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Abstract

Many viruses can produce multiple proteins from a single mRNA sequence by

encoding the proteins in overlapping genes. One mechanism that causes the ribosomes

of infected cells to decode both genes is −1 programmed ribosomal frameshifting. In

this process, structural elements of the viral mRNA signal the ribosome to shift

reading frames at a specific point. Although −1 frameshifting has been recognized

since 1985, the mechanism is not well understood. I have developed a stochastic model

of mRNA translation that includes the possibility of a −1 frameshift at any codon.

The transition probabilities between states of the model are based on the energetics of

local molecular interactions. The model reproduces observed translation rates as well

as both the location and efficiency of frameshift events in the HIV-1 gag-pol sequence.

In this work, the model is used to predict changes in the frameshift efficiency due to

mutations in the viral mRNA sequence or variations in relative tRNA abundances.

The model is sensitive to the size of the translating ribosome and to assumptions

about the unfolding pathway of the stimulatory structure. As knowledge in the field

of RNA structure prediction grows, that knowledge can be incorporated into the

model developed here to make improved predictions.

The single-ribosome translation model has been extended to polysomes by in-

cluding initiation and termination rates and an exclusion principle, and allowing the

stimulatory structure to refold on an appropriate timescale. The predicted frameshift

efficiency for a given mRNA can be tuned by varying the ribosome density on the

mRNA. This finding affects the interpretation of frameshift efficiencies measured in

the lab. In the parameter regime where translation is initiation-limited, the frameshift

efficiency also depends on the structure refolding rate, which determines the availabil-

ity of the downstream structure for stimulating −1 frameshifts. Furthermore, there

is a trade-off between frameshift efficiency and protein synthesis rate.
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Chapter 1

Introduction

Programmed ribosomal frameshifting (PRF) is a mechanism by which organisms

can express genes for multiple proteins that are encoded in overlapping sequences

of DNA or RNA. Many viruses employ a form of programmed frameshifting known

as −1 PRF, in which ribosomes shift backward by one base while translating the

viral RNA into proteins. Although the mechanism has been known since 1985 (Jacks

and Varmus, 1985), its details are not well understood. The study of programmed

frameshifting is scientifically interesting for the insights it can provide into aspects

of normal translation, such as frame maintenance: why doesn’t frameshifting happen

more often? We would also like to understand the mechanism of −1 PRF for practical

reasons because it is a critical part of replication for many viruses that directly affect

human health and agriculture. Examples include retroviruses such as human immun-

odeficiency virus (HIV); coronaviruses such as infectious bronchitis virus (IBV); and

viruses infecting crops such as beet western yellows virus (BWYV) and sugarcane yel-

low leaf virus (ScYLV). Finally, the ability to manipulate −1 PRF could be a boon

to synthetic biology by providing a means to encode desired proteins in overlapping

genes, thus shortening the DNA sequences required and reducing the cost of DNA

synthesis.

Previous models of protein synthesis have not accounted for frameshifting (Mac-

Donald et al., 1968; Heyd and Drew, 2003; Gilchrist and Wagner, 2006; Pienaar and

Viljoen, 2008; Shah et al., 2013), and most have been based on deterministic differ-

ential equations that give results averaged over large populations. However, at the

single-molecule level, the steps of protein translation and frameshifting are inherently

stochastic events. It is necessary to use a stochastic modeling approach in order to
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capture single-molecule interactions and the effects of rare events. In this dissertation,

I present a stochastic model of RNA translation that includes −1 PRF. I then use

the model to explore the plausibility of proposed physical means by which −1 PRF

may occur. The model reproduces typical translation rates and frameshift efficiencies

for the HIV-1 gag-pol gene and provides a framework for further exploration of the

effects of different elements in the translation system on −1 PRF.

This work was inspired by a 2008 paper by Cao and Chen in which the authors

presented a free energy landscape model for −1 PRF. Their results suggested that a

simple picture involving the free energies of only three local elements in the trans-

lating system could account for differences in observed frameshifting efficiencies from

different viruses. However, Cao and Chen’s model was static and could not provide

any information about the dynamics of translation with −1 PRF.

By contrast, the model that I have developed is dynamic and allows us to study

the timing of −1 PRF events during translation as well as their probabilities. The

dynamic approach is also needed to understand how interactions between ribosomes

affects −1 PRF, as discussed in Chapter 3. The model can be used to test the

importance of different aspects of the−1 PRF system, such as the size of the ribosome,

the unfolding pathway of structures in the RNA, the role of tension, and the timing of

−1 PRF within the translation cycle. Values for the model parameters can be made

more precise when more experimental data becomes available. The model framework

can also accommodate further details of −1 PRF in the future. This minimal model

is successful at capturing −1 PRF in HIV-1, but more details will be needed to

characterize −1 PRF in other viruses.

In the remainder of this chapter, I briefly describe what is known about −1 PRF

and outline the relevant biology, physics, chemistry, and mathematics background. I

describe the model and results for single ribosomes in Chapter 2. Chapter 3 presents

an extended model that accounts for multiple ribosomes acting in series. In Chapter

4, I discuss my conclusions and directions for future work. An extensive literature
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review is included in Appendix A.

1.1 Molecular Biology Background

All lifeforms on Earth, from the single-celled archaea and bacteria to complex

multicellular organisms, rely on proteins for most of their structure and biological

functions. Each of the hundreds of thousands of proteins used by life is a long un-

branched chain built from a set of only 22 amino acids. The information required to

synthesize each protein is encoded in genes, which are sequences of nucleotides within

molecules of DNA. Remarkably, every organism on Earth uses essentially the same

genetic code. Viruses, which are simply genetic material encased in a shell and which

must co-opt the translation machinery of their host cells in order to reproduce, also

employ the same genetic code.

As encapsulated in the central dogma of cellular biology, the process of protein

synthesis involves first transcribing the relevant section of DNA into a messenger RNA

(mRNA), translating the mRNA into a polypeptide chain of amino acids, and then

cleaving, splicing, and folding the polypeptide chains to form functional proteins. For

a detailed discussion of these processes, see for example Alberts et al. (2007). A brief

description of the salient background is given below.

1.1.1 The players: RNA and ribosomes

RNA structure and composition. Both DNA and RNA are composed of a sugar-

phosphate backbone to which is attached a sequence of bases (Figure 1.1a). The four

bases are adenine (A), cytosine (C), guanine (G), and either thymine (T) for DNA

or uracil (U) for RNA. The two ends of a strand of RNA or DNA are chemically

distinct and thus define a direction: RNA sequences are read from the 5′ end to the

3′ end, where the labels are derived from the numbering of the carbon atoms in the

sugar (ribose or deoxyribose). Each unit of (deoxy)ribose+phosphate+base is called a
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(a) RNA primary structure (b) base pairs

Figure 1.1: A schematic of the primary structure of RNA. (a) One base (green) plus one
sugar (blue) plus one phosphate (red) makes up one nucleotide. For RNA, the possible
bases are adenine, cytosine, guanine, and uracil. (b) Hydrogen bonds between adenine and
uracil and between guanine and cytosine form stable base pairs.

nucleotide. Due to their chemical structure, certain pairs of bases can join via sets of

hydrogen bonds: A pairs with U (or T) and C pairs with G (Figure 1.1b). These are

called Watson-Crick base pairs. The ability to form base pairs is responsible for the

familiar helix of double-stranded DNA and also allows RNA to fold and bond with

itself in short helical stems connected by loops. Stem-loop structures are also called

hairpins. These secondary structures can further fold in three dimensions to form

tertiary structures. The shape and stability of these structures play many important

roles in cellular biological processes, particularly in carrying out and regulating gene

expression.

One type of tertiary structure is the pseudoknot. A pseudoknot is created when

part of the loop in a stem-loop structure forms a second stem with a downstream

(towards the 3′ end) section of the RNA. Figure 1.2 shows a schematic diagram of
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a pseudoknot. Pseudoknots play a special role in stimulating −1 frameshifts, as

discussed in Chapter 2.

Figure 1.2: Diagram of a pseudoknot showing bonds between nucleotides: dark lines are
strong covalent bonds between adjacent nucleotides in the RNA strand; light lines are
weaker hydrogen bonds between base pairs.

Transfer RNA: the porters. Each set of three consecutive nucleotides in an mRNA,

called a codon, codes for either a specific amino acid or a stop signal. Molecules

called transfer RNAs (tRNAs) are responsible for matching codons with the correct

amino acids. For every codon, there is an anticodon with which it can form base

pairs. Each type of tRNA binds a specific amino acid at one end and contains a

corresponding anticodon in a loop at the other end, where the anticodon can bond

with the codon on the mRNA. tRNA is referred to as aminoacyl-tRNA (aa-tRNA)

when bound to an amino acid. The structure of a tRNA is shown in Figure 1.3.

Features of tRNAs across all three domains of life on Earth were examined by Marck

and Grosjean (2002), who found that the cloverleaf secondary structure is universally

conserved.

The first two nucleotides in the codon must form Watson-Crick pairs with the

corresponding nucleotides in the anticodon; however, the third position may form
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Figure 1.3: X-ray structure of the tRNA-Phe from yeast. Data was obtained from the
Protein Data Bank (PDB) ID: 1EHZ and rendered with PyMOL. Violet: acceptor stem;
wine red: D-loop; blue: anticodon loop; grey: anticodon; orange: variable loop; green:
TΨC-loop; yellow: CCA-3′ end of the acceptor stem, where the amino acid binds to the
tRNA. Source: Wikimedia Commons.

a “wobble” pair between G and U. Thus in the third position, U may pair with

either A or G, and G may pair with either C or U. An inspection of the genetic

code (Figure 1.4) reveals how this flexibility can be employed to reduce the number

of different tRNAs required. It also provides a mechanism for regulating protein

translation rates based on tRNA abundances. Furthermore, many bases in tRNA

molecules are chemically modified after transcription (Suzuki, 2005), including bases

in some anticodons. These modifications permit even more regulation of the pairing of

tRNAs with codons, as well as contributing to the stability of tRNA-mRNA-ribosome

complexes during translation (Jenner et al., 2010). The number of types of tRNA in

an organism varies from species to species and ranges from less than 30 to more than

50 (Goodenbour and Pan, 2006). A database of tRNA sequences and genes called

tRNAdb is maintained by Jühling et al. (2009).

Ribosomes: the translators. Ribosomes are the molecular machines that translate the

genetic information in each mRNA into the chains of amino acids that form proteins.

Each ribosome is made up of a combination of ribosomal RNAs (rRNAs) and more

than 50 proteins, organized into a large subunit and a small subunit (Figure 1.5).
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Figure 1.4: A table of the genetic code. Groups of synonymous codons are boxed. Source:
Wikimedia Commons.

The mRNA winds through a tunnel between the two subunits. Within the ribosome,

three sites called the aminoacyl (A) site, the peptidyl (P) site, and the exit (E) site

accommodate tRNA molecules at each stage of the polypeptide elongation cycle.

Ribosomes and their components are identified by their sedimentation rates, mea-

sured in Svedberg units (S). The 70S ribosomes of prokaryotes (bacteria and archaea)

mass about 2.5 MDa (1 dalton (Da) = 1 u ≈ 1.66×10−24 grams) and are about 20 nm

(200 Å) in diameter. The 80S ribosomes of eukaryotes (fungi, plants, and animals)

typically mass about 4.2 MDa with a diameter of ∼ 26 nm. Although there are some

differences in the detailed form of prokaryotic and eukaryotic ribosomes, their basic

structure and function is conserved across all three domains of life. Prokaryotic ribo-

somes can translate eukaryotic mRNA and vice versa. In this dissertation, ribosomes

are prokaryotic unless otherwise noted.

A detailed review of the structure of the ribosome is given in Frank and Spahn
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Figure 1.5: Ribbon diagram of a 70S ribosome containing three tRNAs in the A, P, and
E sites (green, salmon, and yellow, respectively). The tRNAs have been outlined in black
for clarity. The mRNA (drawn in purple) winds around the neck between the two subunits
of the ribosome, with the entrance tunnel below and to the right of the A site. Ribosomal
RNA strands are light blue, and proteins are shown as thick helices in many colors. This
image was constructed from PDB 1GIX and 1GIY (Yusupova et al., 2001), rendered with
Jmol.

(2006), while Moore and Steitz (2005) give a brief history and retrospective of the

discovery of ribosome structure. X-ray crystallography observations of the actual path

of mRNA through the ribosome were obtained by Yusupova et al. (2001) and Jenner

et al. (2010). Korostelev et al. (2008) and Munro et al. (2009) review the current

state of knowledge about ribosome dynamics. Our understanding of these processes

has been greatly enhanced by recent developments in single-molecule studies such as

fluorescence resonance energy transfer (FRET) and force-extension measurements of

RNA and DNA using optical tweezers, as reviewed in Munro et al. (2008), Blanchard

(2009) and Tinoco et al. (2010).
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1.1.2 The translation process

The translation of RNA into protein consists of three stages: initiation, in which

the ribosome binds to the mRNA and identifies the start codon; elongation, in which

the polypeptide chain is formed; and termination, in which the polypeptide is released

and the ribosome detaches from the mRNA (Alberts et al., 2007).

At the start of each elongation cycle, peptidyl-tRNA (the tRNA bound to the

elongating polypeptide chain) resides in the P site of the ribosome, while the A

site is vacant and ready to bind an aminoacyl-tRNA (aa-tRNA) in a complex with

an elongation factor (EF-Tu in prokaryotes, eEF1A in eukaryotes) and the energy-

carrying molecule GTP. During this decoding phase, GTP is hydrolyzed to GDP. Once

the aa-tRNA is accommodated into the A site, EF-Tu and GDP are released from

the ribosome and formation of the peptide bond between amino acids is catalyzed

by ribosomal RNA on the large subunit. Subsequent translocation—the coordinated

movement of tRNA and associated mRNA—is catalyzed by another elongation factor

(EF-G in prokaryotes, eEF2 in eukaryotes), moving the pair of tRNAs into the P

and E sites, respectively, and leaving the A site vacant again. Detailed reviews of

translation are presented by Ramakrishnan (2002) and Kapp and Lorsch (2004).

1.1.3 Recoding events

While the “one gene, one enzyme” theory has provided a rich and fruitful back-

bone for understanding gene expression, there is a growing awareness that living

systems employ a variety of mechanisms beyond the standard mode for producing

and regulating proteins. These are referred to collectively as recoding events, and

include alternative coding of stop codons, stop codon readthrough, hops over exten-

sive sections of mRNA, and forward and backward frameshifts (Baranov et al., 2002;

Gesteland and Atkins, 1996). Examples of recoding are collected in the Recode-2

database (Bekaert et al., 2010).
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Of the 43 = 64 possible codons, three (UAA, UAG, UGA) are stop codons that

signal the end of a gene, and the remaining 61 are sense codons that code for the

20 primary amino acids that form proteins (see Figure 1.4). Since there are more

codons than amino acids, the genetic code is degenerate: each codon codes for a

specific amino acid, but some amino acids are encoded by up to six different codons,

called synonymous codons. This degeneracy allows for stability against mutations and

flexibility in exploring evolutionary space, since many mutations result in synonymous

codons (Alberts et al., 2007).

The stop codons UGA and UAG, respectively, can alternatively code for two ad-

ditional rare amino acids, selenocysteine and pyrrolysine, when embedded in specific

contexts within the mRNA. In another type of recoding event, a stop codon may

be read by a suppressor tRNA rather than a release factor, causing the ribosome to

read through the stop codon and continue translating the downstream sequence. This

mechanism is used to regulate the synthesis of certain proteins in various organisms,

such as the products of the kel and oaf genes in fruit flies (Baranov et al., 2002).

Frameshifts provide the largest class of recoding events. Since codons are triplets

of nucleotides, there are three possible reading frames in any mRNA. The start codon

(AUG for most organisms) establishes the open reading frame for the ribosome and

determines the set of codons to be read and thus the sequence of amino acids to be

constructed. If the ribosome slips forward or back by just one nucleotide, it will be

in a new reading frame and will produce a different chain of amino acids from the

mRNA sequence. This event is called a frameshift.

Unwanted frameshifts waste energy and result in useless polypeptide chains in-

stead of useable proteins. Error-correcting mechanisms in the translation process

either prevent unwanted frameshifts from occurring or cause the ribosome to disen-

gage from the mRNA shortly after a frameshift, thus aborting the protein synthesis.

The open reading frame is thought to be maintained by networks of stabilizing in-

teractions between the ribosome, tRNAs, and mRNA. When unwanted frameshifts
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do occur, the ribosome is likely to encounter an out-of-frame stop codon relatively

soon, ending the translation. The RNA translation error rate due to frameshifting is

estimated to be less than 5 in 105 codons (Kurland, 1992).

By contrast, programmed frameshifts occur at up to 50% of completed transla-

tions, always occur at the same site on the mRNA, and produce functional proteins.

For example, the pol gene of most retroviruses overlaps the downstream end of the

gag gene such that pol is in the −1 reading frame relative to gag (shifted by one base

upstream), and pol is translated by a −1 ribosomal frameshift (Jacks and Varmus,

1985). These frameshifts are stimulated by specific structures in the mRNA: a “slip-

pery” sequence of seven bases, typically of the form XXXYYYZ, and a pseudoknot

or hairpin 5-8 nt downstream of the slippery sequence. Through this combination of

structural elements, the mRNA programs the ribosome to frameshift while translat-

ing the codon YYZ. These elements act to reduce the energetic barrier between states

that normally helps ribosomes to maintain their reading frame.

The efficiency of −1 PRF depends on the particular combination of slippery se-

quence and downstream structure and determines the ratio of the two proteins that

are produced, a feature that is species-specific and critical to the reproduction of the

virus. A wide array of viruses utilize −1 PRF in their gene expression, including

retroviruses, coronaviruses, and luteoviruses, among others (Brierley et al., 2010, and

references therein). However, only a few cases of −1 PRF in cellular genes have been

found (Namy et al., 2004; Manktelow et al., 2005; Jacobs et al., 2007). These features

make −1 PRF an intriguing target for antiviral drugs (Dinman et al., 1998).

Frameshift efficiencies are observed in the lab by inserting the frameshift signal

in a reporter system that produces easily detectable products such as fluorescent

proteins (Grentzmann et al., 1998). If the reporter gene is in the −1 frame with

respect to the frameshift signal, then only ribosomes that frameshift will produce the

fluorescent protein. The frameshift efficiency is quantified by measuring the ratio of

−1-frame to 0-frame proteins produced.
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1.2 Physics and Chemistry Background

A key goal of the model is to predict frameshifts and translation rates based on

the underlying physics of the molecular interactions involved. To that end, a brief

review of the relevant physics and chemistry background is in order. Further details

can be found in introductory texts on thermodynamics and chemical physics such as

Engel and Reid (2006); Battaglia and George (1998); and Houston (2001).

1.2.1 Chemical reactions

Each step in the elongation cycle is a chemical reaction. We are interested in

modeling the sequence of elementary steps that are followed and the rate at which

the elongation process occurs. An elementary reaction such as

A + B
k→ C

proceeds at a rate that is proportional to the concentrations of the reactants:

d[C]

dt
= k[A][B] (1.2.1)

where k is the rate constant and [X] denotes the concentration of species X. For

a system of reactions occurring simultaneously, the rates of change of each species

concentration depend on every reaction in which the species is involved. For example,

in the system

A + B
k1→ C

C
k2→ D,

the reaction rates are given by

d[A]

dt
=

d[B]

dt
= −k1[A][B],

d[C]

dt
= k1[A][B]− k2[C], (1.2.2)

d[D]

dt
= k2[C].
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This type of situation occurs at the decoding phase and again at the accommodation

step of elongation.

For the simple first-order reversible reaction

A
kf


kr

B (1.2.3)

involving chemical species A and B, the reaction rate is given by

−d[A]

dt
=

d[B]

dt
= kf [A]− kr[B] (1.2.4)

with rate constants kf and kr for the forward and reverse reactions, respectively. The

first two steps of elongation, initial binding and codon recognition, are reversible.

1.2.2 Thermodynamics

A reversible reaction is in equilibrium when the concentrations of the species are

constant. This does not mean that no reactions are occurring, but rather that the

forward and reverse reactions proceed at the same rate, a principle known as detailed

balance. In our example system (1.2.3), we then have d[A]
dt

= d[B]
dt

= 0 at equilibrium,

so that

kf [A]eq − kr[B]eq = 0

=⇒ kf [A]eq = kr[B]eq

=⇒ kf
kr

=
[B]eq
[A]eq

.

The ratio of products to reactants at equilibrium is called the equilibrium constant,

Keq. The above shows that the equilibrium constant is also equal to the ratio of the

forward and reverse rate constants:

Keq =
kf
kr
. (1.2.5)

The rate constants kf and kr and thus Keq all depend on temperature.
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The second law of thermodynamics states that for a spontaneous reaction, the

total entropy of the system must always increase. This means that at constant tem-

perature and pressure,

∆S >
∆H

T

=⇒ ∆H − T∆S < 0 (1.2.6)

where S is entropy, H is enthalpy, and T is absolute temperature. The quantity on

the left defines the change in Gibbs free energy, ∆G. This is the maximum useful

work that can be done by the system. The standard free-energy change, ∆G◦, is

related to the equilibrium constant by

∆G◦ = −RT log (Keq). (1.2.7)

Here R is the molar gas constant. Combining 1.2.5 and 1.2.7 then gives the relation-

ship between rate constants and the standard Gibbs free energy change:

∆G◦ = −RT log

(
kf
kr

)
. (1.2.8)

We use this relation in estimating rate constants for frameshifting, accommoda-

tion/peptidyl transfer, and unfolding of the stimulatory structure based on the values

of free energy change for RNA base pair formation that are available in the Nearest

Neighbor Database (Turner and Mathews, 2010). Our method is described in sec-

tion 2.2.3. More details regarding the theoretical calculation of reaction rate constants

are given below, in section 1.2.3.

