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ABSTRACT

An analysis is made of various methods that have been de­
veloped to solve linear differential equations with time varying 
parameters and how these techniques apply to the solution of Control 
System problems 0 The various techniques are evaluated to determine 
their range of application and relative worth when applied to a 
particular system* In this way criteria are established to deter­
mine which of the various techniques will be most advantageous in 
solving a particular problem*

v



CHAPTER 1 
INTRODUCTION

The type of ordinary, linear differential equations with con­
stant coefficients has been studied in great detail by many individuals, 
and a good number of techniques have been developed to solve them* The 
situation is altered considerably when the coefficients of the equation 
variables become time varying also0 The once useful methods of time 
invarient differential equation solution become difficult with which 
to work» Consequently, attempts have been made to seek new approaches 
to obtain solutions 0

In an effort to find some convenient means of attacking the 
problem, investigators have tried both analytical and numerical methods 
of solution* The purpose of the ensuing chapters will be to discuss 
each of these areas in sufficient detail to give a general picture of 
various numerical and analytical techniques that have been proposed for 
solving time varying differential equations, along with their good and 
bad pointso The ultimate objective is to choose one or more methods 
that are useful in solving a wide range of problems in a relatively 
simple manner* Analytical methods are discussed first, followed by a 
chapter on numerical methods* Finally, the entire paper is summed up 
and conclusions are drawn, based on the presented facts» The follow­
ing paragraphs give a general idea of the material to be covered in 
each chapter*
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Chapter 2 deals with analytical methods, those that seek to 
apply the standard theory for the solution of differential equation 
with constant coefficients to the time varying ease» Both time and 
frequency domain approaches are presented.

The time domain approach involves breaking the answer up into 
a complementary function and a particular integral and finding the sol­
ution for each. However, even though the solution to a problem may 
exist, it is sometimes extremely difficult to determine by means of 
this approach due to the complicated integrals that ,are encountered. 
Approximation techniques have been developed to get around this prob- 
:lem® Some of these are presented to demonstrate how the time domain 
approach may be used.

Various transform techniques are investigated as well. The La­
place Transform, which has been used so effectively in working with 
time invariant equations, is discussed, along with other transform at­
tempts in an effort to point out their strengths and weaknesses.

Chapter 3 discusses various numerical methods that are avail­
able for the solution of time varying differential equations, Unlike 
analytical methods, which supply a mathematical expression as the sol­
ution to a problem, numerical techniques yield a series of points which 
give a graphical.representation of the answer, When time varying equa­
tions are involved, the varying element is approximated in a stepwise 
manner with a change occurring each time a point is calculated. The 
exactness of this approximation depends on the length of time between 

points.



General background theory for numerical methods is represented 
first, along with several elementary techniques that are useful in hand 
calculating problems of low order. The selection of a particular method 
depends on the length of time one is willing to spend, and the accuracy 

. desired.
The solutions to higher order equations can also be determined 

by hand calculation; however, the amount of labor involved is prohibi­
tive. Therefore, three methods' are presented which are readily adapted 
to use on a digital computer.

The mathematics involved is quite simple, and the repetitive 
nature of the calculation necessary to obtain the desired points makes 
them ideal for solution by digital machine.

Chapter h is devoted to the actual application of a sample prob­
lem to a digital computer. The steps involved in determining the solu­
tion of the, problem will be outlined followed by an explanation of the 
program that translates the mathematics into language which can be 
understood by the computer..

Finally, the results are summed up and conclusions are drawn.



CHAPTER 2
ANALYTICAL TECHNIQUES

2ol Introduction
Much work has been done on the solution of ordinary linear dif­

ferential equations with constant coefficients by analytical techniques o 
Books have been written describing methods that are applicable for solv­
ing equations in the time domain0 Solution in the frequency domain can 
be handled very well by the familiar Laplace Transform <>

These well-known and developed ideas have been put to work in 
an attempt to solve ordinary linear differential equations with time 
varying coefficients* It has been found that the presence of variable 
elements changes the complexion of the problem* By presenting various 
methods that have been used to solve time varying equations^ Chapter 2 
shows some of the problems involved in applying these analytic tech­
niques o

The time domain approach is presented first# followed by the 
frequency domain or transform approach* In each case# various methods 
are covered in some detail to reveal the actual complexity that is en­

countered*

2*2 Classical Solution
The term classical solution is used here to refer to those 

methods of solution of linear differential equations with time vary­
ing parameters that are a reapplication of the time domain techniques



used to solve linear differential equations with constant coefficients <> 
Included in this set are some approximate solutions that have been de­
veloped to make computation easier0

When one is confronted with the problem of solving a linear 
differential equation with time varying coefficients, the natural im­
pulse is to seek to apply the theory that has already been developed 
for the solution of linear differential equations with constant coeffi­
cients. Theoretically, exact solutions for equations can be found in 
this way; however, "in most cases details of finding the solution be­
come exceedingly complicated." (l)

By way of example, consider the following standard form for a 
first order differential equation,

+ p(t)x - Q(t) (2.1)

where Q(t) and P(t) are functions of time.
The standard form for the solution of this equation is known

to be

x . Ce -/P(t)dt + e -/P(t)dt/ti(t)e/P(t)dt dt (2o.

where C is a constant determined by initial conditions.
The above solution is not always difficult to apply, although 

the calculation may become involved depending on the problem in ques­
tion. It can be used to solve problems involving current or charge 
distribution in time varying circuits. Practical examples would in­
clude the case of a carbon microphone or condenser transmitter circuit©



Solved examples of such circuits may be found in a book by Cunningham(1) 
and a paper by Pipes (2).

Since most problems of practical interest involve equations of 
higher order than first, the classical solution to second order prob­
lems is the next item of interest (l).

The general equation

x + 2P(t)i + K2(t)x - Q(t) (2.3)

is a second order equation with a forcing function* Its solution con­
sists of a complementary function and a particular integral*

When the equation is solved for the complementary function, it 
might appear as

xc * Ax^(t) + Bxg(t) (201|)

where x^(t) and Xg(t) are the independent parts required for a second 
order equation and A and B are arbitrary constants.

In this case, the method of variation of parameters will be 
used to determine the particular integral* This method is "based on 
the observation that the particular integral of a linear equation can 
be written as the product of one or more parts of the complementary 
function and one or more functions of the independent variable*" (l) 

First, reduce Eq. 2*3 to a set of first order equations by 
letting z - X*

'x - z
2 (2.5)

z - -2P(t)z - R (t)x + Q(t)



The complementary function, Eq0 20kt can be vjritten

x Ax^ + BXg (2.6)
Ax^ + Bx,

The particular integral has the form of Eq. 2.6 except that the 
terms A and B are functions of time. With this in mind, substitute Eq. 
2.6 into Eq. 2.5. Manipulation of the equations yields 

• •
Ax. + I3x0 * 0
.. .7 (2.7)
Ax^ + Bxg « Q(t)

If the equations are solved simultaneously for A and B, the re­
sult is

* A  " *1*2 '
(2.6)

‘ - *1*2 “ ^1^2

Integrating these values and substituting into Eq# 2 ok yields

x - d t ' ci K  + dt - c2 ) ^  (2 .9 )

where and are arbitrary constants.
The evaluation of the integrals can become quite complex. This

can be demonstrated by sample problems (l).
In order to make computation easier, approximate solutions have

been developed to cover problems of a special type. For instance, a



technique has been developed that applies to time varying equations in 
which the varying coefficient changes by a small, amount about a large 
mean value. It is known as the WKBJ approximation (l) (2)0

The equation to which the WKBJ approximation applies is of the
form

,2 9
2-4 4 G (t)x - 0 (2o10)
dt

2where G (t) includes the varying coefficient that has a large mean 
value with small variation* • No forcing function exists in this equa­
tion̂ , If there is a forcing function, the variation of parameters 
method can be used to find the particular integral. The solution to 
Eq, 2,10 would be a complementary integral*

The WKBJ approximation comes from a combination of the names 
Wentzel, Kramers, Brillouin, and Jeffreys, The approximation solution 
has the form

x -  0(t) [ c ^ t )  + Cge-jfft)] (2.U)

where 0(t) ■ Jll(t)dt and j is the imaginary unit. If Eq, 2*11 is 
differentiated twice, it can be shown to satisfy the following equa­
tion.



If G^(t) is such that

then Eqs. 2«>10 and 2012 have essentially the same form, and Eq0 2»11 
is an approximate solution for Eq. 2o10*

Finally, if G(t) and 0(t) are both real, Eq, 2*11 may be 
written in the following form.

is the WKBJ approximation for Eq. 2.10. Examples of this technique 
are given by Cunningham and Pipes.

situation to the point where problems can be worked with ease (l), .
Complicated, if not impossible, integrals are encountered even in ap­
parently simple problems. For this reason, the classical approach in 
the time domain is not often used in practice today. Investigators have 
turned their attention away from this method toward something that gives 
more promise.

