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ABSTRACT 

Plenoptic cameras and Shack-Hartmann wavefront sensors are lenslet-based 

optical systems that do not form a conventional image.  The addition of a lens array into 

these systems allows for the aberrations generated by the combination of the object and 

the optical components located prior to the lens array to be measured or corrected with 

post-processing.  

This dissertation provides a ray selection method to determine the rays that pass 

through each lenslet in a lenslet-based system.  This first-order, ray trace method  is 

developed for any lenslet-based system with a well-defined fore optic, where in this 

dissertation the fore optic is all of the optical components located prior to the lens array.  

For example, in a plenoptic camera the fore optic is a standard camera lens.  Because a 

lens array at any location after the exit pupil of the fore optic is considered in this 

analysis, it is applicable to both plenoptic cameras and Shack-Hartmann wavefront 

sensors.  

Only a generic, unaberrated fore optic is considered, but this dissertation 

establishes a framework for considering the effect of an aberrated fore optic in lenslet-

based systems.  The rays from the fore optic that pass through a lenslet placed at any 

location after the fore optic are determined.  This collection of rays is reduced to three 

rays that describe the entire lenslet ray set.  The lenslet ray set is determined at the object, 

image, and pupil planes of the fore optic.    



13 

The consideration of the apertures that define the lenslet ray set for an on-axis 

lenslet leads to three classes of lenslet-based systems.  Vignetting of the lenslet rays is 

considered for off-axis lenslets.  Finally, the lenslet ray set is normalized into terms 

similar to the field and aperture vector used to describe the aberrated wavefront of the 

fore optic.   

The analysis in this dissertation is complementary to other first-order models that 

have been developed for a specific plenoptic camera layout or Shack-Hartmann 

wavefront sensor application.  This general analysis determines the location where the 

rays of each lenslet pass through the fore optic establishing a framework to consider the 

effect of an aberrated fore optic in a future analysis. 
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VARIABLES USED 

This analysis follows the sign convention and variable names used in 

Greivenkamp's Field Guide to Geometrical Optics1 and Sasian's Introduction to 

Aberrations in Optical Imaging Systems2 when it is possible to do so. 

H


 Normalized field vector of the fore optic at the object 

ρ   Normalized aperture vector at the exit pupil plane of the fore optic  

0H


  Normalized height of the lenslet reference ray at the object 

0ρ


  Normalized height of the lenslet reference ray at the exit pupil plane of the fore optic 

H ∗


  Normalized lenslet ray set at the object 

ρ∗

  Normalized lenslet ray set at the exit pupil of the fore optic 

α


 Normalized lenslet vector pointing from the lenslet reference ray to lenslet center ray 

β


  Normalized lenslet vector pointing from a lenslet central ray to a lenslet edge ray 

γ   Normalized lenslet vector pointing from the optical axis to a lenslet ray 


   Normalized lenslet vector pointing to the center of the lenslet at the lens array plane 

y  Unprimed values are in the object space of the fore optic 

y′  Primed values are in the image space of the fore optic 

y   Fore optic marginal ray values do not have a bar on top 

y   Fore optic chief ray values have a bar on top 

0y  Lenslet reference ray values have the subscript 0 

y   Lenslet edge ray magnitude  

y  Lenslet chief ray magnitude 

z  Distance from the front principal plane of the fore optic 

z′  Distance from the rear principal plane of the fore optic 
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[ ]n  Values in brackets are for the nth lenslet  

 Subscripts Used 

OBJy  OBJ is at the object plane  

LAy  LA is at the image of the lens array aperture in the object space of the fore optic 

EPy  EP is at the entrance pupil plane of the fore optic 

XPy′  XP is at the exit pupil plane of the fore optic 

LAy′  ' LA is at the lens array aperture plane in the image space of the fore optic  

IMGy′
 

IMG is at the image plane of the fore optic 
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1. BACKGROUND 

1.1 Introduction 

In a plenoptic camera the detector of a standard digital camera is replaced with a 

lens array followed by a detector.3,4  The addition of the lens array creates a sampled 

version of the image, which can be post processed to adjust factors such as defocus and 

depth of field.  In a Shack-Hartmann wavefront sensor a lens array with a detector is used 

to determine the aberrations of an incoming wavefront.5 

In both of these systems, a lens array and detector are used to measure the 

aberrations of an optical system, which can allow for further correction of these 

aberrations.  These systems share a similar layout.  First there is a collection of optics, 

which is grouped together and called the fore optic in this analysis.  This is followed by a 

lens array and detector.  In the case of a plenoptic camera, the fore optic is a standard 

camera lens.  For this analysis, the fore optic of a Shack-Hartmann wavefront sensor is all 

of the optics prior to the lens array.  Shack-Hartmann wavefront sensors are used for a 

wide variety of applications including the determination of the aberrations caused by the 

atmosphere in astronomy,5 the aberrations of the eye,6 and the aberrations of other optical 

systems.7 
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1.2 Historical Development of Lenslet-Based Systems 

1.2.1 Development of Plenoptic Cameras 

Although the plenoptic camera and Shack-Hartmann wavefront sensor share a 

similar layout, they were developed for different reasons.  The plenoptic camera was 

developed within the field of integral imaging or light field imaging.4,8  Optical systems 

in this field of research are designed to determine more information about a three 

dimensional scene than can be gained from a single conventional image alone.  

Researchers in this field trace the earliest work in integral imaging to Lippmann's work 

with lenticular arrays in 1908.9  Multiple cameras positions can be used to measure the 

light that emanates in many directions from a three dimensional object.8 

In 1992 Adelson and Wang coined the term plenoptic camera.10  They proposed 

using a single main lens and a lenticular array at the sensor plane.  The sensor is placed 

so that the lenticular array images the exit pupil of the fore optic onto the sensor.  

Information about the depth of an object can be determined from the resultant plenoptic 

image.   In 2005 Ng et al. added a lens array to a digital camera to develop a similar 

plenoptic camera.4  Advances in portable computing power and digital detectors have led 

to commercially available plenoptic cameras. 

1.2.2 Development of Shack-Hartmann Wavefront Sensors 

Shack-Hartmann wavefront sensors were developed originally to measure the 

aberrated wavefronts created by a turbulent atmosphere that can degrade the image 

obtained with ground-based telescopes5.  Hartmann screens are an array of pinholes 

placed at the aperture of an optical system.  The light from the pinholes passes through 
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the optical system.  It is then measured at a screen placed before and after the focus to 

determine the aberrations induced by the system.  It was proposed that the transient 

aberrations caused by the earth's atmosphere could be measured in real time if a beam 

splitter was used to sample some of the light from the telescope's image.  A Hartmann 

screen was to be placed at an image of the pupil after the beam splitter.  Because the 

signal in the test arm was relatively weak, Shack proposed that the pinholes be replaced 

with a lens array to improve the light collection efficiency and concentrate this light 

energy to a higher power density spot on the sensor.  Thus, the Shack-Hartmann 

wavefront sensor was developed.  

