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ABSTRACT

The equations of motion in a vacuum for cannon-fired# 
rocket-assisted projectiles were derived in this study using 
Newton’s second law of motion. These equations were inte
grated directly to obtain the parametric equations describ
ing the trajectory of the projectile, Lagrange multipliers 
were used in determining the conditions which optimize the 
range of the projectile and the rocket motor ignition time.
The parameters influencing an optimal trajectory plus the 
parametric equations describing the trajectory were pro
grammed into a digital computer for the determination of range. 
The analysis, of these programs indicate it is profitable to 
employ rocket-boosted, cannon-fired projectiles to increase 
range.
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CHAPTER I 
INTRODUCTION

Naval and army field cannons which possess a long 
range capability are usually characterized by being very 
heavy and of large caliber. The retirement of battleships 
and heavy cruisers from the active fleet has also retired 
the long range cannon which diminishes the shore bombardment 
capability of a surface fleet (Ref. 4, p. ii). In recent 
years, field armies have been emphasizing air and cross
country mobility where weight is a prime consideration. 
Consequently heavy, large caliber cannons such as the 240 mm 
howitzer, 8-inch gun, and 280 mm gun have been retired from 
the active inventory.

It is true that the gap in range capability has been 
filled and extended by rockets and guided missiles. However, 
the logistical effort in terms of production costs, shipping 
weight and space, and special handling required for rockets 
and guided missiles may limit their use in campaigns lasting 
a long time, or in action requiring a long sustained rate 
of fire. Guided missiles have the added disadvantage of 
being susceptible to electronic countermeasures which may be 
employed by the enemy.

1
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The United States Navy (Ref. 4) conducted tests to . 

determine the feasibility of extending the range of the 
naval guns remaining with the active fleet by the rocket 
assisted projectile concept utilizing dense propellants.
They report (Ref. 4) that such a concept has been success
fully demonstrated with a naval 5-inch gun, and increases in
range on the order of 45% (Ref. 5).

The concept of cannon-fired, rocket-assisted projec
tiles does not require modification of the cannon used. 
However, the projectiles are modified by fitting a new base 
plate in the projectile and by replacing some of the normal 
projectile filler with rocket motor propellants The new 
base plate houses a small converging-diverging rocket motor 
nozzle (see figure 1). The hot propelling gases of the can
non ignite the rocket motor propellant. During the time 
the projectile is in the tube of the cannon, the propelling 
gas pressure is greater than that generated by the rocket 
motor (Ref. 4 and 5), and therefore, rocket motor thrust is 
deferred until the projectile emerges from the cannon. 
Therefore, one can conclude that the origin for equations of
motion for the thrusting part of the trajectory is at or be
yond the muzzle of the cannon. Rocket motor ignition could 
be delayed by shielding the rocket motor propellant from the 
cannon propelling gases and then use a time fuze mechanism to 
ignite the rocket motor propellant at the desired time.
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Projectile*
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Theoretically, the range of rocket-assisted projec

tiles is extended over that of cannon-boosted projectiles 
partly by the actions listed below (Ref. 4, pp. 1,2).

(a) Part of the projectile's drag is countered by the 
thrust of rocket motor.

(b) The base drag of the projectile is decreased by 
the streamlining effect of the rocket motor exhaust.

(c) This reduction in drag reduces the velocity loss 
normally experienced by a projectile in unpowered flight.

(d) The thrust of the rocket motor will counter some 
of the effects of gravity.

This paper is concerned with the effects of con
trollable parameters on the range of cannon-fired, rocket- 
assisted projectiles, and to determine optimum firing pro
grams. This study will be restricted to projectile flight 
in a vacuum since optimum trends in firing programs, and 
not actual firing data for any particular weapon system, are 
of interest here. Such a vacuum study gives a fair picture 
of what actually happens in the atmosphere when the velocity 
is low and the projectile heavy (Ref. 2, p. 14). The salient 
features of the rocket-assisted projectiles should also be 
determined from such a treatment. Effects on the trajectory 
resulting from variations in "non-standard" weather cdndi- 
tions (not applicable in a vacuum study), rotation of earth, 
projectile weight, propellant temperature, and etc., are 
normally included in the firing or ballistic range tables



for each weapon system. In a vacuum» all aerodynamic forces 
such as drag and lift acting on the projectile are zero. It 
follows then that the associated Magnus force is also zero.

By ignoring the previously discussed effects and 
considering flight in a vacuum, the equations developed in 
this study are simplified by making the additional following 
assumptions:

(a) The earth is flat within the range of trajectory.
(b) The projectile is considered as a point mass.
(c) The thrust developed by the rocket motor is direct

ed through the projectile’s center of mass and along its 
longitudinal axis.

(d) The spinning projectile will not experience gyro
scopic precession. This assumption is the consequence of the 
foregoing assumptions whereby the remaining forces acting on 
the projectile act through the center of mass and therefore, 
no torques are applied to the projectile. Gyroscopic pre
cession is the result of a torque applied to a spinning body.

(e) The trajectory of the projectile is two dimensional 
in the vertical plane. By considering assumption:(d) and 
ignoring previously discussed variations (primarily wind and 
earth rotation), the trajectory will not experience any de
flection deviations.

(f) The thrust developed by the rocket motor is con
stant (Ref. 1, p. 5).



(g) The change in mass during the consumption of the 
rocket motor propellant is regarded as having no significant 
effect on the motion (Ref. 1, p. 5).

