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A B ST R A C T

T h e b u ck lin g  p r e s s u r e  o f u n ifo r m ly  lo a d ed  c la m p e d  

s p h e r ic a l  ca p s  i s  d e te r m in e d  e x p e r im e n ta lly  by t e s t in g  a  s t a t i s t ­

ic a l ly  s u f f ic ie n t  n u m b er  of s h e l l s  fo r  e a c h  of f iv e  d if fe r e n t  v a lu e s  

of a r a t io  r e p r e s e n t in g  th e  r i s e  o f th e  s h e l l  d iv id ed  by  th e  th ic k ­

n e s s .  A  tech n iq u e  le a d in g  to the fo r m in g  o f the p la s t ic  s h e l l s  

u s in g  a v a c u u m  fo r m e r  is  p r e s e n te d  and d is c u s s e d .  T h e v a r ia t io n  

of th e  m e a s u r e d  q u a n tit ie s  of b u ck lin g  p r e s s u r e ,  ra d iu s  o f c u r v a ­

tu r e  and th ic k n e s s  a t th e  p o in t o f b u ck lin g  fo r  ea ch  s h e e t  of 

m a te r ia l  and fo r  e a c h  sh a p e  o f  s p h e r ic a l  cap  i s  n o te d . T he  

e x p e r im e n ta lly  d e te r m in e d  b u ck lin g  p r e s s u r e  i s  c o m p a r e d  to  o th e r  

e x p e r im e n ta l r e s u lt s  and th e o r e t ic a l  in v e s t ig a t io n s .  T h is  c o m p a r ­

is o n  in d ic a te s  r e a s o n a b ly  good  a g r e e m e n t .  T he v o n  K a r m a n -T s ie n  

th e o r y  sh o w s th e  b e s t  a g r e e m e n t  th ro u g h o u t the ra n g e  o f  t e s t in g .  

R e s u lts  o f th e t e s t s  in d ic a te s  that th e  r a t io  o f ra d iu s  o f c u r v a tu r e  

d iv id e d  b y  th ic k n e s s  h a s a  m o r e  s ig n if ic a n t  e f f e c t  on  th e  b u ck lin g  

p r e s s u r e  than  d o e s  th e  d e g r e e  o f s h a llo w n e s s  of th e  s p h e r ic a l  c a p s .  

T h is  in v e s t ig a t io n  sh o w s th a t s p h e r ic a l  s h e l l s  fo r m e d  by  a v a cu u m  

fo r m e r  tech n iq u e  can  g iv e  r e l ia b le  r e s u lt s  fo r  th e  b u ck lin g  p r e s s u r e  

w hen  t e s t e d .  It i s  a ls o  d e m o n str a te d  th a t the e x p e r im e n ta l  

d e te r m in a t io n  o f  b u ck lin g  p r e s s u r e s  of s p h e r ic a l  ca p s  is  f e a s ib le

v i i i



ix

and it  i s  th u s e x p e c te d  th at th is  p r o c e d u r e  can  b e  e x te n d e d  to  m o r e  

c o m p lic a te d  s itu a t io n s  .



C H A PT E R  ONE

IN TR O D U C TIO N

A s h e l l  s tr u c tu r e  r e s u lt s  w hen a m a te r ia l  Is form ed .

Into a c u r v e d  s u r fa c e  w h ich  is  r e q u ir e d  to tr a n s m it  lo a d s  and  

r e s p e c t iv e  d is p la c e m e n t s .  T he m id d le  s u r fa c e  o f the s h e l l  is  that 

s u r fa c e  w h ich  b is e c t s  the th ic k n e s s .  If the fo r m  o f th is  m id d le  

s u r fa c e  is  k now n , a s  w e ll  a s  the n o r m a l th ic k n e s s ,  the g e o m e tr y  

o f  the s h e l l  is  c o m p le te ly  d e f in e d . W hen the th ic k n e s s  is  s m a ll  a s  

com p ared , to the o th e r  d im e n s io n s ,  the p r in c ip le  a c t io n  o f the f o r c e s  

in the s h e l l  is  that o f  a m e m b r a n e , that i s ,  a s ta te  o f  d ir e c t  f o r c e s  

w h ich  m a y  be a c o m b in a tio n  o f te n s io n , c o m p r e s s io n ,  and. s h e a r ,  

the d ir e c t io n s  o f w h ich  l ie  p a r a l le l  to the p lane o f the m id d le  

s u r f a c e .  In c e r ta in  c a s e s , h o w e v e r ,  the s itu a tio n  is  c o m p lic a te d  

by the b ou n d a ry  d is tu r b a n c e s  w h ich  m a y  le a d  to the c o n d itio n  w h ere  

b en d in g  and n o r m a l s h e a r in g  f o r c e s  b e c o m e  d om in an t r a th e r  than  

n e g l ib le .

T he h is t o r y  o f  the u3e o f  th e s e  s tr u c tu r e s  in  b u ild in g  

c o n s tr u c t io n  is  a r e la t iv e ly  lo n g  o n e . H o w e v e r , in the p a s t  fe w  

d e c a d e s  e n g in e e r s  h a v e  b een  ab le  to p la c e  g r e a te r  e m p h a s is  on the 

a p p lic a t io n  o f s h e l l  s t r u c t u r e s ,  not o n ly  in the b u ild in g

1
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c o n s tr u c t io n  fie ld *  but in o th er  a r e a s  a s  w e l l .  O ne r e a s o n  fo r  the 

in c r e a se d , u s e  o f s h e l l  s tr u c tu r e s  h a s  b een  c a u s e d  by a b e t te r  

u n d e r s ta n d in g  o f the th e o r e t ic a l  s h e l l  action ., T h is  h a s  b een  

b rou gh t about by m a th e m a t ic a l a n a ly s e s  w h ich  a r e  b a s e d  on  id e a l­

iz e d  co n d itio n s  o

M any m a th e m a t ic a l m o d e ls  o f e a c h  o f the d if fe r e n t  s h e l l  

ty p es h a v e  b een  d e v e lo p e d  by e n g in e e r s  o r  m a th e m a tic ia n s*  and the 

r e s u lt s  o f th e se  a n a ly s e s  a r e  r e a d ily  a v a i la b le . It is  n o ted  that 

th e se  a n a ly s e s  u s u a l ly  co n ta in  a p p r o x im a tio n s  o r  a s su m p tio n s  w h ich  

a r e  m a d e  in o r d e r  to fo r m u la te  the m a th e m a tic a l m o d e l in a w ay  

w hich  a d m its  a so lu tio n *  W hen one ta k e s  into a cco u n t th e s e  l i m i ­

ta tio n s  and p r e s e n t  c o n s tr u c t io n  p r a c t ic e s  * it is  not u n r e a so n a b le  to 

e x p e c t  a la c k  o f a g r e e m e n t  b e tw e e n  the th e o r e t ic a l  and the tru e  

b e h a v io r  o f s h e l l  s t r u c tu r e s  «

T he p h en om en on  of the b u ck lin g  o f a s h e l l  is  a p a r t ic u la r ly  

d iff ic u lt  s itu a tio n  to fo r m u la te  m a th e m a t ic a l ly „ To d e v e lo p  w o rk a b le  

eq u a tio n s*  a s y m m e tr ic a l  type o f d e f le c t io n  is  u s u a l ly  a s s u m e d  

alon g  w ith  the a s su m p tio n  that the s h e l l  is  sh a llow *  E v en  w ith  th e se  

s im p lif ic a t io n s *  the s o lu t io n s  o f the n o n lin e a r  d if fe r e n t ia l  eq u a tio n s  

w h ich  r e s u lt  a r e  g e n e r a l ly  d if f ic u lt  and lengthy* if a t a l l  p o s s ib le *  

M o re o v er*  the s im p lif ic a t io n s  o ften  m a d e  in o r d e r  to o b ta in  a 

so lu t io n  m a y  o r  m a y  not be a c c e p ta b le  in the lig h t  o f  the a c tu a l  

p h y s ic a l  b e h a v io r  o f the sh e ll*
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A s a p o s s ib le  a lte r n a te  a p p r o a c h , it  i s  s u g g e s te d  th at the  

b u ck lin g  p r o b le m  be fo r m u la te d  e x p e r im e n ta lly  r a th e r  than  m a th e ­

m a t ic a l ly .  If i t  p r o v e s  f e a s ib le  to  o b ta in  b u ck lin g  p r e s s u r e s  th rou gh  

th is  e x p e r im e n ta l  a p p ro a ch  fo r  a s im p le  c a s e , th e  p r o c e d u r e  m ig h t  

b e ex ten d ed  to  m o r e  d if f ic u lt  s i tu a t io n s .

T he p a r t ic u la r  p r o b le m  to  be d is c u s s e d  h e r e  is  th at of th e  

b u ck lin g  of c la m p e d  s p h e r ic a l  c a p s  su b je c te d  to  u n ifo r m  p r e s s u r e .

T he s p h e r ic a l  cap  is  a s e g m e n t  o f a s p h e r e . If one had  a c o m p le te  

s p h e r e  and r e m o v e d  a s e g m e n t  b y  p a s s in g  any  p la n e  th rou gh  the  

s p h e r e , and th en  h o llo w e d  out the in s id e  p o r t io n , a s p h e r ic a l  cap  

w ould  r e s u l t .  T he te r m  th in , in  th in  s p h e r ic a l  c a p s , r e f e r s  to  th e  

th ic k n e s s  of the m a t e r ia l .  F o r  the m a jo r ity  o f a p p lic a t io n s , th is  

th ic k n e s s  i s  s m a ll  c o m p a r e d  to  th e  ra d iu s  of c u r v a tu r e  o f  th e  s h e l l ,  

and th e  g e n e r a l a s su m p tio n s  o f th in  s h e l l  th e o r y  a r e  a p p lic a b le .  It 

i s  a ls o  o b s e r v e d  th at th is  th ic k n e s s  i s  u s u a l ly  u n ifo r m . T h e t e r m  

sh a llo w  r e f e r s  to  the r i s e  o f  th e  p eak  of th e  s h e l l  fr o m  the b a se  

p la n e . A sh a llo w  s h e l l  w ould  h a v e  a s m a ll  r i s e  as c o m p a r e d  to  th e  

ra d iu s  of the b a s e  p la n e . T h e p a r ts  o f the s p h e r ic a l  c a p , a s  w e l l  

a s  so m e  of th e  n o ta tio n  to b e  u s e d , a r e  in d ic a te d  in  F ig u r e  1.

T he c l a s s i c a l  th e o r y  o f the b u ck lin g  o f s p h e r ic a l  s h e l l s  

a s s u m e s  th at a c o m p le te ,  in i t ia l ly  p e r fe c t  s p h e r ic a l  s h e l l  w h ich  is  

su b je c te d  to e x te r n a l p r e s s u r e  c o n tr a c ts  in  s i z e  w ith  l i t t le  b en d in g
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FIG U R E  1 

S h e ll  C r o s s  S e c t io n  Show ing  N o ta tio n  

t - s h e l l  th ic k n e s s  in  in c h e s
R - rad iu s of c u r v a tu r e  o f  th e  m id d le  s u r fa c e  in  in c h e s  
H - r i s e  o f the s h e l l  fr o m  th e b a se  p la n e  to the a p ex  in  in c h e s  
b -  ra d iu s o f the b a se  p lan e  in  in c h e s  
p -  p r e s s u r e  in  pounds p e r  sq u a r e  in ch



u n til the c r i t ic a l  b u ck lin g  p r e s s u r e  is  r e a c h e d » P r a c t ic a l ly  

sp e a k in g , in it ia l  g e o m e tr ic a l  im p e r fe c t io n s  in  the c o m p le te  s h e l l  

and ch a n g e s  in  the ra d iu s  due to  m e m b r a n e  s tr a in s  p e r m it  b en d in g  

to  s ta r t  im m e d ia te ly  upon th e a p p lic a tio n  of p r e s s u r e » A s a c o n s e ­

q u en ce  , e x p e r im e n ta t io n  sh o w s that b u ck lin g  p r e s s u r e s  o f c o m p le te  

s h e l ls  a r e  g e n e r a l ly  lo w e r  than  th e  th e o r e t ic a l  b u ck lin g  p r e s s u r e s  

fo r  id e a l ly  p e r fe c t  sh a p e s  u n d er  th e u su a l a s su m p tio n s  „

S p h e r ic a l ca p s  m a y  d is to r t  a x is y m m e tr ic a l ly  out o f sh a p e  

at th e  b eg in n in g  due to  the a p p lic a tio n  o f p r e s s u r e .  In th is  m a n n er  

the p r e s s u r e  m a y  m a k e  it s  ow n ,,in i t i a l ,t im p e r fe c t io n s  in  a d d itio n  to  

the g e o m e tr ic a l  o n es  w h ich  m a y  a lr e a d y  b e  p r e s e n t .  H o w e v e r , it  

d o es  n ot n e c e s s a r i l y  fo llo w  th at th e  lo w e s t  b u ck lin g  p r e s s u r e  i s  

r e la te d  to an a x is y m m e tr ic a l  b u ck lin g  s itu a t io n . T h e r e  e x is t s  the  

p o s s ib i l i t y  o f an in s ta b il i ty  a s s o c ia t e d  w ith  u n s y m m e tr ic a l  d is to r t io n s  

w h ich  m a y  o c c u r  p r io r  to the r e a c h in g  o f the a x is y m m e tr ic a l  

b u c k lin g . It is  a ls o  p o s s ib le  th at th e  u n s y m m e tr ic a l  in it ia l  im p e r ­

fe c t io n s  m ig h t h a v e  a m o r e  s ig n if ic a n t  e f fe c t  than  th e a x is y m m e tr ic a l  

o n es  .

A s Archer**- e x p la in s  the b u ck lin g  c r i t e r io n ,  it  i s  a s s u m e d  

th at a g iv e n  s ta te  o f e q u ilib r iu m  b e c o m e s  u n sta b le  w hen  th e r e  a r e  

e q u ilib r iu m  p o s it io n s  in f in i t e s im a lly  n e a r  to  th at s ta te  o f e q u ilib r iu m  

fo r  th e  s a m e  e x te r n a l lo a d . T o ob ta in  a s o lu t io n , it  i s  n e c e s s a r y



to  o b ta in  the p r e s  s u r e - d e f le c t io n  r e la t io n s h ip s  fo r  a g iv e n  p r o b le m

and to in te r p r e t  p r o p e r ly  th e  b u ck lin g  p r e s s u r e  a c c o r d in g  to the

2
ab ove c r i t e r io n „ In th e  w o rk  of S im o n s , the c e n te r  d e f le c t io n  to  

p r e s s u r e  r e la t io n s h ip  is  g e n e r a l iz e d  by in te r p r e t in g  b u ck lin g  fr o m  

a m a x im u m  d e f le c t io n  to  p r e s s u r e  r e la t io n s h ip  in  o r d e r  to  r e v e a l  

th e b u ck lin g  in  c a s e s  w h e r e  th e  d e f le c t io n  m o d e s  b e c o m e  m o r e  

in v o lv e d .

A n o th er  ex p la n a tio n  o f the b u ck lin g  o f s p h e r ic a l  ca p s  is  

th a t o f v o n  K a r m a n , D unn, and T s ie n .  T h ey  c o n s id e r  th e  c a s e  o f  

a c u r v e d  b ar u n d er  th e  a c t io n  o f a s in g le  c o n c e n tr a te d  lo a d  P  a t th e  

c e n te r  w ith  the en d s la t e r a l ly  r e s tr a in e d  a s  sh ow n  in  F ig u r e  2 . 

S ta r tin g  fr o m  th e  u n d e fo rm ed  p o s it io n , P  is  g r a d u a lly  in c r e a s e d ,  

and a s y m m e tr ic a l  typ e of d e f le c t io n  i s  a s s u m e d . D u r in g  th is  

in it ia l  s ta g e  the b a r  b e h a v e s  in  a m a n n er  s im ila r  to  th at o f a s tr a ig h t  

b ea m  u n d er  the a c t io n  o f a c o n c e n tr a te d  lo a d . T h at is  , th e  lo a d  

in c r e a s e s  w ith  th e  c e n te r  d e f le c t io n .  H o w e v e r , la r g e  d e f le c t io n s  in  

a c u r v e d  b ar w ith  f ix e d  en d s p r o d u c e s  a sh o r te n in g  o f the c e n tr o id a l  

a x is  and c o n se q u e n tly  an in c r e a s e  in  c o m p r e s s io n .  T h is  i s  c o n tr a r y  

to th e  c a s e  of a  s tr a ig h t  b e a m  w ith  f ix e d  ends w h e r e  la r g e  d e f le c t io n s  

p ro d u ce  t e n s io n . A b e a m  u n d er  end c o m p r e s s io n  i s  m u ch  w e a k e r  in  

s u s ta in in g  a la t e r a l  lo a d  than  one w ith ou t end c o m p r e s s io n .  In fa c t ,  

w hen  the end c o m p r e s s io n  in  a s tr a ig h t  b e a m  r e a c h e s  the E u le r  lo a d ,
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FIG U R E  2 

C u rv ed  B a r



the b e a m  lo s e s  a ll  it s  a b ility  to  s u s ta in  a la t e r a l  lo a d . T h is  g e n e r a l  

p r o p e r ty  a p p lie s  a ls o  to c u r v e d  b a rs  . T h u s , w ith  in c r e a s in g  c o m ­

p r e s s io n  in  the b a r  due to an  in c r e a s in g  d e f le c t io n  at the c e n t e r , the  

e f f e c t iv e  r ig id ity  o f  the b ar  to s u s ta in  th e  la t e r a l  lo a d  P  is  g r a d u a lly  

r e d u c e d . In o th er  w o rd s  , the s lo p e  o f the lo a d  v e r s u s  d e f le c t io n  

c u r v e  d e c r e a s e s  w ith  in c r e a s in g  d e f le c t io n .  T h u s, as th e  lo a d  P  is  

in c r e a s e d ,  a p o in t w i l l  be r e a c h e d  w h e r e  the s lo p e  i s  z e r o „

T h e r e fo r e  a m a x im u m  lo a d  P  is  o b ta in e d .

B ey o n d  th is  p o in t th e  lo a d  P  w il l  d e c r e a s e  w ith  in c r e a s in g  

d e f le c t io n .  T hat i s ,  th is  p a r t of the lo a d  v e r s u s  d e f le c t io n  c u r v e  

in d ic a te s  th at the s tr u c tu r e  is  u n s ta b le .  If th e  m a te r ia l  i s  e l a s t i c , 

th is  in s ta b il i ty  w i l l  co n tin u e  u n til the a c tu a l sh a p e  o f the b ar h as  

a c u r v a tu r e  o p p o s ite  to th at of the u n d e fo r m e d  bar. In o th er  w o r d s , 

i f  th e  u n d e fo rm ed  b ar is  c u r v e d  d ow n w ard , the b ar h a s  to  be  

d e fo r m e d  so  fa r  as to  c u r v e  u p w ard  b e fo r e  th e  d e c r e a s in g  p r o c e s s  

of the lo a d  s t o p s .  T he r e a s o n  fo r  th is  p h en om en on  ca n  b e  ex p la in e d  

by th e ch an ge in  th e  end  c o m p r e s s io n  in  th e b a r .  O n ce th e c u r v a tu r e  

of the b ar  is  r e v e r s e d ,  th en  the in c r e a s e  of the d e f le c t io n  w il l  

d e c r e a s e  the c o m p r e s s io n  in  the b a r . T h is  d e c r e a s e  in  the end  

c o m p r e s s io n  w il l  in c r e a s e  it s  a b ili ty  to  c a r r y  la t e r a l  lo a d s .

F o r  s le n d e r  b a r s  the s itu a tio n  is  fu r th e r  c o m p lic a te d  by the  

a p p e a r a n c e  o f an  a n t i - s y m m e t r ic a l  typ e o f d e f le c t io n .  M ar g u e r r e  ,



a s  r e p o r te d  by von  K a r m a n . Dunn and T s ie n ,   ̂ found th at w hen  the  

end c o m p r e s s io n  in  the cu r v e d  b a r  r e a c h e s  a v a lu e  w h ich  is  fou r  

t im e s  the E u le r  lo a d  fo r  a s tr a ig h t  b a r , an a n t i - s y m m e t r ic a l  

d e f le c t io n  a p p ea rs  to g e th e r  w ith  the s y m m e tr ic a l  o n e . In th e  lo a d -  

d e f le c t io n  c u r v e ,  F ig u r e  3 , th e lo a d in g  w il l  s ta r t  fr o m  th e  o r ig in  

and fo llo w  th e c u r v e  c o r r e s p o n d in g  to  a s y m m e tr ic a l  d e f le c t io n  up 

to p o in t A 0 . T h en  th e a n t i - s y m m e t r ic a l  co m p o n en t s e t s  in , and the  

b ar fo llo w s  the s tr a ig h t  l in e  to p o in t B 1 . F r o m  th en  o n , the d e f le c t io n  

o f th e b ar  is  s y m m e t r ic a l .  In a t e s t in g  m a c h in e , th e  bar w il l  

a c tu a lly  "jum p" fr o m  p o in t to so m e  p o in t C , d ep en d in g  upon the  

r ig id ity  o f th e  m a c h in e , w ith  v io le n t  v ib r a t io n  due to  a su d d en  r e ­

l e a s e  o f e n e r g y .

It i s  e v id e n t  the lo a d -d e f le c t io n  r e la t io n sh ip  is  h ig h ly  

c o m p lic a te d  and n o t l i n e a r . T he b u ck lin g  p h en om en on  m a y  o c c u r  c o m ­

p le t e ly  : w ith in  th e  e la s t i c  ran ge . T he lo a d -d e f le c t io n  r e la t io n s h ip  

fo r  the s tr u c tu r e  i s  n o n lin e a r  ev en  though the s t r e s s  - s t r a in  

r e la t io n sh ip  fo r  th e m a te r ia l  i s  l in e a r  „

C o n s id e r  now  a s p h e r ic a l  s h e l l  u n d er  e x te r n a l p r e s s u r e  

w ith  c la m p e d  e d g e s  a s sh ow n  in  F ig u r e  4 . T he a c t io n  is  s im i la r  to  

the c u r v e d  b a r . A ss u m in g  th at th e b en d in g  s t i f f n e s s ,  w h ich  is  

p r o p o r tio n a l to the cu b e of the th ic k n e s s ,  can  be n e g le c t e d ,  the  

s tr a in  e n e r g y  c o n s is t s  o n ly  of the e n e r g y  due to  e x te n s io n  o r



FIG U R E  3 

L o a d -D e f le c t io n  C u rve
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F IG U R E  4 

S p h e r ic a l S h e ll C r o s s  S e c t io n
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c o m p r e s s io n  o f the s h e l l .  T he s tr a in  e n e r g y  is  z e r o  in  th e  d e f le c t io n  

p ositiop . 3 , i f  i t  i s  z e r o  in  th e  u n d e f le c te d  p o s it io n  1 „ It i s  in  e q u il­

ib r iu m  in  p o s it io n  3 w ith o u t the a id  o f e x te r n a l p r e s s u r e .

A b ove p o s it io n  2 , the in te r m e d ia te  p o s it io n s  in v o lv e  c o m ­

p r e s s io n  of the s h e l l .  T he s h e l l  can  be h e ld  in  e q u ilib r iu m  in  th e s e  

p o s it io n s  o n ly  by an e x te r n a l p r e s s u r e . H o w e v e r , a s  w ith  th e c u r v e d  

b a r , th e c o m p r e s s io n  in  th e  s h e l l  e le m e n ts  ten d s  to  r e d u c e  it s  

p r e s  s u r e - c a r r y in g  a b il i ty .  T hus , i f  o n ly  a r o ta t io n a lly  s y m m e tr ic a l  

ty p e  o f d e f le c t io n  i s  c o n s id e r e d ,  th e  in it ia l  p a r t of the p r e s s u r e  

v e r s u s  m a x im u m  d e f le c t io n  c u r v e  a g a in  h a s a d e c r e a s in g  s lo p e  w ith  

in c r e a s in g  d e f le c t io n .  W hen th e  d e f le c t io n  g o es  b ey o n d  p o s it io n  2 

and ab ove p o s it io n  3 , a n e g a t iv e  e x te r n a l p r e s s u r e  is  n e c e s s a r y  to  

m a in ta in  e q u ilib r iu m  as the c o m p r e s s e d  e le m e n ts  ten d  to fo r c e  the  

s h e l l  to  tak e  th e  e q u ilib r iu m  p o s it io n  3 . T he p r e s  s u r e - d e f le c t io n  

c u r v e  u n der the a s su m p tio n  of n e g lig ib le  b en d in g  s t i f f n e s s  and  

s y m m e tr ic a l  d e f le c t io n  i s  o f the fo r m  o f c u r v e  , o f F ig u r e  5 .

T he e f f e c t  o f  the b en d in g  s t i f f n e s s  is  to in c r e a s e  the p o s it iv e  e x te r n a l  

p r e s s u r e  n e c e s s a r y  to  h o ld  th e s h e l l  in  e q u il ib r iu m „ In o th er  w o rd s  , 

the p r e s s u r e  -d e f le c t io n  c u r v e s  w ith  in c r e a s in g  b en d in g  s t i f f n e s s  a r e  

of th e  fo r m  of c u r v e s  A ^ , A ^ , e t c .

W ith an  a n t i - s y m m e t r ic a l  ty p e  o f d e f le c t io n  in  a s p h e r ic a l  

c a p , th e  in s ta b il i ty  m ig h t o c c u r  b e fo r e  the p eak  is  r e a c h e d , as in  the
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F IG U R E  5 

P r e s  s u r e - D e f le c t io n  C u r v es
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c u r v e d  b ar „ F u r th e r m o r e   ̂ w ith o u t c a r e  in  th e  la b o r a to r y , the  

"jump" m ig h t o c c u r  a s  w ith  th e  c u r v e d  b a r . In any e v e n t , the  

lo a d -d e f le c t io n  c u r v e  is  n ot a s tr a ig h t  lin e  and h a s an u n sta b le  

p o r tio n  w ith in  th e  e la s t i c  r a n g e .

T he in v e s t ig a t io n  of n o n lin e a r  b u ck lin g  o f th in  s p h e r ic a l  

ca p s  u n d er  u n ifo r m  p r e s s u r e  had it s  b eg in n in g s  im m e d ia te ly  p r io r  

to  W orld  W ar II th ro u g h  the in v e s t ig a t io n  o f vo n  K a rm a n  and T s ie n .^  

T h is  th e o r y  w as b a s e d  upon e n e r g y  c r i t e r ia  fo r  d e te r m in in g  b u ck lin g  

lo a d s .  A r c h e r  1 u se d  a s im i la r  s e t  o f eq u a tio n s  th at w e r e  s o lv e d  by  

m e a n s  of a p e r tu r b a tio n  t e c h n iq u e . S im o n s  s o lv e d  th e  n o n lin e a r  

eq u a tio n s by m e a n s  o f a p o w e r  s e r i e s .  A  n u m e r ic a l  p r o c e d u r e

7
e m p lo y in g  f in ite  d if fe r e n c e s , w a s fo r m u la te d  by K e lle r  and R e i s s .  

S o lu tio n s  by p o w e r  s e r i e s  w e r e  m a d e  b y  R e i s s ,  G r e e n b e r g  and  

K e lle r ^  a s  w e l l  a s  by  W e in it s c h k e . 9 ,1 0  M u rra y  and  Wright'*'^ 

p r o p o se d  a th e o r y  b a se d  on p o w e r  s e r i e s  e x p a n s io n  to c ir c u m v e n t  

th e  s in g u la r ity  at the in it ia l  b ou n d ary  and th en  a s t e p - b y - s t e p  

in te g r a t io n  p r o c e d u r e . O th er th e o r ie s  h a v e  b e e n  d e v e lo p e d , but 

t h e s e  g e n e r a l ly  fo llo w  one of th e  ab ove  m e n tio n e d  a p p r o a c h e s .

M any in v e s t ig a to r s  m ak e n o te  o f d is c r e p a n c ie s  b e tw e e n  

v a r io u s  t h e o r i e s . S in c e  th e r e  is  m o r e  than  one w a y  to  d e v e lo p  a 

th e o r y ,  e ith e r  th rou gh  e n e r g y  m in im iz a t io n , p o w e r  s e r i e s ,  

p e r tu r b a t io n s , w a v e  a c t io n , l in e a r iz a t io n ,  to n a m e a f e w , i t  i s  n o t
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p a r t ic u la r ly  s u r p r is in g  th at th e  r e s u lt s  a r e  in  s o m e  d is a g r e e m e n t .

It i s  n o ted  th a t e a c h  o f  th e s e  p r o c e d u r e s ,  o f n e c e s s i t y ,  c o n ta in s  

s o m e  s im p lif ic a t io n  s o  th a t th e  p r o b le m  ca n  b e  s o lv e d .

W hat a ls o  s e e m s  s ig n if ic a n t  i s  th e  la c k  o f a g r e e m e n t  

b e tw e e n  e x p e r im e n ta l r e s u lt s  and d e v e lo p e d  t h e o r ie s .  T h is  is  o f  

g r e a t  c o n c e r n  s in c e  an y  a c tu a l s h e l l  c o n s tr u c t io n  o r  fa b r ic a t io n  

m ig h t be e x p e c te d  to  c o n fo r m  m o r e  c l o s e ly  to w e l l  c o n d u cted  e x p e r ­

im e n ta l  r e s u lt s  r a th e r  than  c e r ta in  th e o r e t ic a l  o n e s .  T h o s e  w ho  

h a v e  d e v e lo p e d  th e  v a r io u s  th e o r ie s  h a v e  n o ted  th e s e  d is c r e p a n c ie s  

and h a v e  s u g g e s te d  p la u s ib le  c a u s e s  fo r  th e  la c k  o f  a g r e e m e n t .

S o m e o f th e s e  r e a s o n s  in c lu d e  in it ia l  im p e r f e c t io n s ,  su c h  a s  th ic k -  . 

n e s s  o r  c u r v a tu r e  v a r ia t io n s , a fa ilu r e  to a c h ie v e  f u l l . f ix i ty  around  

th e  e d g e , o r  a  fa ilu r e  to m e e t  so m e  o th e r  in it ia l  a s su m p tio n  o f 

id e a l iz e d  b e h a v io r . T h is  th en  r a i s e s  th e q u e s tio n  a s  to  w h e th e r  an  

id e a l  s h e l l  ca n  a c tu a lly  be a c h ie v e d . If it  c a n n o t, th en  th e  th e o r ie s  

a r e  at b e s t  a gu id e an d , d ep en d iiig  upon th e  s im p l i f ic a t io n s ,  few  ca n  

b e e x p e c te d  to y ie ld  a c c u r a te  r e s u l t s .

T h e p u r p o se  o f th is  p a p er  i s  to  a p p ro a ch  th e  p r o b le m  

th ro u g h  th e  e x p e r im e n ta l r o u te . A  s t a t i s t i c a l ly  s u f f ic ie n t  n u m b er  o f  

m o d e ls  w a s  c o n s tr u c te d  and t e s t e d .  S h e l ls  w ith  d if fe r e n t  r a d ii  of 

c u r v a tu r e  w e r e  in c lu d e d  to  d e te r m in e  th e  e f f e c t  o f th e  a s su m p tio n  

o f s h a l lo w n e s s ,  w h ich  m o s t  o f th e  th e o r ie s  d em a n d . T h e r e  a r e  n o



a ssu m p tio n s  o f id e a l c o n d itio n s;  thus the r e s u lt s  sh o u ld  in d ic a te  

r e a l i s t ic  b e h a v io r s  r a th e r  than  id e a l iz e d  o n e s .

It i s  h op ed  th a t the te c h n iq u e s  d e v e lo p e d  m a y  be a p p lied  to  

m o r e  c o m p le x  s itu a t io n s  w ith  c o n fid e n c e  a s  a r e s u lt  o f th e  s u c c e s s  

o f th is  in v e s t ig a t io n .



C H A P T E R  TWO

R EVIEW  OF L IT E R A T U R E

T he p u r p o se  o f th is  c h a p te r  is  to s u m m a r iz e  a few  of the  

s ig n if ic a n t  p u b lic a tio n s  on th e b u ck lin g  of c la m p e d  s p h e r ic a l  ca p s „ 

A p p en d ix  A  d is c u s s e s  th e  th e o r ie s  in  so m e w h a t g r e a te r  d ep th .

A p p a r e n t ly 9 the f i r s t  t h e o r e t ic a l  p u b lic a tio n  on the  

b u ck lin g  o f c la m p e d  s p h e r ic a l  ca p s  u n d er  a u n ifo r m  lo a d  w a s th at  

of von  K a rm a n  and T s i e n , ^ A n e x p r e s s io n  fo r  the to ta l e n e r g y  w as  

d e v e lo p e d , w ith  c e r ta in  a s s u m p t io n s , and th is  e x p r e s s io n  w as  

m in im iz e d  o T h is  y ie ld e d  th e  m in im u m  b u ck lin g  lo a d  w h ich  is  that 

lo a d  r e q u ir e d  to  k eep  the s h e l l  in  a d e f le c te d  sh a p e . B y  m o d ify in g  

th e s tr a in  e n e r g y  e x p r e s s io n  to  in c lu d e  th e  e f f e c t s  o f u n ifo r m  c o m ­

p r e s s io n  p r io r  to b u c k lin g , the a u th o rs  a g a in  o b ta in ed  th e  lo w e r  

b u ck lin g  lo a d . In a d d itio n  th ey  d is c u s s e d  an u p p er  b u ck lin g  lo a d  

w h ich  is  th e h ig h e s t  v a lu e  on th e  lo a d -d e f le c t io n  c u r v e . T he  

n e c e s s i t y  o f e x tr e m e  c a r e  in  th e  e x p e r im e n ta l d e te r m in a t io n  o f the  

u p p er  v a lu e  w a s  p o in ted  o u t.

A  su b se q u e n t p u b lic a tio n  by F r ie d r ic h s ^  d is c u s s e d  the  

v e r t i c a l  d e f le c t io n  a s su m p tio n  m ad e by vo n  K a rm a n  and T s ie n .

17
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F r ie d r ic h s  found  th a t th e  in f lu e n c e  o f th is  a s su m p tio n  w a s to  d ouble  

the b u ck lin g  lo a d .

T s ien ^  la t e r  m o d if ie d  th e  o r ig in a l th e o r y  to  a c c o u n t fo r  th e  

fin d in g s  o f  F r i e d r ic h s .  H e o b ta in ed  a so m e w h a t d if fe r e n t  v a lu e  fo r

th e  m in im u m  v a lu e  o f  th e  b u ck lin g  s t r e s s .  A  la t e r  p u b lic a tio n  by

1 2T s ie n  d is c u s s e d  th e  lo w e r  b u ck lin g  lo a d  and how  it  m a y  d if fe r  

fr o m  w h at h a s  p r e v io u s ly  b e e n  o b s e r v e d .