When the change in Gibbs free energy is negative, the corresponding reaction will

occur spontaneously. When more than one reaction occurs in sequence, the total

change in free energy is the sum of the changes in free energy for each reaction. Thus

a highly favorable reaction with a very negative ∆G can drive an unfavorable reaction

with a positive ∆G.
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1.2.3 Reaction rate theory

The rate constant for a reaction depends on the height of the potential energy

barrier between the two states of the system. This height is called the activation

energy. In Figure 1.6a, the activation energy for moving from state A to state B

is Ef , while the reverse reaction, B → A, has the larger activation energy Er. The

relationship between rate constant k and activation energy EA follows the form

EA = C −RT log k, (1.2.9)

where C is a constant. This equation can be rewritten as

k = Z exp

(
−EA
RT

)
, (1.2.10)

a form known as the Arrhenius rate law. For a reaction involving the collision of two

reactants, the prefactor Z may be calculated via simple collision theory by treating

the reactants as hard spheres and averaging their relative energy over the Boltzmann

distribution for particles. The result is (Houston, 2001)

Z = pπ(r1 + r2)
2

(
8kBT

πµ

)1/2

. (1.2.11)

Here p is a steric factor that gives the probability of the reactants colliding in the

right orientation, r1 and r2 are the radii of the reactant particles, kB is Boltzmann’s

constant, and µ = m1m2

m1+m2
is the reduced mass of the two particles. This formula-

tion applies in the initial binding step of elongation, when the aa-tRNA·EF-Tu·GTP

ternary complex meets the ribosome·mRNA complex. More generally, Z may be

viewed as a normalized partition function for the possible states of the system and

calculated via statistical mechanics. In the absence of adequate information for such

calculations, we typically estimate Z experimentally or treat it as a parameter to be

fitted in the model. The details of how Z is treated for each rate constant in our

model are given in section 2.2.3.
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When an external force F is applied over a distance x, the energy landscape “tilts”

and the barrier is lowered by F ·x for the reaction in the direction of the applied force

(Figure 1.6b):

k = Z exp

(
−EA − F · x

RT

)
. (1.2.12)

Figure 1.6: Schematic diagram of the potential energy landscape for a simple chemical
reaction. (a) The energy barrier is lower for the direction A → B: Ef < Er. (b) Applying
an external force lowers the energy barrier further, making the reaction more favorable.

Activation energies for biochemical reactions are difficult to measure and depend

on environmental conditions, including temperature and concentrations of ions. See

e.g. Rodnina et al. (1996) for examples. In this work, I use Gibbs free energies as

proxies when activation energies are not available, as described in section 2.2.3.

1.2.4 Force-extension relations for polymers

The response of mRNA to tension is an important factor in the interaction between

mRNA and the ribosome during translation. This response depends on the elasticity

of the polymer as well as on base pairing, stacking interactions, and interactions

with ions that all affect the polymer’s configuration. In the absence of base pairing,

stacking, and ionic effects, the force-extension relation of RNA is well modeled as a
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worm-like chain (WLC) following Marko and Siggia (1995); Tinoco et al. (2006) over

a wide range of external forces (Seol et al., 2004):

F (x) =
kBT

Lp

[
1

4

(
1− x

Lc

)−2
− 1

4
+

x

Lc

]
. (1.2.13)

Here Lp is the persistence length (i.e., the length over which correlations in the

direction of a chain persist), x is the end-to-end extension, and Lc is the contour

length of the polymer as measured along its curve. Note that we must have x < Lc

for equation (1.2.13) to be well-defined. When the polymer can stretch beyond its

contour length, this interpolation formula may be modified as in Wang et al. (1997):

F (x) =
kBT

Lp

[
1

4

(
1− x

Lc

+
F

S

)−2
− 1

4
+

x

Lc

− F

S

]
(1.2.14)

where S is the elastic modulus. Note that the formula has become implicit. This

form is called the extensible worm-like chain model (EWLC). Plots of relative force

F
S

vs. relative extension x
Lc

for selected values of S are shown in Figure 1.7.
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Figure 1.7: The extensible worm-like chain model for polymers: relative force vs. relative
extension.
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Equation (1.2.14) is single-valued for x
Lc

< F
S

+ 1 + [2(1 + S
kBT

)]−1/3. As should

be expected, the force approaches 0 as x
Lc
→ 0. Also note that the force-extension

relation becomes linear as x
Lc
→ ∞. In this work, we use the EWLC to model

the tension in the mRNA (Seol et al., 2004). Other models are also used in the

literature, such as the freely jointed chain for DNA. Models of long-chain polymers

and calculations of their properties are presented in Jernigan and Flory (1969a,c,b),

including discussions of both the worm-like chain and freely jointed chain models.

Gerland et al. (2003) discuss the theory of force-extension curves for RNA folding,

and Tinoco et al. (2006) review force-extension-energy calculations in experiments on

RNA/DNA with optical tweezers.

In the absence of external applied forces, the end-to-end extension of a chain

polymer is given by the radius of gyration (Flory, 1969):

x =

√
2LpLc − 2Lp

2

(
1− exp

(
−Lc

Lp

))
. (1.2.15)

The free energy cost of this separation is E = 3
2
kBT .

1.3 Mathematics Background

Translation is inherently stochastic: the molecules involved (tRNA, mRNA, ribo-

somes, EFs, GTP, etc.) find each other by diffusion; bonding or conformation changes

may or may not happen before the molecules part again; and the time required for

such events follows a distribution. Deterministic formulas can only describe bulk

properties of the translation process, averaged over large numbers of molecules (en-

semble averages). In these types of models, rare events are ignored: they are washed

out by the averaging. However, some cellular processes, including ribosomal frame-

shifting, depend upon rare events and the interactions of individual molecules. In

order to capture the interactions of a single ribosome and mRNA, we must use the

tools of probability and stochastic processes. The fundamentals of probability the-
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ory and stochastic processes may be found in many sources, e.g., Feller (1968), Feller

(1971), Grimmett and Stirzaker (2001), and Bhattacharya and Waymire (2007). This

section summarizes the key results that are employed in the current work.

1.3.1 Finite state Markov processes

A stochastic process is a family of random variables {X(t) : t ∈ T } that take

on values from a state space S. The index set T can be either countable (discrete)

or uncountable (continuous) and is usually thought of as time. We are interested

in the evolution of the random variables over time. In this work, I model RNA

translation as a continuous time, finite state stochastic process, so for the remainder

of the discussion below, let |S| be finite and let T = [0,∞).

A stochastic process is a Markov chain if the conditional probability that the

process is in state j at some future time t + τ depends on the past history of the

process up to time t only through the state X(t):

P (X(t+ τ) = j|Ft) = P (X(t+ τ) = j|X(t)) (1.3.1)

for t, τ ≥ 0 and j ∈ S, where Ft = {X(t1) = i1, X(t2) = i2, . . . , X(tn) = in} for all

j, i1, . . . , in ∈ S and any sequence of times t1 < t2 < · · · < tn < t.

We define the transition probability of changing from state i to state j within time

τ as

pij(τ) = P (X(t+ τ) = j|X(t) = i) for τ ≥ 0 (1.3.2)

when the Markov process is homogeneous, i.e., when pij(τ) does not depend on the

starting time t. Since the process must be in some state at time t+ τ , it follows that∑
j

pij(τ) = 1. (1.3.3)

The transition probabilities pij(τ) satisfy the Chapman-Kolmogorov equations: for

every τ, ν ≥ 0,

pij(τ + ν) =
∑
k

pik(τ)pkj(ν). (1.3.4)
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This result follows from the Markov property of X.

If the pij(τ) are continuous functions of τ , as we assume here, then pii(τ)→ 1 and

pij(τ)→ 0 for i 6= j as τ → 0+. Then for a small time interval ∆t, we can write

pij(∆t) = qij∆t+ o(∆t) if i 6= j, (1.3.5)

pii(∆t) = 1 + qii∆t+ o(∆t) (1.3.6)

where the qij are constants and the probability of more than one transition occurring

in the interval ∆t is o(∆t). The matrix Q = (qij) is called the generator of the Markov

chain. The matrix of transition probabilities Pτ = (pij(τ)) is generated by Q via

Pτ =
∞∑
n=0

τn

n!
Qn ≡ exp(τQ). (1.3.7)

Note that qij ≥ 0 for i 6= j, qii ≤ 0 ∀ i, and
∑

j qij = 0. Thus qii = −
∑

k 6=i qik.

The wait time between changes of state is of particular interest. Let X(t) = i and

define the random variable W = inf{τ ≥ 0 : X(t+ τ) 6= i}. Then W is exponentially

distributed with parameter −qii. Furthermore, the wait time W is independent of the

state of X(t + τ). We will return to this result in Chapter 2 and use it extensively

in calculating wait times for the model. The distribution of wait times is key in

calculating dwell times per codon and overall translation times.

Finally, the probability that X jumps from i to a particular state j, given that X

jumps somewhere at time t+ τ , is

P
(
X(t+ τ) = j|X(t) = i,X(t+ τ) 6= i

)
= −qij

qii
=

qij∑
k 6=i qik

. (1.3.8)

These results were first presented by Doob (1945), and provide the basis for the

Gillespie algorithm.

1.3.2 Simulation: the Gillespie algorithm

Stochastic simulations calculate the probability of the state of the system at each

time step, as opposed to calculating species populations as deterministic functions of
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time via ordinary differential equations. The simulation then follows a random walk

through the state space. The Gillespie algorithm was introduced by Gillespie (1976)

as a method for exactly simulating the evolution of systems of chemical reactions

over time. This application is based on two key assumptions: (1) the system is well-

mixed; (2) the time interval can be taken small enough so that only one reaction will

occur during that interval. By the structure theorem for Markov chains, the wait

time before the next reaction and the choice of reaction are independent, so their

joint probability distribution is the product of their individual distributions. Then

the probability that reaction Rµ occurs after a length of time τi is given by the joint

distribution function

P (τi, Rµ) = P (τi)P (Rµ) . (1.3.9)

As stated above, the wait time W is exponentially distributed, so that

P(τi) = P (W ≤ τi) = 1− e−λiτi , (1.3.10)

where λi = −qii =
∑

ν kν for all transitions (reactions) that take the system out

of state s = i. The probability P (Rµ) of choosing reaction Rµ depends on the

associated rate constant kµ, weighted by the populations of reactants involved. For

single-molecule simulations, we can simply use the rate constants. Then

P (Rµ) =
kµ∑
ν kν

. (1.3.11)

The reaction probabilities kµ∑
ν kν

divide the unit interval into segments, as illustrated

in Figure 1.8.

Employing the probability transform on equation (1.3.10), we can write

τi =
−1

λi
log ρ1, (1.3.12)

where ρ1 is a random number between 0 and 1 generated from the uniform distribu-

tion.

Applying the algorithm then consists of the following steps.
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Figure 1.8: The unit interval is broken into sub-intervals of length k1, . . . , kM for choosing
reaction Rµ. In this illustration, M = 4.

1. Calculate the probability of each reaction occurring via equation (1.3.11).

2. Pick a random number ρ2 ∈ [0, 1] and find the first µ so that ρ2 <
k1+···+kµ∑

ν kν
.

Choose reaction Rµ.

3. Calculate the wait time via equation (1.3.12).

4. Increment the total time by the wait time τi.

5. Update all species populations in accordance with the chosen reaction.

6. Repeat.

The number of iterations needed to reach steady-state behavior (if any) depends on

the system. Examples of specific applications were presented in Gillespie (1977) and

provide an excellent set of practice models.

1.4 Summary

To summarize, −1 programmed ribosomal frameshifting is a translational recoding

event in which ribosomes slip backwards by one base on the mRNA, thus allowing

them to skip a stop codon and translate a second protein from a gene that partially

overlaps with the initial, 0-frame gene. The key elements that promote −1 PRF are

(1) a slippery sequence of seven bases in the mRNA in the pattern X XXY YYZ, which

provides a reduced energy barrier between codon-anticodon interactions in the 0 and
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−1 frames; (2) a relatively stable downstream structure in the mRNA, which can block

the entrance tunnel of the ribosome and resists unfolding during translation; and (3) a

spacer of typically 5-8 nucleotides between the slippery sequence and the downstream

structure, which provides proper placement of the structure at the ribosome entrance

when the slippery sequence is in the P and A sites of the ribosome, and can also build

up tension, thus facilitating a −1 frameshift. The downstream structure is typically

a pseudoknot but can also be a hairpin, as in the case of HIV-1. Programmed −1

frameshifting is commonly employed by viruses but is rare in cellular genes.

The goals of this project are to:

• create a stochastic model of translation that includes −1 PRF;

• model the transition rates based on the physics of molecular interactions, as far

as possible;

• reproduce observed protein synthesis rates and frameshift efficiencies;

• predict the effects of mRNA mutations on frameshift efficiencies;

• identify constraints on key elements of −1 PRF; and

• investigate the effects of polysomes on frameshifting.

Our model is a Markov model in which the rate constants for transition rates

between states are calculated using the Arrhenius law for first-order chemical reac-

tions. The activation energies for the rate constants involved in frameshift events are

estimated based on free energies of molecular interactions, moderated by the force

due to tension in the spacer, and are recalculated at every change in state. Model

simulations are implemented using the Gillespie algorithm.

The model successfully reproduces the behavior of the HIV-1 frameshifting system,

but cannot as yet capture the action of frameshift signals that involve pseudoknots.
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Our model results support the placement of −1 PRF during accommodation as pro-

posed by Plant et al. (2003) and do not support frameshifting during translocation,

although that possibility cannot be ruled out. We further find that the role of the

ribosomal entrance tunnel in confining the spacer is critical in providing the right

level of tension for inducing −1 frameshifts. Frameshift efficiencies also depend on

the choice of tRNA for specific codons and thus should be able to be modulated by

tRNA abundances. When multiple ribosomes translate one mRNA in series, we find

that the frameshift efficiency drops as the density of ribosomes increases, due to in-

terference with the refolding of the stimulatory structure. This result implies that

frameshift efficiencies reported in the literature must be reexamined in the light of the

experimental ribosome densities. The predicted dependence of frameshift efficiency

on ribosome density should be testable in the lab.

Chapter 2 describes our stochastic model of elongation with −1 PRF in detail for

a single ribosome translating a single mRNA, based on this background.
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Chapter 2

The Model: Single Ribosomes

This chapter has been published in Physical Biology in substantially the same

form (Bailey et al., 2014); thus, some of the background from Chapter 1 is repeated

here. Koen Visscher provided Figure 2.1 and contributed to the wording of the

Introduction. Joe Watkins vetted the description of the Markov chain in section

2.2.3. Both provided advice and suggestions throughout this project, but the model

and work described here are my own.

2.1 Introduction

Programmed −1 ribosomal frameshifting (−1 PRF) is a translational recoding

event in which ribosomes shift reading frames, upstream, by a single nucleotide in

response to two cis-acting mRNA elements: a slippery sequence at the ribosome’s

coding site and a downstream stimulatory RNA structure, often a pseudoknot, near

the ribosome entrance tunnel (Figure 2.1). These elements are separated by a spacer

of typical length 5−8 nucleotides (nt). The −1 frameshift efficiency, i.e., the fraction

of mRNA translations in which −1 PRF occurs, can be as large as tens of percents

depending on the sequence of the slippery site and the nature of the downstream

RNA structure, and far exceeds any spontaneous frameshifting (approx. 10−5 per

codon (Kurland, 1992)).

Programmed −1 frameshifting occurs during translation of viral RNA (e.g. HIV-

1, SARS), whereupon a stop codon is skipped and the pol gene downstream of the gag

gene is translated as a Gag-Pol fusion protein (Jacks and Varmus, 1985), which upon

further post-translational processing yields both enzymatic and structural proteins

required for viral replication. Understanding the mechanism of −1 PRF thus may
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hold potential to point to new targets for antiviral drugs. Furthermore, a better un-

derstanding of how to induce and control −1 PRF may prove useful in the synthesis of

new genes, minimizing mRNA lengths by employing overlapping genes, and control-

ling stochiometric ratios of the proteins to be expressed (while both genes are under

the same promoter during transcription). Potential applications of synthetic biology

include the production of antimalarial drug precursors and engineering organisms to

detect environmental contaminants (Martin et al., 2003; Morey et al., 2011; Endy,

2005).

Since −1 PRF is thought to occur at a point in the translation elongation cycle

when the ribosome actively moves along the mRNA (Namy et al., 2006), a concep-

tually simple physical picture has emerged in which a moving ribosome builds up

tension in the spacer when encountering a stable downstream RNA structure (Fig-

ure 2.1) (Plant et al., 2003). Rather than by unfolding the RNA structure, the tension

is relieved by disrupting the codon-anticodon interaction at the slippery sequence so

that the ribosome slips backward along the mRNA, lengthening the spacer by one

nucleotide, after which the transfer RNAs (tRNAs) pair with the mRNA in the −1

frame, one base upstream. The notion that −1 PRF is a tension-dependent phe-

nomenon is consistent with observations that −1 frameshifting efficiencies for the

beet western yellows virus (BWYV) RNA pseudoknot are much lower when using

prokaryotic ribosomes, which are smaller than the eukaryotic ribosomes of the host

plants. A smaller ribosome leaves the spacer slack when the slippery sequence is

at the coding site. As expected, shortening of the spacer restored −1 frameshifting

efficiencies with the prokaryotic ribosomes (Garcia et al., 1993; Mazauric, Leroy, et

al., 2009).

The probability of −1 PRF appears to be determined by the interplay of the

downstream RNA structural stability, the codon-anticodon interaction at the slip-

pery site, and the elasticity of the spacer (Kim et al., 1999; Plant et al., 2003; Namy

et al., 2006; Hansen et al., 2007; Green et al., 2008; Cao and Chen, 2008; Giedroc
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and Cornish, 2009; Lin et al., 2012b). The stability of the stimulatory mRNA struc-

ture is important, but it cannot be the only determinant of −1 PRF. For example,

a recent NMR study showed that the wild-type sugarcane yellow leaf virus (ScYLV)

pseudoknot and a mutant with two-fold reduced frameshift efficiency have nearly in-

distinguishable global structures and energetic ground-states (Cornish et al., 2006).

This suggests that −1 PRF may be kinetically controlled depending upon the height

of the energy barrier separating the ground states, which appears to be consistent

with single molecule unfolding studies of the infectious bronchitis virus (IBV) wild-

type and mutant pseudoknots in the absence of ribosomes (Hansen et al., 2007; Green

et al., 2008). Other recent investigations have found no correlation between −1 frame-

shift efficiency and either mechanical or thermodynamic stability of stimulatory struc-

tures, but there are positive correlations with the local stability of base pairs at the

ribosome’s entrance channel (Mouzakis et al., 2012) and with the ability to form al-

ternative structures (Ritchie et al., 2012), suggesting the need to understand −1 PRF

as a dynamic process.

The slippery sequence is usually rich in U’s or A’s, which suggests a low energetic

barrier for disrupting the codon-anticodon interaction: U-A pairs are joined by only

two hydrogen bonds, while C-G pairs contain three hydrogen bonds. The pattern of

the sequence also reduces the net energetic cost: the slippery sequence is typically

of the form X XXY YYZ (X can be A, C, G, or U, Y is A or U, and Z is typically

not G), with XXY YYZ translated in the 0 frame and XXX YYY in the −1 frame

(Gaudin et al., 2005). The repetition of the first two bases of each codon in both

frames allows a small net energetic cost for tRNA unbinding and rebinding in the −1

frame.

A recent kinetic model of −1 PRF developed by Liao et al. (2011) explores the

possibility that −1 PRF may follow three pathways: (i) during full accommodation

of aminoacyl-tRNA into the A site (Plant et al., 2003); (ii) due to incomplete translo-

cation at the slippery site (Weiss et al., 1989; Namy et al., 2006); or (iii) following
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an incomplete translocation in the previous elongation cycle (Lègér et al., 2007).

They conclude that all three pathways contribute to the frameshift efficiency, with

the magnitude of the relative contributions dependent on the parameter values. The

theoretical analysis of −1 PRF by Xie (2013) concludes that most frameshifts occur

during translocation, but still allows for frameshifts during accommodation, as well.

Other kinetic models of translation have not accounted for frameshifting (Heyd and

Drew, 2003; Gilchrist and Wagner, 2006; Zouridis and Hatzimanikatis, 2007; Pienaar

and Viljoen, 2008; Garai et al., 2009; Tinoco Jr. and Wen, 2009). For extensive re-

views of translation and recoding events, we refer the reader to Kothe (2010); Namy

et al. (2004) and Chowdhury (2013).

A physical model of −1 PRF accounting for only the energies of the codon-

anticodon interaction, the stimulatory structure, and spacer elasticity yields a corre-

lation between frameshift efficiencies and mRNA tension (Cao and Chen, 2008) but

does not predict the probability of frameshifting at each mRNA codon. Furthermore,

such energetic arguments do not immediately explain why a −1 frameshift does not

occur repeatedly at the slippery sequence. Here we present an approach that in-

cludes both the energetics of binding interactions and RNA elasticity, as in Cao and

Chen’s model, and also the kinetics of the translation elongation cycle, thereby pro-

viding detailed insight into the tension dependence of frameshifting probability at

each codon as the ribosome moves along the mRNA. Using our model, we have writ-

ten a stochastic simulation of translation that allows us to test the model in silico.

This stochastic model complements the analytical work of Xie and Liao et al. and

provides a framework for rapidly assessing the effects of model assumptions. For a

wide set of parameter values, our model shows a single sharp peak in frameshift ef-

ficiency at the slippery sequence with no repeated occurrences of frameshifts. The

model further predicts how −1 frameshift efficiencies may be modulated by tRNA

abundance or scarcity, which can be experimentally tested using in vitro frameshift

assays.
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Figure 2.1: Cis-acting mRNA elements essential for −1 programmed frameshifting. Ri-
bosomes move along mRNA towards the 3’-end and pause at the slippery sequence when
encountering a downstream pseudoknot. tRNAs are shown in the zero reading frame, i.e.,
before the frameshift has occurred. Source: Koen Visscher.

2.2 Materials and Methods

2.2.1 The translation elongation cycle

When constructing a model, it is important to specify when in the translation

elongation cycle −1 PRF occurs. A detailed understanding of the elongation cycle

has been developed experimentally, consisting of a dozen or so steps (reviewed in e.g.

Wintermeyer et al. (2004) and Xie (2013)). Here we briefly describe the elongation

cycle with a six-step model adapted from Pape et al. (1998) that captures the key

events while remaining computationally tractable (Figure 2.3). We include six steps

rather than a minimal three-step model in order to make use of published rate con-

stants, to explore the dependence of dwell times on key steps in the cycle, and to

provide a model framework for adding further details as they become known. Recent

models of the elongation cycle with similar numbers of steps include those of Zouridis

and Hatzimanikatis (2007) and Garai et al. (2009).

The ribosome has 3 binding sites for tRNA partitioned between its small and

large subunits: the Aminoacyl or A site, the Peptidyl or P site, and the Exit or E site

(Figure 2.1). At the start of an elongation cycle peptidyl-tRNA resides in the P site,
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while the A site is vacant and ready to bind aminoacyl-tRNA in a ternary complex

with elongation factor EF-Tu (in prokaryotes; eEF1A in eukaryotes) and GTP (state

0 in Figure 2.3). Step 1 is reversible initial binding of the ternary complex to the

ribosome. Step 2 is reversible codon recognition at the A site, followed by (step 3)

GTP hydrolysis and (step 4) accommodation. Once the tRNA is accommodated into

the A site, EF-Tu and GDP are released from the ribosome and formation of the

peptide bond is catalyzed by ribosomal RNA on the large subunit (step 5). Sub-

sequent translocation (step 6)—the coordinated movement of tRNA and associated

mRNA—is catalyzed by the GTPase elongation factor EF-G (in prokaryotes; eEF2 in

eukaryotes), moving the deacylated tRNA and newly peptidyl tRNA into the E and

P sites, respectively, and leaving the A site vacant again. Structural data suggests

that EF-G prevents backward motion and may serve to bias thermal fluctuations

and move the ribosome towards the 3’ end of the mRNA. Anticodon and associated

mRNA displacement are estimated as 9 Å during accommodation and 21 Å during

translocation (Noller et al., 2002) in prokaryotic ribosomes.

