (3.21)

n+l

If the value of Eq. 3,21 is large with respect to the desired
accuracy, a smaller sampling interval should be chosen,

Now the Milne ifethod is complete. It has a fairly accurate
formvla ana a method of checking for arithmetic mistakes and correcting
for inherent error. This method, however, is not the most accurate of
the numerical methods nor the most difficult to derive., It is pre-
sented here as an example of a reasonably accurate (by mathematicians'
standards) and popular technique which is not merely a point slope
method, There are probably as many numerical methods as there are
men working in the field., The final choice of one depends not only on
accuracy requirements, but also on length of computation involved, and
on pure chance, when several equally acceptable formulas are available.

The numerical methods of the type Jjust presented will pive an
accurate solution to time varying differential equations, and can be
conveniently used on systems of low order when the number of points
to be calculated is not too great. The application of these techniques

to equations of second or higher order require that they be broken into
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a set of first order equations in order to be solved, This could lead
to & large amount of calculation, and, since much of this calculation
. is repetitive, the use of the digital computer has become widespread
- %o carry out the tedious labor., The next section will deal with
- methods that can be conveniently programmed on a digital computer; thus
allowing use of more involved formulas and the computation of a greater.

fAumber of sample pointis,

+.3,3 Computer Methods

The introduction of the digital computer affected the field of
* numerical methods significantly. Techniques which had fallen into dis-
~use due to the amount of computation involved were resurrecied and

;ﬁ,ngVed to be quite valuable, Also; new techniques that lend themselves

- %o computer solution were developed,

This section deals with methods of solving differentiai equa-
tions with time varying coefficients that can be programmed for éolua
‘~tion by a digital computer. Although these methods can be ecaleulated -
| by hand, the amount of labor involved is enormous even for low order
provblems. The greatest usefulness of these techniques is realiszed in
the solution of higher order equationsg which are difficult torsolve

wsing the methods presented previously,.
The'methbds in question are the Runge-Kutta, Simpson's Rule,
 2 Form, and State Vafiéble;j The theory behind these methods is dis».
;;f‘cuSSedg followed where ?racticalg by a sample problem as a means of

demonstration,
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"3,3.1 Runge-Kutta Method énd Simpson's Rule
| The Runge-Kutta Method (6) (7) (8) is one of the older tech-

niques that was not widely used for hand calculation due to the labor

%};involvedo It has become popular in recent years, however, because of

1fits applicability to computerso
This method differs from the ones presented previously in that
~ the actual computation of derivatives is not carried out. Also, the

- calculation of a value for Yy is made without reference to some prev-

+1
iouvs value of y; therefore, no separate starting equation is necessary.
‘The method is "inherenitly stable, and many steps of computation may be
carried out." (6) This means that many points may be computed and the
result will still be accurate. The error stays small and does not in-
crease exponentially as it does in some methods,

This approach also possesses advantages that make it particu-

larly suitable for a computer. Since no special starting formula is

" “pequired, the entire computation can be put in one program., Also, the

required memory capacity of the computer is reduced, since data from
previous steps is not required.

The formulas for this method are presented below, The deriva-
"tion for these is extremely involved and is generally not given in
“standard texts, Mosit authors refer the reader to the original work
 done on the subject (9).
There are actually several sets of formulas which have been

" derived, One of the most commonly used of these is (8)
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Ly = (k14-2k2 + 2k3 + kh)/é (3.22)
or Yool = Vp * (k1 + 2k, + 2k3 + kh)/é
where k= bflx, y)
ky = hf(x + g > Yy ¥ ;? )

kh - hf(xn +h,y +k,)

=
W

The actual calculation of the values of y is laborious but
straightforward,

To obtain greater accuracy, the following set of formulas can
be used, These should give an accuracy to the fifth order in h, How-
ever, it shounld be noted that the calculation becomes more difficult.

1
Ynel ™ Yn * 197 (23K + 125k3 - 81k + 125k,)

k= hf(x, y)) ' (3.23)
k, = hf(xn+%, Yn‘*'l;—l')

ky = bf(x + %? > ¥t 5525;%351 )

kh i hf(xn by 4 1533 - ;2k2 + kl)

ks - hf(xn'*?—a}l, yn+8kh-50|g}+90k2+6k1 )

8k, + 10k, + 36k, + 6
- U 3 2 * %
hf(x + %‘ » Yo + 7 )
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For second order equation, a different set of equations is nec-
€88aryo.

Consider & second order equation of the type

1t

= f(x: Vs ¥v')

Then -
1
by = n [yt (g k¢ k)] (3.21)
A&"l( + 2k, + 2k, + k)
Z Ky + 2k v 2kg + k)
k1 - hf(xn’ Yne yg )
)
. h h h Y
k2 hf(xn *39V, %3 y& *5 k1’ Yn* 7 )
k
= l—‘. .l}-' h ) _2.
k3 hf(xn oV tInty k1’ Yn* 2 )
k, = hf(x. + b,y +hy' +2k, ¥y +k,)
L n 2 7n Yn 2 3 n 3
For the special case of equations of the form
y" -f(x,y)
the solution is given by (3.25)

Ay = hErr'l+%(k1+2k2-z]
z (kg + Uy + k)
hf(xn; Yn)

kp = hf(x + 5,y Syl vk

R L R Y

Ay!

=
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When the Runge-Kutta Method is applied to a time varying equa-
tion, the assumption that the varying parameter is constant during the
sampling interval is utilized. At each sample point the value of the
variable quantity changes,
If an equation of order higher than second is to be solved,
then it is necessary to break it up into a set of first order equations

and solve each one independently., !

