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$
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function defined on pages 21 and 25

A prime denotes differentiation with respect to the inde
pendent variable (see page 15).
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ABSTRACT

The Baldwin Mechanical Muscle is described 
with reference to its application to prosthesis (the 
addition to the human body of some artificial part). The 
relationship between the various parameters of the device 
in equilibrium is obtained by applying the principle of 
virtual work to the device and utilizing the calculus of 
variations to solve the resulting variational problem.

An analog computer solution to the obtained 
non-linear differential equation is presented and inves
tigated. A numerical method for obtaining the solution 
is discussed and a digital computer program outline is 
presented.

vii



CHAPTER 1

INTRODUCTION

The application of prosthetics to upper-extremity 
amputees is a relatively recent endeavor. Prior to 1945, 
only a small percentage of this type amputee found pros
thesis to be of sufficient value to warrant its use. It 
appears that the majority of these cases were either 
unilateral (one arm) below-elbow amputees or bilateral 
(both arms) cases. Prosthesis was useful in below- 
elbow cases since fitting was relatively simple and there 
was no need for a locking elbow joint, It was useful in 
bilateral cases since here any helpful device would be 
an aid.

Since this time there has been much research done 
in the field of prosthetics. Many advances have mater
ialized in the areas of power transmission efficiency, 
harnessing, mechanisms, and new materials to reduce weight 
and bulkiness. Around 1952 much of this information was 
dispersed to aid in the fabrication of prosthetic devices. 
Since this time, the bulk of the upper-extremity pros
thetic work has been to refine the known devices in order 
to increase their effectiveness.

1



It is generally felt that the next major advance 
in upper-extremity prosthetics will be the application of 
energy sources other than the human body to the artificial 
part. Investigations have been rndde in this field of 
external power for prosthetics and several works are 
listed in references (1), and (2)*.

Actually, there have been very few developments 
in this field that have reached the point of practical 
application. Only two of the possible available power 
sources have been subject to substantial investigations. 
These are electricity and compressed gas. There are advan 
tages and disadvantages connected with each of these 
sources, It is not the purpose of this thesis to make a 
study of this phase of prosthetics. Several articles deal 
ing with this subject are mentioned in references (1), and 

(3).
As of 1961, the power source in greatest favor was 

compressed gas. Of the compressed gases available, only 
one, COg, has really been explored to any degree. The 
reasons for this are that COg is a common industrial gas 
and that it is easily liquefied. COg is also relatively 
inexpensive and readily available. Another common

* Numbers in parentheses refer to REFERENCES.
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industrial gas which may have value in prosthetics is Freon. 
Also a gas which is produced by chemical reaction may be 
worth investigation. Hydrogen peroxide falls in this 
category. .

Since compressed gas is a practical power source, 
prosthetic apparatus which employ devices which utilize 
compressed gas as their energy source are of importance.
One of these devices is the artificial muscle. There have 
been several artificial muscles designed and some of them 
have practical value of great importance.

One such muscle is the McKibben Artificial Muscle 
(1). This muscle consists of a straight piece of hollow 
braided sleeving, a gas-tight inner tube, and suitable end 
closures for external attachment and pressurization. When 
inflated, the sleeve tends to expand, with a consequent 
decrease in axial length and the movement of a force 
through a distance. The relationship between the inflation 
pressure, the decrease in length, and the force of con
traction is necessary for proper prosthetic design. This 
relationship was difficult to obtain analytically for the 
McKibben Artificial Muscle, but experimental results have 
been published.

Another important artificial muscle is the one with 
which this thesis is concerned. It was developed by the 
Laboratory for the Study of Sensory Systems in Tucson,



Arizona, under the direction of Mr. Howard A. Baldwin. The 
Baldwin Muscle differs in design from other artificial 
muscles.^ The parameters of operation, of course, are 
important for this muscle just as they are for other 
devices. This thesis will endeavor to analytically deter
mine the relationship between these parameters for the 
Baldwin Artificial Muscle.