(h) The basic coordinate system is fixed to the earth 
and is considered an inertial coordinate system,

(i) The gravitation constant, g, does not vary signifi
cantly within the range of altitudes considered. Therefore, 
g = g0 (value at earth's surface) = constant.

The origin of a trajectory is the position of the 
center,of mass of the projectile at the instant it is re
leased by its initial projecting mechanism. The position of 
the center of mass when the projectile bursts or otherwise 
terminates its flight is the end of the trajectory. The 
tangent to the trajectory at its origin is the line of de
parture , and the angle this line makes with the horizontal 
is called the quadrant angle of departure (sometimes called 
quadrant elevation, or Q. B»). The vertical plane containing 
the line of departure is the plane of departure. In this 
plane lie the x (horizontal) and y (vertical) coordinate 
axes used in the computation of trajectories, whereas the 
z-axis lies in a horizontal plane and perpendicular to the 
plane of departure (Ref, 3, p.4)«

To describe a trajectory completely, it is sufficient 
to Specify the x, y, and z coordinates of the center of mass 
of the projectile at any time, t, after release by. the ini
tial projecting mechanism; in other words, a trajectory is



regarded as defined by x = x(t), y = y(t), and z - z(t).
The trajectory is determined by the position of the origin, 
the conditions of projection and subsequent forces acting on 
the projectile (Ref, P® 5).

In the following chapters, the parametric equations 
defining the trajectory are developed by integrating twice 
the equations of motion of the projectile, Lagrange multi
pliers (see Appendix A) are used in determining the conditions 
which optimize the range and the rocket motor ignition time, 
These conditions, the parametric equation for the trajectory, 
and the parameters affecting the trajectory were programmed 
into a digital computer to determine the effects of the 
various parameters on maximum range,



CHAPTER II 
OPTIMIZING EQUATIONS

Nonthrusting Equations
In basic engineering mechanics (Ref. 9, pp. 400- 

401), the optimum conditions for nonthrusting projectile 
motion, were developed. This familiar problem is used here 
to demonstrate the use of Lagrange multipliers to determine 
the conditions which optimizes the range.

Recall the assumptions listed in Chapter I, and con
sider x0, y0, z0 as an inertial coordinate system attached 
to the surface of the earth, and x, y, z as a nonrotating 
coordinate system parallel to the inertial system and at
tached to the projectile at its center of mass. These coor
dinate systems and the forces acting on the projectile are 
shown in figure 2.

y0, Altitude

C.M. Trajectory
mg

Figure 2. Coordinate Systems and Forces on Projectile.



For nonthrusting vacuum flight, the only force act
ing on the projectile is that due to gravity. Since mass i 
assumed constant, Newton’s second law of motion becomes

Fx = max = mx
(2.1)

Fy = may = n1̂
Considering forces shown in figure 2, equations (2.1) can 
be written as

mx = 0, my = -mg (2.2)
The initial conditions are readily determined from figure 2 
as

x = y = 0, vx = v0cos60, vy = vosinG0

Dividing equations (2.2) by m, and integrating once with 
respect to time, and applying the above initial conditions 
result in

x = vx = v0cosQ0, y = Vy = v0sinG0 - gt (2.3)

Integrating equations (2.3) and again applying initial con
ditions, the parametric equations describing the trajectory 
are determined as

x = v0t cosQ0, y = v0t sinG0 - |t2 (2.4)

The horizontal component of the trajectory, x, is 
a maximum or minimum (x = 0) when y = 0. Therefore, let x, 
see equation (2.4), be the function to be optimized, and 
subject to the equation of constraint y = 0. The procedure 
described in Appendix A is used.



f - f(G0,t) = x = v0t cos©0
2

0 = 0(6O,t) = y = v0t sin©0 - = 0
2

F = f 4 ?\0 = v0t cos©0 4 X(v0t sin©0 - )

10
(2.5)

(2.6) 
(2.7)

-ii,
a?

-V0t sin©0 4 M v 0t cos©0) = 0

= v0 cos©0 4 X(v0 sin©0 - gt) = 0

Eliminating ^ from equations (2.8 and 2.9) is equivalent 
to solving the following determinant (see appendix A):

(2.8)

(2.9)

9f 20
2e 0

Mat at

^ t sin2©0 4

—v01 sin©0 v0t cos©0

v 0 cos©0

= 0 (2.10)
vc sin©0 - gt

■ t cos?9c = 0 (2.11)

From equation (2.11), the optimizing equations are obtained 
as

v0t = 0, and (2.12)

sin©, = ^ (2.13)

In equation (2.12) v0 ^ 0 for a nontrivial problem. Therefore 
t - 0 is a minimum condition. This value for t in equation 
(2.5) yields x = 0. This is a minimum condition for range, 
and is consistent with the boundary conditions for t = 0. 
Before evaluating the second optimizing equation (2.13), the 
constraint equation (2.6) is solved in terms of t.
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0 t sinQ0, or

t = 0 (2.14)

t = — ° sin©0 (2.15)

Substituting equation (2.15) into equation (2.15) gives

This value for ©0 is a condition which optimizes the range 
equation (2.5) subjected to the constraint of equation (2.6). 
Equation (2.15) is also an expression for time of flight to 
maximum range attained for a given quadrant elevation, ©0. 
This equation substituted into equation (2.5) produces 
equation (2.16) as a range equation for a given 0o,

nonthrusting equations is now to be used to evaluate the 
equations envolving a combination of thrusting and non
thrusting motion. Briefly, the action of the projectile is 
assumed to be as follows:

(a) The projectile is fired from the cannon at an ini
tial velocity (muzzle velocity), v0, and quadrant elevation, 
©o. The origin of the trajectory is located at the cannon’s

sin^©0 = i , ©0 = 45°

x = —0 sin2© 6 o (2.16)
Combined Thrusting and Nonthrusting Equations

A treatment similar to that used for evaluating the
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muzzle. The mass of the projectile is m. Until the rocket 
motor ignites, the projectile motion is nonthrusting.