1.3 The Goals of this Dissertation 

The goal of this analysis is to develop a first order theory that is applicable to both 

of these lenslet-based systems and can be used on related lenslet systems.  Several first 

order models of plenoptic cameras have been proposed to determine the size and location 

of the lens array to achieve the best trade-off between the spatial and angular resolution 

of the camera.4,11–13  While the first order theory developed in this analysis may be used 

for these purposes, this analysis establishes the framework needed to determine the effect 

of the fore optic aberrations on any lenslet-based system.   

To establish this framework, a ray-based approach is used.  The rays that pass 

through each lenslet aperture is determined.  The set of all rays that pass through an 

individual lenslet is called, in this analysis, the lenslet ray set.  An example lenslet ray set 

is shown in Figure 1-1.  The location where the rays for each lenslet originate on the 

object and the location where they pass through the fore optic pupils is determined.   
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The entire set of lenslet rays is defined using only three rays: the lenslet reference 

ray, central ray, and edge ray.  The reference ray passes through the center of the lenslet 

ray set.  All of the other lenslet rays are referenced to this ray.  The central and edge ray 

are named according to the location where they pass through the lenslet aperture labeled, 

LA' in figure Figure 1-1.  These rays are propagated from the object through the optical 

system and up to the aperture of the lenslet.  Propagation past the lenslet is beyond the 

scope of this analysis.   

 
Figure 1-1.  An Example Lenslet Ray Set. This example of a lenslet ray set shows 
all the rays that originate from the object and pass through a single lenslet 
aperture labeled LA'.  The lenslet ray set is shaded light blue.  The three rays that 
are defined in this analysis and that can be used to define any ray in the lenslet ray 
set are the lenslet reference ray, central ray, and edge ray. 

Although only an unaberrated fore optic is considered in this analysis, the lenslet 

rays are normalized in terms of the fore optic aperture vector, ρ , and field vector, H


, of 

the fore optic's wavefront aberration function, ( , )W H ρ


 .  In this analysis the wavefront 

deformation as defined by Sasian2 is used.   
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1.3.1  Geometric Optics Approach 

  Although the goal of these lenslet systems is not to create a perfect image at the 

detector, the notation and concepts developed for classical imaging systems are used.  

Because Shack-Hartmann wavefront sensors are used to determine the wavefronts of 

imaging applications like telescopes and the eye, they are already described in the 

literature using the notation of aberration theory.  The measured wavefronts are usually 

described either using the traditional power series wavefront aberration shapes or the 

related Zernike polynomials set.6 

Because plenoptic cameras are a subset of integral or light field sensors, they are 

not as often described in the literature using the classical imaging notation found in this 

analysis.  A general light field or general plenoptic function contains more information 

about the light propagating from a three dimensional object than is used to describe the 

image formed by a camera of the same object.  As defined by Adelson and Wang,14 the 

plenoptic function describes everything that can be seen.  The function would allow for a 

"reconstruction of every possible view, at every moment, from every position, at every 

wavelength, within the bounds of the space-time-wavelength region under consideration." 

As defined by Levoy and Hanrahan8, the light field is similar but a little less 

inclusive.  It is defined as the radiance function of position and direction in all of free 

space of a three dimensional object.   They describe the light field by parameterizing the 

function at two planes and describe a slab of light leaving one plane with spatial 

coordinates, u and v, and entering another plane with spatial coordinates, s and t.  This 

gives a function of four dimensions, ( , , , )L u v s t , which captures both the position and 
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trajectory of a ray with the four coordinates.  Using multiple images of an object or scene 

at different orientations in free space, they measure the light field.  They set the camera 

aperture plane to be the uv plane of the light field and the object or image plane of the 

camera as the st plane of the light field. 

This definition of a light field as shown by Ng4 can be an appropriate description 

of the light within a plenoptic camera.  He defined the light field inside the camera to be 

( , , , )L x y u v .  The xy plane is the image plane where the lens array is located.  The uv 

plane is the camera aperture plane.  Each lenslet of the lens array can take an image of the 

object from a different viewpoint.  Even though more depth information about a three 

dimensional object can be determined using a single snapshot from a plenoptic camera 

than a standard image, it does not measure the entire light field of an object in all of free 

space. 

Once the lens array is confined within a camera, the amount of light that is 

sampled from a three dimensional object using a plenoptic camera is limited by the same 

parameters that limit the light from a standard camera: the field of view of the camera and 

the size of the camera stop.  It is appropriate then to use the assumptions of geometrical 

optics, paraxial optics, and aberration theory for plenoptic cameras.  These models only 

propagate the light from an object that is in the field of view of the camera and will pass 

through the aperture of the camera.   

Ng4,15 uses a similar ray-based approach in his analysis of the aberrations of a 

plenoptic camera and does so utilizing the notation and concept of the light field.  Ng 
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traced rays through several optical layouts and showed the aberrated positions of the rays 

at the detector plane, x versus the aperture plane, u.   

Similarly in this analysis, the rays for each lenslet are traced through the camera 

to the lenslet.  The differences in this analysis are as follows.  The location of the rays at 

the exit pupil of the camera is determined in terms of the camera's aperture vector, ρ .  

This is roughly equivalent to the uv plane used by Ng.  In addition where the light 

originates from at the object is determined in terms of the camera's field vector, H


, this 

is roughly equivalent to the st plane of the light field.    

1.4 Layout of the Lenslet-Based Systems Considered 

1.4.1 The Fore Optic 

The fore optics of lenslet-based systems are quite varied.  In the case of the 

plenoptic camera, the fore optic is a standard camera lens.  In the case of the Shack-

Hartmann wavefront sensor, the fore optic is the optical system under test.  This could be 

a telescope, an eye, a microscope, or any other optical system where the wavefront is to 

be determined.   For a generic wavefront tested using a Shack-Hartmann wavefront 

sensor, the fore optic can be modeled as an aperture that defines the edge of the 

wavefront under test and the object as a single point at the center of the wavefront 

curvature. 