C hien*  ̂ d e v e lo p e d  a th e o r y  w h ich  d id  not r e q u ir e  a l l  o f th e  

a ssu m p tio n s  of the v o n  K a r m a n -T s ie n  th e o r y . T h is  le d  to  fu n d a­

m e n ta l eq u a tio n s  fo r  the d e te r m in a t io n  of the b u ck lin g  p r e s s u r e  of a 

s m a ll  s e g m e n t  of a  s p h e r ic a l  s h e l l .  T h e n e g le c t in g  o f tw o t e r m s  in  

th e eq u a tio n  y ie ld e d  th e  s a m e  eq u a tio n  a s  th at o f v o n  K a r m a n  and  

T s ie n .

R e i s s n e r ’s ^ ” ^  m a jo r  co n tr ib u tio n  to th is  s u b je c t  in v o lv e d  

th e  d e v e lo p m e n t o f  g e n e r a l eq u a tio n s  . S ta r tin g  w ith  th e  M a r g u e r r e  

e q u ilib r iu m  e q u a t io n s , h e  o b ta in ed  eq u a tio n s  fo r  s t r e s s e s  and d i s ­

p la c e m e n ts  a s  w e l l  a s  s t r a in  q u a n tit ie s  . R e is s n e r  a ls o  d e v e lo p e d  

eq u a tio n s  fo r  th e  s y m m e t r ic a l  b en d in g  o f th in  e la s t i c  sh a llo w  s h e l l s .

T he e x p e r im e n ta l w o rk  o f v o n  K lo p p e l and J u n gb lu th , on

18n o n -s h a llo w  s h e l ls  , a s  r e p o r te d  by R e is s  , in d ic a te d  th e  b u ck le  

fo r m e d  n e a r  th e  b ou n d ary  r a th e r  than  th e  s y m m e tr ic a l  c a s e  w h ich
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i s  g e n e r a l ly  a s s u m e d „ I n it ia l s t r e s s e s  and th ic k n e s s  v a r ia t io n s  

w e r e  f e lt  to  be th e c a u s e  o f th e  u n s y m m e tr ic a l  s itu a t io n .

S im o n s^  u s e d  th e  eq u a tio n s d e v e lo p e d  b y  R e i s s n e r ^  and a 

s e r i e s  so lu t io n  to  ob ta in  a b u ck lin g  c r i t e r io n .  H is c o n d it io n s  in d i­

c a te d  th at in s ta b il i ty  ca n n o t o c c u r  fo r  a f la t  p la te  n o r  fo r  a s h e l l  

w h ich  is  v e r y  s h a llo w . H e d e te r m in e d  a c r i t i c a l  lo a d  p a r a m e te r  in  

te r m s  of H o is  s o n 's  r a t io .  T h is  lo a d  p a r a m e te r  i s  a fu n ctio n  o f the  

u n ifo r m  p r e s s u r e .  T h e r e  w a s  a la c k  o f a g r e e m e n t  b e tw e e n  the  

th e o r y  of S im o n s  and th e  r e s u lt s  o f K ap lan  and F u n g . ^

R e is s  h as  co n tr ib u te d  s e v e r a l  p u b lic a tio n s  to the f ie ld ,  both

as a s o le  a u th o r , 1 8 )2 0  an(  ̂ £n co n ju n ctio n  w ith  G r e e n b e r g  and  

7 8K e l le r .  9 U sin g  d if fe r e n t  lo a d in g  and g e o m e tr ic  p a r a m e t e r s ,  he  

u n c o v e r e d  m o d e s  of b u ck lin g  in  the th e o r y  of K ap lan  and F u n g . ^

T h is le d  to a  b e t te r  c o r r e la t io n  b e tw e e n  th e  th e o r e t ic a l  and e x p e r i ­

m e n ta l r e s u lt s  of K ap lan  and F u n g . U sin g  the eq u a tio n s  d e v e lo p e d  

b y C h ien , a th e o r y  w a s  d e v e lo p e d  w h ich  y ie ld e d  c r i t i c a l  b u ck lin g

p r e s s u r e s  w h ic h  v e r i f ie d  th e  p r e v io u s ly  m e n tio n e d  b u ck lin g  m o d e s .

18A  l in e a r iz e d  th e o r y  w a s  r e p o r te d  in  a d if fe r e n t  p u b lic a t io n , w h ich  

in d ic a te d  s im i la r  b u ck lin g  m o d e s  . In c o m p a r in g  h is  t h e o r ie s  to  

e x p e r im e n ta l  r e s u lt s  o f o th e r s  , R e is s  n o ted  fa ir  a g r e e m e n t  and  

a ttr ib u ted  th e  d is c r e p a n c ie s  to  in it ia l  im p e r f e c t io n s ,  d if f ic u lt ie s  in  

m e a s u r in g  th e  ra d iu s  o f c u r v a tu r e  in  sh a llo w  s h e l l s ,  a  s m a l l
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e x p e r im e n ta l e r r o r  in  d e te r m in a t io n  of th e g e o m e tr ic  p a r a m e te r

le a d in g  to a la r g e  e r r o r  in  th e b u ck lin g  p r e s s u r e ,  the sh a llo w  s h e l l

a s su m p tio n  and th e fa ilu r e  to a c h ie v e  a c o m p le te ly  c la m p e d  ed ge  ‘

c o n d it io n . R e is s  in d ic a te d  the n e e d  fo r  a d d itio n a l e x p e r im e n ta t io n , 

2 1 2 2K le in  5 a tte m p te d  to  r e d u c e  th e  s c a t te r  b e tw e e n  e x p e r i -  . 

m e n ta l and th e o r e t ic a l  r e s u lt s  th rou gh  the u s e  o f an e c c e n t r ic i t y  

p a r a m e t e r . T h is  p a r a m e te r  w a s a fu n ctio n  o f both  in it ia l  th ic k n e s s  

and c u r v a tu r e  v a r ia t io n s  .

Archer'*' w o rk ed  w ith  th e e q u ilib r iu m  eq u a tio n s  d ev e lo p e d  by  

R e i s s n e r ^  and a p o w e r  s e r i e s  so lu t io n  to d e te r m in e  a b u ck lin g  c r i ­

t e r io n  and a c r i t ic a l  b u ck lin g  p r e s s u r e .  C o m p a r iso n  w ith  th e w ork s  

of K ap lan  - F  ung  ̂ and T s ie n ^  w a s s a t is f a c t o r y  a t p a r t ic u la r  p o in ts ,  

but n ot th rou gh ou t the ra n g e  o f the g e o m e tr ic  p a r a m e t e r . A r c h e r  

a ttr ib u ted  th e  d is c r e p a n c y  to  the 1’ju m p in g n o f  the. s h e l l  d u rin g  

t e s t in g .

T he a p p ro a ch  o f W ein itsch k e^  3 ^  w a s th ro u g h  th e  eq u a tio n s

d e v e lo p e d  by R e i s s n e r , ^  p o w e r  s e r i e s ,  and an i t e r a t iv e  tech n iq u e

on a d ig ita l c o m p u te r . H e in d ic a te d  a g r e e m e n t  b e tw e e n  h is  w o rk

and p r e v io u s  th e o r e t ic a l  r e s u lt s  fo r  low  v a lu e s  of the g e o m e tr ic

p a r a m e t e r , th at i s ,  fo r  v e r y  sh a llo w  s h e l ls  . T h e la c k  o f a g r e e m e n t

w ith  p r e v io u s  e x p e r im e n ta l r e s u lt s  w a s a ttr ib u ted  to  in it ia l  d i s -

23
c r e p a n c ie s  . In a d if fe r e n t  p u b lic a t io n , W ein itsc h k e  su p p o r ts
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? 2K le in  in  h is  c la im  th a t in it ia l  i r r e g u la r i t ie s  a r e  r e s p o n s ib le  fo r  

th e s c a t t e r  b e tw e e n  th e o r y  and e x p e r im e n t .

V on W i l l i c h ^  d e r iv e d  e n e r g y  eq u a tio n s  and th en  u s e d  an  

a p p lic a t io n  o f th e p r in c ip le  o f m in im u m  p o te n t ia l e n e r g y  to ob ta in  

th e  c r i t i c a l  b u ck lin g  p r e s s u r e s  . H e s o lv e d  th e  p r o b le m  o n ly  fo r  

s m a ll  v a lu e s  o f the g e o m e tr ic  p a r a m e te r .

B u d i a n s k y 2 5  b eg a n  w ith  th e  e q u ilib r iu m  eq u a tio n s  o f  

R e i s s n e r . ^  S im p lif ic a t io n s  w e r e  m a d e , and th e  u s e  o f  o p e r a to r s  

and tr a n s fo r m a t io n s  y ie ld e d  tw o in te g r a l  eq u a tio n s  . T h e s e  eq u a tio n s  

w e r e  s o lv e d  n u m e r ic a l ly  by an i t e r a t iv e  tech n iq u e  w h ich  y ie ld e d  

v a lu e s  o f c r i t i c a l  b u ck lin g  p r e s s u r e  in  te r m s  o f the g e o m e tr ic  p a r a ­

m e t e r .  B u d ia n sk y  a ls o  d e v e lo p e d  a th e o r y  b a s e d  on  in it ia l  im p e r ­

f e c t io n s .  T h e p r o c e d u r e  w a s  the sa m e  a s  p r e v io u s ly  m e n tio n e d  fo r  

th e  s h e l l  w ith  no in it ia l  im p e r f e c t io n s . T h is  a g a in  y ie ld e d  v a lu e s  o f  

c r i t ic a l  b u ck lin g  p r e s s u r e  in  t e r m s  of the g e o m e tr ic  p a r a m e te r .

A  p u b lic a tio n  c o a u th o r e d  by  B u d ia n sk y  and W e in i t s c h k e ^  

in d ic a te d  th e ir  s ta b i l i ty  c u r v e s  w e r e  in  a g r e e m e n t  d e s p ite  th e  d if ­

f e r e n c e s  in  th e  tw o  in d ep en d en t t h e o r ie s  . A  la c k  o f  a g r e e m e n t  w ith  

th e  K a p la n -F u n g *  ̂  r e s u lt s  w a s  n o te d .

E x p e r im e n ta l w o rk  by  th e  A v c o  C o r p o r a tio n , c a r r ie d  out by  

H o m ew o o d , B r in e  and J o h n so n , r e s u lt e d  in  b u ck lin g  p r e s s u r e s  fo r  

ca p s  o f v a r io u s  r a d iu s - th ic k n e s s  r a t io s  . T h ey  found no im p o r ta n t
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d if fe r e n c e s  in  b u ck lin g  c h a r a c t e r is t ic s  b e tw e e n  sh a llo w  and n o n ­

sh a llo w  ca p s  . T he b u ck lin g  o c c u r r e d  a b ru p tly  and th e m a jo r ity  o f  

the b u c k le s  r e m a in e d  w h en  the p r e s s u r e  w a s  r e l e a s e d .  T he s h e l l s  

w e r e  h o t r o l le d  s t e e l  w h ich  w e r e  fo r m e d  b y  sp in n in g . A  la te r  p u b li­

c a t io n  by  J o h n so n  and H om ew ood^®  in d ic a te d  w ork  on fo r m in g  p la s t ic  

s h e l ls  by a v a cu u m  sn a p b a ck  te c h n iq u e .

G r i g o l y u k ^  w o rk ed  w ith  the M a r g u e r r e  e q u ilib r iu m  

eq u a tio n s  , a  p o w e r  s e r i e s  e x p a n s io n , and B u b n o v ’s m eth o d  to ob ta in  

tw o n o n lin e a r  e q u a t io n s . S o lu tio n  o f th e s e  eq u a tio n s  y ie ld e d  thd 

e x p r e s s io n  fo r  th e  c r i t i c a l  b u ck lin g  p r e s s u r e .

N a sh  and M o d eer  d e v e lo p e d  a th e o r y  fo r  the b u ck lin g  o f  

c la m p e d , u n ifo r m ly  lo a d e d  s p h e r ic a l  ca p s  by  tw o d if fe r e n t  a p p r o x i­

m a t io n s .  T he f i r s t  n e g le c te d  th e  s e c o n d  in v a r ia n t  of th e  m id d le  

s u r fa c e  s t r a in s ,  w h ile  the o th er  r e ta in e d  o n ly  the l in e a r  t e r m s  in  

th e  s e c o n d  in v a r ia n t . T h e a p p ro a ch  w a s b a s e d  on m in im iz in g  the  

to ta l e n e r g y  e x p r e s s io n .  T he ad van ta g e  o f  e ith e r  o f  th e s e  a s s u m p ­

t io n s  w a s  th at th e g o v e r n in g  n o n lin e a r  eq u a tio n s  w e r e  u n co u p led ,

M u rra y  and W right^^ d e v e lo p e d  a  th e o r y  b y  a  s t e p - b y - s t e p  

in te g r a t io n  o f the d if fe r e n t ia l  e q u ilib r iu m  eq u a tio n s . T h ey  e l im i ­

n a ted  m a n y  of th e  u s u a l a s su m p tio n s  and c la im e d  a h ig h e r  a c c u r a c y .  

F o r  a  s p e c i f ic  ra d iu s  o f c u r v a tu r e  and t h ic k n e s s ,  th e  u p p er  b u ck lin g  

lo a d  a s  w e l l  a s  the m in im u m  one w a s  o b ta in e d . C o m p a r is o n  w ith  th e
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v o n  K a r m a n -T s ie n ^  r e s u lt s  in d ic a te d  a d if fe r e n c e  by a fa c to r  o f  

tw o . It w a s  c o n c lu d e d  th at the r e s u lt s  o f the R a y le ig h -R itz  s o lu t io n  

by v o n  K arm an  and T s ie n  d id  not s a t is f y  e q u ilib r iu m . G ood a g r e e ­

m en t w as o b ta in ed  in  c o m p a r in g  th e ir  r e s u lt s  w ith  th o s e  o f K e lle r  

7and R e is s  . H o w e v e r , th e s e  r e s u lt s  d id  not a g r e e  w ith  th e  

K a p la n -F u n g  r e s u lt s  . ^

T hurston" ^  b eg a n  w ith  th e  R e i s s n e r ^  e q u ilib r iu m  eq u a tio n s  

and o b ta in ed  a  f in a l so lu t io n  by  a s su m in g  an a p p r o x im a te  so lu t io n  

and th en  s o lv in g  fo r  a c o r r e c t io n ,  th e r e b y  o b ta in in g  u p p er  and lo w e r  

b u ck lin g  c u r v e s  . T h e u p p er  c u r v e  a g r e e d  w ith  W ein tsch k e^  and  

B u d ia n s k y ^  w h ile  th e  lo w e r  c u r v e  a g r e e d  w ith  the K e l le r - R e i s s ?  

r e s u l t s .  T he K a p la n -F u n g ^  e x p e r im e n ta l r e s u lt s  w e r e  b e tw e e n  th e  

tw o c u r v e s .

G je ls v ik  and B o d n e r ^  d e v e lo p e d  a th e o r y  for  th e  n o n s y m -  

m e t r ic a l  snap  b u ck lin g  o f u n ifo r m ly  lo a d e d  c la m p e d  s p h e r ic a l  c a p s . 

T h ey  u s e d  an  e n e r g y  m in im iz a t io n  p r o c e d u r e  to d e te r m in e  an u p p er  

b u ck lin g  lo a d  and an e n e r g y  lo a d  fo r  both  the s y m m e t r ic a l  and n o n -  

s y m m e t r ic a l  c a s e s , th at i s ,  w ith  o r  w ith ou t c o n s id e r a t io n  of th e  

e f fe c ts  of th e  b ou n d a ry  la y e r .  T h e e n e r g y  lo a d  c o r r e s p o n d s  to a 

m in im u m  o r  lo w e r  b u ck lin g  lo a d . T h ey  a ls o  d e v e lo p e d  an e x p r e s s io n  

fo r  th e  m in im u m  v a lu e  o f  th e  g e o m e tr ic  p a r a m e te r  at w h ich  snap
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b u ck lin g  ca n  o c c u r .  T h e ir  w o rk  is  l im ite d  to  sh a llo w  ca p s  w h e re  

the r a t io  o f th e r i s e  o f  th e  s h e l l  to  th e  ra d iu s  o f c u r v a tu r e  i s  1 /8  or  

l e s s  .



C H A P T E R  T H R E E

E X P E R IM E N T A L  IN V ESTIG A TIO N

T h is  c h a p te r  co n ta in s  the d e s c r ip t io n  o f the a u th o r 's  

e x p e r im e n ta l in v e s t ig a t io n . T he f ir s t  p a r t is  c o n c e r n e d  w ith  th e  

d e te r m in a t io n  o f  th e  b e s t  tech n iq u e  fo r  fo r m in g  s p h e r ic a l  ca p s  w ith  

a v a cu u m  fo r m e r .  T h e s e c o n d  p a rt c o n s is t s  of the r e s u lt s  o b ta in ed  

fr o m  the b u ck lin g  t e s t  o f e a c h  s h e l l  a s  w e l l  a s  a  d e s c r ip t io n  o f  

th e s e  t e s t s  .

F o r m in g  T ech n iq u e

In an in v e s t ig a t io n  o f th is  t y p e , i t  is  n e c e s s a r y  to f a b r i ­

c a te  m a n y  n e a r ly  id e n t ic a l  s h e l ls  . A v a cu u m  fo r m e r  is  id e a l ly  

s u ite d  s in c e  m a n y  s h e l ls  ca n  b e  fo r m e d  r a p id ly  a t a m in im u m  

e x p e n s e .  O f e v e n  g r e a te r  im p o r ta n c e  i s  th e  k n o w led g e  th at ea ch  

s h e l l  fo r m e d  w il l  be s im i la r  to i t s  p r e d e c e s s o r ,  a s s u m in g  th e r e  h a s  

b e e n  no ch a n g e  in  th e  m a c h in e  s e t t in g s  .

T he o p e r a tio n  o f the v a cu u m  fo r m e r  is  to h e a t  th e  m a te r ia l  

and th en  to  fo r m  th e p la s t ic  to the d e s ir e d  sh ap e by m e a n s  o f  th e  

v a c u u m . T h e r e  a r e  m a n y  v a r ia t io n s  w h ich  e n te r  in to  the fo r m in g  

tech n iq u e  su ch  a s  the d e c is io n  of w h e th e r  to  u s e  a  c o n c a v e  o r  c o n v e x
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m o ld , the m o ld  m a t e r i a l , th e  s h e l l  m a t e r ia l ,  th e am ou n t o f h e a t ,  

w h e th e r  to  a llo w  th e  m a te r ia l  to  p a r t ia l ly  fo r m  to th e  sh a p e  o f the  

m o ld  b e fo r e  th e  a p p lic a t io n  of the v a c u u m , a s  w e l l  a s  o t h e r s .  F o r  

th is  in v e s t ig a t io n ,  i t  w a s  d e c id e d  to u s e  an  a lu m in u m  m o ld , in  p a rt  

b e c a u s e  o f the e a s e  o f  m a ch in in g  in  fo r m in g  the o th e r  m o ld  s h a p e s .  

T he s h e l l  m a t e r ia l ,  c h o s e n  b e c a u s e  of i t s  r e p o r te d  good  th ic k n e s s  

t o le r a n c e s  and p r o p e r t ie s ,  w a s  a p o ly v in y l c h lo r id e ,  B o ltr o n  6200  

N o r m a l Im p a ct T yp e 1, o b ta in ed  in  s h e e ts  fr o m  the G e n e r a l T ir e  

and R ubber C o m p a n y . E a ch  s h e e t  w as a p p r o x im a te ly  30 b y  60 

i n c h e s .

F iv e  d if fe r e n t  sh a p e s  w e r e  c o n s id e r e d  in  th is  in v e s t ig a t io n .  

T he ra d iu s  o f the b a s e  p la n e  o f the m o ld  w as k ep t c o n s ta n t  and the  

rad iu s o f c u r v a tu r e  v a r ie d  by d e c r e a s in g  the r i s e  o f th e  s h e l l  ab o v e  

the b a s e  p la n e . F ig u r e  6 i s  a sk e tc h  sh ow in g  th e  f iv e  fo r m e d  sh a p e s  

w ith  th e  c o r r e s p o n d in g  v a lu e s  o f ra d iu s  of c u r v a tu r e  and r i s e .

T he fo r m in g  tech n iq u e  w a s  d e te r m in e d  by w o rk in g  w ith  th e  

s h e l l  w ith  the g r e a t e s t  c u r v a tu r e , th at i s ,  th e  h e m is p h e r e .  W hen  

the b e s t  tech n iq u e  w a s  d e v e lo p e d , a l l  su b se q u e n t s h e l l s  w e r e  fo r m e d  

w ith  a s im i la r  p r o c e d u r e , not o n ly  fo r  the h e m is p h e r e ,  but fo r  a l l  

s h e l ls  fo r m e d .

T he s h e l l  fo r m in g  o p e r a t io n  i s  i l lu s tr a te d  b y  F ig u r e s  7 , 8 , 

and 9 . In F ig u r e  7 , th e m o ld  w ith  th e  c o l la r  a tta ch ed  is  sh ow n
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nr

7. OZ in

SH A PE R in  i n . H in  in

I 3 . 5 1 3 . 5 1
U 3 . 7 8 2 . 6 5

III 4 . 2 1 2 . 1 2
IV 5.  33 1 . 5 3
V 9 . 6 4 0 . 9 6

F IG U R E  6 

G e o m e tr y  o f  F o r m e d  S h ap es



F IG U R E  7 

F o r m in g  M old  in  V acu u m  C h am b er
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F IG U R E  8

V a cu u m  F o r m e r  w ith  H eatin g  E le m e n t  F o r w a r d
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F IG U R E  9

F o r m e d  S h e ll  in  F r a m e  o f V a cu u m  F o r m e r
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s it t in g  on top  o f the p la tfo r m  in  the v a cu u m  c h a m b e r  „ F ig u r e  8 

sh o w s the fo r m e r  w ith  th e  h ea tin g  e le m e n t  fo r w a r d  h e a tin g  th e  

p la s t ic  p r io r  to the a c tu a l fo r m in g . W hen th e h e a tin g  c y c le  is  c o m ­

p le te d  the h ea tin g  e le m e n t  re tu rn s  to  th e r e a r  p o s it io n  and th e fr a m e  

h o ld in g  th e h e a te d  p la s t ic  m o v e s  dow n o v e r  the m o ld . T he f in a l  

fo r m in g  i s  a c c o m p lis h e d  by ap p ly in g  the v a c u u m . F ig u r e  9 sh ow s  

the fo r m e d  s h e l l  in  th e  fr a m e  of the v a cu u m  fo r m e r .  F ig u r e  10 

sh o w s the f iv e  d if fe r e n t  sh a p e s  w h ich  w e r e  fo r m e d  and F ig u r e  11 

sh o w s th e a r r a y  o f s h e l l s  w h ich  w e r e  fo r m e d  fo r  the b u ck lin g  t e s t s .

T he v a r ia b le s  o f  the v a cu u m  fo r m e r  w h ich  ca n  b e v a r ie d  

d uring  the fo r m in g  o p e r a tio n  a re:

1 o p e r c e n ta g e  o f t im e  th e h e a tin g  e le m e n t  is  on

2 . le n g th  o f t im e  the h e a tin g  e le m e n t  i s  o v e r  th e  p la s t ic

3 . h e ig h t  of th e  s to p s  w h ich  c o n tr o l the d is ta n c e  th e  

fr a m e  c o m e s  down

4 .  d is ta n c e  o f the m o ld  p la tfo r m  fr o m  the m a c h in e  b a s e

5 . am ou n t o f v a cu u m

S e v e r a l t e s t s  w e r e  run to  d e te r m in e  th e c o m b in a tio n s  w h ich  y ie ld e d  

the b e s t  s h e l l s .  T o c o m p a r e  fo rm in g  te c h n iq u e s  9 the ra d iu s  o f  

c u r v a tu r e  and th ic k n e s s  w e r e  m e a s u r e d  a t tw e n ty -f iv e  g r id  p o in ts  

on the s h e l l  a s  show n  in  F ig u r e  12 .
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FIG U R E  10 

T he F iv e  D if fe r e n t  F o r m e d  S h ap es



F IG U R E  11 

F o r m e d  S h e lls  fo r  T e s t  P r o g r a m
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FIG U R E  12 

G rid  P o in ts  on S h e ll
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The rad iu s o f c u r v a tu r e  w a s m e a s u r e d  by the d e v ic e

sh ow n  on the le f t  in  F ig u r e  1 3 . T he th r e e  p o in ts ,  tw o f ix e d  and th e

th ird  a tta ch ed  to  th e d ia l g a g e ,  w e r e  p la c e d  on the s h e l l  su r fa c e  and

th e m in im u m  ga g e r ea d in g  r e c o r d e d . T he rad iu s o f c u r v a tu r e  of

the m id d le  s u r fa c e  of th e  s h e l l  w as th en  R = g + 1 - t , w h e r e  R is
2 % 2

th e ra d iu s  o f c u r v a tu r e , g is  th e  gage  rea d in g  and t i s  th e  th ic k n e s s  

of th e  s h e l l  at th at p o in t .

T he th ic k n e s s  w a s  m e a s u r e d  by the d e v ic e  sh ow n  on the  

r ig h t in  F ig u r e  13 . T he a p p a ra tu s w a s h e ld  in  a v i s e  and th e  s h e l l  

p la c e d  b e tw e e n  the p o in t on the fr a m e  and the p o in te r  a tta c h e d  to  the 

d ia l g a g e  at the p o s it io n  w h e re  the th ic k n e s s  w a s  d e s i r e d e F o r  ea ch  

p o in t, the s h e l l  w a s  ro ta te d  u n til a m in im u m  d ia l rea d in g  w as  

o b ta in e d . T h is  rea d in g  w a s  th e  n o r m a l th ic k n e s s  at th e  p o in t in  

q u e s t io n .

A v e r a g e  v a lu e s  and s ta n d a rd  d e v ia t io n s  of th ic k n e s s  and  

ra d iu s  of c u r v a tu r e  w e r e  co m p u ted  fo r  e a c h  fo r m in g  tech n iq u e  and  

a r e  in c lu d ed  in  A p p en d ix  C .

B e c a u s e  it  i s  d e s ir a b le  to  h a v e  th e  m o d e ls  of u n ifo r m  th ic k ­

n e s s  and c u r v a tu r e , v a r io u s  te c h n iq u e s  of fo r m in g  w e r e  in v e s t ig a t e d . 

It w as n ot d if f ic u lt  to ob ta in  c o n s is te n t  c u r v a tu r e s  b e c a u s e  the  

fo r m e d  p la s t ic  a d h ered  v e r y  c l o s e ly  to the m o ld  w h ich  had  b e e n  

m a c h in e d  to a h e m is p h e r ic a l  s h a p e . H o w e v e r , k eep in g  th e
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FIG U R E  13 

M e a su r in g  D e v ic e s
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th ic k n e s s  c o n sta n t  r e p r e s e n te d  a m o r e  d if f ic u lt  p r o b le m . In ea ch  

o f the fo r m in g s  , th e  s h e l l  w a s th ic k e s t  at the p eak  and th in n e s t  at 

the b a se  o f the m o ld . S e v e r a l  c o m b in a tio n s  of the v a r ia b le  s e t t in g s  

w e r e  a ttem p ted  to ob ta in  a m in im u m  th ic k n e s s  v a r ia t io n .

It b e c a m e  a p p aren t th at a s h o r t  h ea tin g  c y c le  and a low  

’’p e r c e n t  o n ” o f the h e a tin g  e le m e n t  r e s u lte d  in  l e s s  flo w in g  o f the  

p la s t ic  d u rin g  the d rap in g  o f the p la s t ic  o v e r  the m o ld . U sin g  the  

h ea t on 35% of the t im e  w ith  a h ea tin g  c y c le  o f  50 s e c o n d s  r e s u lte d  

in  th e  le a s t  am ou n t o f th ic k n e s s  v a r ia t io n .

T he e le v a t io n  o f th e p la tfo r m  h o ld in g  th e  m o ld  a b o v e  th e  

m a c h in e  b a s e  had  an e f fe c t  upon the th ic k n e s s  v a r ia t io n .  T he h ig h e r  

the m o ld  the m o r e  th e d r a p e , and th is  la r g e r  d rap e c a u s e d  a th in n in g  

out o f the p la s t ic  n e a r  th e  b a s e  o f the m o ld  thus r e s u lt in g  in  la r g e r  

th ic k n e s s  v a r ia t io n s .  H e n c e , a lo w e r  p la tfo r m  e le v a t io n  w as  

d e c id e d  to  b e a d v a n ta g eo u s  . T h e r e  w a s a m in im u m  v a lu e  fo r  th is  

e le v a t io n , b e c a u s e  too  low  a s e tt in g  r e q u ir e d  m o r e  draw  fo r  a sh a rp  

ed g e  a t th e  s h e l l  b o u n d ary  than co u ld  b e a c c o m p lis h e d  d u rin g  th e  

v a cu u m  o p e r a t io n . A n e le v a t io n  o f 5 . 3 3  in c h e s  ab ove the b a s e  of 

th e m a c h in e  w a s  an a c c e p ta b le  c o m p r o m is e .

T he c o l la r  b e tw e e n  the p la tfo r m  and the m o ld  had  tw o  

p u r p o se s  . It p r o v id e d  an ed g e  fo r  the c la m p in g  o f the s h e l ls  d u rin g  

th e b u ck lin g  t e s t s ,  and i t  a llo w e d  fo r  a lo w e r  s e t t in g  o f th e



m o ld  p la t fo r m . W ithout the c o l la r ,  i t  w as n e c e s s a r y  to u se  a 

h ig h e r  p la tfo r m  se t t in g  to ob ta in  a sh a r p  d raw  b e tw een  the s h e l l  

and th e m o ld  p la t fo r m .

T he h e ig h t  o f th e  s t o p s ,  w h ich  c o n tr o lle d  the am ou n t th at  

the fr a m e  h o ld in g  the p la s t ic  m o v e d  dow n , w as im p o r ta n t s in c e  a 

good a ir  s e a l  w a s  n e c e s s a r y  b e tw een  th e p la s t ic  and th e  top o f the  

v a cu u m  c h a m b e r . T h is  w a s  d e te r m in e d  b y  a t r ia l  and a d ju stm en t  

p r o c e d u r e .

A p p lic a tio n  o f th e  v a cu u m  w a s a n o th er  im p o r ta n t o p e r a tio n  

Of the s e v e r a l  v a r ia t io n s  in  th e  v a cu u m  tech n iq u e  a tte m p te d , it  

a p p ea red  the th ic k n e s s  v a r ia t io n  w a s  a m in im u m  w hen  th e  v a cu u m  

w as a p p lied  as the p la s t ic  m o v e d  dow n to w a rd  th e m o ld  a f te r  th e  

h ea tin g  c y c l e .  T h e v a cu u m  w a s le f t  on u n til the p la s t ic  had  draw n  

as m u ch  a s  p o s s ib le .  T he p la s t ic  w a s  th en  a llo w e d  to c o o l b e fo r e  

i t  w a s r e m o v e d  fr o m  the m o ld  and the f r a m e .

In s u m m a r y  th e n , the b e s t  fo r m in g  tech n iq u e  had  th e s e

s e tt in g s :

1 . h ea t on - 35% of th e t im e

2 . h ea tin g  c y c le  - 50 s e c o n d s

3 . v a cu u m  t im e  - a b u r s t  o f ab ou t 10 s e c o n d s  b eg in n in g  

as the p la s t ic  m o v ed  down to w a rd  th e  m o ld

4 .  p la tfo r m  e le v a t io n  ab o v e  th e m a ch in e  b a s e  - 5 . 3 3  in ch e



.5 .  m o ld  -  s it t in g  on top o f a c o l la r  on the p la tfo r m  

T e s t in g  o f S h e lls

T he b u ck lin g  o f e a c h  s h e l l  w as a c c o m p lis h e d  by p la c in g  

i t  in  a t e s t  c h a m b e r  and ap p ly in g  a ir  p r e s s u r e  to  a w a te r  c h a m b e r .

It w a s  the w a te r  in  th e  t e s t  c h a m b e r  u n d er  p r e s s u r e  w h ic h  b u ck led  

th e  s h e l l .  F ig u r e  14 is  a p h oto g ra p h  sh ow in g  the b u ck lin g  t e s t  

ap p ara tu s b e fo r e  th e  s h e l l  i s  p o s it io n e d . F ig u r e  15 sh o w s  th e  s h e l l  

in  p o s it io n  w ith  th e  ta p e r e d  c o l la r  and b r a c k e ts  in  p la c e .  T h e  

ta p e r e d  c o l la r  is  the sa m e  c o l la r  th at w a s  u s e d  in  the fo r m in g  

t e c h n iq u e . T he p la te  on top  o f th e  t e s t  ch a m b er  had  a s im i la r  ta p e r ;  

thus w ith  the s h e l l  in  p o s it io n  and th e c o l la r  a tta c h e d , a c la m p e d  

ed g e  c o n d it io n  w as a c h ie v e d .

Tw o q u a n tit ie s  w e r e  d e te r m in e d  d ir e c t ly  fr o m  the t e s t  on  

e a c h  s h e l l .  O ne w a s  the m e r c u r y  l e v e l  in  the m a n o m e te r , and the  

o th e r  w as the v o lu m e  ch a n g e  in  the w a te r  c h a m b e r . T h e f i r s t  can  

be r e la te d  to  p r e s s u r e  and is  th e r e fo r e  th e  c r i t ic a l  b u ck lin g  

p r e s s u r e . T he s e c o n d  g iv e s  an in s ig h t  in to  th e  b u ck lin g  a c t io n .

In a d d itio n  to th e s e  o b s e r v a t io n s , th e  p o in t on th e  s h e l l  a t w h ich  

b u ck lin g  o c c u r s  w a s  r e c o r d e d . T h is  a llo w e d  fo r  th e  m e a s u r e m e n t  

of th e  th ic k n e s s  and ra d iu s  o f c u r v a tu r e  a t the p o in t o f b u ck lin g  u s in g  

th e  d e v ic e s  sh ow n  in  F ig u r e  13 .
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F IG U R E  14 

B u ck lin g  T e s t  A p p a ra tu s
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F IG U R E  15 

T e s t  C h am b er w ith  S h e ll  in  T e s t  P o s it io n
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E a ch  s h e l l  w a s  t e s t e d ,  and th e r e s u lt s  of th e s e  t e s t s  a r e

sh ow n  in  A p p en d ix  D . T a b le  1 is  a su m m a r y  of th e s e  r e s u lt s  .