It is natural to suppose that the frameshift occurs during the translocation step,

when the largest displacements of tRNA and associated mRNA take place (Weiss

et al., 1989; Yelverton et al., 1994). However, an alternative view has been proposed

by Plant and colleagues, who hypothesized that the frameshift occurs during the

accommodation step (Plant et al., 2003). Upon binding of tRNA in the A site, there

is a concomitant motion of the tRNA and associated mRNA by approximately 9 Å

in prokaryotic ribosomes (Noller et al., 2002). The extra tension built up due to this

extra extension of the spacer is thought to induce the frameshift. A crude, back-of-

the-envelope calculation suggests that such a small increase in extension may result

in a tangible increase in tension (order of 1 pN in the short spacer), so that the idea

cannot be discarded purely on physical reasons (Cao and Chen, 2008; Tegenfeldt et al.,

2004; de Gennes, 1979). In fact, the model has special physical appeal as subsequent

binding of EF-G could then be thought of as moving the ribosome forward, meanwhile
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unfolding the downstream RNA structure by force. The assumed ratchet function of

EF-G could then also block any further backward slippage of the mRNA (Frank and

Agrawal, 2000). Based on these arguments, we put the potential frameshift during

the 9 Å stretch associated with accommodation of the tRNA into the A site, before

the formation of the peptide bond. In section 2.3.4, we also consider alternative

placements of the −1 frameshift.

2.2.2 Model structure

We model the elongation cycle of mRNA translation as a continuous time, discrete

state Markov process. Each state is defined by four elements {n,m, r, s}. The first

three elements are illustrated in Figure 2.2: the position n of the ribosome on the

mRNA strand, where the nth nucleotide from the 5’ end is the first nucleotide in the

ribosome’s A site; the distance m in number of nucleotides between the ribosome’s A

site and the first base pair of the downstream stimulatory structure; and the pair of

tRNAs r in the P and A sites of the ribosome. A schematic diagram of the sub-states

Figure 2.2: An illustration of the elements n,m, r of the model. These elements are
described in the text.

s of the elongation cycle is shown in Figure 2.3. In contrast to previous Markov

models of translation (Heyd and Drew, 2003; Gilchrist and Wagner, 2006; Zouridis

and Hatzimanikatis, 2007; Pienaar and Viljoen, 2008; Garai et al., 2009; Tinoco Jr.

and Wen, 2009), which consider only the position (n) of the ribosome along the mRNA

and the state (s) within the elongation cycle, we include in our state space the length
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of the spacer (m) to account for the effect of tension and the pair of tRNAs (r) to

account for the effect of specific codon-anticodon interactions. We will often refer

to m as the spacer contour length, i.e., the distance along the curve of the spacer.

This distance can be converted to common length units by multiplying m by the

base-to-base distance for mRNA (0.59 nm).

In the example diagram in Figure 2.5 (section 2.2.4), n = 13, m = 18 nt, and

r = (CAU, GUU). A model run begins with the system in state {4,m, r, 0}, ready for

step 1 of the elongation cycle, with the first codon of the mRNA in the ribosome’s P

site and with m and r dependent upon the mRNA sequence. The model then steps

through the values of s, updating n, m, and r at each codon.

Plant et al. (2003) reason that −1 frameshifts must occur during or immediately

after the 9 Å stretch that accompanies full accommodation of the tRNA into the

A site, but before peptidyl transfer. Accordingly, at state {n,m, r, 4} of the model,

between elongation steps 4 and 5, one of three reactions may occur: (1) partial

unfolding of the downstream structure, thus increasing the spacer length m by some

amount ∆m, leading to state {n,m+ ∆m, r, 4}; (2) a −1 frameshift, leading to state

{n− 1,m+ 1, r, 4}; or (3) peptidyl transfer, giving state {n,m, r, 5}. The transition

rates for all three possibilities depend on the extra tension induced by the 9 Å stretch,

as described in section 2.2.3. The system remains at s = 4, potentially allowing

multiple unfoldings or frameshifts, until peptidyl transfer occurs. Our model does

not currently allow for a fourth possibility, ribosome dissociation from the mRNA.

At translocation, n increases by 3 and s is reset to 0. When translocation would

cause the spacer contour length m to become too short to span the ribosomal entrance

tunnel, we force a partial unzipping of the downstream structure under the condition

that the tension in the spacer remains the same before and after the translocation. A

new tRNA is chosen (updating r) only at s = 0. The process ends when either a stop

codon is encountered or the end of the mRNA sequence is reached. Initiation and

termination of translation are not included in this model. Refolding of the mRNA
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Figure 2.3: The steps of the elongation cycle are described in the text. At state s = 4, the
system has three possible transitions: partial unfolding of the downstream structure (with
rate constant kunzip); −1 frameshift (kfs); or peptidyl transfer (k5).

structure after unfolding is also not included. However, these events are included in

the extended model that is discussed in Chapter 3.

2.2.3 Calculating rate constants

We have a Markov chain X1, X2, . . . on the states {n,m, r, s} with exponential

wait times

τi =
−1

λXi
log ρi, (2.2.1)

where ρi is a random number between 0 and 1 generated from the uniform distribution.

The parameter λXi is the sum of the rate constants for all transition steps leaving

state Xi (see Figure 2.3). The total translation time for an mRNA is the sum of all τi.

We calculate the dwell time at each codon as the sum of wait times between events

that cause a change in position, i.e., translocations and frameshifts.

To calculate the rate constants, we assume first-order kinetics for all steps in the

elongation cycle (Pape et al., 1998). The initial binding step, which is second order,

can be treated as pseudo-first order at sufficiently large ribosome concentrations. Rate
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constants for each step are then given by

ki = Zi exp

(
−Ei
RT

)
(2.2.2)

where ki denotes the rate constant for the ith transition, Ei is the activation energy,

and Zi is a prefactor that may depend on temperature, species concentrations, dif-

fusion rates, and steric factors. R is the ideal gas constant and T denotes absolute

temperature. Values for all rate constants except k5, kunzip, and kfs are based on

the work of Rodnina et al. (1996) and Pape et al. (1998), adjusted to 37◦C. Model

parameter values are summarized in Table 2.7 in section 2.3.3. We assume equal

abundances of all tRNA species, although this assumption can be relaxed within the

model framework. The set of available tRNAs and their corresponding codons are

based on table 2 of Dong et al. (1996) and can be found in Table 2.1.

The probability of taking step j from state Xi is then kj/λXi , from the Gillespie

algorithm (Gillespie, 1976). In particular, the probability of a frameshift occurring

given that s = 4 is

P (FS) =
kfs

k5 + kunzip + kfs
. (2.2.3)

Each rate constant in equation (2.2.3) is a function of the state {n,m, r, 4} and

depends on force through the tension in the spacer, as described below. The remaining

rate constants are not force dependent in our model.

The rate constant k1 for the forward reaction of step 1, the initial binding of

aa-tRNA, is calculated based on simple collision theory using the formula

k1 = f1NtNrp1e
−E1/RT (2.2.4)

where f1 is the frequency of collisions, Nt is the concentration of tRNA, Nr is the

concentration of ribosomes, p1 is a steric factor accounting for the relative orientation

of the molecules on contact, E1 is the activation energy per mole, R is the molar gas

constant, and T is the absolute temperature.
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Table 2.1: tRNA species used in the model, organized by their corresponding mRNA
codons. All species are assumed to be equally abundant. This list is based on table 2 of
Dong et al. (1996). In this table, the first (5’) base of the codon is listed at the left, the
second base is listed across the top, and the third base is listed within the boxes. The empty
spaces correspond to stop codons. Anticodons are given in the order 3’ - 5’.

U C A G

U U: AAG U: AGG, AGU U: AUG U: ACG
C: AAG C: AGG C: AUG C: ACG
A: AAU A: AGU
G: AAU, AAC G: AGU, AGC G: ACC

C U: GAG U: GGG, GGU U: GUG U: GCA
C: GAG C: GGG C: GUG C: GCG
A: GAU A: GGU A: GUU A: GCU
G: GAU, GAC G: GGU, GGC G: GUC G: GCC

A U: UAG U: UGG, UGU U: UUG U: UCG
C: UAG C: UGG C: UUG C: UCG
A: UAU A: UGU A: UUU A: UCU
G: UAC G: UGU, UGC G: UUU G: UCC

G U: CAG, CAU U: CGU U: CUG U: CCG
C: CAG C: CGG C: CUG C: CCG
A: CAU A: CGU A: CUU A: CCU
G: CAU G: CGU G: CUU G: CCU, CCC

The rate constant k−1 for the reverse reaction in step 1 is given by

k−1 = Z−1e
−E−1/RT (2.2.5)

with E−1 = 46 kJ/mol = 11 kcal/mol (Rodnina et al., 1996) and Z−1 = 109 s−1

(chosen to approximate the value of k−1 found by Pape et al. (1998)). This gives

k−1 = 17.8 s−1 at T = 310 K.

The forward rate constant k2 for step 2, codon recognition, is calculated using

k2 =
kBT

h
exp (−∆G2/RT ) (2.2.6)

based on activated complex theory (Houston, 2001). Here kB is Boltzmann’s constant

and h is Planck’s constant. The change in Gibbs free energy ∆G2 is derived from the



46

experimental rate constant found in Pape et al. (1998), and incorporates both the

activation energy and the change in entropy for the reaction.

The reverse rate constant k−2 is related to the forward constant by

k−2 = k2 exp(−(−∆GA)/RT ), (2.2.7)

where ∆GA is the Gibbs free energy of the codon-anticodon interaction for the codon

in the A site of the ribosome. This quantity represents the difference in energy

required to jump over the potential energy hump separating the bound and unbound

states.

We assign k3 and k4 to be 80 s−1 by extrapolating the results from Pape et al.

(1998) to a temperature of 37◦C.

Activation energies for unfolding, frameshifting, and accommodation/peptidyl

transfer are not known, but can be readily included in the model when they become

available. To provide order-of-magnitude estimates for these three rate constants, we

consider the difference in free energies between states before and after each event as

a proxy for the activation energy:

ka = Za exp

(
−∆G(after)−∆G(before)

RT

)
, (2.2.8)

with a ∈ {fs, unzip, 5}. This equation is based on the thermodynamic condition that

the two states are equally probable when their free energies are equal. Entropic and

enthalpic information may be folded into the prefactor, Za. Specific expressions for

∆G(before) and ∆G(after) in each case are as follows:

kfs: ∆G(before) = ∆Gcodons(0 frame) + ∆Gspacer(x,m)

∆G(after) = ∆Gcodons(−1 frame) + ∆Gspacer(x,m+ 1)

kunzip: ∆G(before) = ∆Gds(i) + ∆Gspacer(x+ 0.9,m)

∆G(after) = ∆Gds(i+ j) + ∆Gspacer(x+ 0.9,m+ j)

k5: ∆G(before) = ∆Gspacer(x,m)

∆G(after) = ∆Gspacer(x+ 0.9,m)
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The details of the calculation of each term in these expressions are described below.

The force dependence of kfs, kunzip, and k5 is contained in ∆Gspacer, a term for

the energy due to tension in the spacer for each “before” and “after” energy state

in equation (2.2.8). The energy due to tension is the work done by the spacer as it

stretches or relaxes into its minimum energy configuration:

∆Gspacer(x,m) =

∫ x

0

(F (y,mtube)− Ftube) dy +

∫ xout

0

F (y,mout)dy. (2.2.9)

We consider the tension of the spacer in two sections (see Figure 2.4): F (x,mtube)−

Ftube within the ribosome entrance tunnel, and F (xout,mout) between the tunnel and

the downstream structure, where mtube +mout = m, x is the length of the ribosomal

tunnel in nm, and xout is the mean extension of a random coil in nm, based on allowing

the end of the mRNA to follow a random walk (Porod, 1949):

xout =

[
2LpmoutLss

(
1− Lp

moutLss

(
1− exp

(
−moutLss

Lp

)))]1/2
. (2.2.10)

Here Lp = 1 nm is the persistence length for single-stranded (ss)RNA (i.e., the length

over which correlations in the direction of a chain persist) and moutLss is the contour

length in nm of the section outside the tunnel, with base-to-base distance Lss = 0.59

nm (Tinoco et al., 2006).

We use a fixed value of x = 3.6 nm for prokaryotic ribosomes (derived from

Yusupova et al., 2001; Wang and Gao, 2007). The number of nucleotides mtube in

the tunnel is calculated by balancing the tension in the two sections of the spacer,

including the force Ftube imposed by the tunnel walls (Wang and Gao, 2007). We

require mtube ≤ m. Note that mtube need not be an integer.

We model the tension in each section of the spacer by treating the spacer as an

extensible worm-like chain following Wang et al. (1997):

F (xi,mi) =
kBT

Lp

[
1

4

(
1− xi

miLss

+
F

S

)−2
− 1

4
+

xi
miLss

− F

S

]
. (2.2.11)
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Figure 2.4: Illustration of spacer sections inside and outside the ribosomal entrance tunnel
for the calculations of spacer tension.

Here S = 800 pN is the elastic modulus for ssRNA (Seol et al., 2004), xi is the

end-to-end extension of the section of mRNA, and miLss is the contour length in nm

of the section, with i ∈ {tube, out}. This formula is single-valued for xi/miLss ≤

F/S + 1 + [2(1 + S/kBT )]−1/3. Note that requiring equation (2.2.11) to be single-

valued places an upper limit on the tension F and on the relative extension xi/miLss

that the spacer can attain. This in turn imposes a lower limit on the spacer contour

length m for a fixed ribosome tunnel length x. We explore the effect of ribosome

tunnel length on the predicted frameshift efficiency in section 2.3.1, and we discuss

alternate methods of coping with the minimum spacer contour length in section 2.3.4.

The confinement of the ribosome entrance tunnel imparts an effective force on

the section of mRNA in the tunnel, increasing the mRNA’s relative extension and

decreasing the tension required to achieve that extension. For an assumed tunnel

radius of 1 nm, we use an estimated effective force of Ftube = 10.6 pN (Wang and

Gao, 2007), giving a minimum relative extension of 0.68. The applicability of this

model is discussed in section 2.3.5.
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Frameshifts. For the frameshifting rate constant kfs, ∆Gcodons is the sum of the free

energies of the codon-anticodon interactions in both the A and P sites, computed

from the tables of nearest-neighbor free energies in the Nearest Neighbor Database

compiled by Turner and Mathews (2010). The anticodons are assigned to be cognate

to the 0-frame codons, with wobble (third position) bases chosen uniformly from

the available options when more than one cognate tRNA exists (Dong et al., 1996;

Jühling et al., 2009). The tRNA choices for each codon are listed in Table 2.1. Note

that the same anticodons are used in both reading frames, so they will not in general

be cognate to the codons in the −1 frame unless the ribosome is at a slippery site.

Non-cognate base pairs are assigned a free energy of 5 kcal/mol, which corresponds

to the expected error rate of 10−5 per codon. Any additional contributions to the free

energy due to ribosomal interactions are not included. For the calculation of ∆Gspacer

in each frame, mtube,mout, and xout are calculated using m and m + 1, respectively,

for the 0 and −1 frames.

Unfolding. The rate constant for unfolding, kunzip, is based on the free energies of

intermediate configurations of the downstream structure as well as on ∆Gspacer. We

allow the downstream structure to unfold base by base and calculate the minimum free

energy ∆Gds(i) of each new configuration using HotKnots, an open-source application

for predicting RNA secondary and tertiary structures (Ren et al., 2005; Andronescu

et al., 2010), with parameters based on the model of Cao and Chen (2009) and a

fixed temperature of 37◦C. HotKnots takes RNA sequences as inputs and produces

predicted minimum free energy structures. By systematically deleting one base at

a time from the beginning of the stimulatory structure’s sequence and sending the

truncated sequences to HotKnots, we build up a list of predicted free energies for

intermediate configurations as the structure unfolds, indexed to the position n of the

leading base. This list is provided as input to our simulation program for model

simulations. The difference in free energies between configurations quantifies the
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resistance of the stimulatory structure to partial unfolding. We then set ∆G(before) =

∆Gds(i)+∆Gspacer(x+0.9,m) and ∆G(after) = ∆Gds(i+j)+∆Gspacer(x+0.9,m+j)

in equation (2.2.8), where i denotes the position of the first base in the stimulatory

structure before unfolding and j is the number of base pairs that are unzipped before

reaching the next stable configuration. The extension x + 0.9 nm includes the 9 Å

stretch in the mRNA that occurs during accommodation. As above, mtube,mout, and

xout are recalculated for m and m+ j.

Peptidyl transfer. To calculate the rate constant k5 for peptidyl transfer, we set

∆G(before) = ∆Gspacer(x,m) and ∆G(after) = ∆Gspacer(x+0.9,m) in equation (2.2.8),

so that k5 simply depends on the difference in tension due to stretching in the mRNA,

integrated over 9 Å. Again, mtube,mout, and xout are recalculated after the stretch.

When the stimulatory structure is far from the ribosome, the difference in tension is

effectively zero, so that k5 ≈ Z5 in equation (2.2.8).

2.2.4 Test sequences

For the development and testing phase of our model, we have used three known

stimulatory sequences and structures: the human immunodeficiency virus (HIV)-1

group M hairpin, with slippery site U UUU UUA; a minimal infectious bronchitis

virus (IBV) pseudoknot, with slippery site U UUA AAC; and the sugarcane yellow

leaf virus (ScYLV) pseudoknot, with slippery site G GGA AAC. These structures

are illustrated in Figure 2.5. The HIV-1 hairpin (panel A) contains a lower stem of

eight base pairs (stem 1) and a CG-rich upper stem of eleven base pairs (stem 2)

separated by a three-nucleotide bulge, as determined by enzymatic probing (Dulude

et al., 2002). The IBV pseudoknot (panel B), also determined by probing, contains a

long, stable stem (stem 1) nearest to the slippery site and a shorter, coaxially stacked

stem (stem 2) farther from the slippery site, which is formed by base pairing between

the loop above stem 1 and bases downstream of stem 1 (Brierley et al., 1991; Napthine
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Figure 2.5: The upstream (5’) and downstream (3’) ends of the test sequence used are
shown in gray in panel A, with bases numbered from 1 to 26 and from 79 to 110. The
HIV-1 slippery site and stimulatory structure (Dulude et al., 2002) are inserted beginning
at base number 27. The slippery sequence is underlined and the 0-frame stop codon in the
downstream section is boxed. The numbering of the nucleotides in each structure refers to
their positions in the test sequence. The position (n) of the ribosome refers to the number
of the first nucleotide in the A-site codon. The spacer contour length (m) is the number
of nucleotides from n + 3 to the 5’ base pair in the downstream structure. The pair of
tRNAs is labeled r, and the upcoming step of the elongation cycle is s+1 with s ∈ {0, ..., 5}
(see Figure 2.3). Panels B and C show the IBV pseudoknot (Napthine et al., 1999) and
ScYLV pseudoknot (Cornish et al., 2005), respectively. Stem 1 and stem 2 are labeled on
each structure. Nucleotides in the test sequence downstream of the inserted structure are
renumbered based on the length of the structure.
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et al., 1999). The NMR-derived solution structure of the ScYLV pseudoknot (panel

C) is smaller than the IBV pseudoknot, with a stem 1 of six base pairs and a stem

2 of only three base pairs (Cornish et al., 2005). We chose these three signals for

comparison with the results of Cao and Chen (2008).

Each stimulatory signal is inserted into a test sequence such that the slippery

site occurs at position n = 31 and a 0-frame stop codon immediately follows the

stimulatory structure, with approximately 30 more nucleotides following the stop

codon (Figure 2.5A). The IBV signal also has a 0-frame stop codon at position n = 34,

immediately following the slippery site.

The model has been implemented in MATLAB. Simulations of the translation of

input sequences produce model data on the position of the ribosome, position of the

downstream structure, spacer length, rate constants, frameshift probability, and time

at each step of the translation. Sets of 100-1000 runs with the same inputs are used

to generate statistical results.

2.3 Results and Discussion

Using our model, we have investigated the effects of changes in RNA sequence,

structure unfolding pathway, ribosome size, and tRNA choice on both the frameshift

efficiency and the dwell time per codon during elongation. In the following subsec-

tions, we present the results of our simulations. First we discuss results related to

frameshift efficiency: the frameshift locations that emerge from the model; the ef-

fect of changes to the stimulatory signal; dependence on the length of the ribosomal

entrance tunnel; dependence on the slippery sequence and tRNA abundances; and

results from the full HIV-1 gag-pol sequence. This is followed by analysis of mod-

eled translation times and structure unfolding histories, and the distribution of dwell

times in various regimes. We next present an analysis of the sensitivity of the model

to variations in parameters, and finally discuss results from three modified versions
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of the model: a simplified case that ignores the effect of tunnel confinement on the

spacer tension; modeling frameshifts as occurring during translocation; and alternate

treatments of the upper limit on spacer tension.

2.3.1 Frameshift efficiency

Frameshift efficiencies are calculated from multiple simulation runs as the number

of frameshift events divided by the number of runs. We give 95% confidence intervals

on simulated frameshift efficiencies below using plus four estimates, as follows (Agresti

and Caffo, 2000): let y be the number of frameshift events in a set of runs and let N

be the number of runs. Then the plus four estimate for the proportion of frameshifts

is p̃ = y+2
N+4

, and the 95% margin of error is 2
√
p̃(1− p̃)/N . Note that this confidence

interval accounts only for random fluctuations; it cannot account for differences in

frameshift efficiencies due to effects that are not captured by the model, such as

ribosome-mRNA interactions. Some of these factors are discussed in section 2.4.

In cases where frameshift events are very rare, such as at non-slippery codons,

we provide calculated probabilities of frameshifting using equation (2.2.3), averaged

over many runs to account for stochastic variations in the rate constants. In the

discussion below, these are called frameshift probabilities to distinguish them from

simulated frameshift efficiencies.