2.3 Transform Methods

ing transform methods as well as develop new ones. This section covers 
three approaches along this line, starting with the most familiar, the 
Laplace Transform.

x

where A and B are constants and 0(t) ■ V^G(t)dt. Equation 2.13 then

The use of this approximation, however, does not alleviate the

Under this category are included both attempts to utilize exist-
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Since Laplace Transforms have proved so useful in the solution 

of constant coefficient differential equations, it is logical to deter­
mine the efficacy of the Laplace Transform approach in dealing with 
time varying equations.

The first concern is the development of the transforms» Since 
no tables exist specifically for time varying cases, they have to be 
developed by the individual solving the problem.

The defining equation for the Laplace Transform assumes the
form

Jf£g(t) f(t)J - J* e”st g(t) f(t) dt

This may not be difficult to evaluate in such familiar cases as tf(t) 
and e~**k sin •< t, but, conceivably, cases could arise in which the 
evaluation of the integral would prove difficult.

However, the actual determination of the transform does not put 
an end to the difficulty involved. It happens that the Laplace Trans­
form of a time varying equation leads to a differential equation in s 
which may be nonlinear. Thus, the original problem is transformed into 
another problem of equal or greater magnitude.

As an example, consider the following equation (3).

2t d x  + d x +tx _ 0 (2. Hi)
dt dt

where x - x(t)



Taking the Laplace Transform of both sides yields
11

- T—  Q 2x(s) - sx(o) - x1 (0)] + sx(s) - x(o) - x(s) - 0 (2.1$)

If x’(0) » 0, this reduces to

(s + l)xl (s) + sx(s) - 0 (2.16)
Equation 2.16 is a nonlinear differential equation. Thus, 

nothing has been gained by using Laplace Transforms.
The solution to Eq. 2.16 is

x(s)
v/s2 + i

where k is a constant of integration.
Equation 2.17 may be written as

x (s) - ks”1 (l + —„)ŝ

(2.17)

(2.18)

or

Taking the inverse transform term by term, the result is 
oo /_ \. / ,\n

:(t) (2.19)

or

x(t)
co (-l)"tn, 2n
^  22n(nl)2
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The amount of work involved here may be considerable. Since 

by this method, one problem, perhaps more difficult than the original, 
is simply substituted for another, there does not seem to be any point 
in pursuing this line further.

solve time varying equations in which a transform can be developed to 
handle each type of problem encountered (1*). It is possible by this 
method to generate both the Laplace and Mellin transforms. Although 
there is a number of situations in which this method can be used, "the 
complications for equations higher than second order usually make other 
methods more attractiveo" (U)

where h(y,t), the kernel, is a function of time and the transformation 
variable 'f o Q(y) is the transform of q(t)u

it is an algebraic equation in the transform of the dependent variable, 
Q(y). Thus, in working with an equation of the form

J. A. Aseltine has developed a general transform approach to

The integral transformation is of the form

(2.20)

A requirement is placed upon the transformation to insure that

a(t)q" + b(t)q' + d2q - e(t) (2.21)
2where a(t), b(t) and e(t) are functions of time, and d is a constant, 

the transformation should be of the form

f(y) Q(y) ♦ m E(^f) + (initial conditions) (2.22)
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where f(/) is an arbitrary function of the transform variable0 The 
nature of the resultant transform depends on the function ofy that is 
selectedo

Once the kernel h(y,t) is evaluated, the nature of the trans-
—f tform is determined. For instance, if h(jf,t) - e , then Eq0 2<,20 has 

the form

L£q(t)J - ^  q(t)e”̂ t dt

which is the familiar Laplace Transform,
The disadvantages of this technique are the fact that it is 

only good for problems of first or second order, and it requires that a 
new table of transforms be developed for each problem,, The lack of 
interest by other investigators is obvious for the method has not been 
developed further in the literature since its proposal©

A later paper by F, R, Gerardi (5) suggests the use of Mellin 
Transforms as a means of attacking the problem© It can be used simi­
larly to the Laplace Transform©

The defining equation is
oo ,

F(s) - y  f(t)tS_1 dt - H [>(tl]

where
s * complex variable of Mellin Transform
M - Mellin Transform operation
t * time



The inversion integral is

f(t> - 2»ri da - M-1[f (S])

where ■ inverse Mellin Transform*
Since the actual application of the Mellin Transform is similar 

to the Laplace Transform, the details of its use are not covered here* 
Transform tables can be built up from the defining equation and applied 
in the usual way*

The difficulty encountered in the application of this method is 
apparent upon reading the paper by Gerardi who restricts the problems to 
Euler-Cauchy differential equations which have the form.

I  v "  5  • ,(t>

Due to its limited scope, the Mellin Transform does not appear 
to be worth further consideration*

2.U Conclusion
This chapter examines both time and frequency domain solutions 

to time varying equations „ Practically all of them are found to be 
applicable only to first or second order equations* In most cases the 
amount of labor involved in the solution of even a second order equa­
tion is not only great but sometimes of a complicated nature.

None of the methods mentioned in this section are in general 
use by people working with time varying problems, The work that must



be done to get an answer and the lack of generality inherent in these, 
analytical techniques have led investigators to find new approaches 
to the problemo Up to the present time, the search has centered 
around some sort of numerical rather than analytical technique0



CHAPTER 3 
NUMERICAL METHODS

3*1 Introduction
The methods that were discussed previously were found lacking 

to such an extent that it is logical to abandon them and move on to a 
different area of study0 This new area includes a group of techniques 
which are numerical rather than analytical in nature and are referred 
to by the general title, numerical methodsc

Numerical methods do not give quick, easy solution| however,
. even though much calculation is involved, the mathematics is extremely 
simple, and solving a problem becomes a question of repeating a proced- 

■ ure over and over again0 Also, some of these methods have a means of 
■ Checking for arithmetic mistakes*

Unlike the analytical approach, a numerical solution is not a 
mathematical statement, but, rather, a series of points which, when 
connected, produces a curve that describes the way in which the vari­
able in question behaves * The solution to the equation is found at each 
of these points, hereafter referred to as sample points * The time in­
terval between each of the points will be known as the sampling period 
or sampling interval*

When a time varying coefficient is involved, the variation is 
approximated by assuming that it is constant during the sampling period 
and changes at each sample point* The closer the sample points are,

1 6
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the better the approximation isa One way to check if the sampling in­
terval is small enough (ll) is to do the problem twices using a shorter 
sampling interval the second time» If no discernible change occurŝ  
then it can be assumed that the interval chosen is good enough for the 
problem» This is simply a brute-force method for determining the samp­
ling interval; however9 there is no convenient analytical way of determ­
ining this valuea

This chapter deals first with numerical methods that can be 
computed by hand or with the help of a desk calculator« These methods 
are applicable to the solution of low order problems and are included 
to give a more complete picture0 Higher.order problems require a more
sophisticated approach; therefore^ a few methods are presented which

r
can be solved by means of a digital computero These methods are then 
compared in order to provide a basis for Chapter lts which will cover 
the actual writing of a program0

3*2 Basic Hand Techniques
There are many numerical methods which have been developed to 

solve differential equations„ There is not room to present them all, 
and since most are variations of the same idea9 the following discus­
sion consists of a summary of the basic theory involved and a presen­
tation of a few of the more common methods*

Basicallys these methods consist of utilization of information 
concerning one or more points on a curve9 along with the slope between 
these points * By knowing something about these9 it is possible to 
predict the location of the next point on the curve*



18 .
The Taylor series expansion (7) of a function is often used 

because it gives a relationship between the function at a point and the 
derivatives of a function at a previous point0 

A Taylor series can be written as (10)

f(s) - 2 1  \ ( 3 “ s0)k (3ol)k-0
where

(f(k)So)
a.k ki

If this expression is expanded, the result is 

f(e) - f(s0) + + —  + {Ĵ ~

(3.2)

If Eq0 3.2 is written in terms of x and y coordinates, the re­
sult is

*n+i ’ yn * h "af * l r + I r i 5  * °°<’ ' (3,3)

where h * (s-8q) is the sampling interval, yn+^ is the point to be
calculated, and y^ is a known point upon which the calculation is 
basedo The main sources of errors in predicting points by series 
methods comes from:

(l) Inherited error — produced in the calculation of yn+^ due 
to some error in the calculation of y^



(2) Truncation error - due to cutting off the higher order 
terms of the series©

The simplest numerical method, known as the Euler Method (10), 
uses only the first two terms of this series to approximate the solu­
tion of the differential equation©

’ Pn + h S 2 (:U#)

If the initial point is known, an interval, h, can be selected 
dynand the value of y'n * computed from the differential equation in 

question© Then yn+^ can be calculated from Eq, 3©U» This point be­
comes the yn for the next computation©

The above method has limited practical use since the error in­
creases exponentially © However, it is sometimes used to start computa­
tion of a solution since it requires that only one point be known# 
Later on it is seen that the knowledge of several points is necessary 
for more sophisticated methods. The Euler Method can be used to get 
this information, and another method used to complete the confutation# 

A better approximation is obtained quite simply by the follow­
ing procedure (6) (7)# The Taylor series given in Eq© 3«3 can be 
written
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The series for the point ^ will differ from Eq0 3.5 in that 

the sign of all the odd derivative terms will be negative• This is 
due to the fact that (s-s^) is less than zero. Therefore,

yn-l “ yn - hy'n + ll yn " IT yn' + ••• <3.6)

Subtracting Eq0 3«6 from Eq. 3.S yields

3
yn+1 - yn_1 - 2hy^ “ 3]' ̂  + (higher order terms) (3*7)

This may be rewritten as

yn+^ - yn 1 + 2hy^ + (higher order terms) (3©8)

If h < 1, this approximation is better than the previous one 
since the first term neglected is a third order rather than second 
order term.