Simpson's Rule 1s a widely used numerical method that provides
accurate solution to differential equations, It is much easier to use
than the Runge-Kutta method, and if a short sampling internal is used,
it may be just as accurate,

This technique is derived from Newton's Formula for Forward
Interpolation (Eq. 3.12). If Eq. 3.12 is integrated from x, to x +nh
(where n is the number of sample points to be calculated and h is the
sampling interval) in steps of two, and the results are added together,

it can be shown (8) that

h
‘52 y dx = % (v * byy *+ ¥,)

b &

o

x2+2h
-
X2

i

(yz + hYB + Yh) (3-26)

h
(y thyy*27p*hy5*2y) +ouotdy, by 44y,)

+
-
_ &
wl
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The application is éimple. If the initial conditions are known,
then the points can be calculated one at a time to give as many as de;
sired, If a higher order equation is involved, it can be written as a
set of first order equations, In this case, the application of Simp-
son's Rule yields a set of simultaneous algebraic equations which must
be solved at each point. This is a situation in which a digital com-

puter is extremely helpful,

3.3.2 2 Form Method

The Z Form Method is another numerical technique that may be
used to obtain the response of a time varying system, It possesses
the advantage that, although the approach utilizes an operational form
of the problem in question, inverse transforms do not have to be ob-
tained, Thus, the good features of an operational approach are re-
tained while the part that may become cumbersome is avoided, Also, the
method may be programmed for solution by a digital computer,

The theory involved with this method starts with the definition

of the inverse Laplace Transform,

+joo
c(t) = §£%- ‘52 c(s)e®" ds (3.27)
t-Joo
This equation represents contour integration in the s plane,
If only stable systems are considered, the poles of C(s) are
confined to the left half plane, Then the jwaxis can be utilized as

a path of integration and ¢ + j®© is equal to j®.
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The path of intepgration is shown below
J"° Im

A

:} Re
- AIT
T

-

A

.J.OO

The integration around the infinite semicircle will be zero
for functions which meet the following conditions (10).

If C(s) is an analytic function and

' ¢g < IC
o 2 =2
lim RC(1ed®) = © or
R+»m
I <g <37
5 = 2

uniformly with respect to 6, then

lim C(s)ds =~ ©
R>»m c1

lim u/r C(s)ds = ©
R-+o00 c,

where cy and c, are semicircles in the right and left hand planes, re-~
spectively, centered at the origin and of radius R.
Assuming that these conditions are met, the integration along

the imarinary axis can be broken up as follows.
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ds (3028)

If the period T ischosen such that the value j7/T is much
larger than the values of the poles on the jw axis, then the second

and third terms on the right side of Eq. 3.28 may be irnored.

Jet t = nT
/T
c(nT) = 5%;3 C(s)esnT ds ' (3.29)
-jir/T

In the development of z transform theory (12), the following

relationship is defined:

Ts
zZ = e
or
8 = % 1ln 2z
Change variables in Eq. 3,29 by substituting the z term defined
above,
Jmr
1 (° 2 T(2 1n 2z). 1
c(nT) = =— Cflnz)e 'T d(= In z) (3.30)
27} -3 T

€

Equation 3.30 may be written
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c(nT) = é—};—j%‘f C(-,:Il,-'- in z) 2L gy (3.31)

where the contour is the unit circle in the z plane.

Equation 3,31 has the same form as the expression for the in-
verse z transform except for the term % « If a means can be found to
evaluate the expression C(% 1n z), then the solution is an approxima-
tion of the Laplace Transform,

‘The evaluation of C(% 1n z) is difficult to do by ordinary means
since % Inz cannot be expanded by synthetic division into powers of %.

Therefore, 1n z is approximated by

lnz = 2(\1 + }'UB 4+ 1 115 + oco) (3032) .
3 g
where ] - -1
LR WA
From before,
S N
Inz
Therefore, T
-1 2
8 - 3 5 (3033)

u u

(u+7+-§-*...)

Use long division to obtain the following series:

3 5
S-l - g‘(%‘%'%‘-%%‘- oao) (303’4)

The above series may be approximated by its principal part.
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-1
sl §T— :‘:g' i—:——::-r (3,35)
If both sides of Eq. 3.3L are squared, the result is
3 5
Approximate Eq. 3,36 by its principal part,
2
2 1°T21 2_‘]
8 X~ 5 - 7 (3037)
(x5
2 12 A -2
S z T 1 + 102 -l+2z :] (3.38)
(1-277)

Similarly, series expansions for any s'k can be obtained by
raising both sides of Eq. 3,34 to the kth power. These expressions are
known as Z forms., A table of these Z forms can be constructed and ap-
plied to various problems,

Now a relationship exists between Laplace Transforms and Z
forms. An expression in terms of s can be changed into a function of
z by using this relationshipo' The function of z still must be evalu-
ateds This may be done by using a standard means of evaluating the
inverse z transform and dividing by 1/T since the Z forms were derived
from Eq. 3.31.

The Z forms may be evaluated by expanding the function of 2z,
G(z), into a power series of z ' terms by long division. The coeffi-

cient of the z™" term corresponds to the time function g(t) at the

nth sampling instant,
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By definition, (12)

Q0
g(t) = > g(nT)d (¢t - nT) (3.39)
n-

g(t) = g(0)§(t) + g8t -T) + g2T)S (¢ - 2T)
+ o0eo + g(nT)S(t - nT) (30)40)

where g(t) is some pulsed output.

The Z Transform of Eq. 3,40 can be shown to be

G(z) = g(0) + g(T)z'l + g(2T)z-2 * oo + g(nT)z™® (3.41)

Thus, the "coefficient of any z " is the value of g(t) at the nth
sampling instant." (12)

The theory developed above may be expressed in a set of con-
venient rules, These may be applied to solve for the response of a
system, whose transfer function is given in terms of s, by means of Z
forms.,

(1) Express C(s) as a rational fraction in powers of 1/s by divid-

ing numerator and denominator by sm, the highest power of s,

(2) Substitute for each s~X a rational fraction z %

C(s) as a rational fraction in powers of 2L,

and rearrange

(3) Divide the resulting expression by T, the time interval be-
tween the points at which the solution is desired,

(4) Expand the fraction by synthetic division into a series of
the form,

D +D.27}
(o]

-2 =k
1 + Dzz + eoe D.kz 4+ eoe



(5) The desired values are the coefficients D» Dys oeo Dy veo
It would probably be wise to examine the error involved in

the derivation of Z forms.

Error can originate from the assumption

39

that Eqe 3.29 represents the intesral properly, the series approxima-~

tion for 1lnz (Eq. 3.32), truncation of the series to obtain the Z

form and round off error in the synthetic division to obtain the coef-

ficients that give the answer.