1. See Chapter 2 for a description of the artifi
cial muscle.



CHAPTER 2

DESCRIPTION OF THE MUSCLE-LIKE DEVICE

2.1 Physical Description and Size
The muscle-like device consists of a thin cylindri

cal tube of soft polyisoprene artificial rubber upon which 
are fastened fiberglass strands longitudinally. The fiber
glass strands and the rubber tube are fastened to suitable 
end caps which provide for external attachment and pressur- 
ization. See Figure 2.1 for a sketch of the device in its 
relaxed state.

Figure 2.1

5



6
The rubber tube, is formed by the same method that 

is used in the formation of surgeons' gloves. The fiber
glass strands are made up of very small glass filaments.
The method of attachment of the strands to the rubber tube 
and the method of attachment of the strands and the rubber 
tube to the end caps were devised by Mr. Baldwin's research 
laboratory in Tucson, Arizona, and are not at this time 
available for publication.

The actual methods of attachment, however, are not 
important in this analysis. The important point is that 
the fiberglass strands are continuously attached to the 
outer circumference of the rubber tube.

A very thin layer of adhesive is applied to both 
the outer and inner circumferences of the cylindrical tube 
as a sealer. This is merely to keep gas leakage to a 
minimum.

Table 2.1 lists the physical quantities of the 
muscle-like device which is being considered in this 
thesis.

2.2 Parameters Involved at Equilibrium
When the muscle-like device is inflated, it tends 

to expand with a consequent decrease in axial length and 
a movement of a force through a distance. Several param
eters are of interest when considering the application of . 
the device to prosthetics or, for that matter, to any usage.



TABLE 2.1

PHYSICAL QUANTITIES OF THE MUSCLE-LIKE DEVICE

Overall Length . . . . . . . . . . .  5.00 in.
Length Between Caps - Expandable

Length (Lq ) @2o50 m *

Inside Diameter (d0 ) . . . . . . . .  0.25 in.
Thickness of Rubber (t0 ) . . . . .  . 0.008 in.
Thickne'ss of Glass Filaments ... ... . . 0,0001 in. 
No. of Filaments per Strand . . . . 408 
No. of Strands . . . . . . . . . . .  322
Total Number of Glass Filaments . . . 131,376

Material of Cylindrical Tube: Lotol LX-3140C 
Isoprene Dipping Compound.
Vulcanized by heating.

Sealer Material: Lotol LX-2969B Natural
Synthetic Adhesive.
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Some of these are the gage pressure of the gas, the con
tracted length, the force of contraction, the gas consump
tion, the energy used, the time of motion, and the velocity 
of motion.

This thesis is only concerned with the parameters 
of interest when the device has been actuated and is in 
equilibrium. These are the gage pressure of the gas, the 
contracted length (or percent contraction), the force of 
contraction, and the actual shape of the expanded muscle. 
Figure 2.2 shows the muscle-like device in its expanded 
position. The parameters of interest are listed.

F = Force of Contraction - lbs.
= Contracted Length - In.

P =  Gage Pressure of Gas - psi.

Figure 2.2



CHAPTER 3

APPLICATION OF THE PRINCIPLE 
OF VIRTUAL WORK

3.1 Statement of Principle
The principle of virtual work may be stated in 

several different ways. Some references prefer not even 
to state the principle as such, but instead illustrate it 
by several typical examples. Using algebraic symbols, the 
principle may be stated in the following form as applied 
to an elastic body which is in equilibrium.^

SWb + SWs - S V = 0 (3.1)

where
SWfo = virtual work done by the body forces in 

moving through an infinitesimal virtual 
displacement.

SWs = virtual work done by the surface forces in
moving.through an infinitesimal virtual dis
placement .

2. Notation based on lectures on applied elas
ticity presented during spring semester, 1963, at The 
University of Arizona by Dr. Robert Schmidt, Associate Pro
fessor of Civil Engineering.

9



8 V = small change in the elastic energy of the 
body resulting from the virtual work done 
by the body and surface forces.