Three model systems. The model correctly predicts the location of −1 frameshifts

in each of our test sequences. Figure 2.6 is a graph of the mean probability of

frameshifting at each codon of a test sequence, calculated from the ratio of rate

constants involved at the accommodation step (equation 2.2.3), for 1000 runs each

using the HIV-1, IBV, and ScYLV stimulatory signals and the baseline parameters

(Table 2.7). For all three signals, the frameshift probability peaks sharply at the

location of the slippery site, n = 31, where the probability is two to four orders of

magnitude higher than at any other position (note the log scale on the vertical axis).
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Figure 2.6: Mean probability of frameshift at each codon for 1000 runs of the model using
the HIV-1, IBV, and ScYLV test sequences and baseline parameters. Filled markers repre-
sent codons in the 0 frame and open markers are codons in the −1 frame. The maximum
probability of a frameshift occurs at the slippery site, indicated by XXXYYYZ above the
figure. The maximum probabilities on this plot are HIV-1 (•): 0.16; IBV (�): 0.0030;
ScYLV (N): 0.0016.

Changes to either the slippery sequence or the stimulatory structure cause a sig-

nificant decrease in predicted frameshift efficiency, as summarized in Table 2.2. When

the sequence at the slip site is altered to completely disrupt the X XXY YYZ pattern

as in column 4 of Table 2.2, the calculated probability of a frameshift is of the same

order as at all other positions on the RNA sequence, regardless of downstream struc-

ture. The frameshift efficiency of the wild-type HIV-1 signal (U UUU UUA with the

HIV-1 hairpin) is of the same order of magnitude as experimentally observed frame-

shift efficiencies, which range from 5−11% depending on the experimental conditions

(Bidou et al., 1997; Jacks et al., 1988b; Wilson et al., 1988).

We see that the sequence U UUU UUA slips most readily with any structure.

This is to be expected on theoretical grounds since the 0 frame and −1 frame codons

in the P site are identical (UUU) and hence have zero free energy difference. Fur-
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Table 2.2: Simulated frameshift efficiency for pairs of slippery sequences and stimulatory
structures, measured as the fraction of frameshifts in 1000 runs for each pair using baseline
parameter values. The 0-frame codons in the slippery sequences are separated by spaces.
Values in column 4 (G CGA GCU) are ensemble averages of the probabilities calculated
via equation (2.2.3) for the given sequence and structure. Uncertainties are two standard
errors, calculated using plus four estimates as described at the beginning of section 2.3.1.

U UUU UUA U UUA AAC G GGA AAC G CGA GCU

HIV-1 hairpin 0.206± 0.026 0.029± 0.011 0.023± 0.010 1.5× 10−14

IBV pseudoknot 0.041± 0.013 0.005± 0.005 0.003± 0.004 2.2× 10−15

ScYLV pseudoknot 0.019± 0.009 0.003± 0.004 0.003± 0.004 1.4× 10−15

no structure 0.012± 0.007 0.001± 0.003 0.001± 0.003 5.2× 10−15

thermore, codon-anticodon bonds involving U and A are weaker than those involving

C and G because they consist of only two hydrogen bonds per base pair rather than

three. Similarly, Dulude et al. (2006) found reduced frameshift efficiencies in assays

of all tested mutants of the HIV-1 frameshift signal when compared to the wild-type

signal. However, our predicted relative efficiencies involving the IBV pseudoknot are

in contrast to the frameshift efficiencies observed in vitro by Brierley et al. (1992),

who found higher efficiencies with the sequences U UUA AAC and G GGA AAC than

with U UUU UUA when paired with the IBV stimulatory pseudoknot.

The simulated frameshift efficiencies for the IBV and ScYLV pseudoknots and

slippery sites are not significantly different from those obtained with no stimulatory

structure, and are well below the frameshift efficiencies for these two signals reported

in the literature (10-30% for IBV in cell-free systems (Brierley et al., 1987); 15% for

ScYLV (Cornish et al., 2005)). We expect that this is due to the unfolding model we

have used, which is based only on free energy differences between predicted interme-

diate structures and does not take into account any stabilizing effects of Mg2+ ions

(Green et al., 2008; White et al., 2011), nor possible interactions between the struc-

tures and the ribosome itself (Giedroc and Cornish, 2009). The modeled pseudoknots

are typically unfolding before the ribosome reaches the slippery site and hence are no
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longer available to stimulate frameshifts, since our model does not currently include

refolding. The frameshift efficiencies produced by the model with the IBV and ScYLV

systems or with no downstream structure match those reported by Marczinke et al.

(2000); Dulude et al. (2002) and Cornish et al. (2005) for background levels of −1

frameshifting with no structure.

To compare with the base-by-base unfolding model, we have also considered two

simplified unfolding models: a two-step model in which stem 1 unzips all at once,

followed by stem 2; and a model in which the pseudoknot unzips completely in a

single step. These unfolding pathways were simulated by revising the lists of struc-

ture free energies ∆Gds(i) (described in section 2.2.3) to include either one or zero

intermediate configurations. This means that ∆Gds(i) is constant for long stretches

followed by large jumps, and the number of bases j between jumps in free energy are

either the length of the stems (two-step model) or the length of the entire pseudoknot

(one-step model). These models predict even lower frameshift efficiencies than the

original model, as summarized in Table 2.3. These results further support the sugges-

tion that downstream structure stability alone cannot explain −1 PRF. Our results

indicate that unfolding models that include many intermediate states promote higher

frameshift efficiencies than one- or two-step unfolding. This finding is consistent with

the recent work of Ritchie et al. (2012), who found a correlation between frameshift

efficiency and pseudoknot conformational plasticity in a set of nine pseudoknots.

The role of tension. In our simulations, the frameshift efficiency increases linearly

with increasing tension in the spacer for tensions between roughly 50 and 70 pN, as

illustrated in Figure 2.7b below. Tensions in the range of 30 to 50 pN correspond to

stable levels of frameshifting; tensions above 70 pN induce further unzipping of the

downstream structure, leading to an abrupt drop in both tension and frameshift effi-

ciency. When the spacer is very long, e.g., in the absence of a downstream structure,

then we see little to no tension in the spacer and frameshifting drops to background
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Table 2.3: Mean frameshift probabilities from 1000 runs each of different unfolding mod-
els for the IBV and ScYLV pseudoknots using baseline parameter values, calculated via
equation (2.2.3). “Two step” refers to a model in which stem 1 of the pseudoknot unfolds
first, followed by stem 2; “one step” means the pseudoknot unfolds all at once, with no
intermediate structures. The 0-frame codons in the slippery sequences are separated by
spaces.

U UUU UUA U UUA AAC G GGA AAC G CGA GCU

IBV, two step 0.0096 9.9× 10−4 8.4× 10−4 7.5× 10−16

IBV, one step 0.0065 6.7× 10−4 5.7× 10−4 5.1× 10−16

ScYLV, two step 0.0091 9.4× 10−4 7.6× 10−4 7.1× 10−16

ScYLV, one step 0.0064 6.7× 10−4 5.7× 10−4 5.1× 10−16

levels of ∼0.1-1%, due only to the reduced energy barrier of the slippery site, as seen

in the bottom row of Table 2.2. Thus tension in the spacer plays a key role in inducing

observable levels of −1 PRF.

We have found that the efffect of tube confinement is also crucial in moderating

the tension in the spacer. Without tube confinement, the tension in the spacer in-

creases too rapidly and causes the downstream structure to unfold completely near

the beginning of every run, leading to both a marked increase in the translation time

and the reduction of frameshift efficiency to background levels. Adjustments to the

free prefactors for kfs and kunzip can rescue either the dwell times or the frameshift

efficiency, but not both, and in any case do not restore the downstream structure at

the frameshift site. This point is discussed further in section 2.3.4.

Ribosome size. It has been observed that frameshift efficiencies of BWYV are far lower

in a prokaryotic system than in the eukaryotic cells of the virus’s hosts (Mazauric,

Leroy, et al., 2009), an effect that is likely due to the smaller size of prokaryotic

ribosomes. Accordingly, we have explored how the frameshift efficiencies produced

by our simulations vary with ribosome size, as measured by the length of the ribosomal

entrance tunnel.

Figure 2.7 shows both the frameshift efficiency (small dots, right axis) and the
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spacer contour length (in nt, large symbols, left axis) as functions of the ribosomal

entrance tunnel length for our HIV-1 test sequence, where tunnel length represents

the size of the ribosome. Recall that we have defined the spacer contour length as

the number of nucleotides between the A site codon and the first base pair of the

downstream structure (see Figure 2.5A). Since we allow the HIV-1 hairpin to unfold

gradually in the model, base pair by base pair, the spacer contour length does not

remain fixed. Figure 2.7 illustrates that since the spacer cannot stretch without limit,

larger ribosomes (with larger tunnel length x) require longer spacers. The precise

number of mRNA nucleotides residing in the entrance tunnel at any given time will

thus depend upon the size of the ribosome, the elastic properties of ssRNA, and the

mechanical stability of the downstream structure.

The spacer contour length depends on how far the HIV-1 hairpin has unzipped by

the time the ribosome reaches the slippery site. For the smaller prokaryotic ribosomes,

i.e., tunnel lengths (x) less than about 3.5 nm, our model predicts a preferred spacer

contour length of 8 nt (Figure 2.7a), indicating that the lower stem of the HIV-

1 hairpin has unzipped but the upper stem is intact. At x = 3.5 nm, the spacer

length jumps to 10 nt, and remains there for tunnel lengths up to about x = 4.75

nm. For both spacer contour lengths, we find that the frameshift efficiency increases

approximately linearly with increasing tension as the ribosome size is increased, albeit

with different slopes (Figure 2.7b): the slope is greater when m = 10 nt (p < 0.001).

This may be because at m = 8 nt, the hairpin can unzip more readily than at m = 10

nt, thus reducing the probability of a frameshift. When the spacer becomes 12 nt at

even larger ribosome sizes and the HIV-1 hairpin is unzipped even further, tension is

relieved and the frameshift efficiency rebounds to base levels.

The same effect is seen by altering the number of bases between the slippery

sequence and the downstream structure while keeping the tunnel length constant.

Inserting or deleting one or more nucleotides immediately after the slippery site alters

the typical spacer contour length in simulations and results in a lower frameshift
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Figure 2.7: (a): The contour length of the spacer (in number of nucleotides) and the
frameshift efficiency for the HIV-1 stimulatory signal are plotted against the ribosomal
tunnel length. Each point is the result of 200 trials with the given tunnel length. Key:
blue circles (◦): the most common spacer contour length at frameshift events; green squares
(�): the mean of the spacer contour lengths at frameshift events; black asterisks (∗): the
most common number of nucleotides within the tunnel at frameshift events; gray triangles
(4): the mean number of nucleotides within the tunnel at frameshift events; small dots (·),
right axis: frameshift efficiencies. Points representing frameshift efficiencies are color-coded
to identify corresponding regions on the plot of frameshift efficiency vs. tension in panel
(b).
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Figure 2.8: −1 frameshift efficiencies for alternative spacer contour lengths and tunnel
lengths, stimulated by the HIV-1 hairpin and slippery site. All frameshift efficiencies are
based on 500 runs of the model with baseline parameters. Black dots represent runs of the
nominal HIV-1 test sequence (in Figure 2.5a); red plus signs (+) and cyan asterisks (∗)
represent the insertion of C and UC, respectively, at position 34; green triangles (/) and
blue circles (◦) represent the deletion of G and GG, respectively, from the same position.

efficiency for the same tunnel length. The frameshift efficiency is restored by changing

the length of the ribosomal entrance tunnel to compensate, as illustrated in Figure 2.8.

The required shift in tunnel length is ∼0.45 nm/nt, which equals the length of one

nucleotide at 76% relative extension, 0.76×0.59 nm/nt. This result is consistent with

the experimental results of Mazauric, Leroy, et al. (2009), who were able to reproduce

eukaryotic frameshift efficiencies of BWYV in a prokaryotic system by reducing the

spacer length by 1 nt. Our analysis suggests that ribosome sizes and frameshift signal

properties are well matched.

Comparing slippery sequences. We have applied the model to calculate the probabil-

ity of a frameshift via equation (2.2.3) for all possible RNA heptamers. For these

calculations, we assigned the cognate tRNAs listed in Table 2.4 to 0-frame codons

that normally have a choice (compare with Table 2.1). We find that only the 64 hep-

tamers of the form XXXYYYZ have a frameshift probability greater than 10−4 (data



61

not shown). This reflects the fact that only heptamers with the “slippery” pattern

have cognate or near-cognate tRNA matches in the −1 frame, and the free energies

assigned to noncognate base pairs in the first and second positions of each codon-

anticodon pair have been set to 5 kcal/mol in our model, leading to low values for kfs

for those cases. Figure 2.9 illustrates the predicted probabilities for the 64 slippery

sequences using the HIV-1 stimulatory hairpin and a spacer length of m = 10 nt.

Table 2.4: Codons and assigned anticodons for frameshift probability calculations. For
each anticodon, ∆∆G is the difference in free energy of the codon-anticodon pairs from the
0 frame to the −1 frame.

Codon Anticodon ∆∆G Anticodon ∆∆G
(5’ - 3’) (3’ - 5’) (kcal/mol) (3’ - 5’) (kcal/mol)

CCU GGG −1.2 GGU 0.4
CCG GGU 0.6 GGC 1.3
UUG AAU 0.5 AAC 1.5
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Figure 2.9: Predicted frameshift probability for all possible slippery sequences of the form X
XXY YYZ with the HIV-1 stimulatory hairpin and typical spacer contour length of m = 10
nt. For panel (a), anticodons from column 2 of Table 2.4 were assigned to the respective
codons in column 1. Panel (b) shows the difference in predicted frameshift probability
between the two sets of possible anticodons in Table 2.4.

We see in Figure 2.9a that slippery sites with the codons CCU or AAG have a high
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probability of frameshifting, as do homopolymeric sequences. The codons CCU and

AAG are assigned the anticodons GGG and UUU, respectively, which means that they

have a stronger affinity for the −1 frame codons CCC and AAA than for the 0-frame

codons. The Nearest Neighbor Database predicts the following free energies for each

codon-anticodon pair: CCU-GGG: −5.4 kcal/mol; CCC-GGG: −6.6 kcal/mol; AAG-

UUU: −1.5 kcal/mol; AAA-UUU: −1.8 kcal/mol. These give free energy differences

from the 0 frame to the −1 frame of −1.2 kcal/mol and −0.3 kcal/mol, respectively,

indicating net energy gains. For comparison, the A site codon from the HIV-1 slippery

site has free energies UUA-AAU: −2.2 kcal/mol; UUU-AAU: −1.4 kcal/mol, for a free

energy difference (cost) of +0.8 kcal/mol.

The alternative choices of anticodons listed in column 4 of Table 2.4 have a larger

difference in free energy of codon-anticodon bonds in the 0 and −1 frames and lead

to a lower predicted frameshift probability in each case. The differences in predicted

probabilities are illustrated in Figure 2.9b. The difference is most profound for the

sequence C CCU UUG, with predicted frameshift probabilities of 0.70 for the tRNA

pair GGG AAU, and 0.03 for the tRNA pair GGU AAC.

Since the predicted frameshift efficiency depends on the choice of anticodon paired

with each codon in the slippery site, the relative abundances of tRNA species may

affect the frameshift efficiency. For the UUA codon of the HIV-1 slippery site, there

is a factor of 3 difference in predicted frameshift efficiency for anticodons AAG and

AAU (Table 2.5). This difference should be experimentally detectable.

While these results provide estimates of the relative efficiency of different slippery

heptamers at inducing −1 frameshifts, the full model is required for investigating

how the dynamics of translation affect, and are affected by, −1 PRF. In particular,

these probability calculations do not take into account the stochastic unfolding of the

stimulatory structure, which can produce different spacer lengths in different runs.

We are also interested in distributions of dwell times, which requires information

about the timing of events, not just their probabilities.
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Table 2.5: Predicted frameshift efficiency for alternative anticodons paired with the UUA
codon of the HIV-1 slippery sequence, with the HIV-1 hairpin. These values were calculated
from equation (2.2.3) using a fixed spacer contour length of m = 10 nt.

Anticodon (3’ - 5’) Efficiency

AAA 0.39
AAC 0.35
AAG 0.51
AAU 0.17

Effect of mRNA length. The HIV-1 gag-pol gene is 4307 nt long, significantly longer

than the test sequences we have used. To check how well our test sequence results

carry over to wild-type sequences, we have run model simulations using the full-

length gag-pol. When simulating the translation of the full gag-pol sequence, our

model predicts a frameshift efficiency of 3.3% at U UUU UUA, less than one-sixth

of the efficiency predicted for our HIV-1 test sequence. This reduction in frameshift

efficiency likely occurred because our model does not currently allow for refolding of

RNA structures after unfolding. The long leading sequence in front of the slippery

site in gag-pol thus produced a significant probability that the hairpin would spon-

taneously unfold too far for efficient frameshifting before the ribosome reached the

slippery site at n = 1300. Figure 2.10 shows histograms of the spacer contour length

(m) at the slippery site for both the HIV-1 test sequence and gag-pol. In 80% of trials

with the test sequence and baseline parameters, the spacer is 10 nt when the ribo-

some is at the slippery site, which is the optimum length in our model for promoting

frameshifts. With gag-pol, however, the spacer is at least 26 nt at the slippery site in

70% of trials. The extended version of the model described in the following chapter

includes refolding of RNA structures to address this issue.

In 30 of 1000 trials with gag-pol, the simulation frameshifted at one of seven

other sites before reaching the U UUU UUA sequence. Each of these sites is another

slippery sequence, but had no associated stimulatory structure. The sequences, their
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Figure 2.10: Histograms of spacer contour lengths occurring at the HIV-1 slippery site for
our test sequence (site at position n = 31) and the HIV-1 gag-pol gene (site at position n
= 1300). All data are based on 1000 runs of the model for each sequence, with baseline pa-
rameters. Counts of occurrences with and without −1 frameshifts are stacked; for example,
in the test sequence, m = 10 nt at the slippery site in approximately 800 cases, of which
nearly 200 frameshift and 600 remain in the 0 frame.

positions in gag-pol, and their associated frameshift efficiencies are listed in Table 2.6.

In all 30 of these cases, the tension in the spacer during the frameshift event was

less than 2 pN, so the tension played no role in inducing the frameshifts. Frameshift

efficiencies at these sites ranged from 0.1% to 0.9%, similar to previously observed

levels in the absence of a structure (Dulude et al., 2002). We note that we did

not include the complete secondary and tertiary structure of gag-pol in our model,

only the hairpin downstream of U UUU UUA. The full structure may play a role in

promoting or preventing frameshifts at the alternate sites. It would be very interesting

to see frameshift assays of HIV-1 gag-pol to test whether these premature frameshifts

actually occur.

Although the frameshift efficiency at each individual slippery site is low, the ag-

gregate number of premature frameshifts reduces the number of ribosomes arriving at

the nominal frameshift site and thus significantly affects the model’s predicted frame-

shift efficiency. This effect helps to explain the discrepancy between the efficiency of

3.3% predicted using the full gag-pol sequence and an efficiency of 20.6% with our



65

short test sequence.

Table 2.6: Simulated frameshift efficiencies at alternate slippery sites in the HIV-1 gag-pol
sequence, based on 1000 runs of the model with baseline parameters. The positions refer
to the number of the 5’ nucleotide in the A site codon, i.e., the fifth nucleotide in each
slippery sequence. Uncertainties are 2 standard errors calculated using plus four estimates,
as described at the beginning of section 2.3.1.

Sequence Position Efficiency

G GGA AAG 76 0.009± 0.007
U UUA AAU 457 0.001± 0.003
U UUA AAC 553 0.001± 0.003
G GGG GGA 577 0.004± 0.005
A AAA AAU 943 0.006± 0.006
U UUA AAA 1003 0.006± 0.006
A AAG GGC 1234 0.003± 0.004
U UUU UUA 1300 0.033± 0.012

2.3.2 Translation times and unfolding histories

Individual runs. It is interesting to note the effects of the stochastic nature of the

model by inspecting individual runs. Figure 2.11 shows three sample traces of ribo-

some position vs. time for runs of the model simulation using the HIV-1 test sequence

and baseline parameters. The traces have been offset horizontally for clarity. These

examples provide a sense of what a typical trace looks like, where the downstream

structure resides in relation to the start of the test sequence, and how the structure

can unfold.

The two possible translation outcomes are easily distinguished: the first (blue)

and second (black) traces end at the 0-frame stop codon at n = 82, while the third

run (red) frameshifted and reached the end of the test sequence at n = 108. The −1

frameshift occurred at the slippery site at n = 31 (see inset).

For each trace, the corresponding positions of the first base pair in the downstream

hairpin are also plotted. These give a sample of the downstream structure unfolding
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histories produced by the model. Once the stimulatory structure has completely

unfolded, its ”position” is arbitrarily set to 30 nt beyond the length of the RNA

sequence. In the first run (blue triangles in Figure 2.11), the first 8 base pairs of

the hairpin (i.e., the lower stem) unzip during translation of the first 5 codons. The

hairpin remains in this configuration until the ribosome reaches the slippery site at

n = 31, then unzips incrementally with changing configurations until the remaining

secondary structure unfolds completely from position 60. In the second run (black

asterisks), the hairpin remains stable until the ribosome has reached the fifth codon,

unzips two base pairs during the next two codons, then unzips the entire lower stem at

once when the ribosome is at position n = 25, two codons before the slippery site. The

rest of the unfolding history is similar to the first run. In the third run (red squares),

the hairpin remains stable for the first 6 codons, then rapidly unzips the entire lower

stem. This configuration holds until the ribosome reaches the slippery site, where

the hairpin unzips two more base pairs (making the spacer 10 nt), followed by a

frameshift. The hairpin unzips a further two base pairs and then unfolds completely

from position 46.

Similar traces are obtained for the IBV and ScYLV test sequences and for the

HIV-1 gag-pol sequence.

Dwell times. The individual traces also illustrate the locations and durations of pauses

during translation. Our model produces few long pauses on any of the sequences

tested. The maximum dwell time among all codons in 1000 runs of the HIV-1 test

sequence was 2.4 s. The lengths of pauses are not correlated with frameshift events,

in agreement with the results of Kontos et al. (2001). However, they are correlated

with position: in 31% of the HIV-1 test runs, the maximum dwell time occurred at

either position n = 31 or n = 33, i.e., either at the slippery site or at the next codon

following a frameshift (illustrated in Figure 2.12). The longest dwell time in each trial

occurred at other codons at frequencies of 7% or less. As expected, longer pauses are
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Figure 2.11: Three sample runs of the model using the HIV-1 test sequence. Positions of the
ribosome are solid lines, with the corresponding downstream structure positions as dotted
lines with markers. Each run has been offset horizontally for clarity. Ribosomes begin at
position n = 4 and structures begin at 34. The position of the stimulatory structure is
set at 140 after complete unfolding. (1) Blue with triangles (4): the ribosome reaches the
0-frame stop codon in 5.9 s, with no long pauses. The lower stem of the hairpin unzips
incrementally, then the upper stem remains stable until the ribosome reaches the slippery
site. The upper stem unzips gradually to position 60, then unfolds completely. (2) Black
with asterisks (∗): the ribosome translates the 0-frame sequence in 6.5 s, with two pauses of
more than 0.5 s. The hairpin remains fully folded during translation of the first 5 codons,
then unzips gradually to position 60. (3) Red with squares (�): the ribosome undergoes a
−1 frameshift from n = 31 to n = 30 (inset), then pauses for 0.8 s at n = 33. The hairpin
unzips the entire lower stem at once when the ribosome is at n = 22, unzips two more base
pairs just before the frameshift, then unfolds completely from position 46.
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associated with unfolding the more stable upper stem of the HIV-1 hairpin. A plot

of maximum dwell time per run vs. position is shown in Figure 2.13.
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Figure 2.12: Histogram of the positions in the HIV-1 test sequence at which maximum
dwell times occur with baseline parameters, based on 1000 runs. Pauses occur most often
at position 31, the location of the frameshift site, where the ribosome must wait for stem 2
of the downstream hairpin to unwind before it can proceed.