Boxer and Thaler (11) suggest that the error can be minimized

by shortening the sampling interval until no further change is ob-

“"gserved., J. E. Gibson (6), however, disagrees, saying that although

shortening the sampling interval will decrease the error involved in

Eqo 3.29, it will increase the round off error because more points

must be calculated.,

He concludes that "a more complete analysis of

the errors involved in the Z form and an improved method of picking T

(the sampling interval) would be called for.,"
Z form method cannot be used with absolute confidence in the answers
until a better analysis of the error is available,

The Z Form lethod is now applied to a sample problem as a

means of demonstration.

Example 3.2. Determine the step response of the following system by

the Z Form Method.
R +

1t would seem that the

s+1+K

@ [

where K = ¢~

5t

and R = u(t)
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Proceed by following the steps as outlined above,

(1) TFind C(s) and divide the numerator and denominator by s™.

| Ld

1 1

s(s+K) + 1 53 + Ks2 +8

C(s) =

[/, ]

or -3
C(s) = 8 T

1+s K +8°

2

(2) Substitute the Z forms for each value of s’k. These can be

obtained from any convenient table,

23 2t 42
T 1a1)3
C(a) = S SR
1+ KT 1 + 2 T~ 1+ 10z ~ + 32
2 1=t 12 g,

(3) Divide the resulting expression by T

C(z) _ (a7 + 27%)
T p1-zH3 4 kraee D (1-271)2 4 %2-(1+102'1 + 272)(1-z71)

o(a) . ozt + 57%)

. 12(1-32-1+32-2-z-3) + 6KT(1-z_l-zQ+z'3) + T2 (1+9z°l-9z'2-z"3 )

c(z) _ 672 (z~L + 772)

(12+6KT+t2 )+ (=36=6KT+9T2 Yz~ L4 ( 36~6KT-9T° )z =2+ (~12+6KT~T2 )2~

c(z) . 6(z7% + z70)
(13+6K) + (~27-6K)z™Y + (27-6K)2~2 + (-13+6K)z™>
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() : Bxpand the above fraction by synthetic division.: The value of

:Aﬁhé_tima varying element must be adjusted for each sampling time o

_ Al?The actual calculaﬁion 6f the values of the response is nbw
;qut a'Question of tedious'algebraq It takes several pages of hand
:célcﬁlation'to solve & few pointso: Therefore, the actualﬁresultsbwill
.gééAﬁe shown here since this method is not ordinarily for hand calcu-

lation and there would be no advantage in presenting the results.

' 3,3,3 State Variable Method

The State Variable approach to the solution of differential
equations is a more recent development. In this method, an»nth_order
linear system is characterized by a set of n first orderEdiffgrential
:equationso The variables of this set of equations are calledrstate
ﬁériables since they "form a basis for an n-dimensional Euclidean Space.
This space is called a state spaces.and a point in this space is called
" the state of the system." (17) |
The steps used in this.method are based on some physical mean-

'_iné inAthe system; therefofeg one might have more of a feeling for what
is happening., There are no approximétiqns in the development, and the
-Jmathematics is concise due to the use of veCtor—matrixvﬁotation which
; iallows a sef‘of first order equations to be represented by a single
: ,termo'.This method can easily be adapted to handle time varying prob=-
lems, .
To demonstirate one method of determining the state varisbles

_of a system, consider the following nth order differential equation,
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dn dn-l
dtnﬁ * ®n dt’:%- toeee 8 % vax - o) (3:12)
dx d2x,l dx2 dx

-——1 o — B — -—2 3 3
1f X " & ? x3 dt at ? Xh el BLLLY it is possible

_to write Eq. 3.L42 as a set of first order differential equations. The

quantities X0 X5y eecy X are known as state variables,

The set of first order equations may be written in the following

forms:
X, = % (3.43)
X T X3
Xn " TEEn 7T BnaaTpa1 vl T Xy A Y m(t)
The above set of first order equations may be expressed in
matrix form.
x = Ax + £(t) \ (3oLik)
where - -
X 1) [0
. £2 x2 0
x = s X = ’ f(t’ =
*n *n| L
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and A = . .

If Eq. 3.4y is expanded according to the rules of matrix mul-
tiplication, Egs. 3.43 arc obtained.

The represcntation given for I'q. 3.42 is by no means unique.
If the equation is expressed in block diagram form, a whole new set

of state variables may be defined.

Example 3.3. Write the state variable representation for the follow-

ing equation in the time and frequency domains.

. o o

C + (x+p) C+B8C = ku(t)
where

L ] dC

C = %

According to the development given for the general nth order

equation, this can be written in the form

£ - axe £(6)

where

1
2‘0. = ig sy X = b 4 , £(t) = 0
;c3

xBJ ku(t)



Ll

0 1 0
and A = 0 0 1
0 -«B8 -(x8)

If the equation is written in block diagram form, it appears as !
Fig. 3.1.

ku(t) 1 3 k 2
S+ s+4

C(t)-x1

0 Lo

Fig. 3.1 Block diagram representation for Ex. 3.3.

The state variables can be expressed as

X, = =fEy + g
;:3 - -otx, + r(t)

3

These may be written in the form

In this case
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Two methods of representing the systom by means of state vari-

ables have been presented., Other sets of equations can also be written,
The representation can take many forms; however, all yield the same
answer when the result is converted to some common basis,

It will be noted that both the time and frequency domain repre-
sentations of the system may be written in the form of Eq. 3.LL. The
system is characterized by the matrix A. Solution of Eq. 3.Lk may be
determined in terms of A in both the time and frequency domains,

The solution of Eq. 3.44 in the frequency domain is started by

taking the Laplace Transform of both sides,
sx(s) - x(0') = ax(s) + F(s) (3.45)
Solve for x(s)
x(s) (s-A) = x(0%) + F(s) (3.146)
x(e) = (sI-8)"1 x(t3) + (sI-0)71 E(s) (3.47)

where;&(t;) denotes an initial condition of x(t) evaluated at t = t_.
The matrix A includes only constants for constant coefficient

equations; however, for time varying equations, it is necessary to al-
ter the matrix at each sample point to account for the change in the
time varying element. The matrix will be considered constant during
the sampling interval, so that the theory discussed above is applica-
ble.

