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ABSTRACT 

The ability to create arbitrary patterned linear, circular, and elliptical 

liquid crystal polymer polarizers is demonstrated in this work. The 

operating wavelength of the thin-film polarizer ranges from 400 to 4200 

nm. The linear absorption-based micropolarizer is fabricated using 

dichroic dye as a guest in liquid crystal polymer host with feature sizes as 

small as 4 µm. The circular interference-based micropolarizer is 

fabricated using cholesteric liquid crystal polymers with feature sizes as 

small as 6.2 µm. The elliptical micropolarizer is achieved using the 

combination of a microretarder and a micropolarizer. The chemistry, 

fabrication process, spatial resolution and optical properties of 

micropolarizers are presented. Alignments of liquid crystal polymers and 

cholesteric liquid crystal polymers are both achieved using 

photoalignment technique with polarized photo-lithography. Two 

different methods, thermal annealing and solvent rinse, are utilized for 

patterning cholesteric liquid crystal polymers over large areas. 

In addition to exploring absorption-based and interference-based 

micropolarizers, arrays of micropolarizers are fabricated for the 

construction of 580nm and 760nm division-of-focal-plane full-Stokes 

imaging polarimeters. The polarimeter utilizes a set of four optimized 

measurements which represent a regular tetrahedron inscribed in the 
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Poincaré sphere. Results from the device fabrication, instrument 

calibration and characterization for the 580 nm polarimeter are 

presented. The optimized imaging polarimeter can be used for sampling 

the polarization signature across a scene with a resolution of 1608  

1208  14-bit at 20 frames/second.  
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CHAPTER 1: INTRODUCTION 

1.1 Polarizers 

Polarizers are optical filters that transmit or reflect light of one 

polarization by removing light of other polarizations. They have 

applications in imaging [1], liquid crystal display [2], material science [3], 

polarimetry [4], and interferometry [5]. In general, polarizers operate by 

five fundamental mechanisms: absorption, interference, diffraction, 

Brewster’s angle, and birefringence (see Table 1) [6]. Depending on the 

incident polarization of light, polarizers can be categorized as linear and 

circular polarizers. An example of the absorption-based polarizer is the 

dichroic dye polarizer. For such a polarizer, the absorption depends on 

the orientation angle between the molecular dipole of the dye and the 

direction of polarized light.  A linear polarizer can be created using a 

layer of dichroic dyes aligned uniformly in one direction. An example of 

the interference-based polarizer is the cholesteric liquid crystal polarizer. 

Circular polarized light is reflected strongly by constructive interference 

when passing through a periodic helical structure of the cholesteric liquid 

crystal phase. The mechanism is similar to reflection of light by a periodic 

Bragg grating. The net effect is that one circular polarization of light is 

reflected and the other circular polarization of light is transmitted 

through the cholesteric liquid crystal. An example of the diffraction-based 



23 

 

polarizer is the wire-grid polarizer which transmits polarized light 

perpendicular to the wires and reflects the other. An example of the 

Brewster’s angle polarizer is the pile-of-plates polarizer which is widely 

adopted in infrared (IR) and ultraviolet (UV) spectral regions. This 

polarizer operates at angles near the Brewster’s angle and consists of 

multiple plates to allow multiple reflections or transmissions. An example 

of the birefringence-based polarizer is the Glen-Thompson polarizer 

which utilizes the double refraction in calcite and total internal reflection 

between the prisms. The various polarizers and their operating 

mechanisms are summarized in Table 1.1. 

Table 1.1 Polarizer Type and Operating Mechanism 

Polarization 

Mechanism 

Absorption Interference Diffraction 
Brewster’s 

angle 
Birefringence 

Linear 

Dichroic 

material Thin-film 

stacks 
Wire-grid 

Pile-of-

plates 

Birefringent 

prism 

Faraday 

isolator 
Pyrolytic-

Graphite 

Circular 

 Optical 

active 

molecule 

 Cholesteric 

liquid 

crystal 

Helical 

wire 

structure   
 

 

1.2 Thin Film Micropolarizer 

The fabrication of patterned birefringent and dichroic optical devices has 

been extensively studied over the past decades. These optical devices 
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have a variety of applications in three-dimensional displays [7], medical 

imaging [8], polarimetry [9], and interferometry [10]. Moreover, arbitrary 

patterned polarizers, such as linear micropolarizers in the visible 

spectrum, have been demonstrated utilizing both absorption-based [11]–

[13] and reflection-based [14], [15] mechanisms. Many applications 

require high quality visible micropolarizers with a large extinction ratio 

and transmission, as seen in high speed imaging polarimeters [16], laser 

beam shaping [17], and high resolution imaging [18]. Etched dichroic 

polymers [13], wire-grid polarizers [19], and liquid crystal polymers 

(LCPs) [12], [20] are existing conventional techniques to fabricate these 

thin film micropolarizers. These techniques are exclusively applied to the 

fabrication of linearly polarized elements. Circular and elliptical micro 

polarization elements are more difficult to construct. As wire-grid 

polarizers are not easily extended to non-linear polarization [14], [21]–

[24], LCPs mixed with dopants, like dichroic dyes and chiral dopants, are 

an alternative and potentially simpler way to create patterned non-linear 

polarized optical devices. Moreover, the photoalignment process is 

usually utilized to align LCPs and to pattern the polarization optical 

devices.  
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1.3 Liquid Crystals 

Liquid Crystals are a state of matter which is intermediate between an 

isotropic liquid and a crystalline solid. The symmetry and mechanical 

properties are also intermediate between those of the liquid and the 

solid. Thousands of organic compounds have been studied and 

discovered to have liquid crystal phases. The mesomorphic behavior can 

be brought about by either thermal processes (thermotropic 

mesomorphism) or by the solvents (lyotropic mesomorphism). The 

thermotropic liquid crystals have different positional and orientational 

orders based on the temperature. The lytropic liquid crystals are formed 

by the dissolution of amphiphilic molecules in a suitable solvent at an 

appropriate concentration. Another essential requirement for liquid 

crystals is the geometrically anisotropic shape. As one axis of the 

mesogenic molecules is much longer than the other two, the molecules 

form like rods and are called “calamtics.” As one axis of the mesogenic 

molecules is much shorter than the other two, the molecules form like 

disks and are called “discotics.” Thermotropic calamitic liquid crystals are 

well investigated and very useful for many applications. The rod-shaped 

molecules would interact with one another to form different positional 

and orientational structures. These structures, called phases, are 

classified broadly into three types: nematic, smectic, and columnar[25]–

[28]. 
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1.4 Phases of Liquid Crystals 

The nematic, smectic, and columnar phases are categorized in terms of 

their translational degrees of freedom, and they possess 3, 2, 1 degrees 

of freedom, respectively. In terms of orientational degrees of freedom, 

each type forms different phases based on the point group or 

orientational (chiral) symmetry. The simplest phase of non-chiral calamitic 

liquid crystal is nematic, and the molecules maintain a preferred 

orientation as they diffuse throughout the space as shown in Fig. 1.1 (a). 

The rotational symmetry is broken while translational symmetry is 

maintained. Aligned nematic liquid crystals perform as tunable uniaxial 

crystals which are extremely useful in liquid crystal displays. Moreover, 

when one translational degree of freedom is lost, stacks of two 

dimensional liquid crystalline is obtained, called smectic phase, as shown 

in Fig. 1.1(b). Smectic liquid crystals are usually found at lower 

temperatures than the nematic liquid crystals. Stratified structures with a 

well-defined interlayer spacing are achieved. However, when fabricating 

devices using smectic liquid crystals, it is more difficult to obtain well- 

aligned smectic liquid crystals because of the competing issues of the 

alignment of the smectic layers and the alignment of the molecular axis 

[29]. 
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Figure 1.1 Schematic arrangement of molecules in (a) nematic and (b) 

smectic phases of nonchiral calamitic mesogens. 

 Chiral calamitic liquid crystals can be obtained by mixing the liquid 

crystals with chiral dopants. These chiral compounds form similar 

structure as nonchiral materials and are classified broadly into two types: 

non-ferroelectric phases and ferroelectric smectic phases. The most 

common non-ferroelectric phase is chiral nematic liquid crystal, called 

cholesteric liquid crystal.  As shown in Fig 1.2(a), cholesteric liquid 

crystals form a uniaxial nematic phase, but the preferred direction of the 

long molecular axis varies over the whole sample, leading to a helical 

structure. Due to the twisted helical structure, cholesteric liquid crystals 

are optically active and useful in practical applications. On the other 

hand, ferroelectric smectic liquid crystals usually refer to the chiral 

smectic liquid crystals with tilted structure, as shown in Fig 1.2(b). Due to 
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the low symmetry, these chiral smectic liquid crystals exhibit both 

piezoelectric and polarization properties, and the presence of permanent 

dipoles alters molecule interactions with the boundary of the cells and 

electric fields. The ferroelectric liquid crystals have found many 

applications in optical communication systems. 

 

Figure 1.2 Schematic arrangement of molecules in (a) chiral nematic and 

(b) chiral smectic phases. 
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1.5 Liquid Crystal Polymer 

Polymers are long-chain molecules consisting of repetitions of basic 

segments, called monomers. LCPs consist of liquid crystalline materials 

as monomers. The basic monomer units are low molar mass mesogens, 

such as calamtics and discotics, and the phases of the LCPs depend 

sensitively on both the mesogens and the spacers. For example, with 

calamitics, mesophases would be similar to the nematic, cholesteric, and 

smectic types of rod-like molecules. Based on the location of the 

mesogenic group, LCPs are classified into two types: main chain LCPs and 

side chain LCPs. Main chain LCPs can be derived as calamitic mesogenic 

molecules joined rigidly to one another as shown in Fig. 1.3 (a). For side 

chain LCPs, as shown in Fig. 1.3 (b), the basic monomer units are 

attached to the polymer backbone as side groups, and mesogenic units 

have a strong tendency to adopt an anisotropic arrangement. In our 

research, liquid crystalline materials are attached to unique side chains or 

additives that can permanently fix the phase of the material through 

polymerization. 
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Figure 1.3 Schematic representation of (a) main chain and (b) side chain 

LCPs.   

1.6 Photoalignment and Linear Photopolymerizable Polymer 

The alignment of nematic liquid crystals has been achieved by many 

techniques, which also can be extended to the alignment of cholesteric 

liquid crystals. Mechanically rubbed polyimide [30], [31] is one of the 

most common commercial processes, and two different processes to 

fabricate arbitrary patterned LCP film are developed [32]. However, it has 

inherent disadvantages, such as surface defects [33], particle generation, 

and electrostatic charging [34]. Atomic force microscopes [35], ion beams 

[36], and photoalignment with polarized light [37]–[39] have been 

developed in the patterned liquid crystal alignment, but the first two 

techniques are impractical for large areas. Photoalignment of LCP is 
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achieved by using linearly polarized ultraviolet illumination (LPUV) to 

align a linearly photopolymerizable polymer (LPP) layer. This 

photoalignment technology is a non-contact replacement for mechanically 

rubbed polyimide. Moreover, this photoalignment process has been used 

to fabricate linear polarizers with feature sizes as small as 4 µm and over 

large areas [11], [40].  

 Based on the prevailing photochemistry of photosensitive groups, 

photoalignment materials are usually classified into three groups [41]. 

The first group refers to the materials undergoing reversible trans-cis 

photoisomerization. This group primarily includes azo-compounds and 

azo-polymers. The LPP materials, SD1, SD2, and LIA-01, manufactured by 

Dainippon Ink and Chemical are sulfuric azo-dyes and belong to the first 

group [42]. The second group refers to the materials susceptible to 

irreversible photo-destruction. This group primarily includes polymides, 

polysilanes, polystyrene, and polyesters. Polyimide materials from Chisso 

Corp. and Japan Synthetic Rubber Company have been demonstrated as 

LPP materials [43]. The third group refers to materials undergoing photo-

crosslinking. This group primarily includes materials with cycloaddition, 

such as cinnamate, soumarin, chalconyl, and maleimide photosensitive 

groups. The LPP materials manufactured by Rolic Inc. adopt endo 
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cinnamic ester polymers for selective photo-crosslinking and belong to 

this group [44].  

1.7 Summary of Contents 

This work presents detailed fabrication and applications regarding 

absorption-based and interference-based LCP micropolarizer. The 

chemistry, fabrication process, spatial resolution and optical properties of 

micropolarizers are investigated. Absorption-based linear micropolarizers 

can be fabricated using dichroic dye as a guest in an LCP host, and 

interference-based circular micropolarizers can be fabricated using 

cholesteric liquid crystal polymers (Ch-LCPs). Photoalignment of LCP and 

Ch-LCP are both achieved using LPUV to align the LPP.  

 Absorption-based linear LCP micropolarizers at visible wavelengths 

have been demonstrated using the photoalignment process by our 

research group [11].  Based on the on-going results, this work extends 

the capability of linear micropolarizer to IR wavelengths as well as 

interference-based circular micropolarizer. Chapter 2 presents multiple 

processes to fabricate interference-based circular micropolarizers at 

visible wavelengths. Chapter 3 presents the fabrication of both IR 

absorption-based and interference-based micropolarizers. Chapter 4 

presents an application of absorption-based linear LCP micropolarizers at 

visible wavelengths. An advanced full-Stokes division of focal-plane 
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imaging polarimeter using an optimized LCP micropolarizer design is 

built to improve the accuracy of the degrees of linear and circular 

polarization. Chapter 5 presents an application of interference-based 

circular LCP micropolarizers at IR wavelengths and the construction of a 

760nm division-of-focal plane full-Stokes imaging polarimeter using an 

array of elliptical micropolarizers. Chapter 6 concludes by presenting 

closing remarks. Appendix A and B are excerpts from two additional 

peer-reviewed journal papers published by the author en route to the 

fulfillment of a doctoral degree.  
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CHAPTER 2: PATTERNED INTERFERENCE-BASED MICROPOLARIZERS 

2.1  Introduction 

This chapter is an excerpt from “Patterned Cholesteric Liquid Crystal 

Polymer Film” published on Journal of the Optical Society Of America A 

[45]. In this chapter, photoalignment with polarized light is utilized to 

create patterned Ch-LCP films, and the critical dimensions of these 

patterned non-linear polarized optical filters are investigated. The LPP 

layer is coated with Ch-LCP, which adopts the alignment of the LPP layer 

and aligns in the planar state. Ch-LCP layer is then patterned and cured to 

form a temperature and humidity stabilized film. It is found that the 

magnitudes of circular retardance and circular diattenuation depend on 

the thickness of the Ch-LCP film. In addition, two different methods of 

patterning Ch-LCP films by thermal annealing and solvent rinse are 

compared.    

2.2  Materials 

All materials are used as received from commercial suppliers. The LPP 

material, model LIA-01, is manufactured by Dainippon Ink and Chemical. 

There are two different kinds of Ch-LCPs. The first kind is a mixture of 

nematic LCP material, model RMM141C, and a chiral dopant, model R811.  

The LCP material is a dry powder and will also be used in the following 

chapters. Here it is added to Chloroform (CHCl
3

) at a 20% weight-to-



35 

 

weight (w/w) ratio. The amount of R811 is 24% (w/w) of the concentration 

of LCP. The second kind is a premixed Ch-LCP, model RMM1036, and is 

designed to have high reflectance at 535 nm in the cholesteric phase. It is 

also a dry powder and is added to CHCl
3

 at a 30% (w/w) ratio. Both Ch-

LCPs are reactive mesogens which can be permanently fixed in the liquid 

crystal phase by UV illumination.  All LCP materials and chiral dopants are 

produced by EMD Chemicals.   

2.3  Fabrication 

An ABM Mask Aligner is used to align the LPP layer and to pattern the Ch-

LCP films. When aligning the LPP layer, a dichroic UV polarizer 

manufactured by Boulder Vision Optics (Colorado, USA) is then used to 

produce the linearly polarized UV illumination. Figure 2.1 shows 

schematic diagram of the steps involved in the fabrication process of the 

patterned Ch-LCP films. A 1.5” diameter soda lime wafer is used as the 

substrate. The process for coating photoalignment LPP layer is (1) 

dispensing LPP onto the wafer, (2) spin coating at 2000 RPM for 1 minute, 

(3) soft baking at 95 ˚C for 2 minutes, and (4) aligning via LPUV exposure 

with an intensity of 20 mW/cm
2

 for 1 minute. Then the Ch-LCPs are 

coated on the LPP coated wafer. The methods for coating the two kinds of 

Ch-LCPs are different. For R811 type Ch-LCP, the process is (1) spin 

coating at 2000 RPM for 1 minute and (2) drying at room temperature for 
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10 minutes to remove residual solvent. For RMM1036 type Ch-LCP, the 

process is (1) spin coating at 3000 RPM for 1 minute, (2) drying at 55 ˚C 

for 2 minutes to remove residual solvent, and (3) cooling at room 

temperature for 10 minutes. As the solvent evaporates, both kinds of Ch-

LCPs are aligned by the LPP layer in the planar states. A dark field 1951 

USAF Resolution chrome mask from Edmund Optics is then placed on top 

of the wafer and used for patterning during polymerization. The coated 

substrate and chrome mask are then illuminated with unpolarized UV 

light with an intensity of 20 mW/cm
2

 for 1 minute. The exposed Ch-LCP 

regions (patterned regions) through the photomask would be crosslinked 

to generate patterned Ch-LCPs, and therefore affixes their optical 

properties.  The partially cured Ch-LCP film subsequently undergoes 

either thermal annealing or solvent rinse to optically differentiate the 

polymerized and non-polymerized regions (non-patterned regions). The 

process for thermal annealing is heating the substrate at 65 ˚C (R811 

type Ch-LCP) or 100 ˚C (RMM1036 type Ch-LCP) for 2 minutes. Due to 

temperature higher than the clear point of the Ch-LCP, the Ch-LCPs in the 

non-patterned regions are in isotropic phase while the patterned regions 

remain unchanged (planar state). The last step of thermal annealing is 

broadband 50 mW/cm
2

 unpolarized UV exposure for 1 minute to cure the 

entire wafer resulting in a durable patterned thin film. Different from 

thermal annealing, the process for solvent rinse involves only a rinsing 
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with Toluene/Isopropyl alcohol (10/90) mixture for 1 minute to remove 

the non-polymerized material. 