Figure 2.14 shows a histogram of all dwell times (black line) from 1000 runs of the

model with the HIV-1 test sequence and baseline parameters. The mean dwell time

per codon is 0.19 s, giving an average translation rate of ∼5.3 codons/s. This rate is

comparable to experimentally observed rates of 2−20 codons/s (Alberts et al., 2007).

The mean dwell time produced by our model simulations is not sensitive to differences

in the slippery sequence, but is affected by the stimulatory structure and its unfolding

model. With the base-by-base unfolding scheme, we found mean dwell times with the

IBV pseudoknot: 0.21 s; the ScYLV pseudoknot: 0.18 s; and no structure: 0.16 s.

Using one-step, all-at-once unfolding, we found mean dwell times of 0.25 s for IBV and

0.31 s for ScYLV. Note that the dwell time for one elongation cycle is the sum of the

reciprocals of all rate constants ki used in that cycle. With the baseline parameters
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Figure 2.13: Maximum dwell time per run vs. position in the HIV-1 test sequence with
baseline parameters. The maximum dwell time in a run varies from about 0.3 s to about
2.4 s. The longest dwell times occur at positions 31 and 33, the location of the frameshift
site, just before stem 2 of the stimulatory hairpin.
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For comparison, Figure 2.14 also shows histograms of dwell times at the frameshift

site (n = 31), both with (blue) and without (pink) frameshift events. Interestingly,

the mean dwell time at the frameshift site is 0.17 ± 0.01 s when frameshifts occur

and 0.37 ± 0.01 s without a frameshift. In our model simulations, frameshifts occur

shortly after arrival at the slippery site when they occur at all. This result contrasts

with previous proposals that pausing is required in order to give the frameshift time

to occur (Plant et al., 2003). Our results suggest that pausing is simply due to the

longer wait times involved in beginning to unzip stem 2 of the HIV-1 hairpin and is

not an intrinsic part of inducing −1 frameshifts.

It is worth comparing these results with the effect of other types of special points

on the mRNA, such as hungry codons, on the dwell time distribution. Much work has

been done in this area (e.g., Gilchrist and Wagner, 2006; Zouridis and Hatzimanikatis,
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Figure 2.14: Histogram of dwell times per codon from 1000 runs of the model with the
HIV-1 test sequence and baseline parameters. The lighter (blue and pink) lines refer only
to dwell times at the slippery site, n = 31.

2008; Garai et al., 2009). Hungry codons are codons whose associated tRNA is

scarce. Their effect is to shift the mean dwell time upward and broaden the dwell

time distribution. We see a similar effect in the distribution of dwell times at the

slippery site in the absence of a frameshift (figure 2.14). It has been shown by Kontos

et al. (2001), however, that the efficiency of −1 PRF is not correlated with ribosomal

pausing. The nature of the Gillespie algorithm at the heart of our simulation in

fact requires that the mean wait time for an event and the choice of event (e.g., a

frameshift) be independent.

2.3.3 Sensitivity to parameters

To assess the robustness of our results, we have explored the sensitivity of the

model to variations in all of the free parameters. The parameters tested, with their

baseline values, ranges, and correlation coefficients, are listed in Table 2.7. All sen-

sitivity tests were carried out using the HIV-1 test sequence. As expected, we found

that only the parameters immediately associated with the transition during which

frameshifting occurs, i.e., Z5, Zunzip, Zfs, and x, significantly affect frameshifting ef-

ficiencies. As discussed in section 2.3.1, the frameshift efficiency predicted by our
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model is strongly associated with the size of the ribosome, parameterized by the tun-

nel length, x. The prefactors Z5 and Zunzip for the peptidyl transfer and unzipping

rate constants are weakly negatively correlated with frameshift efficiency, while Zfs is

positively correlated, as expected from the form of equation (2.2.3). This relationship

is plotted in Figure 2.15.
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Figure 2.15: Predicted frameshift efficiency as a function of Zfs and Zunzip, the prefactors
for the frameshifting and unzipping rate constants. The frameshift efficiency varies directly
with Zfs and inversely with Zunzip.

The parameters E2, k3, and Zunzip have weak correlations with mean dwell time,

which is unsurprising: when any one rate constant becomes small enough, the dwell

time is dominated by that rate constant (equation 2.2.1). The mean dwell time is

also negatively correlated with the temperature T . This makes physical sense, as

reactions proceed faster at higher temperatures. Our model predictions of frameshift

efficiency are not affected by temperature; however, the model does not take into

account changes in RNA structural stability due to changes in temperature, since
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we are using the external Web application HotKnots to estimate the minimum free

energies of RNA configurations and HotKnots assumes a fixed temperature of 37◦C.

The predicted effect of temperature must thus be treated with caution.

Variations in all other parameters over the tested ranges have no significant effect

on either predicted frameshift efficiency or mean dwell time. We thus have only a

small set of effective parameters on which the model outcomes depend, and their

values can be refined as experimental results become available.

Table 2.7: Ranges of values for model parameters tested in the sensitivity analysis, and
correlations with frameshift efficiency, Rfs, and mean dwell time, Rdwell.

Parameter Baseline Value Source∗ Range Rfs Rdwell

Z1 14 640 s−1 a 103 − 108 s−1 0 0
E1 2.39 kcal/mol b 2.0− 3.0 kcal/mol 0 0
Z−1 109 s−1 a 108 − 1010 s−1 0 0
E−1 10.99 kcal/mol b 10.5− 11.5 kcal/mol 0 0
E2 14.6 kcal/mol a 14.4− 14.8 kcal/mol 0 0.15
k3 80 s−1 c 1− 150 s−1 0 −0.11
k4 80 s−1 a 1− 150 s−1 0 0
Z5 10 s−1 fit 1− 100 s−1 −0.25 0
Zunzip 25 s−1 fit 1− 1000 s−1 −0.23 −0.12
Zfs 1 s−1 fit 0.01− 10 s−1 0.74 0
k6 60 s−1 d 1− 150 s−1 0 0
k7 60 s−1 d 1− 150 s−1 0 0
k8 60 s−1 d 1− 150 s−1 0 0
S 800 pN e 400− 1600 pN 0 0
T 310.15 K f 278.15− 313.15 K 0 −0.81
x 3.6 nm g,h 3− 6 nm 0.82 0

∗Sources: a: Pape et al. (1998). b: Rodnina et al. (1996). c: Rodnina et al. (1995).
d: Wen et al. (2008). e: Seol et al. (2004). f : required for HotKnots. g: Wang and
Gao (2007). h: Yusupova et al. (2001). fit: baseline value is fitted to observations.
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2.3.4 Alternate models

No tunnel confinement. In a simplified version of the model, we calculate the tension

in the spacer as an extensible worm-like chain without the effects of tunnel confine-

ment. Running this model on the HIV-1 test sequence with the baseline parameters

produces mean dwell times of 0.32 s/codon, i.e., a rate of ∼3 codons/s, and a frame-

shift efficiency of 0.05. However, in every trial, the stimulatory structure unfolds

completely within the first five codons of the test sequence. The distribution of posi-

tions at which the maximum dwell time occurs has a spike at n = 4 and 7 (the first

two codons), at which the majority of unfoldings occur, and is roughly uniform on the

interval from n = 10 to 79, the position of the 0-frame stop codon (Figure 2.16a). The

same frameshift efficiency and mean dwell time are obtained using a test sequence in

which the HIV-1 hairpin has been deleted. In this case, the distribution of positions

for maximum dwell times is uniform from n = 4 to the 0-frame stop codon, with no

spikes (Figure 2.16b). This effect, along with the result in section 2.3.2, suggests that

longer pauses are associated with unfolding the downstream structure rather than

with frameshifting itself.

The IBV and ScYLV test sequences, including the stimulatory structures, both

produce frameshift efficiencies of 0.003 and the same mean dwell time as HIV-1,

and again the stimulatory structures are unfolded within the first five codons of the

sequences. Increasing Zfs from 1 to 5 increases the frameshift efficiencies to HIV-1:

0.19; IBV: 0.03; ScYLV: 0.02, but has no effect on mean dwell times or structure

unfolding history. Reducing the value of Zunzip from 25 to 0.1 has very little effect on

either the frameshift efficiency or the mean dwell time. The downstream structure is

more likely to unfold at position n = 22, the seventh codon, but it has still unfolded

completely before the ribosome reaches the slippery site in all cases. We conclude

that the effect of the tunnel confinement is an integral part of the spacer’s influence

on −1 PRF.
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Figure 2.16: Distribution of the position of maximum dwell times for HIV-1 test sequences,
using a model version that does not include the effect of tunnel confinement. Both his-
tograms are based on 1000 runs of the model with baseline parameters. (a): The HIV-1
test sequence from Figure 2.5, including both the slippery site and the downstream struc-
ture. The distribution is uniform after the initial two codons, where the structure is being
unfolded. The distribution is also uniform for positions in the −1 frame, from 33 to 108,
at a lower frequency that reflects the small number of frameshifts. (b): The HIV-1 test
sequence with the structure deleted. Here the distribution is completely uniform with no
spikes, in both the 0 frame and the −1 frame.
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Frameshift during translocation. An alternate model puts the −1 frameshift during

translocation, after the peptide bond is formed (Weiss et al., 1989). To model this

possibility, we calculate k5 alone at s = 4 and set λ5 = kfs + kunzip + k6 at s = 5.

The value of k6 is kept constant at 60 s−1 for a temperature of 37◦C. Simulations

with this model using the HIV-1 test sequence and baseline parameters result in

long translation times with an average of 230 s/codon, much longer than observed

translation times. The long pauses primarily occur at n = 34, the 0-frame codon

immediately after the slippery site. This is the position at which the ribosome must

unfold stem 2 of the HIV-1 hairpin before it can move forward. At this position,

if stem 2 is still intact, then the spacer is short, the energy barrier induced by the

tension in the spacer is relatively high, and k5 is small (see equation (2.2.8), section

2.2.3), leading to longer wait times at state s = 4.

This version of the model gives a frameshift efficiency of 0.01 for the HIV-1 test

sequence, far lower than that produced by the original model. When the unzipping

prefactor Zunzip is set high enough to produce reasonable translation times, the stim-

ulatory structure unzips completely at the first codon and is not available at the

slippery site for inducing a frameshift. A typical trace of the ribosome’s position is

plotted in Figure 2.17; compare this trace with Figure 2.11.

We have not included the effect of spacer tension on the translocation rate constant

k6. We have also ignored the brake effect of EF-G, the molecule that catalyzes

translocation and may resist backward motion of the ribosome. The complex process

of translocation should be modeled more comprehensively before we can form any

robust conclusions regarding the placement of −1 programmed frameshifts within

the elongation cycle.

Spacer relative extension. Since the spacer cannot stretch without bound, the length

of the ribosome entrance tunnel imposes a minimum contour length on the spacer.

Our basic model copes with this bound by retaining the same relative extension of
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Figure 2.17: Position of the ribosome and position of the downstream hairpin for a typical
run of an alternate model using the HIV-1 test sequence. In this model version, frameshifts
occur during translocation rather than during accommodation. Very long pauses tend to
occur when the ribosome is one codon past the slippery site. Compare with Figure 2.11.

the spacer before and after translocation when the spacer is short. An alternative

is to set the minimum spacer contour length to a fixed relative extension. We have

explored two possibilities.

1. Tight: The minimum spacer contour length is set to the smallest number of

nucleotides that can span the length of the ribosome entrance tunnel, based

on a maximum relative extension of 1. This version produces 30 to 60 excess

frameshifts per 100 trial runs at positions away from the slippery site for tunnel

lengths of 3.4− 3.5 nm, where 6 nucleotides can just barely fit into the tunnel.

See Figure 2.18a.

2. Relaxed: The minimum spacer contour length is set based on a relative exten-

sion of 0.68, which is the expected extension of a relaxed mRNA in a tunnel

with radius 1 nm under the tube confinement model of Wang and Gao (2007).

In this version, there are no excess frameshifts; all frameshifts occur at the slip-

pery site. Frameshift efficiencies increase linearly with increasing tunnel length

x (and hence tension) up to x ≈ 4 nm and decrease at discontinuities where
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Figure 2.18: (a) Spacer length m (blue circles, ◦), number of nucleotides in the ribosomal
tunnel (black asterisks, ∗), and frameshift efficiency (green dots, ·) vs. tunnel length x when
the minimum spacer is set at relative extension 1. (b) Same as in (a), but with relative
extension 0.68, so that the forced unfolding of the downstream structure leaves the mRNA
relaxed inside the tunnel. In both panels, the left axis is spacer contour length and the right
axis is frameshift efficiency. Compare these plots with Figure 2.7a, in which the tension is
held the same before and after translocations.

the preferred full spacer contour length m jumps up by 1 (Figure 2.18b). This

pattern is similar to that seen in Figure 2.7a.

2.3.5 Discussion

We have made a number of assumptions in developing this model. First, we note

that the difference in free energies of two states of a chemical reaction determines

the equilibrium constant for that reaction, but it contains no information about the

reaction rate; rate constants are rather determined by the activation energy, i.e., the

height of the energy barrier between the states. For the three key rate constants k5, kfs,

and kunzip, we do not know the activation energies. We are thus using the estimated

free energy differences as a proxy for the activation energies. This approximation

may be justified because we expect the activation energies to be of the same order
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as the free energy differences between basins. However, this assumption merits closer

attention in future work.

Second, the theoretical work of Wang and Gao (2007) on stretching polymer chains

in a tube assumes that the tube is much longer than the persistence length of the

chain. Other models of tube confinement such as the bandpass model of Lin et al.

(2012a) also assume long tubes. However, the length of the ribosomal entrance tunnel

is only about 4 nm, compared to the 1 nm persistence length of ssRNA. Furthermore,

these models assume that the polymer is tightly constrained, that is, the radius of

the tunnel is less than the persistence length of the polymer. This is not strictly true

for mRNA in the ribosome, where the tunnel radius is approximately equal to the

persistence length. Despite these caveats, we have found that it is necessary to include

the tunnel constraint on the tension felt by the mRNA during elongation. Refinements

of tube confinement models will be helpful in clarifying the role of the ribosomal

entrance tunnel in elongation and frameshifting, as will consideration of mRNA-

tunnel interactions. Our model does not currently capture any other interactions

between the mRNA and the ribosome.

Third, several important factors are not included in the calculations of ∆Gds.

Some of these factors are the 3D structure of the HIV-1 stimulatory hairpin, which

involves a 60◦ bend (Staple and Butcher, 2005); possible triplex interactions between

the 3’ end of the lower stem after unzipping and the intact upper stem (Dinman

et al., 2002); interactions between the hairpin and the entrance to the ribosome

tunnel (Mazauric, Seol, et al., 2009); and the effect of Mg2+ ions, which can stabilize

tertiary structures (White et al., 2011). Similar factors affect the IBV and ScYLV

pseudoknots, as well. Continued improvements in secondary and particularly tertiary

structure prediction will also improve our model.
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2.4 Conclusion and Outlook

We have developed a mathematical model of the translation elongation cycle

that includes −1 PRF. The model parameters are based on the physics (kinet-

ics/energetics) of molecular interactions as far as possible. Observed frameshift ef-

ficiencies and dwell time distributions can be reproduced for the HIV-1 stimulatory

signal by tuning a small set of free parameters. The model correctly predicts the

locations of −1 frameshifts on mRNA sequences; it further predicts that multiple −1

frameshifts in a row are improbable. This model provides a framework for further

exploration of the effects of different elements in the translation system on −1 PRF.

Alternate assumptions and further details of interactions can be incorporated into

the model framework.

We have used the model to predict frameshift efficiencies for all possible slippery

sites of the form X XXY YYZ coupled with the HIV-1 stimulatory hairpin (Fig-

ure 2.9). The relative efficiencies in these predictions can be tested experimentally

and compared with previous work (e.g., Brierley et al., 1992; Dulude et al., 2006).

The model further predicts that frameshift efficiencies can depend on the choice of

anticodon and thus may be affected by tRNA species abundances (Figure 2.9 and

Table 2.5). This dependence can also be tested using in vitro frameshift assays.

In summary, our model simulations demonstrate that tension in the spacer does

indeed play a role in inducing −1 frameshifts. Furthermore, the effect of tube con-

finement on the spacer tension cannot be neglected. Our model reproduces frameshift

locations very well based on a simple physical system involving only three elements–

codon-anticodon pairs, tension in the spacer, and downstream structure stability. The

model is also successful in predicting frameshifting efficiencies for HIV-1, whose stimu-

latory structure is a relatively simple hairpin, and suggests that multiple intermediate

states and ribosome-pseudoknot interactions or other stabilizing forces are necessary

elements in the frameshift-stimulating function of pseudoknots, consistent with ex-
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perimental results. Finally, our model results lead to testable predictions regarding

the effect of tRNA abundance on frameshift efficiency; low level rates of premature

frameshifts in HIV-1 gag-pol ; and the location of extended pausing by ribosomes.

To refine the model, experimentally confirmed values for the length of the ri-

bosomal entrance tunnel in both prokaryotes and eukaryotes would be very helpful.

Activation energies for each step in the elongation cycle, and their dependence on tem-

perature, would improve the prediction of translation times. Also, as noted above,

details of RNA structure unfolding pathways and energy barriers, particularly for

pseudoknots, will be essential to a clearer understanding of the mechanism of −1

PRF. Finally, extensions of this work should model translocation in more detail, and

should include the effects of mRNA tension on translocation. This will require more

knowledge of the role of EF-G.

The next stage of our work on −1 PRF concerns polysomes. The spacing of ribo-

somes on the mRNA may have a significant effect on frameshift efficiency: if a leading

ribosome unfolds the downstream structure and the following ribosome reaches the

slippery site before the structure can refold, the following ribosome will have a much

lower chance of frameshifting. Thus it may be that observed frameshift efficiencies

are an effect of polysome density, while the frameshift probability of an individual

stimulatory signal is very high. If this is the case, then a complete understanding of

−1 PRF will need to take the polysome context of translation into account. Prior

work on modeling translation by polysomes has been reviewed by Chou et al. (2011);

von der Haar (2012); and Chowdhury (2013).
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Chapter 3

Extending the Model: Polysomes

3.1 Introduction

In the previous chapter, we examined the action of single ribosomes translating

a messenger RNA. We now extend our model to consider interactions between ri-

bosomes. Both in vivo and in vitro, multiple ribosomes typically attach to a single

mRNA and translate the message in series, forming a polysome. An electron micro-

graph of a polysome is reproduced in Figure 3.1.

Figure 3.1: An electron micrograph of a polysome. The dark round blobs are ribosomes,
and the elongating polypeptide chains can be seen extending to each side. The mRNA
itself is difficult to distinguish in this image. Source: Nobelprize.org. Nobel Media AB
2013. www.nobelprize.org/educational/medicine/dna/a/translation/polysome em.html
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3.1.1 Background

Polysomes were discovered by Warner et al. (1963). Much work has been done

during the ensuing decades to investigate the properties of polysomes and their effects

on cell functions (Kazazian and Freedman, 1968; Spiegel and Marcus, 1975; Cataldo

et al., 1999; Arava et al., 2005; Underwood et al., 2005; Alekhina et al., 2007; Brandt

et al., 2009, 2010; Juntawong et al., 2014, and others). Beyond laboratory studies,

many groups have produced models of polysome action. A selection of modeling

efforts are described here.

Polysome modeling began with MacDonald et al. (1968), in which ribosomes were

treated as non-overlapping segments diffusing on a one-dimensional lattice. This

model was later extended by Heinrich and Rapoport (1980) and Shaw et al. (2003).

The latter analyzed translation theoretically as a totally asymmetric exclusion process

in which the particles (ribosomes) are non-overlapping extended objects covering

more than one lattice site. “Totally asymmetric” means that the particles move only

forward, never backward. By contrast, our current work allows backward movement

via frameshifts, so that the process is asymmetric but not totally asymmetric. To the

best of our knowledge, asymmetric exclusion processes with extended objects have

not been theoretically analyzed.

Protein synthesis rates as a function of ribosome density have also been modeled

by, e.g., Zouridis and Hatzimanikatis (2007), using a system of differential equations

for component concentrations and including steps of the elongation cycle. Their work

predicts maximum translation rates at a density of 0.95, measured as the fraction of

mRNA covered by ribosomes, as compared to an optimal density of 0.78 predicted by

Shaw et al. (2003). Valleriani et al. (2010) have investigated the role of mRNA degra-

dation on the mean density, density profile, and number of ribosomes in a polysome

with an ODE model. From their work, they conclude that the density of ribosomes

decreases exponentially along the length of the mRNA in prokaryotes and that the
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density profile in eukaryotes is the sum of a decreasing component and an increasing

component, which can lead to an observed uniform density. In both cases, the effect

of mRNA degradation implies that the mean density averaged over age-distributed

ensembles of mRNA varies as the reciprocal of the mRNA length. This in turn implies

that mRNAs of all lengths tend to have the same number of ribosomes on them at

any given time. A similar model was developed by Basu and Chowdhury (2007).

A stochastic model of cell-wide protein synthesis in yeast was published by Shah

et al. (2013). In that work, the authors explicitly include the distribution of mRNAs

and tRNAs, diffusion rates within the cell volume, and a fixed number of ribosomes

(which may be recycled) to study the effects of initiation rates and codon bias on

overall synthesis rates. They conclude that ribosome availability is the limiting factor

under normal conditions, and that reducing initiation or elongation rates can actually

increase overall protein yield when other factors such as tRNAs or amino acids are in

short supply. While their model is more realistic than that of Valleriani et al. (2010),

whose ODE-based model implicitly assumes an unlimited supply of free ribosomes,

Shah et al. do not include termination rates or recoding events.

A hybrid agent-based and stochastic model for system-wide protein synthesis has

been developed by Chu et al. (2012) and is publicly available as a software tool.