M e a su r e d  q u a n tit ie s  su ch  a s  p the b u ck lin g  p r e s s u r e  in  pounds p e r

sq u a r e  in c h , R the ra d iu s  o f c u r v a tu r e  of the m id d le  s u r fa c e  of the

s h e l l  a t th e  p o in t o f b u ck lin g  in  in c h e s ,  and t the th ic k n e s s  o f the

s h e l l  a t th e  p o in t o f b u ck lin g  in  in c h e s  a r e  l i s t e d  fo r  e a c h  sh e e t ..

T a b le  2 i s  a s u m m a r y  o f  the r e s u lt s  fo r  e a c h  sh a p e .

F o r  e a c h  of the sh a p e s  fo r m e d  a fte r  th e  h e m is p h e r e ,  th r e e

s h e e ts  o f the p la s t ic  w e r e  u s e d .  T h is  r e s u lte d  in  th e  fo r m a tio n  o f

a p p r o x im a te ly  th ir ty - th r e e  s h e l ls  of e a c h  sh a p e . T h is  n u m b er  o f

s h e l l s  and su b se q u e n t t e s t s  w a s  th e  r e s u lt  o f an e x a m in a tio n  o f the

2
v a r ia t io n  of the q u an tity  p ( R / t )  fo r  th e h e m is p h e r ic a l  s h a p e .

T a b le  3 sh o w s the a v e r a g e  v a lu e  and sta n d a rd  d e v ia t io n  o f th is  

q u a n t ity , and T a b le  4 in d ic a te s  th e  v a lu e  o f t^ w h ich  w a s  d e te r m in e d  

a fte r  e a c h  s h e e t  o f s h e l l s  w a s t e s t e d .  T he t^ is  S tu d e n t’s t  w h ich  i s  

u se d  to  c o m p a r e  sa m p le  m ea n  v a lu e s .  V a lu e s  o f t^ a r e  ta b u la ted  in  

m o s t  b ook s on s t a t i s t ic s  in  te r m s  o f the c o n fid e n c e  le v e l  and th e

32n u m b er  o f  d e g r e e s  o f f r e e d o m . i s  c a lc u la te d  b y  th e  r e la t io n s h ip ,

2 2 2 ? 
t j  = kd / S , w h e r e  k i s  th e  s a m p le  s i z e ,  S is  the v a r ia n c e  and d i s

th e  m a g n itu d e  o f  th e  d e s ir e d  b o u n d . A  to ta l o f f i f ty -o n e  s h e l l s  w e r e

b u c k le d , but it  w a s  s e e n  th at t d e c r e a s e d  a f te r  the th ir d  s h e e t  of
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T A B L E  1 

T e s t  R e s u lt s  fo r  E a ch  S h eet

ST A N D A R D
N U M B E R  O F A V E R A G E  V A L U E S t̂ w t a t t o t u

SH E L L S p R t R /t P R /t
in in in  - in

9 4 .4 3 . 5 7 . 0 2 3 159 . 57 1 1 . 0

10 5 . 0 3 . 5 3 . 025 143 . 3 4 5 . 6

11 5 . 5 3 . 4 8 . 025 140 .91 4 . 5

11 5 . 9 3 . 4 7 . 025 140 . 57 5 . 4

10 3 . 7 3 . 5 3 .021 167 . 54 5 . 4

10 4 . 0 3 . 7 8 . 0 2 4 160 . 37 9 . 5

11 5 . 0 3 . 7 7 . 0 2 5 149 . 3 4 6 . 7

10 4 . 9 3 . 7 8 . 026 148 .39 6 . 8

11 4 . 6 4 . 3 0 . 0 2 8 156 . 30 3 . 9

11 4 . 8 4 . 1 9 . 0 2 8 148 . 35 6 . 7

11 4 . 6 4 . 1 3 . 028 150 . 26 5 . 8

8 3 . 4 5 . 4 1 . 0 3 2 172 . 15 6 . 4

10 3 . 2 5 . 2 8 .031 173 . 09 4 . 7

11 3 . 3 5 . 3 2 . 031 172 . 2 4 4 . 5

11 1 . 0 9 . 6 4 .031 312 .07 8 . 8

11 1 . 1 9 . 6 4 .031 307 . 0 4 8 . 7

10 1. 1 9 . 6 4 . 0 3 2 297 . 0 4 4 . 4
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T A B L E  2 

T e s t  R e s u lt s  fo r  E a ch  Shape

ST A N D A R D
N U M B E R  OF A V E R A G E  V A L U E S D EV IA TIO N

SH A P E SH E L L S P R t R / t P R /t
m in in in

I 51 4 .9 3 . 5 1 . 0 2 4 149 1 . 0 1 1 2 . 9

II 31 4 . 7 3 . 7 8 . 0 2 5 152 . 57 9 . 6

III 33 4 . 7 4 . 2 1 . 0 2 8 151 - . 3 3 6 . 4

IV 29 3 . 3 5 . 3 3 . 031 172 . 1 8 5 . 2

V 32 1 . 1 9 . 6 4 . 0 32 306 . 06 9 . 7
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T A B L E  3

V a lu e s  o f  p (R /t)^  A fte r  E a ch  S h ee t T e s te d  o f  S h ape I

N U M B E R  O F A V E R A G E  ST A N D A R D  D EVIA TIO N
SH E E T SH E L L S p s i p s i

5 9 11 . 0 x  104 1 . 1 5  x  104

5 - 6 19 1 0 . 6  x  104 1 . 2 9  x  104

5 - 7 30 1 0 . 7  x  104 1 . 5 7  x  104

5 - 8 41 1 0 . 9  x  104 1 . 5 1  x 104

5 - 9 51 1 0 . 8  x  104 1 . 5 3  x  104
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TA BLE 4

V a lu e s  of t j  A fte r  E ach  S h e e t T e s te d  o f  Shape I

SH E E T S T E S T E D  N U M B E R  T E S T E D  t^

5 9 .9 6

5 -6  19 1 . 0 1

5 - 7  30 1 . 0 2

5 - 8  41 . 99

5 - 9  51 . 9 8
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s h e l ls  t e s t e d . T h e r e fo r e ,  about th ir ty  s h e l l s  of the o th e r  sh a p e s  

w e r e  e x p e c te d  to g iv e  r e l ia b le  r e s u l t s .

T o d e te r m in e  the r e la t io n s h ip  b e tw een  p r e s s u r e  and v o lu m e  

c h a n g e , in te r m e d ia te  r e a d in g s  w e r e  m a d e  on so m e  of the s h e l ls  

d u rin g  th e lo a d in g . T he rea d in g  of w a te r  le v e l  in  th e  w a te r  

c h a m b e r  and m e r c u r y  le v e l  in  the m a n o m e te r , w h ich  a r e  d ir e c t ly  

r e la te d  to  v o lu m e  ch a n g e  and p r e s s u r e ,  a r e  in  A p p en d ix  E . F ig u r e  

16 is  a ty p ic a l  p lo t  o f w a te r  le v e l  v e r s u s  m e r c u r y  l e v e l  fo r  the  

s h e l l s  w h e re  th e s e  q u a n tit ie s  w e r e  m e a s u r e d .  T he c u r v e s  for  the  

o th er  s h e l ls  t e s t e d  a r e  in  A p p en d ix  E . T h e p o in t w h o se  c o o r d in a te s  

r e p r e s e n t  the m a x im u m  w a te r  drop  and h ig h e s t  m e r c u r y  le v e l ,  that 

i s  th e  to ta l v o lu m e  ch a n g e  and b u ck lin g  p r e s s u r e ,  w a s  p lo tte d  but 

w as not c o n n e c te d  to the r e s t  of the p o in ts  b e c a u s e  th e r e  w a s a 

s l ig h t  v o lu m e  ch a n g e  a fte r  the b u ck lin g  p r e s s u r e  had  b een  r e a c h e d .  

T h is  w a s a p p a r e n tly  the v o lu m e  o f w a te r  th at o c c u p ie d  th e  b u ck le  

i t s e l f .  D ue to  the n a tu r e  o f the t e s t  o p e r a t io n , it  w a s  n ot p r a c t ic a l  

to  s to p  the flo w  of w a te r  fr o m  the w a te r  c h a m b e r  to  the t e s t  

ch a m b e r  at the in s ta n t  th at b u ck lin g  o c c u r r e d . P r e s s u r e - v o lu m e  

r e a d in g s  w e r e  not o b ta in ed  on Shape V b e c a u s e  the to ta l v o lu m e  

ch an ge w a s m u ch  s m a lle r  than  the o th e r  sh a p e s  .
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T he to ta l v o lu m e  ch a n g e  w a s m e a s u r e d  on a l l  s h e l l s  »

T a b le  5 i s  th e a v e r a g e  v o lu m e  ch a n g e  in  cu b ic  in c h e s  o f w a te r  and  

the s ta n d a rd  d e v ia t io n  fo r  e a c h  sh a p e .

F ig u r e  17 is  a p lo t  o f lo g  p v e r s u s  lo g  R /t  u s in g  th e  e x p e r ­

im e n ta l r e s u lt s  o f e a c h  s h e e t  t e s t e d .  M any p u b lic a tio n s  in d ic a te  a 

g e n e r a l r e la t io n s h ip  o f th e  fo r m  p -  A {R/ t )^  w h e r e  p is  the b u ck lin g  

p r e s s u r e ,  R is  the ra d iu s  o f c u r v a tu r e , t the th ic k n e s s  and A  and  

b a r e  c o n s ta n ts .  T he c u r v e  in d ic a te s  a l in e a r  r e la t io n s h ip , w ith in  

e x p e r im e n ta l a c c u r a c y ,  b e tw e e n  the q u a n tit ie s  .

T he v a r ia t io n  o f e x p e r im e n ta l  r e s u lt s  w ith in  e a c h  sh a p e  

w a s d e te r m in e d  by an e x a m in a tio n  o f the q u an tity  p ( R / t ) ^ e T a b le  6 

sh ow s the a v e r a g e  v a lu e  and sta n d a rd  d e v ia t io n  fo r  a l l  s h a p e s .

F ig u r e s  18 th ro u g h  22 in d ic a te  th e  fr e q u e n c y  and F ig u r e s  23 th rou gh  

27 sh ow  the d is tr ib u t io n  on a p r o b a b ility  p lo t ,  fo r  e a c h  sh a p e , of 

p ( R / t ) 2 .

\
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T A B L E  5 

V o lu m e  C hange fo r  E a ch  Shape

SH A PE  A V E R A G E  V O L U M E  C H A NG E ST A N D A R D  D E V IA TIO N
in^ i n 3

I 2 . 6 . 9 0

II 4 . 3 . 9 5

HI 4 . 1 . 5 2

IV 3 . 0 . 7 7

V 1 . 1 . 2 4
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R /t

F IG U R E  17 

L og  p v e r s u s  L og R /t



52

T A B L E  6 

V a lu e s  of p (R /t)^  fo r  E a c h  Shape

S H A P E  A V E R A G E  V A L U E  OF p ( R / t ) 2  ST A N D A R D  D EV IA TIO N
p s i  . p s i

I 1 0 .8  x  1 0 4  1 .5 3  x  104

II 1 0 .7  x  104  1 . 14 x  104

HI 1 0 .7  x  1 0 4  .9 7  x  1 0 4

IV 9 . 8  x  104  .6 2  x  104

V 1 0 .2  x  1 0 4  ■ .7 2  x  104
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F req u en cy  H istogram  of p(R/1)2 for Shape V
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FIGURE 24

D istr ib u tion  D ia g ra m  of p(R/t)^  for Shape II
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D is tr ib u t io n  D ia g r a m  of p (R /t )~  fo r  Shape III
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D istr ib u tion  D ia g ra m  of p (R /t )2 for Shape IV
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FIGURE 27

D istr ib u tion  D iagram  of p(R/t)^  for Shape V



C H A P T E R  F O U R

C O M PA R ISO N  OF R E SU L T S

It i s  the p u r p o s e  o f  th is  c h a p te r  to  c o m p a r e  th e  e x p e r i ­

m e n ta l  r e s u l t s  of th is  in v e s t ig a t io n  w ith  o th e r  e x p e r im e n ta t io n  as  

w e l l  a s  w ith  the r e s u l t s  of t h e o r e t i c a l  in v e s t ig a t io n s  . T he c h a p te r  

i s  d iv id ed  into  two p a r ts ;  the  f i r s t  i s  c o n c e r n e d  w ith  th e  c o m p a r is o n  

of r e s u l t s  -b e tw een  th is  in v e s t ig a t io n  and p r e v io u s  p u b l i c a t i o n s , and  

the s e c o n d  p a r t  c o n s i s t s  of the d e v e lo p m e n t ,  w ith  m o d i f i c a t i o n s ,  of  

the th e o r y  o r  t h e o r i e s  sh o w in g  the b e s t  a g r e e m e n t  w ith  th is  

e x p e r im e n ta l  in v e s t ig a t io n  th rou gh out the  ra n g e  of t e s t i n g .

C o m p a r is o n

F o r  p u r p o s e s  o f  c o m p a r i s o n ,  the m a t e r i a l  p r o p e r t i e s  of

the fo r m e d  s h e l l s  m u s t  be d e t e r m in e d .  T e s t in g  r e v e a le d  the

5
m o d u lu s  of e l a s t i c i t y  to be 2 .7 9  x  10 pounds p e r  s q u a r e  inch  and  

P o i s s o n ’s ra t io  to  be 0 . 4 7 .  T he r e s u l t s  o f  th is  t e s t  a r e  in  

A pp en d ix  B .  It i s  a s s u m e d  th a t ,  w ith in  the a c c u r a c y  o f  the d e t e r m ­

in a tion  of the b uck lin g  p r e s s u r e s , the v a r ia t io n  of the m a t e r i a l  

p r o p e r ty  v a lu e s  f r o m  s h e e t  to s h e e t  i s  in s ig n i f i c a n t .

63
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The m a t e r i a l  p r o p e r t ie s  o f  p o ly v in y l  c h lo r id e  h a v e  b e e n  

d e te r m in e d  in an o th er  in v e s t ig a t io n * ^  and in d ica te  s o m e  d i s a g r e e ­

m e n t .  The m o d u lu s  o f  e l a s t i c i t y  w as  found  to be in the ran ge  

4 3 0 ,0 0 0  to 5 0 0 ,0 0 0  p s i  and P o l s s o n ' s  ra t io  to be about 0 . 4 .  It is  

a l s o  n o ted  that the o b serv ed , m o d u lu s  w a s  v e r y  s t r o n g ly  d ep en d en t  

on the le n g th  of the s a m p le ,  long s p e c im e n s  h a v in g  tw ic e  the 

m o d u lu s  of s h o r t  s p e c i m e n s . In the s a m e  p u b lic a t io n  it is  show n  

that 4 / 9  o f  the v a r ia n c e  in the b u ck lin g  p r e s s u r e  o f  s p h e r ic a l  s h e l l s  

is  due to e r r o r s  in m e a s u r in g  the t h i c k n e s s , 4 / 9  due to e r r o r s  in 

m e a s u r in g  the ra d iu s  o f c u r v a tu r e  and. o n ly  1 / 9  is due to e r r o r s  in 

m e a s u r in g  the m o d u lu s  o f  e l a s t i c i t y .

T h e r e  is  a p r o b le m  in the c o n s i s t e n c y  o f  no ta t ion  w hen  

c o m p a r in g  to r e s u l t s  o f  o th e r  p u b l ic a t io n s  0 M o s t  a u th o rs  r e f e r  to a 

g e o m e t r i c  p a r a m e t e r  and a load in g  p a r a m e t e r . H o w e v e r ,  th e se  

a r e  d e f in e d  d i f f e r e n t ly  in the d if fe r e n t  i n v e s t ig a t i o n s 0 N ot  on ly  d oes  

one e n c o u n te r  the p a r a m e t e r s  d e f in ed  d i f f e r e n t ly ,  it is  not u n c o m m o n  , 

to find, the sa m e  s y m b o l  used, fo r  a p a r a m e t e r  by two d i f f e r e n t  

a u th o rs  but the p a r a m e t e r  i t s e l f  defined, d i f f e r e n t ly  in e a c h  d e v e lo p ­

m e n t  . F u r t h e r m o r e ,  the u s e  o f  s y m b o ls  fo r  ra d iu s  o f  c u r v a t u r e , 

t h i c k n e s s , e t c . ,  h a s  not b een  s ta n d a r d iz e d .  W hen r e f e r r in g  to a 

p u b l ic a t io n ,  the n o ta t ion  and. p a r a m e t e r s  re fe rred ,  to w i l l  be th o se  

o r ig in a l ly  ad op ted  by the a u t h o r .
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N ot a l l  o f the  r e f e r e n c e s  m e n t io n e d  in  the In tro d u ct io n  or  

in  A p p en d ix  A  c o n ta in  in d ep en d en t  t h e o r i e s  o r  e x p e r im e n t a l  r e s u l t s .  

T h e r e  a r e  s e v e r a l  p u b l ic a t io n s  w h ic h  co n ta in  b a ck grou n d  m a t e r i a l  

o r  m a t e r i a l  of g e n e r a l  i n t e r e s t  on  the p r o b le m  o f  the b u ck lin g  of  

the c la m p e d  s p h e r ic a l  c a p .

In the  d e v e lo p m e n t  o f  s o m e  of the t h e o r ie s  , the  au th ors  

l i m i t  t h e ir  in v e s t ig a t io n  to a sh a llo w  s p h e r ic a l  c a p .  T h e r e f o r e ,  

th e r e  is  a m a x im u m  v a lu e  of t h e ir  g e o m e t r i c  p a r a m e t e r  for  w h ich  

th e ir  th e o r y  i s  a p p l ic a b le .  If the s h a l lo w e s t  s h e l l  t e s t e d  in  th is  

in v e s t ig a t io n  h a s  a g e o m e t r i c  p a r a m e t e r  v a lu e  e x c e e d in g  t h e s e

m a x im u m  v a l u e s ,  i t  i s  n o t  p o s s i b l e  to m a k e  any c o m p a r i s o n .  In

25 7the t h e o r ie s  o f  B u d ia n s k y ,  K e l l e r  and R e i s s ,  M u r r a y  and

W r i g h t , ^  R e i s s  , ^  R e i s s ,  G r e e n b e r g  and K e l l e r ,  ̂ S im o n s  ,  ̂

T h u r s t o n , ^  W ein itsc h k e^  ’ ^  and v o n  W i l l i c h ^  the  l a r g e s t  p e r ­

m i s s i b l e  v a lu e  of t h e ir  g e o m e t r i c  p a r a m e t e r  i s  s m a l l e r  than the  

s m a l l e s t  one of  th is  p r e s e n t  s tu d y .  T h e r e f o r e ,  no r e a l  a g r e e m e n t  

i s  p o s s i b l e  w ith  t h e s e  p u b l ic a t io n s ,  a lthough  r e a s o n a b le n e s s  of  

r e s u l t s  c a n  be c o m p a r e d  i f  the v a lu e s  o f  the g e o m e t r i c  p a r a m e t e r  

a r e  r e l a t i v e l y  c l o s e .

T h e r e  a r e  a t l e a s t  tw o t h e o r ie s  w h ich  s u g g e s t  a p o s s i b l e  

m o d if ic a t io n  to m e e t  the e x p e r im e n t a l  co n d it io n s  o f  th is  p a p e r .
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2 c . 2 1T h o s e  of B u d ia n sk y  and K le in  s u g g e s t  a fu n ction  r e la t in g  the

d e p a r tu r e  of th ic k n e s s  and c u r v a tu r e  of  the a c tu a l  s h e l l  f r o m  a 

tru e  s h e l l .

B u d i a n s k y ^  u s e s  a g e o m e t r i c  p a r a m e t e r  of Z  =2

and a load  p a r a m e t e r  of qc r / qo . w h e r e  qc r  i s  the b u ck lin g  p r e s s u r e , 

q0  = , H i s  the r i s e  ab o v e  the b a s e  p la n e ,  t is  the

t h ic k n e s s  , J/ i s  P o i s s o n ' s  r a t io  and R is  the ra d iu s  o f  c u r v a tu r e  

of the m id d le  s u r f a c e  of the s h e l l .  The v a lu e  of th is  p a r a m e t e r  for  

the s h a l lo w e s t  s h e l l  t e s t e d  i s  ^  = 1 3 .  F o r  th is  v a lu e  qc r / q 0  = 0 . 3 0  

F o r  ^  = 1 2 ,  B u d ia n sk y  o b ta in s  qc r / q o = 0 . 9 6 ,  w h ich  e x c e e d s  the

v a lu e  found e x p e r i m e n t a l l y . H o w e v e r ,  the  B u d ia n sk y  v a lu e  i s  b a se d  

on a tr u e  s h e l l .  In tro d u c in g  the s u r fa c e  eq u ation  as  

Z0= H jh ~ €  [/-({y) ] j  , w h e r e  H is  the r i s e  of the s h e l l  above

the b a s e  p lan e  w h o se  ra d iu s  i s  a ,  he ob ta in s  qc r / q 0  -  0 . 8 3  and 0 .7 5

for  v a lu e s  o f  6  eq u a l to 0 . 0 2 5  and 0 . 0 5 0  r e s p e c t i v e l y .  T h e r e f o r e ,

it  m ig h t  be p o s s i b l e  to ex ten d  B u d ia n s k y 1 s th e o r y  fo r  the s l ig h t ly

im p e r f e c t  s h e l l  by u s in g  a la r g e r  v a lu e  of £

2 1K le in  d o e s  not d e v e lo p  a th e o r y  for  the p r o b le m ,  but he

d o es  p r o p o s e  p lo tt in g  Pc r R x 10^ v e r s u s  R / t  to r e d u c e  the s c a t t e r .

~2 tE

T he ra n g e  o f  R / t  c o n s id e r e d  i s  f r o m  175 to  800 w h ich  in c lu d e s  the  

s h a l lo w e s t  s h e l l  o f  th is  p a p er  w h e r e  R / t  = 3 0 6 .  At th is  v a lu e  o f
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R / t ,  K le in  o b ta in s  cr̂ r x IQ3 = 0 . 8  fo r  -  ‘L.- = 0 .0 2 5  w h e r e  R
E \JRt

is  the rad iu s  of c u r v a tu r e  o f  the m id d le  s u r fa c e  , t i s  the t h i c k n e s s ,  

Pc r  i s  the c r i t i c a l  b u ck lin g  p r e s s u r e  and e  i s  the a v e r a g e  

m a x im u m  in i t ia l  d e p a r tu r e  fr o m  the m e a n  s h e l l  ra d iu s  . T h is  

y ie ld s  p ^  = 1 .5  p s i  and the e x p e r im e n t a l  v a lu e  i s  pc r  = 1 . 1  for  

th is  R / t  r a t io .  So ag a in  the p o s s i b i l i t y  e x i s t s  of u s in g  a la r g e r  

v a lu e  of the e r r o r  fu n ction  to ob ta in  p r e d ic te d  r e s u l t s  c o m p a r a b le  

w ith  the o b s e r v e d  r e s u l t s  through  the p lot p r o p o s e d  by K le in .

S im o n s^  d o e s  not in d ic a te  the ra n g e  of the g e o m e t r i c  

p a r a m e t e r  for  w h ich  h is  th e o r y  i s  v a l id .  He d o es  m a k e  the a s s u m p ­

tion  of a sh a l lo w  s h e l l , h o w e v e r . When c o m p a r in g  the r e s u l t s  of  

c r i t i c a l  b u ck lin g  p r e s s u r e  w ith  h is  t h e o r y , one finds the o b s e r v e d  

v a lu e  to be about 1 /4 0 0 0  of the t h e o r e t i c a l  va lu e  for  the h e m is p h e r e .  

The d i s c r e p a n c y  d e c r e a s e s  w ith  the s h a l lo w e r  s h e l l s .  F o r  the  

s h a l lo w e s t  one t e s t e d  in th is  in v e s t ig a t io n ,  the o b s e r v e d  v a lu e  is  

about 1 /5  of the t h e o r e t i c a l  v a l u e . T hus it  a p p e a r s  th e  S im o n 's  

th e o r y  is  for  s h a l lo w  s h e l l s  o n ly ,  ev en  s h a l lo w e r  than the s h a l lo w e s t  

one t e s t e d .  S im o n s  d o e s  ob ta in  a m in im u m  v a lu e  o f  the g e o m e t r i c  

p a r a m e t e r  fo r  w h ich  bu ck lin g  can  o c c u r . In the e x p e r im e n t a l  

in v e s t ig a t io n ,  the s h a l lo w e s t  s h e l l  b u ck led  at a v a lu e  l a r g e r  than  

the m i n i m u m . T hus th e r e  i s  a g r e e m e n t  w ith  th is  p o r t io n  of the  

th e o r y  of  S im o n s  .
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B e c a u s e  o f  the s h a l lo w n e s s  a s s u m p t io n  of G j e l s v ik  and  

3 3B o d n e r , the on ly  sh a p e  fo r  w hich  c o m p a r is o n  is  p o s s i b l e  is  the

s h a l lo w e s t  one of th is  in v e s t ig a t io n  w h e r e  the g e o m e t r i c  p a r a m e t e r  

is  Z' = 1 3 .  At th is  p o in t  th ey  d e te r m in e  the lo a d in g  p a r a m e t e r  

to be 0 . 4 1  fo r  the e n e r g y  load  w ithout the boundary  la y e r  and 0 . 1 4  

w hen  in c lu d in g  the e f f e c t  of the b ou nd ary  l a y e r . The a p p r o p r ia te  

v a l u e  of  0 . 3 0  of th is  in v e s t ig a t io n  is  b e tw e e n  the two v a lu e s  of  

G je ls v ik  and B o d n e r .

T h e r e  a r c  tw o known t h e o r ie s  , the r e s u l t s  of w h i c h , 

w hen e v a lu a te d  at c o m p a r a b le  p o in ts  in th is  i n v e s t i g a t i o n , in d ic a te  

a d i s c r e p a n c y .  A r c h e r  * u s e s  an H /h  r a t io  of fr o m  1 to 35 ,  

w h e r e  H is  the r i s e  ab ove  the b a se  p lan e  and h i s  the  th ic k n e s s  .

The s h a l lo w e s t  s h e l l  t e s t e d  had an H /h  of 30 w h ich  i s  w ith in  th is  

ran ge  . F o r  th is  v a lu e  A r c h e r  ob ta in s  p = = 0 . 9 5 ,  w h e r e

e cr = 'z I^J , C is  the b uck ling  p r e s s u r e ,  / /  i s

P o i s s o n ' s  ra t io  and a i s  the ra d iu s  o f  c u r v a tu r e  . F o r  the s h a l lo w e s t  

s h e l l  t e s t e d ,  p = 0 . 3 0 .  R e i s s  *  ̂ u s e s  a g e o m e t r ic  p a r a m e t e r  of

2 A  w h e r e  k = ^  ^  is  the s e m i - a n g l e

o p e n in g , h i s  h a lf  the t h ic k n e s s  and R i s  the rad iu s  of c u r v a t u r e .

H is l in e a r  t h e o r y  p r e d ic t s  F c r  -  ; 7 8 .  2 ^  C 1 5 8 . 5 ,

£cr (JlY . The on ly  s h e l l
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of th is  in v e s t ig a t io n  fa l l in g  w ith in  the ra n g e  o f  the g e o m e t r i c  p a r a ­

m e t e r  i s  the s h a l lo w e s t  one w h e r e  ^  = 9 2 .  R e i s s  p r e d ic t s  P c r  =

1 . 1 5  fo r  th is  sh a p e  w h e r e a s  the e x p e r im e n t a l  v a lu e  i s  P c r  = 0 . 7 8 .

A s e a r c h  of  the l i t e r a t u r e  d i s c l o s e s  th r e e  p r e v io u s  e x p e r i ­

m e n ta l  in v e s t ig a t io n s  on the  b u ck lin g  of c la m p e d  s p h e r i c a l  c a p s  .

It i s  fo r tu n a te  that the s a m e  g e o m e t r i c  and load ing  p a r a m e t e r s  a r e  

u s e d  in  e a c h .  The g e o m e t r i c  p a r a m e t e r  i s  -  2 ( l_^ 2 i] 4  (-^J

and the lo a d in g  p a r a m e t e r  i s  p / q c r  = w h e r e

h i s  the r i s e  above  the b a s e  p la n e ,  t is  the t h i c k n e s s ,  R is  the rad iu s  

of  c u r v a t u r e , ^  i s  P o i s s o n ’s ra t io  and p is  the b u ck lin g  p r e s s u r e .  

T a b le  7 sh o w s  the v a lu e  o f  the g e o m e t r i c  and load in g  p a r a m e t e r  fo r  

the f iv e  s h a p e s  t e s t e d  in th is  s tu d y .

H o m e w o o d ,  B r in e  and J o h n so n  t e s t e d  s h e l l s  fo r  w h ich  

the g e o m e t r i c  p a r a m e t e r  w a s  as  h igh  a s  2 0 . 5 .  T h is  ra n g e  in c lu d e s  

the  tw o s h a l lo w e s t  o n e s  of th is  in v e s t ig a t io n  and is  c l o s e  to the th ird  

s h a p e .  The v a lu e s  of the lo a d in g  p a r a m e t e r  w hich  a r e  a p p l ic a b le  

a re  l i s t e d  in T a b le  8 . T h e r e  is  a d i s c r e p a n c y  in d ic a te d  for  the  

fourth  s h a p e ,  but the th ird  and fifth  s h a p e s  a r e  in good  a g r e e m e n t .

K aplan  and F u n g ^  ob ta in  v a lu e s  o f  the lo a d in g  p a r a m e t e r  

fo r  a g e o m e t r i c  p a r a m e t e r  on ly  a s  h igh  as  A  = 1 0 .  A t th is  p o in t ,  

th ey  find p / q c r  = 0 . 3 3 .  T h is  i s  in  g e n e r a l  a g r e e m e n t  w ith  the  

s h a l lo w e s t  s h e l l  o f  th is  s tu d y  w h e r e  Z' = 1 3  and p / q c r  = 0 . 3 0 .
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T A B L E  7

V a lu e s  o f G e o m e t r ic  P a r a m e t e r  and L o a d in g  
P a r a m e t e r  fo r  E a ch  Shape

S H A P E Z p / q Cr

I 28 . 30

II 25 . 30

III 2 0 .2 9

IV 1 6 .2 7

V 13 .2 8
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TABLE 8

G e o m e tr ic  and Loading P a r a m e te r  R esu lts
of H om ew ood, B r in e  and Johnson^?

>  p / q c r

1 3 . 1  . 32

1 4 . 0  . 18

1 4 . 0  . 29

1 4 . 3  . 2 2

1 6 . 0  . 43

2 0 . 5  . 29
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77H o m e w o o d , B r in e  and J oh n son  r e p o r t  that von  K lopp el  

and Jungbluth  o b ta in ed  v a lu e s  of 7* in  the h ig h e r  r a n g e s  o f  the  

g e o m e t r i c  p a r a m e t e r  . T h e ir  v a lu e s  of the load in g  p a r a m e t e r  for  

c o r r e s p o n d in g  v a lu e s  o f  the g e o m e t r i c  p a r a m e t e r  w h ich  a r e  a p p l i ­

c a b le  a r e  in d ic a te d  in  T a b le  9 .  The l a r g e s t  four  v a lu e s  of the  

g e o m e t r i c  p a r a m e t e r  of th is  in v e s t ig a t io n  l ie  in the ra n g e  of the 

study  of von  K lo p p e l and J u n g b lu th . T h e r e  is  g e n e r a l  a g r e e m e n t  

a lthough  the r e s u l t s  of th is  in v e s t ig a t io n  s l ig h t ly  e x c e e d  th o s e  of  

von K lo p p e l and Jungbluth  at e a ch  c o r r e s p o n d in g  p o in t .

T he tw o t h e o r ie s  sh o w in g  the b e s t  a g r e e m e n t  w ith  the

e x p e r im e n ta l  r e s u l t s  of th is  s tudy  a r e  the p u b l ic a t io n s  by von  K a r m a n

4 6and T s ie n  and the la t e r  m o d if ic a t io n  by T s i e n .  In the f i r s t  p a p e r ,

the a u th o rs  ob ta in  an e x p r e s s i o n  for  the lo w e r  b u ck lin g  s t r e s s

of CT = 0 . 18258 E t /R  w h e r e  (J~ = p R / 2 t ,  p is  the b u ck lin g

p r e s s u r e , R is  the ra d iu s  o f  c u r v a tu r e  and t is  the t h i c k n e s s .

T a b le  10 sh o w s  the o b s e r v e d  and p r e d ic te d  v a lu e s  of the  bu ck lin g

p r e s s u r e  for  the v a lu e s  of the g e o m e t r i c  p a r a m e t e r  o f  the f iv e

sh a p e s  t e s t e d  in th is  in v e s t ig a t io n .  In the r e v i s io n  of the th e o r y  by

T s i e n ,  ̂ e x p r e s s i o n s  for both the u p per  and lo w e r  b u ck lin g  s t r e s s e s

a re  g iv e n .  The s a m e  n o ta tion  is  u s e d  as  in the o r ig in a l  p u b l ic a t io n .

The v a lu e s  o f  the lo w e r  b u ck lin g  p r e s s u r e  as  p r e d ic te d  by  T s ie n

for the f iv e  s h a p e s  a r e  sh ow n  in T a b le  11. T he a g r e e m e n t  with the
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TA BLE 9

G e o m e tr ic  and Loading P a ra m eter^ R esu its
of von K loppel and Jungbluth

^  P / q c r

29 .1 9

29 .1 4

28 . 1 6

27 .1 8

24 .2 2

22  . 22

22 .2 5

2 1  .1 9

2 1  . 2 6

20 .2 3

2 0  .1 9

18 . 2 0
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T A BL E  10

4C o m p a r is o n  w ith  v o n  K a r m a n  and T s ie n  R e s u l t s

SH A P E  R / t  p (o b s e r v e d )  p (p r e d ic te d )
p s i  p s i

I 149 4 . 9  4 . 6

II 152 4 . 7  4 . 4

III 151 4 . 7  4 . 5

IV 172 3 . 3  3 . 4

V 306 1 .1  1 .1
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T A B L E  11

G eo m etr ic  and Loading P a r a m e te r  R esu lts  of T sien^

SH A P E

I

II

III

IV 

V

R / t

149

152

151

172

306

BUCK LING P R E S S U R E  
p s i

N o t  A p p l ic a b le

2 . 9

2 .9

2 . 5

1 . 1



76

l a r g e r  v a lu e s  o f  the g e o m e t r i c  p a r a m e t e r  in  th is  in v e s t ig a t io n  i s  

not as  good  as w ith  the o r ig in a l  v o n  K a r m a n - T s ie n  th eo ry ;  h o w e v e r ,  

the a g r e e m e n t  in  the lo w e r  ran ge  o f  the p a r a m e t e r  i s  r e a s o n a b ly  

g o o d .