In applying the principle of virtual work, the 
acting forces are considered as constant during a virtual 
displacement. The forces actually change but the virtual 
work involved by these changes is of second order and may 
be neglected. A virtual displacement in the case of an 
elastic body is any small displacement compatible with the 
condition of continuity of the material and with the condi
tions for the displacements at the surface of the body, if 
such conditions are prescribed (4).

Heat is produced during this process but when con
sidering an elastic body, the amount of heat produced is so 
small that it may be neglected. The body is assumed to 
always be in the elastic region.

The sign convention used in this analysis is that 
work done on the system (the elastic body) is considered 
positive and work done by the system is considered nega
tive.

Equation (3.1) may be written in the following way:
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where

(Fy)j = Body forces per unit volume
(Fs )̂  = Surface forces per unit area 

S(Ufc)j = Virtual displacements of body forces in

6(Ug)i = Virtual displacements of surface forces
in same direction as the forces

VQ = Elastic energy per unit volume 
dv = Element of volume
ds = Element of surface

or, since the forces are considered constant:

The quantity in the brackets might be thought of
as a form of potential energy of the system. If the quan
tity in the brackets is designated as T T  , then the con
dition is:

This indicates an extremum of rTT1 . To decide whether T P  
is a maximum or a minimum would involve investigation of 
the small quantities of second order which were neglected;

same direction as the forces

S

0 (3.3)

£ T T  = 0 (3-U

i.e., an investigation of the second variation of TT , S^TT .



12

’ I |1 is sometimes designated as the total potential 
energy of the system if the displacements are measured 
from the unstressed position. For this case, H T  is a mini
mum for stable static equilibrium (4)•

3.2 Assumptions
The following assumptions will be made when apply

ing the principle of virtual work to the muscle-like 
device:

1. The fiberglass strands are inextensible. 
Therefore, L0 is constant and the strands are 
not capable of absorbing strain energy.

2. The material of the muscle-like device has no
resistance to bending.

3. The virtual work due to body forces is negli
gible (the force of contraction F is consid
ered as a surface force).

4. Any effects due to the sealer adhesive are 
negligible.

5. The effects of temperature, rate of strain,
and hysteresis on the rubber are negligible.

6. The rubber is incompressible.

3.3 Application of the Principle
Considering the force of contraction F as a surface 

force and with the assumption of negligible virtual work



done by the body forces, equation 3*3 reduces to:

<££> (Fs). (Ug)! ds - V0dv = 0

Due to the symmetry of the muscle, a fixed coordinate 
system may be established as shown in Figure 3.1.

13

(3.5)

= Shape. O f M e.m e>R.ANe:

Figure 3.1

The surface forces consist of the gage pressure P 
and the force of contraction F. Figure 3•2 describes the 
surfaces, forces, and coordinates which are involved.
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(FsX= “P - TTXZ

S ,  = TT r0

5, (Su r f a c e

(Fs)r P

P +  WrT1-

(□5)2.=(u&%= -i; xt s,= irr^

Figure 3•2

Therefore:
(Fs ) i  ( Vg l i d s  = (  (Fs)1 ( U g ) i d s i

+ I (Fs)2 (Us)2ds2 + ^ (fs)3 (Ug)3 ds3 (3.6)

s2 s3
iy

Figure 3.3
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From Figure 3.3 the following relations are seen 

to be true:

d = Y tan o< = = YY ’
dx

(Us)i2 = Y2 + Y2(Y' )2

(Ug)l = Y \jl + (Y» )2

d$= y dx2 + dy2 = ^ 1 + (Y*)2 dx

dsi = 2 TTY \J I + (Y' )2 dx

Therefore equation 3.6 becomes:
ix

(Fs M Us)ids = 1f PY|/l + (Y')2 2TTY ̂  1+(Y» ) dx

+ P + yt r;- - P - tt rz4
1 2 
2 lTrro

or:
ix.