' The inverse Laplace Transform of (sI-A)-1 is known as the state

transition matrix (13)

L (s1-0) = Plt-t) (3.18)
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Therefore,

(o]
Zx(s)) = x(t) = et )x(t]) _f Je-PEMar  (3.L9)

Equation 3.L4, therefore, gives a "description of the transition

of state of the systems' state variables x, from xi(t) to xi(t) +

i
dxi(t) when time is changed from t to t+dt., Since dt 1s an infinitesi-“'
mal time change, the transition of a continuous data system takes place
in a continuous fashion with respect to time." (13) Therefore, for a

linear differential equation with constant coefficients, the answer at
any time can be determined if the initial conditions and driving func-

tion are known, Enough information is known as is required to determ-

ine the entire future response of the system,

Example 3e.4.- To demonstrate the theory presented above, an example in-
volving a time varying element is shown in which the step response of
a system is determined by the State Variable Method,
Consider the closed loop system for which the open loop trans-
fef function will be
1
s(s+1+k)

St

where k varies as e *°’y and R = u(t).

The block diagram is given below
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+) 1 *2 1 !
8

Y S*l*k

Fig., 3.2 Block diagram for Ex. 3.4.

o

x, = -xz(l + k) +r(t)

Now the matrix A and the vector £(t) in Eq. 3.Lh will be

4] 1 0]
A = £(t) = { ]
0 1+k 1

The A matrix now contains a variable element. It is approxi-
mated by assuming the time varying term is constant for the sampling
period and acquires a new value at each sampling instant,

To find the state transition equation, proceed in the usual

way,

o]
A

(sI = A) =
s+l+k

—_
1

sZs+i+k$

-1
s8+1+k __J

e} lo

(sI - A)’l-

o

For a unit step input, R = 1 and R(g) = % « Therefore,
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1]

s?(s + 1+ k)

(sI - A)Y R(s) =

1
LE(S +1 + k)

and the state transition equation is:

3

e —1 — p— —
1 1 N 1
= (o%)
o ) s(s +1 + k) X s2(s +1+ %)
X\S b +
1 + 1
LS_ s+1+k x,(0%) L_s(s + 1+ k)

To find the values of the state variables at some time t, cal-
culate the value of the time varying element at that time, find the
inverse Laplace Transform of the preceding equation and expand the
matrices according to the rules of matrix mathematics,

In this case, the output xq is computed at one second intervals

starting at t = O, It is assumed that the initial conditions are zero.

At t = O
» - — ] [ n
1 1 + 1
s sls+2 % (0" s?(s + 2)
x(s) = +
0] 1 + 1
L_ s + 2__ _T2(O {4 _-s s +
— —~
1 W5-5eT| | x (oY) ST - .25 + 256727
% () = . +
L—-O e-2T L12(0+) os - ose-ZT

where T = t-to = gsampling period = 1 second,
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Substitute T = 1 and x1(0+) = x2(o+) = 0. After calculation

of the equation, it is determined that
xl(to) - ozeh
x2(t0) - oh32

These values of xl(t) and xz(t) become the initial conditions
for the second calculation: Also x.l(to) is the output of the system f_‘qr
t =1

It should also be noted that the matrix

1 oS'tSe-zt

0 oot
is the state transition matrix of this equation for the first sampling
period,.

In order to carry out the rest of the computation, it is neces-

sary to change the values of several terms in the state transition
equation, The initial conditions change at each sampling point.
Also, any term in the matrices that is affected by a change in the
time varying element also changes, Finally, the value of the input
is different since negative feedback is being used in the system,

Therefore, for t = 1. second, the state transition equation

will change as shown below,

l 1 ih o+ 1
. s s(8 + 1.€§6) "1( ) + 8(s + 1.606) 716
x(s) = 1 ’
0 1 x2(0+) s(s + 1.600)

s + 1.006



and
1 J625-.625¢=1e000T | | .28L ,6257—,388+,388¢ "1+
x(t1) = . 6
0 e-1°606T 32 0625-.625e-1°606T
x'l(tl) - 072)4

X2(t1) - oh37

In a similar manner, the points can be calculated for as many
values of t as are desired, The solution to this problem is shown tab-

ulated below,

TABLE I

SOLUTION TC EXAMPLE 3.l

t x; (%) x,(t) e(t) = r(t)-x;(t)
ot 0 0 1
1 028L 032 «TL6
2 oTL u37 «276
3 1,051 0260 -,051
L 1,182 .048 -,182
5 1.145 S -o145
6 1,031 -.119 -,031
7 N7 -,062 2053
8 0926 012 20Tl
9 971 057 029
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5.

It can be seen that the value of xl(t) is approaching one as a
limit,

An important point should be made concerning the physical sig-
nificance of the state transition matrix. Examine this matrix in the
preceding example., Note that each element aiJ of the matrix is the
impulse response at the jth block due to a unit impulse input at the
ith block., This not only provides an interesting piece of information,
but also gives a quick means of determining the state transition matrix
when the problem can be set up in a block diagram,

The state transition matrix helps in determining the response
of a system since, by knowing the impulse response between all points
"in the system, the response to any input or set of initial conditions
can be determined.

Linear equations with time varying coefficients can also be
: “solved in the time domain using state variable techniques (14)(15),

2 " Consider an equation of the form of Eq. 3.Ll.
x = Ax + f£(t) (3.50)

i

A scalar equation of the same form has the solution,

to .
f(t) - ea(t-to) f(t’o) +f e&(t-t ) f(t') dt' (3051)
4

eat i g aktk
i ki

where
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-

By analogy (15), the solution for equations of the formm of Eq.

3,50 is given by

to ' )
x(eimgptt() ) = At b TR eyt (3,2)
t

where eAt is defined as

k. k
R g ikf— (3.53)

The main problem in using this technique is the evaluation of

B
3 ¥

eAt. The method used here is based on the Cayley-iiamilton theorm,

which states that every matrix satisfies its own characteristic equa~
tion. .

Assume q(A) is a polynomial and A is an arbitrary n-dimensional
matrix whose characteristic equation is g(A) = 0. If q(R) is divided

by g(1), a quotient q,(}) is realized along with a remainder r(A).
1

ad) = g(a) gy A) + r(A) (3.50)

Since Eq. 3,54 is an identity, it will also be valid if A is
replaced by the matrix A,

Therefore,
q(a) = g(a) q;(a) + r(a) (3.55)

But g(A), the characteristic equation, is zero. Thus, q(A) = r(a).
Now suppose it is desired to find some f(A) when £(A) is an

analytic function of A ., Using a method similar to the one above,
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look for a polynomial of degree n-1 such that

£(a) = g(a) na) + r(a) (3.56)

where h(A) is an analytic function of A . Substitute the eigenvalues
Of A "“/"ll, 32, ecey An - in qu 3056. Since g(ﬂi) - 0(151511), a
set of n linear equations for the n coefficients of the polynomial

r(A) is obtained.