 

Figure 2.1 Methods of patterning Ch-LCP film fabrication process 

(Schematic: distances and sizes are not to scale.)     
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2.4  Experimental results 

Three primary samples are examined in order to demonstrate the 

qualities of the different patterning processes based on the two different 

kinds of Ch-LCPs used in this chapter. These three samples are R811 type 

Ch-LCP with thermal annealing (R811 Thermal), RMM1036 type Ch-LCP 

with thermal annealing (RMM1036 Thermal), and RMM1036 type Ch-LCP 

with solvent rinse (RMM1036 Solvent). 

Varian 5000 UV-VIS-NIR Spectrophotometer is used to measure the 

transmission spectra of the samples. Figure 2.2 shows the transmission 

spectra and images of patterned cholesteric liquid crystal films. Figure 

2.2(a) and 2.2(b) show the transmission spectra of patterned and non-

patterned regions. Figure 2.2(c), 2.2(d), and 2.2(e) show the images of 

the three samples; the images at the left-hand side are taken with the 

sample between parallel linear polarizers while the images at the right-

hand side are taken with crossed linear polarizers. Since both R811 type 

Ch-LCP and RMM1036 type Ch-LCP are right-handed material, they act as 

left circular polarizers, i.e., left-handed circular polarized light would 

transmit through the Ch-LCP film and right-handed circular polarized 

light would be reflected by the periodic helical structure of the cholesteric 

phase. 
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In Fig. 2.2(a), the minimum transmittance should be at the 

designed wavelength since right circular polarized light is reflected. The 

designed wavelength λ is determined by the product of refractive index 

n and the pitch length P of the Ch-LCP as   

            
 

       
 ,    (2.1) 

where HTP is helical twisting power, and x is the concentration of the 

chiral dopant [27], [46]–[48]. When the pitch length P of the Ch-LCP is 

increased, the designed wavelength λ  is shifted toward longer 

wavelengths. The designed wavelengths of R811 type Ch-LCP and 

RMM1036 type Ch-LCP are 550 nm and 535 nm, respectively. In Fig. 

2.2(a), the minimum transmittance occurs at the wavelengths 556 nm, 

530 nm, and 531 nm for the R811 Thermal, RMM1036 Thermal, and 

RMM1036 Solvent samples respectively. For all three Ch-LCP samples, the 

minimum wavelengths are close to the specification. Moreover, the 

spectra are distinct for different patterning methods, and the reflection 

spectrum of the RMM1036 Solvent sample is wider than that of the 

RMM1036 Thermal sample. This wider spectrum is a direct result of the 

solvent attack on the surfaces of the RMM1036 Solvent sample. This also 

results in the increasing variation of the cholesteric pitch as well as the 

increasing variation of the angle between incident light and the ordered 

molecular layers in the cholesteric phase [49]. 
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Figure 2.2 Transmission spectra of (a) patterned and (b) non-patterned 

regions, and the images of the  (c) R811 Thermal, (d) RMM1036 Thermal, 

and (e) RMM1036 Solvent samples. The left-hand side of image (light 

background)) is taken with the sample between parallel linear polarizers, 

and the right-hand side of image (dark background) is taken with the 

sample between crossed linear polarizers. 

 In Fig. 2.2(b), there is no significant variation in transmittance, and 

the non-patterned regions behave like an isotropic film with 20% 

absorption. In contrast to the solvent rinse sample, ripples in the 

transmittance curves due to thin film interference are observed for both 

thermal annealing samples. The images of the 1951 USAF Resolution 
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patterns on the left side of Fig. 2.2 (c-e) have a reddish color, and the 

corresponding spectra of the patterned Ch-LCP are shown in Fig. 2.2(a). 

The images of the 1951 USAF Resolution patterns on the right side of Fig. 

2.2(c-e) have a greenish color, and the corresponding spectra of the 

patterned Ch-LCP are the complementary spectra of Fig. 2.2(a). The color 

differences among these three spectra can be easily observed in these 

figures.  

2.5  Polarization Properties 

Polarization properties are characterized by a calibrated Mueller matrix 

imaging polarimeter with spatial resolution down to 1 µm and a 

calibrated accuracy of 99% [50]. Circular diattenuation, circular 

retardance, and depolarization index of the samples are measured for 

each of the sample preparation procedure and are summarized in Fig. 

2.3. The results show clearly changes in polarization properties between 

the patterned regions and non-patterned regions. The Ch-LCP samples 

are well patterned, and the patterned regions behave as circular 

polarizers or circular retarders. Figure 2.3(a) shows the polarization 

properties of the R811 Thermal sample measured at 550 nm, and Fig. 

2.3(b) and 2.3(c) show polarization properties of the RMM1036 Thermal 

and RMM1036 Solvent samples measured at 535 nm. The 2.23 mm
2

 

square area at the bottom of each image has an average magnitude of 
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circular diattenuation of -0.65±0.01, -0.78±0.02, and -0.81±0.02 for the 

R811 Thermal, RMM1036 Thermal, and RMM1036 Solvent samples 

respectively.  The average magnitudes of circular retardance of the R811 

Thermal, RMM1036  Thermal, and RMM1036 Solvent samples are 

20.2±2.5 ˚, 14.9±3.7 ˚, -15.5±5.3 ˚ respectively. The error is one 

standard deviation of the measurement results over the 2.23 mm
2

 square 

area and is consistent within the accuracy (99%) of the polarimeter. On 

the other hand, imperfections in the alignment of the Ch-LCPs result in 

nonzero depolarization indices. The depolarization index of the R811 Ch-

LCP sample is below 0.1, and the depolarization indices of the RMM1036 

Ch-LCP samples are below 0.15.  

 By comparing the depolarization index between two different 

patterning methods, the higher depolarization index of RMM1036 Solvent 

sample is a consequence of solvent attack on the film surface, which 

results in the imperfect planar phase and angular spread of the ordered 

Ch-LCP molecular layers. Optical scattering from Ch-LCP increases the 

depolarization index by about 0.02. Moreover, since the circular 

retardance is linearly proportional to the thickness of the film, exposure 

to solvent on the surfaces of the RMM1036 Solvent sample results in the 

decrease of the film thickness and circular retardance. Therefore, the 

RMM1036 Solvent sample has less circular retardance than the RMM1036 
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Thermal sample. On the other hand, the magnitude of circular 

diattenuation mainly depends on the concentration of the Ch-LCP in the 

solvent. Although the thicknesses of the samples are different, the 

magnitudes of circular diattenuation are roughly similar for the different 

patterning methods.  

 

Figure 2.3 Polarization properties of the (a) R811 Thermal, (b) RMM1036 

Thermal, and (c) RMM1036 Solvent samples.  

 Figure 2.4 shows circular diattenuation and circular retardance as 

functions of wavelength. Similar to the spectra shown in Fig. 2.2(a), the 

minimum circular diattenuation (most negative value) occurs at the 

designed wavelength in Fig. 2.4(a). Moreover, the shapes of the circular 

diattenuation curves are similar to the measured transmission spectra. 
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The wider width of the RMM1036 Solvent sample curve is a result of the 

increasing variation of the cholesteric pitch as well as the increasing 

variation of the angle between incident light and the ordered molecular 

layers in the cholesteric phase. On the other hand, circular retardance 

depends on the rotatory power of Ch-LCPs, and the rotatory power 

changes sign across the designed wavelength [51]. The dispersion 

relation can be represented by de Vries equation [52] and is consistent 

with the curves as shown in Fig. 2.4(b). These dispersion curves show 

that the rotatory power of the R811 sample changes sign at around 555 

nm while the rotatory powers of the RMM1036 samples change sign at 

around 535 nm. Since the dispersion relation depends on the pitch of the 

helical structure and refractive indices of liquid crystal in both 

extraordinary and ordinary directions, different Ch-LCP formula (R811 

and RMM1036) would result in different rotatory power and dispersion 

curve. In comparing the dispersion curves of the RMM1036 Thermal and 

Solvent methods, a decrease of the film thickness and circular retardance 

in the RMM1036 Solvent sample, caused by exposure to solvent, leads to 

an offset between the two dispersion curves. At 535 nm, circular 

retardance of the RMM1036 Thermal sample is 14.9 ˚, and circular 

retardance of the RMM1036 Solvent sample decreases to -15.5 ˚.   
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Figure 2.4 (a) Circular diattenuation and (b) circular retardance versus 

wavelength. 

2.6  Spatial Resolution 

The resolution of the patterned Ch-LCP films is analyzed by comparing 

the circular diattenuation magnitude between the patterned and non-

patterned regions. Figure 2.5 shows the magnitudes of circular 

diattenuation for different line widths in the 1951 USAF Resolution 

pattern. The differences in circular diattenuation between patterned and 

non-patterned regions are derived and curve-fitted by using the moving 

average algorithm. As shown in the previous section, as long as the 

patterned regions are well formed, the differences between the R811 

Thermal, RMM1036  Thermal, and RMM1036 Solvent samples are -

0.65±0.01, -0.78±0.02, and -0.81±0.02 respectively. The differences have 

small variation for line width greater than 100 µm and start to decrease 

for smaller dimensions. The minimum pattern resolution is arbitrarily set 

at the point where the diattenuation has decreased to half its maximum, 

i.e., at -0.325, -0.39, and -0.405 respectively. These limits are reached at 
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line widths of 19.7 µm, 34.7 µm, and 22.1 µm for the R811 Thermal, 

RMM1036 Thermal, and RMM1036 Solvent samples respectively.  

 

Figure 2.5 Circular diattenuation versus line width plots of the (a) R811 

Thermal, (b) RMM1036 Thermal, and (c) RMM1036 Solvent samples. The 

dashed lines represent the curve-fitted differences in circular 

diattenuation between patterned and non-patterned regions.  

 In the case of the RMM1036 Solvent sample, the circular 

diattenuation in the patterned regions decreases with decreasing line 

width, while the circular diattenuation in the non-patterned regions 

increases. The spatial resolution for the solvent rinse processing is 

limited by this accumulation of material (mass transport) issue [16]. For 

the thermal annealing samples, circular diattenuation in the patterned 

regions decreases while the circular diattenuation in the non-patterned 

regions remains low with decreasing line width. The resolutions limitation 

of these samples is influenced by material diffusion, the finite length of 

transition between Ch-LCP phases, and insufficient UV patterning 
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exposure [40], [53]. Table 2.1 summarizes the measurement results of 

the samples. 

Table 2.1 Summary of critical parameters in three samples 

Sample Wavelength DI CD CR Resolution 

  nm     Degree µm 

R811 Thermal 550 0.05±0.01 -0.65±0.01 20.2±2.5 19.7 

RMM1036 Thermal 535 0.13±0.01 -0.78±0.02 14.9±3.7  34.7 
RMM1036 Solvent 535 0.15±0.01 -0.81±0.02  -15.5±5.3  22.1 

2.7  Surface Profiles 

Surface profiles are measured with the Veeco Wyko NT9800 white light 

interferometer, and surface morphologies are also studied by scanning 

electron microscopy (FEI Inspec-S SEM). Figure 2.6 shows the surface 

profiles of the Ch-LCP samples measured by using a Veeco Wyko NT9800 

white light interferometer. The surface profiles are centered on a non-

patterned region which is 0.89 mm wide. From the measurement results, 

the Ch-LCP films are roughly 2 µm thick. The profiles of the patterned 

regions of these three samples are relatively flat and uniform. The 

profiles of the non-patterned regions vary between samples. The width of 

the non-patterned region for the RMM1036 Solvent sample is 0.92 mm 

which is wider than the nominal feature of the mask at 0.89 mm.  For the 

thermal annealing samples, the surface profile of non-patterned regions 

is determined predominately by mass transport [35]. This phenomenon 

originates from the different diffusion rates between reactive mesogen 
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monomer and polymer, and leads to the accumulation at the edge or the 

center of the non-patterned region. Non-polymerized RMM1036 type Ch-

LCP is seen to accumulate at the edge while non-polymerized R811 type 

Ch-LCP tends to accumulate at the center. Improved Ch-LCP formulations 

with new kinds of photoinitiators and alignment additives can help 

reduce the accumulated material and flatten the surface profile of the Ch-

LCP film. Rinsing away non-polymerized material in the RMM1036 Solvent 

sample results in the best defined patterned film with only small amount 

of residual material left at the foot of the sidewalls.   

 

Figure 2.6 Surface profiles of the Ch-LCP samples analyzed using the 

white light interferometer. 

 Figure 2.7 shows the SEM images of the RMM1036 Solvent sample. 

Figure 2.7(a-d) show the SEM morphological images of the 176.7 µm, 

111.4 µm, 39.4 µm and 15.6 µm line patterns and Fig. 2.7(e-g) show the 

cross-sectional SEM images of the 157.7 µm,  88.3 µm and 31.3 µm lines. 
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The morphological analysis validates the measured values from light 

interferometric and imaging polarimeter analysis. As shown in Fig. 2.7(a), 

2.7(b), and 2.7(e), well defined structures are formed with trace amounts 

of residual material for feature size greater than 100 µm. The amount of 

residual Ch-LCP remained in between lines increases with decreasing line 

width (Fig. 2.7(c), 2.7(d), 2.7(f), and 2.7(g)), and this accumulation of 

material limits the spatial resolution in the case of solvent rinse 

processing. The cross-sectional imaging across number of line patterns 

further reveals the uniform presence of Ch-LCP films and the alignment 

layers.  Moreover, Ch-LCP periodic structural layers are observed in the 

cross-sectional SEM images as shown in Fig. 2.7(h), and the pitch length P 

of the RMM1036 is measured to be 172.8 nm. By using Eq (2.1), the 

refractive index n of RMM1036 for right circularly polarized light at 

535nm is deduced to be 1.548. 
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Figure 2.7 SEM images of (a) 176.7 µm, (b) 111.4 µm, (c) 39.4 µm and (d) 

15.6 µm lines for the RMM1036 Solvent sample are taken at a tilted angle 

of 45˚. Cross-sectional SEM images of (e) 157.7 µm, (f) 88.3 µm, and (g) 

31.3 µm lines are also shown. The pitch of the periodic Ch-LCP layers is 

displayed in (h).  

2.8  Discussion of Results 

In this chapter, multiple processes to pattern Ch-LCP films are 

demonstrated. Two different methods of patterning Ch-LCP films, thermal 

annealing and solvent rinse are investigated and two types of Ch-LCPs are 

utilized. Three important polarization properties, depolarization index, 

circular diattenuation, and circular retardance are derived from 

experimentally measured Mueller matrices. Circular diattenuation as a 

function of feature size is used to determine the minimum spatial 

resolution of the Ch-LCP patterns and is determined to be 19.7 µm, 34.7 

µm, and 22.1 µm for the R811 Thermal, RMM1036 Thermal, and 

RMM1036 Solvent samples respectively. The resolution of the samples is 

limited by the contact lithography process, material diffusion, solvent 

distribution, optical scattering from misaligned Ch-LCP, or finite length of 

transition between Ch-LCP phases. To further improve pattern resolution, 

higher resolution optical lithography could be employed. Solvent 

formulations and the length of the developing time are found to be 



51 

 

crucial. Optical scattering from misaligned Ch-LCP and finite length of 

transition between Ch-LCP phases depend on the length of the molecule 

and the alignment of the Ch-LCP. Better Ch-LCP formulations could help 

overcome the limitations.  

 In conclusion, a novel process to achieve patterned cholesteric 

liquid crystal film of arbitrary circular diattenuation is developed in this 

chapter. Patterning is achieved by photoalignment and by UV photo-

induced curing. Non-linearly polarized Ch-LCP film can be fabricated with 

feature sizes as small as 20 µm with a circular diattenuation of -

0.81±0.02. 
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CHAPTER 3: PATTERNED INFRARED MICROPOLARIZER 

3.1  Introduction 

Much of the arbitrary patterned polarizers in research efforts have been 

concentrated in the visible spectrum, given the large number of known 

dichroic dyes in the visible range. The purpose of this chapter is to 

explore new materials and fabrication techniques to create micropolarizer 

in the near and mid IR spectrum. A common polarizer in this wavelength 

regime is the wire-grid micropolarizer [9], [54]. However, as mentioned in 

chapter 1, IR wire-grid micropolarizers cannot be easily extended to non-

linear polarizations due to the periodic topography which prevents the 

uniform coating and fabrication of an additional microretarder layer [14], 

[55]. Moreover, wire-grid micropolarizers often require expensive and 

complicated lithographic processing. An alternative and cost effective way 

to fabricate IR micropolarizers is the usage of LCP. In this chapter, LCPs 

mixed with IR dichroic dyes or chiral dopants are adopted to create 

absorption-based and interference-based IR micropolarizer.   

 This chapter is an excerpt from a prepublication, “Infrared Liquid 

Crystal Polymer Micropolarizer”. In this chapter, the chemistry, fabrication 

process, spatial resolution and optical properties of IR linear and circular 

micropolarizers are presented. IR linear micropolarizers, which operate 

by absorption, can be fabricated using IR dichroic dye as a guest in LCP 
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host. IR circular micropolarizers, based on optical interference, can be 

fabricated using Ch-LCP. Photoalignments of LCP and Ch-LCP are both 

achieved using LPUV to align the LPP layer as chapter 2 [45], [56]. In 

patterning LCP, the alignment orientation is defined by the exposure of 

LPP to LPUV, and therefore patterned alignment domains can be defined 

using traditional contact photolithography techniques with a polarized UV 

source. Two different patterning methods developed in chapter 2, solvent 

rinse and thermal annealing, are utilized for the patterning of Ch-LCP IR 

micropolarizer.  