(b) At a time, t^, the rocket motor propellant ignites, 
and a constant thrust, T, is developed along the longitudinal 
axis of the projectile. A fuzing mechanism in the rocket 
motor permits the control of t^.

(c) The constant thrust, T, acts on the projectile for 
the time of burning, t^, of the rocket motor.

(d) When the rocket motor propellant burns out at time, 
t^o, the motion is again nonthrusting. The conditions at 
burn out for thrusting flight are the initial conditions for 
the new nonthrusting flight.

(e) Throughout the entire flight, the longitudinal 
axis of the projectile will remain oriented at the initial 
quadrant elevation, 60, because of the assumptions made that 
all forces act through the projectile's center of mass. The 
projectile will not rotate or pitch over in the absence of
a moment of a force»

(f) Motion of the projectile terminates when the alti
tude coordinate, y, is again equal to zero.

To derive the parametric equations of the trajectory 
for the combined thrusting and nonthrusting flight, Newton's 
second law of motion is again used, and it is assumed that 
the rocket motor ignition time, t^, is non-zero. Unit step 
functions are used in the equations of motion to express the 
times which the thrust force commences and ceases. It is
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assumed here that the commencement and cessation of the thrust 
force acts as an impulse. The unit step functions used here 
are defined as (Ref.7, pp.469-470)

fd, t^C t^
H, = U(t-t.) = < (2.17)

[l, t >t.

p. tb0
H = U(t-t, ) = i (2.18)

Q' * > \ o

The derivatives of equations (2.17) and (2.18) are called 
impulse functions, and as used here are defined as (Ref.7, 
pp.470-471)

0, t ^ t.

value of discontinuity,t = t^
H, =S( t-t1) =

H2 -S(t-tb0) = -j co (2.20)
value of discontinuity,t = t^Q

The magnitude of the discontinuity in this problem is given 
by the thrust force, T.

The forces acting on the projectile are shown in fig
ure 2. Using the assumptions and nomenclature of the previous 
paragraphs, the equations of motion may be written as follows:

mx = T cos90 [H1 - H%] (2.21)

my = T sinG0 - Ĥ j - mg (2.22)

Since m is constant, these equations can be integrated di
rectly . Equation (2.21) will be evaluated first, and re
written as
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X = I cose0 [n^ - fQ (2.25)

Integrating once and taking v0cos©0 as the initial condition 
for x at t = 0, equation (2.23) becomes

x = vx = ^ cosG0 ^(t-ti)H1 - (t-tbo)Ĥ j -f v0cos90 (2024)

Integrating once more and using the initial condition x = 0
at t =0, equation (2.24) becomes

x = cosGo [(t-ti)2ti1 - (t-tbo)2H^] -f v0t cosG0 (2.25)

Now an expression for y will be developed in the same manner 
as for x. Rewriting equation (2.22)

y = 5 sinOc [H1 - - g

Integrating once, and using the initial condition y = = v0
sin90 at t = 0; is found as

y = ~ sinG0 [(t-ti)H1 - (t-tbo)H^- gt + v0s±nQ0 (2.26)

Upon integration and using the initial condition y = 0 at 
t = 0, equation (2.26) becomes

2
y = sine0 [(t-ti)2H1 - (t-tto)2Ĥ ] - + v0t sin60 (2.27)

Equations (2.25) and (2.27) are parametric equations describ
ing the trajectory in a vacuum of a cannon-fired, rocket- 
assisted projectile. Equation (2.25) describes the horizon
tal or range component of the trajectory. When equation 
(2.27) is set equal to zero (y = 0), the corresponding x 
coordinate represents the "range" of the projectile.
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Following the procedure established for non

thrusting trajectory, Lagrange multipliers are used to eval
uate the optimum conditions for the range of the projectile. 
One additional constraint must be considered. It is the 
equation which defines the burning time of the rocket motor, 
t^, as the difference between time to burn out, t^Q, and ig
nition time, t^. The burning time, t^, is a function of the 
rocket motor design, and therefore, taken as a constant for 
any one particular flight. Let f be the function to be 
optimized,

f = f (0 o , t, t^ , t^Q) = x = 2^ cosGo [1 t-t  ̂) Hf - (t-t^g)

4 v0t cosQ0 (2.28)

and 0^ and 0^ be the equations of constraint,
2

= y = fm sineo C t_ti)2Hl “ ( t - H o ) 2' ^  + v 0t sin60-S| = 0
(2.29)

02 = S o  - *1 - S  = 0 S . 30)
how let
F = F (©0,t,ti(tbo) = f + ^  01 4 > 2 02 (2.31)

The necessary conditions for f to be optimized subject to 
the constrains 0^ and 0^ are given by (see Appendix A)

- t i  - n  - H r  - »  <2-^>

Solutions to equations (2.32) are found by extracting two un
equal nonzero minor determinants from determinant (2.33) be
low (see Appendix A).
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9f M i m 2

BGo 3 «o

df ^ i 29t a t 1
9 f M M9 t i a s

9 f J l 23 S o 3 tbo a S o
actual expressions for the

0

0

0

0

= 0 (2.33)

(2.33) are given below.