£(a) = r(a)
: (3.57)

£f(A) = ra)

Next r{3) is determined to satisfy Eq. 3.57, and the resulting

n(a) = 21325%5§£&l (3.58)

is an analytic function of A , since it is the quotient of two analy-

h(a)

tic functions, and the zeros of the numerator are the same as the
zeros of the denominator.
Since Eq. 3.56 is valid for all values of A in a circle around

the origin, A may be substituted for A to obtain

£(a) = g(a) h(a) + r(a) (3.59)
and since g(A) = O

£(A) = r(a) (3.60)
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The result is formulated below (14).
If A is a matrix with eigenvalues 21, "”‘an’ arranged in
order of increasing absolute value, and if f(3) is an analytic func-
tion of A in a circle about the origin with radius greater thanlArJ,

then f(A) equals r(A), the polynomial of degree n-l for which
f(Ak) - r(ak) k - 1’ 2, ...’ l'l

A complication arises when two or more of the eigenvalues of
the matrix A have equal values. In the series of equations given by
Fq. 3.57, not enough information is supplied to solve for the unkmown,
since two or more of the resulting equation are identical.

To remedy the situation, start with the following theorm (1k),

"If a suitable basis is used, every operator on a finite di-

mensional space may be represented by a matrix in Jordan canonical

form,"
Jordan Canonical form of a matrix is
J 0 ° o E;j
o
O Jl * [ ] [ ]
J - ° * L . . (3.61)

[ ] L ] L] * 0

O o [ ] O J
| LS

where



is a matrix containing the distinct

its main diagonal, and
—
A n+i
0

Whel‘e i = 1, 2, ceey k'

There is a J, matrix for each set of repeating roots.

i

For a fourth order system, with two repeating roots,

T o
11 0

J =

0
0 A

- O
= O e

E

0

If £(J) is expanded in a Taylor series, the result is

) = I+ £'Q) (0 -an) » SR G an? .

If J is of the form Ji

e

£(3,) = £A)T + £'(A) Iy =AT) + oo

eigenvalues of the system

ﬂ
1

1%“

5%

(3.62)

along

(3.63)

(3.6L)

(3.65
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0 1 . . 0]
. 0 1 . .
(J - aiI) - ° re . ° . (3.66)
. [ ] * (-] 1
-._0- o o L ] _0—‘
'This is milpotent, i.e,
@, -2, = O (3.67)
where « 18 the number of repeated eigenvalues,
From Eq. 3,56
£(x) = g(x)n(x) + r(x) (3.68)
Expanding f(x) and r(x) in a Taylor series yields
1
£(1) + £'Q) -2 + S =22 4+ .l = gnx) + r(@)
' _ r' (1) _1)2
+r'(a) (x-2) + 5725 (x=2)" 4+ .o (3.69)
Write Eq. 3,68 in terms of Ji
f(l‘i)l + f'(;li) (Ji - AiI) + e00 = g(Ji) h(Ji) + r(ﬂi)I
+ r'(Ri) (Ji - 111) + oceo0 (3070)

Since (J -2 11)" is milpotent, there will only be as many

terms in each series as there are repeated roots, Also the value
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g(Ji) is zero, since it is the characteristic equation for J,.

Finally, equate like terms on either side of the equation to

get

£(4) = r(a)

£'(a) = r'(a) (3.71)

(=) &) .
£05) = v A)
This set of equations can be used to determine r(4).

Example 3,5. To illustrate this procedure, Example 3.4 is solved in
the time domain, The differential equation is

x+ (1+k)x+x = u(t)

~o5t. This may be written as a set of first order equa-
where k = e

tions.

Ll = X
SRR
x, = -(sk)x, = x) +ult)

which may also be put in the form

x = Ax + £(t)

1', . . . a(t)
x2 -1  -(1+k) X, 1



Next find the eigenvalues of the matrix A.

-A 1

-1  -A-=(1+k)

;lz +A{1+k) +1 = O
At ¢+ = 0, this equation will be

a2 +22+1 = 0O

At

The eigenvalues are -1, -1. To evaluate e ~, let

£(a) = At

Select a polynomial of degree n-1 for r(A).
r(a) = ac I +o4 A
Write a set of relationships between f(A") and r(z\")o
£(3)) .- r(4)
£2,) = rQ,)

Since the eigenvalues are equal, the second equation must follow the

rule given in Eq. 3.6kL.
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Solve for -41 and acb to find that

-t
“fl te

oy = eV stet . e-t(t +1)

Use the equation

At
e = a(oI +a<iA

to determine that

1 0 0] 1
e o oY1) + tet
0 1 -1 -2
Therefore,
e b(1+1) te~t
At ‘
~te~t e-t(-t+1)

If this is substituted in Eq. 3.52, the free motion of the system in the

the interval (t—to) is described by

o (- ~(t-t )

xl(t) - to)((t-to) +]_)x1(0+)4-(t-t°) e x2(o+)

-(t-t ) + -(t-t )
x2(t) = -(t-t ) e o xl(O ) + e 0o’ (~(t-t )+1) x2(0+)
The step input is accounted for by the second part of Eq. 3.52.

t L
xl(t) - jﬁ (ﬁ_cr) e -(+=t") at'
(¢}

x,(t) = -g& - () (L(et') + 1) at'
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The complete solution would be the sum of the free and fbfced

?jﬁbtiongg

.‘ Tfﬁé before, x (t)‘and xz(t);bécome the initial conditions for
-;the next calculation. . |

| | The solutions at various sample points are not presented herej; %
.''*thercefo:e"e‘9 a comparison w1%h Exo 3oly is not p0851ble at thig time, In
“a.g “the following chapter, this problém is solved in the time domain by
,{computer and a comparison can be maﬁea