>i(ds)ids = 2 "TT PY2 1 + (Y«) dx

-2Xi

+ ( rr p r̂ 2x + FXl) (3.7)
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Since the shape of the muscle is the same on either 

side of the Y axis and since the integrand of equation 3•7 
is an even function of Y and v 1, equation 3•7 may be writ
ten :

^ 1
(Fs)i (UgJi (is = 2 ( 2 TT PY2 [ 1 + (Y- )2 dx

o

+ ( IT P r̂ 2x1 + Fx1) (3.8)

With this result, equation 3.5 may be written: 

s -I 2 J’( 2TTPY2 1 + (Y' )21 dx + (rr P r;ix1 + Fx-^
Jx,

o

VQ dv C = 0 (3*9)

3•4 Determination of Strain Energy Term
The strain energy per unit volume, VQ, can be 

found from a stress-strain curve for the rubber in tension. 
See Figure 3•4 for the general shape of the curve. For the 
case of the muscle-like device, the rubber does not stretch 
in the direction since the glass strands are considered 
inextensible. Therefore the only elongation of the rubber 
is in the circumferential direction. This elongation, in 
multiples of the original circumference, is equal to:

2 TTY =
2TT r0 r0



17
Thus, the stress-strain curve may be thought of 

as having the variables shown in Figure 3.4.

S-rR.E.ss Ba s b d  O n 
O ki& i (\1AL_ A r .̂ A

3z. 4- 5
xu

Figure 3.4

The area under the c u r v e , J  , up to a cer-
Ytain —p- is equal to the strain energy per unit volumeI o

at that elongation. Therefore:

Y_

Vo - f(>) df (3 .10)

and V0 is some known function of Y.
Consider an element of volume dv. From Figure 3*5 

it can be seen that:

dv = 2TTYtdJ?

where t = thickness of the membrane.



MerweRAvtsE: o f - T h i o k c m e s s  "t- = "t (.x)

Figure 3.5

Since the glass strands are inextensible, and 
since the rubber is considered to be incompressible, the 
following statement may be made:

2TTY t d5, = 2 T r r ^ t 0 d8

or •

ft = r0t0

Using this result and the fact that ^ 1 + (Y1 dx,
an expression may be written for an element of volume:

dv = 2TT r^t0 \J I + (Y' )2 dx (3.11)

Using equations 3.10 and 3.11, and realizing that 
the strain energy in the membrane is the same for each half 
of the muscle, the strain energy term may be written:
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>Vo dv = 2 VG 2 TT r0t0 \J l + (Y>)2 dx (2

where 3Lto
v = -f (5>

3 . 5 The Resulting; Variational Problem
It is now possible to write equation 3•9 in the 

following form:

-5-X
2 TT ?Y' 1 + (Y*)2 dx + (TTPr^ + F) x1

zxl

- 2 X V, 2TT r0t0 y 1 + (Y*)2 dx r = 0

or

.12)

SI = 0 (3.13)
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where:

f V02-rr t-0t0 ^ 1 + (Y> )2 - 2TTPY2 + (Y.)]jax

- ( TTPt^2 + F) (3.14)
2

Equation 3.13 indicates that I is an extremum for 
the system to be in equilibrium. Thus the problem is a 
variational one consisting of extremizing the relation
ship I.



CHAPTER 4

THE VARIATIONAL PROBLEM

4.1 Type of Problem and Method of Attack
The type of variational problem resulting from the 

application of the principle of virtual work is as follows: 
find that curve Y = Y(x) which extremizes the relationship:

is the curve on which the unknown end point, x^, lies.

X1
(4.1)

o

subject to the constraint:

x

G(x ,Y,Y1) dx = constant (4.2)

o

where x% is not fixed and:

(4.3)

21
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The terms F(x,Y,Y1) and G(x,Y,Y1) are known as 

functionals of the independent variable x, the dependent 
variable Y, and the total derivative of Y with respect

to x. The term ̂  ̂  merely a function of the end

X1point coordinates ~  and Y^.