-ff0 = - fisinG° - (t-tbo)2n j -  v0t sine0

+ Ai | | i coseo - (t-tbo)2Ĥ j 4 v0t cosel+ X2 (0)

= o (2.34)
or, a21 4 ^  a12 + }v2 = 0

where aix= “ f^sinGo [(t-t^)^H^ -v0t sin©0

and ai2= §^coseo [*(t-ti )2n i ~(t~ t b c )2lI5  4 v o t cos©0

i f  = i5C08e0Q2(t-ti )H1 - 2(t-tb0)H2 4(t-t.)2 ^-(t-t^)2 y  
ri

4V0C0S©0 + jjg sin©0 |2(t-t.)Hi -2(t-tbo)H2 4(t-ti)2

~^t”tbo^2 ^  + V o S i n O o  -gtj 4 \̂2 (0) = 0 (2.35)

cr' a21 4 Al a22 4 A2 = 0
where a2i= ^cos©o[2(t-t^)Hb -2(t-tbQ )H2 4(1-1^)"

"'^t ~ t b o ^ 2 H2]  + V o C o s © o
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and IICM(XI
ti lysine0

~(t-tbo)2 H2]

-  I j c o s o 0 [}(t-

)H1 +(t

or a31 4 /\l a32

where a31= - fjjoose

and a32= “ lysine

3 P  _
9*bo f r a 0 0 8 ® 0

j~2 (t—t

-sin©,

0

^ 2(-l) = 0

;Cos60 0 (  t— )H^ +(t-ti )2 ill 

-sine0 j2(t-t.)H1 +(t-t1)2 h J

!(t-tbo)H2 +(t-tbo)2 "g] 4A l

[2^t_tbo^I2 +^t_tbo^ + A 2 = 0

(2.36)

or

and

a41 4 A l  a42 + A 2 (1) = 0

*41= t m cose° [2(t- S o )I12 +(t-- S o )2

a42= H ain6 = [}(t-S o )H2 +(t-- S o )2

berminant (2. 3 3 ) can be written as

all a12 0 0

a21 a22 0 0
= 0

a31 a32 -1 0

*41 a42 1 0

(2.37)

H,

II.

(2.38)



18
The nonzero minors of determinant (2.30) are

11 a12 0 all a12 °

21 a22 0 = °i a21

o

CMCM
Cti = 0 (2.39)

"41 a42 1 a31 a32 -1

a21 a22 0

a31 a32 -1 = 0 (2.40)

a41 a42 1

all al2 0

a31 a32 -1 = 0 (2.41)

a41 a42 1

only two of which are independent (see Appendix A). 
The solution to determinants (2.39) reduce to

all a22 “ a21 a12 = 0 (2.42)
Expanded in terms of the expressions of equations (2.34) and 
(2.35), equation (2.42) becomes

{(- 55 -Vot) sine5  f e

2(t-tbo)li2 +(t-ti)2 ^1 ~(t-tbo)2 H0  +vcj sin0o

-(t-tbo)2H 0  4vctj cose^> fcoseo ^  |2(t-t.)Hb - 

2(t-tbo)H2 4(t-ti)2 -(t-tbo)2 H2]  4v0jl = 0
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which after rearrangement of terms becomes

IT__
2m -(t-tbo)2H^j+v0t^ | Sin2e0 +cos2«J> jjjjj

|2 (t-t^ )H^ -2(t-t^o)ll2 +(t-t^)^ +v̂ j> -gt

sinQJ = 0 (2.43)

Equation (2.43) is satisfied if either of its prime factors 
is set equal to zero. That is if

£ t - t i ) \  - ( fv0t = 0 (2.44)

or if

Ih  -2(t-tbo)H2 4(t-t^)2 -(t-tb0)2 Hgj +v0-gt

sinG0 = 0 (2.45)

Equation (2.44) is satisfied only if both terms are equal to
zero. A trivial solution is obtained if t^ since
both H1 and H0 are zero. If t/<Ct<Ct^^, then = 1 and 
= 0, and since the first term equals zero,

t^ = t
In the second term v0  ̂0, Thus t = 0, and therefore,

ti = 0 (2.46)

represents a possible solution. Again, in the first term, if
t > t bo>t^, then = 1. Since t = 0 from the second
term, the first term reduces to t^o - t^ = 0, or t^ = 0, see
equation (2.30), which is inconsistent with t^ / 0 for a
thrusting rocket motor.

Equation (2.45) is satisfied only if both terms equal 
• •

zero. The terms and have nonzero values only at the
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times t. and t , respectively. However, at these times, i bo 2 2their coefficients (t-t^) and (t-t^^)'* are clearly equal to

2 * 2 *zero. Therefore, the expressions (t-t^) and (t-t^^) Hg
are zero for all values of time, t. From the equation of 
constraint, 0^, two values for t are obtained. One, t = 0, 
is a minimum condition and is of no interest here. The other 
value of time for y = 0 is the time to the terminal end of 
the trajectory. Using the optimum ignition time (t^ = 0), 
and a burning time less than time-to-impact, then

ti<  tb0
and

= 1
and equation (2.45) can be written as

Sine°= ji(2t~2ti~2t~2tbo) 5~(tbo~ti) 'l'v° (2.47)
gt gt

The second equation of constraint gives

tbo ~ ti = S
Substituting this expression into equation (2.47) gives

sin0o = ^ 4 Vy (2.48)
it

Solving the equation of constraint 0^, for t, and evaluating 
the unit step functions in the same manner leading to equa
tion (2.47) yields

t = 0 (a minimum condition)
and



By substituting equation (2.49) into equation (2.48), and re
arranging terms, the following expression for 60 is obtained, 
in terras of controllable parameters, which will optimize the 
range of the projectile.