To in d ic a te  the d i s a g r e e m e n t s  in  o th er  p u b l ic a t io n s .

T a b le  12 sh o w s  the p r e d ic te d  and o b s e r v e d  b u ck lin g  p r e s s u r e s  for  

one p a r t ic u la r  s h a p e ,  fo r  t h e o r ie s  w h ich  a r e  a p p l ic a b le  o r  n e a r ly  

a p p l ic a b le .  T he sh a p e  c h o s e n  i s  sh a p e  V in  th is  s tu d y ,  w h e r e  the  

g e o m e t r i c  p a r a m e t e r  i s  7s = 1 3 ,  b e c a u s e  m o r e  t h e o r ie s  a r e  

found to b e  n e a r  th is  v a lu e  of the g e o m e t r i c  p a r a m e t e r  than  any  

o t h e r .  F o r  p u r p o s e s  of a n a l y s i s ,  r e s u l t s  o f  t h e o r ie s  w hen  ^  is

c l o s e  to 13 a r e  in c lu d e d  and th e  n e a r e s t  v a lu e  o f  the g e o m e t r i c  

p a r a m e t e r  i s  n o te d .  It i s  s e e n  that th e r e  i s  d i s a g r e e m e n t  o f  a s i g ­

n if ic a n t  n a t u r e . N ot o n ly  i s  t h e r e  a la c k  of a g r e e m e n t  w ith  the  

r e s u l t s  o f  th is  in v e s t ig a t io n  w h e r e  the b u ck lin g  p r e s s u r e  w a s  1 . 1  

p s i ,  but the s e v e r a l  t h e o r i e s  and e x p e r im e n t a l  r e s u l t s  a r e  n ot  in  

a g r e e m e n t .

In c o m p a r in g  the r e s u l t s  of th is  in v e s t ig a t io n  to o th er  p u b ­

l i c a t io n s  , the fo l lo w in g  c o n c lu s io n s  can  be rea ch ed :

1 . S o m e  of the t h e o r ie s  a r e  n o t  c o m p a r a b le  to ev e n  the  

s h a l lo w e s t  s h e l l  t e s t e d  b e c a u s e  of the s h a l lo w n e s s  

a s s u m p t i o n .
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B u c k lin g  P r e s s u r e  for  7" = 1 3  and R / t  = 306

BU CK LING  P R E S S U R E  SO U RC E
p s i

3 . 7  Archer-*-

2 . 9  B u d i a n s k y ^  ( =12)

271 .2  H o m e w o o d ,  B r in e  and J o h n so n

0 . 6  G je l s v ik  and B o d n e r ^  ( 7" - 1 1 . 4 )

1.  3 K aplan  and F u n g ^  ( 7" = 1 0 )

1.  1 von  K a r m a n  and T s ie n ^

1 .5  K le in 2 1

0 . 8  von  K lo p p e l  and Jungbluth2  ̂ ( T' =

1 .7  M u r r a y  and W r ig h t 11 ( R / t  = 3 6 2 . 5 )

1 . 6  R e i s s 1 ^

5 .  1 S im o n s^

1 .1  T s i e n 6

2 . 6  W e in i t s c h k e 1 0  ( Z  = 1 2 )

2 .  8  von  W il l ic h 2 4  ( Z  = 9 . 5 )

1 . 1 T h is  e x p e r im e n t a l  in v e s t ig a t io n



1 182.  T he t h e o r ie s  o f  A r c h e r  and of R e i s s  a r e  in

d i s a g r e e m e n t . A t a p p l ic a b le  v a lu e s  o f  the g e o m e t r i c  

p a r a m e t e r ,  A r c h e r  p r e d ic t s  a b u ck lin g  p r e s s u r e  o f  

about th r e e  t im e s  the o b s e r v e d  p r e s s u r e , w h i le  R e i s s  

p r e d ic t s  a p r e s s u r e  about one and o n e - h a l f  t im e s  the  

o b s e r v e d  p r e s s u r e .

3 . T he ne r r o r  fu n c t io n s ” of B u d i a n s k y ^  and K l e i n ^

c o u ld  a l lo w  for  a g r e e m e n t  w ith  a p a r t ic u la r  v a lu e  for  

the d e p a r tu r e  f r o m  an ” e x a c t ” c o n d it io n .

4 .  P u b l i s h e d  e x p e r im e n t a l  r e s u l t s ,  that o f  H o m e w o o d ,

B r in e  and J o h n so n ,  ^  K ap lan  and F u n g , ^  and von

27K lo p p e l  and J u n g b lu th , a r e  in  s u b s ta n t ia l  a g r e e m e n t .

5 .  T he o r ig in a l  v o n  K a r m a n - T s ie n  th eo ry ^  and the T s ie n ^  

m o d if ic a t io n  a r e  in  s a t i s f a c t o r y  a g r e e m e n t .

F ig u r e  28 sh o w s  the r e s u l t s  of th is  in v e s t ig a t io n  fo r  the  

lo a d in g  p a r a m e t e r  v e r s u s  the g e o m e t r i c  p a r a m e t e r  c o m p a r e d  to the  

e x p e r im e n t a l  r e s u l t s  o f K aplan  and F u n g ,  v o n  K lo p p e l  and Jungbluth ,  

and H o m e w o o d ,  B r in e  and J o h n so n .  T he p a r a m e t e r s  h a v e  b e e n  

p r e v i o u s ly  d e f in e d .  It sh o u ld  be p o in ted  out that the  f iv e  p lo ts  of  

th is  in v e s t ig a t io n  r e p r e s e n t  a v e r a g e s  f o r  e a c h  sh ap e  w h i le  the o th er  

p o in ts  r e p r e s e n t  th e  r e s u l t s  of a s in g le  t e s t .
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T h e o r e t i c a l  D e v e lo p m e n t

On the b a s i s  of a c o m p a r i s o n  of the r e s u l t s  o f  th is  i n v e s t i ­

ga t io n  w ith  o th e r  p u b l ic a t i o n s , it  is  now c o n s id e r e d  p o s s i b l e  to 

su p p o rt  an  e x i s t in g  th e o r y  w ith  e x p e r im e n t a l  v e r i f i c a t i o n .  The  

v on  K a r m a n -T s ic n ^  th e o r y  w a s  found to be in the b e s t  a g r e e m e n t  

th rou gh out the ran ge  of the g e o m e t r i c  p a r a m e t e r  in th is  s tu d y .

T h is  th e o r y  is  b a s e d  on d e v e lo p in g  an e x p r e s s i o n  fo r  the m in im u m  

b u ck lin g  p r e s s u r e  through  the R a y le ig h - R i t z  m eth o d  w ith  an a s s u m e d  

d e f le c t io n  f o r m . The s im p l i f i c a t io n s  in v o lv e  the a s s u m p t io n  of  

a x ia l ly  s y m m e t r i c a l  d e f le c t io n s  w ith  the d e f le c t io n s  b e in g  p a r a l l e l  

to the a x is  of r o ta t io n a l  s y m m e t r y ,  and s m a l l  a n g le  a p p r o x im a t io n s .

The to ta l  e n e r g y  W is  eq u a l to W  ̂ , the s t r a in  e n e r g y  due to 

a x ia l  f o r c e s  , the s t r a in  e n e r g y  due to b e n d in g , and W^ the  

p o te n t ia l  e n e r g y  c o r r e s p o n d in g  to the w ork  done by the e x t e r n a l  

p r e s s u r e  . The s t r a in  e n e r g y  due to the a x ia l  f o r c e s  i s  o f  the g e n e r a l  

f o r m , W, = / ~  dV or ^   ̂^ . C o n s id e r  the e l e m e n t

fr o m  F ig u r e  2 9 a .  S k e tc h e s  b and c show  that the le n g th  b e fo r e

d e fo r m a t io n  i s  — ̂  r-— and a f te r  d e fo r m a t io n  i s  ^ r-~7s-cos  ex cos O

A s s u m in g  the d e f le c t io n  i s  r o ta t io n a l ly  s y m m e t r i c a l  and the  

d e f le c t io n  of any  e l e m e n t  i s  p a r a l l e l  to the a x is  of s y m m e t r y ,  the
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d>- _  d  r
s t r a in  in the m e r id ia n  d ir e c t io n  i s  £  -   cos ex' - —

' d r  Co s  &
CoS of

T h e r e  is  a l s o  an a d d it io n a l  s t r a in  due to  that p ro d u ced  by the  

u n ifo r m  c o m p r e s s i o n  p r io r  to buck ling; <t£ -  o r  ~ ^2 F t

The tw o s t r a in s  a r e  o f  o p p o s i te  s ig n ,  h e n c e  the to ta l  s t r a in  is

p = c - f  = Co s cx _ | _ pR -  Cos <x - Cos 9 _ b R
‘  ̂ C o s  e  Z E t Cos e 2Et *

U sin g  the T a y lo r  s e r i e s  fo r  the c o s in e  e x p r e s s i o n s  and d rop p in g  

t e r m s  h ig h e r  than the th ir d  p o w e r  y i e l d s ,

O ' f 2) -  k=JL -  -  ex* + Q2 _ bR
/ -  a 2 2 E t 2  ZEt )

2 2  '

and a s s u m in g  0  to be s m a l l ,  6  = Q

T he e l e m e n t  of v o lu m e  i s  d V = 2  tt r  t  —  o r  s in c e
C o s  o c

r  = R S , N o c  * d r -  R  C o s  o< d o c

d V -  2 TT R 5 IN cx E R ^'° S**C- c/or = 2 7 T R 2 t  S IN c< ci o<
Cos  O f

or  ag a in  u s in g  the s m a l l  a n g le  a p p r o x im a t io n , d V -  ?TrRzt  cx d <x 

N ow  W l = | 2 U  R Zt

- -  - ifty 1

The s t r a in  e n e r g y  due to b end in g  i s  of the g e n e r a l  fo r m  

~ ; w h e r e  2  ̂ 0  i s  the ch a n g e  o f  c u r v a tu r e



83

and th e  m o m e n t  M = E JT a  0  = E t  a 0  b . T he e le m e n t
12

o f  v o lu m e  is  a g a in  2  TT R t  S//vc*' d or  . T he c h a n g e  in

c u r v a tu r e  c o n s i s t s  of the c h a n g e  in  the m e r id ia n  s e c t io n  ^ 0 , 

plu s  the ch a n g e  in  the s e c t io n  o r th o g o n a l  to  the m e r id ia n  s e c t io n  

^  . F o r  e a c h  s e c t io n  the o r ig in a l  c u r v a tu r e  i s  1 /R .

In F ig u r e  29d ,

dO
1 r  d  ©  _  J o r

K  d  5 c / 5

c ]  5  ~  ^  r —  a n d  c l  r  r  R  ( T  o  S  e x '  c l  c *

C o s  Q

So  —  — d O
^ 1  R  C o 5  o '  d o r  R  C o s  ^  d O f

Cos© c/cv

and i -  i  = * (kfS ^5
In F i g u r e  29c  ,

K , = A -  - R
S  /A / ©  S  /  AV ©

50 i  " i  =

A/ow U A  - (M (4 0 , r C  £ 1 <2 TT R2 do
7 aT O |_ 2 f  J

-  E t 3TT /  ^  { C o s Q  do  | ^ I d," e  _ j

I  2 .  Ja \ C o  S  O '  d o t .  J  k 5 / / V  e x '

o r  _VV2 = E / f  f   ̂ - / ) 2 + / ©  - l j 2 CX c/o,
7r R 3 f2  W  y  A dor 1 J

5  /rv o< d  <X

w h e r e  the s m a l l  a n g le  a p p r o x im a t io n s  h a v e  a g a in  b e e n  u s e d .
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The p o te n t ia l  e n e r g y  c o r r e s p o n d in g  to the w o rk  done by  

the e x te r n a l  p r e s s u r e  is  eq u a l to the p r e s s u r e  p t im e s  the v o lu m e  

e n c lo s e d  b e tw e e n  the in i t ia l  and d e f le c t e d  s u r fa c e  o f  the s h e l l .

T h is  v o lu m e  i s  c o m p o s e d  of  two p arts :  V  ̂ , the v o lu m e  b e tw e e n  the

in i t ia l  s u r f a c e  and the p la n e  o f  the c i r c u la r  e d g e , and V ^ , the  

v o lu m e  b e tw e e n  the d e f le c t e d  s u r fa c e  and the p la n e .

1/  -  /  TT  ̂ = f  tt R z  S in 2<x (- R S za/ o< d c x  )

=  - T T

,  , 0  2
-  -  T T  R  J S im  ex. Tm-v cx C o s  c x d  <

, ^ 2
V2 = /  2 TT r ? d r  -  Trr 2

9 9— J T T r  dr-
o o

— O -  J TT R 5/a>z o< Ta/v 0  R C o s or d  c<

3 f 9 2
= — TT R J S i m  ck Co s o r  Ta/v @ (J  c x .

/
/V o  w  V  -  - Vp ~ TT R y  S //v2 cxr C o s  <=x (  Ta/u @ " T a n  <=< ) d  <=<

3 //»/vo V V g - TT R  p  y  S i m 2 c x  C  o  s  <=x C Ta /v  S ~ ~ T a m  ^  ) ci <=*<

,r Wq -  b /  ^ ( 0  -  c/<

u s in g  the s m a l l  a n g le  a p p r o x im a t io n s .



Now the total energy is the sum of W 
1

, W 2 and W 
3

; 

w3 
rr 

which can be written as; ~3 = ~ t I, + 
1 
:FRt I -t P I3 · 

The assumed deflection form for the Rayleigh-Ritz method is 

8 = ex [I- f( (I- :;: ) J which satisfies the boundary conditions 

of e = Q AT Dr':::Q . e = 8 Ar D(= $. 
) 

r = ; {Jc~~ , =--2 - (r 2 • - ~ '" 
1 o 2 E .' 

· '·"- h Eh 

2 
AN _t=<_-_. - (J 

£ 

z 
:: - K 2 ( I - ~-z ) -t 
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c 2 
(1 - ~) - sz: 

E 

or I = j ::i ( 1s 4 ( (....o'( 5 - 1 c~? + 6 0( 9 - 4 ~ fl -t d 3) -
' o L 4 fi z e4 e6 C3 8 

+ .L .it '-:.: tT K r v<'- s ) 
I~ -' E \ - _. 

-- a · + ~· - tr J<~ f(' + ~'9' + cr
2 ~z . 

f20 60 24£ 6£ p 

z e z 
( de _ I) + ( - - I) ::: 

dO( 0( 
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50  I j  - / K“* ( t? or - 8 /o cxS )

o r  I 2 =

A/Ow Ig r  y c x 2 ( S - c x ) c i c x '

Q -  e x ' -  ft  ( -  o< -h c < 3 )

SO I , =  /  ^  K  ( -  3  ̂ CV 5 J J  or
yo ^ 2

Or I  = ~ K 1 *  .
3 / 2

T n e  e q  u / l  i 0 r /UM p o s z t  / o/v i 5  d  I v  r O -  E t  d l .  t  f " d  Tz + b  d I - ,  -
7 k r  I k  /T73 T *  ;

-  /<3 p 6  -  Kg _ cr/r^ 4  > cr
z /o  40 3o /? e 6 & J

cLTz = ^
J K 3

--?3 -
j / f  'Z

so 0 = (Kl
Ft z/o •A2

40
t o  J + <rt?z (2-K)  i - E t \
3 0 I2R

-  c t o '  
Wl?

O r _^T — _ g f  ( 4  K 2 - 2 1 «  4 2 . 8 )  + 4_{*L— .
E 70  i / ? t o 2



To simplify this expression, K is expressed in terms of 

the maximum center deflection 6 

AFTER DEFORMATIO 

(3 
6' =- r J,.. TAN e 

I /0 

Coso<rJ, 

THE C ENTE" DE"r ECTION IS 

1(3 
0 

Co~ T4N9 d 

(3 
so cf = R j (c.<- e) cJ 0('" u s' N G A s M 4 L AN G lE" A P PRo x 1M AT 1 oN. 

0 

Now c..-<-9= 

2 
~0 J'-: K j ~ ( c-.--- L->(3) <..>(' -= K .- K = 4c.\ 

o fJZ 

1-
$2 I 6z I /"Jn cr ~ ( -E. 

RL i '* J 7 -

cr The minimum value of -E 

determined by varying fJ &! 

2 -· 

:: ~~ = L 

2 
I ( .1 r - -.: \ 3 J-.!2 

JO'l- 2 

3: k', 

! ) r (.) I -
("R/ 

4 K 
-i? 

I 
- +4 tc I { 4 ' ~ L! 
-.,I 3---;;z- c \ k e~; 

for a given value of 6 
R 

is 
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j f f f j  =

df
o  = f

1 6  f  S \ ~  Z p
3 = • » / / /  ' #

o r  f i  
r \

Z3 5
is  the v a lu e  fo r  m in im u m <r R
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. 3 6 5 2  E
r / ^ /. % 2  is  the m in im u m  b u ck lin g  p r e s s u r e



C H A P T E R  F IV E

SUM M ARY A N D  CONCLUSIONS

T h is  in v e s t ig a t io n  h a s  b e e n  c o n c e r n e d  w ith  th e  d e v e l o p ­

m en t  and e v a lu a t io n  of  a n ew  tech n iq u e  for  the r e l ia b le  e x p e r im e n t a l  

d e te r m in a t io n  o f  c r i t i c a l  bu ck lin g  p r e s s u r e s  for  s h e l l  s t r u c t u r e s .  

The s p e c i f i c  ty p e s  of s h e l l  s t r u c tu r e  on w h ic h  th is  tech n iq u e  w a s  

p e r f o r m e d  w e r e  u n i fo r m ly  lo a d ed  c la m p e d  s p h e r ic a l  c a p s .  In 

a d d it io n ,  th is  in v e s t ig a t io n  h a s  a t te m p te d  to co n tr ib u te  k n o w led g e  to  

a to p ic  on w h ic h  the  p r e v io u s  w o rk s  h a v e  n ot b e e n  in  c o m p le te  

a g r e e m e n t .  T he r e a s o n s  fo r  the d i s c r e p a n c i e s ,  n o ted  in  T a b le  1 2 , 

h a v e  n o t  b e e n  the p u r p o se  o f th is  p r e s e n t a t io n .  It i s  s u f f i c ie n t  to  

m e n t io n  the  e x i s t e n c e  o f t h e s e  d i s c r e p a n c i e s ,  h o w e v e r ,  in  o r d e r  

to in d ic a te  that s o m e  of the t h e o r ie s  a r e  not a p p l ic a b le  in  c e r t a in  

r a n g e s .

F r o m  a s t a t i s t i c a l  v ie w p o in t ,  b e c a u s e  o f  the la r g e  n u m b e r  

o f  s h e l l s  of e a c h  sh a p e  t e s t e d  in  th is  s tu d y ,  i t  i s  f e l t  that m o r e  

r e l ia n c e  can  be p la c e d  on  t h e s e  r e s u l t s  than  on th o s e  o b ta in ed  f r o m  

an e x p e r im e n t a l  p r o g r a m  w h e r e  on ly  one s h e l l  o f  e a c h  sh a p e  i s  

t e s t e d .  T he e x p e r im e n t a l  r e s u l t s  o f  th is  in v e s t ig a t io n  in d ic a te  a

89
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r e a s o n a b ly  good  a g r e e m e n t  w ith  p r e v io u s  e x p e r im e n ta t io n  on s h e l l s  

h av in g  th e  s a m e  lo a d in g  and b ou nd ary  c o n d it io n s  . T he t h e o r e t i c a l  

d e v e lo p m e n t  sh o w in g  the b e s t  a g r e e m e n t  w ith  th is  in v e s t ig a t io n  is  

the v o n  K a r m a n - T s ie n  th eo ry ^  w h ic h ,  b e c a u s e  o f  th is  , h a s  b e e n  

a n a ly z e d  in  d e t a i l .

T he b u ck lin g  a c t io n  fo r  e a c h  o f  the s h e l l s  w a s  s i m i l a r  in  

a l l  c a s e s  . T h e  b u c k le  d im p le  o c c u r r e d  su d d e n ly  a t a po in t about  

o n e - th ir d  of  the d is ta n c e  f r o m  the ed g e  to the c e n t e r » W hen the  

p r e s s u r e  w as  r e l e a s e d ,  th is  b u ck le  d i s a p p e a r e d .  W hen th e  

p r e s s u r e  w a s  r e a p p l ie d  to the s h e l l ,  a s l ig h t ly  lo w e r  c r i t i c a l  

p r e s s u r e  r e s u l t e d  a lthough  the b u ck le  o c c u r r e d  at th e  s a m e  p o in t .  

W hen th is  p r e s s u r e  w a s  in c r e a s e d  p a s t  th e  c r i t i c a l  v a lu e ,  the  

b u ck le  i n c r e a s e d  in  s i z e  u n til  a Mc r in k l in g M r e s u l t e d .  T he o c c u r ­

r e n c e  of the b u ck le  w a s  m o r e  abrupt fo r  s h e l l s  w ith  a h ig h e r  r i s e  

ab ove  the b a s e  p lan e  as  c o m p a r e d  to the  s h a l lo w e r  s h e l l s  . The  

p r e s  s u r e - v o lu m e  data  in d ic a te s  a r e la t io n s h ip  w h ich  i s  a p p r o x i ­

m a t e ly  l i n e a r ,  up to the p o in t  of b u c k lin g .  T h is  w a s  tr u e  for  a l l  

s h a p e s  t e s t e d .

F o r  the sh a p e s  t e s t e d , th e r e  w a s  no e v id e n c e  o f  any  

s h a l lo w n e s s  e f f e c t ,  a co n d it io n  w h ich  i s  o ften  a s s u m e d .  T h is  o b s e r ­

v a t io n  c o n f ir m s  th o s e  of H o m e w o o d ,  B r in e  and J o h n s o n . It is  

n o ted  that a l l  s h e l l s  o f  e a c h  sh a p e  b e h a v e d  in a s i m i l a r  m a n n e r  in  .
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th is  r e g a r d . Jt is  p o s s i b l e  , h o w e v e r , that the e f f e c t  of s h a l lo w n e s s  

w ould  be n o t ic e d  in  the r e g io n  w h e r e  the g e o m e t r i c  p a r a m e t e r

s h a l lo w e s t  s h e l l  t e s t e d  in  th is  in v e s t ig a t io n .

Sh apes  II and III r e s u l t e d  in a p p r o x im a te ly  the s a m e  v a lu e  

of the r a t io  of rad iu s  o f  c u r v a tu r e  to t h i c k n e s s .  T h is  unplanned  

s itu a t io n  o c c u r r e d  b e c a u s e  sh ape  II had a s m a l l e r  rad iu s  of c u r v a ­

tu r e  but a la r g e r  r i s e  ab ove  the b a s e  p lan e  than the c o r r e s p o n d in g  

v a lu e s  fo r  sh a p e  III. S in c e  sh ape  III w a s  s h a l lo w e r ,  th e r e  w a s  l e s s  

th in n ing  out of the m a t e r ia l  durin g  the fo r m in g  p r o c e s s  . The  

r e s u l t  w as  that the b u ck lin g  p r e s s u r e ,  and h e n c e  the  load in g

a p p r o x im a te ly  the s a m e  d e s p i te  the fa c t  that the g e o m e t r i c  

p a r a m e t e r  Z* w a s  d if fe r e n t  for  the tw o sh a p e s  of s p h e r i c a l  c a p s .

B a s e d  on th is  in v e s t ig a t io n  of u n ifo r m ly  lo a d e d  c la m p e d  

s p h e r ic a l  s h e l l s ,  the fo l lo w in g  c o n c lu s io n s  m a y  be m ad e:

1. A r e a s o n a b le  v a lu e  fo r  the c r i t i c a l  b u ck lin g  p r e s s u r e  

of a s h e l l  ca n  be d e te r m in e d  e x p e r im e n t a l ly  w ith  

c o n f id e n c e  for  a s im p le  c a s e  by t e s t in g  a s u f f i c ie n t  

n u m b e r  of m o d e ls  .

2 .  A n ad eq u ate  tech n iq u e  fo r  fo r m in g  m a n y  n e a r ly  id e n t ic a l  

s h e l l s  ca n  be d e v e lo p e d  by u s e  of a v a c u u m  f o r m e r .

is  s m a l l e r  than that o f  the

p a r a m e t e r  p / q c r w as



The r e la t io n s h ip  b e tw e e n  p r e s s u r e  and v o lu m e  ch a n g e  

i s  a p p r o x im a te ly  l in e a r  up to the p o in t  o f b u c k l in g .  

T he e f f e c t  of the s h a l lo w n e s s  of the s h e l l  on th e  

bu ck lin g  p r e s s u r e  i s  in s ig n i f i c a n t  as c o m p a r e d  to the  

e f f e c t  of the r a t io  o f  ra d iu s  o f  c u r v a tu r e  d iv id ed  b y  

th ic k n e s s  .

T he v on  K a r m a n - T s ie n  th e o r y  a p p ea rs  to  g iv e  r e s u l t s  

w h ic h  a r e  m o s t  c o n s i s t e n t  w ith  r e l ia b le  e x p e r im e n t a l  

o b s e r v a t io n s  .



A P P E N D IX  A

T h is  s e c t io n  is  an a lp h a b et ic  l i s t  of r e c e n t  p u b l ic a t io n s  

w h ich  a r e  p e r t in e n t  to the p r o b le m  of the b u ck lin g  o f  u n i fo r m ly  

lo a d ed  c la m p e d  s p h e r i c a l  c a p s .  N one  of the t h e o r ie s  a r e  d e v e lo p e d  

in  d e t a i l 9 but r a th e r  the g e n e r a l  a p p r o a c h ,  l im ita t io n s  , a s s u m p ­

t io n s  and so lu t io n  a r e  d i s c u s s e d .  T he th e o r y  w h ich  a g r e e s  b e s t  

w ith  the e x p e r im e n t a l  r e s u l t s  o f  th is  p a p er  i s  th o r o u g h ly  a n a ly z e d  

in  C h a p ter  Four..

A r c h e r ,  R o b e r t  R.-*- 

A r c h e r  n o te s  that the p r e v io u s  w o rk  on b u ck lin g  of s p h e r ­

i c a l  s h e l l s  f a l l s  into  two p a r ts  . One p a r t  r e p r e s e n t s  the w o rk  of

4 5von  K a r m a n - T s ie n ,  F r i e d r i c h s  and o th e r s  and in v o lv e s  th e  

b u ck lin g  p r e s s u r e  d e te r m in a t io n  by m in im iz in g  a p o te n t ia l  e n e r g y  

e x p r e s s io n  w ith  r e s p e c t  to a d e f le c t io n  fu n ct io n . T he o th er  p a r t  

r e p r e s e n t s  the  w o r k  o f  K a p la n - F u n g , ^  ̂ S im o n s  ,  ̂ and o th e r s  and  

i s  b a s e d  on in te g r a t io n  o f  the n o n l in e a r  d i f f e r e n t ia l  e q u a t io n s  .

A r c h e r  u s e s  the  " c l a s s i c a l  c r i t e r i o n , "  as o p p o se d  to the  

" e n e r g y  c r i t e r i o n , "  w h e r e b y  a g iv en  s ta te  o f  e q u i l ib r iu m  b e c o m e s  

u n sta b le  w hen  th e r e  a r e  e q u i l ib r iu m  p o s i t io n s  in f in i t e s i m a l ly  n e a r  

to that s ta te  of e q u i l ib r iu m  fo r  the s a m e  e x t e r n a l  lo a d .

93
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B eg in n in g  w ith  the e q u a tio n s  fo r  f in ite  d e f le c t io n s  o f  sh a l lo w

s p h e r ic a l  s h e l l s  u n d er  u n ifo r m  r a d ia l  p r e s s u r e  as  d e r iv e d  by  

14R e i s s n e r  , he puts the eq u a t io n s  into  a n o n -d im e n s io n  fo r m  with  

new v a r ia b le s ;  - P/pcr w h e r e  pCr i s  the m in im u m  b u ck lin g  

p r e s s u r e  for  the c o r r e s p o n d in g  c o m p le te  s p h e r e  fr o m  the l in e a r  

t h e o r y ,  pcr > - ! £ — ,J A j 2 and / =  ^

In t h e s e  e x p r e s s i o n s  a i s  the rad iu s  o f  c u r v a t u r e , h is  the t h i c k n e s s , 

m* - 12 ( l~ and i s  one h a lf  of the op en in g  a n g le  of the

s h e l l .

The p r o b le m  then is  to ob ta in  the so lu t io n  of the two d i f ­

f e r e n t ia l  eq u a tio n s  in @ and 'f' w ith  a p p r o p r ia te  b ou nd ary  

c o n d it io n s .  A r c h e r  exp an d s  the v a r ia b le s  and the p r e s s u r e  into a 

p o w e r  s e r i e s  in t e r m s  o f  W , a p e r tu r b a t io n  p a r a m e t e r . T h is  le a d s  

to a s y s t e m  of l in e a r  d i f f e r e n t ia l  e q u a t io n s .  U s e  o f  B e s s e l  fu n ction s  

and boundary  c o n d it io n s  y ie ld s  the c o e f f i c i e n t s  . T he bu ck lin g  

p r e s s u r e  is  d e t e r m in e d  fr o m  2  p = 2  pf by the c o n -
(.-i

d it ion  /d  W •= 0  .

A r c h e r  n u m e r ic a l ly  d e t e r m in e s  the v a lu e  of p by  co m p u tin g  

the e x p a n s io n  c o e f f i c i e n t s  th rou gh  u s e  of a d ig ita l  c o m p u t e r . He  

then  c o m p a r e s  h is  r e s u l t s  b a s e d  on two t e r m s  in  the p e r tu r b a t io n  

s e r i e s  with:

a .  the t h e o r e t i c a l  r e s u l t s  o f  K ap lan  and F u n g  ^

b . the e x p e r im e n t s  o f  K aplan  and F u n g ^
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c .  the t h e o r e t i c a l  r e s u l t s  of T s ie n ^  

and d . the e x p e r im e n t s  o f  T s i e n . ^

He found no r e a l  a g r e e m e n t  throughout the ran ge  o f  /  a lthough  

c e r t a in  v a lu e s  of p v e r s u s  /  a g r e e  w ith  p r e v io u s  w o r k .

A r c h e r  a c c o u n ts  for  the i n c r e a s e d  d e v ia t io n  b e tw e e n  h is  

r e s u l t s  and p r e v io u s  e x p e r im e n ta t io n  a s  /  i n c r e a s e s ,  by the s h e l l  

ju m p in g  to a n e a r b y  b u ck led  s ta te  b e fo r e  r e a c h in g  the b u ck lin g  

p r e s s u r e  p r e d ic ta te d  t h e o r e t i c a l l y .  T he c a u s e  of the ju m pin g  is  

a ttr ib u ted  to o u ts id e  d is tu r b a n c e s  d uring  t e s t in g .  The th e o r y  a l lo w s  

for  on ly  a con tin u ou s  lo a d - d e f l e c t io n  r e l a t i o n .

B u d ia n sk y  , B . ^

B u d ia n sk y  m a k e s  the u su a l  a s s u m p t io n  of an a x i s y m m e t r i c  

b u ck lin g  for  the u n ifo r m  p r e s s u r e  on a s h a llo w  p o r t io n  o f a c la m p e d  

s p h e r ic a l  s h e l l .  He n o te s  the la c k  of a g r e e m e n t  am on g  e x i s t in g  

t h e o r i e s  and a t tr ib u te s  th is  , at l e a s t  in p a r t , to the w a v in e s s  of  

s h e l l  d i s t o r t i o n s , w h ich  tend to i n c r e a s e  w ith  d e c r e a s i n g  s h e l l  

t h ic k n e s s  .

H is  a p p ro a ch  is  to  b eg in  w ith  the th r e e  e q u i l ib r iu m  e q u a ­

t io n s  and u s e  f o r c e -  d i s to r t io n  r e la t io n s  and a s t r e s s  fu n ct io n  to  

s im p l i f y  the e q u a t io n s .  F u r th e r  d e v e lo p m e n t  is  m a d e  through  the 

u s e  of a s h a l lo w n e s s  a s s u m p t io n  and the bound ary  c o n d it io n s .  The

s h a l lo w n e s s  a s s u m p t io n  is  F = H C . T h is  is  the r e p r e ­

s e n ta t io n  of the s p h e r ic a l  sh a p e  by a p a r a b o l ic  c u r v e .
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B u d ia n sk y  in tr o d u c e s  a g e o m e t r i c a l  p a r a m e t e r  Z1 and  

n o n - d im e n s io n a l  v a r i a b l e s  to obta in  two d i f f e r e n t ia l  e q u a t io n s .  The  

m a n ip u la t io n  of t h e s e  d i f f e r e n t ia l  eq u a t io n s  i s  through  the u s e  of  

o p e r a to r s  , the H an k el t r a n s fo r m a t io n  and F o u r i e r  t r a n s f o r m s  , the  

in v e r s io n  f o r m u l a , K e lv in  fu n ction s  , and the boundary c o n d it io n s .

The tw o in te g r a l  eq u a t io n s  w hich  r e s u l t  a r e  s o lv e d  n u m e r ic a l ly  by  

an i t e r a t iv e  p r o c e d u r e ,  e i th e r  by r e g a r d in g  the p r e s s u r e  p a r a m e t e r  

as  p r e s c r i b e d  and m o n o to n ic a l ly  in c r e a s i n g  or  by r e g a r d in g  the  

a v e r a g e  d e f le c t io n  as s p e c i f i e d .  V a lu e s  o f  pcr a r e  tab u la ted  for  

r a n g e s  of ^ f r o m  3 .5  to 13.

B u d ia n sk y  a l s o  d e v e lo p s  v a lu e s  fo r  pcr b a s e d  on in it ia l  

im p e r f e c t io n s  w h e r e  the sh ape  of the s u r f a c e  w ith  the in i t ia l  i m p e r ­

fe c t io n  i s  Z0 = H [I*- ( - f e f ' - i j  w h e r e  e(r) - C1- (o'! J and

£  i s  taken  as p lus  or  m in u s  0 .0 2 5  and 0 . 0 5 .  T he p r o c e d u r e  for  

the so lu t io n  i s  the s a m e  as  for  the in i t ia l ly  p e r f e c t  s h e l l .  V a lu e s  of  

yC>cr a r e  tab u la ted  for  r a n g e s  o f  Z* f r o m  4 to 12.