The method of attack on this type problem (5)(6) 
(7) is to extremize:

_x. x
z.

I1 = \ rF(x,Y,Y') + X g (x,Y,Y') dx = ( H(x,Y,Y')dx

(4.4)

where Lagrangian Multiplier (constant).
It is known from the calculus of variations (5)(6)

(7) that a necessary condition for to obtain an ex
tremum value is given by the Euler-Lagrange equation:

!y - h ( ! ? , ) = 0  (4«5)

Or for the case where the independent variable does not 
appear explicitly in the functional H:

H " Y' (5i.)= c i (4-6)

where - First constant of integration.



Since this is a problem with one end point not 
fixed, an additional condition is present. This condition 
is the transversality condition (5 ) (6)(7)̂  2

H¥) ^
ii. + H  Y:

/ X - X  \ V  1
= 0 (4.7)

Thus the Euler-Lagrange equation 4.5 or 4.6 with 
its pertinent boundary conditions, the constraint equation 
4.2, and the transversality condition 4.7 yield the form 
of Y, the two constants of integration (a second constant 
of integration, Cg, will be involved in the solution to 
equation 4.6 ), the Lagrangian multiplier X , and the 
unknown endpoint

4.2 Resulting Equations for the Muscle-Like Device

tion of constraint arises from the assumption that the 
glass strands are inextensible. Therefore this constraint

For the case of the muscle-like device, the equa

is:

x

0

3. See Reference (5), page 98, for a derivation of 
this transversality condition.
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From equation 3.13 it is seen that the form of the func
tional F(x,Y,Yf) is:

F(x,Y,Y> ) = V02Trr0t0 ^ 1 + (Y' )2 - 2 TTPY2 1 + (Y1

(4.9)
Thus the functional H is known:

H(x,Y,Y') = F(x,Y,Y') + X  G (x,Y,Y>) (4.10)

or

H = VG <70 |/l + (Y> )2 - y oY2 f l  + (Y* )2 +A^1+(Y')2
(4.11)

where

7c = 2TT

yo= 2TTP

Since the functional H does not explicitly con
tain the independent variable, the Euler-Lagrange equation 
is equation 4.6:

H
-  = c i

The first constant of integration, C^, may in this 
case be determined from the transversality condition. The 
equation of the curve upon which the non-fixed end point 
lies is:



Yt - Yi ( 21 = r

25

(4.12)

Therefore Y^1 is equal to zero and the transversality con
dition 4*7 becomes:

x=x- = 0 (4.13)

From equation 3.14 it is seen that:

By substituting ^  and the Euler-Lagrange equation, the

transversality condition becomes:

or

C1 ~ T r P r o ” F

C. = (TT Pr + F) 
1 o

= 0

(4.14)

Substitution of the functional H (equation 4.11) 
into the Euler-Lagrange equation 4.6 yields the following 
differential equation:

]j 1 + (Y< )2 - *or 1 - (Y* ) + *'*" 9 = C,|/ 1 + (Y* )2 1
(4.15)
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The resulting differential equation is seen to be 

highly non-linear. In theory, however, for given values 
of the contractive force F and the gage pressure P, i.e., 

and the differential equation might be solved for 
the unknown extremizing function Y = Y(x). A second con
stant of integration, C2, would appear in the solution to 
the first order equation.

Assuming that it would be possible, by one means 
or another, to obtain Y as a function of x, the problem 
would then become one of finding the three unknowns: 
the Lagrangian multiplier /\ , the second constant of inte
gration Cg, and the unknown end point x^. By applying the 
pertinent boundary conditions:

at x = 5 xi, Y = (4-16)

at x = -&xi, Y = ro (4.1?)

and by utilizing the constraint equation 4.8, three simul
taneous equations involving X , C2, and x^ would be obtained 
and could be solved for the unknowns. Thus the desired 
relationship between the contracted length xj, the pres
sure P, and the force of contraction F, could be obtained.