Accuracy may be improved when using Eq. 3.8 by means of the 
trapezoidal formula, Eq. 3*9, which considers the average of the slopes 
of the curve before and after the point in question.

yn+l * yn + I (yn+l + yn) (3"9)

When solving a problem using Eq. 3.8 and Eq. 3*9, the following 
procedure should be used:

(1) predict yn+1 from Eq. 3.5
(2) find y^+^ from the differential equation in question
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(3) Correct yn+1 by Eq0 3«6
(U) Correct by use of the differential equation
(5) Repeat steps (3) and (10 until no further changes occur.

The value of h should be chosen such that the above calcula­
tion converges to some value within the first one or two attempts.

Example 3.1. To illustrate the above procedure, consider the following 
differential equation:

y* - -2xy2

Use the initial values x q ■ 0, yQ ■ 1, and let h • .1 »
In order to start the problem, use the first three terms of

Eq0 3o3. This is necessary since information is available about one 
point only.

h2 "
V l  - yn + X *  21 yn

Differentiate the problem to get y"»

yn - -2y2 - l4xy y!

Evaluate y1 and y" .

y' - 2(0) (I)2 - 0
y" - -2(1)2 - U(0) (1) (0) - -2

Therefore
y^ * 1 + 0*h-h2 ■ .990 at x • .1 .
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The next computation can be made using Eq. 3.8 since two points 

are now known.

W  ‘ yn-l + 2l<

From the given equation,

y{ - -2(.l) (-990)2 - -.196

So y2 - 1.0 + 2(.1) (-.196) - .961

The computation of proceeds as follows,

y3 “  71 +  2hy2
y3 - ,990 + 2(.l) (-2(.2)(.961)2 )

y^ * .990 - .07U - *916*

In order to use the correction formula, the steps outlined 
previously will be followed,

y'j - -2(.3)(.9l6)2 - .SOU

From the trapezoidal formula,

y3 - .961 + i(-.50U - .370) - .917

Therefore, the corrected value of yL is

y3 - -2(.3)(.917)2 - .SOU

The two values of y^ agree so closely that the difference cannot be
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detected on a slide rule. If greater accuracy is desired, a desk cal­
culator can be used.

The data calculated thus far is tabulated below.

X y y’
0 i 0
©1 .990 -.196
.2 ©962 -.370
.3 .917 -.506

The procedure can be carried on to give as many points as
desired.

The procedures just presented are quite sinple and can be de­
rived directly from a Taylor series. There are many methods which are 
much more accurate than these© The development of these alternate 
methods is not nearly as simple as the ones given above © An example 
of one of these will be presented below to give an idea of a more 
sophisticated numerical method that can be computed by hand with rela­
tive ease.

The method to be discussed is known as the Milne Method (6) (8). 
It is based on a rather lengthy derivation, the salient features of 
which are shown below.

The roots of the Milne Method are found in Newton's Formula 
for Forward Interpolation (8). If y - f(x) is a function which takes 
values yQ, y^, ©••,yn for the equidistant values x q, x ,̂ Xg,•••*xn
of the independent variable x, let 0(x) denote a polynomial of the nth 
degree,
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0 (x) ■ a + an(x-x ) + au (x-x )(x-x_) + ...O 1 O c O 1

+ (x-x )(x-x.,)(x-x0) ... (x-x_ n ) (3o10)n o x c n—±

Determine the coefficients aQ, a^, ,3in to make

0(*o) “ y0> 0(=i) " y1,...»0(xn) - yn

Therefore, substitute the successive values x , x,...,x into Eq0 3*10 7 o I7 7 n
and put 0 (xq) * yQ ... 0 (xn) “ yn to determine the various values of a.
Remember that (x^-x q) - h and (x^-x^) « 2h, etc. This gives

U) yo - a 0 or aQ - yo

(2) y1 - a, + (%i - *0) - y0 ♦

Therefore,

(3) y2 - aQ + a1(x2-xo) 4 a2(x2-xo)(x2-x1)

y2 - y0 4 -1'h-y° (2h) 4 a2(2h)(h)

Therefore, a? -
 ̂ 2h 2h

where A yn ” yn “ yn„i

a n d  4 2 y n  '&Vn " A  y n . i  “  ^  “  ^ n - l  +  ^ n - 2

Continuing in this manner, all the values a^,...,a^ can be com­
puted 5 giving as the final result
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0 W  - yo + (x-xo) + — y- (x-xo)(x-x1 )

(3.11)na y
+ (x-xo)(x-x1 )(x-x2) + ... .♦ (x-xo)(x-x1).,,.(x-xn_1)
3Ih -

Using the substitution

0(x) - y0 + uAy + "2j~^  A2y0 + A3y0 + ...

+ inyo (3.12)

Equation 3*12 is the statement of Newton’s formula for Forward Interpo­
lation,

In order to obtain the actual Milne formula, integrate Eq, 3̂ ,12
from u * 0 to u * Uo If Eq, 3*12 is written in terms of y1, the result
is

(y^-yi) - hftiŷ  + 8 a ŷ, + y  A2y0 ♦ 3 A3/^ + |§ ) (3.13)

Now remove the An terms by replacing them with their equiva­
lent values, i<>eo, ̂ yQ ■ y -yQ, and so forth0 The result is

(ŷ -Yi) - (2y{ - yg + zyp + H  h ̂ y0 (3.11*)

Equation 3oli| is Milne’s Formula, It can also be written in a differ­
ent manner.
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yn+l “ yn-3 + ^  (2yn-2 " yn-l + 2yn) + {rer!ainder) (3*l5)

A checking formula can be developed quite easily to check for 
arithmetic mistakes and to provide a means of calculating an error 
compensation formulae

To obtain the checking formula, integrate eq0 3ol2 over the 
range u * 0 to u - 2 , The result is

(y2-y0) _ + 2 A + 3  L2y '0 - ^ 5  l \'0) (3.16)

Replacing the An values as “before yields

y2 ' yo “ 3 (yo + + y2 ) - (3“17)

The formula is more commonly written as

yn+l * yn-l + 3 (yn-l + Uyn + yn+l) . (3‘l8)

Equations 3ol5 and 3<,18 give the pair of equations used in the
Milne Method. By examining the error involved in using these equa­
tions, it is possible to develop a formula to compensate for the error 
at each point.

Let y(l)n+i and y(2 represent the results of Eqs. 3#15 and 
3.18, respectively. Then, since the remainder terms have been neg­
lected (see Eqs. 3oll* and 3.17), a more exact value of y at x ■ x^^ 
is ei ther

y ■ y(l)n+l 

y * y(2 )n+l - ^  Lh7'
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Equating these values yields

(3.19)

(3.20)

where E is the principal part of the error in Eq. 3.13. Therefore,

If the value of Eq® 3.21 is large with respect to the desired 
accuracy, a smaller sampling interval should be chosen*

Now the Milne Method is complete. It has a fairly accurate 
formula and a method of checking for arithmetic mistakes and correcting 
for inherent error. This method, however, is not the most accurate of 
the numerical methods nor the most difficult to derive. It is pre­
sented here as an example of a reasonably accurate (by mathematicians1 
standards) and popular technique which is not merely a point slope 
method* There are probably as many numerical methods as there are 
men working in the field* The final choice of one depends not only on 
accuracy requirements, but also on length of computation involved, and 
on pure chance, when several equally acceptable formulas are available.

The numerical methods of the type just presented will give an 
accurate solution to time varying differential equations, and can be 
conveniently used on systems of low order when the number of points 
to be calculated is not too great. The application of these techniques 
to equations of second or higher order require that they be broken into

(3.21)



a set of first order equations in order to be solved* This could lead 
to a large amount of calculation^ ands since much of this calculation 
is repetitive, the use of the digital computer has become widespread 
to carry out the tedious laboro The next section will deal with 
methods that can be conveniently programmed on a digital computer, thus 
allowing use of more involved formulas and the computation of a greater 
dumber of sample points0

3»3 Computer Methods
The introduction of the digital computer affected the field of 

numerical methods significantly0 Techniques which had fallen into dis­
use due to the amount of computation involved were resurrected and 
proved to be quite valuable„ Also, new techniques that lend themselves 
to computer solution were developed*

This section deals with methods of solving differential equa­
tions with time varying coefficients that can be programmed for solu­
tion by a digital computer* Although these methods can be calculated 
by hand, the amount of labor involved is enormous even for low order 
problemse The greatest usefulness of these techniques is realised in 
the- solution of higher order equations, which are difficult to solve 
using the methods presented previously*

' ' . The methods in question are the Runge-Kutta, Simpson’s Rule,
Z Form, and State Variable* i The theory behind these methods is dis- 
. cussed, followed where practical, by a sample problem as a means of 
demonstration* ...........
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3o3el Runge-Kutta Method and Simpson’s Rule

The Runge-Kutta Method (6) (7) (8) is one of the older tech­
niques that was not widely used for hand calculation due to the labor 

, involvedo It has become popular in recent yearss however, because of 
its applicability to computers*

This method differs from the ones presented previously in that 
the actual computation of derivatives is not carried out. Also, the 
calculation of a value for is made without reference to some prev­
ious value of yi therefore, no separate starting equation is necessary. 
The method is "inherently stable, and many steps of computation may be 
carried out." (6) This means that many points may be computed and the
result will still be accurate. The error stays small and does not in­
crease exponentially as it does in some methods.