3.2  Materials 

There are two different kinds of LPP used in this chapter. The first kind is 

LIA-01 which is utilized in the fabrication processes of the IR absorption-

based micropolarizer. The second kind is ROP-103 supplied by Rolic 

Technologies Ltd. and utilized in the fabrication processes of the IR 

interference-based micropolarizer. The chiral dopant, model ZLI-811, is 

manufactured by EMD Chemicals. For making Ch-LCP solution, the LCP 

material is first added to chloroform at a 20% w/w ratio. Then the chiral 

dopant is added with concentration (w/w of LCP) determined by the 

operating wavelength. 

 For IR dichroic dyes, a set of experiments are performed to 

evaluate the dye and solvent chemistry. In total, thirteen dichroic IR dyes 
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are evaluated for the purpose of fabricating IR linear micropolarizer. The 

exact chemical structures of the dyes are proprietary and unknown to us, 

and this makes the evaluation purely an empirical effort. Nine of the 

cyanine dyes are purchased from Crysta-Lyn Chemical Company 

(Binghamton, NY), and their catalog labels are DLS-880B, DLS-905A, DLS-

908B, DLS-910B, DLS-911A, DLS-912C, DLS-963B, DLS-1001A, and DLS-

1003A. The numbers in catalog labels represent the wavelengths of 

maximum absorption. The remaining four dichroic dyes from Epolin 

(Newark, NJ) are Epolight 3116 (892 nm), 3138 (924 nm), 4105 (949 nm), 

and 3072 (1054 nm), where the peak absorption is denoted in brackets. 

Epolight 3116, 3138, and 3072 are dithiolene nickel based dyes and 

Epolight 4105 is a dithiolene palladium based dye. 

3.3  Solvent 

 Since IR dichroic dyes are used as a guest in LCP. A polarizer of 

high extinction ratio (ER) requires a high concentration of dye in the 

solvent, and this is often limited by the dye solubility. The solubility 

depends both on the dyes and the solvents. In our experiments, the 

solvents investigated are chloroform, acetone, methanol, THF, PGMEA, 

toluene, NMP, cyclohexane, and cyclopentanone. The experimental 

results show that only four IR dyes, DLS-910B, DLS-912C, DLS-936B, and 

Epolight 3116 can be dissolved in these solvents in high concentration (> 
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10 mg/ml). DLS-910B, DLS-912C, and DLS-936B have good solubility in 

acetone, and Epolight 3116 has good solubility in cyclopentanone. 

Comparing these four dyes, DLS-910B and DLS-912C have better 

solubility (>25 mg /ml) in acetone.  

 Besides the solvent for the dyes, the solvent for the LCP must also 

be carefully chosen to fabricate uniform and well aligned LCP film. In 

general, the equilibrium vapor pressure of the solvent should be low in 

order to obtain good alignment of the liquid crystal, and the boiling 

temperature of the solvent should be lower than the liquid crystal phase 

transition point (~70 °C). Empirical results show that a mixture of two or 

more solvents is required for dissolving and aligning the dye molecules in 

the liquid crystal matrix. Among the tested solvents, PGMEA, toluene, 

NMP, cyclohexane, and cyclopentanone have relatively high boiling 

temperature (>70 °C), making them ill-suited for dye and liquid crystal 

alignment. On the other hand, acetone serves as a good solvent for DLS-

910B and DLS-912C and has a fairly high equilibrium vapor pressure. 

Based on our experience with different dye composition in various 

solvents, chloroform is mixed with acetone to reduce the evaporation 

speed to improve the alignment of the LCP. 2:1 mixture of 

chloroform/acetone solvent was found to be optimal for good alignment 

of the dye molecules in the liquid crystal matrix. DLS-910B and DLS-912C 
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have similar performance, and DLS-912C in 2:1 mixture of 

chloroform/acetone solvent is utilized in this chapter. 

3.4  Fabrication  

 

Figure 3.1 Methods of patterning IR LCP micropolarizers (Schematic: 

dimensions are not to scale.)    

Instead of using an ABM Mask Aligner in chapter 2, a Karl Suss MJB3 Mask 

Aligner with the same UV polarizer is used to align the LPP layer. 
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Moreover, MJB3 is also used to pattern the Ch-LCP film without the UV 

polarizer. Figure 3.1 shows schematic diagram of the steps involved in 

the fabrication process of the IR micropolarizers. The fabrication 

processes of the IR absorption-based micropolarizer are detailed as 

follows: 

1. Clean 1.5” Sapphire substrate using Piranha solution. 

2. Dispense DIC LPP onto the wafer. 

3. Perform spin coating at 2500 rpm for 1 minute. 

4. Soft bake at 90 ˚C for 1 minute. 

5. Align LPP using vertically LPUV of 60 mJ/cm
2

 at 365nm. 

6. Realign LPP using selective horizontally LPUV of 45 mJ/cm
2

 at 

365nm 

7. Dispense LCP with dichroic dye onto the wafer. 

8. Perform spin coating at 2000 rpm for 30 seconds. 

9. Hard bake at 55 ˚C for 2 minute. 

10. Cure with UV light of 1 J/cm
2

 at 365 nm       

 For the IR interference-based micropolarizer, the processes are 

similar to those in chapter 2. However, LPP material, ROP-103, is utilized, 
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and it requires soft bake at 170 ˚C for 5 minute and LPUV of 150 mJ/cm
2

 

at 365nm. 

3.5  Experimental Results of Absorption-Based Micropolarizer  

The fabricated IR absorption-based micropolarizers are measured using a 

spectrophotometer, Varian 5000 UV-VIS-NIR, with a linear polarizer, and 

ER can be derived by 

   
  

  
,     (3.1) 

where    and    are the transmittance of parallel and perpendicular 

polarization states respectively. ER of the absorption-based IR 

micropolarizers (15, 20, 30 mg/ml of DLS-912C in 2:1 mixture of 

chloroform/acetone solvent) is shown as a function of wavelength in Fig. 

3.2 (a). ER, which is proportional to the concentration of IR dichroic dye, 

is measured to be 119 at 937 nm using 30 mg/ml solution. Higher ER 

requires higher concentration of dye; however,    suffers due to the 

higher absorption of the micropolarizer. 

 A dichroic material absorbs the light of one polarization more than 

the light of perpendicular polarization. Dichroic ratio (DR) is defined as 

[57] 

   
  

  
 ,     (3.2) 
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where    and    are the absorption coefficients of parallel and 

perpendicular polarization states respectively. Since ER is the ratio of 

transmittances of the two orthogonal polarizations, Eq. (3.1) can be 

combined with Beer’s Law to give 

   
     

      ,     (3.3) 

 

where   is the thickness of the micropolarizer. Using Eq. (3.2) and Eq. 

(3.3), DR can be related to ER by 

     
      

      
.    (3.4) 

 

 

Figure 3.2 (a) ER of the IR absorption-based micropolarizer is shown as a 

function of wavelength. Three different concentrations (15, 20, 30 

mg/ml) of dye are shown. (b) Parallel polarization transmittance is shown 

as a function of ER in logarithmic scales. (c) Theoretical parallel 
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polarization transmittance is shown as a function of extinction ratio. Four 

different dichroic ratios (DR) are shown. 

 Thirty-four samples of different dichroic dye concentrations are 

fabricated, and the transmittance of parallel as well as perpendicular 

polarization states at 937 nm is measured. In Fig. 3.2(b), the parallel 

polarization transmittance is shown as a function of extinction ratio in 

natural logarithmic scales, and the least square curve fitting is applied to 

obtain the linear relationship. Using Eq. (3.4), DR of DLS-912C is deduced 

to be 2.86 from the slope of the curve. Figure 3.2(c) shows the theoretical 

parallel polarization transmittance as a function of extinction ratio. Four 

different DRs, which are 2.68, four, six, and eight are simulated and 

shown here. In general, there is a tradeoff between high ER and high 

transmission for a given value of DR. For DLS-912C, DR is 2.86, and the 

theoretical parallel transmittance is less than 10% with ER of 200. Using 

dichroic dye with higher DR, the absorption-based micropolarizer of high 

ER can be achieved with larger parallel transmittance. The theoretical 

curves illustrate the performance and limitation of the absorption-based 

micropolarizer for different values of DR.  

3.6  Experimental Results of Interference-Based Micropolarizer 

The chiral dopant, ZLI-811 is a left-handed material, and the Ch-LCP acts 

as a right circular polarizer. In the transmission spectra, the minimum 
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transmittance occurs at the designed wavelength due to the reflection of 

the left circular polarized light. The designed wavelength λ is related to 

the structure of the Ch-LCP as Eq (2.1). Figure 3.3(a) shows the 

transmission spectra of the interference-based micropolarizers fabricated 

with different chiral dopant concentrations. Each spectrum has a 

minimum transmittance at the designed wavelength. When the 

concentration of the chiral dopant decreases, both the pitch length P and 

the designed wavelength λ increase. In order to create IR interference-

based micropolarizer, the amount of chiral dopant is set to be less than 

20% (weight-to-weight) of the concentration of LCP. 

 For a constant thin film thickness, the transmittance at the 

designed wavelength increases as the concentration of the chiral dopant 

decreases. Figure 3.3(b) shows the minimum transmittance of different 

chiral dopant concentration as a function of the designed wavelength. 

The minimum transmittance increases due to less number of physical 

layers in the periodic helical structure of the Ch-LCP film, whose 

thickness is 4.2µm in total. For instance, there are six physical layers of 

periodic helical structures for a 700 nm Ch-LCP micropolarizer, whereas 

there are only two physical layers for a 2.1 µm Ch-LCP micropolarizer.  

Moreover, the ER of Ch-LCP also decreases with reduction in number of 

the physical layers. For the micropolarizer with chiral dopant 
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concentration of 3%, the minimum transmittance at 3265 nm is 85%, and 

the ER is only 1.43. Therefore, although different wavelength of IR 

interference-based micropolarizer can be fabricated using Ch-LCP, the 

thickness of Ch-LCP limits how long or far the designed wavelength can 

be. The maximum thickness is determined by the spin coating technique 

and by the cholesteric phase of the LCP film. The uniformity of the 

cholesteric phase, as defined by the orientation of the liquid crystal, is 

reduced for film thickness above 5 µm due to less anchoring energy. 

Using the material and process discussed in this chapter, both the near IR 

(0.75-1.4 µm) and short-wavelength IR (1.4-3 µm) micropolarizers can be 

achieved.  

 

Figure 3.3 (a) Transmission spectra of Ch-LCP of different chiral dopant 

concentrations are shown. (b) The minimum transmittance of different 

chiral dopant concentration is shown as a function of wavelength.  
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 Figure 3.4(a) shows the designed wavelength of Ch-LCP as a 

function of chiral dopant concentration, and a linear relationship exists 

between these two parameters in logarithmic scale. Based on Eq. (2.1), 

the wavelength is inversely proportional to the concentration. A least 

square fit to the data shows that the wavelength is inversely proportional 

to the concentration   to the power of 0.856. The deviation from unity is 

attributed to the wavelength dependence of refractive index   . Figure 

3.4(b) shows the FWHM of the transmittance spectra as a function of 

chiral dopant concentration. The variation also follows a power law as 

shown by the linear relationship in logarithmic scale. The FWHM becomes 

wider as the chiral dopant concentration decreases. In summary, as the 

concentration of the chiral dopant decreases, both the designed 

wavelength λ and the FWHM of transmittance spectra increase rapidly. 

 

Figure 3.4 (a) The designed wavelength of Ch-LCP is shown as a function 

of chiral dopant concentration. A linear relationship exists between these 
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two parameters in logarithmic scales. (b) FWHM of Ch-LCP is also shown 

as a linear function of chiral dopant concentration in logarithmic scales.  

3.7  Spatial Resolution of Micropolarizer 

Spatial resolution is investigated by measurement of the polarization 

images of the micropolarizers. 915 nm and 880 nm diode lasers are used 

as light sources in the polarization imaging of the absorption-based and 

interference-based micropolarizers respectively. A lenticular lens is 

utilized to collimate the diverging laser beam, and an achromatic (700 

nm - 1000 nm) zero-order quarter wave plate is placed next to the 880 

nm laser for generating left handed circular polarized light. A Minolta 

Rokkor-X 45mm F2.0 camera lens or a 10x 0.25 NA microscope objective 

is mounted on a DCM900 microscope CMOS camera (9M pixels) with an 

adjustable camera macro bellow to acquire image of the patterned 

polarizers. Figure 3.5(a) shows the magnified image of the chromium 

USAF resolution mask used for patterning, and the visibility remains one 

for all feature sizes. The polarization images of absorption-based, 

thermal annealing, and solvent rinse interference-based micropolarizers 

are shown in Fig. 3.5 (b-d). For the micropolarizers, the theoretical limit 

for the visibility is the polarizance of the polarizer [58], and the 

polarizance is a function of the feature size. In Fig. 3.5 (b-d), speckles 
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and fringes are also observed, and the artifacts are caused by the 

coherence of the laser sources. 

 

 

Figure 3.5 Magnified images of (a) the chromium USAF mask with a 

915nm diode laser, (b) the 15mg/ml absorption-based micropolarizer 

illuminated with a 915nm diode laser polarized horizontally, and the 

interference-based (c) thermal annealing as well as (d) solvent rinse 

micropolarizers illuminated with a 880nm diode laser left handed 

polarized are shown. 

 Figure 3.6(a) shows the polarizance as a function of the feature 

size for absorption-based, thermal annealing, and solvent rinse 

interference-based micropolarizers. The minimum pattern resolution is 

arbitrarily set at the point where the polarizance has decreased to half of 

its maximum, and these limits are reached at feature sizes of 3.91 µm, 

6.96 µm, and 6.2 µm for the absorption-based, thermal annealing, and 

solvent rinse interference-based micropolarizers respectively. For the 

absorption-based micropolarizer, the resolution of the micropolarizers is 
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limited by the contact lithography and the length of the reorientation 

region in the LCP. As discussed in chapter 2, for the interference-based 

micropolarizer, the resolution is limited by material diffusion, the finite 

length of transition between Ch-LCP phases, and the mass transport of 

the LCP material. 

 Figure 3.6(b) shows the surface profile of the 31.25 µm solvent 

rinse features measured using Veeco Dektek profilometer. Rinsing away 

non-polymerized material of Ch-LCP results in a well-defined structure, 

and there is almost no residual material left between features. From the 

measurement results, the aspect ratio of sidewalls is 2.33. The thickness 

of solvent rinse Ch-LCP films is 3.35 µm, which is thinner than 4.2 µm. 

This is caused by the solvent attack on the surface of the polymerized Ch-

LCP. 

 

Figure 3.6 (a) Polarizance is shown as a function of the feature size. 

Three different samples (absorption, thermal annealing, and solvent 
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rinse) are shown. (b) Surface profile of the 31.25 µm solvent rinse feature 

is measured using Veeco Dektek profilometer.  

3.8  Multi-layer Interfernce-based Micropolarizer 

Since the ER of Ch-LCP depends on the number of physical periodic 

helical layers, higher ER can be achieved by adding more Ch-LCP thin film 

stacks. Figure 3.7(a) compares the ER of a single Ch-LCP layer and double 

Ch-LCP thin film stacks with a 50 nm silicon dioxide as a barrier material 

between the layers. ER is measured to be 43.1 for double layers and 6.7 

for single layer. Unlike the absorption-based micropolarizer,    does not 

decrease with increasing thickness because the interference-based 

micropolarizer reflects the light of perpendicular polarization instead of 

absorbing it. The SEM image of the double Ch-LCP thin film stacks is 

shown in Fig. 3.7(b), and the Ch-LCP periodic structural layers are 

observed. The half pitch of the periodic Ch-LCP layers is measured to be 

291.98 nm, and by using Eq. (2.1), the refractive index   for left circular 

polarized light at 850 nm is deduced to be 1.46.   
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Figure 3.7 (a) ER of the IR interference-based micropolarizer is shown as a 

function of wavelength.  Measured results of single and double layers are 

shown. (b) SEM image of double Ch-LCP thin film stacks is shown, and the 

half pitch of the periodic Ch-LCP periodic structural layers is measured to 

be 291.98nm. 

3.9  Discussion 

In this chapter, an absorption-based micropolarizer is fabricated using IR 

dichroic dye as a guest in LCP host, and is inherently a linear 

micropolarizer. On the other hand, an interference-based micropolarizer 

is fabricated using Ch-LCP and is inherently a circular micropolarizer. 

Nevertheless, the polarization properties of the micropolarizer can be 

modified using additional retarder layers. Figure 3.8(a) shows an 

absorption-based circular micropolarizer created by a quarter wave 

microretarder [40], and Fig. 3.8(b) shows an interference-based linear 

micropolarizer created by a uniform quarter wave plate. However, these 
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two configurations only work at a specific wavelength due to the 

dispersion of the quarter wave plate. A broadband micropolarizer can be 

achieved using the configuration in Fig. 3.8(c). Two or more retarder 

layers of different LCP material are adopted to form a broadband quarter 

wave microretarder. A broadband micropolarizer can be fabricated with 

the multi-layer LCP. This configuration is advantageous to extending the 

operating wavelength band where a good dichroic dye does not exist. At 

such wavelength, properly designed interference-based Ch-LCP film 

stacks can be used to realize a high performance linear, elliptical and 

circular micropolarizer.  