only two of the determinants (2.39) through (2.41) are inde
pendent. The solution of determinants (2.39) produced the 
optimizing conditions expressed in equations (2.4 f) and (2.50) 
Therefore, solving determinants (2.40) and (2.41) is redundant 
as is demonstrated below. The solution to determinant (2.40)

Expanded in terms of equations (2.35) through (2.37), this 
solution becomes

1 (2.50)

According to principles presented in Appendix A,

is  ̂a21 a42 “ a22 a41^ 4 (a21 a32 ” a22 a31^ " 0

or a2i (a32  ̂ a42 ̂ ” a22  ̂a41 a31^ ~ ^
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-2(t-tbo)H2 +(t-ti)2 -(t-tbo)2 Hgj +v^

^ose^>|l fisine0 ||(t-ti)H1 -2(t-tbo)H2 -t(t-ti)2 

-(t~tbo)2 ^2_j- |2(t-ti)Kb -2(t-tbo)H2 ■«(t-ti)2 Hb

~^t-tbo^2 ^2 +v°) sin9o -gt\ |jCOseo Qf2(t-ti)H1

-2(t-tbo)H2 4(t-ti)2 Hb -(t-tbo)2 H^jj = 0 (2.51)

Equation (2.51) is satisfied only if

li(2(t-ti)H1 -2(t-tb0)H2 +(t-ti)2 il± 4(t-tbo)2 = 0 ^

or if
cos90 gt = 0 (2.53)

2 * p *It was shown previously that (t-t^) and (t-t^^) Hg are
zero for all values of t. For

t < t i< t bo

For

and

= 0

which was previously evaluated. The remaining combination 
of time is

t > t bo> t i



for which

Within this range of time, equation (2.52) reduces to

which also resulted from the solution of equation (2.44). 
Minimum conditions also result from equation (2.53), namely,

t = 0
cosG0 = 0, or Q0 = 90°

The solution of determinant (2.41) is

(—1) ” a41a12 ̂ (1) ( 8-̂ 2 "" ^31^12^ ^ ^

In terms of equations (2.34), (2.3^), and (2.37) this last 
expression becomes

or all  ̂a42 4 a32 ̂ - a12 (a41 4 a31^ = 0

4(t-ti)2 -(t-ti)2 all = 0

This equation is satisfied only if

or if
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These results are identical to equations (2.44) and (2.52), 
and therefore require no further discussion.

Listed below is a recapitulation of the foregoing 
optimizing conditions, and equations pertinent to determining 
firing programs. In this list, trivial or minimum conditions 
are not included.

(a) Optimum time of rocket motor ignition, t^, is
ti = 0 (2.54)

(b) Optimum quadrant elevation, 0o, Equation (2.50) 
with t. = 0, is given by

ain260 =   1 (2.55)

K
(i tb + vo)2sine,

(c) Using V  = 0, and ©0 from equation (2.55), the time 
of flight is given by

t= 1 S(m tb4vo )sin0o 4 / |(i tv4v\ / l i E  V v ° )sine3  2" ^  ^  sine^J(2.56)

(d) Using ti = 0, and ©0 from equation (2.55), the 
range is given by

X= [2ttb - tbJ cos©0 4 v0t cos90 (2.57)

Equations (2.46) through (2.57) are used to determine 
an optimum firing program by means of a parametric study.
The parameters in this program are certain design features 
of the weapon system such as cannon muzzle velocity, v0;
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projectile mass, m; rocket motor time of burning, t^; and 
rocket motor thrust, T. The optimum value for each of these 
parameters is either infinity or zero; therefore, only the 
overall effects of varying these parameters will be deter
mined. - For each combination of these parameters, there is a 
quadrant elevation, ©0, which will satisfy equation (2.55).
.This value of ©0 along with the selected combination of con
trollable parameters, when substituted into equations (2.56) 
and (2.57), will produce optimum values for time and range. 
The combinations of parameters which can be selected, even 
when restricted to hardware in use today in the U. S. Armed 
Forces, create a burdensome calculation problem. A simple 
solution is further aggravated by the fact that equation 
(2.55) is a transcendental equation requiring an iterative 
process for solution. The handling of a problem of this 
magnitude is ideal for a digital computer which, indeed, was 
used, and the .results are presented in Chapter III.



CHAPTER III 
ANALYSIS OF FIRING PROGRAMS

In Chapter II the optimizing equations and range 
equation were developed in terms of given parameters. These 
equations are expressed as equations (2.54) through (2.57). 
Recall; that the given parameters are

(a) Cannon muzzle velocity, v0.
.(b). Projectile mass, m.
(c) Time of burning of rocket motor, t^.
(d) Rocket motor thrust, T.

Prior to programming these equations and parameters 
into the digital computer to determine their relative effects 
on range, several combination of the parameters (a) through
(d) were selected and t^ was permitted to vary from zero to 
the time corresponding to time-to-impact to verify the con
clusion that t^ = 0 is an optimum condition. The results of 
one of these studies is plotted in figure 3, Appendix B.
This evaluation confirms equation (2.54) which states that 
the optimum value for t. for maximum range is t. =0.