In this analysis, only a generic fore optic is modeled.  Although the details of the 

fore optic are not specified, the lenslet ray set is defined in terms of the optical properties 

of the fore optic that can be determined for a wide variety of optical systems such as the 

marginal and chief ray heights.  For this reason it is assumed that the fore optic is a 
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rotationally symmetric optical system.  It has a known field of view and pupil sizes.  The 

object and image locations without the lens array are known and have a fixed diameter.  

For simplicity, the object is also assumed be a flat plane at a fixed location.  To account 

for objects at different locations in the scene, the object could be modeled at different 

locations.   

1.4.2 Lens Array Location 

For the case of a Shack-Hartmann wavefront sensor, the lens array is traditionally 

placed at a conjugate plane to the pupil of the fore optic.  For the case of a plenoptic 

camera, a few locations of the lens array after the fore optic are used.  For the 

conventional plenoptic layout, the lens array is placed at the image plane of the fore 

optic.4,10  For the focused plenoptic layout, the lens array may be either just before or 

after the fore optic image plane.11 The lens array in a focused plenoptic camera acts like a 

relay lens.  A lenslet relays a portion of the image formed by the fore optic onto the 

sensor.  Birch12 summarizes these two plenoptic layouts in his dissertation, calling the 

first case plenoptic 1.0 and the second case 2.0.   

Birch12 also provides a first order model for plenoptic systems with an arbitrary 

lens array location.  His analysis is related to this one, but the goal of his analysis is to 

determine the tradeoff between the spatial and angular resolution of a plenoptic camera.  

It is also worth noting that some work has been done by Schwiegerling and Tyo to 

determine the aberrations of the standard plenoptic cameras and the focused plenoptic 

camera.13   
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For this analysis, the lens array is not confined to a convenient plane like the 

image plane or pupil plane of the fore optic.  Instead, a generic lens array at any location 

after the fore optic is modeled.  This allows for modeling both types of plenoptic 

cameras, Shack-Hartmann wavefront sensors, and any optical system with a well-defined 

fore optic followed by a lens array. 

1.5 The Specific Challenges Addressed in this Dissertation 

1.5.1 Sorting the Lenslet Rays from the Fore Optic Rays 

Modeling a lens array at any location after the fore optic was not the original goal 

of this inquiry into these lenslet-based systems.  In trying to understand the effect of the 

fore optic on the lens array, some effort was spent sorting the rays from the fore optic to 

determine which rays pass through each lenslet.  For this reason the interface between the 

fore optic and the lenslet aperture plane was giving considerable attention.  Immediately 

prior to the lenslet aperture all the rays from the fore optic are well described using a 

variety of different methods: paraxial optics, lens design software, etc.  After the aperture 

these rays are sorted by the lenslet apertures.  The rays from each lenslet will then 

propagate forward and can be modeled in a deterministic way, although the propagation 

past the lenslet is beyond the scope of this analysis. The first goal of this model is to 

determine the rays from the fore optic that pass through each lenslet. 

1.5.2 Tracing Rays up to the Lenslet Aperture 

To determine the lenslet ray set the system is simplified to only consider only the 

apertures of the lenslets.  The rays are not refracted by the lenslets.  In effect the lenslet 

ray set is defined up to the aperture of the lenslet.  This is a significant simplification.  
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The refraction of the rays past the lens array is required for an understanding of the 

system as a whole.  However, what is lost in understanding the lens array refractive 

properties is gained back in the ability to analyze a wide variety of micro-elements.  

Rather than an array of lenslets, an array of prisms, apertures, diffractive optical 

elements, micro-mirrors, or other arrayed element could be considered in a future 

analysis. 

1.5.3 Efficient Modeling of the Lenslet Rays 

Another challenge was to determine an efficient model for the rays that pass 

through the lenslet.  The second goal of this analysis is to efficiently model the rays that 

pass through the lens array using a minimum set of rays.  The general idea was to 

determine three rays for each lenslet: a lenslet reference ray, a lenslet marginal ray and a 

lenslet chief ray.  As will be shown in Chapter 6, it is problematic to define the chief and 

marginal ray of the lenslet for some cases, including the conventional plenoptic camera.  

Instead, the lenslet central ray and lenslet edge ray are defined.  These two rays are 

similar to a traditional chief and marginal ray.  Using the lenslet central and edge rays, 

the lenslet ray set is determined at several planes in the fore optic including the object and 

fore optic exit pupil, which are needed to normalized the lenslet ray set in terms of the 

fore optic's wavefront deformation function.  

1.6 Limitations of a Ray-Based Approach 

The motivation for this analysis is to establish a framework for determining the 

effects of the aberrations on these optical systems.  Aberrations in imaging systems are 

typically described using either the transverse ray error at the image plane or the 
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wavefront error at the exit pupil.  Both of these descriptions are inherently a geometric 

description of the light.   The transverse ray error is the location a real ray hits the ideal 

image plane compared to the location a ideal ray would meet the ideal image plane.  The 

wavefront error is often calculated in lens design software by tracing rays through the 

optical system to determine the wavefront at the exit pupil.  As a final step diffraction can 

then be considered to calculate the point spread function of the optical system.  This is an 

appropriate approximation for many imaging applications.16 

The strength of using a ray-based approach for this analysis is the ability to 

determine the location of the lenslet rays at various planes in the fore optic, but this 

analysis suffers from the limitations of a ray-based approach.  One predominant 

limitation is that diffraction is not considered.  Diffraction effects become more 

significant as the lenslet apertures are reduced.  This model can provide information 

about the wavefront prior to the lenslet aperture, but a separate calculation would be 

needed to determine the effect of diffraction.  

There are additional considerations if a coherent light source like a laser is used.  

An optical element with a regular pattern like a lens array may have significant 

diffractions and interference effects.17  These effects are not accounted for using a 

geometric model.  In addition, the paraxial optics equations used in this analysis do not 

always accurately describe the wavefront or propagation of a gaussian laser beam.18–21 

There are alternative methods used to characterize plenoptic systems that may 

better address the wave nature of light.  However, the goals of these models is not to 

address the effect of aberrations.  For example, Braxton et al account for the effect of 
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diffraction on a light field microscope, but they assume a diffraction limited microscope 

objective.22 

1.7 Ray Tracing Model Used 

Zemax (Radiant Zemax, LLC, Redmond, WA) was used for some analysis, but 

primarily Matlab (Mathworks, Natick, MA) was used to write a geometric ray tracer to 

work out the ideas presented in this dissertation.  The core of the ray tracer was written 

using the guidelines for ray tracing outlined by Shannon.16  In general Shannon provides 

enough guidance to write a similar ray tracer.  Appendix A.3 outlines the paraxial ray 

trace used.  The key advantages of using a self written paraxial ray tracer is the ability to 

trace rays forward and backward through the optical system and to trace ray bundles 

meaning a central ray with a ring of rays around it, which expand and contract as the ray 

bundle propagates through the system. 
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2. OUTLINE OF THE ANALYSIS 

2.1 Overview 

The analysis in this dissertation follows a sequential order.  Each chapter builds 

on the concepts developed in the prior chapters. 