 

Figure 3.8 The polarization properties of the micropolarizer can be 

modified using retarders. For example, (a) an absorption-based circular 

micropolarizer and (b) an interference-based linear micropolarizer are 

created with a quarter wave retarder. The vertical dots denote additional 

layer which can improve the extinction ratio. (c) A broadband 

micropolarizer can be fabricated using two or more retarder layers of 

different LCP materials.  
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3.10  Summary 

The chemistry, fabrication process, and spatial resolution of IR 

absorption-base as well as interference-based micropolarizer are 

presented in this chapter. Photoalignment with polarized UV light is 

utilized to pattern and to align LPP, and two lithographic methods are 

developed for patterning interference-based IR micropolarizers. The 

designed wavelength of interference-based micropolarizers can be 

extended up to 4200 nm by varying the chiral dopant concentration. The 

sizes of the smallest features are 3.91 µm, 6.96 µm, and 6.2 µm for the 

absorption-based, thermal annealing, and solvent rinse interference-

based micropolarizers respectively. For absorption-based micropolarizer, 

higher ER requires higher concentration of dichroic dye, which results in 

lower transmission. For interference-based micropolarizer, ER decreases 

as the designed wavelength increases, and multi-layer Ch-LCP thin film 

stacks are investigated to increase ER. Unlike the absorption-based 

micropolarizer,    of the interference-based micropolarizer remains high.  
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CHAPTER 4: 580 NM FULL-STOKES IMAGING POLARIMETER USING 

ABSORPTION-BASED MICROPOLARIZER  

4.1  Introduction 

Optical imaging systems have a history of development spanning 

hundreds of years. Conventional cameras which measure the 

panchromatic intensity of an optical field and spectral imagers which 

measure the power spectrum are the common and have become mature 

and popular tools. In addition to intensity and wavelength, polarization is 

a third attribute of the optical field which can provide a large amount of 

important information. An imaging polarimeter can be used for sampling 

the polarization signature across a scene, and the recorded images can 

be quantified as Stokes vectors S, which consists of four elements S
0

, S
1

, 

S
2,

 and S
3

. S
0

 represents the intensity of an optical field; S
1

 and S
2

 denote 

the affinity towards 0° and 45° linear polarization respectively; S
3

 

expresses the difference between right and left circular polarizations. 

Using the Stokes vector S, the angle of linear polarization, degree of 

polarization (DOP), degree of linear polarization (DOLP), and degree of 

circular polarization (DOCP) across a scene can be derived and 

investigated. These four quantities have provided valuable information in 

biomedical imaging [8], [59], remote sensing [60], [61], material sciences 

[62], and interferometry [10]. 
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 This chapter is an excerpt from “Full-Stokes Imaging Polarimeter 

Using an Array of Elliptical Polarizer” published on Optics Express[63]. In 

this chapter, an advanced full-Stokes DoFP imaging polarimeter is 

presented that optimizes the LCP micropolarizer design to improve the 

accuracy of the DOLP and DOCP. In section 4.2 and section 4.3, the 

configuration and optimization of a polarimeter are discussed, and the 

concepts are applied to the design of a micropolarizer. In section 4.4 and 

section 4.5, both the fabrication processes and the optical properties of 

the micropolarizer are investigated. Section 4.6 and section 4.7 present 

the prototype and the calibration of the advanced full-Stokes DoFP 

imaging polarimeter. The performance evaluation and the measurement 

results are given in section 4.8 and section 4.9. Finally, the unique 

properties of the polarimeter are summarized in section 4.10.  

4.2  Optimized Full-Stokes Imaging Polarimeter 

 In general, imaging polarimeters can be categorized as division of 

time (DoTP), amplitude (DoAmP), aperture (DoAP), and focal-plane (DoFP) 

[64]–[67]. A wide variety of configurations exists, and all instruments 

require a minimum of four measurements which are not coplanar as 

plotted on the Poincaré sphere to calculate the complete Stokes vector. 

DoTP polarimeter commonly uses rotating polarization elements in the 

system, and each measurement is captured at different time frame. Thus, 
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the scene must be stationary in order to avoid temporal blur. DoAmp 

polarimeter adopts multiple focal plane arrays (FPAs) to capture 

measurements simultaneously. However, the system is large, complex, 

and requires a highly rigid mounting structure. DoAP polarimeter consists 

of additional reimaging optics to form multiple polarization images on a 

single FPA simultaneously. It allows dynamic measurement, but the cost 

of reimaging optics is high, and the spatial resolution is reduced. 

 Compared with other techniques, DoFP polarimeter utilizes a 

micropolarizer array and has some advantages, such as robust design, 

small size and dynamic acquisition. The micropolarizer is integrated on 

top of the FPA, similar to the Bayer filter in color imaging.  The 

polarimeter utilizes an image sensor with neighboring pixels covered by 

different polarization filters. The DoFP polarimeter has been achieved by 

incorporating wire-grid [68], aluminum nanowire [69], rubbed polyvinyl-

alcohol (PVA) [13] and LCP micropolarizers [11], [45] with an image 

sensor. In most cases, the micropolarizer consists of an array of 0°, 45°, 

90°, and 135° linear polarizers; therefore, the polarimeters are only 

capable of measuring the linear components of the Stokes vector, S
1 

and 

S
2

. Simple full-Stokes DoFP polarimeters were first introduced using a LCP 

micropolarizer and LCP microretarder [19], [40], [70]. However, the 

accuracy of the DOLP and DOCP were not sufficiently high due to certain 
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aspects of the polarimeter designs. Sabatke, et. al. [71] have shown that, 

for a DoTP polarimeter, the optimized four measurements should form a 

regular tetrahedron inscribed in the Poincaré sphere [72], [73]. Since the 

function of a micropolarizer in a DoFP polarimeter is analogous to a 

spinning polarization element of a DoTP polarimeter, the same strategy is 

applicable in the design of the micropolarizer.  

 

 

Figure 4.1 Two full-Stokes polarimeter designs are illustrated on the 

Poincaré sphere. The dots represent the measurement states of each 

polarimeter and form tetrahedrons of different sizes. (a) The simple full-

Stokes DoFP polarimeter utilizes three linear and one circular 

micropolarizer. (b) The optimized full-Stokes DoFP polarimeter utilizes 

four elliptical micropolarizers.  

 The Poincaré sphere representations for the two full-Stokes DoFP 

polarimeter designs are shown in Fig. 4.1. The linear micropolarizer of 0°, 
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45°, 90°, and 135° linear polarizers has four measurements on the 

equator of the Poincaré sphere. The design of the simple full-Stokes DoFP 

polarimeter is shown in Fig. 4.1(a). The combination of a micropolarizer 

with a microretarder allows three measurements on the equator and one 

measurement at the north pole. The complete Stokes vectors can be 

derived, but the design is unbalanced which results in varying signal to 

noise ratios (SNRs) for each of the four Stokes vector components [71]. In 

general, the SNR of a polarimeter is proportional to the volume that the 

inscribed measurement points encompass. The unbalanced design of the 

simple full-Stokes DoFP polarimeter only occupies one fourth of the whole 

Poincaré sphere. Figure 4.1(b) shows an optimized design on the Poincaré 

sphere, and the four measurements are located at the vertices of a 

regular tetrahedron which encompasses a much larger volume. This 

configuration affords a factor of 1.5 theoretical improvements in SNR and 

secondly the SNR is balanced for each component of the vector. It is 

important to note that more points on the Poincaré sphere would allow a 

greater volume to be encompassed along with a concomitant 

performance increase, but since more pixel elements would need to be 

dedicated for each polarization measurement, the DoFP polarimeter 

spatial resolution would suffer. On the other hand, the pixels for the 

polarization measurement sample a slightly different part of the scene; 
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therefore, systematic errors can increase due to the differential gains of 

more pixels [24].  

4.3  Micropolarizer Design 

The four measurements represented by the regular tetrahedron can be 

realized by four elliptical micropolarizers, consisting of a uniform 

polarizer and a patterned microretarder layer. The microretarder consists 

of a set of four pixels. Each retarder has 132° retardance with fast axis 

angles of ±15.1° and ±51.7° respectively. Compared with the design of 

the simple full-Stokes micropolarizer, the fabrication process is 

simplified, and defect density of the micropolarizer decreases because 

only one patterned polarization layer, instead of two, is needed. For the 

elliptical micropolarizer fabrication, the LCP polarizer is adopted instead 

of the wire grid polarizer for two reasons. First, LCP polarizer requires 

fewer lithographic steps and tools compared with the fabrication of the 

wire grid polarizer. Secondly, the topography of the wire grid polarizer 

prevents the uniform coating and fabrication of an additional 

microretarder layer. 
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Figure 4.2 (a) The FPA of the polarimeter is comprised of a substrate, a 

microretarder, an isolation layer, and a uniform polarizer on top of a 

sensor. (b) A uniform vertical polarizer and a pixelated retarder with a 

retardance of 132° and fast axis angles of ±15.1° (A, B) and ±51.7° (C, D) 

are shown. Dotted lines denote that the micropolarizers are repeated 

across the sensor array. (c) Each resultant elliptical micropolarizer 

transmits a different elliptical polarization state and the transmitted 

intensity is measured by individual pixelated sensor. 

 An optimized polarimeter design is shown in Fig. 4.2. Figure 4.2(a) 

shows the multilayer structure of the elliptical micropolarizer to be 

installed over the FPA sensor. The incident light enters through a 

transparent substrate on which the layers of the micropolarizer are 

formed. The FPA is comprised of a glass substrate, a microretarder, an 

isolation layer, and a uniform polarizer on top of a sensor. The 

orientations of the polarization elements are shown in Fig. 4.2(b). The 

orientation of the uniform polarizer is in vertical direction. The 

microretarder is comprised of a 2×2 macro pixel array. Each macro pixel 
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has four 132° retarders with fast axis angles of 15.1°, 15.1°, 51.7°, 

51.7° with respect to vertical direction as shown in the Fig. 4.2(b). The 

resultant elliptical micropolarizers A and B have DOLP of 0.928 while C 

and D have DOLP of 0.691.  The angle of linear polarization of elliptical 

micropolarizers A, B, C, and D are 64.3°, 64.3°, 16.5°, and 16.5°; the 

DOCP are 0.383, 0.383, 0.808, and 0.808. The target operating 

wavelength is 580 nm. Each elliptical micropolarizer transmits a different 

elliptical polarization state that is captured as an intensity signal by its 

corresponding pixel on the sensor. The resultant elliptical micropolarizer 

design is shown in Fig. 4.2(c).   

4.4  Micropolarizer Fabrication 

LCP and photoalignment technique are used for the fabrication of the 

uniform polarizer layer and the microretarder layer of the elliptical 

micropolarizer. A Karl Suss MA6 Mask Aligner with a UV polarizer is used 

to align and to pattern the LPP layer. In this chapter, the LPP material is 

ROP-103, and the LCP is added to chloroform (CHCl
3

) at a 20% w/w ratio. 

For polarizer fabrication, a dichroic dye is added to the LCP/solvent 

mixture at 12.5 mg/ml to introduce diattenuation in the LCP. The 

dichroic dye is model G-241 made by Hayashibara Biochemical 

Laboratories, Inc., and has peak absorption at 580 nm. The substrates 
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are 100 mm diameter 0.5 mm thick fused silica double side polished 

wafers.  

 Kodak KAI-2020 monochromatic CCD (microlens version) which is 

comprised of a 1608×1208 7.4 μm square pixel array is utilized in the 

DoFP polarimeter, and therefore the size of each elliptical micropolarizer 

is also 7.4 μm square. The process begins with the fabrication of 

chromium alignment marks using an Edwards EB3 e-beam evaporator and 

a standard lift-off process. These alignment marks are critical for 

accurately defining each of the four unique microretarder orientation and 

for dicing of the finished wafers. 

 Figure 4.3 shows a schematic diagram of the steps required to 

fabricate the LCP elliptical micropolarizer. The microretarder layer is 

fabricated first. The coating of LPP layer consists of three steps: (1) 

dispensing LPP onto the wafer, (2) spin coating at 2500 rpm for 1 minute, 

and (3) soft baking at 170 ˚C for 5 minutes. The LPP patterning requires 

four selective LPUV exposures to register the four different domains, and 

each exposure generates one quadrant of the macro-pixel. Each LPUV 

exposure dose is 150 mJ/cm
2

 at 365 nm. After patterning the LPP layer, 

LCP is coated above the LPP layer. The method for coating LCP is (1) spin 

coating at 3750 rpm for 25 seconds, (2) hard baking at 55 ˚C for 2 

minutes to remove residual solvent, and (3) curing with UV exposure of 



80 

 

200 mJ/cm
2

 at 365 nm. After curing, a solid plastic microretarder film is 

formed. Next, Norland optical adhesive NOA-81 is spin coated at 4000 

rpm and UV cured as an isolation layer. Above the isolation layer, a 

uniform vertical polarizer is coated using LPP and LCP doped with 

dichroic dye. The processes are the same as those of the abosprtion-

based micropolarizer discuused in chapter 3. After UV curing with 3 J/cm
2

 

at 365 nm, a uniform vertical polarizer film is fabricated above the 

microretarder. The resulting multilayers make up the elliptical 

micropolarizer. 
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Figure 4.3 Fabrication processes of the LCP elliptical micropolarizer. Note 

that the dimensions are not drawn to scale.    
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4.5  Micropolarizer Characterization 

After fabrication, polarization properties of the elliptical micropolarizer 

are characterized by the Mueller matrix imaging polarimeter. The 

measured linear diattenuation, linear diattenuation orientation, and 

circular diattenuation at 580 nm are shown in Fig. 4.4 along with two sets 

of cross-section data [58]. The dashed line passes through elliptical 

micropolarizers A and C while the solid line passes through elliptical 

micropolarizers B and D. The linear diattenuation alternates between 0.25 

and 0.75, and the magnitude of circular diattenuation alternates between 

0.85 and 0.45. The diattenuation orientation of dashed cross-section 

alternates between 65° and 15°, and solid cross-section alternates 

between 65° and 15°. The fabricated elliptical micropolarizer is 

measured to be more circular polarized than the target design. The 

differences are attributed mainly to the deviation from the 132° 

retardance and secondly to the orientation misalignments in the LCP of 

the microretarder layer. The magnitude of diattenuation is reduced by the 

presence of depolarization which comes from scattering in the LCP layer 

and stress birefringence from the isolation layer. 
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Figure 4.4 Horizontal cut lines are shown for linear diattenuation, linear 

diattenuation orientation, and circular diattenuation taken at 580 nm. 

Red dashed lines represent measurements of pixel A and C, while blue 

solid lines represent measurements of pixel B and D. 

4.6  Prototype of the Polarimeter 

Figure 4.5(a) shows a micrograph of the elliptical micropolarizer 

illuminated with vertically polarized light and imaged using a 100X 0.4 

NA microscope objective. The microscope optics has inherent 

diattenuation, especially at this high NA, and the exact transmission is 

not representative. The micrograph here can serve as a good reference 

for defect inspection and alignment quality. Imperx ICL-B1620 camera is 

adopted for construction of the polarimeter. The camera body with the 

KAI-2020 CCD is shown in Fig. 4.5(b) and operates at a resolution of 
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1608  1208 pixels (14-bit digitization) and at a speed of 20 

frames/second. After the finished wafer is diced, the individual die is 

bonded to a mounting frame, and a 6-axis stage with polarized light 

illumination is used to align the mounted die to the CCD array. When the 

die is aligned properly, UV curing epoxy is applied to fix the whole 

package. The mounted elliptical micropolarizer is shown in Fig. 4.5(c). 

Once the micropolarizer and camera body are fully assembled, a one inch 

diameter 580 nm bandpass filter with 10 nm FWHM is installed between 

the C-mount lens and the micropolarizer. The optimized full-Stokes DoFP 

imaging polarimeter attached with a C-mount lens (Computar H6Z0812 8-

48 mm f/1.2 6X) is shown in Fig. 4.5(d). 

 
 

Figure 4.5 (a) A micrograph of an elliptical micropolarizer shows the four 

polarization filters in a macro pixel. (b) The sensor without micropolarizer 

and (c) the sensor with the aligned and affixed micropolarizer are shown. 

(d) The Imperx ICL-B1620 camera is attached to a Computar C-mount 

zoom lens. 
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4.7  Calibration of the Polarimeter 

The polarimeter must first be calibrated at the target wavelength of 580 

nm. The optical setup for the calibration is shown in Fig. 4.6. A 580 nm 

collimated light source is generated using a tungsten lamp, a 580 nm 

bandpass filter, and a collimating lens. The polarization of the collimated 

light is modified using a linear polarizer and a linear retarder of 89.6° 

retardance at 580 nm. Different polarizations of light at normal incidence 

illuminate the DoFP polarimeter without lens. The captured images are 

utilized for computing the calibration matrices. The conventional 

polarimetric data reduction matrix method is adopted here for the 

calibration [74], [75].  

 

 

Figure 4.6 A 580nm collimated light source with a linear polarizer and a 

nearly quarter wave retarder is utilized for the polarimeter calibration. 

 With the DoFP polarimeter, the image field is divided into the 

discrete array elements that require calibration. The calibration matrices 

are functions of position       with each pixel having a discrete position 
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      corresponding to the CCD array. A macro pixel comprising the four 

neighboring pixels,     ,        ,        , and          , is used 

to derive the corresponding calibration matrix. In general, for the 

polarization image Stokes vectors  , the measured flux as a function of 

discrete position       , is the result of the inner product 

                     [                            ]

[
 
 
 
       

       

       

       ]
 
 
 

,  (4.1) 

where         is the analyzer Stokes parameters of the elliptical 

micropolarizer at      . By considering each macro pixel, a flux vector of 

measurement        can be computed as 

       

[
 
 
 

       

         

         

           ]
 
 
 

                    ,  (4.2) 

where        is called the polarimetric measurement matrix at      . By 

performing the polarimeter calibration,        can be derived from the 

known incident polarization images. For example, using the calibration 

setup in Fig. 4.6, 0°, 45°, 90°, 135°, nearly right and left circular uniformly 

polarized images     can be generated, and        can be calculated 

from a flux matrix of calibration           as 

                   
  

     (4.3) 
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 After        is obtained, the pseudo inverse of        can be 

utilized to calculate the estimated incident polarization of a measured 

image as 

 ̇             
            (4.4) 

where  ̇      is the estimated Stokes vector at      , and the dot over   

indicates that it is an estimated quantity due to noise.         
  

 provides 

the best fit of the calibration data and is used instead of         
to 

prevent elements of the null space of        from affecting the 

measurement.        
  

 is the polarimetric data reduction matrix and 

usually referred to as the calibration matrix of the polarimeter. In this 

chapter, instead of using an average   
  

 matrix, an individual   
  

 

matrix is calculated for each macro pixel to calibrate CCD pixel response 

variations, polarization array defects, coating non-uniformities and 

retardance error in the elliptical micropolarizer elements. Equation (4.4) 

with a complete set of   
  

 matrices is then utilized to calculate the 

polarization signature of an optical field in the following sections. 