C h i e n , W ei-Z a n g *  ^

C h ien  a s s u m e s  a s h e l l  w ith  a s m a l l  c u r v a tu r e  and c o n s ta n t  

t h i c k n e s s .  U s in g  e q u i l ib r iu m  e q u a tio n s  in s p h e r ic a l  p o la r  c o o r d i ­

n a t e s ,  and then  m a k in g  s m a l l  an g le  a p p r o x im a t io n s  , he c l a s s i f i e s  

the p r o b le m  as to a p a r t ic u la r  type u s in g  t e n s o r  n o ta t io n .  C h ien  

then  ob ta in s  tw o n o n l in e a r  p a r t ia l  d i f f e r e n t ia l  e q u a t io n s  in  two
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unknow ns . B y  a s s u m in g  ro ta t io n a l  s y m m e t r y ,  two d i f f e r e n t ia l  

eq u a tio n s  a r e  d e v e l o p e d . T h e s e  eq u a tio n s  in v o lv e  c x  , the s lo p e  

of the m e r id ia n  l in e  in  the s t r a in e d  s ta te  and & / o  w h ich  is  the 

ra d ia l  m e m b r a n e  s t r e s s .

0  55" ?  -5 “  9  + P°T u ‘'  O

+ 1-i - i  +

In t h e s e  eq u a t io n s  , P °  i s  the su m  of the bou n d ary  f o r c e s  on the

u p p er  and lo w e r  s u r f a c e , the th ic k n e s s  is  Zh, ^  ~ r * 0

t?" R* j i  and 0 = 1 ^ , ,

C hien  n o te s  that t h e s e  e q u a tio n s  a r e  the fu n d am en ta l o n e s  fo r  the

d e te r m in a t io n  o f  the b u ck lin g  p r e s s u r e  of  a s m a l l  s e g m e n t  o f  a

s p h e r ic a l  s h e l l .

N e g le c t in g  tw o t e r m s  in th e s e  eq u a tio n s  r e s u l t s  in  the

4
eq u ation  d e v e lo p e d  by von  K a r m a n  and T s ie n :

0  d j ?  + d  o< _  Of r h R 2 O  Of ( 'o f2 - & 7 )  -  P Q  R
d o *  d  G O 0 2  D

F r i e d r i c h s ,  K . O . ^

The p u r p o se  of th is  th e o r y  i s  to  e x a m in e  one of the a s s u m p ­

t io n s  m a d e  in  a p r e v io u s  d e v e lo p m e n t  by von  K a rm a n  and T s i e n .

The a s su m p t io n  b e in g  that the d is p la c e m e n t  i s  v e r t i c a l , that is  it  is  

p a r a l l e l  to the a x is  o f  s y m m e t r y .
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B y  l in e a r iz in g  the p r o b le m  s F r i e d r i c h s  finds th e  in f lu e n c e  

of th e  v e r t i c a l  d e f le c t io n  a s s u m p t io n  i s  so  s tr o n g  a s  to double  the  

bu ck lin g  lo a d .  The v on  K a r m a n - T s ie n  a s s u m p t io n  a l t e r s  th e  o r d e r  

of  m a g n itu d e  of the m in im u m  b u ck lin g  lo a d  w ith  r e s p e c t  to the  s h e l l  

t h i c k n e s s .

F r i e d r i c h s  p u r p o s e s  a s o m e w h a t  d if f e r e n t  p r o c e d u r e  fo r  

ob ta in in g  the b u ck lin g  lo a d .  H e u s e s  a b ou n d ary  la y e r  a c t io n  w h ich  

h as  the  ad v a n ta g e  o f  b u ck lin g  no lo n g e r  b e in g  r e s t r i c t e d  to o n ly  a 

s e g m e n t  of the s h e l l .  A r o ta t io n a l ly  s y m m e t r i c  d e f le c t io n  i s  s t i l l  

a s s u m e d .  F r i e d r i c h s  d o es  not ob ta in  f in a l  r e s u l t s  , h o w e v e r ,  and  

n o te s  that the c o r r e c t  a s y m p to t ic  s i tu a t io n  fo r  b u ck led  s h e l l s  i s  s t i l l  

u n k n o w n .

In d i s c u s s i n g  the m in im u m  and in t e r m e d ia t e  b u ck lin g  lo a d s ,  

he n o te s  that v o n  K a r m a n  and T s ie n  found s ta b le  s t a t e s  o f  e q u i l ib r iu m  

d if fe r e n t  f r o m  z e r o  w h en  the p r e s s u r e  w a s  ab ove  a c e r t a in  m in im u m  

v a lu e  and b e lo w  th e  t h e o r e t i c a l  b u ck lin g  p r e s s u r e .  F r i e d r ic h s  

q u e s t io n s  w hy th e  s h e l l  sh ou ld  le a v e  the s ta b le  u n b u ck led  s ta te  and  

jum p to a s ta te  w ith  h ig h e r  p o te n t ia l  e n e r g y  and r e m a in  t h e r e .

G j e l s v i k A .  and S . R . B o d n e r

G je l s v e k  and B o d n e r  d e v e lo p  an e n e r g y  e x p r e s s i o n  for  

both s y m m e t r i c a l  and n o n s y m m e t r ic a l  snap  b u ck lin g  o f  u n i fo r m ly  

lo a d e d  c la m p e d  s p h e r i c a l  ca p s  . T h e  d i f f e r e n c e  in  th e  two c a s e s  i s
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r e la t io n s  o f  the n o n - s y m m e t r i c a l  s i tu a t io n  m ak in g  the m e m b r a n e  

and b en d in g  s t r a in  e n e r g y  e x p r e s s i o n s  m o r e  c o m p l i c a t e d .

The m e a n s  of ob ta in in g  a s o lu t io n  i s  id e n t ic a l  for  ea ch  c a s e  

The to ta l  e n e r g y  e x p r e s s i o n  i s  ob ta in ed  in t e r m s  o f  an a s s u m e d  

d e f le c t io n  fun ction  and the r e s u l t in g  e x p r e s s io n  m in im iz e d  to y ie ld  

the u p per  b uck lin g  lo a d  and the e q u a l - c n e r g y  lo a d  w h ich  c o r r e s p o n d s  

to the lo w e r  b u ck lin g  lo a d .  T h e u p per  b u ck lin g  p r e s s u r e  is :

P ~ (W7?)2 [/"&> ^  ( ^ s  ' sr?)  ]

and the  eq u a l e n e r g y  p r e s s u r e  i s  p = )2 [ ^ j 0  * ]

T h ey  a l s o  find a m in im u m  v a lu e  for w h ich  bu ck lin g  ca n  o c c u r  of  

S'2 — 10 . In t h e s e  e x p r e s s i o n s  S' - @ B , p i s  the b u ck lin g

p r e s s u r e ,  E i s  the m od u lu s  of e l a s t i c i t y ,  R i s  the ra d iu s  of c u r v a ­

tu r e ,  t i s  the th ic k n e s s  and Q i s  h a lf  the op en in g  a n g le .  The

d e v e lo p m e n t  im p l i e s  a r e s t r i c t io n  o f  a s h a l lo w  s h e l l . It is  noted

that the u p per  b u ck lin g  lo a d  i n c r e a s e s  w ith  the g e o m e t r i c  p a r a m e te r  

in d ica t in g  an unbounded p r e s s u r e  v a lu e  .

The f in a l  e q u a t io n s  fo r  the n o n s y m m e tr ic  s i tu a t io n  a r e  not  

in c lu d e d  a lthough  it i s  n o ted  the d e v e lo p m e n t  is  s i m i l a r .

G r ig o ly u k ,  E .  I . ^

F r o m  the e q u a t io n s  o f  M ar g u e r r e  on e q u i l ib r iu m  of sh a l lo w  

s h e l l s  and through  a ch an ge  of v a r i a b l e s ,  p o la r  c o o r d in a te s  ,
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b ou nd ary  c o n d it io n s  , p o w e r  s e r i e s  , and B u b n o v 's  m e t h o d ,

G r ig o ly u k  a r r i v e s  at tw o n o n l in e a r  e q u a t io n s  . He a s s u m e s  

ur = C p7-/ ) 2 C + iv  CosnQ)  for the d e f le c t io n  fu n c t io n .  In

th is  e x p r e s s io n  p= r/\2 w h e r e  r is  the rad iu s  o f  the b a s e  o f  the  

p ie c e  m id d le  s u r f a c e  and b i s  the ra d iu s  o f  the p a r a l l e l  c i r c l e .  T he  

tw o eq u a t io n s  are:  p* = K, IV0 f Wq2 i K3 u/03 f K., u/  ̂ * K5 W,2

and O = W, C  ̂ L2 vv,2 >• L3 * L4 iv02 )

In t h e s e  e q u a t io n s  Vv̂ -" ^  , V/ = , P s P- ,
H H £H H

w h e r e  w is  the m id d le  s u r f a c e  d e f le c t io n ,  h i s  the th ic k n e s s  , H is

the r i s e  ab o v e  the b a s e  p l a n e , H- R ocj , and p i s  the p r e s s u r e .

27
H o m e w o o d , R . H . , B r i n e ,  A . C . , and J o h n so n ,  A .  E .  J r .

T h is  p u b l ic a t io n  c o n c e r n s  the r e s u l t s  of e x p e r im e n t a l  w o rk  

on s p h e r ic a l  c a p s .  E igh t spun s h e l l s  o f  hot r o l le d  s t e e l  w e r e  t e s t e d .  

The s h e l l s  w e r e  t h ic k e s t  at the c e n t e r  and th in n es t  at the e d g e .  

T h ic k n e s s  v a r ia t io n s  w e r e  d e te r m in e d  by u l t r a s o n ic  m e a n s .  Tw o  

ty p es  of s h e l l s  w e r e  u s e d  w ith  the two r a d ii  b e in g  40  in c h e s  and 78  

in c h e s .  The ra tio  o f  ra d iu s  to th ic k n e s s  v a r i e d  fr o m  160 to 1250.

A s h e l l  w a s  c o n s id e r e d  sh a llo w  if  the h e ig h t  to b a s e  ra d iu s  r a t io  w as  

l e s s  than 1 / 8 .  H o w e v e r  , the a u th ors  note  that th e r e  w e r e  no  

im p o r ta n t  d i f f e r e n c e s  in b u ck lin g  c h a r a c t e r i s t i c s  o r  r e s u l t s  w hich  

cou ld  be a ttr ib u ted  to "non sh a llow "  s h e l l s  .
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An o i l  p r e s s u r e  w a s  a p p lied  to the c o n v e x  s u r f a c e  of the  

s h e l l  w ith  p r e s s u r e s  m e a s u r e d  w ith  B o u r d o n -tu b e  p r e s s u r e  g a g e s  

or  e l e c t r o n ic  p r e s s u r e  t r a n s d u c e r s  . B u c k lin g  o c c u r r e d  a b ru p tly  

and the b u c k le s  r e m a in e d  fo r  m o s t  s h e l l s  a f te r  r e m o v a l  o f  the  

p r e s s u r e .  T e s t s  on s h e l l s  r e tu r n in g  to the o r ig in a l  p o s i t io n  c a u s e d  

b u ck lin g  to r e o c c u r  a t the  s a m e  lo c a t io n  and at a p p r o x im a te ly  the  

s a m e  p r e s s u r e .

F o r  s m a l l  v a lu e s  of the g e o m e t r i c  p a r a m e t e r ,  the  au th ors  

n ote  the  d e fo r m a t io n  m o d e  i s  a s in g le  h a l f -w a v e  a c r o s s  the  s h e l l  

w ith  a m a x im u m  d e f le c t io n  at the c e n t e r . A s the  v a lu e  of th is  

p a r a m e t e r  i n c r e a s e s  s l ig h t ly ,  the m a x im u m  d e f le c t io n  s h if t s  to 

both  s id e s  of the c e n t e r  w ith  a s l ig h t ly  r e d u c e d  c e n te r  d e f le c t io n .

The c e n t e r  d e f le c t io n  i s  r e d u c e d  c o n s id e r a b ly  in  the in te r m e d ia te  

ran ge  of the g e o m e t r i c  p a r a m e t e r  to th e  p o in t w h e r e  th e  d e fo r m a t io n  

m o d e  i s  e s s e n t i a l l y  tw o h a l f - w a v e s  a c r o s s  the s h e l l .  F o r  the  

l a r g e r  v a lu e s  o f the p a r a m e t e r , the d e fo r m a t io n  m o d e  c h a n g e s  to  

th r e e  h a l f - w a v e s  a c r o s s  the s h e l l .

T h e y  s u g g e s t  an a s y m m e t r i c a l  b u ck le  p a t te r n  i s  p o s s i b l y  

m o r e  c r i t i c a l  than  the s y m m e t r i c a l  o n e .  T h is  m a y  a cc o u n t  in  p art  

for  the u n c o n s e r v a t iv e  t h e o r e t i c a l  r e s u l t s  s in c e  a l l  the  t h e o r i e s  a r e  

b a s e d  on s y m m e t r i c a l  b u c k l in g .  T he au th o rs  u s e d  h igh  s p e e d  m o t io n  

p ic t u r e s  to show  that a lthough  the f in a l  b u c k le d  sh a p e  m a y  be s y m ­

m e t r i c  , the  in t e r m e d ia te  s t a g e s  of b u ck lin g  a r e  a n t i s y m m e t r ic  .
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In a n o th er  d e v e lo p m e n t ,  33 w h e r e  t e s t s  w e r e  c a r r i e d  out  

at th e  s a m e  la b o r a t o r y ,  the au th ors  d i s c u s s  the r e la t iv e  m e r i t s  o f  

p la s t i c  a s  a m o d e l  m a t e r i a l .  T h ey  po in t out that the  a d v a n ta g e s  a r e  

a low  m o d u lu s  o f  e l a s t i c i t y  and an  e x c e l l e n t  th ic k n e s s  t o l e r a n c e  in  

th in  s h e e t s  fo r  c e l l u l o s e  n i t r a te  and p o ly v in y l  c h lo r id e .  T h e  d i s a d ­

v a n ta g e s  m e n t io n e d  a r e  th o s e  of c r e e p  and s e n s i t i v i t y  to t e m p e r a tu r e  

and h u m id ity  c h a n g e s  .

T h e y  in d ic a te  an u n c o r r e c t e d  v a lu e  of about 4 0 0 ,0 0 0  p s i  for  

the m o d u lu s  o f e l a s t i c i t y .  H o w e v e r ,  t h e r e  w a s  a la r g e  s c a t t e r  w h ich  

th e y  c o u ld  not a t tr ib u te  s o l e l y  to t e m p e r a tu r e  e f f e c t s . P o i s s o n ’s 

ra t io  w a s  found to be 0 . 35 .  T o a c c o u n t  for  the e f f e c t  o f c r e e p ,  

th e y  u s e d  a s ix  m in u te  w a it in g  p e r io d  b e tw e e n  a p p l ic a t io n  of the lo a d  

and tak in g  of s t r a in  d a ta .

The au th o rs  u s e d  3 /1 6  in ch  th ic k  s h e e t s  o f  m e th y l  

m e t h n a y la t e , P l e x i g l a s  H -U V A . T h e s h e l l  had  a ra d iu s  o f  40  in c h e s  

and the  s e c t io n  had a ra d iu s  o f  1 6 .1  i n c h e s .  T h e  s h e l l s  w e r e  

f o r m e d  to a s p h e r i c a l  sh a p e  f r o m  a f la t  s h e e t  of p la s t i c  by  the  

v a c u u m  sn a p b a ck  m e th o d .  A  c o n s id e r a b le  t h ic k n e s s  v a r ia t io n  w a s  

n oted  w ith  the s h e l l s  th ic k e s t  at the ed g e  and th in n e s t  a t the c e n t e r .

v o n  K a r m a n , T h e o d o r e  and T s i e n ,  H su e -S h e n ^

T he au th o rs  n o te ,  e v e n  at th is  e a r l y  d a ta ,  a d i s c r e p a n c y  

b e tw e e n  p r e d ic t io n  of th e  th e o r y  and e x p e r im e n t a l  e v id e n c e .
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T h ey  m e n t io n  a l in e a r  th e o r y  fo r  a c o m p le te  s p h e r ic a l  s h e l l

b a s e d  on the w o rk  o f L ove  w hich  is

(j~c r = Et/ft = . 606 Et for 1/- 0.3

R

T h ey  b e l i e v e  th ere  is  an e s s e n t i a l  d i f f e r e n c e  b e tw e e n  the 

p h y s i c a l  p r o c e s s  o f  the b u ck lin g  o f  a f la t  p la te  and a c u r v e d  s h e l l  

w hich  is  not e m b r a c e d  by p r e v io u s  th e o r y .

C o n s id e r  the load  d e f le c t io n  c u r v e  for a s p h e r i c a l  cap  

u n d er  e x t e r n a l  p r e s s u r e ,  a s  sh ow n  in F ig u r e  30 .  The cap  s ta r t s  in 

p o s i t io n  1 and a s s u m e s  p o s it io n  3 through the a c t io n  of p r e s s u r e .

T he s t r a in  e n e r g y  is  z e r o  in e i th e r  p o s i t io n  but can n ot be z e r o  fo r  an 

in te r m e d ia te  p o s i t io n .  N e g le c t in g  b end in g  s t i f f n e s s , the lo a d  d e f l e c ­

tion  c u r v e  is  a s  p ic tu r e d  in F ig u r e  31 , or  w ith the e d g e s  c la m p e d  it 

h a s  the lo w e r  s h a p e .  An a n t i - s y m m e t r i c a l  d e fo r m a t io n  or  in it ia l  

i r r e g u l a r i t i e s  m a y  a l t e r  the shape o f  the c u r v e  .

In the t e s t  of s h e l l s ,  it is  l ik e ly  the point B is  o b s e r v e d  

e x p e r im e n t a l ly  w h ile  it is  point A w hich  the th e o r y  p r e d ic t s  . T h is  

e x p la in s  s o m e  of the d i s c r e p a n c y .  Thus g r e a t  c a r e  m u s t  be taken  

in the e x p e r im e n t a l  w ork  to a c c u r a t e ly  d e te r m in e  point A .

To d ev e lo p  a th e o r y ,  the a u th o rs  m a k e  the fo l lo w in g  

as  su m p tio n s:

1. T he s o l id  an g le  o f  the s e g m e n t  is  s m a l l .

2 .  The d e f le c t io n  is  r o ta t io n a l ly  s y m m e t r i c .

3 . The d e f le c t io n  o f  any e l e m e n t  o f  the s h e l l  is  p a r a l l e l  

to the a x is  of ro ta t io n a l  s y m m e t r y .



FIG U R E  30 

S p h e r ic a l  Cap



F IG U R E  31 

L o a d - D e f le c t io n  C u r v e s
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4. Poisson's ratio can be neglected. 

They develop a relationship for the total energy of the system 

and then minirnize this to obtain an equilibrium position. Using 

boundary conditions and a shallow shell assumption yields a non-

linear second order differential equation. The load deflection curve 

is calculated using the Rayleigh-Ritz method after assuming a 

deflection function satisfying the boundary conditions. The equation 

In this expression , 

o is the uniform compressive stress produced by p { cr = pB.. ) , 
t 

R is the radius of curvature, 6 is the center deflection, t is the 

thickness, and €3 is half the angle of the shell. 

This expression is minimized by differentiating it with 

az . respect to ~ The value of {.3 2 making !!:. 
E 

substituted back into the expression yielding: 

3 (d'j 2 

rr I !i = 4 cf l t i8o t 
E i: 5 t 1 t- ~ ( !£) 2 

IVI.IN 35 t 
This gives an envelope curve whose maximum is 

a minimum is then 

d""= .490BEt 
R 

which is the smallest value, for any peak, through which the load 

passes, for the shell to collapse. The minimum value of the load 

a-::-.2377Et 
R 

keeping the shell in a deflected shape is 

When the energy expression is modified to include the 

strain produced by uniform compression prior to buckling, von 

Karman and T s ien find the upper value as o- == I. 4 6 0 6li 
R 

while 

the lower one is tJ ~. 18258 rr 
R 

I 

For the lower stress $-= 3.8218(~)-2 
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The a u th o rs  e m p h a s iz e  that the u p per  b u ck lin g  load  ca n  be  

ap p ro a ch ed  e x p e r im e n t a l ly  o n ly  i f  e x t r e m e  p r e c a u t io n  is  tak en  both  

in  the m a n u fa c tu r e  of the s p e c im e n  and in  the t e s t in g .  With the i m ­

p e r fe c t io n s  and t o l e r a n c e s  in e n g in e e r in g  p r a c t i c e , th ey  c la im  the  

b u ck lin g  load  w i l l  in v a r ia b ly  be v e r y  n e a r  the lo w e r  b u ck lin g  lo a d .  

T h ey  a l s o  note  that it  is  the lo w e r  b u ck lin g  v a lu e  w h ich  i s  s p e c i f i e d  

for  d e s ig n .  T h is  i s  b e c a u s e  o f  th e ir  h y p o th e s i s  that the s h e l l  

ju m ps to the lo w e r  b u ck lin g  v a lu e  w ith ou t rea c h in g  the c l a s s i c  

b u ck lin g  l o a d .

K l e i n , B e r tr a m ^  1*22

K le in  u s e s  d if f e r e n t  p a r a m e t e r s  in an a t te m p t  to red u ce
/

the s c a t t e r  sh ow n  by p r e v io u s  t h e o r ie s  and e x p e r im e n t s  . In the

p a s t , p lo ts  o f  K v e r s u s  R / t  h a v e  b een  u s e d .  In th is  , K i s  the

v a r ia b le  c o e f f i c i e n t  in the eq u a tio n  K £r i_ . E „ i s  the  red u c e d
R r

m o d u lu s  of e l a s t i c i t y ,  <̂ r = pcr^L i s  the in i t ia l  c o l la p s e  s t r e s s  ,

R i s  the rad iu s  of c u r v a t u r e , h i s  the r i s e  of the s h e l l  ab ove  the  

b a s e  p l a n e , and t i s  the  t h i c k n e s s .  N o te  that fo r  a p e r f e c t  s h e l l ,

K = 0 . 6 0 6 .

K le in  s u g g e s t s  u s e  of an e c c e n t r i c i t y  p a r a m e t e r  as  f  /

w h e r e  e i s  the a v e r a g e  m a x im u m  in i t ia l  d e p a r tu r e  f r o m  the m ea n

ra d iu s  of the s h e l l .  Thus the e c c e n t r i c i t y  is  a fu n ction  o f  both  

th ic k n e s s  and c u r v a tu r e  v a r ia t io n s  . P lo t t in g  JT v e r s u s  K th en  

r e d u c e s  the s c a t t e r .
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M u r r a y ,  F .  J . and W righ t,  F r a n k  W . ^

T h e s e  au th ors  d i s c u s s  p r e v io u s  t h e o r e t i c a l  w o r k s  p o in tin g  

out the m e th o d s  o f s o lv in g  the b a s ic  d i f f e r e n t ia l  e q u a t io n s  and the  

d i f f ic u l t ie s  w ith  e a c h  a p p r o a c h . T h e y  p r o p o s e  a s t e p - b y - s t e p  

m eth o d  of, in te g r a t in g  the d i f f e r e n t ia l  eq u a t io n s  . M u r r a y  and W right  

e l im in a te  the s m a l l  a n g le  a s s u m p t io n ,  do not drop  any t e r m s  , and  

th us c l a im  a h ig h e r  a c c u r a c y .  j

T h e n o r m a l i z e d  p r e s s u r e  p a r a m e t e r  i s  u = p R /Z E t ,  w h e r e  

p is  the p r e s s u r e , R i s  the ra d iu s  o f  c u r v a t u r e , t i s  the  t h i c k n e s s ,  

and E i s  the m o d u lu s  of e l a s t i c i t y . N u m e r ic a l  c o m p u ta t io n s  a r e  

c a r r i e d  out in  c o m p le t e  d e ta i l  for  a c la m p e d  s p h e r ic a l  ca p  w ith  

R / t  = 3 6 2 . 5 .  V a lu e s  a r e  ob ta in ed  fo r  the upper  b u ck lin g  load  and  

the m in im u m  b u ck lin g  lo a d .

The au th o rs  d i s c u s s  the v o n  K a r m a n - T s ie n ^  e n e r g y  

eq u a t io n s  and po in t  out the n o n l in e a r  t e r m s  w h ich  w e r e  d rop p ed  

can n ot t r u ly  be n e g le c t e d .

T he u p p er  and m in im u m  b u ck lin g  lo a d s  a r e  e x p la in e d  as  

fo l lo w s :  T he u p p er  b u ck lin g  lo a d  is  the  point w hen  b u ck lin g  o c c u r s

as the p r e s s u r e  i n c r e a s e s  „ A s  the p r e s s u r e  is  d e c r e a s e d  and the  

s h e l l  ju m p s  b a ck  to th e  u n b u ck led  s t a t e ,  the  m in im u m  b u ck lin g  lo a d  

i s  the  p r e s s u r e  at w h ich  the b u ck le  d is a p p e a r s  .

C om p u tin g  m a c h in e  l im it a t io n s  m a k e  it  d i f f ic u l t  to d e te r m in e  

v a lu e s  fo r  s h e l l s  w ith  an op en in g  of g r e a t e r  than 2 3 ° .



M u r r a y  and W right show  that for  the R / t  r a t io  th ey  u s e d ,

the von  K a r m a n - T s ie n  m in im u m  b u ck lin g  lo a d  i s  about h a lf  of t h e ir s

T h ey  a l s o  po in t out d i s c r e p a n c i e s  b e tw e e n  th e ir  r e s u l t s  and th o se  of

K aplan  and F u n g .  ^  T h e y  do in d ic a te  good  a g r e e m e n t  w ith  the

7
r e s u l t s  o f  K e l l e r  and R e i s s  fo r  the p lo t  of c r i t i c a l  b u ck lin g  lo a d s ,

P  v e r s u s

The r e s u l t s  o f  M u r r a y  and W right in d ic a te  that for  B above  

0 . 1 0 ,  w h e r e  B = T*/v' 9 and 9 i s  one h a lf  of the a n g le  o p e n in g ,  

the c r i t i c a l  b u ck lin g  lo a d s  a r e  in d ep en d en t of the a n g le  o p e n in g .

The a u th o rs  co n c lu d e  that the c r i t i c a l  b u ck lin g  lo a d s  a re  

in d ep en d en t of the an g le  op en in g  of the s h e l l  w hen  the a n g le  op en ing  

i s  g r e a t e r  than the s o l id  a n g le  of the d i m p l e . T h ey  a l s o  co n c lu d e  

that the r e s u l t s  o f  the R a y le ig h - R i t z  s o lu t io n  by von  K a r m a n  and  

T s ie n  d o e s  not s a t i s f y  the e q u a t io n s  of e q u i l ib r iu m .

N a s h ,  W il l ia m  A .  a n d M o d e e r ,  J a m e s  R .^ ^

N a sh  and M o d eer  m a k e  two d i f f e r e n t  a p p r o x im a t io n s  in  

o r d e r  to d e v e lo p  a th e o r y  for  the b u ck lin g  of c la m p e d  s h a l lo w  s p h e r ­

i c a l  s h e l l s  u n ifo r m ly  lo a d e d  on the c o n v e x  s id e .  T he f i r s t  a p p r o x i ­

m a tio n  i s  the  n e g le c t  o f  the s e c o n d  in v a r ia n t  of the m id d le  s u r fa c e  

s t r a in s  in  the e x p r e s s i o n  fo r  the to ta l  p o te n t ia l  e n e r g y .  T he s e c o n d  

a p p r o x im a t io n  r e ta in s  o n ly  the l in e a r  t e r m s  of the s e c o n d  in v a r ia n t  

in  the s a m e  e x p r e s s i o n .
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T he p r o c e d u r e  in  th e ir  d e v e lo p m e n t  b e g in s  w ith  the s t r a in  

d is p la c e m e n t s  w h ich  a r e  a ttr ib u ted  to M ar g u e r r e . T he t r a n s f o r ­

m a t io n  to p o la r  c o o r d in a te s  y ie ld s  the e x p r e s s io n s  fo r  the f i r s t  and  

s e c o n d  in v a r ia n ts  . T h e  to ta l  p o te n t ia l  e n e r g y  i s  f o r m u la te d  by  

adding the m e m b r a n e  and b en d ing  e n e r g i e s  and the p o te n t ia l  e n e r g y  

of the p r e s s u r e .

T h is  e n e r g y  e x p r e s s io n  i s  b a s e d  on the n e g le c t  o f the  

s e c o n d  in v a r ia n t .  A pp ly in g  the E u le r  v a r ia t io n a l  eq u a tio n s  to th is  

e x p r e s s i o n  y ie ld s  two d i f f e r e n t ia l  eq u a t io n s  in  t e r m s  of the d i s ­

p la c e m e n t s  u and w ,  the so lu t io n  of w h ich  in v o lv e s  B e s s e l  fu n ct io n s  .

The au th o rs  sh ow  that th e  l o a d - d e f l e c t io n  r e la t io n s  ob ta in ed  

by the n e g le c t  o f  the s e c o n d  in v a r ia n t  a r e  in  good a g r e e m e n t  w ith  

r e s u l t s  o b ta in ed  by  m o r e  e s t a b l i s h e d  m e th o d s  .

T he d e v e lo p m e n t  u s in g  the  s e c o n d  a s s u m p t io n ,  w h ich  

r e ta in s  o n ly  the l in e a r  t e r m s  in  the s e c o n d  in v a r ia n t ,  a g r e e s  w ith  

the e x p e r im e n ta t io n  o f  K ap lan  and F u n g .  ^

E ith e r  of the a p p r o x im a t io n s  i s  e x t r e m e ly  d e s i r a b le  

b e c a u s e  th e y  u n co u p le  the g o v e r n in g  n o n l in e a r  e q u a t io n s , thus  

red u c in g  the c o m p u tin g  t i m e .

N a s h  and M o d e e r  po in t  out that the s a m e  a p p r o x im a t io n  

h as b e e n  e m p lo y e d  by R e i s s  u t i l i z in g  an e n t ir e ly  d i f f e r e n t  a p p ro a ch  

to the p r o b le m  of b u ck lin g  o f  sh a l lo w  s p h e r i c a l  c a p s  .
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R e is s  , E d w ard  L , , 8  ,18 , 20 

R e is s  in tr o d u c e s  new  p a r a m e t e r s  as   ̂~ c , the

g e o m e t r i c  p a r a m e t e r , and Q: j  , the lo a d in g  p a r a m e t e r .

In t h e s e  e x p r e s s i o n s  C = } R i s  the  ra d iu s  o f  the

s h e l l , the s e m i - in c l u d e d  a n g l e , h is  h a lf  the t h ic k n e s s  , and q

is  the u n ifo r m  p r e s s u r e .  He r e la t e s  h is  p a r a m e t e r s  to t h o s e  u s e d  

by K aplan  and F u n g  a s  p - 2 * T'2 and Q = 4 C K =

T h rou gh  the p lo tt in g  of the r e s u l t s  of K aplan and Fun g *  ̂

w ith  t h e s e  p a r a m e t e r s  , R e i s s  u n c o v e r s  m o d e s  o f  b u c k l in g . T hat is  

th e r e  is  an o s c i l l a t o r y  b e h a v io r  b e tw e e n  Gc r  and £ w ith  p ea k s  

o c c u r r in g  at t r a n s i t io n  p o in t s .  F o r  £> g r e a t e r  than s i x  and l e s s  

than tw e n ty ,  the s h e l l  d e fo r m s  w ith  a s in g le  m a x im u m  d e f le c t io n  

p oin t at the  c e n t e r .  F o r  (p g r e a t e r  than tw en ty  and l e s s  than  

f i f t y - f i v e ,  the s h e l l  d e fo r m s  w ith  a lo c a l  m in im u m  d e f le c t io n  point  

at the c e n t e r  and a lo c a l  m a x im u m  d e f le c t io n  point b e tw e e n  the  

c e n t e r  and the e d g e .  F o r  g r e a t e r  than f i f t y - f i v e ,  the s h e l l  

d e fo r m s  w ith  tw o lo c a l  m a x im u m  d e f le c t io n  p o in t s ,  one a t  the  

c e n te r  and the o th er  b e tw e e n  the c e n t e r  and the e d g e .

He n o te s  that w ith  t h e s e  n ew  p a r a m e t e r s  t h e r e  i s  a g r e a t e r  

c o r r e la t io n  b e tw e e n  the t h e o r e t i c a l  and e x p e r im e n t a l  r e s u l t s  o f  

K aplan  and F u n g .  R e i s s  a l s o  n o te s  the n eed  of fu r th e r  e x p e r im e n ta l  

r e s u l t s  , p a r t ic u la r ly  at the t r a n s i t io n  r e g io n s  and fo r  la r g e  v a lu e s

o f e  •



112
o

In a th e o r y  w r it t e n  w ith  G r e e n b e r g  and K e l l e r , the  

a u th o rs  take the e q u a tio n s  u s e d  by C hien* 3 and s o lv e  th e m  th rou gh  

p o w e r  s e r i e s  e x p a n s io n s .  T h ey  m a k e  the a s su m p t io n  of s h a l lo w  

s h e l l s  but note  a la c k  o f  k n o w led g e  as  to the e f fe c t  o f  the a s su m p t io n  

on the n o n sh a llo w  s h e l l .  T he a s s u m p t io n s  of th in  s h e l l s  and  

r o ta t io n a l  s y m m e t r y  a r e  u s e d  to s im p l i f y  the e q u a t io n s .

D i f f e r e n t ia l  o p e r a to r s  and b ou n d ary  co n d it io n s  a r e  

e m p lo y e d  as  w e l l  as  new  v a r i a b l e s  Y  and cK b e fo r e  the v a r ia b le s  

a r e  exp an d ed  in  a p o w e r  s e r i e s  in  © . R e c u r s io n  fo r m u la s  a r e

d e v e lo p e d  th rou gh  w h ich  a p a ir  o f  s im u lta n e o u s  eq u a tio n s  a r e  s o lv e d  

for  e a c h  Yi. and cx< fo r  ea ch  g iv e n  P and £  . P  i s  the load in g

p a r a m e t e r  P and £> i s  the g e o m e t r i c  p a r a ­

m e t e r  (=> - K 2 Zi . In t h e s e  e x p r e s s i o n s  k = ^  f ,

h is  h a lf  the s h e l l  th ic k n e s s  , R i s  the  ra d iu s  of the m id d le  s u r fa c e  , 

and ^  i s  the s e m i - a n g l e  of the s h e l l  o p en in g .