©

3 gonetueton
'3; A1l of the numerical methods discussed in the previous section
'-:,éreﬁiﬁ'use today to solve differential equations. Their application to
;ﬁimérﬁarying equations is not discussed extensively in the_literature; ‘
"ﬁdwever, the same assumption concerning the time varying element is
‘made for all_éf:the methods; the value of the varying element is assumed
iconstaht during the sempling interval and changes at each sample pointe
| It is difficult, therefore, to say that one method is "better"
:fhan another, since all give accurate answers., However, since it is
fdesired to select one method for computer solution, other things can
be considered in making the choice, .
For instance, the Runge-Kutta method was developed many yéars )
"ago and has remained substantially unchanged, This does not mean it is
not a useful approach; however, since so much has been done with itg it
" does not appear profitable'to go into this method of solution more
deeply at this time. Alsc, the nature of the method is such that feel-
ing for the prdblem is lost, since the equations that are used are nob °

connected with the problem.
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" Simpson's Rule is easier to use than the Runge-Kutta method
and is also quite accurate, It is widely used and extremely helpful.
 However, it would be convenient to have é meﬁhod which ;s more im line |
‘:_with tﬁe thinking of Electrieal Engineers. |

The Z Form or State Variable method appears at first to be de-~
sirable in this respect. They are both frequently used techniques
which are kmown to Eiéctrical Engineers, However, upon investigation,
they are found lacking. |

The Z Form method is not desirable due to the uncertainty of
‘the error involved in the appfoximatiODS”that are made, The State Var-
iable method does nét have this drawback; however, the difficulties in-
'ﬁolyed.in writing & program for this method are great. The extension
) to solution of higher order equations'is even harder. For these rea-
sons, it seems that the difficulty involved in using these metheds
- outweighs the advantages they possess,
The investigation of the State Variable and Z Form methods
‘H{sﬁowed_them.to be undesirableo"ﬁhereforeg Simpson's Rule will be
;gﬂiCbosen es a method to éblye_time vafying problems. It is sccurate,
'::ﬂefficientg and widely knowﬁQiAIn the next chapter, it is programmed

" and used to solve sample problems as a means of demonstrationorji?%




CHAPTER )

APPLICATION OF DIGITAL COMPUTERS

Lol Introduction

In previous chapters, the theoretical aspects of the solution
of differential equations are discussed. Much of the theory may be
readily applied to various problems; however, the work involved in
hand calculation is usually too great for this to be considered prac-
tical. Therefore, digital computers are looked to as a means of over-
coming this barrier, It is the purpose of this chapter to present a
computer program that handles the calculation of time varying equations
in an efficien£ marmer, thus opening the doof to the practical solution
of many problems,

In the previous chapter, it was decided to program Simpson's
Rule as a means of solving time varying differential equations. This
method is a convenient one to use since it can be written without wmuch
~adifficulty, does not require a great amount of computer memory space,
and can be extended to higher orders quite easily.

The next section discusses the program and is followed by the

“solution of sample problems.

ko2 Discussion of the Program
This section may best be followed by referring to the flow
chart in Mg, Lol and the sample problems.

62
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START

¥

DEFINE N

/.
READ XO,MJ

!

DEFINE
Q, DELT,
x(1), I, J, T

R

Continue

~d

SUM(L)=X0(L)

Figure L.l Flow Chart for Digital Computer Program




|
|

|

]

]

; SUM(N) =
i

|

|

!

|

Q (LL)#X0(LL)

DEFINE A

CROUT

PRINT X(1),T

<0 >0

Figure L.l--Continued




13
r= JJ = 1,NN r
! l
'
! |
: SUM(JJ) =S (JJ) | SUM(K) =S UM(K)
) +2,3X(JJJ) ! +l4 03X (KK)
| i
{
! i

! ]
| |
\ !
! |
| [R=R | [R=RekoQ(M)=X ()
N
: SUM(N) S TH(N )R | SUM(N)=SUM(N)+R
I
] |
!_ —_——— 4@ e — -
TwT+DELT T=T+DELT

STOP

Figure lL.l1--Continued
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The following procedure is handled by the computer. When Simp-

:ﬂfson's Rule is applied to a set of first order equations, a set of lin-

ﬁrﬁear dlgebraic equations is obtained (see examples). The coefficients
on the left of the equations and the values on thé right are set up in
| an array and fed to the subroutine CROUT which furnishes a solution to
the set bf equations and, consequently, determines the response at a
“sample point, The process is repeated any desired number of times,

The following terms are explained now to avoid confusion:

SUM = sum of all the sample points that have already been cal-
culated, This must be changed each time by adding on each new sample
point (see Exo lol)o

| Q = coefficients of the variable in the last equation of the
vset of first order equations (see Exo Lol).

N = order of the problem

#

X0 = Initial conditions

DELT

I

sampling interval
MJ = number used to control the amount of sample points to be

< calculated

o X(1) = value of sample point

To use the program, first dimension YO(N), SUM(N)y and Q(N)

.lDeflne Ny, read in X0 and MJ, define DELT and set SUM equal to the ini- _

_ ’;Etial conditions. Next define Q(1), ..o, Q(N) and the elements of the

{*‘ ;€érfay that will be fed into subroutine CROUT, A(1,1), A(1;2); ooo o
i*ﬁote tﬁat thé value ofﬁg.éﬁd'ﬁfmné§ be punched on separate cards since

some of them vary with time and-musk be recaleculated each time. TFor
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an equation with constant coefficients, these values may be read in,

Call CROUT. This subroutine solves the set of simultaneous
algebraic equations and yields a sample point, X(1), with each calcu-
lation, Next, the result is printed along with the time.

Some of the sample points must be multiplied by four and some
by two. The correct decision in this case is made by the IF statement
following CROUT, After this is carried out, the values of SUM are
changed and time is increased by DELT, The program is stopped when the

desired number of points is computed by the final IF statement,

o3 Sample Problems

Example L,l. Solve Example 3.4 in the time domain by means of Simpson's
Rule. The differential equation is
x+ (1+k)x+x = u(t)

where k = e"st

Let X - x and write the problem as a set of first order equations,

x, = =x3 - (1+%) x,+ut)
Applying Simpson's Rule to the set of equations ylelds

h 1

x; - x; -3 (xg + b+ 2x§ * eee xg)

o
L]
Wiz

xy - (el 423400 0y) = (1+k) JxSeeuoxD) + u(t)eT
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where xg denotes the initial condition of Y x% is the first value
of X5s etce.