 In this chapter, the calibration of the polarimeter assumes most of 

the light rays are at normal incidence to the micropolarizer array. This is 

an accurate description for long focal length lenses and telecentric lenses 

operating at large f-number. Alternatively, a more sophisticated and 
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precise calibration method will include the effects of light rays at 

different angles. The camera attached to a lens can be calibrated and   
  

 

is measured for different focal length, f-number and image distance. 

4.8  Polarimeter Characterization 

An estimation of the accuracy and precision of the DOLP and DOCP can 

be made by uniformly illuminating the polarimeter with carefully 

controlled polarized light. The results can be used to evaluate the 

performance of the optimized full-Stokes DoFP polarimeters and to 

compare with the unbalanced design of the simple full-stokes DoFP 

polarimeter (Fig. 4.7). The test optical setup is identical to the calibration 

configuration in Fig. 4.6, and the ellipticity of the input polarization is 

varied by rotating an 89.1° retarder in front of a 0° linear polarizer at 580 

nm. The retarder rotates from 0° to 180° with 5° increment.  The average 

DOLP (black) and DOCP (red) of the uniformly polarized input with one 

standard deviation error bars are shown in Fig 4.7(a). The solid lines 

represent the theoretical DOLP (black) and DOCP (red) for the 

corresponding configuration. The error in the accuracy of the simple and 

optimized polarimeters is shown in Fig. 4.7(b). The maximum errors of 

DOLP and DOCP of the optimized full-Stokes polarimeter are 7%. For 

comparison, the maximum errors of DOLP and DOCP of the simple full-

Stokes polarimeter are about 23% [40]. The improvement in accuracy is 
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attributed to the usage of elliptical micropolarizer and the reduced defect 

density of the micropolarizer resulted from the simplified fabrication 

process.  

 

 

Figure 4.7 The DOLP and DOCP are measured as a function of the fast 

axis orientation of an 89.1° retarder at 580 nm. (a) The circles mark the 

measurements, and the solid lines are the theoretical prediction. The 

error bars represent one standard deviation in the DOCP or DOLP of all 

the pixels. (b) The optimized elliptical micropolarizer has less fabrication 

defects which results in less error than the simple full-Stokes design.  (c) 

Simple full-Stokes polarimeter uses an imbalance design in the 

measurement space, causing large variance in the standard deviation. 
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The standard deviations of DOLP and DOCP of the optimized full-Stokes 

polarimeter are less than 0.05. 

 In Fig. 4.7(c), the standard deviations of DOLP and DOCP of the 

optimized full-Stokes polarimeter, which represent the uncertainty of the 

polarimeter, are shown to be less than 5%. As expected, the simple full-

Stokes polarimeter has a larger variation in the standard deviation, 

caused mainly by the reduced coverage of the Poincaré Sphere as shown 

in Fig. 4.1. The performance of the optimized full Stokes polarimeter, as 

defined by the size of standard deviation of DOCP, is approximately five 

times better than the performance of the simple full-Stokes polarimeter. 

The optimized design has higher SNR than the imbalance design. The 

remaining standard deviation is attributed to cross-talk between different 

microretarder elements, the deviation of the fabricated elliptical polarizer 

from a perfect elliptical polarizer, and the finite bandwidth of the 580 nm 

bandpass filter which cannot be easily removed by calibration. In 

addition, the accuracy of the calibration as well as DOLP and DOCP 

measurements are affected by orientation errors in the calibration, since 

the rotation of the polarizer and retarder (Fig. 4.6) are performed 

manually with an approximate accuracy of about 0.5°. For some 

applications such as microscopy, the performance of the polarimeter can 

be further improved by illuminating the object of interest by a 



91 

 

monochromatic laser. In this case, the bandpass filter can be removed 

from the polarimeter setup. 

4.9  580 nm Polarization Imaging 

An image of a calcite crystal and a Plusiotis optima beetle is taken using 

the optimized full-Stokes DoFP imaging polarimeter using a Computar 

lens at f/5.6. The measurement results after calculation using (4.4) are 

shown in Fig. 4.8. The calcite crystal is placed on top of printed letters, 

and the birefringent calcite crystal spatially separates the two eigen-

polarizations, resulting in image splitting of the printed letters. From the 

plots of S
2 

and linear angle, the two orthogonal eigen-polarizations can be 

observed and analyzed. On the other hand, beetles, such as Plusiotis 

optima, have external surface consisting of chitinous cuticle that 

possesses microscopic molecular-level helicity [76]. The helicity of the 

beetle’s exoskeleton results in the circular polarization properties which 

have been studied by using different polarized light sources and 

observation angles [77].  In the plot of S
3 

and DOLP, reflection from the 

Plusiotis optima shell has a DOCP up to 0.8, and reflection from the sides 

of the beetle has a DOLP up to 0.4 which represents the polarization 

sensitivity of large angle Fresnel reflections. Moreover, the optimized full-

Stokes DoFP polarimeter can provide a 1608  1208  14-bit polarization 

image at 20 frames/second. Fig. 4.9 shows one frame from a polarization 
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video which is recorded using a Computar C-mount lens at f/5.6. The test 

target is a beam chopper with inner and outer open windows. Linear 

polarizers oriented radially are installed in the outside windows, while 

right and left circular polarizers are installed in the inner windows. The 

polarimeter successfully measures the complete polarization signature of 

the moving target.  The noise inside the uniform polarizers is attributed 

to fabrication defects and LCP transition areas in the micropolarizer 

which cannot be removed by calibration. 

 

 

Figure 4.8 The Stokes image of a beetle and a calcite crystal above 

printed letters is taken at f/5.6. 
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Figure 4.9 A video frame of a beam chopper with polarizers placed in 

each window is taken at f/5.6. The polarizers in the inside windows are 

circular polarizers, and the polarizers in the outside windows are linear 

polarizers oriented radially. 

4.10  Summary 

In this chapter, a visible full-Stokes DoFP imaging polarimeter using an 

optimized micropolarizer is demonstrated, and the fabrication process of 

the LCP elliptical micropolarizer is presented. The elliptical micropolarizer 

is comprised of a substrate, a patterned LCP microretarder layer, an 

isolation layer, and a uniform LCP polarizer. The elliptical micropolarizer 

utilizes a set of four optimized measurements which form a regular 

tetrahedron inscribed in the Poincaré Sphere. Compared to the simple 

full-Stokes design, this optimized configuration affords a theoretical 

factor of 1.5 improvements in SNR. The fabrication process of the 
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micropolarizer is simplified and the defect density is reduced by using a 

uniform polarizer layer. The optical properties of the elliptical 

micropolarizer are characterized by a Mueller matrix imaging polarimeter. 

 The assembly, calibration, and measurement results of the novel 

optimized polarimeter are discussed. The optimized full-Stokes DoFP 

polarimeter provides a resolution of 1608  1208  14-bit at 20 

frames/second. The accuracy of the DOLP and DOCP are less than 7%, 

and the precision, defined by the standard deviations, are less than 5%. 

The optimized polarimeter design performs about five times better than 

the simple polarimeter design. Future improvement in SNR can be 

achieved by incorporating a high performance bandpass filter with a 

narrower bandwidth, by reducing fabrication defects, and by decreasing 

the microretarder element size to lower pixel to pixel cross-talk. In our 

experiment, the conventional polarimetric data reduction matrix method 

is adopted for our calibration. Data quality and resolution can be further 

improved by using interpolation [78], [79] and deconvolution techniques 

[80]. 
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CHAPTER 5: 760 NM INTERFERENCE-BASED MICROPOLARIZER 

5.1  Introduction and Motivation 

IR light is electromagnetic radiation with wavelengths from 750 nm to 1 

mm. The wavelengths are longer than those of visible light, and the 

portion of electromagnetic radiation that is just beyond the visible 

spectrum is called near IR (750nm – 1.4 µm). Unlike visible light, near IR 

light can penetrate into biological tissues and is useful in bio-imaging 

applications. Figure 5.1 shows the absorption spectra of a normal female 

breast and a normal human forearm [81], and each spectrum has lower 

absorption at near IR wavelengths. This characteristic allows the optical 

inspection of biological tissues using near IR light [82], [83]. 

 

Figure 5.1 Absorption spectra of female breast and human forearm. 

Absorption coefficient becomes smaller at near IR wavelengths. 
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Near IR light also experiences less Rayleigh and Mie scattering than 

visible light, and this characteristic partly contributes also its higher 

penetration depth through atmospheric haze. Nowadays, near IR imaging 

systems have a variety of applications in astronomy[84], [85], industrial 

inspection[86], [87], and surveillance[88]. Compared with other IR 

wavelengths (1.4 µm -1 mm), near IR light has similar characteristics to 

visible light, and most solid state devices operating in the visible 

spectrum have good responsivity at near IR wavelengths. Figure 5.2 

shows the quantum efficiency of the Kodak KAI-2020 monochromatic 

CCD (microlens version) utilized in a full-Stokes imaging polarimeter (see 

chapter 4) [89]. The responsivity of this CCD is lower in near IR than in 

visible wavelenghts, but it is sufficient for near IR imaging with a proper 

illumination design. In addition to measurement of light emission, 

important characteristics, such as tissue morphology and soil 

composition, can also be investigated using reflection, transmission, and 

absorption of the near IR radiation.  
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Figure 5.2 Quantum Efficiency of the Kodak KAI-2020 monochromatic 

CCD (microlens version). 

 In this chapter, an array of interference-based LCP micropolarizers 

is fabricated for the construction of a near IR imaging DoFP polarimeter. 

The micropolarizers operating at 760nm are utilized to extend the 

capabilities of near IR imaging systems beyond conventional intensity 

imaging. 760nm is chosen because of (1) relative good sensitivity of the 

Kodak KAI-2020 sensor, (2) availability of semiconductor LED and laser 

sources that can be utilized as illumination and (3) low absorption of 

tissue. As mentioned in chapter 4, polarization is a third attribute of the 

optical field which can provide a large amount of important information. 

The 760nm imaging polarimeter can be used for sampling the 

polarization signature across an object, and the recorded Stokes images 
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provide valuable information in biomedical imaging[90], remote sensing 

[91], and material sciences[92], [93]. Interference-based micropolarizers 

are applied here since higher ER requires higher concentration of dichroic 

dye, which results in lower transmission when utilizing absorption-based 

micropolarizers. Moreover, multi-layer Ch-LCP thin film stacks are utilized 

to increase ER, and, unlike the absorption-based micropolarizer,    of the 

interference-based micropolarizer remains high.   

 In section 5.2, the design of a 760 nm interference-based 

micropolarizer is discussed, and the concepts of the four optimized 

measurements are applied to the micropolarizer. In section 5.3, the 

fabrication processes of the micropolarizer are investigated, and section 

5.4 presents the optical properties of the micropolarizer. Finally, the 

future works are discussed in section 5.5.  

5.2  Interference-Based Micropolarizer Design 

The optimized design of polarimeter discussed in section 4.2 is applied 

in the design of the 760nm micropolarizer and achieved using the 

combination of uniform Ch-LCP circular polarizers, a uniform quarter 

wave retarder, and a microretarder, which consists of a set of four pixels. 

Each retarder again has 132° retardance with fast axis angles of ±15.1° 

and ±51.7° respectively. This configuration is essential for infrared 

wavelengths where a good dichroic dye does not exist as shown in 
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chapter 3. At such wavelength, multi-layer interference-based Ch-LCP film 

stacks with a uniform quarter wave retarder can be used to realize a high 

ER linear polarizer as a replacement of the absorption-based polarizer in 

a full-Stokes polarimeter. Unlike the absorption-based micropolarizer,    

of the Ch-LCP film stacks remains high. 

An optimized micropolarizer design for a 760nm full- Stokes DoFP 

polarimter is shown in Fig. 5.1. Figure 5.1(a) shows the multilayer 

structure of the elliptical interference-based micropolarizer to be installed 

over the FPA sensor. The incident light enters through a fused silica 

substrate on which the multi-layer micropolarizer are formed. The 

polarization sensitive device is comprised of a substrate, a microretarder, 

three isolation layers, a uniform 760nm quarter wave plate, and two 

uniform 760nm Ch-LCP polarizers on top of a sensor. Figure 5.1(b) shows 

the orientations of the polarization elements. The Ch-LCP films act as 

right circular polarizers, and, cooperating with a quarter wave plate, the 

combination acts like a uniform linear polarizer which the resultant 

orientation is in vertical direction. The microretarder is the same as the 

580nm micropolarizer in chapter 4, and it is comprised of a 2×2 macro 

pixel array. Each macro pixel has four 132° retarders with fast axis angles 

of 15.1°, 15.1°, 51.7°, 51.7° with respect to the absorption axis of the 

uniform linear polarizer as shown in the Fig. 5.1(b). The thin film stacks 
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result in an elliptical micropolarizers as shown in Fig. 5.1(c), where A and 

B have DOLP of 0.928 while C and D have DOLP of 0.691.  The angle of 

linear polarization of elliptical micropolarizers A, B, C, and D are 26.7 °, -

26.7 °, -73.5 °, and 73.5 ° with respect to the absorption axis of the 

uniform linear polarizer; the DOCP are 0.383, 0.383, 0.808, and 0.808. 

Each micropolarizer element allows a different elliptical polarization state 

transmitted and captured as an intensity signal by its corresponding pixel 

over the sensor. 

 

Figure 5.3 (a) The FPA of the polarimeter is comprised of a substrate, a 

microretarder, a uniform retarder, three isolation layers, and two uniform 

Ch-LCP polarizers on top of a sensor. (b) Two uniform right circular 

polarizers, a uniform quarter wave plate, and a pixelated retarder with a 

retardance of 132° and fast axis angles of ±15.1° (A, B) and ±51.7° (C, D) 

are shown. Dotted lines denote that the micropolarizers are repeated 

across the sensor array. (c) Each resultant elliptical micropolarizer 
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transmits a different elliptical polarization state and the transmitted 

intensity is measured by individual pixelated sensor. 

5.3  Micropolarizer Fabrication 

Ch-LCP is used for the fabrication of the uniform circular polarizer layers, 

and LCP is used for the fabrication of the uniform quarter wave plate and 

the microretarder layer. Here, both the Ch-LCP and the LCP are photo-

aligned using the LPP as described in previous chapters. A Karl Suss MA6 

Mask Aligner with a UV polarizer is used to expose the uniform LPP layer 

or to pattern the LPP layer. The LPP material is ROP-103. The LCP is added 

to Toluene at a 60% w/w ratio for the 132 ° microretarder fabrication, and 

at a 51.43% w/w ratio for the uniform quarter wave retarder fabrication. 

For making Ch-LCP solution, the LCP material is first added to chloroform 

at a 20% w/w ratio. Then the chiral dopant, model ZLI-811, is added at a 

16.3% (w/w) of the concentration of LCP. The substrates are 0.5 mm thick 

100 mm diameter double side polished fused silica wafers.  

 Similar to the 580nm polarimeter, a Kodak KAI-2020 

monochromatic CCD (microlens version) is utilized in this 760nm 

polarimeter. It is comprised of a 1608×1208 7.4 μm square pixel array, 

and therefore the size of each micropolarizer element is also 7.4 μm 

square. The fabrication process begins with the deposition of chromium 

alignment marks which are critical for defining the alignment orientation 
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of each microretarder element and for dicing of the finished wafers. The 

alignment mark is precisely built using a standard lift-off process with 

positive tone photoresist S1813 and Edwards EB3 e-beam evaporator.  

 
 

Figure 5.4 Fabrication processes of the interference-based elliptical 

micropolarizer. Note that the dimensions are not drawn to scale. 

 Figure 5.2 shows a schematic diagram of the steps involved in the 

fabrication of the elliptical micropolarizer. Corresponding to the 

optimized design, the microretarder layer is fabricated first. The coating 

of LPP layer consists of three steps: (1) dispensing Rolic LPP onto the 

100mm wafer, (2) spin coating at 2500 rpm for 1 minute, and (3) soft 
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baking at 170 ˚C for 6 minutes. Four selective LPUV exposures are 

utlized to register the four different domains for LPP patterning, and each 

exposure defines the alignment orientation of one quadrant of the macro-

pixel. Each LPUV exposure dose is 100 mJ/cm
2

 at 365 nm. After 

patterning the LPP layer, 60% w/w LCP is coated above the LPP layer. The 

method for coating LCP is (1) spin coating at 2500 rpm for 30 seconds, 

(2) hard baking at 53 ˚C for 5 minutes to remove residual solvent, and (3) 

curing with UV exposure of 1 J/cm
2

 at 365 nm. After curing, a solid 

plastic microretarder film is formed. Next, 50 nm SiO
2

 is sputtered as an 

isolation layer. Above the isolation layer, a uniform quarter wave retarder 

is coated using LPP and 51.43% w/w LCP. The second layer of LPP is again 

spin coated, baked, and exposed to the uniform LPUV. 51.43% w/w LCP is 

then spin coated above the LPP layer at 2600 rpm. Then 2 minutes of 

hard baking at 53 ˚C and UV curing with 1 J/cm
2

 at 365 nm are applied, 

and a uniform quarter wave retarder is fabricated above the microretarder 

layer.  

After coating retarder layers, two more uniform Ch-LCP polarizers 

are coated using LPP and Ch-LCP solution. The processes are exactly the 

same for the following two layers. 50 nm SiO
2

 is first sputtered as an 

isolation layer, and a layer of aligned LPP is prepared. Ch-LCP is then spin 

coated above the LPP layer at 3500 rpm, and UV curing with 3 J/cm
2

 at 
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365 nm is applied to obtain the Ch-LCP film. The resulting multilayers 

make up the interference-based elliptical micropolarizer. 