2.2 Imaging the Lenslet Apertures and Classifying Lenslet Systems 

In Chapter 3 the apertures of the lens array are imaged into the object space of the 

fore optic.  The method used is equivalent to the method used to determine the entrance 

and exit pupil of an optical system.  This allows for an analysis in either the fore optic's 

object space or image space.   

In Chapter 4 the lenslet systems are classified.  There are three categories of 

lenslet systems in this analysis.  For the first case an on-axis lenslet views the entire 

object, but the lenslet ray set does not pass through the entire fore optic pupil.  For the 

second case an on-axis lenslet has a limited field of view, but the lenslet ray set passes 

through the entire fore optic pupil.  The third case occurs at the interfaces between the 

first two cases.  The lenslet reference ray, central ray, and edge ray definitions depend on 

this classification. 

2.3 Defining the Lenslet Ray Set  

The subset of the fore optic rays that pass through an individual lenslet aperture is 

the lenslet ray set for that lenslet.  The lenslet ray set is defined using three rays: the 

lenslet reference ray, central ray, and edge ray.  In Chapter 5 the reference ray for the 
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lenslet ray set is determined.  This ray passes through the center of the lenslet ray set.  

The central and edge ray are referenced to this ray.  In Chapter 6 the lenslet central ray is 

defined.  The central ray passes through the center of the lenslet aperture.  It either 

originates at the edge of the object or passes through the edge of the fore optic pupil 

depending on the lens array classification.  In Chapter 7 the lenslet edge ray is defined.  

The edge ray passes through the edge of the lenslet aperture.  It either originates at the 

center of the object or the center of the fore optic pupil depending on the classification of 

the lens array.   

2.4 Vignetting 

In Chapter 8 additional vignetting is discussed for off-axis lenslets.  In Chapter 4 

the aperture of an ideal on-axis lenslet is used to determine the classification of the 

lenslet-based system.  In Chapter 8 it is determined how far from the optical axis the 

lenslet can be before further vignetting needs to be considered.  Partial and full vignetting 

of the lenslet ray set is discussed.  It is also determined if it is only the lenslet edge rays 

that are vignetted or if the central rays are also vignetted.  

2.5 Normalized Lenslet Ray Set 

In Chapter 9 the lenslet ray set is normalized by the fore optic's object height and 

fore optic's exit pupil diameter to determine the lenslet ray set in terms similar to the field 

vector, H


, and aperture vector, ρ , used in the wavefront aberration function of an optical 

system.  Knowing the ideal lenslet ray set in terms of the fore optic field and aperture 

vector allows for future work to consider how the aberrations of the fore optic affect the 
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lenslet ray set and the overall properties of the optical system as a whole.  Possible future 

directions for the analysis are discussed in Chapter 10. 
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3. IMAGING THE LENS ARRAY APERTURES 

 The first goal in this analysis is to determine the rays that originate from the 

object, pass through the stop of the fore optic, and still make it through the much smaller 

aperture of an individual lenslet.  This gives three planes to consider when determining 

the lenslet rays: the object, fore optic stop, and lenslet aperture planes.   In general, only 

two out of the three planes dominate in the determination of the lenslet rays.   The lenslet 

aperture is always one limiting aperture.  The other limit to the ray set is either the 

physical size of the object or the fore optic stop. 

Each of these limiting planes are in a different optical space.  The object is in the 

object space of the fore optic.  The fore optic stop may be located anywhere in the fore 

optic.  The lenslet aperture is assumed for this analysis to be in the image space of the 

fore optic.  Fortunately any conjugate plane of the three limiting planes can be used 

where a conjugate plane is the image of any plane in a different optical space.  

The stop of a rotationally symmetric system may be physically located anywhere 

in the system.  The stop is imaged to both the object and image space to determine the 

entrance and exit pupil of the system.  Figure 3-1 shows the entrance pupil and exit pupil 

of the fore optic.  The first step in this analysis is to do the same with the apertures of the 

lens array.  Figure 3-2 shows the lens array apertures imaged in the object space of the 

fore optic. To avoid unnecessary complexity, it is assumed that the stop is at the first 

surface of the lenslet.  If this is not the case, then the entrance pupil of each lenslet could 
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be determined and the entrance pupil of the lenslet aperture would be imaged into object 

space. 

 
Figure 3-1.  The Pupils of the Fore Optic.  The object space of the fore optic is to 
the left of the fore optic.  The fore optic image space is to the right of the fore 
optic.  

 

 
Figure 3-2.  The Image of the Lens Array Apertures.  This schematic shows the 
image of the lens array apertures in the object space of the fore optic. 

Once the relevant conjugate planes are all in the same optical space, there is a 

simple linear relationship between the location of the rays at each of the planes.  The rays 

travel along a straight line in the same optical space, so given the location and direction 

of a ray at one plane, the location at another is simply determined by the transfer 

equation.1  This simplifies the determination of the ray bundle for each lenslet.   
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3.1 Paraxial Imaging of the Lens Array Apertures 

The position and size of the entrance pupil and exit pupil are determined using 

geometrical optics.  The position and size of the image of the lens array apertures can 

similarly be determined using geometrical optics.  Only one method to determine the lens 

array image is outlined here, but many alternative models can be used. 

 
Figure 3-3.  Variables used for the Paraxial Imaging of the Lens Array.  PP is the 
front principal plane.  PP' is the rear principal plane.  LAz′ is the distance between 

the rear principal plane and the lens array.  LAz is the distance between the front 
principal plane and the image of the lens array apertures.  The radius of a lenslet 
is LAa′ .  The radius of a lenslets at the image of the lens array aperture plane is LAa

.  The point on the lens array labeled LAy′  is imaged to the point labeled LAy at the 
image plane of the lens array apertures. 

Using the Gaussian imaging equations for locating the paraxial image locations 

referenced from the principal plane of the fore optic, the the distance from the front 

principal plane to the lens array image, LAz , is 
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where LAm  is the magnification of the lens array image, and Ff  is the front focal length 

of the fore optic.1  If the fore optic is approximated as a thin lens in air, then 

 1 LA
LA

zm
f
′

= −   (3.2) 

where LAz′ is the distance from the rear principal plane to the lens array, LAm  is the 

magnification of the lens array image, and f is the focal length of the fore optic.  