This model accepts lists of mRNA sequences and cell-specific parameters as inputs

and produces data on translation times, sequence length, total translation numbers,

and polysome sizes for each mRNA, usage rates for codons and tRNA, proportion of

free ribosomes, and translation error. This model, too, does not allow for recoding

events. For further background on polysome modeling, an extensive review has been

published by Chowdhury (2013).
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3.1.2 Our focus: −1 PRF

We are particularly interested in the effects of polysome interactions on −1 PRF.

A translating ribosome must unfold any structures along the mRNA as it moves along.

The average spacing of ribosomes in actively translating polysomes has been estimated

to be 40-150 nt center-to-center (Cataldo et al., 1999; Brandt et al., 2009), and varies

as a function of initiation and elongation rates. With a footprint of ∼30 nt covered by

each prokaryotic ribosome (Yusupova et al., 2001) or ∼36 nt for eukaryotic ribosomes,

the remaining gap of ∼10-120 nt is comparable to the length of a pseudoknot. If the

refolding timescale for pseudoknots and the HIV-1 stimulatory hairpin is longer than

the average translation rate, upstream ribosomes might arrive at the slippery site

of an mRNA before the downstream stimulatory structure has refolded, and thus

would not encounter the frameshift signal. Alternatively, if ribosomes are packed

closely enough that part of the downstream sequence is still within a ribosome when

the following ribosome reaches the slippery site, then again the following ribosome

will not encounter the stimulatory structure. In either case, this situation would

have implications for the interpretation of observed frameshift efficiencies. In the

lab, frameshift efficiencies are measured by embedding the frameshift signal in a

reporter system and measuring the ratio of bulk proteins that are produced. If the

observed frameshift efficiency of a given signal is 30%, for example, but only half of

translating ribosomes encounter the signal, then the actual probability of a frameshift

for an isolated ribosome is 60%. In this chapter, I explore the effects of polysome

interactions on overall frameshift efficiencies.

3.2 Model Modifications

The model of the elongation cycle we use here is the same as for single ribosomes,

as described in Chapter 2. To extend the model to polysomes, we include constant

initiation (α) and termination (γ) rates and impose an exclusion principle to ensure
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that ribosomes may not overlap. For simplicity, both initiation and termination are

treated as single events that include attachment to and detachment from the mRNA,

respectively. We also allow the stimulatory structure to refold on a fixed timescale,

with rate β. For this simple model, we assume the structure refolds all at once, i.e., the

lifetimes of any intermediate configurations are negligible. The new parameters with

their baseline values and tested ranges are listed in Table 3.1. Sensitivity analysis of

the response of the model to variations in these parameters is described in section 3.3.

The expanded state space for the Markov process then consists of the four elements

{ni,mi, ri, si} for each ribosome, i = 1, . . . , N , where ni = 0 before initiation and ni =

the length of the mRNA +1 after termination, plus the Bernoulli variables A and B

describing the occupancy of the initial six codons and the folded or unfolded state of

the stimulatory structure, respectively.

We assume that each ribosome covers 36 nt (12 codons), the footprint used in the

models by Shaw et al. (2003) and Zouridis and Hatzimanikatis (2007). We note, how-

ever, that the X-ray crystallography work by Yusupov and Yusupova’s lab (Yusupova

et al., 2001; Jenner et al., 2010) have determined that the prokaryotic ribosomes of

Thermus thermophilus cover 30 nt of the mRNA.

Table 3.1: Baseline values and tested ranges for new parameters included in the polysome
model.

Parameter Description Baseline Value Tested Range References

α initiation rate 0.1 s−1 0.001− 50 s−1 Shah et al. (2013)
β refolding rate 25 s−1 0.001− 50 s−1 set β = Zunzip

γ termination rate 10 s−1 0.001− 50 s−1 this work

At each step in the simulation, the possible events are (i) initiation of a new

ribosome; (ii) termination of a ribosome; (iii) refolding of the stimulatory structure; or

(iv) completion of a step of the elongation cycle for an active ribosome. Probabilities

are determined by the rate constants as described above and in section 2.2.3 and
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are conditioned on the exclusion principle. The event is chosen via the Gillespie

algorithm, as described in section 1.3.2.

Each simulation run sends a fixed number of ribosomes down the mRNA, with

the number prescribed as input to the program. The simulation ends when the final

ribosome has terminated its translation. The simulation can also optionally end after

the total time reaches a prescribed cutoff value. The program records time steps and

positions of the pseudoknot and all ribosomes. After completion of each simulation,

we calculate the frameshift efficiency, ribosome density, and statistics on dwell times.

Results are discussed in the next section.

3.3 Results

3.3.1 Traces and density profiles

Figure 3.2 illustrates plots of position vs. time for a simulation of 62 ribosomes

translating HIV-1 gag in series using baseline parameters. During the simulation,

several ribosomes may be on the mRNA at any one time. The sequence for HIV-1

gag-pol was obtained from the National Center for Biotechnology Information (NCBI)

Reference Sequence NC 001802.1, bases 336 to 4642, and truncated to 1802 bases.

With this mRNA sequence, the Pol-producing slippery site lies at position n = 1300.

The position of the terminal base pair of the stimulatory hairpin as it unfolds and

refolds is plotted in gray with dashed lines. Several features of the plots are apparent:

1. About half of the ribosomes end translation at the 0-frame stop codon at posi-

tion 1501. These ribosomes have completed translation of gag.

2. Ribosomes that frameshift at the expected slippery site skip the 0-frame stop

codon and continue to translate the remaining codons in the model mRNA,

producing longer traces. In this example, the extended traces terminate at 546

s, 622 s, 652 s, 669 s, and 791 s.
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3. About one third of the ribosomes produce truncated traces, ending at position

87, 618, 1170, or 1281. This is discussed below.

4. The ribosomes are translating at roughly the same average rate, as shown by

the similar slopes of their traces. This rate is ∼ 6 codons/sec.

5. There are no long pauses relative to the average translation rate, which would

be indicated by plateaus in the traces.

6. With the baseline parameter values, the stimulatory structure unfolds and re-

folds between most pairs of adjacent ribosomes.
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Figure 3.2: A simulation of 62 ribosomes translating HIV-1 gag using our baseline param-
eters. Individual ribosome traces are solid lines showing position vs. time on a 1800 nt
mRNA. A 0-frame stop codon occurs at position 1501. The position of the first base in the
stimulatory hairpin as a function of time is shown by the gray dots and dashed lines. This
position is set to 30 bases beyond the end of the mRNA when the hairpin is unfolded.

Closer inspection of the traces reveals that the early terminations are the result of

early frameshifts, which cause those ribosomes to encounter subsequent stop codons
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in the −1 frame. These frameshifts are occurring at slippery heptamers in the HIV-1

gag sequence that are not associated with a stimulatory structure. The same slippery

sites were also identified by our single ribosome model, as discussed in section 2.3.1.

We explore polysome frameshift efficiency in detail in section 3.3.2.

Figure 3.3 presents three examples of density vs. time for simulations using 200

ribosomes each on HIV-1 gag. The density is measured as the fraction of nucleotides

covered by ribosomes on the mRNA. Each density curve represents a different trans-

lation regime, obtained by varying the initiation and termination rates. For the blue

line (bottom of the figure), the termination rate is infinite, meaning that ribosomes

leave the mRNA as soon as they reach a stop codon, and the initiation rate is low:

α = 0.022 s−1, or approximately one ribosome every 45 sec. The fractional coverage

never rises above 0.1, with a median value of 0.024, i.e., one ribosome on the mes-

sage at a time. In this regime, protein synthesis is initiation-limited, and the total

translation time is just the sum of the translation times for each individual ribosome.

The red line (top of the figure) illustrates the other extreme: the initiation rate is

high (α = 41.8 s−1) and the termination rate is low (γ = 2.0 s−1), so that ribosomes

encounter the mRNA often, but must wait a relatively long time to detach after

reaching a stop codon. Under these conditions, the density approaches 1 with a

median of 0.87. This corresponds to about 36 ribosomes on the mRNA at a time

with a mean separation of only 41 nt center-to-center, or 5 nt edge-to-edge. In this

regime, protein synthesis is termination-limited: elongating ribosomes are blocked as

they wait for leading ribosomes to dissociate at the stop codon.

Between these two cases is the elongation-limited regime (green line, middle of the

figure). The average elongation rate is ∼ 6 codons s−1, or equivalently, 0.5 ribosomes

s−1. In the plotted example, α = 1.5 s−1 and γ = 17 s−1, so that there are no long

waits for either initiation or termination. In this regime, the total translation time is

lower than in the other two cases and protein synthesis rates can be optimized.
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Figure 3.3: The fraction of mRNA covered by ribosomes during translation is plotted
against time for three values of the initiation rate. Each curve represents 200 ribosomes
translating HIV-1 gag (1500 nt) and corresponds to a different parameter regime. Blue
line (bottom): initiation-limited; green line (middle): elongation-limited; red line (top):
termination-limited.
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Figure 3.4 plots the mean density of ribosomes on the truncated gag as a function

of the initiation rate α and the termination rate γ. The solid lines are fits to the

data following the theory of Shaw et al. (2003). By analyzing a totally asymmetric

exclusion process with particles of size ` on an open 1D lattice, Shaw et al. derived

the mean density relation

ρ̄ =


`α

ε+α(`−1) , α < γ < ε
1+
√
`

1− γ
ε
, γ < α < ε

1+
√
`√

`
1+
√
`
, α, γ ≥ ε

1+
√
`

(3.3.1)

where ε is the effective elongation rate. For ` = 12 codons, the critical value for α

and γ is 0.224ε and the critical density when α and γ exceed this value is ρ̂ = 0.776.
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Figure 3.4: Ribosome density vs. initiation and termination rates. Solid lines correspond
to best fits based on the theoretical analysis of Shaw et al. (2003). Red curve, lower left:
α < γ and α < 1.5 s−1. Black descending line, upper left: γ < α and γ < 1.5 s−1. Green
horizontal line: α, γ > 1.5 s−1.
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On the plot, we can clearly see the three density regimes predicted by theory. The

bifurcation appears to occur at α = γ ≈ 1.5 s−1, indicating an effective elongation

rate of ε = 1.5/0.224 = 6.7 codons/s. Points for which both α < γ and α < 1.5 s−1

are in the low density regime. The best-fit line for these points (blue curve) following

the functional form of equation (3.3.1) gives

ρ̄ =
12α

6.58 + 13.6α
+ 0.09 (3.3.2)

withR2 = 0.99. Note that this fit suggests an effective elongation rate of 6.58 codons/s

and a corresponding critical point of 1.47 s−1. The low density regime corresponds

to initiation-limited translation.

When γ < α and γ < 1.5 s−1, the mean density is high (upper left region of

Figure 3.4). These points are well fitted by the line ρ̄ = 1 − γ/7 (R2 = 0.95). In

this regime, translation is termination-limited. In the remaining region of the graph,

both α and γ are greater than 1.5 s−1 and the mean density is nearly constant. The

green horizontal line marks the theoretical density of 0.776. Our simulations actually

predict a slightly higher mean density of 0.8, but the density is nonetheless essentially

constant in this regime, where translation is elongation-limited. The discrepancy may

be due to variations in actual elongation rates as a function of density, or to the fact

that our model is not totally asymmetric. Median dwell times (the reciprocal of the

effective elongation rate) are plotted against density in Figure 3.5, right panel.

We can further inspect the effect of ribosome density on the overall protein syn-

thesis rate, often called the current-density relation. The left panel of Figure 3.5 is a

plot of the protein synthesis rate vs. mean ribosome density based on 92 simulations

of 100-400 ribosomes each, translating the truncated segment of HIV-1 gag. Each

simulation uses a different set of values for α, β, and γ.

The shape of the graph is in excellent agreement with prior models (Shaw et al.,

2003; Zouridis and Hatzimanikatis, 2007). We find the maximum protein synthesis

rate to be 32 aa/s, occurring at a mean density of ρ̄ = 0.81. Above this value,
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Figure 3.5: Left: Protein synthesis rate vs. mean density in translating polysomes. Right:
median dwell time vs. density.

the density saturates rapidly and the protein synthesis rate drops precipitously back

to zero. For comparison, Shaw et al. (2003) found a maximum rate of 25 aa/s at

ρ̄ = 0.78, while Zouridis and Hatzimanikatis (2007) found a maximum rate of 44 aa/s

at ρ̄ = 0.95. Our results are thus very similar to the findings of those prior models,

despite our inclusion of frameshifts.

Median dwell times per codon also behave as expected in our simulations (Fig-

ure 3.5, right panel). The dwell time is the reciprocal of the elongation rate. The

calculated dwell times from our simulations are consistent with the effective elonga-

tion rates predicted from the theoretical best-fit lines.

We now turn our attention to an analysis of frameshift efficiencies in polysomes.

3.3.2 Frameshift efficiency

In simulations of translation of HIV-1 gag, frameshifts occur most frequently at the

nominal frameshift site, n = 1300 (Figure 3.6), and occur at roughly equal background

frequencies at all other slippery sequences. The fact that there are seven 0-frame

slippery sequences before the nominal slippery site may help explain the discrepancy

between the background (pseudoknot-free) levels of frameshifting seen in HIV-1 gag
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and the shorter test sequences used in Chapter 2 and in our further analysis below,

as discussed in section 2.3.1. Table 3.2 lists the predicted frameshift efficiencies at all

slippery sites in HIV-1 gag from both our polysome model and the single ribosome

model of Chapter 2.
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Figure 3.6: Frameshift efficiency vs. position along HIV-1 gag. All frameshifts occur at
slippery heptamers. Each point represents a simulation of 250 ribosomes with β = 25 s−1,
γ = 10 s−1, and α ∈ [0.001, 0.5] s−1. Vertical scatter is due to variations in α.

The two models are very consistent in their predictions of frameshift efficiency at

each site. As mentioned above, there is no stimulatory structure involved at the first

seven sites, and hence negligible tension in the spacer. The frameshift efficiency at

these sites is due only to the low energy barrier between the 0 frame and −1 frame

codon-anticodon interactions. At the site U UUU UUA, the frameshift efficiency is

slightly higher in the polysome model because we allow refolding of the downstream

hairpin, making it more likely to be available when ribosomes reach that slippery site.

If these levels of premature frameshifts are occurring in vivo, then one wonders
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Table 3.2: Simulated frameshift efficiencies at alternate slippery sites in the HIV-1 gag-pol
sequence, using both the single-ribosome and polysome models with baseline parameters.
Values for the single ribosome model are repeated here from Table 2.6. The positions of
the slippery sites refer to the number of the 5’ nucleotide in the A site codon, i.e., the fifth
nucleotide in each slippery sequence. Sample sizes are N = 1000 ribosomes for the single
ribosome model and N = 9250 ribosomes for the polysome model. Uncertainties for the
polysome values p̂ are given by 2

√
p̂(1− p̂)/9250.

Sequence Position Frameshift Efficiency

Single Ribosome Polysome

G GGA AAG 76 0.009 0.00721± 0.00176
U UUA AAU 457 0.001 0.00163± 0.00084
U UUA AAC 553 0.001 0.00058± 0.00050
G GGG GGA 577 0.004 0.00429± 0.00136
A AAA AAU 943 0.006 0.00990± 0.00206
U UUA AAA 1003 0.006 0.00516± 0.00149
A AAG GGC 1234 0.003 0.00121± 0.00072
U UUU UUA 1300 0.033 0.0534 ± 0.0047

why HIV-1 tolerates so much wasted effort in translation, or whether those truncated

polypeptide chains serve some purpose. On the other hand, if premature frameshifts

do not occur, what prevents them? We need experimental observations that look for

low levels of frameshifts at these sites in order to help address these questions.

To investigate the relationships between initiation, termination, refolding, and

observable frameshift efficiencies at the gag-pol frameshift site, we performed a series

of simulations using the 302 nt segment of HIV-1 gag-pol from base 1234 to base 1535.

This segment includes the frameshift signal and extends 36 nt beyond the 0-frame

stop codon for gag. The slippery site U UUU UUA now appears at position n = 70.

In Figure 3.7, we can see the the effects of variations in initiation and refolding

rates on the overall frameshift efficiency. In these simulations, the termination rate

is fixed at 10 events per second. For initiation rates that are comparable to the

termination rate, α ≥ 1 s−1, translation is either elongation- or termination-limited.
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Ribosomes crowd onto the mRNA in a dense polysome and there is no room for the

stimulatory structure to refold. The refolding rate is thus irrelevant and we see only

background rates of frameshifting at all values of β. Similarly, when β is very low,

the structure never refolds and we again see only background levels of frameshifting,

regardless of initiation rate. At the other extreme, for very low values of α, each

ribosome translates in isolation and the frameshift efficiency reaches its maximum

value as long as the refolding rate is sufficient to produce the frameshift signal for

each ribosome; faster refolding makes no difference. In this regime, we see the same

results from the polysome model as we did with the single ribosome model.

The interesting effects occur when initiation and refolding are within an order of

magnitude of each other and both are much less than the termination rate. Under

these conditions, reducing the refolding rate lowers the frameshift efficiency at a given

initiation rate, and lowering the initiation rate increases the frameshift efficiency. This

makes sense: if the stimulatory structure refolds slowly, it is less likely to be available

for subsequent ribosomes after unfolding, and if ribosomes arrive at the frameshift

site less frequently, there is more time for the structure to refold between ribosomes.

Since the ribosome density becomes the limiting factor for α ≥ 1 s−1, simulations

with refolding rates greater than 1 s−1 produce the same results as with β = 1 s−1.

The best-fit regression lines are loglogistic curves of the form

FS =
a

1 + 10b(logα−c)
+ d, (3.3.3)

where FS stands for frameshift efficiency and log means log10. Note that limα→0 FS =

a + d and limα→∞ = d, so that the predicted background frameshift efficiency is d

and the maximum frameshift efficiency is a + d. The midpoint of each curve occurs

at (α, FS) = (10c, a
2

+ d). The slope at the midpoint is d(FS)
d logα

∣∣∣
logα=c

= −ab ln 10
4

. Fitted

parameter values and slopes for the curves plotted in Figure 3.7 are listed in Table 3.3.

The functional form of these fits makes sense given the structure of our model.
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Figure 3.7: Simulated frameshift efficiencies vs. initiation rate α for a range of refolding
rates (β), from β = 1 s−1 (black dots, top) to β = 10−5 s−1 (cyan dots, bottom). Each dot
represents a run of 100-400 ribosomes on the truncated segment from HIV-1 gag-pol. The
solid lines are loglogistic fits to the simulation data with 95% confidence bounds (dotted
lines). The frameshift efficiency is greatest when the initiation rate is much less than both
the refolding rate and the termination rate.
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Table 3.3: Fitted parameter values with 95% margins of error for loglogistic curves
a

1+10b(logα−c)
+ d, describing frameshift efficiency as a function of logα for a selection of

values of β.

β a b c d R2

25 0.335± 0.009 1.566± 0.119 −0.709± 0.026 0.0069± 0.0065 0.9873
1 0.351± 0.010 1.461± 0.111 −0.774± 0.028 0.0101± 0.0068 0.9870

0.1 0.377± 0.012 1.157± 0.094 −1.191± 0.033 0.0114± 0.0061 0.9861
0.01 0.371± 0.024 1.149± 0.144 −1.990± 0.068 0.0240± 0.0042 0.9684
0.001 0.489± 0.573 0.860± 0.353 −3.193± 0.985 0.0180± 0.0091 0.9513

Note first that
a

1 + 10b(logα−c)
+ d =

a

10−bcαb + 1
+ d.

When a ribosome is in state {n,m, r, 4}, at the decision point for a frameshift, the

probability of a frameshift occurring is the probability of a frameshift given that that

ribosome is chosen times the probability of choosing that ribosome, conditioned on

the values of A and B:

P(FS|A,B) =
kfs

kfs + k5 + kunzip
· kfs + k5 + kunzip

Aα +Bβ +
∑N

i=1 ki

=
kfs

Aα +Bβ +
∑N

i=1 ki
(3.3.4)

where A ∈ {0, 1} indicates whether the initiation site is available and B ∈ {0, 1}

indicates whether the stimulatory structure is folded or unfolded, respectively. Each

ribosome will encounter state s = 4 under one of the four cases corresponding to

the possible pairs of values for (A,B). We can therefore write the total probability

P(FS) as

P(FS) =
kfs∑N
i=1 ki

P(A = 0, B = 0) +
kfs

β +
∑N

i=1 ki
P(A = 0, B = 1)

+
kfs

α +
∑N

i=1 ki
P(A = 1, B = 0) +

kfs

α + β +
∑N

i=1 ki
P(A = 1, B = 1).

Two of these terms (when A = 0) are constant with respect to α and the other two

terms are of the form C1/(α + C2) where C1 depends on the probability that the
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stimulatory structure has room to refold, which may indirectly depend on α. It is

thus reasonable that the best-fit probability of −1 PRF should vary as 1/(αb+C) with

b near 1, as we do in fact see in Table 3.3. Furthermore, as α increases, the frameshift

efficiency decreases, indicating that a higher density of ribosomes interferes with the

frameshift signal. We also see that b decreases as β decreases so that the role of α

becomes less and less important, until β is so low that the downstream structure no

longer plays a role in inducing frameshifts.

A look at frameshift efficiency vs. mean density highlights the key role that

ribosome density plays in moderating −1 PRF (Figure 3.8). The relationship is

linear, with maximum predicted frameshift efficiencies occurring when the density is

lowest and ribosomes act as individuals, and reaching minimum when the density

reaches the value for the peak protein synthesis rate (see Figure 3.5a). The equation

of the best-fit line is FS = 0.36 − 0.48ρ̄ (R2 = 0.95) for 0.13 < ρ̄ < 0.76, excluding

the outliers. The circled points are cases where the refolding rate β was much lower

than the initiation rate, causing a drop in frameshift efficiency due to lack of the

stimulatory signal.

There is thus a trade-off between efficient −1 frameshifting and efficient protein

synthesis: for each increase in mean density of 0.1, the overall protein synthesis rate

increases by about 5 aa/s and the overall frameshift efficiency decreases by about 0.05.

To test this predicted trade-off, I propose an experiment in which a set of frameshift

assays are carried out on the HIV-1 frameshift signal with varied concentrations of

ribosomes and mRNAs in order to modulate the effective initiation rate by controlling

the ratio of ribosomes to mRNAs. This experiment should be straightforward to do

in vitro.
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Figure 3.8: Frameshift efficiency vs. mean density of ribosomes. At the two circled points,
the refolding rate is much lower than the initiation rate. The best-fit line for the linear
regime is given by FS = 0.36− 0.48ρ̄.

3.3.3 Pause times

Figure 3.9 shows histograms of the locations of the longest dwell times (above the

99th percentile) for the high density and low density simulations plotted in Figure 3.3.

In panel (a), the density is low, the protein synthesis rate is low, and frameshift effi-

ciency is high. The distribution of pause times appears to be uniform at all positions

along gag (positions 0 to 1500) except for a spike near 1300, the location of the ex-

pected frameshift site. Counts are much lower past 1500 due to the smaller number

of ribosomes that frameshift and reach the pol section of the mRNA.