5.4  Micropolarizer Characterization 

After fabrication, polarization properties of the 760nm elliptical 

micropolarizer are examined by a calibrated IR Mueller matrix imaging 

DoTP polarimeter, and the measured linear diattenuation, linear 

diattenuation orientation and circular diattenuation at 760 nm are 

deduced as shown in Fig. 5.3 along with two sets of cross-section data 

[50], [58]. The solid line passes through elliptical micropolarizers A and C 

while the dashed line passes through elliptical micropolarizers B and D. 

The linear diattenuation alternates between 0.2 and 0.7, and the 

magnitude of circular diattenuation alternates between 0.6 and 0.1. The 

diattenuation orientation of solid cross-section alternates between 65 ° 

and 5 °, and dashed cross-section alternates between 10 ° and -45 °. 

The orientation of each fabricated micropolarizer element is measured to 

be shifted from the target design. The differences are attributed mainly 

to the deviation from the 132 ° and 90 ° retardance. On the other hand, 

the magnitude of diattenuation is reduced by the presence of 

depolarization which comes from scattering in the Ch-LCP layer. 
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Figure 5.5 Horizontal cut lines are shown for linear diattenuation, linear 

diattenuation orientation, and circular diattenuation taken at 760 nm. 

Blue solid lines represent measurements of pixel A and C, while red 

dashed lines represent measurements of pixel B and D. 

5.5  Future work 

In this chapter, the fabrication process of the interfernce-based LCP 

elliptical micropolarizer is presented. The elliptical micropolarizer is 

comprised of uniform Ch-LCP circular polarizers, a uniform quarter wave 

retarder, and a microretarder. To achieve optimized polarimeter design, 

the micropolarizer utilizes a set of four measurements which form a 

regular tetrahedron inscribed in the Poincaré Sphere.  
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For future works, we plan to integrate the micropolarizer with a 

KAI-2020 CCD, and to calibrate and test the 760 nm full-Stokes DoFP 

imaging polarimeter. The 760nm full-Stokes DoFP polarimeter is 

expected to provide a resolution of 1608  1208  14-bit at 20 

frames/second. To the best of our knowledge, this polarimeter will be the 

first full-Stokes DoFP imaging polarimeter, operating at near IR. This 

polarimeter utilizes interference-based LCP elliptical micropolarizers. 
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CHAPTER 6: CLOSING REMARKS 

This dissertation presented fabrication processes regarding absorption-

based and interference-based LCP micropolarizer, and the application of 

this technology to full-Stokes DoFP polarimeters. This technology extends 

the capability of linear LCP micropolarizers to IR wavelengths as well as 

interference-based circular micropolarizers. Using the material and 

process discussed in this dissertation, both near IR (0.75-1.4µm) and 

short-wavelength IR (1.4-3µm) micropolarizers can be achieved. These 

results represent an increase in flexibility for the fabrication of micro 

polarization devices. Compared with the current leading technology, the 

micro wire grid polarizers, LCP micropolarizer requires fewer lithographic 

steps and tools for fabrication and can be applied to non-linear 

polarization. Moreover, the topography of the wire grid polarizer prevents 

the uniform coating and fabrication of an additional microretarder layer.    

 The 580nm full-Stokes imaging polarimeter represents a useful 

application of the micropolarizer technology. The elliptical micropolarizer 

utilizes a set of four optimized measurements which form a regular 

tetrahedron inscribed in the Poincaré Sphere. The optimized full-Stokes 

DoFP polarimeter provides higher SNR and a resolution of 1608  1208  

14-bit at 20 frames/second.  
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 For future work, we would like to construct a prototype of 760 nm 

full-Stokes DoFP imaging polarimeter using the fabricated interference-

based elliptical micropolarizer. In addition, for the next iteration of the 

micropolarizer technology, we plan to construct a broadband full-Stokes 

imaging polarimeters. The two current configurations operate at specific 

wavelengths (580nm or 760nm) due to the dispersion of the wave plates 

and the bandwidth of uniform polarizers. A broadband micropolarizer 

can be achieved using the configuration shown in Fig. 3.8(c). Two or 

more retarder layers of different LCP materials can be adopted to form an 

achromatic microretarder. A mixture of two or more dichroic dyes can be 

utilized to form a grey or broadband polarizer. The multi-layer 

combination of broadband LCP retarder and polarizer can be applied to 

the construction of a broadband full-Stokes imaging polarimeter. 
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A.1  Introduction 

Image formation using aspherical mirrors is an important issue in optical 

engineering. The availability of low loss coatings that cover a broad 

spectrum and the lack of optical dispersion from reflection make mirrors 

an indispensable component in the design and construction of optical 

instruments and imaging systems. Curved mirrors of arbitrary shapes, 

such as deformable mirrors, have applications in adaptive optics [95], 

optical testing [96], astronomy [97], remote sensing [98], [99], 

communication [100] and medicine [101]. Liquid curve mirrors using 

electrowetting-controlled liquid have been demonstrated by Bucaro et al. 

[102] and large liquid metal based mirror can possess many unique 

properties compared to conventional glass mirrors [103]. 

 For images reflected from an arbitrary smooth surface, Berry 

introduced the caustic-touching theorem to analyze the topologies of the 

virtual images of the extended light source, for example in the case of 

the Sun’s disk seen in rippled water [104]. Roman-Hernandez and Silva-

Ortigoza improved the Ronchi test by applying the caustic-touching 

theorem on the parabolic mirrors [105], [106]. In this appendix, both the 

real images and the virtual images of a one-dimensional arbitrary shaped 

mirror, called a polynomial mirror, are analyzed by using ray optics, in 

order to evaluate the numbers and parities of the images. This 
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polynomial mirror has a flexible pre-distorted surface defined 

mathematically by a polynomial of only one variable. Our method is very 

general and is not restricted to the topologies of virtual images and the 

Ronchi test. In addition, it can be applied to the design of an 

omnidirectional camera system using polynomial mirrors [107]. In section 

A.2, the imaging properties of quadratic mirrors are briefly reviewed, and 

the concepts are applied to the analysis of a cubic mirror. In section A.3, 

both the real and virtual image formations from polynomial mirrors, 

including a quadratic polynomial mirror, a quartic polynomial mirror, and 

other higher order polynomial mirrors, are analyzed. Section A.4 presents 

the results of several virtual image formation experiments and 

investigates the conditions in which multiple virtual images of the same 

object can be formed. Finally, the unique properties of the polynomial 

mirrors are summarized. 

A.2  Quadratic Aspheric Mirrors 

The polynomial mirror, sometimes called a funny mirror or carnival 

mirror, produces caricatures of human faces and can often be found at 

carnivals, museums and festivals. Typical dimensions of the mirror range 

from tens of centimeters to a few meters. Virtual images produced by 

such a mirror are purposefully designed to be highly distorted with 

spatially varying magnifications, i.e. a thin person’s reflection may appear 
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fat and with an exaggerated nose. Figure A.1 shows a painting by 

Norman Rockwell which depicts the characteristics of a polynomial 

mirror. In order to understand the imaging properties of a polynomial 

mirror, a simple one-dimensional parabolic mirror with a fixed curvature 

  is considered. The surface is described by a quadratic polynomial of the 

form 

              
      

 

  
   ,   (A.1) 

 

Figure A.1 The painting Distorting Mirror by Norman Rockwell 
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Figure A.2 Unfolded schematic showing the image and object distances. 

where a, b, and c are coefficients of the polynomial, and    and    are 

offsets. A centered coordinate system can always be selected in which    

and    are zeros. The value f is the focal length of a mirror described by 

the polynomial and is related to the radius of curvature   by      . The 

relationship between the object and the image is then given by 

     
 

  
 

 

  
 

 

 
,     (A.2) 

where    and    are the object and image distances as shown in Fig. A.2. 

Depending on the values of the object distance and the focal length of 

the mirror, it is possible to form real or virtual images with an upright or 
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inverted orientation [108]–[112]. The imaging conditions are summarized 

in Table A.1. 

Table A.1 Image properties of concave and convex mirrors [14]. 

 

 

Figure A.3 Examples of different types of (a) quadratic and (b) cubic 

polynomials. 

 The case of the quadratic polynomial is rather straight forward 

since there are only two possibilities, concave (f > 0) and convex (f < 0), 

as shown in Fig. A.3(a). In general, most polynomial mirrors consist of 

multiple concave and convex areas. To describe such a surface, a higher 
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order polynomial is adopted. For example, a cubic mirror can be 

described by a polynomial of the form 

                     ,   (A.3) 

where a, b, c, and d are coefficients of the polynomial. A new parameter   

can be defined as: 

             .    (A.4) 

 For     , there are two critical points consisting of a local 

maximum and a local minimum. For    , there is only one critical point, 

which is the inflection point. For    , there is no critical point, and the 

surface is monotonic. These three kinds of cubic polynomials are shown 

in Fig. A.3(b), and all of them could be interpreted as a combination of 

one concave region and one convex region. By using the paraxial 

approximation, both regions can be approximated as parabolic surfaces.  

 Table A.1 can be utilized to interpret the painting shown in Fig. 

A.1, which also includes a schematic of the cross section of the carnival 

mirror. The mirror can be approximated by a short convex region of focal 

length    on top followed by an extended concave region of focal length 

   on the bottom. A virtual erected image of the boy is formed. From 

Table A.1, the condition       must be satisfied for the virtual erected 
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image. The image of the boy is also magnified because of the curvatures 

of the mirror. The transverse magnification is given by 

        
  

  
.     (A.5) 

 In general, an arbitrary polynomial mirror can be approximated as 

a piecewise set of displaced parabolic mirrors of focal length  . Each of 

the concave and convex regions can generate real, virtual, erected or 

inverted images of different magnifications. 

A.3  Real and virtual images from a polynomial mirror 

This section expands the concept of quadratic surfaces combination to 

facilitate a discussion about the numbers and parities of images formed 

by a one-dimensional arbitrary shaped polynomial mirror. To describe an 

arbitrary shaped polynomial mirror, a complete set of polynomials are 

needed. In conventional aspheric lens design, the even polynomial which 

includes only the even powers of radial distance is usually adopted as  

       
  

    √       
  

   

    
     

     
     

   , (A.6) 

where   is radius of curvature, and   is the conic constant. C2, C4, C6…are 

the coefficients of corresponding powers of radial distance [113]. 

However, the even polynomial is an intrinsic even function and only 

applies to an axially symmetric system. For an arbitrary shaped 
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polynomial mirror, the polynomial does not need to be axially symmetric, 

and the polynomial which includes both the odd and even powers of 

radial distance is more suitable. The generalized polynomial follows the 

form 

      
  

    √       
  

   

        
     

     
     

     
   .  (A.7) 

 In the remainder of the appendix, this generalized polynomial is 

utilized as the basic mathematical model to describe an arbitrarily shaped 

polynomial mirror.  

A.3.1. Real Image Formation 

For an imaging system, real images are usually discussed since real 

images form as an intensity distribution in space. For an arbitrary 

shaped polynomial mirror, as mentioned in the previous section, the real 

images can be generated by the concave regions when an arbitrary 

shaped polynomial mirror is approximated as a piecewise set of displaced 

parabolic mirrors. Thus, if there are multiple concave parts in the 

polynomial mirror, there would be multiple real images. The number of 

real images depends on the number of the concave parts of the 

polynomial mirror. 
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 For each concave part of the polynomial mirror - following first 

order optics - the image position of an object can be obtained from the 

shape of the mirror, and the image parity is determined by the sign of the 

magnification. Moreover, the mirror can be modeled as an image 

distorter with a spatially dependent magnification. For a mirror described 

by the surface     , a localized curvature along the direction   at location 

  can be derived as [114] 

          
      

     (   
     

  
  )

 

 
      (A.8) 

 By using the paraxial approximation, the localized focal length can 

be derived as 

        
 

     
 (   

     

  
  )

 

 
        

      

       (A.9) 

 The magnification of the object along the   direction can be 

approximated by 

           
     

     
 ,    (A.10) 

where     ) is the distance between the object and the mirror, and     ) is 

the distance between the image and the mirror. As an object is defined by 

the intensity       and situated at least one focal distance away from a 
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concave part of the mirror, the image intensity is then proportional to the 

object intensity as follows 

                     .    (A.11) 

 Since focal length and magnification are functions of position x, 

each concave part acts as a serious image distorter; in other words -from 

first order optics - the position and magnification of an image can be 

determined. For a distant object, the parabolic mirror forms an excellent 

real image. When the higher order polynomial mirrors of arbitrary shaped 

mirrors are used, the aberrations become very large, and the real image 

becomes degraded. Amongst all of the aberrations, spatially dependent 

magnification, which is a result of the concave regions of polynomial 

mirror, has the largest effect on image degradation. While a polynomial 

mirror has highly aberrated real images, it has been used as an optical 

diffuser in the design of illumination systems. 

A.3.2. Virtual image formation 
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Figure A.4 Configuration of the object (A), the virtual image (B),the ray 

intersection (C), and the observer (D); (a) Linear polynomial mirror, (b) 

Quadratic polynomial mirror, (c) Quadratic polynomial mirror with A=D. 

Virtual image formation is another important property that plays a 

major role with regard to the funny mirror or the carnival mirror. For 

these mirrors, the images detected by the human eye are virtual images, 

and the number of virtual images is dependent both on the object 

position and the observer position. Figure A.4 shows the relationship 

between the positions of object, virtual image, and observer for both 

linear and quadratic mirrors. In Fig. A.4(a), point A is the object, point B 

is the virtual image, point C is where the optical ray hits the linear mirror, 

and point D is the observer. It shows the basic plane mirror configuration 

with angle of incidence θ equal to angle of reflection θ'. Moreover,    ̅̅̅̅   is 

equal to    ̅̅̅̅  .   ̅̅ ̅̅  is perpendicular to the plane mirror surface, and the 

distance from the object to the mirror surface is the same as the distance 

from the virtual image to the mirror surface. In addition, point B is on the 

extended segment of   ̅̅ ̅̅ . In Fig. A.4(b), when the plane mirror is replaced 

with a quadratic polynomial mirror,   ̅̅ ̅̅  is not perpendicular to the mirror 

surface anymore. However, the other relation remains the same;    ̅̅̅̅   is 

equal to    ̅̅̅̅   while the angle of incidence θ is equal to angle of reflection 

θ'. Thus, the virtual image is formed along the extended segment of   ̅̅ ̅̅ , 
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and the distance between the virtual image and the observer, which is 

   ̅̅ ̅̅  , is equal to the summation of    ̅̅̅̅   and    ̅̅ ̅̅  . On the other hand, the 

number of virtual images is not always one for a quadratic polynomial 

mirror. In Fig. A.4(b), one of the possible reflective points is shown on the 

quadratic polynomial mirror with an angle of incidence θ which is equal 

to the angle of reflection θ'.  There exist other possible reflective points. 

 In order to determine the number of virtual images of a polynomial 

mirror, the simplified system, where the object and the observer are 

located at the same position, is considered. Under this constraint, the 

angle of incidence θ and the angle of reflection θ' are equal to zero, and 

  ̅̅̅̅  is perpendicular to the mirror surface as shown in Fig. A.4(c). Here 

point A represents both the object and the observer while point B 

represents the virtual image. Hence, the number of virtual images can be 

derived by counting the possible perpendicular incident points C which 

make the polynomial and   ̅̅̅̅  perpendicular to each other. Moreover, the 

distance between the virtual image and the observer, which is    ̅̅ ̅̅  , is 

twice the distance between the object and the mirror surface, which is 

   ̅̅̅̅  .  

 To derive the mathematical form describing the number of virtual 

images, the case of the nth order polynomial      is investigated. For any 

point on this polynomial, the location is described by the 



122 

 

coordinate          . Moreover, the tangent vector to the nth order 

polynomial at position          is  ⃗     
     

  
 . For an arbitrary position of 

the object and the observer which are located at the same position 

          the direction vector of the connection line,   ̅̅̅̅  in Fig. A.4(c), can 

be derived as  

      ⃗⃗⃗⃗  ⃗                 .    (A.12) 

 When the connection line and the polynomial are perpendicular to 

each other, the dot product of  ⃗  and   ⃗⃗⃗⃗  ⃗ would be equal to zero. This new 

function      is defined as this dot product: 

     (  
     

  
)                                   

     

  
  . (A.13) 

 Since      is an nth order polynomial, Eq. (A.13) can have a 

maximum of 2n-1 roots. Here, the real roots represent the virtual images 

while the complex roots relate to the missing virtual images. Complex 

roots always appear in pairs, and therefore the number of virtual images 

could be 2n-2m-1 where m is the number of complex root pairs. In Fig. 

A.5(a), the condition of three virtual images for a quadratic polynomial 

mirror is shown. When the distance between the object and the vertex of 

the mirror is smaller than the radius of the quadratic mirror, the number 

of virtual images would decrease to 1 as shown in the next section. In 

Fig. A.5 (b), the condition of five virtual images for a quartic polynomial 
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mirror is shown. Eq. (A.13) is only suitable for analyzing virtual images 

from one time reflection and not multiple reflections. 

 

Figure A.5 The number of virtual images for the polynomial mirrors. 

There are 3 virtual images for (a) the quadratic mirror and 5 virtual 

images for (b) the quartic mirror. 

 The parity of virtual images is another important property. The sign 

of magnification in section A.2 discloses the parity of the virtual image 

for the quadratic mirrors. The parity of a virtual image is reversed when it 

is a convex mirror while the parity of a virtual image is conserved when it 

is a concave mirror. This can also be inspected by the function     . Since 

an arbitrary polynomial mirror is recognized as a piecewise set of 

displaced parabolic mirrors, the slope of      determines the curving 

direction of local parabolic mirror. When the slope of      is positive, the 

local piece of the parabolic mirror acts as a convex mirror. On the other 

hand, when the slope of      is negative, the local piece of the parabolic 

mirror acts as a concave mirror. Thus, the parity of the virtual image is 
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decided by the sign of         . Figure A.6 shows the examples of 

quartic polynomial mirrors. Figure A.6(a), (b), and (c) show the example 

with an object located at the line of symmetry, and Fig. A.6(d), (e), and (f) 

show the example with an object located at a non-symmetric position. 