This approach also possesses advantages that make it particu­
larly suitable for a computer. Since no special starting formula is 
required, the entire computation can be put in one program. Also, the 
required memory capacity of the computer is reduced, since data from 
previous steps is not required.

The formulas for this method are presented below. The deriva­
tion for these is extremely involved and is generally not given in 
standard texts. Most authors refer the reader to the original work 
done on the subject (9).

There are actually several sets of formulas which have been
derived,. One of the.most commonly used of these is (8)
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Ay * (ki + 2k2 + 2k3 + k^)/6 (3.22)

or ^n+l ' + (kl + 2 k 2 * 2k3 + kl1)/6

where * hf(x^, yn)

The actual calculation of the values of y is laborious but 
straightforwardo

To obtain greater accuracy, the following set of formulas can 
be used. These should give an accuracy to the fifth order in h. How­
ever, it should be noted that the calculation becomes more difficult.

yn*l - yn ♦ ilr (231^ + 125*3 - 8lk5 ♦ 125k6)

(3.23)
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For second order equation, a different set of equations is nec­

essary*
Consider a second order equation of the type 

y" - f(x, y, y')

Then

- h ^ (ly. + kg + (3.21»)

Ay' - | (t^ + 2kg + 2k3 + k̂ )

kl ’ M < V  yn >

k2 - + I » yn + I yA + I ''l' yA + T  }

k3 " “  + I ’ yn + I yA + I yA + f  }

k^ - hf(xn V h ' y„ * hyA + I k3' yn + k3 ̂

For the special case of equations of the form

y" - f(%, y)

the solution is given by (3.2$)

Ay - h [jA + | + 2k2]]

Ay?. - ^ (k^ + Lkg + k-j)

ki * yn)

“2 " hf(xn + I » yn + I yA + I kl )

k3 * + h» yn + + | ka)
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When the Runge-Kutta Method is applied to a time varying equa­

tion, the assumption that the varying parameter is constant during the 
sampling interval is utilized. At each sample point the value of the 
variable quantity changes.

If an equation of order higher than second is to be solved, 
then it is necessary to break it up into a set of first order equations 
and solve each one independently. 1

Simpson’s Rule is a widely used numerical method that provides 
accurate solution to differential equations. It is much easier to use 
than the Runge-Kutta method, and if a short sampling internal is used, 
it may be just as accurate.

This technique is derived from Newton’s Formula for Forward 
Interpolation (Eq. 3.12). If Eq0 3.12 is integrated from xq to x^+nh 
(where n is the number of sample points to be calculated and h is the 
sampling interval) in steps of two, and the results are added together, 
it can be shown (8 ) that

/
xo

y dx - | (yo + ^  + y2)

%2 +2h
J' y dx - ^ (y2 + hy^ + 3̂ ) (3 .2 6 )
*2

and
c+nh

J  ydx - | (yo+i»yi+2 y2+1‘y3+2V >-<,+3yn-2+1‘5rn-l+yn)



The application is simple. If the initial conditions are known.
then the points can be calculated one at a time to give as many as de­
sired. If a higher order equation is involved, it can be written as a 
set of first order equations. In this case, the application of Simp­
son's Rule yields a set of simultaneous algebraic equations which must 
be solved at each point. This is a situation in which a digital com­
puter is extremely helpful*

3.3.2 Z Form Method

used to obtain the response of a time varying system. It possesses 
the advantage that, although the approach utilizes an operational form 
of the problem in question, inverse transforms do not have to be ob­
tained. Thus, the good features of an operational approach are re­
tained while the part that may become cumbersome is avoided* Also, the 
method may be programmed for solution by a digital computer*

The theory involved with this method starts with the definition 
of the inverse Laplace Transform*

This equation represents contour integration in the s plane* 
If only stable systems are considered, the poles of C(s) are 

confined to the left half plane* Then the jwaxis can be utilized as 
a path of integration and c + j00 is equal to j # „

The Z Form Method is another numerical technique that may be

c(t)



The path of intepration is shown below
X m

8c

The integration around the infinite semicircle will be zero 
for functions which meet the following conditions (1 0 ).

If C(s) is an analytic function and

lim RCUeje) 
R-*-oo

*  f
0 or

< e ^ I ?

uniformly with respect to 6 , then

lim J C(s )ds •• 0
R-vnn e_

lim r  C (s)ds - 0
R-*»oo c2 .

where c^ and c^ are semicircles in the right and left hand planes, re­
spectively, centered at the origin and of radius R.

Assuming that these conditions are met, the integration along 
the imaginary axis can be broken up as follows.
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(d^A Pj(
c(t) * 5~-r J C(s)eSt ds + p ~r ] C(s)e^^ dsJ -\rrh

oo
st

277\n KfjTT/1 c'rJ ^jn/T

Jn/T 

'-j00
+ 2^ J  ) C(s)e'st ds (3.28)

If the period T is chosen such that the value j 7r/T is much 
larger than the values of the poles on the j uz axis, then the second 
and third terms on the right side of Eq<> 3*28 may be ignored.

Let t ■ nT

.jn/T 

-J/r/T
c(nT) « 2 * ^ 3 J C(s)eSnT ds (3.29)

In the development of z transform theory (12), the following 
relationship is defined:

Tsz ■ e
or

s - ^ In z

Change variables in Eqe 3*2 9 by substituting the z term defined
aboveo

,3*

= -jT

Equation 3.30 may be written

eJ
c(nT) - 2^ J  J 1 C(î  In z) enT(T 1,1 z)d(| In z) (3.30)
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c(nT) - C(i In z) z""1 dz (3.31)

where the contour is the unit circle in the z plane.
Equation 3.31 has the same form as the expression for the in­

verse z transform except for the term -* • If a means can be found to 
evaluate the expression C(^ In z), then the solution is an approxima­
tion of the Laplace Transform.

The evaluation of C(^ In z) is difficult to do by ordinary means 
since ijr Inz cannot be expanded by synthetic division into powers of 
Therefore, In z is approximated by

Inz * 2(u + ~u^ + ^ u ^ +  ♦•<>) (3*32)

where . „-lx — zu - 1 +

From before.

3-1 - IHi
Therefore, T

-1 2 (3.33)

Use long division to obtain the following series;

S-1 - I ( 5 - 5  - - ^ 5- -  (3',3U)

The above series may be approximated by its principal part.



If both sides of Eq0 3«3U are squared, the result is

8-2 ■ r & -!+ fe- * + •••>+ —]
Approximate Eq. 3.36 by its principal part.

(3.36)

s"2~  T  [ ^  ‘ ij (3*37)

8-2 T2 r-i . -1 -2

Similarly, series expansions for any s"^ can be obtained by 
raising both sides of Eq«, 3.3L to the kth power« These expressions are 
known as Z forms, A table of these Z forms can be constructed and ap­
plied to various problems.

Now a relationship exists between Laplace Transforms and Z 
forms. An expression in terms of s can be changed into a function of 
z by using this relationship0 The function of z still must be evalu­
ated© This may be done by using a standard means of evaluating the 
inverse z transform and dividing by l/T since the Z forms were derived 
from Eq. 3#3lo

The Z forms may be evaluated by expanding the function of z, 
G(z), into a power series of z~n terms by long division. The coeffi­
cient of the z n term corresponds to the time function g(t) at the 
nth sampling instant©



By definition, (12) 
oo

g(t) - g(nT) J (t - nT) (3.39)

g(t) - g(0) £ (t) + g(T)cf(t - T) + g(2T)f (t - 2T)
+ o.o + g(nT) j* (t - nT) (3ol*0)

where g(t) is some pulsed output.
The Z Transform of Eq0 3.U0 can be shown to be

G(z) - g(0) + g(T)z”1 + g(2T)z“2 + o.o + g(nT)z“n (3oWL)

Thus, the "coefficient of any z~n is the value of g(t) at the nth 
sampling instanto" (12)

The theory developed above may be expressed in a set of con­
venient ruleso These may be applied to solve for the response of a 
system, whose transfer function is given in terms of s, by means of Z 
forms.

(1) Express C(s) as a rational fraction in powers of l/s by divid­
ing numerator and denominator by sm, the highest power of s.

(2) Substitute for each s"^ a rational fraction z-^ and rearrange 
C(s) as a rational fraction in powers of z""\

(3) Divide the resulting expression by T, the time interval be­
tween the points at which the solution is desired.