Bring the nth terms to the left side of the equation and let

all other terms on the right inside the brackets be known as SUM,

X -xp (P = x4 3 (sMML))
n /h n h o h
X (.5 + x, (1 + -3-(1+k)) = X, -3 (sUM(2)) + u(t)eT
where
. o 1 n-1
SUM(1) = x; + bxy + oo0 + bix,
o 1 n-1 (o] n-1
SUM(?) - —(X.l + ).LXI + eee t lel ) - (1 + k) (12 +ooo+hx2 )
and ' ‘T « sampling interval
The equations are now in the form of two simultaneous algebraic
qquationso

To use the program, first set N=2 and punch out the proper
DIMFNSION statement. Then, put in the values Q(1)=-1, Q(2)==(1+k) and
the terms A(1,1)=1, A(1,2)--%, A(1,3)-x;+%(SUM(1)), A(2,1)-%,
A(2,2)=1+3(1+k), A(2,3)=) -H(STM(2))rult)eTs

Call CROUT to get the solution X(1) and X(2), The point X(1)
is the solution at the particular time in question. The values of
SUM(1) and SWi(2) are changed, the time is moved up, and the computa-
tion proceeds for another point.

The reéults are tabulated below for various sampling intervals,

The actual program is found in the Appendix,
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TABLE II

SOLUTION TO EXAMPLE k.l

———— —

T DEL]T((P.OS DELé(-l-).l DELg(E)l
0 0 0 0
1 .2752 2720 ' 202
2 6731 67Ul #6345
3 -9L05 o9kl 1,251
L 1.050 . 1.053 19
5 1,057 | 1,058 1,096
6 1.026 1,025 <969
7 1.000 «9990 29339
8 29906 .9897 .92l
9 29925 09923 1.037
10 9976 9978 1,01}

Note that the results for sampling intervals .l and .05 agree
extremely well while the results for DELT = 1 differ by a greater
amount., This illustrates the rule of halving the interval until the
data agrees within a required value, The long sampling interval pro-
duces a poor approximation of the curve,

A comparison with Example 3.4 would not be too meaningful since
the data in both cases for a sampling interval of one second is not too

accurate, However, both curves do have the same general shape.
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Example 4.2. Solve the following third order equation by means of

Simpson's Rule,

C+(3+K)C+2(Q+k)C+C = u(t)

9 dC -t
where C = It and k e
let X = C and write
- x2
e

X3 = exy - 2(1 + k) x, - (3 + k) xy + u(t)

Applying Simpson's Rule as before and manipulating the equations yields

B e x) (D @ = 1)+ § sma))
x;(O) + x; + xg (-%) - xg + % (sum(2))

BE) + xJ@) @+ G + 5 + J34)) = x5+ FEW(3)) + u(t)°T

The values of the array are read in and the answers at each
point are multiplied by the proper coefficient as before,

Again, the ggsults are tabulated below and the program is given
in the Appendix. The agreement for the smaller sampling intérvals is
extremely good while the data for the interval of one second does not
agree as well., These examples demonstrate the importance of using a

small enough sampling interval to obtain a good approximation,
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TARLE III

SOLUTION OF EXAMPLE );,.2

T DEiélZ .05 DEiéll 1 DEiélz 1
0 0 0 0
1 0691 0662 oCh51
2 .3008 .2981 206
3 05925 .5921 6932
4 -8500 .8521 911
5 1.022 1.026 1.197
6 1.102 1.106 1.22}
7 1,112 1,11, 1,180
8 1.083 1.083 1.120
9 1.042 1.042 992,
10 1,009 1,007 963}

L.i Conclusion

The benefits attained by the use of a digital computer are obvi-
ous, Computation that might take hours, days, or perhapé be prohibi-
tively long to do by hand can be completed in a short time. Greater
accuracy can also be obtained. The error due to rounding off is
smaller than that involved in hand calculation, and answers accurate to

many places may be written out.
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The programs as they stend can solve equations of second and ‘
third érdero The extension to fourth or higher order problems can be
done quite‘easily° The only difference will be the number of cards
feeding information into the computer. The procedure is exactly the
same for any order problems. The only theoretical limit is the sub-
routine CROUT which cannot handle a matrixrgreater than tweniy by - - 1+
_twenty.
The method then is quite useful in solving a large number of

problems efficiently and accurately.



CHAPTER 5

CONCLUSION

The information presented in the first four chapters makes
several &hings apparent,

1. Analytical methods do not present & convenient means of solv-
ing linear differential equations with time varying coeffi-
cients.

2> Numerical methods are the only means available today of
solving these equations efficiently.

3. A digital computer is an extremely helpful, if not indispens-

ible, aid in using numerical wmethods,

A The inadequacy of available analytical techniques is demon-
strated in Chapter 2, The computations are long, complicated, and
sometimes impossible to work, Even approximation techniques, which ap%
ply to a restricted class of problems; do not alleviate the situatiah

_to the point where they are worth pursuing further, Whether the ap-

;préach is in the time or frequency ddmain9 the stumbling blocks are suf=-
ficiently large to cause one to search for new ways to attack the

‘fprdblem@ This leads to an investigation of numerical methods.

| When numerical methods are examined, it is found that,the&lare
very time consuming to do by ﬁand; however, the mathematics is guite.

i

“'simple even in the more sophisticated cases, What makes the numerical

73
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.techniques especially abttractive is their adaptability to solution by
digital computer.