Figure A.6(a) and (d) show the object positions and the corresponding 

optical paths which form the virtual images. Figure A.6(b) and (e) show 

     for each case. Figure A.6 (c) and (f) show         , and the sign of 

         is opposite to the sign of magnification. In both of these two 

examples, Fig. A.6(a) and (d), five virtual images are formed. Three of 

them are reflected by convex mirrors, and the parities of the images are 

reversed. The other two are reflected by concave mirrors, and the parities 

of the images are conserved.  

 In addition, the image quality of the virtual images is not affected 

by the polynomial mirror since virtual images are governed by the law of 

reflection. These images follow point-to- point mapping, and the only 

existing aberration is the distortion due to spatially dependent 

magnification. As one looks into a carnival mirror, a distorted image is 

formed. However, the image is clear and perfectly formed. Moreover, for 

one-time-reflection virtual images described above, since rays are 

normally incident on the polynomial mirror, the polarization states of the 

virtual images would be the polarization state of the object passing 
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through a half wave linear retarder whose fast axis is determined by the 

local coordinates. 

 

Figure A.6 Parity of the virtual images of a quartic polynomial mirror. The 

left-hand side is the case of an object located at symmetry line, and the 

right-hand side is the case of an object located at a random position. (a) 

and (d) Object positions and the corresponding optical paths, (b) and (e) 

G(x),  (c) and (f) G’(x). 

A.4  Virtual Image Formation Experiments 

In this section, results of virtual image formation experiments utilizing 

different types of one-dimensional polynomial mirrors are presented. 

Since real image formation systems are widely used, for example in 
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telescope [115] and illumination system design [116], only the 

experiments of the virtual image formation are discussed here, especially 

evaluating the numbers and the parities of the virtual images.  

A.4.1. Experimental Setup 

A schematic of the experimental setup is shown in Fig. A.7. As mentioned 

in section A.3, in order to decrease the number of parameters for 

analyzing the polynomial mirror, the system is simplified by locating the 

object and the observer at the same position. In this experiment, a 

camera (Sony Alpha 350, 14.2 mega pixels) was implemented as the 

observer, and the camera located right above the object (a 1951 USAF 

resolution target wrapped around a cylindrical rod). In order to obtain a 

large enough field of vision, a fisheye lens (Peleng f/3.5 8mm lens) was 

implemented as the camera lens. Although there are high distortion and 

loss of resolution in the image, the number and parities of the virtual 

images can be clearly identified in a single image. The one-dimensional 

polynomial mirror was constructed by assembling several pieces of 

cardboard cut into a predetermined polynomial shape. An aluminum-

coated flexible plastic sheet was attached to the front surface of the 

structure as the reflective surface. The different polynomial mirrors were 

constructed by using different polynomial shapes of the cardboard. A set 
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of second order polynomial mirrors, one set of third order polynomial 

mirrors, and two sets of 4th order polynomial mirrors were fabricated. 

 

Figure A.7 Experimental setup of the virtual image formation system. 

A.4.2. Number of Virtual Images 

Figure A.8 shows the experimental results for the second order 

polynomial mirror with parameters R = 101mm, k = -1, and all the Cn 

coefficients equal to zero. Figure A.8(a), (b), (c), and (d) show the ray 

diagrams with the optical paths forming virtual images. Figure A.8(e), (f), 

(g), and (h) show the pictures taken by the camera, where the blue arrows 

point out one-time-reflection virtual images. For Fig. A.8(a)(e), A.8(b)(f), 

A.8(c)(g), and A.8(d)(h), the distances between the object and the vertex 
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of the polynomial curve are 50mm, 100mm, 200mm, and 300mm 

correspondingly. For Fig. A.8(a)(e) and Fig. A.8(b)(f), the object distance is 

smaller than radius of curvature of the second order polynomial, and 

there is only one virtual image. In comparison, when the object distance 

is larger than the radius of curvature of the second order polynomial, as 

shown in Fig. A.8(c)(g) and Fig. A.8(d)(h), there are three virtual images. 

This result agrees with Eq. (A.13). When the distance between the object 

and the vertex of the polynomial curve is 50mm or 100mm,      has one 

real root and two imaginary roots. When the distance between the object 

and the vertex of the polynomial curve is 200mm or 300mm, there are 

three real roots and no imaginary root. The number of real roots is 

exactly the same as the number of virtual images. 
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Figure A.8 Experiments of the second order polynomial mirror. The left-

hand side is the schematic diagram of the optical paths. The right-hand 

side shows the pictures taken by the camera. The distances between the 

object and the vertex of the polynomial curve are (a)(e) 50mm, (b)(f) 

100mm, (c)(g) 200mm, and (d)(h) 300mm. 

 

Figure A.9 Experiments of the third order polynomial mirror. The left-

hand side is the schematic diagram with the optical paths. The right-hand 

side shows the pictures taken by the camera. The vertical distances 

between the object and the vertex of the left concave curve are (a)(f) 

50mm, (b)(g) 100mm, (c)(h) 200mm, (d)(i) 200mm, and (e)(j) 200mm. The 

horizontal shifts of the object are (a)(f) 0mm, (b)(g) 0mm, (c)(h) 0mm, 

(d)(i) 100mm, and (e)(j)  400mm. 
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 Figure A.9 shows the experimental results of the third order 

polynomial mirror with parameters R = 100mm, k = -1, and C3 =  

     
µm

-2

, and all the other Cn coefficients equal to zero. Here C3 is 

chosen to show the feature of the third order polynomial mirror. Figure 

A.9(a), (b), (c), (d), and (e) show the ray diagrams with the optical paths 

forming virtual images while Fig. A.9(f), (g), (h), (i), and (j) show the 

pictures taken by the camera. For Fig. A.9(a)(f), A.9(b)(g), A.9(c)(h), 

A.9(d)(i), and A.9(e)(j), the distances between the object and the vertex of 

the left concave curve are 50mm, 100mm, 200mm, 200mm, and 200mm 

correspondingly, while the horizontal shifts of the object from the vertex 

of the left concave curve are 0mm, 0mm, 0mm, 100mm, and 400mm 

correspondingly. In this experiment, the analysis becomes more 

complicated, and each case cannot be categorized by distance and radius 

of curvature directly. Eq. (A.13) is a more suitable way to determine the 

number of virtual images and gives us the same results as experiments. 

For Fig. A.9(a)(f), A.9(b)(g), A.9(c)(h), A.9(d)(i), and A.9(e)(j), the numbers 

of the virtual images are 1, 3, 3, 3, 1 correspondingly. It is worth 

mentioning that, for Fig. A.9(b)(g), two of three virtual images degenerate 

at the vertex of the concave part. Eq. (A.13) has three real roots in which 

two roots are exactly the same value in this case. When the distance 

increases as shown in Fig. A.9(c)(h), the degeneration is removed, and 

three virtual images appear separately.  
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Figure A.10 Experiments of the 4th order polynomial mirror in front side. 

The left-hand side is the schematic diagram with the optical paths. The 

right-hand side shows the pictures taken by the camera. The vertical 

distances between the object and the vertex of the center convex curve 

are (a)(e) 110mm, (b)(f) 200mm, (c)(g) 0mm, and (d)(h) 200mm. The 

horizontal shifts of the object are (a)(e) 0mm, (b)(f) 0mm, (c)(g) 150mm, 

and (d)(h) 150mm. Blue arrows denote one-time-reflection virtual images, 

and red arrows denote twice-reflection virtual images. 

 Figure A.10 and A.11 show the experimental results of the 4th 

order polynomial mirror in the front and back sides. For the 4th order 

polynomial mirror, the parameters are R = 100mm, k = -1, and C4 = 
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µm

-3

, and all the other Cn coefficients equal to zero. Here C4 is 

chosen to show the feature of the 4th order polynomial mirror. Figure 

A.10(a), (b), (c), (d) and Fig. A.11(a), (b), (c) show the ray diagrams with 

the optical paths forming virtual images, while Fig. A.10(e), (f), (g), (h) 

and Fig. A.11(d), (e), (f) show the pictures taken by the camera. In Fig. 

A.10, blue arrows point out one-time-reflection virtual images, and red 

arrows point out twice-reflection virtual images. Twice-reflection virtual 

images can be treated as the virtual images of one-time-reflection virtual 

images, and Eq. (A.13) is not suitable for describing them. For Fig. 

A.10(a)(e), A.10(b)(f), A.10(c)(g), and A.10(d)(h), the distances between 

the object and the vertex of the center convex curve are 110mm, 

200mm, 0mm, and 200mm correspondingly, while the horizontal shifts 

of the object from the vertex of the center convex curve are 0mm, 0mm, 

150mm, and 150mm. For Fig. A.11(a)(d), A.11(b)(e), and A.11(c)(f), the 

distances between the object and the vertex of the center concave curve 

are 100mm, 200mm, and 200mm correspondingly, while the horizontal 

shifts of the object from the vertex of the center concave curve are 0mm, 

0mm, and 200mm. For one-time-reflection virtual images, Eq. (A.13) 

gives the correct description that agrees with the experiments. The 

number of real roots is the same as the number of virtual images. Figure 

A.10(a), (b), (c), (d) and Fig. A.11(a), (b), (c) match the experimental 

results in Fig. A.10(e), (f), (g), (h) and Fig. A.11(d), (e), (f) very well. 
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Figure A.11 Experiments of the 4th order polynomial mirror in back side. 

The left-hand side is the schematic diagram with the optical paths. The 

right-hand side shows the pictures taken by the camera. The vertical 

distances between the object and the vertex of the center convex curve 

are (a)(d) 100mm, (b)(e) 200mm, and (c)(f) 200mm. The horizontal shifts 

of the object are (a)(d) 0mm, (b)(e) 0mm, and (c)(f) 200mm. 

A.4.3. Parity of Virtual Image 

Figure A.12 shows the experimental results of the parities of virtual 

images. In this case, the front side of the 4th order polynomial mirror is 

utilized. The vertical distance between the object and the vertex of the 

center convex curve is 110mm, and there is no horizontal shift.          

is shown in Fig. A.12(a), and the sign of           determines the sign of 



134 

 

magnification. Figure A.12(c) shows an enlargement of each virtual 

image. If the parity of the image is conserved, from the left of the image 

to the right of the image, numbering should start from -2 to -1; the same 

as Fig. A.12(b). On the other hand, if the parity of the image is reversed, 

from left to right, numbering should start from -1 to -2, and appear as a 

flipped version of Fig. A.12(b). As a reminder, the object is the 1951 USAF 

resolution target, as shown in Fig. A.12(b). The target is wrapped around 

a cylindrical rod so that it can be imaged at different angles.  

 

Figure A.12 Parity experiment of the 4th order polynomial mirror. (a) 

G’(x), (b) the object, (c) enlarged pictures of each virtual image, (d) 

picture taken by the camera. 

 Based on these criteria, in Fig. A.12(c), the magnifications of the 

first, the third, and the fifth virtual images are negative, and the parities 

of the virtual images are reversed. These experimental results in Fig. 
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A.12(c) are consistent with the analysis from Fig. A.12(a). In Fig. A.12(a), 

the signs of the first, the third and the fifth values are positive, and 

parities of the virtual image are reversed. On the other hand, the 

magnifications of the second and the fourth images in Fig. A.12(c) are 

positive, and the parities of the virtual images are conserved. It is 

consistent with the second and the fourth values in Fig. A.12(a) where the 

signs are negative. 

A.5  Conclusion 

In this appendix, the image formation of one dimensional polynomial 

mirrors, including both real images and virtual images, is analyzed. An 

arbitrary polynomial mirror can be approximated as a piecewise set of 

displaced parabolic mirrors. Each of the concave and convex regions can 

generate real images and virtual images depending on the location of the 

object.  

 For an arbitrary shaped polynomial mirror, the number of real 

images depends on the number of the concave parts and the distances 

between the object and the vertices of the concave parts. Each concave 

part acts as a separate real image distorter. The number and parities of 

the virtual images are also theoretically investigated, and the results 

agree with our experimental finding. Given the shape of the polynomial 

mirror and the location of the object, a function      can be uniquely 
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defined. The number of real roots of      represents the number of one-

time-reflection virtual images while the sign of          is opposite to 

the sign of magnification. 
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B.1  Introduction 

Enhancing the image reconstruction of point sources beyond the 

diffraction limit is an important problem in image science. Existing 

methods, such as near field scanning optical microscopy (NSOM) [117], 

4Pi microscopy [118], [119], stimulated emission depletion microscopy 

(STED) [120], patterned illumination microscopy [121] and 

photoactivation localization microscopy (PALM) [122]–[124] are developed 

exclusively and extensively to image biological structures in the 

microscopic regime and can achieve a spatial resolution that is orders of 

magnitude better than the diffraction limit. Most of these methods are 

based on fluorescence techniques and cannot be easily extended to 

remote sensing where resolution is limited by either the pixel size of the 

detector array or by the diffraction limit of the optics. In this appendix, 

an alternative approach is proposed and demonstrated for applications in 

remote sensing beyond the traditional diffraction limit. 

 PALM is a type of fluorescence microscopy which generates an 

image by accurately measuring the positions of fluorescent molecules 

within the same focal volume [122]–[124]. These molecules are localized 

in modest numbers and their positions are determined from the 

measured centroids of emitted energy. Single molecules within a single 

diffraction region are isolated from one another by either spectral [125] 
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or temporal means [123]. This position localization method is far more 

precise than the diffraction limit and a resolution of 1nm has been 

demonstrated at visible wavelengths [126], [127]. The final image can be 

reconstructed after the molecules are localized with little overlap to each 

other. In this appendix, the concept of using temporal and spectral 

information is extended to remote sensing for the case where the scene 

is composed of a number of point sources. Experimentally, the point 

sources are realized by using a light-emitting diode (LED) array, which 

acts as the equivalent of the fluorescent molecules. Time-, color-, and 

polarization-multiplexing are investigated as methods of isolating the 

position of the LED array pixels within a single diffraction region. The 

proposed imaging approach has a variety of applications in remote 

sensing and astronomy, such as position measurement, multiple targets 

tracking, and image enhancement. 

 This appendix is organized into five sections. In section B.2, the 

concepts and theoretical analysis of the multiplex localization imaging 

are introduced. The experimental setups are presented in section B.3, 

and the results of three different multiplexing methods are given in 

section B.4. Finally, the unique properties of multiplex localization 

imaging are summarized in section B.5. 

B.2  Theory 



140 

 

B.2.1  Methodology 

Multiplex localization imaging assumes that there exists a priori 

knowledge of the measured scene. The scene is composed of multiple 

objects which can have different spectral, polarization and temporal 

properties [128]. The scene can emit light or be illuminated by natural 

light or lasers. In the simplest case, the scene is assumed to be a 

superposition of point sources. In a more complex case, the scene can 

consist of a library of objects of different shapes, orientations, and sizes. 

In this appendix, the simplest case, where the scene is composed of 

multiple point sources is considered. Multiplex localization imaging 

utilizes additional information about the point sources to determine their 

locations more precisely than the limits imposed by the finite density of 

focal plane detector array and the bandwidth of the optics. Figure B.1 

shows multiplex localization imaging applied to an array of point 

sources. A scene is first constructed based on a two dimensional image 

of separated point sources. Each point source has a unique temporal, 

polarization or wavelength signature. Next, the scene is measured using 

a camera that can sample at multiple times, polarizations and 

wavelengths. The multiple images from the camera are processed to 

determine the locations of the point sources. For example, if the point 

sources are temporally isolated, the location of each source is determined 
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in each image measured at different times, by locating their centroids. 

After collecting all the centroids’ information, a pattern representing the 

original scene can be reconstructed. 

 

Figure B.1 Multiplex localization imaging schematic diagram. 

 

Figure B.2 Multiplex localization imaging flow chart. 

A flow chart demonstrating the concept of multiplex localization imaging 

is shown in Fig. B.2. The “Cat” patterned in Fig. B.1 is adopted here as an 

example. An LED array panel is utilized as a scene and the total number 
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of active LED array pixels is 24. The measured image of a single point 

source is assumed to be larger than the size of the entire pattern. This 

implies that each LED array pixel cannot be isolated spatially without 

using multiplexing methods. For time-multiplexing, each LED array pixel 

is turned on and off at a different time; for color-multiplexing, each LED 

array pixel is assigned a different color; for polarization-multiplexing, 

each LED array pixel is covered with a polarizer of different orientation or 

type. A fast, color and polarization sensitive camera is then used to 

capture multiple images of the scene. For time-multiplexing, the detector 

captures images in different time frames; for color-multiplexing, the 

images are captured with different band pass color filters; for 

polarization-multiplexing, the images are captured at different 

polarizations. A minimum of 24 images is needed to identify the 

locations of the 24 point sources. Mean calculations or chi-square 

statistics can be used to locate the centroids of the LED array pixels. 

Finally, the complete set of coordinates for all LED array pixels is 

assembled to construct the scene. 

B.2.2 Algorithms 

The point spread function of the point sources is determined by not only 

the diffraction pattern of the optics but also some random environmental 

variations, such as air turbulence and vibrations. Therefore, the standard 
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point spread function is assumed as a two dimensional normal 

distribution function [129]: 

          N(s, ̅  ̅      
 

    
 
 

    ̅̅̅       ̅  

   ,  (B.1) 

where s is the standard deviation.  ̅ and  ̅ are the positions of the point 

source in the horizontal and vertical direction respectively, and m and n 

are the indices of the image pixel. In localizing the point sources from 

the standard point spread function, the spatial precision depends on the 

optical setup, experimental environment, and the algorithms used for 

locating the centroids. Different algorithms result in different statistics 

and errors. In this appendix, mean calculations and chi-square statistics 

are adopted to analyze the limits of localization [130]–[132]. 