In panel (b), the density is high and both the protein synthesis rate and the

frameshift efficiency are low. The number of long pauses at each codon increases
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leading up to the stop codon at the end of gag because the termination rate is low, so

ribosomes must sit at the stop codon while waiting to terminate. Since the density

is so high, following ribosomes must also sit and wait until the leading ribosome

terminates. The spikes are 36 nt, or one ribosome footprint, apart.
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Figure 3.9: Histograms of locations of long pause times on HIV-1 gag : (a) low density; (b)
high density.

Figure 3.10 compares the distribution of separations between ribosomes at fixed

times (dark blue) to that at frameshift events (teal), for four representative initia-

tion rates, corresponding to three density regimes. All counts were normalized to

show relative frequencies. In each case, there is no significant difference between the

distributions, suggesting that ribosomes are neither preferentially far apart nor pref-

erentially close together when frameshifts occur as compared to translation without

frameshifting at a given density. However, we do see an interesting pattern in the

changes in distributions for changing initiation rate. For very low initiation rates and

low densities, the separations are sparse and roughly uniform, as we expect: most

ribosomes in this situation are alone on the mRNA and there is no separation to

measure. At moderate initiation rates and densities, the distribution of separations

is a mixture of effects due to interactions between the constant initiation and termi-
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nation rates and varying elongation rates at different codons. Finally, at a very high

initiation rate and correspondingly high density, the ribosomes are packed tightly

and most separations are very small, with frequencies falling off exponentially with

increasing separation.
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Figure 3.10: Normalized histograms of separations between ribosomes at fixed times (blue)
and at frameshift events (teal). Separations are measured as the number of nucleotides
between the leading and trailing edges of adjacent ribsomes.
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3.4 Discussion

By including an initiation rate, a refolding rate, a termination rate, and an ex-

clusion rule, our model of elongation with −1 PRF reproduces polysome behavior as

simulated by others without −1 PRF (Shaw et al., 2003; Zouridis and Hatzimanikatis,

2007; Basu and Chowdhury, 2007) and ribosome distributions as seen in the lab (Ar-

ava et al., 2005). We find that frameshift efficiency at the known frameshift signal

of HIV-1 is indeed affected by the interplay of the initiation rate and termination

rate, which regulate the ribosome spacing on the mRNA, and the structure refold-

ing rate, which together with the ribosome spacing determines the availability of the

downstream stimulatory hairpin. With a sufficiently high structure refolding rate

(β & 1 s−1), the frameshift efficiency remains high and approximately constant for

initiation rates up to about 0.05 s−1, then decreases exponentially as the initiation

rate increases up to approximately 1 s−1, where the frameshift efficiency levels off

at the low background level seen in the absence of a stimulatory structure. This

work suggests that laboratory measurements of −1 frameshift efficiency should be

reexamined to assess the possible impact of ribosome density in each experiment.

Furthermore, frameshift efficiency decreases linearly with increasing ribosome den-

sity on the mRNA, up to the critical density at which protein synthesis is maximized.

Our model predicts a trade-off between maximum frameshift efficiency and maximum

protein synthesis rate, such that frameshift efficiency decreases by about 0.05 and the

synthesis rate increases by about 5 aa/s for each increase in mean density of 0.1.

These predictions can also be tested in the lab.

Our model also predicts measurable levels of premature frameshifts in HIV-1 gag-

pol at slippery sites that are not associated with known stimulatory structures. Care-

ful frameshift assays should be able to detect these frameshifts in the lab. It would

be very interesting to explore the effect of this “background” frameshifting on viral

propagation, if it exists.



103

As with the single ribosome model, we have made several simplifying assumptions

and have not included all factors that may affect −1 PRF in polysomes. In particular,

this model uses constants for the initiation, termination, and refolding rates. The

dynamics of folding and unfolding of structures in translating mRNA is still not well

known, and our model suggests that the refolding rate can affect frameshift efficiencies

in intermediate density regimes. More information about structure unfolding and

refolding should be incorporated into the model as it becomes known.
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Chapter 4

Conclusion

−1 PRF is a programmed translational recoding event in which ribosomes shift

reading frames, upstream, by a single nucleotide in response to two cis-acting mRNA

elements: a slippery sequence at the ribosome’s coding site and downstream RNA

structures at the ribosome entrance tunnel, separated by a spacer just long enough to

stretch the length of the tunnel. Programmed −1 frameshifting occurs, for example,

during translation of viral RNA, where a stop codon is skipped and the pol gene

downstream of the gag gene is translated as a fusion protein (Jacks and Varmus,

1985). The frameshift efficiency, or probability of occurrence per message, varies from

approximately 5% to 40% in the lab and is finely tuned to the ratio of Pol to Gag

proteins needed by each species of virus (Dinman et al., 1998). The probability of −1

PRF appears to be determined by how the energetics (and kinetics) of the downstream

RNA structural stability, the codon-anticodon interaction, and the elasticity of the

spacer depend upon tension (Kim et al., 1999; Plant et al., 2003; Namy et al., 2006;

Hansen et al., 2007; Green et al., 2008; Cao and Chen, 2008; Giedroc and Cornish,

2009).

In this work, I have developed a stochastic model of the translation elongation

cycle that allows for the possibility of −1 frameshifting at each codon. The frameshift

signal is modeled by the simple three-element description mentioned above: the free

energies of codon-anticodon interactions, the stability of the downstream structure

as measured by free-energy differences between configurations, and the tension in the

spacer. The model provides detailed insight into the tension dependence of −1 PRF

as well as the effect of polysome density on −1 PRF. The model further provides

a framework for exploring the influence of other aspects of elongation on −1 PRF.
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Alternate assumptions and further details of interactions can be incorporated into the

model framework. The sections below summarize the results from the basic model as

applied to single ribosomes, followed by the extended model for polysomes. Finally,

I discuss directions for future work.

4.1 The Basic Model

Our model predicts dwell time distributions that are in good agreement with

those of prior models of elongation, which did not include frameshifting (Heyd and

Drew, 2003; Gilchrist and Wagner, 2006; Zouridis and Hatzimanikatis, 2007; Pienaar

and Viljoen, 2008; Garai et al., 2009; Tinoco Jr. and Wen, 2009). Furthermore,

this model accurately predicts the location of frameshift events to be at slippery

sites of the mRNA, and reproduces observed frameshift efficiencies for HIV-1 using

reasonable values for the small set of free parameters. It further predicts that multiple

−1 frameshifts in a row are improbable, in agreement with observations.

We have used the model to predict frameshift efficiencies for all possible slippery

sites of the form X XXY YYZ coupled with the HIV-1 stimulatory hairpin (Fig-

ure 2.9). The relative efficiencies in these predictions can be tested experimentally

and compared with previous work (e.g., Brierley et al., 1992; Dulude et al., 2006).

The model predicts that frameshift efficiencies can depend on the choice of anticodon

and thus may be affected by tRNA species abundances (Figure 2.9 and Table 2.5).

This dependence can also be tested using in vitro frameshift assays.

Our model simulations demonstrate that tension in the spacer does indeed play

a role in inducing −1 frameshifts. When the tension is very low, either because the

downstream structure is absent or through a mismatch between the ribosome size and

the length of the spacer, frameshifting drops to background levels due only to the low

energy barrier between reading frames at the slippery site. The background levels

predicted by our model agree closely with those observed by Marczinke et al. (2000);



106

Dulude et al. (2002) and Cornish et al. (2005) in mRNA sequences with no stimulatory

structure. Furthermore, the effect of tube confinement on the spacer tension cannot be

neglected. In a model version that does not include tube confinement, the downstream

structure unfolds completely before the ribosome reaches the slippery site and thus

cannot stimulate efficient frameshifting.

In keeping with the low level of −1 PRF induced by the small free energy dif-

ference in codon-anticodon interactions at slippery sites, our model predicts low but

measurable levels of frameshifting at six alternative sites in HIV-1 gag-pol. These

sites are not associated with known stimulatory structures and have not been dis-

cussed in the literature, but the predicted frameshift locations and efficiencies should

be testable in the lab.

Our model is successful in predicting frameshifting efficiencies for HIV-1, whose

stimulatory structure is a relatively simple hairpin, but is currently unable to repro-

duce observed frameshift efficiencies for systems that involve a pseudoknot, such as

IBV and ScYLV. Our work suggests that multiple intermediate states and ribosome-

pseudoknot interactions or other stabilizing forces are necessary elements in the

frameshift-stimulating function of pseudoknots, consistent with experimental results

(Green et al., 2008; Giedroc and Cornish, 2009; White et al., 2011; Ritchie et al.,

2012).

In our model, we have placed the frameshift event during the accommodation

step of elongation, as proposed by Plant et al. (2003). Other models assume that −1

frameshifts happen during translocation of the ribosome (Weiss et al., 1989; Namy

et al., 2006) or at multiple steps of the elongation cycle (Liao et al., 2011; Xie,

2013). We have explored the possibility of frameshifting during translocation using

our model framework and found that simulations using the HIV-1 test sequence and

baseline parameters result in translation times with an average of 230 s/codon, much

longer than observed translation times, while the simulated frameshift efficiency is no

higher than background levels. In this version of the model, the downstream structure
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always unfolds completely before the ribosome reaches the frameshift site. We thus

cannot reproduce the results of these other models, but we also cannot rule out the

possibility of frameshifts during translocation.

Finally, our model results lead to testable predictions regarding the location of

extended pausing by ribosomes. All versions of the model predict that dwell times

tend to be longest at or immediately after the slippery site. The fact that pauses

typically occur after, not before, frameshifts in our simulations suggests that the

pauses are actually related to unfolding the remaining downstream structure, rather

than frameshifting itself. The part of the structure that is at the right distance to

produce tension in the spacer and thus stimulate frameshifting, e.g., stem 2 of the

HIV-1 hairpin, must be stable enough to be present at the entrance tunnel when the

ribosome arrives at the slippery site. To continue translating beyond the slippery

site, the ribosome must first unfold this relatively stable structure. This result is

consistent with the observations of Kontos et al. (2001), who found that pausing in

IBV and simian retrovirus 1 occurred at the slippery site but was not correlated with

frameshift events.

4.2 The Polysome Model

By including an initiation rate, a refolding rate, a termination rate, and an ex-

clusion rule, our extended model of elongation with −1 PRF reproduces polysome

behavior as simulated by others (Shaw et al., 2003; Zouridis and Hatzimanikatis,

2007; Basu and Chowdhury, 2007) and ribosome distributions as seen in the lab (Ar-

ava et al., 2005). Simulations with extreme values of the initiation and termination

rates behave as expected: when termination is very fast and initiation is very slow

compared to the mean elongation rate, then ribosomes in the polysome model never

interact and we recover the results of the single ribosome model. For slow termina-

tion and fast initiation, ribosomes pile up on the mRNA until the density reaches a
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maximum, and translation is simply limited by the termination rate. In this regime

we see only background levels of frameshifting because there is no room between

the ribosomes for the stimulatory structure to refold. When the initiation rate is at

least an order of magnitude slower than elongation or termination, then the structure

refolding rate becomes important: faster refolding allows for more efficient frame-

shifting. However, the frameshift efficiency saturates when the ratio of the refolding

to initiation rates is more than about 50.

We find that frameshift efficiency at the known frameshift signal of HIV-1 is indeed

affected by the interplay of the initiation rate and termination rate, which regulate

the ribosome spacing on the mRNA, and the structure refolding rate, which together

with the ribosome spacing determines the availability of the downstream stimulatory

hairpin. This work suggests that laboratory measurements of −1 frameshift efficiency

should be reexamined to assess the possible impact of ribosome density in each ex-

periment.

Furthermore, we predict a trade-off between efficient −1 frameshifting and maxi-

mal protein synthesis. Frameshift efficiency is highest at low densities, and decreases

linearly as the ribosome density and corresponding protein synthesis rate increase.

This effect, too, should be measurable in the lab via frameshift assays with controlled

ribosome and mRNA concentrations.

Our polysome model also predicts measurable levels of premature frameshifts in

HIV-1 gag-pol at slippery sites that are not associated with known stimulatory struc-

tures, as seen in the single ribosome model. Careful frameshift assays should be able

to detect these frameshifts in the lab. If such frameshifts do indeed occur in vivo, it

would be very interesting to explore the effect of this “background” frameshifting on

viral propagation.
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4.3 Future Work

To refine the model, experimentally confirmed values for the length of the ribo-

somal entrance tunnel in both prokaryotes and eukaryotes would be very helpful.

Activation energies for each step in the elongation cycle, and their dependence on

temperature, would improve the prediction of translation times. Extensions of this

work should model translocation in more detail, and should include the effects of

mRNA tension on translocation, in order to better assess the viability of −1 frame-

shifting during translocation. This will require more detailed knowledge of the role

of EF-G.

The work presented here does not take into account the 3D structure of the HIV-

1 stimulatory hairpin, which involves a 60◦ bend (Staple and Butcher, 2005), nor

possible triplex interactions between the 3’ end of the lower stem after unzipping and

the intact upper stem (Dinman et al., 2002). The action of pseudoknots in stimulating

−1 PRF has not been captured by our simple estimates of free energy differences

between predicted configurations, highlighting the need for much better models of

pseudoknot dynamics. Details of RNA structure unfolding pathways and energy

barriers, particularly for pseudoknots, will be essential to a clearer understanding of

the mechanism of −1 PRF.

A refined model should also include the effects of Mg2+ on structure stability,

and thus will need to include ion concentrations as a model parameter. Furthermore,

interactions between the mRNA structure and the ribosome entrance tunnel have

been neglected in this model, and should be explored in future work. In particular,

current theory regarding tube confinement relies on the assumption that the tube is

much longer than the persistence length of the polymer chain inside it, and that the

radius of the tube is less than the persistence length, neither of which is true for the

ribosome entrance tunnel and mRNA. There is thus further theoretical work to be

done in understanding the role of tube confinement on mRNA stretching.
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Our polysome model treats both initiation and termination as instantaneous

events, occurring on timescales given by the constant parameters α and γ. This model

can be expanded to incorporate details of the initiation and termination processes.

A full simulation of translation with −1 frameshifting would include concentrations

of initiation factors, elongation factors, and termination factors as well as ribosomes,

tRNA, and mRNA. Structure refolding has also been treated as an instantaneous

event; again, improved knowledge of RNA hairpin and pseudoknot dynamics will

provide useful constraints on our model predictions.

We have suggested several laboratory experiments that could be done to test

specific predictions of our model, including:

• frameshift assays to measure frameshift efficiency as a function of tRNA abun-

dance for anticodons AAA, AAC, AAG, and AAU paired with the U UUU UUA

slippery site of HIV-1;

• frameshift assays on either the full HIV-1 gag sequence or on sections of it to

look for −1 frameshifts at bases 76, 457, 553, 577, 943, 1003, and 1234;

• careful measurements of pause times and locations in systems including the

HIV-1 hairpin both with and without the associated slippery sequence to test

the hypothesis that pauses are associated with the wait to unfold stem 2 of the

hairpin; and

• a series of frameshift assays using varied concentrations of mRNAs and ribo-

somes to assess the effect of ribosome density on frameshift efficiency.

Finally, translation without frameshifting can be treated mathematically as a to-

tally asymmetric exclusion process with extended objects (MacDonald et al., 1968;

MacDonald and Gibbs, 1969; Heinrich and Rapoport, 1980; Shaw et al., 2003). Al-

lowing −1 frameshifts requires a relaxation of the totally asymmetric assumption. To

the best of my knowledge, exclusion processes that are asymmetric but not totally
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asymmetric have not yet been fully analyzed. Further theoretical work in this area

would also help to advance the understanding of −1 PRF.
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Appendix A

Literature Review

Empirical studies of programmed ribosomal frameshifting have determined that

three components are necessary for a −1 frameshift to occur: (1) a slippery site in the

RNA, which is a sequence of seven nucleotides of the form X XXY YYZ where Y is A

or U and Z is A, C, or U (Jacks et al., 1988a); (2) a short section of 5 to 8 nucleotides

called the spacer, immediately following the slippery site; and (3) a secondary or

tertiary structure, also called the stimulatory structure, following the spacer (Jacks

et al., 1988a; ten Dam et al., 1990; Draper, 1990; Farabaugh, 1996; Kim et al., 1999;

Plant et al., 2003; Namy et al., 2006; Hansen et al., 2007). The stimulatory structure

apparently causes the ribosome to pause at the slippery site (Tu et al., 1992; Somogyi

et al., 1993). This pause is a necessary but not a sufficient condition for a frameshift

to occur (Kontos et al., 2001).

Experimental evidence suggests that the stimulatory structure is usually a pseu-

doknot, with the exception of HIV-1 type B, in which the stimulatory structure is

a two-stem hairpin with a three-nucleotide bulge between the stems (Dulude et al.,

2002; Staple and Butcher, 2005; Gaudin et al., 2005), and SIV, which also employs a

stem-loop structure (Marcheschi et al., 2007). In the case of HIV-1 it appears that

the 8-base-pair lower stem unzips first so that the 5’ end of the lower stem becomes

the spacer between the slippery site and the more stable downstream upper stem.

It is likely that the stimulatory structure, whether pseudoknot or hairpin, interacts

with the entrance of the ribosome via specific intermolecular forces, thus promoting

the deformations and tension needed for frameshifting to occur (Namy et al., 2006;

Mazauric et al., 2009a).
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A.1 Biological Studies

A detailed review of the structure of the ribosome is given in Frank and Spahn

(2006), while Moore and Steitz (2005) give a brief history and retrospective of the

discovery of ribosome structure. Korostelev et al. (2008) and Munro et al. (2009) re-

view the current state of knowledge about ribosome dynamics. Our understanding of

these processes has been greatly enhanced by recent developments in single-molecule

studies such as fluorescence resonance energy transfer (FRET) and force-extension

measurements of RNA and DNA using optical tweezers, as reviewed in Munro et al.

(2008), Blanchard (2009) and Tinoco et al. (2010). A method of monitoring the

synthesis of β-galactosidase in individual cells is described by Cai et al. (2006).

A database of tRNA sequences and genes called tRNAdb is maintained by Jühling

et al. (2009). The diversity of tRNA genes in a selection of nine animals and two

kinds of yeast is compared by Goodenbour and Pan (2006). Anticodon features

across all three domains are examined by Marck and Grosjean (2002). Wobble base

modifications in tRNA are reviewed by Suzuki (2005), and pseudouridine in particular

is discussed by Charette and Gray (2000).

A.1.1 Translation

The translation of RNA into protein consists of four stages: initiation, in which

the ribosome attaches to the mRNA and identifies the start codon; elongation, in

which the polypeptide chain is formed; termination, in which the polypeptide is re-

leased from the ribosome; and recycling, in which the ribosome detaches from the

mRNA (Alberts et al., 2007). Kapp and Lorsch (2004) provide an extensive review

of translation in eukaryotes. X-ray crystallography observation of the actual path

of mRNA through the ribosome was obtained by Yusupova et al. (2001). By us-

ing optical tweezers, Wen et al. (2008) have observed the action of single ribosomes

translating hairpins. Marshall et al. (2008a) provide a comprehensive review of single-
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molecule techniques as applied to the study of translation, including FRET and the

use of optical tweezers.

Mechanisms of aa-tRNA selection are reviewed in Rodnina and Wintermeyer

(2001). Early work on rates of GTP hydrolysis and EF-Tu·GTP·tRNA binding to

ribosomes was carried out by Thompson et al. (1980) and Thompson (1988). Varenne

et al. (1984) determined that tRNA concentrations limit the rate of elongation. In

the following decade, Harrington et al. (1993) found rate constants for three steps

of translation. Rodnina et al. (1996) and Pape et al. (1998) studied the kinetics of

aa-tRNA binding to the A site. Schilling-Bartetzko et al. (1992a) also studied rates

and activation energies of stages in the elongation cycle, while Schilling-Bartetzko

et al. (1992b) experimentally determined association constants of A, P and E sites

with tRNAPhe. More recently, Semenkov et al. (2000) determined the free energy of

the A/P hybrid state before translocation and Kothe and Rodnina (2006) found that

release of phosphate after GTP hydrolysis limits the rate of EF-Tu conformational

change, which drives A site accommodation. Further studies of how cognate tRNA is

chosen, with rate constants, were carried out by Gromadski and Rodnina (2004). A

discussion of the trade-off between rate and accuracy in identifying cognates is given

in Johansson et al. (2008).

Studies of the detailed interactions between tRNAs and the ribosome include

the discovery of a G-C base pair between P-site rRNA and the 3’ end of tRNA by

Samaha et al. (1995). Kim and Green (1999) also discovered that a C at the 3’ (CCA)

end of aa-tRNA base pairs with a G in 23S rRNA in the A site, which affects the

stability of that conformation. Konevega et al. (2004) carried out a study of codon-

anticodon interaction stability in the A site as affected by adjacent purine and Mg2+

interactions. Frank et al. (2005) observed deformations of tRNA in pre-translocation

steps, calling it a “molecular spring”. Dinos et al. (2005) found that deacylated tRNA

is released from the E site before GTP is hydrolyzed by EF-Tu, but after a new aa-

tRNA enters the A site. Shoji et al. (2009) looked at specific interactions between
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ribosome rRNA and tRNA in the P site that stabilize various states and affect the

kinetics of translation.

Early work toward understanding the translocation phase of elongation included

studies of the kinetics of EF-G GTP hydrolysis by Robertson et al. (1986). The next

year, Robertson and Wintermeyer (1987) studied the role of the ribosome’s E site in

translocation. However, details of the translocation phase have really begun to be

elucidated in the past decade with the advent of single-molecule techniques such as

fluorescence resonance energy transfer (FRET) and the combination of information

from x-ray crystallography, nuclear magnetic resonance imaging (NMR), and cryo-

electron microscopy. These techniques have allowed researchers to observe ribosomes

and tRNAs in short-lived, dynamic intermediate conformations (Frank and Agrawal,

2000; VanLoock et al., 2000; Blanchard et al., 2004; Peske et al., 2004; Ermolenko

et al., 2007a; Munro et al., 2007; Cornish et al., 2008, 2009). These include rotations

and ratchet-like motions of the L1 stalk and the small subunit relative to the large

subunit.

By replacing GTP with non-hydrolyzable analogs, Katunin et al. (2002) found that

GTP hydrolysis induces conformational changes in EF-G and hence in the ribosome

that determine translocation rates. Savelsbergh et al. (2003) followed up this result

with a kinetic analysis of ribosome rearrangements induced by EF-G. An alternative

model of translocation involving GDP was proposed by Zavialov et al. (2005), but

their results were later questioned by Wilden et al. (2006). Pan et al. (2006) deter-

mined that a conserved G18-U55 base pair in tRNA affects the rate of translocation.