In selecting the various parameters for the digital 
computer program, characteristics of cannons currently in use 
today in the U. S.. Armed Forces were considered. The time of 
rocket motor burning was permitted to vary from five seconds
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to twenty seconds, in increments of one second. The longer 
burning times, say over 10 seconds for the one slug of mass 
projectile or over 15 seconds for the two slugs of mass pro
jectile, may be unrealistic because the smaller projectiles 
are limited in the amount of rocket propellant carried (Ref.4). 
It is conceivable; however, that the heavier projectiles 
could carry sufficient propellant for twenty seconds burning 
time. Regardless, the important point in setting up such a 
program is to consider the parameters within limits conceiv
able for the weapon system and materials (e.g., propellants) 
to be analyzed. For each value of thrust; mass, muzzle vel
ocity, and burning time were permitted to vary independently 
and the results obtained for each combination of parameters 
were the optimum quadrant elevation, ©0, and the correspond
ing time-to-impact and range, listed below are the range of
parameters used in this study.

Parameter Units Range Increments
Thrust, T Pounds of force 50-180 50
Mass, m Slugs 1-7 1
Muzzle vel,v0 ft/sec 1000-4000 . 500
Burn time,t^ Seconds 5-20 1
Ignition time,t. Seconds 0 0' X

The digital computer printed out 2684 lines of data 
(firing programs) in less than one minute. No attempt is 
made to present all of the data obtained. However, the
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following analysis is presented for extremes of the results, 
and for effects on range due to varying the parameters.

One result observed from the computer program is the 
surprisingly small range of the optimum quadrant elevation,
©0, which varied from 45.00265 to 46.77776 degrees. Optimum 
quadrant elevation is fairly insensitive to changes in muzzle 
velocity, v0. For example, when m = 7, T = 30, and t^ = 5; 
the same (45.00265°) was obtained for both v0 = 3500, and 
v0. .= 4000. However, range is more sensitive to change in 
muzzle velocity. For the firing programs just mentioned, 
the range for v0 = 3500 is 385,674.8 feet, and for v0 = 4000 
the range is 502,995.5 feet (an increase of approximately 
30%).

A study of the.digital computer results verified that 
the shortest range is obtained for the lowest thrust-to-mass 
ratio, lowest muzzle velocity, and shortest time of rocket 
motor burning; and also verified that the greatest range was 
obtained for the largest thrust-to-mass ratio:, largest muz
zle velocity, and longest time of rocket motor burning. These 
same verifications, can be reached by studying the curves ob
tained by plotting range versus, thrust-to-mass ratio (see 
figure 4, Appendix 0). The combined cannon-fired, rocket 
assisted projectile flight resulted in ranges from a minimum 
of 32,379.5 feet to a maximum of 1,745,688.6 feet, of ah in
crease in range over that for an unboosted projectile of 
3.928% and 250.857% at the minimum and maximum ranges, re
spectively.
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Using the results of the computer program, the curves 

in figure 4? Appendix 0, were obtained by plotting range 
versus thrust-to-mass ratio for several muzzle velocities, 
v0, and rocket motor burning time, t^« A study of these 
curves reveal certain features which can be considered for 
weapon system design. One feature is that the rate of change 
in range increases for an increase in rocket motor burning 
time, t^, and for an increase in muzzle velocity, v0. The 
curves also reveal that these effects on change in range be
come. more sensitive as the thrust-to-mass ratio increases 
for the larger t^, but for the smaller t^’s the effects on 
change in range are approximately linear. This latter obser
vation indicates that for a weapon system with a large t^, 
a significant change in range can be obtained by a relative
ly small change in thrust to mass ratio with the most signi- 
fleant change in range occuring at the greater thrust-to-mass 
ratio. The intersection of the various curves in figure 4 
are noteworthy from a weapon system design point of view. As 
an example, note the intersection of the t^ = 20, vo=2500 
curve and the t^=5, v=4000 curve. Here the designer can 
choose between two weapon systems to obtain the -same range 
with the same thrust-to-mass ratio. Some of the factors to 
be considered in selecting which weapon system to employ to 
achieve this range are the burning time characteristics of 
available rocket motors (i.e.; long burning or short burning 
motors), and the muzzle velocity characteristics of the



30
available cannons. If the desired or v0 can not be 
matched with available materiel, then these parameters be
come design criteria to develops such materiel.

A study of the curves in figure *4 also reveal that 
certain design features can be traded to obtain a given range. 
As an example, suppose a rocket assisted projectile is to be 
designed for a cannon developing a muzzle velocity of 2500 
ft/sec. The curves in figure 4 show that for a thrust-to- 
mass ratio of 80 lb/slugs, an increase in range of 72,893«53 
feet (approximately 28% increase) can be obtained by increas
ing the rocket motor burning time by 5 seconds. To accom
plish this for a given rocket propellant, more propellant 
must be carried; and therefore, the payload is decreased to 
maintain the given thrust-to-mass ratio; or perhaps increase 
the amount of propellant, keep the payload constant, but this 
would decrease the thrust-to-mass ratio with a corresponding 
decrease in range. The burning characteristics per unit 
mass of propellant would have to be known before the above 
conflicting effects on range can be evaluated. The same in
crease in range can be obtained for vo=2500 and t^=5 by in
creasing the thrust-to-mass ratio from 80 to 160. This is 
an increase of 100% in thrust-to-mass ratio for a 28% in
crease in range. In this example, t^ is not changed, there
fore a propellant developing a very high thrust, or a 50% 
decrease in mass.is required.
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For a given rocket-assisted projectile, figure 4 

shows a significant increase in range can be obtained by in
creasing the cannon's muzzle velocity. To accomplish this 
increase in muzzle velocity? greater cannon combustion chamber 
pressures are required«, A cannon which can withstand the 
increase in pressure may have to be larger and heavier and 
therefore be inconsistant with the statement in Chapter I 
with respect to the elimination of heavy cannons from the 
active inventory of armies and navies.