A simple, straightforward solution to the differen
tial equation 4.12 is not available due to its non-linear
ity. A possible approach would be by means of digital



computer techniques. Another approach would be an analog 
computer solution. See Chapter 5 for discussions of both 
of these methods.

4.3 A Simplification Assuming Linear Elasticity
Before the differential equation 4-15 can be

solved, the form of V0 = V0(Y) must be known. If the 
stress-strain curve is known, is known from equation

by empirical equation methods or curve fitting. From ob
serving the non-linear stress-strain curve, it is deduced 
that V0 will not be a simple function of Y. The more com
plicated the function is, the more complicated will be the 
solution to the differential equation 4-15•

The simplest form of V0 would result if the stress- 
strain curve were assumed to be linear (see Fig. 4.1).
This would be a fairly good approximation if the approxi
mate total elongation were known. The slope of the curve, 
E, could be chosen so that the area under the curve would 
be a good representation of the true situation.

3.9. The equation can be determined
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O'"

o 4-32.

•ft _ 1
Figure 4.1

For this case of linear elasticity, the stress- 
strain relationship would be:

c r =  G IF. - 1 (4.18)

where GT = stress based on original area - psi ’
E = slope of curve or average modulus of elas

ticity of the rubber - psi

Using this relation, V0 may be determined:

= x ) 2 (4.19)

By substitution of equation 4.19 into the differential equa
tion 4.15, the following equation is obtained:

-1)2 - y2 y 1 - (Y* ) A  = r
+ (Y1)z 1

(4.20)



where
29

( 3 = 1  E 70 = -n-E t0
“ 2 r02 r  o

The other conditions for determining X , x^, and 

the constant of integration are the same as those men
tioned in Section 4.2.



CHAPTER 5

SUGGESTED COMPUTER SOLUTIONS OF THE EQUATIONS

5.1 Attempted Analog Computer Solution
A program may be set up to solve the non-linear 

differential equation on an analog computer. When assum
ing linear elasticity, the equation of interest is the 
first order differential equation 4.20. This equation 
could be programed on an analog computer. A possible 
method of operation follows.

The objective, as mentioned in Section 2.2, is to 
find the contracted length and the shape of the muscle 
for various combinations of the gage pressure and the force 
of contraction. A simple representation of these results 
could be a plot of F versus percent contraction with P as 
a parameter as shown in Figure 5.1.

F'or.c.EL O f  
CoM-rRyxcrnot^ = F~

% GomTR.AvC.-t to N = ^------ - (loo')
*— <3

Figure 5.1 
30
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If a certain pressure and a certain force of contraction 
were picked, along with an average modulus of elasticity 
E, all the constants ( ^ 0,3 and C^) in equation 4.20 
would be known except for the Lagrangian multiplier ^ .
If X were known, the program could be run on the computer 
and a plot of Y (the voltage output of an amplifier) ver
sus x (time on the computer) would yield the desired 
information, i.e., the shape of the muscle and the con
tracted length x-p

In order to do this, the Lagrangian multiplier A  
must be known. A may be found as a function of Y f and Y. 
Since X is a constant, it may therefore be found as a 
function of Y0* and , where Y0f is the slope of the 
curve Y = Y(x) at x = - ^1 . By making these substitu
tions and rearranging, equation 4.20 becomes

A = C1 sjl + (Y0*)2 + Y0 r02 [l -(Y0' )2] J 1 + (Y0*)2
(5.1)

The arc length along the curve could be found by 
monitoring the output of an integrating amplifier. This 
voltage would correspond to the arc length $ where:

t -  V
1 + (Y’ )2 dx
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A method of operation on the computer follows. An 

initial slope Y0g could be assumed and the constant A  
determined from equation 5.2. This value, of A could be set 
on the coefficient potentiometers and the machine put in 
the compute mode,. Appropriate recorders may be used to 
plot Y versus x (time on the computer) and versus x. At 
the instant Y ’ becomes zero, the computer could be put in 
the hold mode and the values of x-̂  and ji could be obtained 
from the recorders. This would be a solution for a muscle 
of length L0 = 2.J?0 ,■ where $ Q is the arc length when Y8 is 
equal to zero.