A d ig ita l  c o m p u te r  tech n iq u e  i s  d e v e lo p e d  in o r d e r  to 

g e n e r a te  a s o l u t i o n . S in c e  an i t e r a t iv e  p r o c e d u r e  is  u s e d  fo r  e a c h  

v a lu e  of (p by in c r e a s i n g  P , in e f f e c t  an " e x p e r im e n ta l"  t e s t  is  

p e r f o r m e d .  F o r  = 1 1 .3 1 2 ,  w h ich  w ou ld  be in the  m id d le  of the  

f i r s t  b u ck lin g  m o d e , the r a d ia l  d e f le c t io n  p ea k ed  at the c e n t e r  and 

f e l l  o ff  at the e d g e .  F o r  (p = 2 3 . 5 ,  the d e fo r m a t io n s  a r c  s im i l a r  

to the f i r s t  m o d e  fo r  low  lo a d s  . H o w e v e r , at h ig h e r  lo a d s  the  

m a x im u m  d e f le c t io n  is  lo c a te d  s o m e w h e r e  b e tw e e n  the c e n t e r  and
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th e  e d g e .  W ith p  = 3 2 ,  the a c t io n  i s  s i m i l a r  to = 2 3 . 5 .  At

p  = 5 2 . 2 ,  a n o th er  t r a n s i t io n  is  o b s e r v e d .

T he a u th o rs  c o m p a r e  a plot of P  v e r s u s  r e d u c e d  c e n te r  

d e f le c t io n  for  th e ir  r e s u l t s  w ith  the w ork  of K aplan  and F u n g  fo r  

v a r io u s  v a lu e s  of the g e o m e t r i c  p a r a m e t e r .  T h ey  note  on ly  a fa ir  

a g r e e m e n t  fo r  low  v a lu e s  , but a b e t te r  a g r e e m e n t  at h ig h e r  v a lu e s  . 

T h ey  a t tr ib u te  the d if f ic u l ty  at low  v a lu e s  to the i n c r e a s e d  im p o r ta n c e  

of in i t ia l  im p e r f e c t io n s  in sh a llo w  s h e l l s  and a l s o  the d if f ic u l ty  in  

m e a s u r in g  the rad iu s  p r o p e r ly  in s h a l lo w  s h e l l s  . T h e y  s t i l l  in d ic a te  

the p r e s e n c e  of t r a n s i t io n  p o in ts  . T he la c k  o f  t h e o r e t i c a l  and  

e x p e r im e n t a l  a g r e e m e n t  is  ex p la in e d  a s  b e in g  due to the s i tu a t io n  

w h e r e  a s m a l l  e r r o r  in  e x p e r im e n t a l  d e te r m in a t io n  of the g e o m e t r i c  

p a r a m e t e r  le a d s  to  a la r g e  e r r o r  in P c r - T h ey  n ote  that in  s o m e  

c a s e s  the n u m e r ic a l  r e s u l t s  p r e d ic t  g r e a t e r  P c r  than the e x p e r i ­

m e n ts  w h i le  in o th er  c a s e s  the o p p o s i te  is  tru e  .

*7
In a p u b l ic a t io n  w r it te n  w ith  K e l l e r ,  the a u th o rs  c o n s id e r  

the p r e s s u r e  d e f le c t io n  c u r v e  for  a sh a l lo w  s p h e r ic a l  cap  a s  show n  

in F ig u r e  3 2 .  T h e y  p o in t  out that for  PL  ̂ P  ̂ Pa , th e r e  e x i s t s  

th r e e  p o s s i b l e  e q u i l ib r iu m  s ta t e s  fo r  e a c h  p r e s s u r e , but on ly  one  

s ta te  o u ts id e  the ra n g e  fo r  e a c h  p r e s s u r e .  The v a r io u s  b r a n c h e s  a r e  

ex p la in e d  as  fo l lo w s:  OU -u n b u ck led  , L N - b u c k le d , U L -u n s ta b le  .

P j  and P u a r e  then  the lo w e r  and upper b u ck lin g  lo a d s  .

T h ey  p o in t  out p r e v i o u s ly  u s e d  m eth o d s  of s o lv in g  the
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b u ck lin g  p r o b le m  of a c la m p e d  s p h e r ic a l  cap  by u s in g  p e r tu r b a t io n  

m e t h o d s , p o w e r  s e r i e s ,  and l in e r iz a t io n s  . K e l l e r  and R e i s s  p r o p o s e  

s o lv in g  by i t e r a t io n s  of a f in i te  d i f f e r e n c e  a p p r o x im a t io n  of the  

bou nd ary  v a lu e  p r o b le m .

T he a s s u m p t io n s  o f  a th in  sh a l lo w  s h e l l  as  w e l l  as  s m a l l  

s t r a in s  and f in ite  but s m a l l  d e f le c t io n s  a r e  m a d e .  The d i f f e r e n t ia l  

eq u ation s  a r e  fo r m u la te d  a s  w e l l  a s  the d i f f e r e n c e  eq u a tio n s  .

R e s u l t s  in d ic a te  that (?o , the v a lu e  w h ich  s e p a r a t e s  ca p s

that ca n  b u ck le  f r o m  th o se  that c a n n o t , m u s t  l i e  b e tw e e n  s ix  and  

e ig h t .  T h ey  d e t e r m in e  and P y for  v a lu e s  of the g e o m e t r i c  p a r a ­

m e t e r  up to t w e n t y . The in t e r m e d ia te  b u ck lin g  lo a d  P m  is  

d e te r m in e d  f r o m  the po in t of in t e r s e c t io n  of the c u r v e s  o f  p o te n t ia l  

e n e r g y  v e r s u s  P  fo r  the b u ck led  and u n b uck led  s t a t e s .

In a d if f e r e n t  p u b l ic a t io n  c o n c e r n in g  the m o d e s  o f  d e f o r ­

m a tio n  , R e i s s  p o in ts  out that in m o d e s  I and III , the c u r v a tu r e s  

at the c e n te r  a r e  p o s i t i v e ,  w h i le  fo r  m o d e  II, the c u r v a tu r e  is  

n e g a t iv e  at the c e n te r  . T hus th e r e  m u s t  e x i s t  v a lu e s  of the g e o m e t r i c  

p a r a m e t e r  for  w h ich  the c u r v a tu r e  v a n i s h e s .

A s to the s i tu a t io n  o f  s y m m e t r i c  or n o n s y m m e t r ic  b u c k l in g , 

R e is s  p o in ts  out that the r e s u l t s  of K ap lan  and F u n g  w e r e  n e a r ly  a l l  

s y m m e t r i c  w h ich  th ey  a t tr ib u ted  to la r g e  in i t ia l  s y m m e t r i c  i r r e g u ­

la r i t i e s  . In the e x p e r im e n t a l  w ork  of K lo p p e l  and Jungbluth  on n o n ­

s h a llo w  s h e l l s ,  the b u c k le s  fo r m e d  at the b o u n d a ry . T h is  th ey
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a ttr ib u ted  to in i t ia l  s t r e s s  and t h ic k n e s s  v a r ia t io n s  w h ich  w e r e  

la r g e  n e a r  the b o u n d a r y .

In a n o th er  t h e o r y , *  ̂ R e i s s ' s  a p p ro a ch  is  to l i n e a r i z e  the  

o r ig in a l  n o n l in e a r  p r o b l e m . l i e  d e v e lo p s  two l i n e a r iz e d  p r o b le m s ;  

the f i r s t  c a l le d  the l in e a r  e ig e n v a lu e  p r o b le m  is  ob ta in ed  by a s s u m in g  

the s t r e s s  is  c o n s ta n t  and that the to ta l  v e r t i c a l  f o r c e  at a p a r t ic u la r  

p o in t  i s  eq u a l to the v e r t i c a l  f o r c e  p ro d u c e d  a long  the e d g e  by the  

e x te r n a l  p r e s s u r e . T h is  y ie ld s  Pcr= w h e r e  (f - x * S? R

and uu*; P/^

P r o b l e m  B , the l in e a r  e l a s t i c i t y  p r o b le m  for  the bending  

of a s h a l lo w  s p h e r ic a l  c a p , d e t e r m in e s  the t r a n s i t io n a l  v a lu e s  of

¥r
(̂ L . He i s  ab le  to ob ta in  e x p r e s s i o n s  fo r  P c r  fo r  v a r io u s  r a n g es

of the g e o m e t r i c a l  p a r a m e t e r .

R e i s s  n o te s  a g r e e m e n t  w ith  p r e v io u s  w o rk  e x c e p t  for the  

t r a n s i t io n a l  v a lu e s  b e in g  h ig h e r  than p r e v io u s ly  o b s e r v e d . He 

a ttr ib u te s  the d i s c r e p a n c y  to the fa i lu r e  to a c h ie v e  a t r u ly  c la m p e d  

ed g e  in  e x p e r im e n ta t io n  and the a s s u m p t io n  of a s h a l lo w  s h e l l .  He  

th en  s u g g e s t s  e m p ir i c a l  f o r m u la s  w h ich  m o d ify  the o r ig in a l  e x p r e s ­

s io n s  for  P c r .

R e i s s n e r  , E r ic  ^  ~ ^

R e i s s n e r  d o e s  not s p e c i f i c a l l y  s o lv e  the b u ck lin g  p r o b l e m , 

but he h as  d e v e lo p e d  g e n e r a l  e q u a t io n s  w h ich  ca n  b e  a p p lie d  to
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p a r t ic u la r  p r o b le m s ,  su c h  as  the b u ck lin g  o f c la m p e d  s p h e r ic a l  c a p s  .

In one d e v e lo p m e n t ,  he  b e g in s  w ith  the eq u ation s  of the l in e a r  

t h e o r y  of s h a l lo w  s h e l l s  , a t tr ib u te d  to M a r g u e r r e . B y  m a n ip u la t io n , 

th r e e  d i f f e r e n t ia l  eq u a t io n s  a r e  o b ta in ed  in  t e r m s  o f  the  d i s p la c e m e n t  

c o m p o n e n ts  . N e g le c t in g  the  lo n g itu d in a l  in e r t ia  e f f e c t  and i n t r o ­

ducing  a s t r e s s  fu n c t io n , R e i s s n e r  ob ta in s  tw o d i f f e r e n t ia l  eq u a t io n s  

in  t e r m s  of the s t r e s s  fu n ction  and the  v e r t i c a l  d i s p la c e m e n t .  He 

th en  a n a ly z e s  the e f f e c t  o f the in e r t ia  t e r m s  th rou gh  an o r d e r  of  

m a g n itu d e  a n a ly s i s  and d e t e r m in e s  the co n d it io n s  u n d er  w h ich  the  

e f f e c t  o f lo n g itu d in a l  in e r t ia  i s  n e g l ig ib le  c o m p a r e d  to the e f f e c t  o f  

the t r a n s v e r s e  in e r t i a .

In a n o th er  t h e o r y ,  ^  he i s  c o n c e r n e d  p r i m a r i l y  w ith  v i b r a ­

t io n s  r a th e r  than  b u c k l in g . T he o r ig in a l  eq u a t io n s  a r e  u s e f u l ,  

h o w e v e r .

17In a d if f e r e n t  p u b l ic a t io n ,  R e i s s n e r  d e v e lo p s  eq u ation s

fo r  s y m m e t r i c a l  b en d ing  of th in  e l a s t i c  s h a l lo w  s h e l l s  .

14In an a d d it io n a l d e v e lo p m e n t ,  R e i s s n e r  ob ta in s  eq u a tio n s  

of e q u i l ib r iu m  for s h a l lo w  s p h e r ic a l  s h e l l s  a s  w e l l  as  r e la t io n s h ip s  

b e tw e e n  s t r a in  and s t r e s s  r e s u l ta n t s  and s t r a in  and d is p la c e m e n t  

q u a n tit ie s  . N e g le c t in g  t r a n s v e r s e  s h e a r in g  f o r c e s  and in tro d u c in g  

a s t r e s s  fu n ct io n  a lo n g  w ith  a lo a d  p o te n t ia l ,  he ob ta in s  tw o fourth  

o r d e r  d i f f e r e n t ia l  eq u a t io n s  in  t e r m s  of s t r e s s  r e s u l ta n t s  and  

v e r t i c a l  d i s p la c e m e n t s  . H e th en  r e d u c e s  the g o v e r n in g  d i f f e r e n t ia l
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eq u a t io n s  to two in d ep en d en t  s e c o n d  o r d e r  e q u a t io n s  . In th is  p a p er  

he s o lv e s  th e  e q u a t io n s  for  c e r ta in  p a r t ic u la r  ty p e s  of lo a d in g  and 

ed ge  c o n d it io n s  .

S im o n s  s t a r t s  w ith  the d i f f e r e n t ia l  eq u a t io n s  for  s m a l l  

f in ite  d e f le c t io n s  o f  a th in  s h a l lo w  s p h e r i c a l  s h e l l  o f  u n ifo r m  th ic k -

d e v e lo p e d .  U s in g  s t r e s s  r e s u l ta n ts  , g e o m e t r i c  and lo a d  p a r a ­

m e t e r s  , b ou nd ary  c o n d it io n s  and a c h a n g e  of v a r i a b l e s  , he m a n ip ­

u la te s  the eq u a t io n s  to a m o r e  fa v o r a b le  f o r m . The g e o m e t r i c

R i s  the b a s e  ra d iu s  , h is  the  th ic k n e s s  , cx is  h a lf  the op en ing  

a n g l e , and ^  i s  the u n ifo r m  n o r m a l  p r e s s u r e . S im o n s  u s e s  a 

s e r i e s  fo r m  for  the n ew  v a r ia b le s  and ob ta in s  r e c u r s i o n  fo r m u la s  

for  the c o e f f i c i e n t s .  To ob ta in  the le a d in g  c o e f f i c i e n t s  he e x p r e s s e s  

the so lu t io n  in a c l o s e d  fo r m  in t e r m s  of K e lv in  fu n ctio n s  a s s u m in g  

the lo a d in g  p a r a m e t e r  is  z e r o .  He a l s o  d e v e lo p s  a m eth o d  for  

m ak in g  the le a d in g  c o e f f i c i e n t s  s u c c e s s i v e l y  m o r e  a c c u r a te  .

s m a l l e s t  in w a rd  p r e s s u r e  for  w hich  a d e c r e a s e  of p r e s s u r e  is  

a c c o m p a n ie d  by an i n c r e a s e  o f  c e n t e r  d e f le c t io n .  T hus th e r e  i s  an  

a s s u m p t io n  of s y m m e t r i c  b u c k lin g .

S im o n s  , R o g e r  M . ^

n e s s  s u b je c te d  to a u n ifo r m  n o r m a l  p r e s s u r e  w h ich  R e i s s n e r * *

p a r a m e t e r  i s  yv = m. B. cx- , and the lo a d  p a r a m e t e r  is

y= m6 R_ . I n  t h e s e  e x p r e s s i o n s  m  is
4  ^  E h 4

S im o n s  e x p la in s  the u n s ta b le  s ta te  a s  b e in g  that s ta te  of the



Introducing W, where W = w( o) /h, the ratio of the center 

deflection to the thickness, and W is a function of both the load 

parameter and the geometric parameter, the buckling criteria 

becomes j ';:' = oo . The smallest o satisfying this is the 

critical value. Using a power series for W and manipulation, 

Simons determines the instability condition as ~ 4 ~ 3 C, c"l c;- 3C,c3 

That is, instability occurs only if the inequality is satisfied. 

Instability cannot occur for a flat plate nor for a shell which is too 

shallow. The critical value of d"cr is: 

_-} { [ 2 4 l 2 [ 2 4 J~] ~r - 27c,2 c/ Cz (2Cz -9C,C3 )~ -9C,C4J.u -2 (C2 -3C,C3 )_,.u. -3C1 C4 

In these expressions C,= 2(4-A) ~ Cz-= -3(t3-3.V); c3 ~ 9{S-v) j 

C 4= 2304 (J-V); c5 ~ 5 76 {t-v) 

He notes the classical buckling pressure for a complete sphere 

In comparing his results with those of Kaplan and Fung, 19 
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he notes a lack of agreement which he attributes to his assumption of 

({ and~ both being small. Therefore, his results are valid 

only for small values of these parameters. 

31 Thurston, G. A. 

Thurston explains the disagreement with previous results 

as being caused by the fact that the solution for the nonlinear prob-

lem must be formulated as a sequence of linear problems. This 



120

m a k e s  it  d i f f ic u l t  to  d is t in g u is h  b e tw e e n  in s ta b i l i t y  in the s e q u e n c e

o f  n u m e r ic a l  c a lc u la t io n s  and p o in ts  of in s ta b i l i t y  o f  the d i f f e r e n t ia l

eq u a tio n s  w h ich  c o r r e s p o n d  to the c l a s s i c a l  b u ck lin g  t h e o r y .

He b e g in s  w ith  the e q u a tio n s  o f  R e i s s n e r ^  and in tr o d u c e s

p a r a m e t e r s  and new  v a r ia b le s  . The g e o m e t r i c  p a r a m e t e r  is

rnza°<£ = H and the load  p a r a m e t e r  is
h  ^

y .  n . In t h e s e  e x p r e s s i o n s  a i s  the  ra d iu s  , ex- is
4 Eh4

h a lf  the op en in g  a n g le ,  h i s  the t h i c k n e s s ,  H is  the r i s e  ab ove  the  

b a s e  p la n e  , and is  the p r e s s u r e  .

The e q u a tio n s  a r e  s o lv e d  by a s s u m in g  an a p p r o x im a te  

s o lu t io n  and then  s o lv in g  for  the c o r r e c t i o n s .  B y  th is  p r o c e d u r e , 

the n o n l in e a r  t e r m s  c a n  be n e g le c t e d  s in c e  th ey  a r e  s m a l l  a s  c o m ­

p a r e d  to the l in e a r  o n e s  . A  r e p e a te d  a p p l ic a t io n  th rou gh  a c o m p u te r  

p r o g r a m  le a d s  to  the s o lu t io n .

B oth  the u p per  and lo w e r  b u ck lin g  load  c u r v e s  a r e  ob ta in ed .  

He n o te s  the u p per  one a g r e e s  w ith  B u d i a n s k y ^  and W ein itsch k e^

7
w h ile  the lo w e r  one a g r e e s  w ith  K e l l e r  and R e i s s .  The e x p e r im e n t s  

of K ap lan  and F u n g ^  l i e  b e tw e e n  the tw o c u r v e s  .

T s i e n ,  H s u e - S h e n ^ ' ^

5Due to o b je c t io n s  r a i s e d  in  a p u b l ic a t io n  by F r i e d r i c h s ,

T s ien ^  r e v i s e s  an e a r l i e r  th e o r y  of von  K a rm a n  and T s i e n .  ^

S ta r t in g  w ith  the e n e r g y  e x p r e s s i o n  for  the d i f f e r e n c e
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b e tw e e n  the su m  o f  the a d d it io n a l  s t r a in  e n e r g i e s  o f  e x t e n s io n  and

b en d in g  and the v ir tu a l  w o rk  o f  the e x t e r n a l  p r e s s u r e , a s s u m in g  a

ra d ia l  d i s p la c e m e n t  fu n ct io n  and m in im iz in g  the e n e r g y  f u n c t io n ,

T s ie n  ob ta in s  a m in im u m  v a lu e  of the b u ck lin g  s t r e s s  w hen  the

a m p litu d e  o f  the b u ck le  is  s m a l l .

He n o te s  the v o lu m e  ch an ge  due to  an i n c o m p r e s s ib l e  f lu id

p r e s s u r e  in  a c l o s e d  c h a m b e r  is  _ f / R C f
0 - j y ) t  E t  £ ( i - i ; )  s  J

In th is  e x p r e s s i o n  v i s  the  v o lu m e  ch a n g e  p er  unit a r e a  o f  s h e l l  

s u r f a c e , Z' i s  th e  r a t io  o f  the a r e a  of a h e m is p h e r e  w ith  ra d iu s  R 

to the a r e a  o f  a s p h e r ic a l  s e g m e n t;  Z*- j l c o 6 a  ) ^  ~ ^  ̂ and

£ - f-B. w hen  the r a d ia l  d i s p la c e m e n t  is  d e f in ed  a s
2-| 2

^  f  o r  f i s  the r a t io  of the m a x im u m  r a d ia l

d is p la c e m e n t  at the  c e n t e r  of the b u ck le  to the r a d iu s  of the s h e l l .

U s in g  the c o n d it io n  that the un bu ck led  and b u ck led  e q u i l ib ­

r iu m  s t a t e s  h ave  the s a m e  s tr a in  e n e r g y  and the s a m e  v o lu m e  

c h a n g e ,  T s i e n  ob ta in s  a c u r v e  o f  in i t ia l  b u ck lin g  s t r e s s  and f in a l  

b u ck lin g  s t r e s s  v e r s u s  —  . T h is  c u r v e  sh o w s  the fa i l in g  s t r e s s

p a r a m e t e r  a c tu a l ly  d e c r e a s e s  w ith  in c r e a s in g  v a lu e s  o f  R / t

i f  Z' r e m a in s  c o n s ta n t .

He n o tes  r e s u l t s  of t e s t s  at C a l i fo r n ia  In st i tu te  of T e c h n o lo g y ,  

u s in g  w a te r  p r e s s u r e  on a c la m p e d  s p h e r ic a l  cap  w h e r e  0 =  17°4 S 

show  a g r e e m e n t  w ith  h is  c u r v e s  .

If a s h e l l  s e g m e n t  is  lo a d ed  by flu id  p r e s s u r e  w h en  the flu id
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i s  d raw n  f r o m  a la r g e  r e s e r v o i r  w ith  a f r e e  s u r f a c e , the s m a l l

ch an ge  of v o lu m e  d u rin g  b u ck lin g  w i l l  not a p p r e c ia b ly  a l t e r  the flu id

l e v e l  in  the r e s e r v o i r  . T h is  h y p o th e s i s  o f  T s i e n  le a d s  to a d if fe r e n t

b u ck lin g  s t r e s s  p a r a m e t e r  w h ich  i s  con stant:

(n*J£ = \IZZiI2r 
3  E t  3

1 2In a n o th er  th e o r y ,  T s ie n  p r e s e n t s  an ex p la n a t io n  of the  

s t r a in  e n e r g y  v e r s u s  d e f le c t io n  c u r v e , F ig u r e  33 .  T h rough  th is  

s tu d y  a lo w e r  b u ck lin g  load  is  o b s e r v e d . If a ty p ic a l  c u r v e  is  

c o n s id e r e d ,  b r a n c h e s  OC and AD c o r r e s p o n d  to s ta b le  e q u i l ib r iu m  

c o n f ig u r a t io n s  and b ra n ch  DC c o r r e s p o n d s  to an u n s ta b le  c o n f ig u r ­

a t io n .  P o in t  B is  s e e n  to be a t r a n s i t io n  po in t f r o m  s ta b le  to  

u n sta b le  e q u i l ib r iu m .

T s ie n  s t a t e s  that p r e v io u s  w o r k  in d ic a te d  that th e  load  

c o r r e s p o n d in g  to p o in t  A w a s  the lo w e r  b u ck lin g  lo a d .  T h e  e n e r g y  

r e p r e s e n t e d  by the v e r t i c a l  d is ta n c e  f r o m  A to the c u r v e  DC is  the  

m in im u m  e x t e r n a l  e x c i ta t io n  r e q u ir e d  to c a u s e  b u ck lin g  at po int A .  

H o w e v e r , i f  the e x t e r n a l  e x c i ta t io n  i s  l a r g e ,  bu ck lin g  c a n  o c c u r  at  

B' and the m in im u m  e x t e r n a l  e x c i ta t io n  r e q u ir e d  i s  the v e r t i c a l  

d is ta n c e  f r o m  B ' to  B . T h is  am oun t of e n e r g y  i s  a b s o r b e d  by the 

s tr u c tu r e  d u r in g  b u c k l in g .  T h e r e f o r e , the  lo w e r  b u ck lin g  load  is  

the lo a d  c o r r e s p o n d in g  to po in t B 1 .
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F IG U R E  33 

S tr a in  E n e r g y  v e r s u s  D e f le c t io n  C o o rd in a te
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von  W i l l i c h , G id eo n  P .  R . ^  

von  W il l ic h  m a k e s  a s s u m p t io n s  r e g a r d in g  m a t e r ia l  p r o p e r ­

t i e s  that a r e  of the u s u a l  type: h o m o g e n e o u s ,  i s o t r o p ic  and l in e a r ly

e l a s t i c  w ith  the s a m e  m o d u lu s  of e l a s t i c i t y  in  t e n s io n  a s  in  c o m ­

p r e s s i o n .  T he s h e l l  i s  a s s u m e d  to have  a co n s ta n t  t h ic k n e s s  and  

th is  th ic k n e s s  i s  s m a l l . F u r t h e r ,  he a s s u m e s  that the d e f le c t io n s  

a r c  s y m m e t r i c  about the a x is  and that the s h e l l  is  s h a l lo w .  In 

a d d it io n ,  the E u le r - B e r n o u l l i  h y p o th e s i s  i s  a d o p ted ,  that i s ,  

n o r m a ls  to the m id d le  s u r f a c e  b e fo r e  d e fo r m a t io n  r e m a in  n o r m a l  

a f te r  d e fo r m a t io n  and a r e  i n e x t e n s i o n a l .

B a s e d  upon t h e s e  l im i t a t io n s ,  von  W il l ic h  d e r i v e s  the e n e r g y  

eq u a tio n s  fo r  b end in g  o f  the m id d le  s u r f a c e , e x te n s io n  of  the m id d le  

s u r fa c e  and the p o te n t ia l  e n e r g y  of the a p p lied  p r e s s u r e .  He then  

a s s u m e s  a d e f le c t e d  sh a p e  w ith  the e n e r g y  e x p r e s s io n  c o n ta in in g  

unknown p a r a m e t e r s .  A n a p p lic a t io n  of the p r in c ip le  of m in im u m  

p o te n t ia l  e n e r g y  y ie ld s  t h e s e  p a r a m e t e r s .

T h rou gh ou t the d e v e lo p m e n t ,  von  W il l ic h  u s e s  the p a r a ­

b o l ic  eq u a tio n  Z = rZ) to d e f in e  the s u r fa c e  of the s h e l l .

von  W il l ic h  d e t e r m in e s  c r i t i c a l  v a lu e s  on ly  fo r  s m a l l  v a lu e s  

of the g e o m e t r i c  p a r a m e t e r .

W e in i tsc h k e  , H u b e r tu s 9 , 1 0 , 2 3  

W e in itsc h k e  l i s t s  the fo l lo w in g  s im p l i fy in g  a s su m p t io n s :
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a .  E u le r - B e r n o u l l i  h y p o th e s i s

b .  D e fo r m a t io n s  a r e  r o ta t io n a l ly  s y m m e t r ic

c .  T a n g e n t ia l  d i s p la c e m e n t s  of the m id d le  s u r f a c e  a r e  

s m a l l  c o m p a r e d  w ith  n o r m a l  d is p la c e m e n t s

d . T h e r a d iu s  o f  c u r v a tu r e  i s  la r g e  c o m p a r e d  to  the  

s h e l l  len g th  m a k in g  the s h e l l s  sh a l lo w

e . U n ifo r m  n o r m a l  p r e s s u r e  i s  the o n ly  load

f . T he t h ic k n e s s  i s  u n ifo r m

W e in itsc h k e  u s e s  the e q u a tio n s  d e v e lo p e d  by R e i s s n c r  ^

w ith  d i m e n s io n le s s  v a r i a b l e s .  T he g e o m e t r i c  p a r a m e t e r  is

/a 2 m2 H - mzac*'1 , and the  load  p a r a m e t e r  is
h  h

y  = n2__-5_e< p . In th e s e  e x p r e s s io n s  , a i s  the r a d iu s  o f

c u r v a tu r e  , o< i s  the s e m ia n g le  o p en in g ,  h i s  the th ic k n e s s  , H is

the r i s e  o f  the s h e l l  f r o m  the b a s e  p la n e ,  m p = [ \ 2 ( l - L y P )] p ,

and (=> i s  the u n ifo r m  n o r m a l  p r e s s u r e .  He a l s o  u s e s  a p a r a m e t e r  

p w h e r e  p= ( y /  = . Q is  the  b u ck lin g  lo a d  o f  a c o m p le te

s p h e r ic a l  s h e l l  u n d er  u n ifo r m  p r e s s u r e  g iv e n  by the l in e a r  t h e o r y .

In trodu cin g  W w h e r e  W ( '*')= , the n o r m a l  d e f l e c ­

tion  at th e  a p ex  d iv id ed  by the t h i c k n e s s ,  the b u ck lin g  c r i t e r i a  is

= O and Yc i s  a r e la t iv e  m a x im u m  of the fu n ction  Y ( VV7 .
J LV

He d i s c u s s e s  the s o lu t io n  of the p r o b le m  th rou gh  u s e  of  

p o w e r  s e r i e s  w ith  an i t e r a t io n  p r o c e d u r e  a p p l ic a b le  to a d ig ita l  

c o m p u te r  .
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W e in it sc h k e  in d ic a te s  a g r e e m e n t  b e tw e e n  h is  w o r k  and a l l  

p r e v io u s  t h e o r e t i c a l  r e s u l t s  fo r  low  v a lu e s  o f  the g e o m e t r i c  p a r a ­

m e t e r  . He n o te s  a la c k  o f  a g r e e m e n t  w ith  e x p e r im e n t a l  r e s u l t s  and  

in d ic a te s  the  i r r e g u l a r i t i e s  in  sh ap e  and th ic k n e s s  a c co u n t  fo r  the  

d i s c r e p a n c y .  H e i s  not a b le  to a cc o u n t  fo r  t h e s e  i r r e g u l a r i t i e s  

a lw a y s  p ro d u c in g  lo w e r  b u ck lin g  lo a d s ,  h o w e v e r  . He m e n t io n s  the  

p o s s i b i l i t y  o f  an in s ta b i l i t y  a s s o c ia t e d  w ith  n o n s y m m e t r ic a l  b u ck lin g  

or a w r in k l in g .

2 3A  p r e v io u s  d e v e lo p m e n t  n o te s  the p u r p o se  b e in g  to apply

the p o w e r  s e r i e s  m e th o d  u s e d  by S im o n s  for  s h a llo w  s h e l l s  . T h is

p a p er  u s e s  a m u ch  s m a l l e r  range  of the g e o m e t r i c  p a r a m e t e r .

In a n o th er  p r e v io u s  p u b l ic a t io n ,  ^  W e in i t sc h k e  c o m m e n ts

on the d i s c u s s i o n  o f  a p p a ren t  s c a t t e r in g  in  t e s t  data for  the c r i t i c a l

21lo a d .  He n o te s  that K le in  a t tr ib u te s  the  s c a t t e r  to in i t ia l  s p e c im e n

ir r e g u l a r i t i e s  and R e i s s ^  in t e r p r e t s  th e  s c a t t e r  on the b a s i s  of

su d d en  c h a n g e s  o f  the sh a p e  o f  th e  n o r m a l  d e f le c t io n  o f  the  s h e l l .

That i s  that th e r e  is  an o s c i l l a t io n  o f  P c r , the d i m e n s io n le s s

b u ck lin g  lo a d ,  w ith  p e a k s  a t  th e  t r a n s i t io n  v a lu e s  . W e in i t sc h k e

p r e s e n t s  r e s u l t s  w h ic h  su p p o r t  K le in .

B u d ia n sk y  and W e i n i t s c h k e ^  h a v e  w r it t e n  a p u b l ic a t io n  

w h ic h  sh o w s  th e ir  s t a b i l i t y  c u r v e s  to  be  in  a g r e e m e n t  d e s p i t e  the

d i f f e r e n c e s  in  th e ir  in d ep en d en t  t h e o r ie s  . A  la c k  of a g r e e m e n t  w ith

the e x p e r im e n t a l  r e s u l t s  of K ap lan  and F u n g 19 i s  m e n t io n e d .  T h ey
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in d ic a te  th e  n e e d  fo r  a t h e o r e t i c a l  a n a ly s i s  a s s u m in g  u n s y m m e t r i c a l  

b u ck lin g  and u n s y m m e t r i c a l  im p e r f e c t io n s  .



A PPEN D IX  B

T h is  s e c t io n  in c lu d e s  the t e s t  o f  an  a x ia l  s p e c im e n  w ith  

lo n g itu d in a l  and l a t e r a l  s t r a in  g a g e s  in  o r d e r  to d e t e r m in e  the  m o d ­

u lu s  o f e l a s t i c i t y  and P o i s s o n ' s  ra t io  for  the m a t e r i a l .

A X IA L  T E ST  D A T A

G age  - A 7 Width - 0 .9 7 6  in .
G age F a c t o r  - 1 . 9 9  T h ic k n e s s  - 0 .0 3 1  in .
T r a n s v e r s e  S e n s i t iv i t y  - - 0 . 0 1  A r e a  - 0 .0 3 0 6 5  i n . 2

LO A D
pounds

STR ESS
p s i

GAGE READINGS  
lo n g itu d in a l  l a t e r a l  

x  10"6 x  10"6

STR AIN S  
lo n g itu d in a l  la t e r  

x  10 x  10

50 163 1 2 -1 7 2 2 1 0 -7 6 7 0 0

60 196 1841 761 119 - 6

70 228 1956 756 234 -11

80 261 1 4 -  72 751 350 -1 6

90 294 192 745 470 -2 2

100 326 311 739 589 -2 8

80 261 72 750 352 -1 7

70 228 1 2 -1 9 5 6 757 234 -1 0

60 196 1840 761 118 - 6

50 163 1724 766 2 -1

60 196 1840 761 118 -6

80 261 14- 76 752 354 -1 2
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LO A D  ST R E SS GAGE READINGS STRAINS
pounds p s i  lo n g itu d in a l  l a t e r a l  lo n g itu d in a l  l a t e r a l

x  10"6 x  lO"6 x  K T 6 x  N T 6

100 326 316 739 594 -2 8

120 457  879 713  1157 -5 4

140 522 1265 g a g e  f a i l e d  1543

176 s p e c im e n  fa i le d

A l in e a r  r e la t io n s h ip  e x i s t s  b e tw e e n  load  and s t r a in  up  

to about 90 pounds o f  lo a d .