As the captured images consist of two-dimensional discrete data 

points, the value of a sample point can be denoted as I(m,n). The first 

algorithm, mean calculations, locates the centroid of each image by 

weighted average directly as: 

      ̅  
∑ ∑           

∑ ∑         
,    (B.2) 

      ̅  
∑ ∑           

∑ ∑         
,    (B.3) 

where  ̅ and  ̅ represent the centroid location. 
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The second algorithm, chi-square statistics [133], is a data fitting 

procedure that registers a standard point spread function to the 

measured intensity distribution. Since chi-square statistics reflects the 

likelihood that the localization is correct, it is possible to reach the 

maximum precision with well-defined distribution. As mentioned above, 

two dimensional normal distribution function N(s, ̅  ̅,m,n) is used as the 

standard point spread function. The fitting criterion is the minimum of 

the sum of squares of the difference between standard points spread 

function and captured image sample points:  

             ∑ ∑       ̅  ̅               
 
.  (B.4) 

Here m and n are integers since they are indices of the image pixel.  ̅ 

and  ̅ are the test inputs and are not necessary integers. The values of  ̅ 

and  ̅ which minimize   
 represent the centroid location derived from chi-

square statistics. After deriving the coordinate (  ̅  and  ̅  from mean 

calculations, or  ̅  and  ̅  from chi-square statistics) for each pixel, the 

scene is reconstructed by assembling all of the pixels. 

B.2.3  Theoretical resolution of multiplex localization imaging 

The pixel size of focal plane array and the diffraction limit of the optics 

are the major spatial resolution limitations in an optical detection system. 

In general, the larger one determines the bandwidth and the performance 
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of the system. The image pixel size comes from the design of the 

detector device and can be obtained from the specification given by 

supplier. The diffraction limit R
D

 is imposed by the finite size of the pupil 

in an optical system and, according to the Rayleigh criterion, is equal to 

[108]: 

                          ,    (B.5) 

where   is the wavelength and FN is the system f/number.  

The resolution of multiplex localization imaging depends both on 

the specification of the detector system and the diffraction pattern of the 

optics. The localization limit R
M

 has been extensively developed in PALM 

related studies [134]–[136] and is given by:  

             
  

  
       

 
 

    
 

      ,   (B.6) 

where    is the standard deviation of the diffraction pattern, p is the 

image pixel size, and SNR is the signal-to-noise ratio which is defined as 

          
 

 
,              (B.7) 

where N is the maximum intensity count, and b is the background noise 

count. Since each multiplexing method acquires images under different 

condition, each method experiences different SNR and localization limit.  
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In time-multiplexing, each exposure is performed in a shorter 

period of time than the total amount of time needed for image 

reconstruction. SNR does not change with the exposure time because 

both N and b are linearly proportional to exposure time. The localization 

limit of time-multiplexing remains the same no matter how many images 

are captured during the constant full time slot. In color-multiplexing, 

each exposure is done in the full time slot, but N would decrease due to 

filtering of the transmitted image in the spectral domain. Since b, which 

is usually dominated by detector electronics, is independent of the partial 

transmission of spectrum, SNR is expected to decrease. In polarization-

multiplexing, each exposure is done in the full time slot.  N and SNR are 

reduced because of partial transmission of the polarizer in front of the 

LED array pixel. The net effect is an increase of the localization limit. In 

general, the localization limit becomes worse when the signal is 

decreased by using color and polarization filters.  

On the other hand, when the background noise is much smaller 

than the maximum intensity count,     
 becomes a relatively large 

number, and equation (B.6) can be simplified as:  

       √  
       

 
      (B.8) 
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Equation (B.8) shows that the resolution of multiplex localization 

imaging is improved to sub-diffraction limited and equals to √  times the 

diffraction limit when the image pixel size p is much smaller than the 

standard deviation of the diffraction pattern   . In this case, exposure 

time is usually controlled in order to maximize the intensity count N, and 

the digitalization of detector readout determines the resolution of 

multiplex localization imaging. 

B.3  Experimental setup 

 

Figure B.3 (a) Schematic experimental setup. The distances between the 

camera and scene are (b) 35 m and (c) 760 m. The circular spots indicate 

the locations of the LED panel, and the squares show the locations of the 

camera. 
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Three different multiplex localization imaging methods and two 

experimental conditions are investigated in this appendix. All the 

experiments are carried out at the University of Arizona campus during 

the night and with minimal background light. Figure B.3(a) shows the 

schematic experimental setup, and a computer controlled LED panel is 

utilized as the scene. Figure B.3(b) and B.3(c) show the apparatus 

locations, and the circular spots indicate the locations of the LED panel 

while the squares show the locations of the camera. The distances 

between LED panel and the camera are 35 m and 760 m respectively. The 

satellite pictures are taken from the open source website [137] and the 

distances are calculated by using a commercial GPS program, Distance 

Tool, over a mobile phone. The LED panel, model M500N-7x80RG2 

purchased from LED Sign Company, is a multicolor (one red and one 

green LED per pixel) display. LED array pixel size is 5 mm, and the pitch 

between pixels is 7.62 mm. In these experiments, a Sony Alpha 350 (14.2 

mega pixels, 5.1 µm pixel size) camera is utilized. A Sigma 17-35 mm 

F2.8-4 EX aspherical lens is used in the 35 m experiments, and a Minolta 

APO Tele-Zoom Camera Lens AF 100-400 mm is used in the 760 m 

experiments. Tripods are used to stabilize and elevate both the LED panel 

and the camera, and a wireless camera remote control trigger is installed 

on the camera for controlling the shutter. The f/number of the lens is set 

as small as possible to gather more light from the LED panel, and 
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exposure time is controlled for maximizing the  dynamic range of the 

camera, which corresponds to maximum intensity count N in Eq. (B.8). 

The detailed parameters are described in each individual experiment. 

 

Figure B.4 Two pixels patterns designed for (a) time-multiplexing, (b) 

color-multiplexing, and (c) polarization-multiplexing are utilized in the 

experiments. Two set of patterns, (d) “UA” and (e) “Cat” patterns, are 

utilized in the reconstruction experiments and resolution analysis. 

Figure B.4(a), B.4(b), and B.4(c) shows the configuration of the two 

pixels patterns designed for time-, color-, and polarization-multiplexing 

methods utilized in the experiments. In the time-multiplexing 

experiment, two LED array pixels are turned on as red at different times 
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following the numbering order; in the color-multiplexing experiment, the 

left and right pixels are turned on as green and red respectively at the 

same time; in the polarization-multiplexing, two Edmund’s linear sheet 

polarizer films which are perpendicular to each other are installed in front 

of the neighboring pixels, and the light from left pixel is vertically 

polarized while the light from right pixel is horizontally polarized. Figure 

B.4(d) and B.4(e) show “UA” and “Cat” patterns which are also utilized in 

the reconstruction experiments. 

4. Experimental results 

 

Figure B.5 (a) Image of the red and green LEDs measured close-up and 

images of (b) a single turned-on red LED and (c) two adjacent turned-on 

red LEDs measured at a distance of 35 m. 

A close-up picture of the LED array pixels with green and red LEDs turned 

on is shown in Fig. B.5(a). The figure shows that neither the green nor the 

red LED is positioned at the center of the package. The green LED is 
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centered at the top right, and the red LED is centered at the bottom left. 

The multiplex localization imaging technique can have high resolution, 

and, as shown in the next section, the exact positions of the LEDs will 

affect the result of the color-multiplexing method. Figure B.5(b) and 

B.5(c) show the image of a single turned-on LED array pixel and the image 

of two adjacent turned-on LED array pixels at a distance of 35 m. The 

f/number of the lens is set as four, and the focal length is 17 mm. An 

exposure time of 0.5 seconds is used for capturing both images. By 

applying chi-square statistics on the image of the single LED, a two 

dimensional normal distribution function with standard deviation of 1.5 

image pixels is obtained and recognized as the point spread function of 

the single LED. This is three times bigger than the pitch of the LED panel 

at the image plane. In Fig. B.5(c), two adjacent LED array pixels are not 

spatially separable and act as a single point source due to diffraction limit 

of the optical system. 

4.1 Multiplex localization imaging 

The results of using a configuration of two pixels for time-, color-, and 

polarization-multiplexing are summarized in Fig. B.6. The images are 

measured at a distance of 35 m, and mean calculations algorithm is 

applied in the calculation of centroids. Among the three multiplex 

localization imaging methods, time-multiplexing gives the best result, 
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and the two images of neighboring LED array pixels are well isolated from 

each other. The pitch, i.e., the distance between two LED array pixels is 

0.537 image pixels, and the LED array pixel size can be computed as 

0.352 pixels by referring to the specification of LED panel. Figure B.6(a) 

shows the reconstruction result of time-multiplexing with these 

parameters. 

 

Figure B.6 Experimental results using two pixel configurations at a 

distance of 35 m. Three different multiplex localization imaging methods 

are investigated. The (a) time-, (b) color-, and (c) polarization-multiplexing 

reconstruction results are derived from the mean calculations algorithm. 

Diameter of the circle represents the actual size of the LED package in 

unit of image pixel. 

In comparison with time-multiplexing, color-multiplexing uses 

spectrum to isolate the two LED array pixels. The camera in the 

experiment has three color channels (Red, Green, and Blue) which can be 

directly applied to the localization process. In the color-multiplexing 
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experiment, red and green channels are extracted from the raw data 

corresponding to the two LED colors. The reconstruction results are 

shown in Fig. B.6(b). The distance between the two LED array pixels is 

shorter and has a vertical offset due to the pixel layout shown in Fig. 

B.5(a). In addition, the shorter distance can be caused by the imperfect 

color isolation from the mismatch between spectrums of LEDs and color 

filters on the CCD detector and by the interpolation error inherent in 

mosaic color filter array. 

In the polarization-multiplexing experiment, linear polarizers are 

installed in front of the LED array pixels and in front of the camera lens. 

The first image is taken with vertical linear polarizer in front of the 

camera lens, while the second image is taken with horizontal linear 

polarizer. The reconstruction results are shown in Fig. B.6(c). In 

comparison with time multiplexing, the distance between the two LED 

array pixels is shorter. This error mainly comes from the misalignment of 

linear polarizers, which generates the crosstalk between two neighboring 

LED array pixels and results in imperfect isolation. 

4.2 Experimental resolution of multiplex localization imaging 

In this section, the resolution of multiplex localization imaging of the 

experimental setup is evaluated. Before applying multiplex localization 

imaging, the two contributions to the spatial resolution limitations are 
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the size of the image pixel [138], [139] and the diffraction limit of the 

optics. For convenience, the size of the image pixel is utilized as the 

basic unit here. Thus, due to the discreteness of the focal plane array, the 

spatial resolution limit is 1 image pixel, and, by using equation (B.5), the 

diffraction limit of the optics (FN = 4 and λ = 0.65µm) is 0.622 image 

pixels. To compare with the resolution of multiplex localization imaging, 

time-multiplexing repeatability experiments are performed at a distance 

of 35 m and 760 m. A single red LED array pixel is used as the pattern 

which is reconstructed repeatedly 50 times.  Mean calculations and chi-

square statistics are applied to locating the centroids, and the standard 

deviation of the reconstruction results is recognized as the resolution of 

multiplex localization imaging. Different shutter speeds are investigated 

at a distance of 35 m to demonstrate the relationship between resolution 

and dynamic range used in the camera. Experimental results are 

summarized in Table B.1 and show that chi-square statistics gives better 

resolution (0.068 image pixels) than mean calculations at a distance of 

760 m. The measured resolution of multiplex localization imaging is 

found to be 14 times better than diffraction limit. If the diffraction limit 

(0.622 image pixels) is used as the standard deviation of the diffraction 

pattern in equation (B.8), the theoretical resolution of multiplex 

localization imaging for an 8-bit camera (N=256) can be computed to be 

0.0639 image pixels, which is close to the experimental result. 
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Table B.1 Resolution limits of different algorithms 

 

The repeatability experiment is also performed at a distance of 35 

m. The resolution of multiplex localization imaging calculated using 

mean calculations algorithm is 0.2 image pixels, which is only three times 

better than the diffraction limit. In general, the resolution of multiplex 

localization imaging is found to not vary significantly with exposure time. 

On the other hand, compared with the 760 m experiment, the exposure 

time (0.5 seconds) used at 35 m is shorter, and the variation of the 

experimental environment, especially motions caused by wind, is 

recorded and results in distortion of the intensity distribution. This 

distortion leads to an intensity distribution at the image plane that does 

not match the normal distribution function. In this case, the normal 

distribution function cannot be used as the standard point spread 

function, and chi-square statistics is not applicable. In the 760 m 

experiment, the exposure time of five seconds is long enough to average 



156 

 

the effects of the environmental variation and creates an intensity 

distribution that matches well to the normal distribution.  

4.3 Pattern reconstruction 

In this section, time-multiplexing is utilized to reconstruct the image of 

two scenes, consisting of the “UA” and “Cat” patterns (Fig. B.4(d) and 

B.4(e)). The total numbers of active LED array pixels of the “UA” and “Cat” 

patterns are 31 and 24 respectively. In time-multiplexing, each LED array 

pixel is turned on and off at a different time; 31 images are captured for 

the “UA” pattern and 24 images for the “Cat” pattern. The experiments 

are performed at the distances of 35 m and 760 m, and mean 

calculations as well as chi-square statistics are adopted in the calculation. 

Figure B.7 shows the reconstruction results for a distance of 35 m. In Fig. 

B.7(a) and B.7(b), blurred images of “UA” and “Cat” patterns are taken 

without multiplex localization imaging, and these two patterns are not 

recognizable. By applying time-multiplexing with mean calculations 

algorithm, “UA” and “Cat” reconstruction patterns are successfully 

reconstructed in Fig. B.7(c) and B.7(d). The radius of the reconstructed 

point is 0.2 image pixels which is the resolution limit derived in the 

previous section.  
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Figure B.7 Pattern reconstruction results using a camera lens of 17 mm 

focal length and 35 m object distance. Blurred (a) “UA” and (b) “Cat” 

images are taken without multiplex localization imaging. By applying 

time-multiplexing, (c) “UA” and (d) “Cat” reconstruction patterns are built 

from the mean calculations algorithm. 
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Figure B.8 Pattern reconstruction results using a camera lens of 400 mm 

focal length and 760 m object distance. Blurred (a) “UA” and (b) “Cat” 

images are taken without multiplex localization imaging. By using time-

multiplexing, (c) “UA” and (d) “Cat” reconstruction patterns are built from 

the mean calculations algorithms, and (e) “UA” and (f) “Cat” are 

reconstructed by chi-square statistics.  

Figure B.8 shows the reconstruction results for the distance of 760 

m. The f/number of the lens is set to be 6.3, and the focal length is 400 

mm. The exposure time of five seconds is used for capturing all images. 

In Fig. B.8(a) and B.8(b), blurred images of “UA” and “Cat” patterns are 

taken without multiplex localization imaging. The point spread function 

of a single LED array pixel as well as the blurred images are wider than 

the case in Fig. B.7 taken at the distance of 35 m. By applying time-

multiplexing with mean calculations algorithm, “UA” and “Cat” patterns 

are reconstructed in Fig. B.8(c) and B.8(d). The resolution limit is 0.12 

image pixels and represented by the radius of the reconstructed point. 

Chi-square statistics is also applied to reconstruct the patterns in 760 m 

reconstruction experiments. The reconstruction results are shown in 

Figure B.8(e) and B.8(f) with a resolution limit of 0.068 image pixels. The 

experimental results demonstrate that multiplex localization imaging can 
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be accurately applied to reconstruct scenes beyond the diffraction limit 

over large distances. 

5. Conclusion 

In this appendix, multiplex localization imaging is proposed to overcome 

the spatial resolution limitations of an incoherent remote sensing system. 

This technique utilizes position localization of point sources to create 

image of a scene beyond the diffraction limit.  Three different multiplex 

localization imaging methods, time-, color-, and polarization-multiplexing 

are investigated. Two types of algorithms, mean calculations and chi-

square statistics are adopted to analyze the limits of position localization. 

In the experiments, the resolution of multiplex localization imaging 

reaches 0.068 image pixels, which is 14 times better than the diffraction 

limit of the optics, and allows sub-diffraction limited measurement. In 

addition, patterns are successfully measured at distances of 35 m and 

760 m.  

Among the three multiplex localization imaging methods, time-

multiplexing performs best with well-isolated images of LED array pixels. 

The spatial resolution can be improved further by increasing the intensity 

counts of the scene and by capturing images with a 16-bit camera instead 

of an 8-bit camera. For the color-multiplexing, a better match between 

spectrums of LED panel and the color filters on CCD detector is needed to 
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further improve spatial resolution. For the purpose of position 

localization, chi-square statistics gives better resolution than mean 

calculations. However, chi-square statistics generally requires a long 

exposure time in order to average all the effects of environmental 

variation, i.e. motion caused by wind and background noise. Chi-square 

statistics also assumes a normal distribution function as the standard 

point spread function. 

The applications of multiplex localization imaging are based on a 

priori knowledge of the measured scene. The scene is assumed to be a 

superposition of point sources and composed of multiple objects which 

can have different spectral, polarization and temporal properties. With 

enough knowledge, the scene can be reconstructed from a library of 

objects of different shapes, orientations, and sizes. For instance, 

multiplex localization imaging can be applied to track an object which 

emits specific bandwidth of light with particular point spread function in 

remote sensing. In astronomy, it can be used to distinguish multiple stars 

within a single diffraction region without building a huge and expensive 

astronomical interferometer. Nevertheless, if there is not enough priori 

knowledge of the measured scene, this technique is restricted, and it is 

difficult to obtain accurate reconstruction result. In addition, signal-to-

noise ratio, i.e. background noise, limits the applications of multiplex 
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localization imaging. In this appendix, all the experiments are carried out 

during the night to minimize background noise. 
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