(li) Expand the fraction by synthetic division into a series of 
the form.
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(5) The desired values are the coefficients D^, D^, <,** U^# e#0 

It would probably be wise to examine the error involved in 
the derivation of Z forms„ Error can originate from the assumption 
that Eq* 3*29 represents the integral properly, the series approxima­
tion for Inz (Eq* 3*32), truncation of the series to obtain the Z 
form and round off error in the synthetic division to obtain the coef­
ficients that give the answer*

Boxer and Thaler (ll) suggest that the error can be minimized 
by shortening the sampling interval until no further change is ob­
served* J* E. Gibson (6), however, disagrees, saying that although 
shortening the sampling interval will decrease the error involved in 
Eq* 3.29, it will increase the round off error because more points 
must be calculated* He concludes that "a more complete analysis of 
the errors involved in the Z form and an improved method of picking T 
(the sampling interval) would be called for." It would seem that the 
Z form method cannot be used with absolute confidence in the answers 
until a better analysis of the error is available0

The Z Form Method is now applied to a sample problem as a 
means of demonstration*

Example 3*2. Determine the step response of the following system by
the Z Form Method

s+l+K

where K * e""*^ and R * u(t)



ho
Proceed by following the steps as outlined above e

(l) Find C(s) and divide the numerator and denominator by sm.

c(3) ' - ■ 7 7 1 7 7 7

or -3
C(s) - —

(2) Substitute the Z forms for each value of s"^. These can be 
obtained from any convenient table*

t i s l i s l
- « „  !

KT 1 + z*1 T2 1 + lOz"1 + z“2
1 + - r ^ i  I? -

(3) Divide the resulting expression by T

C(a)  ______________________T2(z~,:L + z"2)__________ ________
T ZCl-z'1)3 + KT(l+z"1)(l-z'1)2 + ^(iVlOa"1 + z“2)(l-z"1)

c(z)  _________________ a r V 1 + z~2) ____________________
1 " 12(l-3z"1+3z”2-z“3) + 6KT(l-z-l_z-2+z^) + T2(l+9z^-9z"2-z"^Y

C(z)  _______________________6t2(z"^ + z~2)_____________________
T (l2+6KT+t2)+ (-36-6KT+9T2 )z'1-»-( 36-6KT-9T2 )z~2+(-12+6KT-T2 )Z“3

Choose T * 1 
Then, •

C(z) e  6(z^ + z“2)_________________
T (13+6K) + (-27-6K)z“ 1 + (2?-6K)z"2 + (-13>6K)z-3



a
, (U) Expand the above fraction by synthetic division0 i The value of 

the time varying element must be adjusted for each sampling time*

The actual calculation of the values of the response is now 
just a question of tedious algebra* It takes several pages of hand 
calculation to solve a few points* Therefore^ the actual, results will 
not be shown here since this method is not ordinarily for hand calcu­
lation and there would be no advantage in presenting the results*

3*3*3 State Variable Method
The State Variable approach to the solution of differential 

equations is a more recent development* In this method^ an nth order 
linear system is characterized by a set of n first order differential 
equations* The variables of this set of equations are called state 
variables since they "form a basis for an n-dimensional Euclidean Space* 
This space is called a state space, and a point in this space is called 
the state of the system*" (17)

The steps used in this method are based on some physical mean­
ing in the system; therefore, one might have more of a feeling for what 
is happening* There are no approximations in the development, and the 
mathematics is concise due to the use of vector-matrix notation which 
allows a set of first order equations to be represented by a single 
term* This method can easily be adapted to handle time varying prob­
lems*

To demonstrate one method of determining the state variables 
of a system, consider the following nth order differential equation*



,n... ,n-l ,d x_ d dx^
r  * an — Iw: + —  + a2 "dt + “l*! ■ m(t)

1*2.

(3.42)
dt

If xn -

dt
dx. ■*1 dx.

, t>oo, it is possible2 dt ' 3 dt dt ’ 4 dt
to write Eq. 3.42 as a set of first order differential equations. The,
quantities x ^  x^, xr are known as state variables®

The set of first order equations may be written in the following
forms:

X1 ‘ *2 (3.1*3)

n ’V n a -xn-l^n-l 0,0 “a2x2 ‘ alxl +

The above set of first order equations may be expressed in 
matrix form®

x - Ax + f(t) (3.1*1*)

where
*1 X1 "  0

X2 , * - X2 , f(tl -
0

Xn m(t)



If Eqe 3.UU is expanded according to the rules of matrix mul­
tiplication, Eqs. 3.1*3 arc obtained.

The representation given for Eq. 3.1*2 is by no means unique. 
If the equation is expressed in block diagram form, a whole new set 
of state variables may be defined.

Example 3.3. Write the state variable representation for the follow­
ing equation in the time and frequency domains.

C + (<x+yZ ) C + <Vyd C - ku( t)

where

G - £

According to the development given for the general nth order 
equation, this can be written in the form

x - Ax + f (t)

where
*1 *1 0

X - *2 , X - X2 , f(t) - 0

6 _ _X1 ku(t)
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cT 1 o ~
and A - 0 0 1

0

If the equation is written in block diagram form, it appears as 
Fig. 3ol.

ku(t)

Fig0 3ol Block diagram representation for Ex. 3.3.

The state variables can be expressed as 

*1 '  x2

*2 “ -/I *2 * *“ 3

x^ - -f^Xj + r(t)

These may be written in the form

x « Ax + f(tl

In this case
0 1 0
0 -/S k
0 •o



u s ,

Two methods of representing the system by means of state vari­
ables have been presented. Other sets of equations can also be written. 
The representation can take many forms; however, all yield the same 
answer when the result is converted to some common basis.

It will be noted that both the time and frequency domain repre­
sentations of the system may be written in the form of Eq, loWi. The 
system is characterized by the matrix A, Solution of Eq, 3,Uii may be 
determined in terms of A in both the time and frequency domains.

The solution of Eq, 3•lilt in the frequency domain is started by 
taking the Laplace Transform of both sides,

sx(s) - x(0*) - Ax(s) + F(s) (3olt5)

Solve for x(s)

x(s) (s-A) - .x.(0+) + F^£) (3oli6)

x(s) - (sI-A)-1.3t.(to) + (sI-A)"1 F(s) (3eU7)

where jc(t^) denotes an initial condition of x(t) evaluated at t * tQ*
The matrix A includes only constants for constant coefficient 

equations; however, for time varying equations, it is necessary to al­
ter the matrix at each sample point to account for the change in the 
time varying element. The matrix will be considered constant during 
the sampling interval, so that the theory discussed above is applica­
ble.

The inverse Laplace Transform of (sI-A)” is known as the state 
transition matrix (13)

^ ( s I - A ) -1 - 0(t-to) (3.U8)



Therefore,

^ W s ) )  - x(t) - 0(t-to)x(to) +J^ <jf(t-T^f(>-)d7^ (3oU9)
tf

Equation 3*Ui, therefore, gives a "description of the transition 
of state of the systems * state variables x^ from x^(t) to x^(t) + 
dx. (t) when time is changed from t to t+dt» Since dt is an infinitesi-i
mal time change, the transition of a continuous data system takes place 
in a continuous fashion with respect to time." (13) Therefore, for a 
linear differential equation with constant coefficients, the answer at 
any time can be determined if the initial conditions and driving func­
tion are known0 Enough information is known as is required to determ­
ine the entire future response of the system*

Example 3»U» ~ To demonstrate the theory presented above, an example in­
volving a time varying element is shown in which the step response of 
a system is determined by the State Variable Method *

Consider the closed loop system for which the open loop trans­
fer function will be

1
s(s+l+k)

_

where k varies as e * 9 and R * u(t).
The block diagram is given below



R
< > s+l+k

*1

Fig® 3.2 Block diagram for Ex«> 3.U*

\  - x2

Xg * -Xg(l + k) + r(t)

Now the matrix A and the vector_£(t)„in Eq* 3»Ui will be

0 1
0 1+k

l(t)
C ]

The A matrix now contains a variable element. It is approxi­
mated by assuming the time varying term is constant for the sampling 
period and acquires a new value at each sampling instant,,

To find the state transition equation, proceed in the usual
way.

(si - A) ■

(si - A)”1 -

0

%
s

-1

s+l+k

s(s+l+k)

0 s+l+k

For a unit step input, R - 1 and R(s) - | . Therefore,



and the state transition equation is:

1 1 Xl(0+) 1
s s(s + 1 + k)

+
s2(s + 1 + k)

o l x2(0+) 1
u s + 1 + k s(s + 1 + k)

To find the values of the state variables at some time t, cal­
culate the value of the time varying element at that time, find the 
inverse Laplace Transform of the preceding equation and expand the 
matrices according to the rules of matrix mathematics.

In this case, the output x^ is computed at one second intervals 
starting at t ■ 0. It is assumed that the initial conditions are zero.