M odulus o f  e l a s t i c i t y  E = 2 9 4 -1 9 6  y = 2 .7 9  x  10^ p s i
(4 7 0 -1 1 9 )  x  10™6

P o i s s o n ' s  ra t io  = - ( - 2 2 - 0 )  = 0 . 4 7
470



A PPEN D IX  C

T h is  s e c t io n  c o n ta in s  the r e s u l t s  o f  t e s t s  run on the  

v a c u u m  f o r m e r  to d e v e lo p  the b e s t  fo r m in g  te c h n iq u e .  T he v a r io u s  

te c h n iq u e s  a r e  d i s c u s s e d  in  C h a p ter  T h r e e .  T he fo l lo w in g  data  

s h e e t s  c o n s i s t  of the t h ic k n e s s  and ra d iu s  o f c u r v a tu r e  m e a s u r e ­

m e n ts  at e a c h  o f  the g r id  p o in ts  as  w e l l  as  the v a lu e s  of s ta n d a rd  

d e v ia t io n  o f  th ic k n e s s  and ra d iu s  o f  c u r v a t u r e .  A c tu a l ly  the rad iu s  

of c u r v a tu r e  m e a s u r e m e n t s  a r e  gage  r e a d in g s  o f  the o u te r  s u r fa c e  

of the s h e l l  w h ich  can  be c o n v e r te d  to the rad iu s  of c u r v a tu r e  of

the m id d le  s u r f a c e  of the s h e l l  by the fo r m u la  R ~ g/2  + 1 - t / 2 ,
8g

w h e r e  R is  the  ra d iu s  o f  c u r v a tu r e  of  the m id d le  s u r f a c e ,  g i s  the  

gage  rea d in g  and t i s  the  th ic k n e s s  of the s h e l l  at that p o in t .  

V a r ia b le  s e t t in g s  a r e  in c lu d e d  on e a c h  data  s h e e t .
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FORMING TECHNIQUE DATA SHEET

TEST: 1

P E R  C E N T  ON: 75% 

V A C U U M  TIME: A bt 3 S e c  

SE T  TIME: A bt 10 S ec  

M A T E R IA L  SH E E T : 1

PO INT

C Y C L E  TIME: 100 S ec

D IST A N C E  O F FO R M  FR O M
P L A T F O R M : 6 . 3  in

O T H E R  C O M M EN TS: H o le s  in  
p la te  too  s m a l l . P l e x i g l a s s  
p la te  u n s a t i s f a c t o r y . S h e ll  
r e h e a te d  and r e fo r m e d  
a d ju st in g  f r a m e  h e ig h t .  
Wood 3 /4 "  b e lo w  c h a m b e r .

A v e r a g e  T h ic k n e s s :  .0 2 5  in  
A v e r a g e  C urvatu re:  , 035 in  
T h ic k n e s s  S tan dard  D ev ia tion :  
C u r v a tu r e  S tandard  D ev ia tion :

THICKNESS
in  x  1 0 -3

.0 0 2 5  in  

.0 0 2 5  in

C U R V A T U R E  
in  x  10 “3

1 27 24
2 25 . 36
3 28 36
4 28 33
5 28 35
6 28 36
7 29 36
8 26 36
9 26 37

10 25 35
11 23 37
12 25 36
13 26 35
14 26 36
15 26 35
16 25 35
17 25 35
18 24 37
19 20 35
20 19 32
21 16 35
22 24 35
23 24 35
24 27 36
25 20 35
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FORMING TECHNIQUE DATA SHEET

TEST: 2

P E R  C E N T  ON: 75% 

V A C U U M  TIME: A bt 3 S e c  

SET TIME: A bt 10 S ec  

M A T E R IA L  SH E E T : 1

C Y C L E  TIM E: 100 S ec

D IST A N C E  OF F O R M  FR O M  
P L A T F O R M : 6 in

O T H E R  CO M M EN TS: M a te r ia l  
not hot e n o u g h .

A v e r a g e  T h ic k n e s s :  . 022 in .
A v e r a g e  C u rvatu re:  . 035 in .
T h ic k n e s s  S tan d ard  D ev ia t ion :  
C u r v a tu r e  S tan d ard  D ev ia t ion :

0042 in .  
0018  in .

PO IN T THICKNESS  
in  x  1 0 -3

C U R V A T U R E  
in  x  10"^

1 27 27
2 27 37
3 28 37
4 28 36
5 28 35
6 28 36
7 27 35
8 26 36
9 27 35

10 22 36
11 21 36
12 23 35
13 23 34
14 22 35
15 22 35
16 21 34
17 21 34
18 19 36
19 17 35
20 18 34
21 17 35
22 17 35
23 17 34
24 17 35
25 17 35
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FORMING TECHNIQUE DATA SHEET

T E ST : 3 C Y C L E  TIME: 80 S e c

P E R  CENT ON: 75% D IST A N C E  OF FO R M  FR O M
P L A T F O R M : 6 in

V A C U U M  TIME: A bt 3 S e c
O T H E R  C OM M ENTS: P l a s t i c  

SE T  TIME: A bt 10 S e c  too  h o t .

M A T E R IA L  SH E E T : 1

A v e r a g e  T h ic k n e s s :  .021  in
A v e r a g e  C u rvatu re:  .0 3 4  in
T h ic k n e s s  S tandard  D ev ia t io n :  .0 0 5 9  in
C u r v a tu r e  S tan dard  D ev ia tion :  . 0026 in

PO IN T TH IC K N ESS C U R V A T U R E
in  x  1 0 ”3 in  x  10

1 29 27
2 29 38
3 26 35
4 26 35
5 27 36
6 26 37
7 28 36
8 28 36
9 29 35

10 23 37
11 22 36
12 23 35
13 21 34
14 18 33
15 ' 19 33
16 24 35
17 25 36
18 14 34
19 17 34
20 12 31
21 11 30
22 14 31
23 15 31
24 15 37
25 13 31
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FORMING TECHNIQUE DATA SHEET

TEST: 4

P E R  C E N T  ON: 50% 

V A C U U M  TIME: A bt 5 S e c  

SE T  TIME: Abt 15 S ec  

M A T E R IA L  SH E E T : 1

C Y C L E  TIM E: 40 S ec

D IST A N C E  OF FO R M  FR O M  
P L A T F O R M : 6 in

O T H E R  C O M M EN TS: N ot hot  
e n o u g h .

A v e r a g e  T h ic k n e s s :  .0 2 4  in
A v e r a g e  C u rv a tu re :  . 035 in
T h ic k n e s s  S tan d ard  D ev ia t ion :  
C u r v a tu r e  S tandard  D ev ia t ion :

0041 in  
0018 in

PO IN T

1
2
3
4
5
6
7
8 
9

10
11
12
13
14
15
16
17
18
19
20 
21 
22
23
24
25

THICKNESS C U R V A T U R E  
3 —in  x  10"3 in  x

30 27
28 35
29 36
29 35
29 35
29 35
29 36
29 36
28 36
24 34
23 35
24 34
24 35
24 35
23 35
22 34
22 35
18 35
19 35
20 35
20 35
19 34
20 37
19 34
19 36
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FORMING TECHNIQUE DATA SHEET

TEST: 5 C Y C L E  TIME: 120 S e c

P E R  C E N T  ON: 50% 

V A C U U M  TIME: A bt 5 S ec  

SE T  TIME: A bt 15 S ec  

M A T E R IA L  SH E E T : 1

D IST A N C E  O F F O R M  FR O M  
P L A T F O R M : 6 in

O T H E R  CO M M EN TS: T o o  h o t ,  
h o le s  on e d g e .

A v e r a g e  T h ic k n e s s :  .0 2 4  in
A v e r a g e  C u rvatu re :  . 035 in
T h ic k n e s s  S tan d ard  D ev ia tion :  
C u r v a tu r e  S tan dard  D ev ia t io n :

0043 in  
0018 in

PO IN T THICKNESS  
in  x  1 0 ‘ 5

C U R V A T U R E  
in  x  1 0 “^

1 30 28
2 29 36
3 29 36
4 29 36
5 29 36
6 28 36
7 28 35
8 30 35
9 29 35

10 24 35
11 23 34
12 22 34
13 22 34
14 22 36
15 24 36
16 25 36
17 25 37
18 20 35
19 20 34
20 19 35
21 18 36
22 18 36
23 19 36
24 18 38
25 18 36
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TEST: 6

FORMING TECHNIQUE DATA SHEET

C Y C L E  TIME: 60 S ec

P E R  C E N T  ON: 50% 

V A C U U M  TIME: A bt 5 S e c  

SE T  TIM E: A bt 15 S ec  

M A T E R IA L  SH E E T : 1

D IST A N C E  O F FO R M  FR O M  
P L A T F O R M : 6 in

O T H E R  C O M M EN TS: N o t  a  
s h a r p  e d g e .

A v e r a g e  T h ic k n e s s :  . 023 in  
A v e r a g e  C u rvature:  .0 3 5  in  
T h ic k n e s s  S tan dard  D ev ia t ion :  
C u r v a tu r e  S tan d ard  D ev ia t io n :

,0043  in
0020  in

PO IN T THICKNESS
in  x  10~3

C U R V A T U R E  
in  x  10-^

1
2
3
4
5
6
7
8 
9

10
11
12
13
14
15
16
17
18
19
20 
21 
22
23
24
25

29
28
28
28
28
28
27
29
27
23
22
21
22
22
23
24 
23 
18
8
8

7
7
8

27
35
36
37
38 
37
37 
36 
36 
36 
35
34
35
36
35
36
34
38
35
36 
35
34
35 
35 
35



FORMING TECHNIQUE DATA SHEET
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TEST: 7 C Y C L E  TIME: 30 S e c

P E R  C E N T  ON: 85% 

V A C U U M  TIME: A bt 5 S ec  

SE T  TIM E: A bt 15 S ec  

M A T E R IA L  SH E E T : 1

D IST A N C E  O F FO R M  FR O M  
P L A T F O R M : 6 in

O T H E R  C O M M EN TS: N ot a 
s h a r p  e d g e .

PO INT

A v e r a g e  T h ic k n e s s :  . 023 in
A v e r a g e  C urvature:  .0 3 5  in
T h ic k n e s s  S tandard  D ev ia tion :  
C u r v a tu r e  S tan d ard  D ev ia tion :

THICKNESS  
in  x  10"^

0043 in  
0018 in

C U R V A T U R E  
in  x  1 0 “ ^

1
2
3
4
5
6
7
8 
9

10
11
12
13
14
15
16
17
18
19
20  
21 
22
23
24
25

29
28
28
28
28
27
27
27
28
23
24 
24 
23 
22 
21 
21 
22 
.8

7
7
7

28
36
36
36
36
36
37 
37 
37 
35
35
36
34
35 
34 
34
34
35 
35
35
36 
36 
34 
33 
36
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TEST: 8

FORMING TECHNIQUE DATA SHEET

C Y C L E  TIME: 80 S e c

P E R  C E N T  ON: 50% 

V A C U U M  TIME: A bt 5 S ec  

SE T  TIME: A bt 15 S ec  

M A T E R IA L  SH E E T : 1

D IST A N C E  O F FO RM  FR O M  
P L A T F O R M : 6 in

O T H E R  C O M M ENTS: T oo  h o t ,  
h o le s  on e d g e .

PO INT

A v e r a g e  T h ic k n e s s :  . 023 in
A v e r a g e  C urvature:  .0 3 5  in
T h ic k n e s s  S tan dard  D ev ia t io n :  
C u r v a tu r e  S tan dard  D ev ia tion :

THICKNESS

0047 in  
0019 in

C U R V A T U R E

1 29 27
2 29 36
3 29 37
4 28 35
5 29 36
6 30 37
7 29 36
8 28 37
9 29 37

10 24 36
11 23 36
12 23 34
13 24 34
14 23 35
15 23 35
16 22 34
17 23 35
18 18 36
19 17 35
20 18 35
21 • 19 35
22 17 35
23 17 35
24 17 34
25 18 37
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FORMING TECHNIQUE DATA SHEET

TEST: 9

P E R  C E N T  ON: 35% 

V A C U U M  TIME: A bt 5 S ec  

SE T  TIME: A bt 15 S ec  

M A T E R IA L  SH E E T : 1

C Y C L E  TIME: 30 S e c

D IST A N C E  O F FO RM  FR O M  
P L A T F O R M : 6 in

O T H E R  COM M ENTS: E d g e s  
n ot s h a r p .

A v e r a g e  T h ic k n e s s :  .0 2 5  in
A v e r a g e  C urvature:  . 035 in
T h ic k n e s s  S tan d ard  D ev ia tion :  
C u r v a tu r e  S tan d ard  D ev ia tion :

0039 in  
0019 in

PO IN T THICKNESS C U R V A T U R E
in  x l O"  3 in  x 1 0 - - 5

1
2
3
4
5
6
7
8 
9

10
11
12
13
14
15
16
17
18
19
20 
21 
22
23
24
25

31
30
30
29
30 
29 
29 
29 
29
24
25 
24 
24 
24 
24  
24 
24 
20 
20 
20 
20 
21 
20 
20 
21

27
35
35
36 
36
35
36
35
36
35
36 
35 
35 
35 
34
34
35 
38
36
37 
37 
35
34
35 
35
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FORMING TECHNIQUE DATA SHEET

TEST: 10 C Y C L E  TIME:

P E R  C E N T  ON:

V A C U U M  TIME:

SE T  TIME:

D IST A N C E  O F FO R M  FR O M  
P L A T F O R M :

O T H E R  C O M M EN TS: U n fo r m e d  
f la t  d i s k .

M A T E R IA L  SH E E T : 2

A v e r a g e  T h ic k n e s s :  . 0314  in
A v e r a g e  C urvature:
T h ic k n e s s  S tan d ard  D ev ia t io n :  
C u r v a tu r e  S tan d ard  D ev ia t io n :

0005 in

PO IN T THICKNESS  
in  x  10"^

C U R V A T U R E
in  x  lO-^

1
2
3
4
5
6
7
8 
9

10
11
12
13
14
15
16
17
18
19
20 
21 
22
23
24
25

32
32
32
31
31
31
31
32 
32 
32 
32 
31 
31
31
32 
32 
31
31
32 
31 
31 
31 
31 
31 
31

N o t  M e a s u r e d
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TEST: 11

P E R  C E N T  ON: 40% 

V A C U U M  TIM E: A bt 5 S ec  

SET TIME: A bt 10 S ec  

M A T E R IA L  SH E E T : 2

FORMING TECHNIQUE DATA SHEET

C Y C L E  TIME: 30 S e c

D IST A N C E  OF FO R M  FR O M  
P L A T F O R M : 6 in

O T H E R  COM M ENTS: R im  ad ded ,  
p la s t e r  added  to t o p , not  
enough  v a c u u m .

PO IN T

A v e r a g e  T h ic k n e s s :  . 025 in
A v e r a g e  C u rvature:  ,0 3 3  in
T h ic k n e s s  S tan d ard  D ev ia tion :  
C u r v a tu r e  S tan dard  D ev ia tion :

THICKNESS  
in  x  10-^

0045 in  
0032 in

C U R V A T U R E  
in  x  10"3

1 31 33
2 29 26
3 31 30
4 29 32
5 26 33
6 28 28
7 29 26
8 29 31
9 29 27

10 24 36
11 24 34
12 23 35
13 23 34
14 25 35
15 25 36
16 26 36
17 25 35
18 19 36
19 20 34
20 19 36
21 18 34
22 18 36
23 19 . 34
24 18 34
25 18 35
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FORMING TECHNIQUE DATA SHEET

T E ST : 12 C Y C L E  TIME: 30 S ec

P E R  C E N T  ON: 30%

V A C U U M  TIME: A bt 5 S e c

SE T  TIM E: A bt 10 S ec

M A T E R IA L  SH E E T : 2

A v e r a g e  T h ic k n e s s :  . 023 in
A v e r a g e  C u rvatu re :
T h ic k n e s s  S tan dard  D ev ia t io n :  . 0040  in
C u r v a tu r e  S tan dard  D ev ia t io n :

PO IN T , THICKNESS C U R V A T U R E
in  x  10 " ^

1 30 N o t  M e a s u r e d
2 28
3 26 "
4 27 "
5 28
6 28
7 27 "
8 27 "
9 27 "

10 24
11 24 "
12 23 "
13 25
14 22 "
15 23 "
16 24 "
17 25
18 17 "
19 19 "
20 19 "
21 18
22 18 "
23 19 "
24 18 "
25 18 "

D IST A N C E  O F FO R M  FR O M  
P L A T F O R M : 6 in

O T H E R  C O M M EN TS: H o le s  in  
p la te  m a d e  l a r g e r , ed ge  
did  not h o ld .  '



FORMING TECHNIQUE DATA SHEET

TEST: 13

P E R  C E N T  ON: 50% 

V A C U U M  TIME: A bt 5 S ec  

SE T  TIM E: A bt 10 S ec  

M A T E R IA L  SH E E T : 2

C Y C L E  TIME: 80 S ec

D IST A N C E  O F FO R M  FR O M  
P L A T F O R M : 5 . 7 5  in

O T H E R  C O M M ENTS: T h is  w a s  
r e h e a te d  and d e v e lo p e d  a  
h o le  in  the e d g e .

A v e r a g e  T h ic k n e s s :  .0 2 4  in
A v e r a g e  C u rvatu re:  .0 3 3  in
T h ic k n e s s  S tan d ard  D ev ia t ion :  
C u r v a tu r e  S tan dard  D ev ia t ion :

0035 in  
0026 in

PO IN T THICKNESS  
in  x  10"^

C U R V A T U R E  
in  x  10"-’

1 27 32
2 28 30
3 29 32
4 28 30
5 29 30
6 28 30
7 28 30
8 28 29
9 29 29

10 24 35
11 26 37
12 23 35
13 23 34
14 23 34
15 24 34
16 25 35
17 24 35
18 20 36
19 20 36
20 19 36
21 20 35
22 20 34
23 20 35
24 20 36
25 • 20 36
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TEST: 14

P E R  C E N T  ON: 40% 

V A C U U M  TIME: A bt 5 S e c  

SET TIME: A bt 10 S ec  

M A T E R IA L  SH E E T : 2

FORMING TECHNIQUE DATA SHEET

C Y C L E  TIM E: 40 S e c

D IST A N C E  OF FO R M  FR O M  
P L A T F O R M : 6 . 2 5  in

O T H E R  C O M M ENTS: V a c u u m  
a p p lied  q u ic k ly .  S t i l l  not  
a sh a rp  e d g e .

PO IN T

A v e r a g e  T h ic k n e s s :  .0 2 3  in
A v e r a g e  C u rvature:  .0 3 2  in
T h ic k n e s s  S tan dard  D ev ia t ion :  
C u r v a tu r e  S tan dard  D ev ia t ion :

THICKNESS  
in  x  10"^

0042 in  
0028 in

C U R V A T U R E  
in  x  10 “

1 29 32
2 27 27
3 27 26
4 26 29
5 26 28
6 28 28
7 28 29
8 28 30
9 28 31

10 23 34
11 24 34
12 24 34
13 24 34
14 24 34
15 23 34
16 23 33
17 22 33
18 18 35
19 17 34
20 17 34
21 17 34
22 16 36
23 17 35
24 18 34
25 18 34
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FORMING TECHNIQUE DATA SHEET

TEST: 15 C Y C L E  TIME: 40 S ec

P E R  C E N T  ON: 40% 

V A C U U M  TIME: A bt 5 S ec  

SE T  TIME: A bt 10 S ec  

M A T E R IA L  SH E E T : 2

D IST A N C E  O F FO RM  FR O M  
P L A T F O R M : 6 . 3 in

O T H E R  C OM M ENTS: H um p at  
top  sa n d e d ,  n o t  a sh a r p  
e d g e .

A v e r a g e  T h ic k n e s s :  . 02 3 in
A v e r a g e  C u rvatu re:  . 033 in
T h ic k n e s s  S tan d ard  D ev ia t io n :  
C u r v a tu r e  S tan dard  D ev ia tion :

0048  in  
0032 in

PO IN T THICKNESS  
in  x  1 0 ”^

C U R V A T U R E  
in  x  10 - ̂

1
2
3
4
5
6
7
8 
9

10
11
12
13
14
15
16
17
18
19
20 
21 
22
23
24
25

29
29
28
29
28
28
28
29
28
22
24
24
24
24
23
24 
23 
18 
17 
17 
17 
17 
16 
17 
17

34
35 
35 
28  
25 
24  
27 
35 
35
34
35
34
35 
35 
35 
34
33
34
33
34
33
34
35 
35 
34



FORMING TECHNIQUE DATA SHEET
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T E ST : 16 C Y C L E  TIME: 80 S ec

P E R  C E N T  ON: 40% D IST A N C E  O F FO R M  FR O M
P L A T F O R M : 5 . 32 in

V A C U U M  TIME: A bt 5 S e c
O T H E R  CO M M EN TS: S i l i c o n e  

S E T  TIM E: A bt 10 S ec  h e lp e d  a l i t t l e  in  r e l e a s e ;  i t
w a s  r e h e a te d  s in c e  f i r s t  

M A T E R IA L  SH E E T : 2 fo r m in g  w a s  not a sh a r p  e d g e .

A v e r a g e  T h ic k n e s s :  . 025 in
A v e r a g e  C u rvatu re:  . 033 in
T h ic k n e s s  S tandard  D ev ia tion :  . 0028 in
C u r v a tu r e  S tan dard  D ev ia t ion :  .0 0 3 0  in

PO IN T THICKNESS C U R V A T U R E
in  x  1 0 ”  ̂ in  x  1 0 “8

1 28 32
2 28 33
3 28 26
4 27 26
5 28 26
6 29 33
7 29 35
8 29 36
9 29 35

10 25 34
11 26 34
12 26 35
13 26 35
14 24 35
15 24 34
16 24 33
17 24 34
18 22 34
19 22 33
20 22 35
21 22 34
22 21 36
23 22 36
24 22 36
25 22 35
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FORMING TECHNIQUE DATA SHEET

TEST: 17-25

P E R  C E N T  ON: 30% 

V A C U U M  TIM E: 5 S e c  

SE T  TIM E: A bt 15 S ec  

M A T E R IA L  SH E E T : 2

C Y C L E  TIME: R e h e a te d  240 S ec

D IST A N C E  O F FO R M  FR O M  
P L A T F O R M : 6 . 2 5

O T H E R  C O M M ENTS: S t i l l  n o t  
a sh a rp  e d g e .

A v e r a g e  T h ic k n e s s :  . 026 in  
A v e r a g e  C u rv a tu re :  . 034  in  
T h ic k n e s s  S tan d ard  D ev ia t ion :  
C u r v a tu r e  S tan dard  D ev ia t ion :

.0 0 4 3  in  

.0 0 1 6  in

PO IN T THICKNESS  
in  x  1 0 “^

C U R V A T U R E  
in  x  10 -  ̂

1
2
3
4
5
6
7
8 
9

10
11
12
13
14
15
16
17
18
19
20 
21 
22
23
24
25

32
30
31 
30 
30 
30 
30 
30 
30
25
26 
28 
26 
26 
25
24
25 
21 
19
19 
21
20 
20 
20 
21

27
34
34 
33
35 
35 
35 
35 
35
33
34
35 
34
33
34 
34 
34 
34 
33 
33
33
34
33
34 
34
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FORMING TECHNIQUE DATA SHEET

C Y C L E  TIME: 60 S e c

D IST A N C E  O F F O R M  FR O M  
P L A T F O R M : 5 . 6  in

O T H E R  C O M M ENTS: R e h e a te d ,  
ch an g in g  a m ou n t of h e a t  on  
and p la te  h e ig h t .  H o le s  d e ­
v e lo p e d  on e d g e .

A v e r a g e  T h ic k n e s s :  .0 2 7  in
A v e r a g e  C u rv a tu re :  .0 3 5  in
T h ic k n e s s  S tan d ard  D ev ia t io n :  .0 0 2 7  in
C u r v a tu r e  S tan dard  D ev ia t ion :  .0 0 1 4  in

T E ST : 2 6 -2 8  

P E R  C E N T  ON: 60% 

V A C U U M  TIME: A bt 5 S e c  

S E T  TIME: A bt 10 S ec  

M A T E R IA L  SH E E T : 2

PO IN T THICKNESS C U R V A T U R E
in  x  lO"^ in  x  10*%

1 30 32
2 29 36
3 30 37
4 30 37
5 . 30 37
6 29 37
7 30 35
8 30 36
9 29 35

10 25 35
11 24 34
12 22 34
13 24 34
14 26 34
15 25 36
16 25 35
17 25 36
18
19
20 
21 
22
23
24
25
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FORMING TECHNIQUE DATA SHEET

TEST: 29

P E R  C E N T  ON: 60% 

V A C U U M  TIME: A bt 5 S e c  

SE T  TIME: A bt 10 S ec  

M A T E R IA L  SH E E T : 2

C Y C L E  TIME: 40 S ec

D IST A N C E  O F F O R M  FR O M  
P L A T F O R M : 5 . 6  in

O T H E R  COM M ENTS: H o le  on  
ed ge  but fo r m in g  c o m p l e t e .

A v e r a g e  T h ic k n e s s :  . 026 in
A v e r a g e  C urvature:  . 035 in
T h ic k n e s s  S tandard  D ev ia t io n :  .0 0 4 2  in
C u r v a tu r e  S tandard  D ev ia t ion :  . 0008 in

PO IN T THICKNESS  
in  x  10--4

C U R V A T U R E
in  x 10" 3

1 30 33
2 30 35
3 29 36
4 30 36
5 30 36
6 30 36
7 30 35
8 31 35
9 30 35

10 25 34
11 24 35
12 23 35
13 24 34
14 26 34
15 25 34
16 26 35
17 26 34
18 21 36
19 21 35
20 19 36
21 20 35
22 20 35
23 21 35
24 20 34
25 20 34
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T E ST : 3 0 -3 1  

P E R  C ENT ON: 60% 

V A C U U M  TIME: A bt 5 S e c  

SE T  TIME: A bt 10 S ec  

M A T E R IA L  SH E E T : 2

FORMING TECHNIQUE DATA SHEET

C Y C L E  TIME: 60 S e c

D IST A N C E  O F FO R M  FR O M  
P L A T F O R M : 5 . 8 in

O T H E R  C O M M ENTS: F r a m e  
m o v e d  on # 3 0  s o  r e h e a te d .  
E d ge  h o le s  c a u s e d  i n c o m ­
p le te  f o r m i n g .

A v e r a g e  T h ic k n e s s :  . 027 in
A v e r a g e  C urvature:  .0 3 5  in
T h ic k n e s s  S tan dard  D ev ia tion :  
C u r v a tu r e  S tan dard  D ev ia t io n :

0030 in  
0009 in

PO IN T THICKNESS  
in  x  10 "3

C U R V A T U R E  
in  x l 0 - 3

1
2
3
4
5
6
7
8 
9

10
11
12
13
14
15
16
17
18
19
20 
21 
22
23
24
25

30
29
30 
30
29
30 
28 
29 
29 
24  
23
23
24  
24
23
24  
23

35
36
37 
36
36
37 
36 
36 
35 
35 
35 
35
34
35 
35
34
35
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T E ST : 3 2 -3 3  

P E R  C E N T  ON: 50% 

V A C U U M  TIM E: A bt 5 S e c  

SE T  TIME: A bt 10 S ec  

M A T E R IA L  SH E E T : 2

FORMING TECHNIQUE DATA SHEET

C Y C L E  TIME: 69 S e c

D IST A N C E  OF FO R M  FR O M  
P L A T F O R M : 6 in

O T H E R  C O M M ENTS: #32  r e ­
h e a te d  w ith  p la te  r a i s e d .  
H o le s  on  ed g e  o f  #33  c a u s e d  
in c o m p le te  f o r m in g .

18
19
20 
21 
22
23
24
25

A v e r a g e  T h ic k n e s s :  .0 2 7  in
A v e r a g e  C u rv a tu re :  .0 3 5  in
T h ic k n e s s  S tan d ard  D ev ia t io n :  .0 0 2 7  in
C u r v a tu r e  S tan d ard  D ev ia t io n :  .0 0 1 3  in

PO IN T THICKNESS C U R V A T U R E
i o - 4in  x  10 ~ 4 in  x

1 30 33
2 29 36
3 29 36
4 29 36
5 29 36
6 30 35
7 29 38
8 28 37
9 29 37

10 24 35
11 25 34
12 25 34
13 24 36
14 23 35
15 24 35
16 23 36
17 23 34
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FORMING TECHNIQUE DATA SHEET

TEST: 34

P E R  C E N T  ON: 50% 

V A C U U M  TIME: A bt 5 S e c  

SE T  TIME: A bt 10 S ec  

M A T E R IA L  SH E E T : 2

C Y C L E  TIME: 40 S e c

D IST A N C E  OF FO R M  FR O M  
P L A T F O R M : 6 in

O T H E R  CO M M EN TS: # 16
r e h e a te d ,  h o le s  in  e d g e .

A v e r a g e  T h ic k n e s s :  .0 2 4  in  
A v e r a g e  C urvature:  .0 3 6  in  
T h ic k n e s s  S tan d ard  D ev ia t ion :  
C u r v a tu r e  S tan dard  D ev ia tion :

0031 in  
0015 in

PO IN T THICKNESS  
in  x  10"^

C U R V A T U R E  
in  x  1 0 “^

1 
2 

- 3
4
5
6
7
8 
9

10
11
12
13
14
15
16
17
18
19
20  
21 
22
23
24
25

28
27
28 
29 
29 
28 
28 
29 
28 
23
23
24  
24  
24  
23 
23 
23  
21 
21 
21 
21 
20 
21 
22 
22

32
36
36
36
36
36
37 
37 
37
34
35 
35
35 
34  
34 
34  
34
36
37
37 
36 
34
38
36
37
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FORMING TECHNIQUE DATA SHEET

T E ST : 35 C Y C L E  TIME: 50 S ec

P E R  C E N T  ON: 50% D IST A N C E  O F F O R M  FR O M
P L A T F O R M : 6 . 2 5  in

V A C U U M  TIME: A bt 5 S e c
O T H E R  CO M M EN TS: #15  

SET TIM E: A bt 10 S ec  r e h e a te d .

M A T E R IA L  SH E E T : 2

A v e r a g e  T h ic k n e s s :  . 024  in
A v e r a g e  C u rv a tu re :  . 035 in
T h ic k n e s  s S tan dard  D ev ia t ion :  . 0043  in
C u r v a tu r e  S tan dard  D ev ia t io n :  . 0009 in

PO IN T  THICKNESS C U R V A T U R E
in  x  1 0 “3 in  x  1 0 “ ^

1 29 35
2 28 37
3 28 35
4 28 36
5 27 35
6 28 35
7 28 36
8 28 37
9 28 37

10 21 36
11 25 36
12 24 35
13 24 35
14 24 36
15 23 35
16 23 35
17 22 35
18 20 34
19 19 35
20 18 35
21 18 35
22 18 35
23 19 35
24 19 36
25 18 34
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TEST: 36

FORMING TECHNIQUE DATA SHEET

C Y C L E  TIME: 50 S e c

P E R  C E N T  ON: 50%

V A C U U M  TIME: 5 S ec  a f te r  
p la s t i c  d r a p e s

SE T  TIM E: A bt 10 S ec

M A T E R IA L  SH E E T : 2

D IST A N C E  OF FO R M  FR O M  
P L A T F O R M : 6 in

O T H E R  C O M M EN TS: #14 r e ­
h e a te d ,  hum p sa n d e d  s l i g h t l y . 
F o r m in g  lo o k e d  good  u n t i l  
h o le  fo r m e d  c a u s in g  a 
roun d in g  at e d g e .

PO IN T

A v e r a g e  T h ic k n e s s :  . 026 in
A v e r a g e  C urvature:  .0 3 4  in
T h ic k n e s s  S tan dard  D ev ia t ion :  
C u r v a tu r e  S tan dard  D ev ia t io n :

THICKNESS
in  x 1 0 -3

.0 0 2 5  in  

.0 0 2 1  in

C U R V A T U R E  
in  x  1 0 -3

1 26 27
2 28 35
3 28 34
4 28 33
5 28 34
6 28 36
7 28 36
8 28 37
9 28 36

10 23 33
11 24 34
12 24 35
13 24 35
14 23 35
15 22 34
16 22 34
17 22 34
18
19
20 
21 
22
23
24
25
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FORMING TECHNIQUE DATA SHEET

TEST: 37

P E R  C E N T  ON: 50%

V A C U U M  TIME: 10 S e c  -  A s
f r a m e  c o m e s  down

SET TIME: A bt 10 S ec

M A T E R IA L  SH E E T : 2

C Y C L E  TIME: 50 S ec

D IS T A N C E  OF FO R M  FR O M  
P L A T F O R M : 6 in

O T H E R  C OM M ENTS: #11 r e ­
fo r m e d .  It w a s  t ig h t  
b e fo r e  h o le  f o r m e d .

A v e r a g e  T h ic k n e s s :  . 025 in
A v e r a g e  C u rv a tu re:  . 035 in
T h ic k n e s s  S tan d ard  D ev ia t io n :  .0 0 4 1  in
C u r v a tu r e  S tan d ard  D ev ia t io n :  .0 0 1 1  in

PO IN T THICKNESS C U R V A T U R E
in  x  1 0 -4  in  x  1 0 “3

1 30 33
2 30 36
3 30 37
4 30 37
5 30 36
6 30 35
7 30 35
8 31 37
9 30 36

10 24 34
11 25 35
12 24 35
13 24 34
14 25 35
15 26 36
16 24 35
17 24 34
18 21 36
19 21 37
20 21 36
21 19 35
22 20 36
23 21 35
24 20 35
25 20 36
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FORMING TECHNIQUE DATA SHEET

TEST: 38 C Y C L E  TIME: 50 S e c

P E R  C E N T  ON: 40%

V A C U U M  TIME: 5 S e c  -  A f te r  
s h e l l  d r a p e s

SE T  TIM E: A bt 10 S e c

M A T E R IA L  SH E E T : 1

D IST A N C E  O F F O R M  FR O M  
P L A T F O R M : 5 . 3 3  in

O T H E R  CO M M EN TS: #9  r e ­
h e a te d ,  hum p sa n d e d  s l ig h t ly .  
H o le  in  ed g e  a g a in .

A v e r a g e  T h ic k n e s s :  . 026 in  
A v e r a g e  C u rvature:  .0 3 5  in  
T h ic k n e s s  S tan d ard  D ev ia tion :  
C u r v a tu r e  S tan dard  D ev ia t io n :

.0 0 2 7  in  

.0 0 1 4  in

PO IN T THICKNESS  
in  x  1 0 -J

C U R V A T U R E  
in  x  1 0 “^

1
2
3
4
5
6
7
8 
9

10
11
12
13
14
15
16
17
18
19
20 
21 
22
23
24
25

28
29
28
29
29
29
29
29
30 
24 
24 
23
23
24
24 
23
25

30
35
36 
36 
36 
36 
36 
35 
35 
35 
35
35
34
36 
36
35 
35
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FORMING TECHNIQUE DATA SHEET

TEST: 39

P E R  C E N T  ON: 40%

V A C U U M  TIME: A bt 10 S e c  - 
A s f r a m e  c o m e s  down

SE T  TIME: A bt 10 S ec

M A T E R IA L  SH E E T : 1

C Y C L E  TIME: 50 S e c

D IST A N C E  OF FO R M  FR O M  
P L A T F O R M : 5 . 3 3  in

O T H E R  C O M M ENTS: #7  r e ­
h e a te d  . L o o k ed  c l o s e  u n t il  
ed g e  h o le  d e v e l o p e d .