Similarly 
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where LAy is a point on the lens array, LAz is the distance from the principal plane, and 

LAa is the aperture radius of a lenslet.  Primed values are in the image space of the fore 

optic.  Unprimed values are in object space of the fore optic. 

3.2 Imaging Examples 

Imaging the lens array apertures into the object space is a simple trick, which can 

provide insight when the rules of thumb for geometric optics are used.  For example, 

determining the location of the image of the lens array apertures is trivial if the lens array 

is located at the exit pupil.   The image of the lens array apertures is located at the 

entrance pupil as shown in Figure 3-4.  Similarly, if the lens array is at the image plane of 

the fore optic, the image of the apertures is located at the object as shown in Figure 3-5.   
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The entrance and exit pupil of the fore optic are not real, physical surfaces.  They 

are instead reference surfaces, which can be located anywhere in their respective optical 

spaces.  Similarly the image of the lens array apertures is not a physical surface.  It can be 

located anywhere in object space including before the object or even at infinity.   

 
Figure 3-4.  A Lens Array at the Exit Pupil of the Fore Optic.   

 

 
Figure 3-5.  A Lens Array at the Image Plane of the Fore Optic.   

If the fore optic has significant imaging aberrations, then the pupils of the fore 

optic have pupil aberrations.  The image of the lens array apertures may be considered to 

have similar aberrations.  All of the strategies incorporated in modern lens design 

software like ray aiming to address pupil aberrations could be modified to provide ray 

aiming for the aberrated lenslet ray sets. 
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3.3 Object Space Versus Image Space 

For this analysis the lenslet ray set is determined in both the object and image 

space of the fore optic.  The lenslet apertures could be determined in any optical space, in 

fact as shown by Hoffman, the pupils of an optical system can be calculated for every 

optical surface.23  There is no need to go to that level of complexity for this analysis. 

In the object space of the fore optic, the object is a physical surface, the entrance 

pupil of the fore optic is unchanged by the addition of the lens array, and the image of the 

lens array apertures is determined using a straight forward imaging analysis.  Regardless 

of where these surfaces are located, they are traced in the following order: object, image 

of the lenslet apertures, and then entrance pupil of fore optic as shown in Figure 3-2. 

If surfaces are not located in this order, negative distances are used to maintain 

this order of ray tracing.  For example, if the image of the lens array apertures is 10mm 

before the object, the entrance pupil is 100mm after the object, and the object is at z = 0, 

then the distance from the object to the lens array aperture is -10mm.  The distance from 

the lens array aperture to the entrance pupil is 110mm. 

The image space of the fore optic can be used instead.  The optical space between 

the exit pupil of the fore optic and the lens array is the imaging space used in this 

analysis.  The relevant planes in image space are: the exit pupil of the fore optic, the 

apertures of the lenslet array, and the image plane of the fore optic without the lens array.  

For the purpose of determining the lenslet ray set, the order of the ray trace used is: exit 

pupil, lens array aperture, and image plane of fore optic without the lens array.  The 

power of the lenslet is ignored.  The lenslet is treated as an aperture, which selects a 
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subset of the fore optics rays.  Like with the object space, negative distances can be used 

when the planes do not physically lie in this order. 

3.3.1 An Alternative Approach 

As an aside, it may be possible to use the optical space after the lens array and 

include the power of the lenslet.  In that case, the fore optic pupils and image conjugate 

planes are imaged through each lenslet increasing the complexity of the analysis.   If this 

alternative approach is used, then the fore optic and a single off-axis lenslet become a 

combined lenslet system.  The entire optical system is then composed of an array of many 

combined lenslet systems.  The principles of geometrical optics or lens design software 

can be used to find the optical properties of each lenslet system.  This approach was 

pursued as well.  It is likely that some additional insight can be gleaned from an analysis 

of this type.  For this analysis it is not the correct optical space.  Instead, the optical space 

before the lens array is used because it simplifies the determination of the lenslet ray set. 

3.4 Symmetry 

It is assumed, for this analysis, that the fore optic is a rotationally symmetric 

optical system.  In reality because many detectors are rectangular, many optical systems 

have rectangular objects and images.  The lens designer determines if the length, width, 

or diagonal of the rectangular object defines the height of the object when using lens 

design software.  For this analysis, it is assumed that the object and image are circular.  

Further complexity could be added to limit the rays to a rectangular object or image. 

A single off-axis lenslet and the fore optic considered together as a combined 

optical system is not rotationally symmetric.  It is instead plane symmetric24,25.  In 
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addition most lens arrays are not rotationally symmetric in their layout.  Often the lenslet 

centers are located on a hexagonal or rectangular grid.  These deviations in symmetry are 

accounted for in this analysis by defining a vector from the rotationally symmetric fore 

optic axis to the center of each lenslet in section 5.1.  When lenslets are packed together 

on a hexagonal or rectangular grid the outer shape of the lenslet apertures may be 

circular, but the most efficient packing is to have the lenslet apertures be rectangular or 

hexagonal.  In this analysis it is assumed that the lenslets are circular, but complexity 

could be added to limit the rays to a lenslet aperture of any shape.   
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4. CLASSIFYING THE LENSLET RAY SET 

In order to determine the lenslet reference, central, and edge ray, the lenslet 

systems are classified according to the proximity of the lens array to the fore optic pupil 

and image conjugate planes.  There are three categories, which are defined in this 

chapter.   

For the first category, in general, the lens array is placed near the exit pupil of the 

fore optic.  The physical size of the object and the size of the lenslet aperture limit the 

lenslet ray set.  For this case an individual lenslet can view the entire object, but the 

lenslet ray set does not pass through the entire exit pupil of the fore optic.  Shack-

Hartmann wavefront sensors are in this category.   

For the second category, the lens array is placed near the image plane of the fore 

optic.  The size of the fore optic pupils and the lenslet aperture define the limits to the 

lenslet ray set.  For this case the lenslet ray set passes through the entire exit pupil of the 

fore optic, but has a limited view of the object.  Plenoptic cameras are in this category. 

The final category occurs at the interface between the first two categories.  For an 

on-axis lenslet both the entire object is in view and the lenslet ray set passes through the 

entire pupil.  For off-axis lenslets in this category there is significant vignetting.  