The analysis of another study (see Appendix D) in
volves the comparison of computed range considering the 
separate effects of the thrust from the rocket motor only, 
the propelling force from the cannon only, the sum of ranges 
determined separately for the rocket and the cannon, and the 
ranges computed from the combined effects of the cannon and 
the rocket motor, see equations (2.56) and (2.57). The 
ranges computed for each of these cases are plotted on fig
ure 5 which clearly indicates that for the combined influence 
of the cannon and the rocket propelling forces, the ranges 
obtained are much greater (approximately 39%) than the sum 
of the ranges computed by taking these effects separately.



.CHAPTER IV 
SUMMARY AND AREAS FOR FURTHER STUDY

Summary. ■
The preceding analysis indicates that a definite 

increase in range is obtained by fitting a cannon projectile 
with a rocket motor« In this vacuum study, the increase in 
range is several hundred percent for projectiles with large 
thrust, high muzzle velocity, low weight, and long rocket 
motor burning- time. Reference 5 revealed that for flight in 
the atmosphere, a projectile with a mass of 1.95 slugs, 
muzzle velocity of 2600 ft/sec, burn-time of 12 seconds, and 
a quadrant elevation of 50°, an increase in range on the 
order of 45$> was obtained. This study also reveals that 
lighter projectiles go the farthest with the largest thrust, 
muzzle velocity, and burning time. These results should be 
obvious for a vacuum study. However, one should be cautious 
about making the same conclusions for flight in the atmosphere 
because at certain critical velocities the drag on the pro
jectile will increase with an increase in velocity which in 
turn decrease range. A parametric study similar to the one 
made here, but using equations developed for atmospheric 
flight, should reveal the optimum firing program. The pre
ceding study also revealed that for an optimum firing program,r ■
the rocket motor ignition time should be zero. Again, this
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conclusion, from a vacuum study may not necessarily be valid 
for a study of flight in the atmosphere, Mr, Donald H„ 
Strietzel, of the propulsion laboratory at the U. S, Naval 
Ordnance Test Station, China Lake, California, in a letter 
to this author, stated that their studies for flight in the 
atmosphere have indicated some range gain for ^ 0, but 
never worth the complication in design.

This study has demonstrated the application of two 
variation techniques. First, ordinary differential calculus 
in conjunction with Lagrange multipliers was used to obtain 
optimum conditions (expressions) which would maximize the 
range. Second, the digital computer was used as an aid in 
producing data for a parametric study. Its capability to 
solve a transcendental equation by iteration and vary a num
ber of parameters over a wide range reduced a computational 
problem of great magnitude to a rapid solution and with tab
ulated data.

Areas For Further Study
The treatment in this study could very profitably 

be expanded into at least two other situations. One, a 
study similar to this one in a vacuum, but assuming that 
the velocity vector w (see figure 2) remains tangent to the 
trajectory throughout the projectile’s flight. In this case, 
the flight path angle, 9, will vary with time. The equa
tions of motion can be written as
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x = u = ^ cosoQl^ - HJj (4.1)

y = v = ^ c o s e - njj -g (4.2 )

Equations (4.1) and (4.2) can not be integrated directly 
unless G can be expressed as a function of time. By using 
numerical integration, digital computer, or analog computer, 
perhaps solutions to equations (4.1) and (4.2) could be ob
tained .

Analytical expressions for the solutions of equations 
(4.1) and (4.2) may be of the form

x=x(t,ti,tbo,e,e,u,u,v,v) (4.3)

y=y(t,ti,tbo,e,e,u,u,v,v) (4.4)

It is assumed here that tb, v0, and Q0 are prescribed as 
characteristic constants of the weapon system to be eval
uated. One of the simplifications in this analysis is the 
assumption that the thrust vector will pitch over to maintain 
tangency to the trajectory without regard to the actual aero
dynamic forces which would tend to cause such an effect. 
Without such an assumption the additional expression relating 
torque to 9 would have to be introduced.

Torque = 9 (4.5)

where I^ is the principal moment of inertia of the projec
tile about its z-axis. The following equations provide addi
tional useful relationships (see figure 2)



Using equation (4.3) as the function to be optimized, and 
equations (2.30), (4.5) through (4.7), and y = 0 as the 
equations of constraint; a solution to this problem may be 
obtained using the methods presented in this study.

The second situation is to extend the study for 
flight in the atmosphere. Here the problem becomes quite 
complex, and again, lends itself to solution by analog or 
digital computers with optimal trends evaluated by the cal
culus of variations (Ref.8). Some of the additional factors 
requiring evaluation for flight in the atmosphere are the 
effects of the aerodynamic forces of drag and lift, the Mag
nus force, the over-turning moment, the gyroscopic effects 
due to a spinning projectile, the possibility of malaligned 
thrust, and varying density.