A v e r a g e  T h ic k n e s s :  . 024  in
A v e r a g e  C u rvatu re:  .0 3 4  in
T h ic k n e s s  S tan d ard  D ev ia t ion :  .0 0 3 2  in
C u r v a tu r e  S tan dard  D ev ia t ion :  .0 0 1 8  in

PO IN T  THICKNESS C U R V A T U R E
in  x  1 0 “ 3 in  x  1 0 ”^

1 27 28
2 29 35
3 28 34
4 28 35
5 28 36
6 28 36
7 28 35
8 . 27 36
9 28 35

10 24 34
11 25 35
12 25 35
13 24 35
14 23 33
15 23 32
16 22 32
17 23 33
18 21 33
19 20 35
20 21 35
21 20 36
22 20 35
23 20 36
24 20 34
25 21 35
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TEST: 40

P E R  C E N T  ON: 40%

V A C U U M  TIME: 1 S ec  as
fr a m e  c o m e s  down

S E T  TIM E: A bt 10 S ec

M A T E R IA L  SH E E T : 1

FORMING TECHNIQUE DATA SHEET

C Y C L E  TIME: 50 S e c

D IS T A N C E  OF FO R M  FR O M  
P L A T F O R M : 5 . 3 3  in

O T H E R  CO M M EN TS: #6  r e ­
h e a te d ,  hum p sa n d e d  
a g a i n .

A v e r a g e  T h ic k n e s s :  . 024  in
A v e r a g e  C urvature:  . 035 in
T h ic k n e s s  S tan dard  D ev ia t ion :  
C u r v a tu r e  S tandard  D ev ia tion :

0031 in  
0015 in

PO INT

1
2
3
4
5
6
7
8 
9

10
11
12
13
14
15
16
17
18
19
20 
21 
22
23
24
25

THICKNESS  
in  x  1 0 " 3

25
27
28
27
28 
28
26 
28 
26 
26 
25 
25 
25
25
26 
26 
26 
20 
20 
20 
20 
20 
20 
20 
20

C U R V A T U R E  
in  x 10"^

29
34
36
37
35 
35 
35
34
33
35
34
34 

• 34
33
35 
35 
35 
35
35
36
35
36 
35
34 
34
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TEST: 41

FORMING TECHNIQUE DATA SHEET

C Y C L E  TIME: 50 S e c

P E R  C E N T  ON: 50%

V A C U U M  TIME: 1 S e c  a f te r
i t  d r a p e s

S E T  TIME: 10 S e c

M A T E R IA L  SH E E T : 1

D IST A N C E  O F FO RM  FR O M  
P L A T F O R M : 6 in

O T H E R  C O M M EN TS: # 4  r e ­
h e a te d .  H o le  in  e d g e .

A v e r a g e  T h ic k n e s s :  .0 2 7  in
A v e r a g e  C u rvatu re:  . 035 in
T h ic k n e s s  S tandard  D ev ia t ion :  
C u r v a tu r e  S tan dard  D ev ia t ion :

0019 in  
0008 in

PO INT THICKNESS  
in  x  1 0 “^

C U R V A T U R E
in  x 1 0 -3

1 29 37
2 29 36
3 29 35
4 28 34
5 27 35
6 29 34
7 28 35
8 29 35
9 29 34

10 25 35
11 24 34
12 25 34
13 25 35
14 26 35
15 26 35
16 25 36
17 24 35
18 19
19 20
20 20
21 20
22 19
23 19
24 19
25 19
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FORMING TECHNIQUE DATA SHEET

T E ST : 42 C Y C L E  TIME: 60 S e c

P E R  C E N T  ON: 35% D IS T A N C E  OF F O R M  FR O M
P L A T F O R M : 5 . 3 3  in

V A C U U M  TIM E: 2 S ec  a s
fr a m e  c o m e s  down O T H E R  C O M M EN TS: R e h e a te d

SE T  TIM E: A bt 15 S ec

M A T E R IA L  SH E E T : 3

A v e r a g e  T h ic k n e s s :  .0 2 8  in
A v e r a g e  C u rvatu re :  .0 3 5  in
T h ic k n e s s  S tan d ard  D ev ia t io n :  .0 031  in
C u r v a tu r e  S tan d ard  D ev ia t io n :  .0 0 1 6  in

PO IN T THICKNESS C U R V A T U R E
in  x  1 0 -  ̂ in  x  10--*

1 32 29
2 31 36
3 32 36
4 32 35
5 33 36
6 31 35
7 32 36
8 32 36
9 33 36

10 27 34
11 28 35
12 28 35
13 29 35
14 29 35
15 29 35
16 28 34
17 27 33
18 25 36
19 24 38
20 25 35
21 24 33
22 25 35
23 25 35
24 25 37
25 25 35
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FORMING TECHNIQUE DATA SHEET

TEST: 4 3 -4 4 C Y C L E  TIME: 60 S e c

P E R  C E N T  ON: 50%

V A C U U M  TIM E: 5 S ec  as  
f r a m e  c o m e s  dow n

D IST A N C E  OF FO R M  FR O M  
P L A T F O R M : 5 . 3 3  in

O T H E R  C OM M ENTS: R e h e a te d

SE T  TIM E: A bt 15 S ec

M A T E R IA L  SH E E T : 3

A v e r a g e  T h ic k n e s s :  . 027 in  
A v e r a g e  C u rvature:  .0 3 5  in  
T h ic k n e s s  S tan dard  D ev ia t io n :  
C u r v a tu r e  S tan dard  D ev ia tion :

0032 in  
0013 in

PO IN T

1
2
3
4
5
6
7
8 
9

10
11
12
13
14
15
16
17
18
19
20 
21 
22
23
24
25

THICKNESS C U R V A T U R E  
r 3 ~X 10-% in  x

30 32
31 36
31 36
31 36
32 36
31 36
31 36
30 36
31 36
26 33
26 33
26 34
25 33
27 34
26 33
26 34
26 34
23 36
22 34
23 35
23 35
25 37
24 36
23 35
25 36
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FO RM ING TEC H N IQ U E D A T A  SH E E T  

T E S T : . 45 C Y C L E  TIME: 50 S e c

P E R  C E N T  ON: 35%

V A C U U M  TIME: 5 S e c  as  
f r a m e  c o m e s  down

SE T  TIME: A b t  15 S ec

M A T E R IA L  SH E E T : 3

D IST A N C E  O F FO R M  F R O M  
P L A T F O R M : 5 . 3 3  in

O T H E R  C O M M ENTS: L o s s  of  
a ir  due to im p r o p e r  a d ­
j u s tm e n t .

A v e r a g e  T h ic k n e s s :  . 026 in
A v e r a g e  C urvature:  .0 3 4  in

. T h ic k n e s s  S tan dard  D ev ia t io n :  . 0036 in
C u r v a tu r e  S tan d ard  D ev ia t io n :  .0 0 1 9  in

PO IN T THICKNESS C U R V A T U R E
in  x  10"3 in  x  1 0 ”^

1 29 27
2 30 36
3 31 36
4 31 36
5 30 35
6 30 34
7 30 34
8 32 35
9 30 35

10 25 33
11 24 32
12 26 32
13 26 33
14 27 34
15 26 34
16 26 34
17 25 33
18 21 35
19 21 36
20 21 35
21 22 36
22 24 34
23 23 33
24 22 35
25 22 35



A PPE N D IX  D

T h is  s e c t io n  co n ta in s  the  r e s u l t s  of the b u ck lin g  t e s t s  for  

e a c h  of the s h e l l  ty p e s  . T h e  d e s c r ip t io n  of  the t e s t in g  i s  in  

C h ap ter  T h r e e  „ T h is  s e c t io n  in c lu d e s  the b u ck lin g  p r e s s u r e  and 

v o lu m e  ch a n g e  for  e a c h  s h e l l  t e s t e d .
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BUCKLING TEST DATA SHEET
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Shape: I Sheet: 5 R is e :  3 . 5 1  in .

S h e l l  B u c k lin g  P r e s s u r e  R adius  o f  C u r v a tu r e  T h ic k n e s s  V o l .  C hange  
N u m b e r  p in  p s i_______  R in  in c h e s  t in  in .  V in  i n . ^

1 5 .1 3 . 6 0 . 0 2 3 -

2 5 . 0 3 . 4 1 . 0 2 3 -

3 4 . 0 3 . 5 0 . 0 2 2 -

4 5 . 0 3 . 4 1 . 0 2 4 -

5 3 . 6 3 . 7 0 . 0 2 3 -

6 4 . 8 3 . 7 0 . 0 2 3 -

7 4 . 3 3.  60 . 0 2 4 -

8 3 . 9 3 . 6 0 . 021 2 . 5

9 3 . 7 3 . 6 0 . 0 2 0 1 . 4

10 - - - -

11 .



BUCKLING TEST DATA SHEET
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Shape: I Sheet: 6 R ise: 3 .5 1  in .

S h e l l  B u ck lin g  P r e s s u r e  R adiu s  of C u r v a tu r e  T h ic k n e s s  V o l .  C han ge  
N u m b e r  ______p in  p s i______  R in  in c h e s  t i n  in .  V in  i n .

1 4 . 4 3 . 4 1 . 025 -

2 5 . 3 3 . 5 0 .0 2 4 2 . 8

3 4 . 7 3 . 5 0 . 0 2 5 2 . 8

4 5 . 3 3 . 5 0 . 0 2 4 4 . 4

5 5 . 0 3 . 5 0 . 0 2 4 -

6 5 . 2 3 . 5 0 . 025 3 . 8

7 5 . 1 3 . 7 0 . 0 2 4 3 . 3

8 5 . 1 3 . 5 0 . 026 -

9 ; 4 . 5 3 . 5 0 . 025 -

10 5 . 5 3 . 7 0 . 0 2 5 -

11
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BUCKLING TEST DATA SHEET

Shape: I Sheet: 7 R ise: 3 .5 1  in .

S h e l l  B u ck lin g  P r e s s u r e  R adius  o f  C u r v a tu r e  T h ic k n e s s  V o l .  C hange  
N u m b e r  p in  p s i_______  R in  in c h e s   t i n  in .  V in  i n . ^

1 6 .1 3 . 4 1 . 0 2 5 2 . 0

2 6 . 2 3 . 4 1 . 0 2 4 2 . 1

3 6 . 4 3 . 5 0 . 0 2 5 2 . 4

4 5 . 9 3 . 5 0 . 0 2 4 1 . 7

5 . 5 . 3 3 . 5 0 . 0 2 4 2 . 6

6 6 . 6 3 . 5 0 . 026 3 . 6

7 3 . 9 3 . 5 0 . 0 2 5 -

8 6 . 0 3 . 5 0 * 0 2 6 4 . 2

9 5 . 9 3 . 5 0 . 0 2 4 -

10 3 . 9 3 . 4 1 . 025 3 . 0

11 4 . 8 3 . 5 0 . 0 2 6



BUCKLING TEST DATA SHEET
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Shape: I Sheet: 8 R ise: 3 .5 1  in .

S h e l l  B u c k lin g  P r e s s u r e  R ad iu s  o f  C u r v a tu r e  T h ic k n e s s  V o l .  C han ge  
N u m b e r   p in  p s i_______ R iri in c h e s ______  t i n  in .  V in  i n . ^

1 6 . 4  3 . 5 0  . 0 2 4  2 . 1

2 6 . 0  3 . 5 0  . 025  2 . 0

3 6 . 4  3 . 5 0  . 0 2 6  2 . 1

4 5 . 7  3 . 4 1  . 0 2 5

5 4 . 5  3 . 4 1  . 0 2 4  1 . 6

6 6 . 0  3 . 5 0  . 025  2 . 3

7 6 . 3  3 . 5 0  . 0 2 5  2 . 0

8 5 . 2  3 . 5 0  . 0 2 3  3 , 9

9 6 . 2  3 . 4 1  . 0 2 6

10 5 . 7  3 . 4 1  . 0 2 5  3 . 1

11 6 . 4  3 . 5 0  . 0 2 5  4 . 8
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BUCKLING TEST DATA SHEET

Shape: I Sheet: 9 R ise : 3 . 5 1  i n .

S h e l l
N u m b e r

B u c k lin g  P r e s s u r e  
p in  p s i

R ad iu s  o f  C u r v a tu r e  
R in  in c h e s

T h ic k n e s s  
t i n  in .

V o l .  C hange  
V in  i n .

1 L e a k - - -

2 4 . 7 3 . 60 . 021 -

3 2 . 7 3 . 6 0 . 021 1 . 9

4 3 . 8 3 . 6 0 . 021 -

5 3 . 2 3 . 6 0 . 021 2 . 3

6 3 . 4 3 . 4 1 . 021 2 . 7

7 3 . 8 3 . 6 0 . 021 -

8 3 . 8 3 . 6 0 . 021 -

9 3 . 0 1 3 . 4 1 . 0 2 0 1 . 4

10 3 . 4 3 . 5 0 . 021 -

11 4 . 3 3 . 4 1 . 0 2 2 1 . 8
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BUCKLING TEST DATA SHEET

Shape: II Sheet: 10 R ise: 2 .6 5  in .

S h e l l  B u c k l in g  P r e s s u r e  R ad iu s  of C u r v a tu r e  T h ic k n e s s  V o l .  C hange  
N u m b e r  ______p in  p s i______ R in  in c h e s   t i n  in .  V in  i n . ^

1 L e a k - - -

2 3 . 4 3 . 9 6 . 0 2 3 -

3 4 . 1 3 . 9 7 . 0 2 4 -

4 4 . 5 3 . 6 0 . 0 2 4 -

5 3 . 6 3 . 9 6 . 0 2 3

6 4 . 1 3 . 6 0 . 0 2 4 2 . 6

7 4 . 7 3 . 9 7 . 0 2 4 “*

8 4 . 0 3 . 9 6 . 0 2 3 3 . 9

9 3 . 8 3 . 6 0 .0 2 4 3 .5

10 4 . 2 3 . 6 0 . 0 2 3 4 . 9

11 4 . 0 3 . 6 0  . . 0 2 4
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BU C K LIN G  T E ST  D A T A  SH E E T  

Shape: II Sheet:  11 R is e :  2 . 6 5  in .

S h e l l  B u c k lin g  P r e s s u r e  R ad iu s  o f  C u r v a tu r e  T h ic k n e s s  V o l .  C hange  
N u m b e r   p in  p s i_______  R in  in c h e s  t i n  in .  V in  in .

1 4 . 7 3 . 9 7 . 0 2 6 -

2 4 . 8 3 . 9 7 . 0 2 5 -

3 5 . 6  . 3 . 6 0 . 0 2 5 5 . 7

4 5 . 3 3 . 6 0 . 0 2 5 5 . 2

5 5 . 4 3 . 6 0 . 0 2 5 3 . 5

• 6 4 . 4 3 . 6 0 . 0 2 5 4 , 2

7 5 . 0 3 . 9 7 . 0 2 6 4 . 3

8 4 . 8 . 3 , 6 0 . 0 2 6 3 . 9

9 5 . 3 3 . 9 7 . 0 2 6 5 . 6

10 5 . 1 3 . 6 0 . 0 2 5 5 . 8

11 5 . 0 3 . 9 7 . 0 2 5



BUCKLING TEST DATA SHEET
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Shape: II Sheet: 12 R ise: 2 . 6 5  in.

S h e l l  B u ck lin g  P r e s s u r e  R adius  of C u r v a tu r e  T h ic k n e s s  V o l .  C hange  
N u m b e r  p in  p s i  R in  in c h e s   t i n  in .  V in  i n . ^

1 4 . 3  3 . 9 7  . 026  5 . 6

2 4 . 9  3 . 9 7  . 0 2 6  4 . 8

3 5 . 4  3 . 6 0  . 0 2 6

4 5 . 5  3 . 6 0  . 0 2 5

5 4 . 6  3 . 6 0  . 025  3 . 1

6 4 . 4  3 . 9 7  . 025  3 . 1

7 4 . 5  3 . 6 0  . 0 2 5  3 . 8

8 4 . 8  3 . 9 7  . 0 2 6  3 . 6

9 5 . 1  3 . 6 0  . 0 2 6  4 . 2

10 5 . 1  3 . 9 7  . 0 2 6

11 L e a k  - -



BUCKLING TEST DATA SHEET
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Shape: III Sheet: 13 R ise:  2 .1 2  in .

S h e l l  B u c k l in g  P r e s s u r e  R adius  of  C u r v a tu r e  T h i c k n e s s  V o l .  C hange  
N u m b e  r p in p s i ______  R in  i n c h e s  t i n  in .  V in i n . ^

1 4 . 6 4 .  34 . 0 2 8 3 .1

2 4 . 5 4 . 3 4 . 0 2 8 3 . 6

3 4 . 2 4 . 3 4 .0 2 7 3 . 5

4 4 . 1 4 . 2 0 . 0 2 7 4 . 1

5 4 . 7 4 . 3 4 . 0 2 8 4 . 6

6 4 . 6 4 .  34 .0 2 9 4 . 0

7 4 . 2 4 . 3 4 .0 2 7 4 . 0

8 4 . 4 4 . 2 0 . 0 2 8 4 . 5

9 4 . 9 4 . 2 0 .0 2 8 5 . 5

10 4 . 8 4 .  34 . 0 2 8 4 . 8

11 5 . 1 4 . 3 4 .0 2 7 4 . 6



BUCKLING TEST DATA SHEET
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Shape: III Sheet: 14 R ise:  2 .1 2  in .

S h e l l  B u c k l i n g  P r e s s u r e  R adius  o f  C u r v a t u r e  T h i c k n e s s  V o l .  C hange
N u m b e r   p in  p s i ______  R in  in c h e s _____ t i n  in .  V in  i n . ^

1 4 . 5 4 .  34 . 0 2 8 -

2 4 . 5 4 .  34 . 0 2 8 -

3 4 . 9 4 . 2 0 . 0 2 9 3 . 6

4 5 . 4 4 . 3 4 .0 2 9 3 . 6

5 4 . 3  , 4 . 2 0 . 0 2 8 3 . 7

6 5 . 4 4 . 2 0 .0 2 9 4 . 6

7 4 . 9 4 . 2 0 . 0 2 8 3 . 6

8 4 . 5 4 . 2 0 .0 2 7 3 . 9

9 4 . 7 4 . 2 0 . 0 2 8 -

10 4 . 9 3 . 9 4 . 0 2 9 3 . 9

11 5 . 0 3 . 9 4 . 0 2 9 3 . 8
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BU CK LING  T EST D A T A  S H E E T  

Shape: III Sheet:  15 R is e :  2 . 1 2  in .

S h e l l  B u c k l in g  P r e s s u r e  R adius  o f  C u r v a t u r e  T h i c k n e s s  V o l .  C hange  
N u m b e r  p in  p s i______  R in in c h e s   t i n  in .  V in  i n .

1 4 . 4 3 . 9 4 .0 2 7 4 . 2

2 4 . 9 4 . 2 0 .0 2 7 4 . 1

3 4 . 3 4 . 3 4 . 0 2 8 4 . 3

4 4 . 9 4 . 2 0 . 0 2 8 4 . 2

5 4 . 9 4 . 2 0 .0 2 7 -

6 4 . 9 4 . 2 0 .0 2 9 -

7 4 . 6 4 . 3 4 . 0 2 8 -

8 4 . 3 3 . 9 4 . 0 2 8 4 . 4

9 4 . 5 3 . 8 2 . 0 2 7 4 . 6

10 4 . 9 3 . 9 4 .0 2 7 3 . 4

11 4 . 3 4 .  34 . 0 2 8 3 . 6
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BUCKLING TEST DATA SHEET

Shape: IV Sheet: 16 R ise:  1 .5 3  i n .

S h e l l  B u ck l ing  P r e s s u r e  R adiu s  of C u r v a tu r e  T h i c k n e s s  V o l . Chai^ge 
N u m b e r   p in p s i _______ R in i n c h e s  t i n  in .  V in in .

1 3 . 3 5 . 4 6 .0 3 2 3 . 2

2 L e a k - - -

3 3 . 4 5 . 4 6 .0 3 2 3 . 9

4 3 . 4 5 . 2 4 . 0 3 3 3 . 3

5 3 . 2 5 . 4 6 .031 3 . 0

6 3 . 4 5 . 4 6 . 0 3 2 2 . 8

7 L e a k - - -

8 L e a k - - -

9 3 . 6 5 . 2 4 .031 -

10 3 . 1 5 . 4 6 . 0 3 0 3 . 6

11 3 . 4 5 . 4 6 .031 3 . 7
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BUCKLING TEST DATA SHEET

Shape: IV Sheet: 17 R ise: 1 .5 5  in .

S h e l l  B u c k l i n g  P r e s s u r e  R adius  o f  C u r v a t u r e  T h i c k n e s s  V o l .  C han ge  
N u m b e r  p in  p s i ________  R in  in c h e s   t i n  i n .  V in  in .

1 L e a k - -

2 3 . 3 5 . 2 4 . 0 3 2 4 . 5

3 3 . 3 5 . 2 4 .031 -

4 3 .1 5 . 4 6 . 0 3 2 -

5 3 . 3 5 . 2 4 . 0 3 0 3 . 8

6 3 . 2 5 . 2 4 . 0 3 0 -

7 3 . 1 5 . 2 4 . 0 3 0 -

8 3 . 3 5 . 2 4 . 0 3 0 2 . 2

9 3 . 3 5 . 2 4 .031 2 . 2

10 3 . 2 5 . 2 4 . 0 3 0 -

11 3 . 3 * 5 . 4 6 . 0 3 0 3 . 7
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BUCKLING TEST DATA SHEET

Shape: IV Sheet: 18 R ise:  1 .5 3  in .

S h e l l  B u c k l in g  P r e s s u r e  R adius  of  C u r v a tu r e  T h i c k n e s s  V o l .  C hange  
N u m b e  r p in  p s i _______  R in  in c h e s   t i n  i n .  V in  i n .

1 3 . 5 5 . 2 4 .031 2 . 4

2 3 . 2 5 . 2 4 .031 2 . 2

3 3 . 6 5 . 2 4 . 0 3 2 2 . 4

4 3 . 6 5 . 2 4 .031 -

5 3 . 5 5 . 4 6 .031 2 . 1

6 3 . 2 5 . 4 6 .031 2 . 1

7 3 . 2 5 . 2 4 .031 -

8 3 . 3 5 . 2 4 .0 3 1 2 . 0

9 3 . 4 5 . 4 6 .031 2 . 0

10 3 . 0 5 . 4 6 .031 3 . 8

11 2 . 8 5 . 2 4 . 0 3 0 3 . 5



BUCKLING TEST DATA SHEET
178

Shape: V Sheet: 19 R ise:  0 .9 6  in .

S h e l l  B u c k l in g  P r e s s u r e  R adiu s  o f  C u r v a t u r e  T h i c k n e s s  V o l .  C hange  
N u m b e r  p in  p s i _______  R in  i n c h e s  t i n  in .  V in  in .

1 1 . 1  9 . 6 4  .031  1 . 2

2 1 .1  9 . 6 4  .031  .9

3 1 . 0  9 . 6 4  . 0 3 0

4 1 .1  9 . 6 4  .0 3 1  1 .1

5 1 . 0  9 . 6 4  . 0 3 0  1 .1

6 1 . 0  9 . 6 4  . 0 3 0  .9

7 1 . 0  9 . 6 4  . 0 3 2  1 . 0

8 1 .1  9 . 6 4  .0 3 1  1 . 8

9 1 . 1  9 . 6 4  . 0 3 0

10 1 . 0  9 . 6 4  .031

11 1 . 0  9 . 6 4  . 0 3 3
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BUCKLING TEST DATA SHEET

Shape: V Sheet:  20 R ise: 0 .9 6  in.

S h e l l  B u c k l i n g  P r e s s u r e  R ad iu s  of  C u r v a t u r e  T h i c k n e s s  V o l .  C han ge  
N u m b e r  ___  p i n p s i ______  R in  in c h e s ______  t i n  i n .  V in i n .

1

2

3

4

5

6

7

8 

9

10

11

1

1

2

1

1

2

1

1

1

1

9 . 6 4

9 . 6 4

9 . 6 4

9 . 6 4

9 . 6 4

9 . 6 4

9 . 6 4

9 . 6 4

9 . 6 4

9 . 6 4

9 . 6 4

031

031

031

032  

030  

032

032

030

033

031

032

.9

1 . 2

. 9

1 . 0

1 . 0

1 . 0

1 . 4

1 . 0

.9
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BUCKLING TEST DATA SHEET

Shape: V Sheet: 21 R ise:  0 .9 6  in .

S h e l l  B u c k l in g  P r e s s u r e  R adius  of  C u r v a tu r e  T h i c k n e s s  V o l .  C hange  
N u m b e r  p in p s i _______  R in  in c h e s   t i n  in .  V in  i n . ^

1 1 . 0 9 . 6 4 . 0 3 3 1 . 7

2 1 .1 9 . 6 4 . 0 3 3 .9

3 1 .1 9 . 6 4 . 0 3 3 .9

4 1 .1 9 . 6 4 . 0 3 3 .9

5 1 .1 9 . 6 4 . 0 3 2 1 . 0

6 1 . 2 9 . 6 4 . 0 3 2 .9

7 1 .1 9 . 6 4 . 0 3 2 -

8 1 .1 9 . 6 4 . 0 3 2 .9

9 1 .1 9 . 6 4 . 0 3 2 1 . 2

10 1 .1 9 . 6 4 . 0 3 2 .9

11 L e a k



A PPEN D IX  E

T h is  s e c t i o n  co n ta in s  the  r e s u l t s  of  the p r e s  s u r e - v o l u m e  

r e a d i n g s  . The  data  s h e e t s  i n d ic a t e  the m e r c u r y  l e v e l  in  the  m a n ­

o m e t e r  fo r  a c o r r e s p o n d i n g  w a t e r  l e v e l  in  the w a t e r  c h a m b e r  for  

s h e l l s  w h e r e  t h e s e  q uant i t ie s  w e r e  r e c o r d e d .  Th e  m e r c u r y  l e v e l  

i s  r e l a t e d  to p r e s s u r e  and the  w a t e r  l e v e l  i s  r e l a t e d  to v o l u m e  

c h a n g e . The  c u r v e s  s h o w  the  p r e s s u r e - v o l u m e  r e l a t i o n  for  e a c h  

s h a p e .
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PR ESSU RE-V O LU M E DATA SHEET

Sh ell  N um ber 5 -5

W A T E R  L E V E L  
in  i n c h e s

. 5

-  2 . 0

3 . 0

4 . 0

5 . 0

6 . 0

8 . 0

8 . 3

M E R C U R Y  L E V E L  
 in  in c h e s _____

0

.7

1 . 3  .

1 . 7

2 . 3

2 . 8

3 . 5

3 . 5
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P R ESSU RE-V O LU M E DATA SHEET

S h e l l  N u m b e r  5 - 6

W A T E R  L E V E L  M E R C U R Y  L E V E L
 in  i n c h e s   in  in c h e s

. 4  . 1

1 . 0  . 3

2 . 0  .7

3 . 0  1 . 2

4 . 0  1 . 6

5 . 0  2 . 0

6 . 0  2 . 4

7 . 0  2 . 7

8 . 0  2 . 9

9 . 0  3 . 5

1 0 . 0  4 . 0

1 1 . 0  4 . 5

1 2 . 0  4 . 7

1 2 . 5  4 . 7
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PR ESSU RE-V O LU M E DATA SHEET

S h e l l  N u m b e r  6 - 6

W A T E R  L E V E L  M E R C U R Y  L E V E L
in i n c h e s  in  in c h e s

0 . 2

1 . 0  1 . 2

2 . 0  2 . 3

3 . 0  3 . 3

4 . 0  4 .5 '

4 . 9  5 . 2

S h e l l  N u m b e r  6 - 7

W A T E R  L E V E L  M E R C U R Y  L E V E L
in  i n c h e s  in_i n c h e s _____

0 . 1

1 . 0  1 . 5

2 . 0  2 . 5

3 . 0  3 . 6

4 . 0  4 . 9

4 . 2  5 . 1
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P R ESSU RE-V O LU M E DATA SHEET

S h ell  N um ber

W A T E R  L E V E L  
in  in c h e s

0

1 . 0  

2 . 0

3 . 0

4 . 0

5 . 0

6 . 0

6 . 3

S h e l l  N u m b e r

W A T E R  L E V E L  
 in  i n c h e s

.8

, 1 . 0  

2 . 0

3 . 0

4 . 0

5 . 0

5 . 4

1 0 - 1 0

M E R C U R Y  L E V E L  
in i n c h e s_____

. 4

1 . 7

2 . 6

2 . 8

3 . 3

3 . 6

4 . 0

4 . 1

10 - 11

M E R C U R Y  L E V E L  
 in  in c h e s ______

.  1

. 6

1 . 4

2 . 1

2 . 5

3 . 7

3 . 9
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PR ESSU RE-V O LU M E DATA SHEET

S h e l l  N u m b e r

W A T E R  L E V E L  
in  i n c h e s

0

1 . 0

2 . 0

3 . 0

4 . 0

5 . 0

6 . 0

7 . 0

7 . 4

S h e l l  N u m b e r

W A T E R  L E V E L  
in  in c h e s

0

1 . 0

2 . 0

3 . 0

4 . 0

5 . 0

6 . 0

7 . 0

8 . 0

8 . 7

1 1 - 1 0

M E R C U R Y  L E V E L  
 in  in c h e s ______

• 4

1 . 0

1 . 6

2 . 3

3 . 0

3 . 6

4 . 3

4 . 9

5 . 1

M E R C U R Y  L E V E L  
 in  i n c h e s _____

. 4

.9

1 . 4

1 . 9

2 . 4

3 . 0

3 . 6

4 . 1

4 . 7

5 . 0
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PR ESSU RE-V O LU M E DATA SHEET

S h e ll  N um ber

W A T E R  L E V E L  
in  in c h e s

0

1 . 0

2 . 0

3 . 0

4 . 0

5 . 0

6 . 0

7 . 0

8 . 0

9 . 0

9 . 6

S h e l l  N u m b e r

W A T E R  L E V E L  '
 in  in c h e s

0

1 . 0

2 . 0

3 . 0

4 . 0

7 . 0

12-10

M E R C U R Y  L E V E L  
in  i n c h e s

. 2

. 6

1 . 1

1 . 6

2 . 1

2 . 6

3 . 1

3 . 7

4 . 3

4 . 9

5 . 1

M E R C U R Y  L E V E L  
in  i n c h e s _______

.3  

1. 1

1 . 9

2 . 7

3 . 5

4 . 9



188

PRESSU RE-V O LU M E DATA SHEET

S h e l l  N u m b e r

W A T E R  L E V E L  
in  in c h e s

.1

1 . 0

2 . 0

3 . 0

4 . 0

5 . 0

6 . 7

S h e l l  N u m b e r

W A T E R  L E V E L  
in  i n c h e s

0

1 . 0

2 . 0

3 . 0

4 . 0

5 . 0

5 . 9

1 4 -9

M ER C UR Y  L E V E L  
_______in  in c h e s

.  1

. 7

1 . 5

2 . 2

3 . 0

3 . 7

4 . 6

M E R C U R Y  L E V E L  
 in  in c h e s _____

.2

1 . 1

1 . 9

2 . 7

3 . 4

4 . 0

4 . 4
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PRESSU RE - VOLUME DATA SHEET

S h ell  N um ber

W A T E R  L E V E L  
in  in c h e s

0

1 . 0

2 . 0

3 . 0

4 . 0

4 . 6

S h e l l  N u m b e r

W A T E R  L E V E L  
in  i n c h e s

0

1 . 0

2 . 0

3 . 0

4 . 0

4 . 7

M E R C U R Y  L E V E L  
______in  in c h e s

. 2

1 . 2

1 . 9

2. 6

2 . 9

3 . 0

1 6 - 1 1

M E R C U R Y  L E V E L  
in  in c h e s______

. 4

1 . 4

2 . 3

3 . 0

3 . 3

3 . 3



PR ESSU RE-V O LU M E DATA SHEET

1 9 0

S h e l l  N u m b e r

W A T E R  L E V E L  
in  in c h e s

.3

1 . 0

2 . 0

3 . 0

3 . 8

S h e l l  N u m b e r

W A T E R  L E V E L  
in in c h e s

0

1 . 0  

2 . 0

3 . 0

4 . 0

4 . 7

1 7 - 1 0

M E R C U R Y  L E V E L  
 in  in c h e s ______

.  1

1 . 0

2 . 0

2 . 8

3 . 1

17 -11

M E R C U R Y  L E V E L  
in  in c h e s ______

. 4

1 . 3

2 . 0

2 . 7

3 . 2

3 . 2
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P R ESSU RE-V O LU M E DATA SHEET

S h e l l  N u m b e r

W A T E R  L E V E L  
in in c h e s

0

1 . 0

2 . 0

3 . 0

4 . 0

4 . 8

S h e l l  N u m b e r

W A T E R  L E V E L  
in in c h e s

0

1 . 0

2 , 0

3 . 0

4 . 0

4 . 4

1 8 - 1 0

M E R C U R Y  L E V E L  
 in  in c h e s _____

. 4

1 . 0

1 . 6

2 . 2

2 . 7

2 . 9

1 8 -1 1

M E R C U R Y  L E V E L  
 in in c h e s _____

. 3

1 . 0  

1 . 6  

2 . 1

2 . 5

2 . 6
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/ / ___

/o

5 -6

-5-5

5J2o

F IG U R E  34

P r e s  su r e -V o lu m e  C u rves  for Shape I
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9

8 _ _

12-/0---- ll-(/
7__

5__

— 10-10 
IO-II

3 _ _

FIGURE 35

P r e s s u r e  - V olum e C urves for Shape II
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7  _ _

5  _ _

4 _ _

15- 9
3  __

2

/ __

FIGURE 36

P r e s  su r e -V o lu m e  C urves  for Shape III
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5_l

3 __

17- 11

2 _.

/

F IG U R E  37

P r e s  su r e -V o lu m e  C urves for Shape IV
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