4.1 Testing On-Axis Central Rays 

A lenslet centered on the optical axis is used to determine the category of the 

entire lens array.  If there is not a physical lenslet centered on the optical axis, then an 
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ideal on-axis lenslet can be used.  The lenslet reference ray for an on-axis lenslet is along 

the optical axis of the fore optic.  Test rays, which pass though the center of the lenslet 

aperture, are used to classify the systems.  Rays that pass through the center of the lenslet 

aperture are the center rays of possible lenslet ray bundles.  For simplicity, test rays are 

shown in the object space of the fore optic only.   

These test rays are in the lenslet ray set if they fulfill three criteria.  First, the rays 

must originate from the object.  Second, they must pass through the center of the image 

of the lenslet aperture. And, finally they must pass through the entrance pupil of the fore 

optic.  Equivalently, the same criteria can be applied in image space requiring that the 

rays pass through the fore optic exit pupil, pass through the center of the lenslet, and end 

on the image plane of the fore optic. 

4.2 Case 1: Limited Sampling of the Pupil 

The first category of lenslet-based systems includes Shack-Hartmann wavefront 

sensors.  A generic layout of a lenslet-based system in this category is shown in Figure 

4-1.  A test central ray drawn from the top of the object to the center of the on-axis lenslet 

aperture passes through the entrance pupil of the fore optic.  Conversely, a test ray traced 

backward from the edge of the entrance pupil to the center of the lenslet aperture misses 

the object entirely.  For this category the entire object is viewed by the lenslet, but the 

lenslet ray set does not fill the aperture of the entrance pupil.  For this case the image of 

the lens array apertures is in general closer to the pupil planes than the object/image 

conjugate planes. 
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Figure 4-1.  Central Rays for an On-Axis Lenslet, Case 1.  The on-axis lenslet 
views the entire object but there is a limited sampling of the fore optic entrance 
pupil. 

4.3 Case 2: Limited Field of View 

The second case includes plenoptic cameras.  For this class of lenslet systems an 

individual lenslet has a limited field of view.  This is shown in Figure 4-2 for a generic 

lenslet-based system in this category.   

 
Figure 4-2.  Central Rays for an On-Axis Lenslet, Case 2.  The on-axis lenslet 
central rays pass through the entire fore optic entrance pupil but have a limited 
field of view. 
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Test central rays traced from the center of the image of an on-axis lenslet aperture 

to the edge of the entrance pupil do originate from the object.  Conversely, test central 

rays traced from the edge of the object through the center of the on-axis lenslet do not 

pass through the entrance pupil.  For this case, the lenslet field of view is smaller than the 

object, but the lenslet ray set passes through the entire pupil of the fore optic.  In general, 

the lenslet aperture is closer to the object/image conjugate planes. 

Figure 4-3 is also in the second category.  The image of the lens array apertures 

lies before the object.  The central ray still goes through the center of the on-axis lenslet 

aperture to the edge of the entrance pupil.  The lenslet does not view the entire object. 

 
Figure 4-3.  Central Rays for a Lens Array Image before the Object, Case 2.  If 
the image of the lens array apertures is before the object, the central rays still have 
a limited field of view and pass through the entire fore optic entrance pupil. 

4.4 Case 3: The Interface Between Case 1 and Case 2 

The final case occurs at the location where test rays from the edges of the object 

pass through the center of the lenslet and pass through the edge of the entrance pupil as 

shown in Figure 4-4.  In this case for the on-axis lenslet, both the entire object and 
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entrance pupil are sampled.  This occurs at the cutoff between the prior two cases.  For an 

off-axis lenslet there is significant vignetting as will be discussed in Chapter 8. 

 
Figure 4-4.  Central Rays for an On-Axis Lenslet, Case 3.  For this case the 
central rays originate from the edge of the object and pass through the edge of the 
fore optic entrance pupil.  As will be shown in Chapter 8, the central rays are 
significantly vignetted for off-axis lenslets. 

4.5 Determination of the Lens Array Category 

For a given fore optic and lens array location, there are at least two ways to 

determine the lens array category.  The method shown first is to simply trace a test 

central ray from the top of the object to the center of an on-axis lenslet aperture.  The 

height of this ray at the pupil plane can be used to determine the category for the lens 

array.  The second method shown is to determine the lens array locations along the 

optical axis where test central rays pass through the edge of the object and the edge of the 

pupil like the example shown in Figure 4-4.  At these locations the lens array is in the 

third category of lens array systems, case 3.  Lens arrays in the third category are at the 

interface between the two other lens array categories.  From these boundaries the lens 
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array classification can be determined.  These boundaries are used again in Chapter 8 to 

determine if additional vignetting should be considered for off-axis lenslets.  

4.5.1 Tracing Rays to Determine the Lens Array Category 

The first method that can be used to determine the category of a lens array is to 

trace a ray from the edge of the object to the center of a lenslet on-axis in order to 

determine where the ray hits the entrance pupil plane.  This method is shown in Figure 

4-5. 

 
Figure 4-5.  A Test Ray is used to Determine the Lenslet Case.  The test ray 
originates from the edge of the object.  It passes through the center of an on-axis 
lenslet.  The height of the test ray at the fore optic pupil determines the lenslet 
category.  If the test ray passes through the entrance pupil, then the system 
category is case 1.  As shown, the test ray does not pass through the entrance 
pupil.  This is case 2.  If the test ray passes through the edge of the entrance pupil, 
then the system category is case 3. 

If the test ray is inside the entrance pupil aperture, then it is case 1.  The entire 

object is viewed by the lenslet but the lenslet ray set does not pass through the entire 

entrance pupil.   If the test ray is outside the entrance pupil plane, as shown in Figure 4-5, 

then it is case 2.  The lenslet does not view the entire object.  If the test ray is at the edge 
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of the entrance pupil, then it is case 3.  The lenslet ray set for an on axis lenslet originates 

from the entire object and passes through the entire entrance pupil. 

4.5.2 Using Crossover Planes to Determine the Lens Array Category 

The second method used to determine the lens array classification is to derive the 

lens array locations where the central ray for the on-axis lenslet crosses the edge of the 

object and the edge of the pupil.  When the lens array is at these locations it is in the third 

category.  It is also at the boundary between the two other categories.  Because these 

locations are used as reference planes throughout this analysis, they are given the name 

crossover planes.  

There are two crossover planes in object space.  The first can be determined by 

drawing a line from the top of the object to the top of the entrance pupil as shown in 

Figure 4-6.  Where this line crosses the optical axis determines the first crossover plane.  