At t * 0

1 1 x%(0+) 1
s s(s ♦ 2) sf(s + 2)

x(s) - >
0 ■ 1 XgCO*) 1

s + 2 s(s + 2)

1 •5-.5ew2T ^(0+) .$T - .25 4 .25e“2T

= i ( V  ■ +
-2T0 -2Te o5 - #5e

where T * t-tQ ■ sampling period * 1 second»
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Substitute T ■ 1 and x^(0+) « (O*) * 0. After calculation

of the equation, it is determined that

XiCt,) * <.28U

*2 (tQ) - .li32

These values of x^(t) and X g W  become the initial conditions
for the second calculation. Also x̂ (t̂ ) is the output of the system for
t * 1,

It should also be noted that the matrix

1 o5-,5e

—2t

-2t

0 e

is the state transition matrix of this equation for the first sampling 
period*

In order to carry out the rest of the computation, it is neces­
sary to change the values of several terms in the state transition 
equation. The initial conditions change at each sampling point*
Also, any term in the matrices that is affected by a change in the 
time varying element also changes. Finally, the value of the input 
is different since negative feedback is being used in the system.

Therefore, for t * li second, the state transition equation 
will change as shown below.

:(s) -

1 1 1 x^O*) 1
s s(s + 1*606)

+ s^(s + 1 *6 0 6 ) .716
0 1

s + 1.60&
=2(0+)

2
s(s ♦ 1.606)
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and

1 „625-.62$e~1,606T .281," o62^-o388+o388e~:U606T

1H

0 -1„606Te .1*32
+

_  o625-.625e“lo606T_

x ^ )  - ol2h

- ,U37

In a similar manner, the points can be calculated for as many 
values of t as are desired. The solution to this problem is shown tab­
ulated below.

TABLE I 
SOLUTION TO EXAMPLE •

t x1(t) x2(t) e(t) - r(t)-x^(t)

0+ 0 0 1
1 CM0 .1*32 .716
2 .721* .1*37 .2 76

3 1.051 .260 —.051
h 1.182 .01*8 -.182

5 1.11*5 -.1 1A01

6 1.031 -.119 -.031
7 .91*7 —.062 .053
8 .926 .012 .071*
9 .971 .057 .029



It can be seen that the value of x^(t) is approaching one as a
limit.

An important point should be made concerning the physical sig­
nificance of the state transition matrix. Examine this matrix in the 
preceding example, Note that each element a ^  of the matrix is the 
impulse response at the jth block due to a unit impulse input at the 
ith block. This not only provides an interesting piece of information, 
but also gives a quick means of determining the state transition matrix 
when the problem can be set up in a block diagram.

The state transition matrix helps in determining the response 
of a system since, by knowing the impulse response between all points 
in the system, the response to any input or set of initial conditions 
can be determined.

Linear equations with time varying coefficients can also be 
solved in the time domain using state variable techniques (lii)(l5)o 

Consider an equation of the form of Eq, 3,UU*

x - Ax + f(t) (3,50)

A scalar equation of the same form has the solution,

vb,

t
/(t) - y ( t 0) + f  f(t') dV  (3.51)

where
ktk



By analogy (15), the solution for equations of the form of Eq0 
3«50 is given by

x(t;xo,tQ;f(t) ) « ^   ̂ f(t') dt' (3o52)

where e ^  is defined as

eAt - Y  ^  (3-53)

The main problem in using this technique is the evaluation of 
e^« The method used here is based on the Cayley-' 'amilton theorm, 
which states that every matrix satisfies its own characteristic equa­
tion*

Assume q(A) is a polynomial and A is an arbitrary n-dimensional 
matrix whose characteristic equation is g(A) * 0* If q(a) is divided 
by gCO, a quotient q^(A) is realized along with a remainder r(A)»

qfo) - g(A) q1U) + r(A) (3»5̂ )

Since Eq* 3o5U is an identity, it will also be valid if A is 
replaced by the matrix A,

Therefore,

q(A) - g(A) q^(A) + r(A) (3*55)

But g(A), the characteristic equation, is zero* Thus, q(A) ■ r(A).
Now suppose it is desired to find some f(A) when f(a ) is an 

analytic function of A * Using a method similar to the one above.
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look for a polynomial of degree n-1 such that

f W  - g(a) h(A) + r(/0 (3.56)

where h(A) is an analytic function of A • Substitute the eigenvalues

set of n linear equations for the n coefficients of the polynomial 
r(%) is obtained.

Next r(A) is determined to satisfy Eq. 3o57, and the resulting

is an analytic function of A * since it is the quotient of two analy­
tic functions, and the zeros of the numerator are the same as the 
zeros of the denominator.

Since Eq. 3.56 is valid for all values of A in a circle around 
the origin, A may be substituted for A to obtain

of A — A Ag, * ", A n —  in Eq. 3.56. Since g(A^) ■ 0(1- i - n), a

(3.57)

f(An) - r(^)

h(A)
(3.58)

f(A) - g(A) h(A) + r(A) (3.59)

and since g(A) - 0

f(A) » r(A) (3.60)
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The result is formulated below (ll*).
If A is a matrix with eigenvalues arranged in

order of increasing absolute value, and if f(^) is an analytic func­
tion of ,3 in a circle about the origin with radius greater than |An|, 
then f(A) equals r(A), the polynomial of degree n-1 for which

f U k) ■ r(Ak) k - 1, 2, n

A complication arises when two or more of the eigenvalues of 
the matrix A have equal values. In the series of equations given by 
Fq, 3.57, not enough information is supplied to solve for the unknown, 
since two or more of the resulting equation are identi cal0

To remedy the situation, start with the following theorm (11*)o 
"If a suitable basis is used, every operator on a finite di­

mensional space may be represented by a matrix in Jordan canonical 
form."

Jordan Canonical form of a matrix is

Jo 0
0 J,

0

0

(3.61)

where



0
(3.62)

0
0 An

is a matrix containing the distinct eigenvalues of the system along 
its main diagonal, and

/*n+i 1
0 ^n+i

0 0

0

0
1
%n+i

where i * 1, 2, k.
There is a matrix for each set of repeating roots, 
For a fourth order system, with two repeating roots.

o
1

^3 1

c_ O R

_2 Y

and J1 "
0 *3_

(3.63)

If f(J) Is expanded in a Taylor series, the result is 

f(j) - fU)I ♦ f'U) (J -AI) + (j - AI)2 ♦ ... (3.6U)

If J is of the form tL

t(j±) - + r'(^) (j± - ^ n  ♦... (3.65
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o 1 
o

o

(3.66)

This is ndlpotent, i.e*

where is the number of repeated eigenvalues0 
From Eq. 3o3>6

(3.6?)

f(x) * g(x)h(x) + r(x) (3.68)

Expanding f(x) and r(x) in a Taylor series yields

f(a) + f' U) (x-j) + (x-^)2 + ... - g(x)h(x) + rU)

+ r'(%) (x-X) * (x-A)2 + . (3.6?)

Write Eq0 3.68 in terms of J.

fUl)l + f'(^) (Ji - A i D  ♦ 

+ r (Aj_) (Ji — Ail) + ...

g(Jl) h(Ji) + r(Ai)I

(3.70)

Since (J - Ail) is ndlpotent, there will only be as many 
terms in each series as there are repeated roots. Also the value
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g(<L ) is zero, since it is the characteristic equation for

Finally, equate like terms on either side of the equation to
get

f e y  - i-c^)

(3.71)

- rk ) (^)

This set of equations can be used to determine r(A)•

Example 3,5. To illustrate this procedure, Example 3mk is solved in 
the time domain• The differential equation is

x + (l + k)x + x - u(t)

, . -o5t. This may be written as a set of first order equa-where k - e
tions.

*i ■ x

*  *2

-  - ( l + k j x g  -  +  u ( t )

which may also be put in the form 

i. - A$ £(t)

*1 -
X2

0 1 

—1 -(l+k)
*1
Xo

u(t)



Next find the eigenvalues of the matrix A.

- A 1
A - AI

—1 — A — (1+k)

A 2 +  A ( l + k )  + 1 - 0

At t - 0, this equation will be

A 2 + 2A+ 1 - 0  

The eigenvalues are -1, -1. To evaluate e^, let

f (A) *

Select a polynomial of degree n-1 for r(A). 

r(A) - «^0I + < 1  A 

Write a set of relationships between f(A^) and r(Ag)* 

f(\) - r(A^) 

f (A2) - r(A2)

Since the eigenvalues are equal, the second equation must follow the 
rule given in Eq, 3.6b.



Solve for and to find that 1 o
—t

—t  , — t a^Q - e + te e“̂ (t + 1)

Use the equation

At

to determine that

At
1 0 0 1

■ e~^(t+l) + te't
_0 1 --1

Therefore,;

At
e"^(t+l) te ^

-te”*' e ^(-t+l)

If this is substituted in Eq. 3*52, the free motion of the system in the 
the interval (t-t^) is described by

x^t) - +l )x1 (0+) + (t-to) e-(t'to) x2(0+) >

Xg(t) . -(t-to) e"(t_to) x1(0+) + e"(t“to)(-(t-t0)+l) x^O*)

The step input is accounted for by the second part of Eq. 3.52• 
t

x^t) - ^  ( V t r) e dt*

P - ( t - V  )



The complete solution would be the sum of the free and forced
motion^ r

As beforey x^(t) and Xg.Ct) become the initial conditions for 
the next calculation.