Konevega et al. (2007) found that the tRNA-mRNA complex can move backward in

the ribosome in the absence of EF-G. Spiegel et al. (2007) found that EF-G stabilizes

a hybrid-state conformation of the bacterial ribosome, thus promoting its forward

motion in translocation. Two intermediate states of tRNA during translocation were

identified by Pan et al. (2007). Moran et al. (2008) also looked at conformational

changes, describing tRNA as a spring and EF-2 as a ratchet during translocation.
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Walker et al. (2008) carried out a kinetic mutational analysis of tRNA hybrid states

in translocation, and Fei et al. (2008) studied the interactions of tRNA and the L1

stalk of the ribosome during translocation. Marshall et al. (2008b) determined that

the dynamics of translocation are controlled by irreversible chemical steps. Translo-

cation can be blocked by antibiotics such as viomycin (Ermolenko et al., 2007b). The

process of translocation was reviewed in detail by Frank et al. (2007).

The accuracy of translation in bacteria was reviewed by Kurland (1992). This

work has become an important reference for later researchers, since many studies of

translation and frameshifting use Escherichia coli. Before the details of the elonga-

tion process were known, both Pedersen (1984) and Andersson and Kurland (1990)

correlated translation rates with the prevalence of rare and common codons in E. coli.

Sørensen and Pedersen (1991) also determined absolute translation rates for four spe-

cific codons: GAA, GAG, CCG, and CGA. Bremer and Dennis (1987) studied the

relation between bacterial growth rate and the macromolecular composition of cells,

and compiled values of many parameters related to the synthesis of RNA, DNA, and

proteins. Grosjean and Fiers (1982) identified an optimal interaction energy between

codons and anticodons for efficient translation. Recently, Palmer et al. (2007) and

Cannarozzi et al. (2010) have further explored the role of codon preference and codon

order in translation dynamics. The E site helps to maintain the reading frame during

translation (Devaraj et al., 2009), thus improving translational accuracy. Reviews of

the importance of the E site are given in Wilson and Nierhaus (2006) and Pech et al.

(2010).

A.1.2 Frameshifting

A −1 programmed ribosomal frameshift was first positively identified as an im-

portant mechanism in viral protein synthesis by Jacks and Varmus (1985), who estab-

lished that −1 PRF is the means by which the Rous sarcoma virus (RSV) produces
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the Gag-Pol fusion protein. Since then, −1 PRF has also been identified in mouse

mammary tumor virus (MMTV) (Jacks et al., 1987), infectious bronchitis virus (IBV)

(Brierley et al., 1987), human immunodeficiency virus (HIV) (Jacks et al., 1988b), L-

A yeast virus (Dinman et al., 1991), simian immunodeficiency virus (SIV) (ten Dam

et al., 1994), Cocksfoot mottle virus (CfMV) (Mäkinen et al., 1995), beet western yel-

lows virus (BWYV) (Kim et al., 1999), sugarcane yellow leaf virus (ScYLV) luteovirus

(Moonan et al., 2000; Cornish et al., 2005), severe acute respiratory syndrome (SARS)

coronavirus (Brierley and Dos Ramos, 2006), alphaviruses (Firth et al., 2008), and

bacterial insertion sequences (Mazauric et al., 2008), among others. Very few ex-

amples of −1 PRF in eukaryotic cellular genes have been discovered: one active in

mouse embryonic development (Manktelow et al., 2005; Clark et al., 2007) and one in

a human paraneoplastic gene (Wills et al., 2006). −1 PRF may also account for mis-

formed proteins that cause neurodegenerative diseases such as Alzheimer’s (Wills and

Atkins, 2006). Extensive reviews of ribosomal frameshifting can be found in Brierley

(1995); Farabaugh (1996); Brierley and Pennell (2001); Brierley et al. (2010). General

reviews of recoding mechanisms, including PRF in bacteria, are given in Gesteland

and Atkins (1996) and Baranov et al. (2002). Miller and Giedroc (2010) have reviewed

frameshifting in plant viruses.

Due to its devastating effect on human health, the frameshifting mechanism in HIV

has been particularly targeted for study (Bidou et al., 1997; Kim et al., 2001; Dulude

et al., 2002; Dinman et al., 2002; Baril et al., 2003a,b; Lègér et al., 2004; Gaudin et al.,

2005; Staple and Butcher, 2005; Brierley and Dos Ramos, 2006; Dulude et al., 2006;

Gendron et al., 2008; Mazauric et al., 2009b; Brakier-Gingras and Dulude, 2010; Hong

et al., 2010; Kobayashi et al., 2010). Rapid assay strategies to find drugs that target

−1 PRF are discussed by Dinman et al. (1998). The kinetics of ribosomal pausing

at a frameshifting site in a yeast virus, with protein synthesis rates and frameshifting

efficiencies, were investigated by Lopinski et al. (2000).

The role of RNA pseudoknots in promoting −1 PRF has been extensively studied.
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Reviews of this function are given in Alam et al. (1999); Giedroc et al. (2000); Brierley

et al. (2008); Giedroc and Cornish (2009); Brierley et al. (2010). Draper (1990)

wrote an early short review of pseudoknots in general, and Brierley et al. (2007) has

reviewed viral pseudoknots. Recoding signals of all kinds in cellular genes, including

PRF, are discussed in Namy et al. (2004). Recode-2, a database of genes expressed by

recoding, including PRF, across a wide variety of genomes is maintained by Bekaert

et al. (2010).

To identify candidates for −1 PRF, ten Dam et al. (1990) carried out an early

computer search for possible pseudoknots and hairpins downstream of slippery sites

from ∼30 viruses. Recent work by Theis et al. (2008) in automatically detecting −1

PRF signals has resulted in the development of the KnotInFrame algorithm, which

is publicly available at http://bibiserv.techfak.uni-bielefeld.de/knotinframe.

Detailed studies of pseudoknot structures and functions have been done by many

groups, including Brierley et al. (1989, 1991); Chamorro et al. (1992); Shen and

Tinoco Jr. (1995); Du et al. (1996); Kim et al. (1999); Liphardt et al. (1999); Napthine

et al. (1999); Cornish et al. (2005); Mazauric et al. (2008). The role of metal ions in

stabilizing a pseudoknot from BWYV was studied by Egli et al. (2002), especially a

Mg2+ ion at the junction of the two stems. A mechanical study of a stalled ribosome at

a pseudoknot was carried out by Namy et al. (2006). The mechanical strength of the

IBV pseudoknot was measured with optical tweezers and correlated with frameshift

efficiency by Hansen et al. (2007). Chen et al. (2009) investigated how the mechanical

stability of a pseudoknot is enhanced by triplex interactions, and also found that these

interactions increased the efficiency of −1 PRF. Chou and Chang (2010) recently

compared secondary structures and triplex interactions of six pseudoknots. Mazauric

et al. (2009a) studied interactions between pseudoknots and ribosomes, particularly

differences between prokaryotic and eukaryotic ribosomes. Stimulatory structures in

alphaviruses were investigated by Chung et al. (2010). These studies have informed

our work but were not incorporated into the minimal model of translation with −1



119

PRF that we have developed. Future extensions of the model may include some of

these results. In particular, the stabilizing role of Mg2+ ions on pseudoknots may

affect −1 PRF, as may interactions between pseudoknots and ribosomes.

The slippery site at which the frameshift occurs has also been studied extensively.

Jacks et al. (1988a) first proposed the simultaneous slippage model (in which the

tRNAs in the ribosomal A and P sites slip together) and identified the X XXY YYZ

motif for the slippery sequence. Brierley et al. (1992) further explored the limits

of this motif through mutational analysis of the slippery sequence coupled with the

IBV pseudoknot. Recently, an extended slippery site of nine or ten nucleotides has

been proposed by Bekaert and Rousset (2005) and Lègér et al. (2007), based on the

involvement of the E site codon and tRNA in −1 PRF.

Other factors that may affect frameshifting efficiency include chemically modified

nucleotides in certain tRNAs (Namy et al., 2005) and expression levels of related

proteins (Mäkeläinen and Mäkinen, 2005). Curran (1993) found a correlation be-

tween codon-anticodon stability and +1 PRF frequency in E. coli prfB. de Smir et al.

(2006) has noted that experimentally measured frameshifting efficiencies need to be

calibrated: the measured values can change during the course of an experiment due to

external factors such as differential protein decay rates, as opposed to actual changes

in ribosomal frameshifting rates. This may help to explain the difficulty in reproduc-

ing measured efficiencies in different labs. The difference between measured in vivo

and in vitro frameshifting efficiencies for some viruses may also be due to differences

between prokaryotic and eukaryotic ribosomes (Mazauric et al., 2009a).

A.1.3 Kinetic models of −1 PRF

To explain how −1 PRF occurs, Jacks et al. (1988a) initially proposed that the

P-site and A-site tRNAs simultaneously slip after A site accommodation but before

translocation; this could happen before or after peptidyl transfer. Harger et al. (2002)
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proposed an “integrated model” that takes details of the elongation cycle into account.

Plant et al. (2003) refined this model by suggesting that the act of accommodating

the aa-tRNA into the A site pulls the mRNA by 9 Å, thus creating the tension that

induces the frameshift. In the 9 Å model, the frameshift must occur before peptidyl

transfer. Plant and Dinman (2005) further consider the rotational freedom of stimu-

latory pseudoknots in what they call the torsional restraint model. New constraints

on the kinetic model of −1 PRF have also been identified from bioinformatics analysis

by Bekaert et al. (2003).

In contrast to the 9 Å model, Weiss et al. (1989) propose that the slip happens

during translocation, when the tRNAs are in hybrid P/E and A/P states in the

ribosome. (In this hybrid state notation, the first letter refers to the site on the small

subunit of the ribosome and the second letter refers to the site on the large subunit.)

Baranov et al. (2004) investigate the importance of the P-site tRNA in determining

PRF occurrence and direction, and suggest that the slippage is not simultaneous: the

P-site tRNA must slip first. Lègér et al. (2004) found evidence that the frameshift

involves all three tRNAs in the ribosome and that the slippage happens before A site

accommodation, when the tRNAs are in the E, P, and A/T sites. A refinement of

this model by Lègér et al. (2007) says that the frameshift happens in two parts: (1)

incomplete translocation to the E and P sites when the first codon of the slippery

heptamer is still in the A site, then (2) sequential slippage of E, P, and finally A-

site tRNAs on the slippery site when the new aa-tRNA enters the A/T intermediate

hybrid state.

A.2 Physical Studies

A.2.1 Molecular biochemistry and biophysics

Much work has been done to understand the physical basis of biochemical interac-

tions involved in translation. Eyring (1935) derived a method for calculating reaction



121

rates based on the probability of the “activated state” from statistical mechanics and

quantum mechanical considerations. Kramers (1940) calculated reaction rates based

on diffusion via Brownian motion in a force field to get over potential barriers. Present

(1955) derived the reaction probability for pairs of molecules from kinetic theory by

relating the potential energy of the collision interaction to the activation energy of the

chemical interaction. Philibert (2005) points out that “[thermodynamics aspects] are

only stating necessary conditions for a given process to take place. However they are

not sufficient, because the rate of a process cannot be predicted from thermodynamic

data.” The history and likely future directions of reaction rate theory are reviewed

by Pollak and Talkner (2005).

Alberty (1969) provided calculations of changes in free energy (∆G), enthalpy

(∆H), and entropy (∆S), and moles of H+ and Mg2+ for various ATP reactions.

Goody (2003) discussed the role of the free energy of GTP hydrolysis, with estimates

of equilibrium constants.

Models of long-chain models and calculations of their properties are presented

in Jernigan and Flory (1969a,c,b), including a discussion of the freely-jointed chain

and worm-like chain models. Seol et al. (2004) investigated the elastic properties of

poly(U) RNA. Gerland et al. (2003) discuss the theory of force-extension curves for

RNA, and Tinoco et al. (2006) review force-extension-energy calculations in experi-

ments on RNA/DNA with optical tweezers.

Theoretical studies of RNA secondary structure include a force-temperature re-

lation for unfolding RNA hairpins by Hyeon and Thirumalai (2005) and a polymer

model and Brownian dynamics of four RNA structures by Hyeon and Thirumalai

(2007). Zhang et al. (2008) compute loop entropies using self-avoiding random walks.

A review of theoretical approaches to near- and non-equilibrium thermodynamics of

base pairing, with examples, is presented by Bundschuh and Gerland (2006). Me-

chanical folding and unfolding studies using optical tweezers have been carried out on

RNA hairpins by Liphardt et al. (2001) and on pseudoknots by Chen et al. (2007) and
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Green et al. (2008). Liu and Ou-Yang (2004) produced a stochastic kinetic simulation

of RNA unfolding under constant force. Thirumalai and Hyeon (2009) discuss the

theory of RNA folding based on energy landscapes. “BarMap” software for studying

RNA folding kinetics on dynamic energy landscapes was written by Hofacker et al.

(2010).

A theory of the dynamics of movement of long-chain molecules through nanopores

has been developed by Gerland et al. (2004), with possible applications to determining

RNA secondary structures. The nanopores under consideration are comparable in

diameter to the ribosomal entrance tunnel. An experiment exploring the interplay

of RNA secondary structure and movement through nanopores was carried out by

Bundschuh and Gerland (2005). McCauley et al. (2009) found that the theoretical

time required for structured RNA to move through nanopores follows a power law as

a function of sequence length with an exponent greater than two.

Šponer et al. (2002) have published a review of electronic properties of nucleobases,

including hydrogen bonding and cation binding. Petrov et al. (2005) presented a

recent study of magnesium-RNA interactions with free energy calculations. Draper

(2004) reviewed the role of ions in RNA tertiary structure, with a discussion of how

to calculate associated free energies. Tan and Chen (2006) investigated the free-

energy landscape for a pair of DNA helices in salt solution using the tightly bound

ion model. Their method may also be applicable to RNA helices. Tan and Chen

(2008) developed empirical formulas for thermodynamic parameters of RNA loops in

the presence of ions based on statistical mechanics. Chen (2008) has reviewed RNA

folding biophysics, including ion electrostatics.

A.2.2 Computer algorithms for structure prediction

The prediction of RNA secondary structures and their associated free energies

from the primary sequence relies on efficient computer algorithms. McCaskill (1990)
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developed an O(N3) algorithm for calculating the partition function and binding

probabilities of RNA secondary structures. Zuker et al. (1999) published a “practi-

cal guide” to RNA folding and thermodynamics algorithms, specifically mfold, which

uses thermodynamic parameters for neighboring base pairs and short structural el-

ements such as loops and bulges. The nearest neighbor parameters are compiled in

Serra and Turner (1995) and Xia et al. (1998) from experimental data. The mfold

algorithm was revised to include expanded sequence dependence and improved pa-

rameters trained on a data set (Mathews et al., 1999), and revised again to include

constraints determined by chemical modifications of the RNA (Mathews et al., 2004).

The current set of parameters is available online in the Nearest Neighbor Database at

http://rna.urmc.rochester.edu/NNDB/ (Turner and Mathews, 2010). The software

package RNAstructure developed by Reuter and Mathews (2010) predicts secondary

structures, free energies, and partition functions using this database and algorithm.

A web server for secondary structure prediction using a different implementation of

the mfold algorithm is also available at http://mfold.bioinfo.rpi.edu/.

Predicting pseudoknots is significantly more difficult than predicting basic sec-

ondary structures such as hairpins. Brief reviews of work in this area can be found

in Andronescu et al. (2010) and Liu et al. (2010); a sampling is listed here. Dirks

and Pierce (2003) developed an O(N5) dynamic programming algorithm for com-

puting partition functions over a restricted class of structures including some pseu-

doknots and made it available in the NUPACK software. Cao and Chen (2005)

wrote an algorithm called Vfold using a statistical mechanics model of RNA sec-

ondary structure folding based on reduced (virtual) bonds and random walks con-

strained to a diamond lattice. They then extended the model to include pseudo-

knots (Cao and Chen, 2006), and later to include interhelix loops (Cao and Chen,

2009) and tertiary contacts in pseudoknots (Cao et al., 2010). An algorithm called

pknotsRG based on a canonical subset of known structures was developed by Reeder

and Giegerich (2004), and later updated and made available on a web server at
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http://bibiserv.techfak.uni-bielefeld.de/pknotsrg/ (Reeder et al., 2007). The Hot-

Knots heuristic algorithm was developed by Ren et al. (2005) and is available on a

web server at http://www.rnasoft.ca/cgi-bin/RNAsoft/HotKnots/hotknots.pl. New

energy parameters were estimated via constraints and Boltzmann likelihood based on

two models, Dirks-Pierce and Cao-Chen, and trained on data sets, then incorporated

into the HotKnots algorithm by Andronescu et al. (2010). A folding algorithm based

on graph theory with maximum allowable stem length and a parameter called the

crossing width was created by Liu et al. (2007). Another algorithm based on graph

tree decomposition was developed by Zhao et al. (2006, 2008). The Hfold algorithm

based on hierarchical folding and free energy minimization was developed by Jabbari

et al. (2008).

A.3 Mathematical Models

A.3.1 Mathematical models of translation

To model translation mathematically, some groups have focused on specific as-

pects of the process while others have tried to incorporate all steps of the elongation

cycle. Early work beginning with MacDonald et al. (1968) and MacDonald and Gibbs

(1969) was reviewed by von Heijne et al. (1987). Gouy and Grantham (1980) wrote

simulations of tRNA encountering ribosomes based on Brownian motion and stud-

ied the wait time until a cognate match occurred. Fluitt et al. (2007) also modeled

tRNA competition in the decoding phase of elongation as a stochastic process, us-

ing quotients of arrival frequencies as parameters. Heyd and Drew (2003) modeled

elongation rate as a function of concentrations of amino acids and elongation factors.

Gilchrist and Wagner (2006) presented a model of translation as a probability wave.

Fluitt et al. (2007) and Pienaar and Viljoen (2008) developed a “tri-frame” model of

transcription and translation with error control using matrix transformations. The

latter work includes a table of tRNA anticodons, matching codons, and derived values
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of concentrations.

Zouridis and Hatzimanikatis (2007) have modeled the action of multiple ribosomes

(known as a polysome) with a deterministic 15-step model of elongation, plus initia-

tion and termination. They further incorporated the effects of codon distribution and

tRNA competition (Zouridis and Hatzimanikatis, 2008). Models of polysomes based

on extensions of the totally asymmetric exclusion process (TASEP) have been devel-

oped by Shaw et al. (2003), Chou and Lakatos (2004), Dong et al. (2007), and Basu

and Chowdhury (2007). These models investigate the effects of changes in molecular

concentrations or reaction rates of individual steps on the overall protein synthesis

rate, but they do not involve any consideration of the molecular dynamics affecting

those rates.

A.3.2 A mathematical model of −1 PRF

Cao and Chen (2008) have created a mathematical model of −1 programmed

ribosomal frameshifting. Their model is based on the interaction of three components:

the codon-anticodon interactions at the slippery site, the elastic energy of the spacer,

and the free energy of the downstream stimulatory structure. The model calculates

a free energy landscape based on averaging over ensembles of all possible structures.

In Cao and Chen’s model, the free energy ∆Gknot for the pseudoknot is computed

in two parts (Cao and Chen, 2005, 2006). Along stretches of helical RNA (where

the bases are not paired to form secondary structures), Cao and Chen define virtual

bonds between the P and C4 atoms, encompassing generally planar regions of the

RNA. These bonds are rotameric, i.e., the possbile conformations differ by single

rotations. The helix is modeled using experimentally measured coordinates of the

virtual bonds. In loop regions, the possible conformations are calculated using a self-

avoiding random walk on a diamond lattice. The lattice points are arranged so that

the distance between neighboring points equals the virtual bond length (3.9 Å), and
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the angles match the physically possible angles between virtual bonds.

A.4 Mathematical Theory

The fundamentals of probability theory and stochastic processes may be found

in many sources, e.g., Bhattacharya and Waymire (2007); Feller (1968, 1971), and

Grimmett and Stirzaker (2001). Contact processes, exclusion processes, and voter

models in probability theory have been reviewed by Liggett (1997). The exact steady

state solution of the asymmetric exclusion process with open boundaries was discussed

by Schütz (1997), along with its connection to the Heisenberg quantum chain.

The Hammersley-Clifford theorem establishing the equivalence of Markov random

fields and Gibbs fields was first proved in an unpublished manuscript by Hammersley

and Clifford (1971). A proof of the theorem on finite graphs was published by Preston

(1973), and a proof of a more general case was given by Sherman (1973). A simpler

proof using the Möbius inversion theorem was given by Grimmett (1973). Another

proof, with applications to spatial interaction on the lattice and statistical analysis

based on conditional probability models, was produced by Besag (1974). Griffeath

(1976) presented the proof based on the Möbius inversion theorem again in his book

chapter on random fields. Kindermann and Snell (1980) wrote a book on applications

of Markov random fields in which the Hammersley-Clifford theorem is used, although

not mentioned by that name.

The Gillespie algorithm for stochastic simulations of systems of chemical reac-

tions was derived and validated by Gillespie (1976), and examples of applications

were presented in Gillespie (1977). Gillespie (1992) also produced a probabilistic

derivation of the chemical master equation. Gillespie (1998) noted that the state of

a stochastic process should be described using conditioning, rather than an uncon-

ditional probability density function. Turner et al. (2004) has reviewed stochastic

approaches specifically for intracellular reactions, including organization and crowd-
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ing in the cell. Other reviews of simulation methods for biochemical systems are given

by Gillespie (2007) and Pahle (2009).

Non-equilibrium diffusive systems are discussed at length by Schütz (2001) in a

book-length review of exactly solvable models. The same author has also examined

critical phenomena and universal dynamics in such systems (Schütz, 2003) and single-

file diffusion (Schütz, 2005), which may be applicable to ribosomes on an mRNA.
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Appendix B

List of Abbreviations

A adenine
aa-tRNA aminoacyl-tRNA
ATP adenosine triphosphate
bp base pairs
BWYV beet western yellows virus
C cytosine
CfMV Cocksfoot mottle virus
DNA deoxyribonucleic acid
EF elongation factor
eEF1A eukaryotic elongation factor 1A
FRET fluorescence resonance energy transfer
G guanine
GDP guanosine diphosphate
GTP guanosine triphosphate
HIV human immunodeficiency virus
IBV infectious bronchitis virus
MMTV mouse mammary tumor virus
mRNA messenger RNA
NMR nuclear magnetic resonance
nt nucleotide(s)
ODE ordinary differential equations
ORF open reading frame
PDB Protein Data Bank
PRF programmed ribosomal frameshifting
RNA ribonucleic acid
RSV Rous sarcoma virus
SARS severe acute respiratory syndrome
ScYLV sugarcane yellow leaf virus
SIV simian immunodeficiency virus
smFRET single molecule FRET
ssRNA single stranded RNA
T thymine
TASEP totally asymmetric exclusion process
tRNA transfer RNA
U uracil
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