The second can be determined by drawing a line from the bottom of the object to the top 

of the entrance pupil as shown in Figure 4-7.   

4.5.2.1 Crossover Plane A 

To determine the location of the first crossover plane, labeled A in Figure 4-6, a 

line is drawn from the optical axis to the top of the object and the top of the entrance 

pupil.  The location of this plane, Az , is defined with respect to the principal plane of the 

fore optic, because there is an equivalent conjugate plane, A', in the image space of the 

fore optic.  The Gaussian imaging equations, which use the principal planes as the 

reference planes, are used to determine the location of the conjugate plane A'. 
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Figure 4-6.  Crossover Plane A.  Crossover plane A is determined in the fore 
optic's object space by drawing a line from the top of the object to the top of the 
entrance pupil, EP.  The location where this line crosses the optical axis is the 
location of crossover plane A.  A lens array image at this plane is case 3.  The 
location of the crossover plane, Az , is measured from the fore optic's principal 
plane, PP. 

Using similar triangles gives  

 EP OBJ EP

OBJ EP A EP

y y y
z z z z

−
=

− −
  (4.1) 

where EPy is the magnitude of the marginal ray height of the fore optic at the entrance 

pupil and OBJy is the magnitude of the chief ray height of the fore optic at the object. EPz

and OBJz are the distances from the fore optic principal plane to the entrance pupil and 

object, respectively.  Az is the location of crossover plane A.  Solving for Az  gives 

 ( )EP OBJ EP
A EP

EP OBJ

y z z
z z

y y
⋅ −

= +
−

  (4.2) 

As drawn in Figure 4-6, Az , EPz , and OBJz are negative distances since they are to 

the left of the principal plane.  With a real object like in Figure 4-6, crossover plane A is 

OBJz

Az

EPz

OBJy
EPy
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always to the left of the entrance pupil when the height of the object, OBJy , is less than 

the entrance pupil aperture, EPy .  Conversely when the height of the object, OBJy , is 

greater than the entrance pupil aperture, EPy , then Az points to a plane that is to the right 

of the entrance pupil.  Equation (4.2) shows that any change to the object height or 

entrance pupil radius will change the location of the crossover plane.  By simply closing 

down the stop, the location of this crossover plane will change accordingly. 

4.5.2.2 Crossover Plane B 

The location of the second crossover plane, labeled B in Figure 4-7, is determined 

by drawing a line from the bottom of the object to the top of the entrance pupil.  

Crossover plane B is located at the location where this line crosses the optical axis.  

 
Figure 4-7.  Crossover Plane B.  Crossover plane B is determined in the fore 
optic's object space by drawing a line from the bottom of the object to the top of 
the entrance pupil, EP.  The location where this line crosses the optical axis is the 
location of crossover plane B.  A lens array image at this plane is case 3.  The 
location of the crossover plane, Bz , is measured from the fore optic's principal 
plane, PP 

Using similar triangles gives 

EPz

OBJz

Bz

EPy

OBJy
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 EP OBJ

B EP OBJ B

y y
z z z z

=
− −

  (4.3) 

where Bz is the location of the second crossover plane, B.  Solving for Bz  gives 

 EP OBJ OBJ EP
B

OBJ EP

y z y z
z

y y
⋅ + ⋅

=
+

  (4.4) 

This plane is always located between the object and the entrance pupil. 

4.5.2.3 Crossover Planes in Object and Image Space 

The crossover planes in the image space of the fore optic are conjugate to the 

crossover planes in the object space.  This is shown in Figure 4-8 and Figure 4-9 for a 

positive focal length fore optic with a real object and image.  For these figures the object 

chief ray height, OBJy , and image chief ray height, IMGy′ , are chosen to be smaller than the 

marginal ray heights at the pupils, EPy and XPy′ .  This ensures that crossover plane A is 

located before the object and B' is located after the image.  In other words, crossover 

plane A is a real object, as opposed to a virtual object, of A' and  B' is a real image of B. 
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Figure 4-8.  Crossover Planes A in Object Space and A' in Image Space.  
Crossover plane A is in the object space of the fore optic.  It is conjugate to the 
crossover plane A' found in the image space of the fore optic. 

 
 

 
Figure 4-9.  Crossover Planes B in Object Space and B' in Image Space.  
Crossover plane B is in object space of the fore optic.  It is conjugate to the 
crossover plane B' found in the image space of the fore optic. 

Using a similar analysis, the location of the crossover planes in the image space is 

given by 

 XP IMG IMG XP
A

IMG XP

y z y z
z

y y
′ ′ ′ ′⋅ + ⋅

′ =
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  (4.5) 
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y z z
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  (4.6) 

where Az′  and Bz′  are the locations of the crossover planes in the image space of the fore 

optic, XPz′  and IMGz′  are the locations of the exit pupil and image plane respectively from 

the rear principal plane of the fore optic, XPy′ is the magnitude of the marginal ray of the 

fore optic at the exit pupil, and IMGy′  is the magnitude of the chief ray of the fore optic at 

its image plane. 

4.5.2.4 Lenslet Classification 

 
Figure 4-10. Lenslet Classification.  Lenslets placed prior to crossover plane A' or 
after B' are case 1.  Lenslets placed between A' and B' are case 2.  Lenslets located 
at A' or B' are case 3. 

As shown in Figure 4-10 for systems with a fore optic that has a real object and a 

real image, any lens array placed before A' is case 1.  This includes lens arrays near the 

fore optic exit pupil.  In addition, any lens array placed after B' is also case 1 even though 

the lens array is located past the fore optic image plane.  Any lens array placed between 

A' and B' is case 2 where the field of view of an individual lenslet is smaller than the 
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object.  If B' is virtual, which occurs when when the object height is greater than the 

entrance pupil aperture, then any array placed between A' and infinity is case 2.  And, any 

virtual lens array placed between negative infinity and B' is also case 2. 

Any lens array located at crossover plane A or B' is case 3.  Because A and A' are 

conjugate planes, a lens array placed at the plane A' is imaged to the plane A.  Similarly, 

a lens array placed at the plane B' is imaged to the B plane. 
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5. THE LENSLET REFERENCE RAY 

The optical axis of a rotationally symmetric optical system is a straight line that 

passes through the center of the lenses, image, object, stop, and pupils of the system.  