The State Variable method at first glance seems te be the most
desirable one to apply to digital computef solution, However, the at-
tempt to do it- turned up difficuvlties which far outweigh the advantages
of using the method. Chief among these are the length of the program

" and the problems involved in writing a program for higher order equa-
" "tions, For these reasons, it is decided to use Simpson's Rule as a
‘means of solving time varying equations. This accurate, welloknowh
ltechnique‘can easily be programmed for high order equations with little
o irbubleo The program developed in Chapter L may be used to solve prob-
lemsrup to twentieth order. . |
| As far as application of these methods is concerned, an obvikous
one is the field of rocke§ research, Several time varying Quantities
Vare involved here. Among these are varying mass due to fuel consum?-
3Ftlon5 change of air den51ty on takeoff and esneclally re~eniry from
. “’”spaces changlnv temperature; and variation of grav1tat10nal forceso
'?iIn other areas such as clrcults, time varying elements could appearo

:”'These range from such simplq_01rcu1ts as the carbon mlcrophone to a

' “*5;ﬁ§ér;regenerative receiver %hbre the circuit resistance isvcéuged?to
}i;vary periodlcally by means of an external osclllatoro:‘ o
» : In the future, it is hoped that some convenienb analytical
'ﬁ;method can be determlned for selecting the Sampllng 1nterva1° The hit
:f; 9rdm1ss$nperati0n used today is effective, but wasties valuable compua

““‘ter time, Also, an examination of the Z Form method to determine an
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_effective means of analyzing the error would make the technique more

. effective by eliminating ungertaihty regarding its accuracy,



APPENDIX
PROGRAlM TO SOLVE EXAMPLE L.l

SUBROUTINE CROUT

DIMENSION A(50,51), X(50)

COMMON A, X, N

NP1 =N +1

N =N -1

DO 1100 J=2,NP1

AQQ,d) = A(l J)/a(1,1)

A(2,J) = A(2,J) - A(2 1)+A(1,J)
1100 CONTINUE

DO 1102 J=3,NP1

A(2,J) = A(2 J)/A(2,2)
1102 CONTINUE

DO 1140 I = 3,N

IPl = I +1

M =1I-1

DO 1104 J=2,IM1

Jl = J -1

DO 1103 K=1,JML

A(1,Jd) = A(I J) - A(I K)*A(K,d)
1103 CONTINUE
110 CONTINUE

DO 1120 J=I,NP1

DO 1110 K-l m

A(1,d) -A(I J) = A(L,K)+AK,J)
1110 CONTINUE
1120 CONTINUE

DO 1130 J = IF1,NF1

A(I,d) = A(T, J)/A(I I)
1130 CONTTNUE
1140 CONTINUE

X(N) = A(N,NP1)

Jl1 =N

DO 1160 I = 1,NM1L

Jg1 =J1 -1

J1P1 = J1+1

X(J1) = A(J1,NP1)

DO 1150 J = JlPl N

X(J1) = X(J1) - A(Jl J)=X(J)
1150 CONTINUE
1160 CONTINUE

RETURN

END

FUNCTION DERIV(U,V,W,Y,Z,DELT)

DERIV = (3.5U-16.,2V+36,5-L8,+Y+25, #2) /(12 ,+:DELT)

RETURN

END
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18
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o

DIIEHSION A(50,51), X(50)
DIMENSION X0(2),SUr(2),92(2)
=2
READ10,(X0(L),L=1
FORMAT(2F12.0, I10)
X(1)=C,

J=1

I=0

T=0.

DELT xl °

NN=N-1

D017 L=1,NN
SUN(L)=X0(L)

DO18 LL=1,N
SUM(N )= (LL)+X0(LL)

CONTINUE

Q(1)=-1,

Q(2) == (1o +EXPEF(~45%T) )
AQ1,1)=1,

A(1,2)=-DFLT/3,
A(1,3)=X0(1)+DELT/3,%SUM(1)
A(2,1)=DFLT/3.
£(2,2)=1,=-DELT/3.:Q(2)
A(2,3)=X0(2 )+DELT/3,3:5UM(2 )+T
COMMON (A, X,N)

CALLCROUT
PRINT1S,X(1),X(2),X(3),T
FORMAT (4E22,.8)

R=0,

IF (J-1)5,6,7

DO11 K=1,NN

KK=K+1
SUM(K)=SUM(K) +L o+:X (KK)

D012 M=1,N

R=R+l; o34J (M):X (M)

N),MJ

. SUM(N) =-SUM(N)4R

5
13
1L

6

TwT+DELT

I=I+2
IF(I-J)9,9,6

D013 JJ - NN
JdJ=JJ+1
SUM(JJ)=SUM(JJ )42 ,5X (JJJ)
DOy MM=1,N
ReR+2 o 3:Q(MM)#:X (MM)
SUM(N)=SUM(N)+R
T=wT4+DELT

JuJ+2
IF(I-1J)9,9,6
STOP

END
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PROCRAM TO SOLVE EXAMPLE L2

SUBROUTINE CROUT

o

DIMENSION A(50,51), X(50)
DIMENSION XO(3),5UM(3),Q(3)
N=3

READ10, (XO(L),L=1
FORMAT (3F10,0, T10
X(1)=0,

J=1

1=0

T=0,

DELT=.05

NN=}N-1

D017 L=1,NN
SUM(L)=XG(L)
D018 LL=1,N
SUM(N) =Q(LL)*X0(LL)
CONTINUE

Q(1)=-1.

Q(2) m=2 o2 (1, +EXPEF (-T))
Q(3) == (3. +EXPEF(-T))
A(1,1)=1,

A(1,2)=-DELT/3.

4(1,3)=0,

A(2,1)=0.

A(2,2)=1,

A(2,3)=-DFLT/3.
A(3,1)=DELT/3.
A(3,2)=-DELT/3.3Q(2)
A(3,3)=1.=DELT/3,%G(3)
A(1,l)=X0(1)+DELT/3,::SUM(1)
A(2,L)=X0(2 )+DELT/3,:8UM(2)
A(3,4)=X0(3)4DELT/3.5SUM(3)+T
COMMON (A,X,N)

CALLCROUT
PRIIT15,X(1),X(2),x(3),T
FORMAT (4E22.8)

R=0,

IF(J-1)5,6,7

D011 K=1,NN

KK=K+1

SUM(K) =SUM(K) +4 o X (KK )

D012 M=1,N

R=R+y o3 (M)=X (M)
SUM(N)=SUM(N)+R

T=T+DELT

N),MJ

78



T=T+2
IF(I-¥J)9,9,6

5 D013 JJ=1,IT
JId=Jd+1

13 SUM(JJ)=SUM(JJ)+2,3X(JJIJ)
DOl MM=1,1H

1) Re=R42 25, (1) X (M)
SIM(T )=SUM(N )+R
Tw=" +DILT
IsJ+2
Ir(7-%J)9,9,6

6 STOP
EiD
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