/- The solutions at various sample points are not presented here 3 
thereforej, a comparison with Ex.'3<>lt is not possible at this time0 , In 
the following chapters this problem is solved in the time domain by 
computer and a comparison can be made,

f* 3o.U Conclusion ..
All of the numerical methods discussed in the previous section 

are. in use today to solve differential equations0 Their application to 
time varying equations is not discussed extensively in the literature3 
howevers the same assumption concerning the time varying element is 
made for all pf: the methods5 the value of the varying element is assumed 
constant during the sampling interval and changes at each sample point® 

It is difficult, therefore, to say that one method is "better" 
than another, since all give accurate answers® However, since it is 
desired to select one method for computer solution, other things can 
be considered in making the choice®

For instance, the Runge-Kutta method was developed many years 
ago and has remained substantially unchanged® This does not mean it is 
not a useful approach; however, since so much has been done with it, it 
does not appear profitable to go into this method of solution more 
deeply at this time® Also, the nature of the method is such that feel­

ing for the problem is lost, since the equations that are used are not 

connected with the problem®



Simpson’s Rule is easier to use than the Runge-Kutta method 
and is also quite accurate0 It is widely used and extremely helpfulo 
However, it would be convenient to have a method which is more in line 
with the thinking of Electrical Engineers«

The Z Form or State Variable method appears at first to be de­
sirable in this respect0 They are both frequently used techniques 
which are known to Electrical Engineers« However, upon investigation, 
they are found lacking0

The Z Fora method is not desirable due to the uncertainty of 
the error involved in the approximations that are made* The State Var­
iable method does not have this drawback| however, the difficulties in­
volved. in writing a program for this method are great* The extension 
to solution of higher order equations is even harder* For these rea­
sons, it seems that the difficulty involved in using these methods 
outweighs the advantages they possess*

The investigation of the State Variable and Z Form methods 
showed them to be undesirable* Therefore, Simpson’1 s Rule will be 
chosen as a method to solve time varying problems* It is accurate, 
efficient, and widely known* . In the next chapter, it is programmed 
and used to solve sample problems as a means of demonstration*



CHAPTER k 
APPLICATION OF DIGITAL COMPUTERS

I4.0I Introduction
In previous chapters, the theoretical aspects of the solution 

of differential equations are discussed. Much of the theory may be 
readily applied to various problems; howevers the work involved in 
hand calculation is usually too great for this to be considered prac­
tical, Therefore5 digital computers are looked to as a means of over­
coming this barrier. It is the purpose of this chapter to present a 
computer program that handles the calculation of time varying equations 
in an efficient manner, thus opening the door to the practical solution 
of many problems.

In the previous chapter, it was decided to program Simpson’s 
Rule as a means of solving time varying differential equations. This 
method is a convenient one to use since it can be written without much 
difficulty, does not require a great amount of computer memory space, 
and can be extended to higher orders quite easily.

The next section discusses the program and is followed by the 
solution of sample problems,

l$o2 Discussion of the Program
This section may best be followed by referring to the flow 

chart in Fig, 1±,1 and the sample problems.
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l.NN

READ XO.MJ

START

DEFINE 
Q, DELT

Continue

SUM(L)-XO(L)

Figure Flow Chart for Digital Computer Program



SUM(N) - 
Q(LL)*-XO(LL)

DEFINE A

GROUT

/ ------
PRKT X(1),T

Figure Uol— Continued
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l.NNl.NN

' t

SUM(JJ) -SUM(JJ) 
+2.*X(JJJ)

11

R-R

SUM(N)-6UM(N)+R

R-R+Lo%Q(M)*X(M)
SUM(N)-SUM(N)+R

T-T+DELT

oJ-MJ I-MJ

STOP

Figure k*l— Continued



The following procedure is handled by the computer0 When Simp­
son' s Rule is applied to a set of first order equations5 a set of lin­
ear algebraic equations is obtained (see examples)„ The coefficients 
on the left of the equations and the values on the right are set up in 
an array and fed to the subroutine GROUT which furnishes a solution to 
the set of equations and, consequently, determines the response at a 
sample point0 The process is repeated any desired number of times0 

The following terms are explained now to avoid confusions 
SUM » sum of all the sample points that have already been cal- 

culatedo This must be changed each time by adding on each new sample 

point (see Ex0 Uol)o
Q » coefficients of the variable in the last equation of the 

set of first order equations (see Ex0 ij,ol)0 
H « order of the problem .
SO = initial conditions 

BELT ** sampling interval
MJ » number used to control the amount of sample points to be 

calculated
•' 1(1) ® value of sample point

To use the program, first dimension XO(W), SUM(l), and Q(K)0 
Define M, read in SO and MJ, define BELT and set SUM equal to the ini­
tial conditionso Mext define Q(l), 0®o, Q(M) and the elements of the 
array that will be fed into subroutine GROUT, A(l,l), A(l,2), ooo o 
Note that the value of Q and A must be punched on separate cards since 
some of them vary with time and must be recalculated each time* For
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an equation with constant coefficients, these values may be read in. 

Call CROUT. This subroutine solves the set of simultaneous 
algebraic equations and yields a sample point, X(l), with each calcu­
lation, Next, the result is printed along with the time.

Some of the sample points must be multiplied by four and some 
by two. The correct decision in this case is made by the IF statement 
following CROUT, After this is carried out, the values of SUM are
changed and time is increased by DELT, The program is stopped when the
desired number of points is computed by the final IF statement,

l*o3 Sample Problems

Example li?l. Solve Example 3,1* in the time domain by means of Simpson’s 
Rule, The differential equation is

x + (1 + k) x + x • u(t)

where k - e~*^

Let x^ * x and write the problem as a set of first order equations,

*1 e X2

Xg - -x^ - (1 + k) Xg + u(t)

Applying Simpson’s Rule to the set of equations yields

- 3  <x2 * ^*2 * 2x2 * ••• ^

x£ - x£ « (x^+kx^+2x^+..*x^) - (l+k) ^(x^+eeaX^) + u(t)"T
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where denotes the initial condition of is tho first value
of Xg* etc#

Bring the nth terms to the left side of the equation and let 
all other terms on the riRht inside the brackets be known as SUM*

x£ - x£ (|) ~ (SOM(D)

xj + x" (1 + |(l*k)) - x° - | (SUM(2)) + u(t)*T

where
SUI-T(l) - x| + ijx̂  + ... + 2flc2n-1

SUM(2) - -(x^ + lixj ♦ ... + Ux^'1) - (1 + k) (x° +...*Ux"‘1)

and T « sampling interval

The equations are now in the form of two simultaneous algebraic 
equations0

To use the program, first set N-2 and punch out the proper 
DIMENSION statement# Then, put in the values Q(l)»-1, Q(2)--(l+k) and 
the terms A(l,l)«l, A(l,2)«^, A(l,3)*x^-»^(SUM(l)), A(2,l)-^, 
A(2,2)-H~(l*k), A(2,3)-x|-|(SUM(2 ))+u(t)-T.

Call GROUT to get the solution X(l) and X(2)» The point X(l) 
is the solution at the particular time in question* The values of 
SUM(l) and SUM(2) are changed, the time is moved up, and the computa­
tion proceeds for another point.

The results are tabulated below for various sampling intervals. 
The actual program is found in the Appendix,
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TABLE II 

SOLUTION TO EXAMPLE h.l

T X(l) 
DELT - .05

X(l) 
DELT - .1

X(l) 
DELT - 1

0 0 0 0
1 .2752 .2720 .202U
2 .6731 .672tU .6315
3 .9lt05 .9Wtl 1.251
It 1.050 : 1.053 1.192
5 1.057 1.058 1.096
6 1.026 1.025 .9691
7 1.000 *.9990 .9339
8 .9906 .9897 .9211
9 .9925 .9923 1.037

10 .9976 .9978 l.OUt

Note that the results for sampling intervals .1 and *05 agree 
extremely well while the results for BELT - 1 differ by a greater 
amounto This illustrates the rule of halving the interval until the 
data agrees within a required value. The long sampling interval pro­
duces a poor approximation of the curve©

A comparison with Example 3»h would not be too meaningful since 
the data in both cases for a sampling interval of one second is not too 
accurate© However, both curves do have the same general shape.
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Example Uo2. Solve the following third order equation by means of 
Simpson's Rule.

C + (3 + k) C + 2(1 + k) C + C - u(t)

where C ■ —  and k * e ^dt

Let * C and write

*1 e X2

x2 " x3

- -x^ - 2(1 + k) Xg - (3 + k) x^ + u(t)

Applying Simpson's Rule as before and manipulating the equations yields

+ x" (-j)+ Xj (0) * ̂  + § (SUM(l))

x^(0) + Xg + x* (-̂ ) - x° + ^ (SUM(2))

^(|) ♦ Xg(2) (1 ♦ k)(|) + x^(l + |(>k)) - x°+^(SUM(3)) + u(t)*T

The values of the array are read in and the answers at each 
point are multiplied by the proper coefficient as before.