APPENDIX A 
LAGRANGE MULTIPLIERS

Optimum conditions for analytical expressions may 
be restricted in their range of optimization because of 
conditions imposed upon the problem. Suppose we desire the 
relative maxima or minima of the function

u = f(x1,x2,...,x } (A.1)

subject to the conditions (or constraints)
0i (x1,x2, . . . ,xn) = 0; where i = 1. . .m, m <  n. (A.2)

A method due to Lagrange introduces a new quantity 
(called the multiplier) which relates equations (A.l) and 

(A.2) such that the optimizing conditions become (Ref. 6, 
pp.67-69)

T l U ^ 1 =° ’ T x 2+ ^ 2 %

Thus the necessary condition for an extreme value of 
equation (A.l) whose variables are subjected to the constraints
of equation (A.2) are found by forming the function

m
F = f +2 Ai 0i (A.4)1=1 1 1

and setting
d  F 0, where j = l...n (A.5)

The parameters and the values of , x^,..1. at the
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optimum point are found from equations (A.2) and (A.5). The 
separate solution of the /\ ̂ 1s may be avoided by employing 
the following procedure (Ref.8):

Let f( , . . . , xn) be a function to be extremized and 
let 0^ (x^ t » • • • x^ ) — Of 0 g = ^ »0ŷ ( » Xp t
...,xn) = 0 be the constraint equations. If (n - h)>1, thei 
form the following equations identically equal to zero:

0hHl  ̂̂ 1»x2 * * * *’xn ̂ = ^

0n_l (x1,x2,...,) - 0
Then the extremizing conditions are obtained from the deter
minant

3f 3 0 
3 xi

2p 
2*1 "

% I l f  ■■

3  f
9 xn ' •  %

n-1

a x:

n

= 0

by extracting any (n-h) non-identically zero determinants 
of order (h-fl).



APPENDIX B 
EXAMPLE FIRING PROGRAM

To illustrate the differences in range for non- 
thrusting flight as compared to combined thrusting and 
nonthrusting flight, consider the example below.

Assumed data:
Projectile weight = 51.8 Ib^, or m = 1.61 slugs 
Muzzle velocity, v0 = 2100 ft/sec 
Thrust, T = 64.4 Ibj,
Burning time, t^ = 10 seconds 
g = 52.2 ft/sec^

An optimum Q0 was found using the above assumed 
data, and by letting t^ vary from zero to the time corre
sponding to time-to-impact. For this, equation (2.55) was 
used. This information was then used in equations (2.56) 
and (2.57). The results are graphically displayed in 
figure 5.
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APPENDIX C
' EFFECTS on range due to changes in thrust-to-mass ratio

Plotted on figure 4 are range versus thrust-to-mass 
ratio for various rocket motor burning times„ t^, and for 
various muzzle velocities» v0. A study of these figures 
indicate the effects on range due to changes in thrust-to- 
mass ratio for the indicated t^ and v0„
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APPENDIX D
COMPARISON OF RANGES COMPUTED SEPARATELY FOR INFLUENCE OF 
ROCKET, CANNON, AND COMBINATION OF ROCKET AND CANNON

Plotted in figure 5 are ranges versus optimum quad
rant elevations for the three flight situations listed below. 
The same data (except t^ = 0) used in Appendix B are used 
here.

(a) The rocket motor provides the only projecting 
force. Assume that the rocket is launched from a zero length 
launcher, and, in equations (2.56) and (2.57), vD = 0. Real 
values for the optimum Q0 were found only for values greater 
than 53.60964 degrees. This conclusion can be reached by an 
iterative solution of equation (2.55), or by considering the 
minimum acceleration for flight is y = 0. For y = 0, equation 
(2.22) becomes

0 = T sin©0 -mg
or,

sineo = SS = = 0.80500

and
©o = 53.60964 degrees

(b) The cannon provides the only projecting force. In 
this case T = t^ = 0 in equations (2.56) and (2.57).

(c) The sum of the ranges computed for situations (a) 
and (b) is plotted.

42



43
(d) . The forces for both the cannon and the rocket are 

considered and equations (2,56) and (2,57) are used to com
pute range.

A-study of figure 5 clearly indicates that the com
bined influence of the cannon and rocket projecting forces 
is not equivalent to the sum of the ranges computed taking 
these forces separately.

r



-

t—I— k-

_

4__u__
rtt r

C&nno

:::i4

Sleva
ht SJLtuatf.ons



REFERENCES

1. Davis, Leverett, Jr.; Follin, James W., Jr.; and 
Blitzer, Leon, Exterior Ballistics of Rockets,
Do Van Nostrand Company, Inc., Princeton, New Jersey, 
1958.

2. Bliss, Gilbert Ames, Mathematics for Exterior Ballis
tics , John Wiley and Sons, Inc., London, 1944.

5. Hayes, Colonel Thomas J ., Exterior Ballistics, a
Reprint of Chapter X, "Exterior Ballistics," and 
Chapter XII, "Bombing from Airplanes," from Elements 
of Ordnance, John Wiley and Sons, Inc., New York, 1938.

4. United States Navy, NAVWBPS REPORT 8389, "Rocket 
Assisted Projectiles (RAP) with High Density Propel
lants," U. S. Naval Ordnance Test Station, China Lake, 
California, 1963.

5. United States Navy, Five Minute Movie Film, "Rocket 
Assisted Projectile (RAP), "‘-U. S. Naval Ordnance Test 
Station, China Lake, California, 1963.

6. Franklin, Philip, Methods of Advanced Calculus,
McGraw Hill Book Co., Inc., New York, I960.

7. The International Dictionary of Applied Mathematics,
D.Van Nostrand Co., Inc., New York, I960.

8. Vincent, Thomas L., Lecture Notes, (Unpublished), 
"Calculus of Variations," AME 399d, The University 
of Arizona, 1964.

9. . Shames, Irving H., Engineering Mechanics; Statics and
Dynamics, Prentice-Hall, Inc., Englewood Cliffs,
New Jersey, I960.

45