If this value of L0 is not the expandable length 
of the muscle which is being considered, a different value 
of Yq» may be picked and a X corresponding to this value 
set on the coefficient potentiometers. Another solution 
could be run and a different value of $0 obtained. This 
procedure could be repeated until the value of Jl Q is the 
one corresponding to half of the expandable length of the 
muscle under consideration.

By using the above procedure with various combin
ations of P and F, a plot such as the one shown in Figure
5.1 could be generated.

The method outlined above was applied to the prob
lem at hand. The equation which was actually programed 
was slightly incorrect but was of the same, general form
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as equation 4.20. Even though the equation was in error, 
the difficulties which were encountered would be present 
when considering the correct equation 4.20. Therefore, 
these difficulties are worthy of mention.

The equipment used is a facility of the Aero
space and Mechanical Engineering Department at The Univer
sity of Arizona. It was manufactured by the Donner 
Scientific Company. The major components which were 
employed were two Model 3400 Analog Computers, six Model 
3735 -High-Accuracy Electronic Multipliers, and three 
Model 3731 Electronic Function. Multipliers.

The plot of the curve Y = Y(x) obtained by using 
the analog computer solution resembled the physical situ
ation. The arc length, however, varied rather haphaz- 
ardly with respect to changes in X . By calculating the 
value of Y when Y ’ equals zero (using equation 4.20) and 
comparing this value to the computer result, it could be 
seen that the computer results were not exactly compatible 
with the equation that was programed.

These deviations were probably due to inaccuracies, 
drift, and instabilities of the computer components. The 
multiplying units are generally undesirable components to 
use in analog computation, especially where high accuracy 
is necessary. The fact that nine of the units were used
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with this program may have been the major reason for the 
dubious results.

It is the feeling of the author that these equa
tions could be solved by analog computational means, but 
the difficulties involved are beyond the scope of this 
thesis.

5.2 Results from Employing a Numerical Method
A numerical method may be used to generate 

Y = Y(x) with great accuracy. This was done in this case 
to show that the general solution may be obtained and that 
the calculated expandable length of the muscle, L0, does 
vary systematically with the choice of the initial slope, 
Y0f. It was done also so that the method might be the 
basis of a digital computer solution.

If an initial slope, YQ', is chosen, X may be 
calculated by using equation 5.1. This slope, Y01, may 
be divided into an arbitrary number of intervals N :

Y 1AY' = J L  (5.2)
N

Let:

Y^' = Yi_i* - AY* (i = 1,2,3- N) (5.3)

assuming linear elasticity, equation 4.20 may be written:



where is the value of Y for a slope Y^1 . Knowing the 
N values of Y^, the contracted length and the arc length 
L0 may be computed. The axial length may be found from 
the equation:

N
ixi = 5Z Ax. (5.5)

i=l 1

where

A Y fThe term Y^1 + is merely the average slope between 
the points i and i-1. The arc length may be found from 
the equation:

iL0 = 1 ~  + A- f > 2 A x t (5.6)i=I ^

Figure 5.2 shows the above-mentioned quantities.
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L-l

Figure 5*2

Several solutions were made using this method and 
considering the muscle described in Chapter 2 (except for 
the expandable length L0 which, when using this method, 
is a result of the computations). The number of intervals, 
N, used was approximately 10. The constants in the equa
tion were determined by picking typical pressures and 
forces of contraction. £3 0 was determined by assuming an 
average modulus of elasticity for the rubber. Figure A 
in the Appendix shows two results using a pressure of 10 
psi, a contractive force of 40 lb., and a modulus of 
elasticity of 150 psi. The initial slopes were different 
in each case and it can be seen that the resulting values
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of L0 are different. This was also the case for several 
other combinations of forces and pressures investigated,
i.e., L0 increased with increases in the initial slope

Yo9‘ ' ,

■ Figure B in the Appendix represents solutions for
a pressure of.5 psi, a contractive force of 40 lb., and 
a modulus of elasticity of 150 psi. The initial slope 
for the solution represented in the top graph is 0.5 and 
half the expandable length is 1.9869 inches. If a solu
tion for the muscle described in Chapter 2 (L0 = 2.5 in.) 
were desired, the initial slope could be lowered until one- 
half of the calculated expandable length was equal to 1.25 
inches. The lower graph of Fig. B is a solution for an 
initial slope of 0.3.