Again, the results are tabulated below and the program is given 
in the Appendix» The agreement for the smaller sampling intervals is 
extremely good while the data for the interval of one second does not 
agree as well. These examples demonstrate the importance of using a 
small enough sampling interval to obtain a good approximation,
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TABLE III 

SOLUTION OF EXAMPLE J4.2

T X(l)
BELT - .05

x(l)
BELT - .1

X(l) 
BELT - 1

0 0 0 0
1 .0691 .0662 . 01*51
2 .3008 .2981 .2061*
3 ,5925 .5921 .6932
h .8500 .8521 .911|1
5 1.022 1.026 1.197
6 1.102 1.106 1.221*
7 1.112 lollli 1.180
8 1.083 1.083 1.120
9 1.0U2 1.01*2 .992k

10 1.009 1.007 .9631*

li.ii Conclusion
The benefits attained by the use of a digital computer are obvi 

ouso Computation that might take hours, days, or perhaps be prohibi­
tively long to do by hand can be completed in a short time. Greater 
accuracy can also be obtained. The error due to rounding off is 
smaller than that involved in hand calculation, and answers accurate to 
many places may be written out.

1



The programs as they stand can solve equations of second and 
third ordero The extension to fourth or higher order problems can be 
done quite easily« The only difference will be the number of cards 
feeding information into the computer= The procedure is exactly the 
same for any order problems0 The only theoretical limit is the sub­
routine GROUT which cannot handle a matrix greater than twenty by • - i 
twenty.

The method then is quite useful in solving a large number of 
problems efficiently and accurately®



CHAPTER 5 
CONCLUSION

The information presented in the first four chapters makes 
several things apparent0

le Analytical methods do not present a convenient means of solv­
ing linear differential equations with time varying coeffi­
cients «,
Numerical methods are the only means available today of 
solving these equations efficiently.

3. A digital computer is an extremely helpful, if not indispens- 
ible, aid in using numerical methods.

The inadequacy of available analytical techniques is demon­
strated in Chapter 2. The computations are long, complicated, and 
sometimes impossible to work. Even approximation techniques, which ap­
ply to a restricted class of problems, do not alleviate the situation 
. to the point where they are worth pursuing further. Whether the ap­
proach is in the time or frequency domain, the stumbling blocks are suf 

ficiently large to cause one to search for new ways to attack the 
problem. This leads to an investigation of numerical methods.

When numerical methods are examined, it is found that they are 
very time consuming to do by hand; however, the mathematics is quite, 
simple even in the more sophisticated eases. What makes the numerical
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.techniques especially attractive is their adaptability to solution by 
digital computere

The State Variable method at first glance seems to be the most 
desirable one to apply to digital computer solution. However, the at­
tempt to do it turned up difficulties which far outweigh the advantages 
of using the method. Chief among these are the length of the program 

and the problems involved in writing a program for higher order equa­
tions, For these reasons, it is decided to use Simpson's Rule as a 
means of solving time varying equations» This accurate, well-known 
■technique can easily be programmed for high order equations with little 
trouble. The program developed in Chapter U may be used to solve prob­
lems up to twentieth order.

As far as application of these methods is concerned, an obvious 
one is the field of rocket research. Several time varying quantities 
are involved here. Among these are varying mass due to fuel consump­
tion, change of air density; on takeoff and especially re-entry from 
space, changing temperature', and variation of gravitational forces.
In other areas such as circuits, time varying elements could appear. 
These range from such simple- circuits as the carbon microphone to a 
'super-regenerative receiver yrhere the circuit resistance is caused to 
vary periodically by means of an external oscillator®

; In the future, it is hoped that some convenient analytical 
method can be determined for selecting the sampling interval. The hit 

. or>’miss aoperation used today is effective, but wastes valuable compu­
ter time. Also, an examination of the Z Form method to determine an •



effective means of analyzing the error would make the technique more 
. effective by eliminating uncertainty regarding its accuracy*
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APPENDIX 

PROGRAM TO SOLVE EXAMPLE kol
SUBROUTINE GROUT 
DIMENSION A(50,£L), X($0)
COMMON A, X, N
NP1 - N + 1
Nia - N - 1
DO 1100 J-2,NP1
A(1,J) - A(1,J)/A(1,1)
A(2,J) - A(2,J) - A(2,1)*A(1,J)

1100 CONTINUE
DO 1102 J-3,NP1 
A(2,J) - A(2,J)/A(2,2)

1102 CONTINUE
DO IlhO I « 3,N 
IP1 - I + 1 
IM1 - I - 1 
DO 110U J - 2 , m  
JM1 - J - 1 
DO 1103 K«1,JM1
A(I,J) - A(I,J) - A(I,K)*A(K,J)

1103 CONTINUE 
HOli CONTINUE

DO 1120 J-I,NP1 
DO 1110 K"1,IM1
A(I,J) - A(I,J) - a (i,k H a :x ,j )

1110 CONTINUE 
1120 CONTINUE

DO 1130 J - IP1,NF1 
A(I,J) - A(I,J)/A(I,I)

1130 CONTINUE 
llliO CONTINUE

X(N) - A(N,NP1)
J l - N
DO 1160 I - 1,NM1 
J1 * J1 - 1 
J1P1 - Jl+1 
X(J1) * A(J1,NP1)
DO 11 SO J - J1P1,N
X(J1) - X(J1) - A(J1,J)-x-X(J)

1150 CONTINUE 
1160 CONTINUE 

RETURI'J 
END
FUNCTION DERIV(U,V,W,Y,Z,DELT)
DERIV - (3.*U-l6.*V+36.-KW-li8oi:Y+25o^Z)/(l2.iS-DELT)
RETURN
END
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DIMENSION A (50.51), X(0O) 
DIMENSION X0(2),SUM(2),y(2) 
N"2
R1UD10, (XO(L) ,L-1.N ),MJ

10 FORMAT(2F10.0,110)
X(l)-0.
J-l
1-0
T-0.
DELT-1.
NN-M-1 
DO 17 L«1,NN

17 sui;(l )-x o(l )
D018 LL«1,N

18 SUI4(N)-u;(LL)-::-X0(LL)
9 CONTINUE
Q(l)"-lo
Q(2) — (1.+EXEEF(-.5mT))
A(l,l)-lo
A(l,2)— DELT/3.
A(1,3)-X0(1)4DELT/3o-5SUM(1)
A(2,l).DELT/3.
A(2,2)-1«-DELT/3,<KJ(2)
A(2,3)-XO(2 )+DELT/3^SUM(2 )+T
COMMON(A,X,N)
CALLCROUT
PRIUT1S,X(1),X(2),X(3),T 

15 FORMT(UE22,8)
R*0.

' IF(J-I)5,6,7 
7 D011 K-1,NN 
KK-K+1

11 Smi(K)-SUM(K)+U.*X(KK)
D012 M-1,N

12 R-R+li/^(M)i;X(M)
, SUM(N)-6UM(N)+R
T-T+DELT
1 * 1+2
IF(I-MJ)9,9,6

5 D013
JJJ*JJ+l

13 SUM(JJ) -tiUM(JJ)+2 0*X(JJJ)
DOlii MM-1,N

Ik R-R+2o*Q(MM)*-X(MM)
SUM (N) *SUM (N) +R
T-T+DELT
J-J+2
IF(I-MJ)9,9,6

6 STOP 
END



PROGRAM TO SOLVE EXAMPLE ko2 
SUBROUTINE GROUT

DIMENSION A($0,51), X(50) 
DIMEIxSION XO(3),SUM(3),Q(3) 
N*3
READIO,(XO(L),L-1.N),MJ

10 FORMAT(3F10o 0,110)
X(l)-0.
J-l
1-0
TO,
DELT-,05 
NN-N-1 
DOl? L-1,MN

17 SUM(L)-XO(L)
D018 LL-1,N

18 SUM(N)-Q(LL)^XO(LL)
9 CONTINUE
Q(l)— 1.
Q (2) — 2 o +EXPEF (-T ))
Q(3) — (3.+EXPEF(-T))
A(l,l)-lo 
A(l,2)— DELT/3.
A(l,3)0.
A(2,l)0.
A(2,2)-l.
A (2,3)— DELT/3.
A (3,1)-DELT/3.
A(3,2)— DELT/3,*Q(2) 
A(3,3)«l.-DELT/3o^(3)
A (1, U ) *X0 (1) +DELT/l.^'SUM (1) 
A(2,U)-X0(2)+DELT/3o-»-SUI4(2)

' A(3,h)-XO(3 )+DELT/3^8UM(3)+T
COMMON(A,X,N)
CALLCROUT
PRriTl5,X(l),X(2),X(3),T 

IS FORMAT(UE22.8)
ROo
IF(J-I)S,6,7 

7 D011 K-1,NN 
KK-K+1

11 SUM (K) -SUM (K) +U .iCX (KK)
DO12 N«1,N

12 R.R+a<,-N(M)-X'X(M) 
SUM(N)-SUM(N)4R 
T-T+DELT
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1 = 1+2
IF(I-MJ)9,9,6

5 D013 J J = l , n i
J J J  =vJ «J +1

13 SU>?(JJ)«SUTJi(JJ)+2o*-X(JJJ) 
DO Hi %M=1,N 

Ik R-R+2.'"v(#')-: X(m)
SlFMd )-S[JT-!(N)+R 
T-1+DLLT 
J *J+2
i r ( T _ W ) 9 , 9 , 6

6 STOP 
ELD
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