There is a maximum initial slope which can be 
attained in each case. If this initial slope is exceeded, 
Yi becomes imaginary. What this implies is that for given 
combinations of P, F, h"0, t0> and E, the maximum possible 
length (which corresponds to the maximum allowable initial 
slope, Yq ’) may not be as large as the expandable length 
of the muscle under consideration. This merely means that 
for a given muscle (fixed r0, t0, E, and L0) all combina
tions of pressure and contractive force are not compatible
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Iwith each other.

Figure C in the Appendix shows that the shape of 
the muscle and the expandable length LQ are strongly 
dependent on the value of fiOP i.e., the value of the 
average modulus of elasticity, E, of the rubber membrane. 
Thus, if an accurate solution were to be obtained, an , 
accurate stress-strain curve for the rubber in tension 
would be essential.5

5*3 Suggested Digital Computer Solution
The numerical method presented in Section 5.2 

could be applied to a digital computer solution. If lin
ear elasticity were assumed, the program would be rela
tively simple. The program could be such as to perform 
the following operations for various combinations of pres
sures and forces of contraction:

4. This incompatibility may be a result of elastic
instability of the system. The practical criterion for
stability of an elastic system (B)(9) is that the following 
inequality be satisfied for all possible deformations:

V > ¥
where V - the strain energy acquired in the deformation

¥ - work done b% the original set of forces on the
system.

¥hen this maximum initial slope is exceeded, the system 
perhaps becomes elastically instable, i.e., the strain 
energy acquired is less than the work done by the set of 
forces on the system.

5. See Chapter 6 for a discussion of this problem.



1. Read a small Y0f from input data
2. Calculate the Lagrangian multiplier X

Y t'3 • Calculate AY f = o (N depends on the
N

accuracy desired)
4. Calculate Y1 » = Y0« - AY*
5. Calculate Yj and print it out
6. CalculateAx% and print it out

7. Calculate ̂  1 + (Y^1-*-̂ -̂)̂
8. Repeat steps 4 through 6 for Yg*, Yjs, etc. 

until Yfj* is reached. (%4 = °)

N9. Print out y Ax.
i=l 1

10. Print out Y ~  {T+{Y.'+ ^ - ) 2 Ax,
i=l 1 2 1

11. Read another Y0f from input data (this Y0f 
should be somewhat larger than the previous 
one)

12. Repeat steps 2 through 10 until Y^ becomes 
imaginary.

By this process, there would be information to plot 
Y = Y(x) and the contracted length would be known. The 
results would be solutions for various expandable lengths



The usefulness of the results, of course, would 
depend on the value of @ 0 used. The program would become 
more complicated if:

V0 = r° ({(f) df
0

were determined. If. V0 were known, however, 
could be written to take this into account.

a program



CHAPTER 6

SUMMARY AND CONCLUSIONS

By utilizing the method of virtual work and the 
calculus of variations, a relationship between the various 
parameters at equilibrium was obtained. It was shown that 
a computer solution would be feasible. The stress-strain 
relationship of the rubber membrane in tension was an 
important factor in the solution.

Two sources were contacted in an effort to obtain 
an accurate stress-strain curve for the membrane material 
described in Chapter 2 and both efforts proved futile. If 
this relationship were known, the solution could be car
ried to completion. The relationship could, of course, 
be determined by experimental means. It is suggested 
that this be done by interested parties in the future.
Then the correct solutions could be generated by methods 
outlined in this thesis.
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NUMERICAL METHOD RESULTS
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