Many of the optical systems properties, such as the marginal ray and chief ray, are 

defined with respect to the optical axis.  In this chapter the lenslet reference ray is 

defined.  Unlike the optical axis, this ray passes through the center of the lenslet ray set 

rather than through the center of the rotationally symmetric fore optic.  The reference ray 

does not follow a straight path, instead it will be refracted by the fore optic.  In general, 

this ray is offset and tilted with respect to the fore optic's optical axis as shown in Figure 

5-1 and Figure 5-2.  This ray is important because, like the chief and marginal rays are 

defined with respect to the optical axis, the lenslet central and edge rays are defined with 

respect to the lenslet reference ray. 

 
Figure 5-1.  The Lenslet Reference Ray, Case 1.  The solid line is the lenslet 
reference ray for an off-axis lenslet.  The image of the lens array apertures is near 
the entrance pupil for case 1.  The dotted lines are the central rays of the lenslet. 
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Figure 5-2.  The Lenslet Reference Ray, Case 2.  The solid line is the lenslet 
reference ray for an off-axis lenslet.  The image of the lens array apertures is near 
the object for case 2.  The dotted lines are the central rays of the lenslet. 

The lenslet reference ray is based on the concept of the optical axis ray defined 

for systems that are not rotationally symmetric.2,24–26  The fore optic and a single off-axis 

lenslet considered together as a single optical system is not rotationally symmetric.  The 

lenslet is displaced from the optical axis.  The system is instead plane symmetric, 

meaning that a plane can be drawn that contains the center of the lenslet and the fore 

optic's optical axis.  The system is symmetric about this plane.  For plane symmetric 

systems the optical axis ray defines the center of the field of view and the center of the 

pupils.2,25 In this analysis, the lenslet reference ray has a similar role to the optical axis 

ray in plane symmetric systems. 

The lenslet reference ray determines the pointing of the lenslet ray set.  In fact, 

because the reference ray passes through the center of the lenslet aperture, if the 

refracting surface of the lenslet is also at the lenslet aperture, then the reference ray is not 

refracted.  The reference ray continues along the same path.  
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As shown in Figure 5-1 and Figure 5-2, the lenslet reference ray goes through the 

center of the lenslet.  It either originates from the center of the object or passes through 

the center of the entrance pupil.  The location where the lenslet reference ray originates 

from and passes through the entrance pupil is dependent on the classification of the 

lenslet described previously in Chapter 4.  Each lenslet has a different reference ray.  The 

reference ray can be determined by tracing rays through the center of the lenslet using ray 

tracing software or by using the paraxial optics equations provided in this chapter. 

5.1 The Lenslet Vector 

 
Figure 5-3.  The Lenslet Vector, 0y



 .  The lenslet vector, 0y′


 , originates from the 
optical axis and ends at the center of an individual lenslet. 

There are many options for the packing of the lenslets in a lens array.  For 

example, they may be placed on a rectangular, hexagonal, or irregular grid.  The lenslet 

vector is defined to account for any layout of the lenslets in a lens array.  The lenslet 

vector, n



 , is defined to be a unit vector in the direction of the nth lenslet center.   Each 

lenslet has its own,


 vector.  This allows for any layout of the lenslet centers.   The center 

of a lenslet is given by, 0y′


 , as shown in Figure 5-3 where 0y′ is the magnitude of the 

0y′




0y
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vector from the optical axis to the lenslet center in the image space of the fore optic, and

0y is the magnitude of the vector in the object space of the fore optic. 

The 


  vector is defined to point to the real lenslet in the image space of the fore 

optic.  As drawn in Figure 5-3, 0y′


 points to the real lenslet and 0y′ is a positive value.  

However, in the object space for the system drawn in Figure 5-3, the vector 0y


 flips its 

orientation.  The vector, 


 , is defined to point in the same direction in both object and 

image space.  The magnitude of the vector in object space, 0y , is allowed to be negative 

to account for the flip in orientation. 
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5.2 Reference Ray for Case 1: Limited Sampling of the Pupil 

5.2.1 The Reference Ray for a Single Lenslet 

 
Figure 5-4.  The Lenslet Reference Ray: Case 1.  The lenslet reference ray for a 
single off-axis lenslet passes through the center of the lenslet ray set.  The top 
figure is a two dimensional slice of the bottom figure.  The lenslet ray set is 
shaded with blue.  LA is the image of the lenslet aperture and LA' is the lenslet 
aperture.  The lenslet ray set is not refracted by the lenslet in this figure. 

If the lenslet ray set is case 1, then the lenslet reference ray is defined to pass 

through the center of the object and the center of the lenslet as shown in Figure 5-4.   

5.2.2 The Lenslet Ray Set is Calculated at the Fore Optic Image Plane 

Throughout this analysis, the location of the lenslet ray set at the fore optic image 

plane ignoring the refraction of the lenslet is calculated even if the rays are refracted by 
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the lenslet prior to reaching this plane.  For example, in Figure 5-4 the lenslet is 

represented by the lenslet aperture, LA'.  The rays are not refracted at the lenslet.  Instead, 

they pass through the lenslet aperture and end on the fore optic image plane.   For this 

example, the lenslet ray set would be refracted by the lenslet prior to reaching the fore 

optic image plane if the rays were refracted by the lenslet. Primarily, the location of the 

lenslet ray set at the fore optic image plane is shown and calculated for completeness, but 

it is also a convenient reference plane.  The fore optic's rays are well-defined at this 

plane, as it is the long tradition of lens design and aberration theory to determine rays at 

the image plane of an optical system.   

5.2.3 Equations for the Lenslet Reference Ray 

 
Figure 5-5.  Variables used to Determine the Lenslet Reference Ray: Case 1.  The 
lenslet reference ray for this case originates at the center of the object and passes 
through the center of the lenslet aperture in object space at the height, 0,LAy .  It 

passes through the center of the lenslet at the height, 0,LAy′ .  The lenslet reference 

ray crosses the optical axis at the fore optic image plane. 

For case 1, the lenslet reference ray originates from the center of the object.  The 

height of the lenslet reference ray at the objective, 0,OBJy , is zero. 

0,LAy
0,XPy′ 0,LAy′0,EPy

y

0,IMGy′
0,OBJy
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 0, 0OBJy =   (5.1) 

The paraxial angle of the lenslet reference ray in object space, 0u , is 

 
( )

0,
0

LA

LA OBJ

y
u

z z
=

−
  (5.2) 

where 0,LAy is the height of the lenslet aperture in object space, OBJz and LAz are the 

distances of the object and lenslet aperture from the front principal plane. 

Using similar triangles, the height of the lenslet reference ray at the entrance pupil 

, 0,EPy , is given by 
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Or, in terms of the lenslet paraxial angle 0u  

 ( )0, 0EP EP OBJy u z z= −   (5.4) 

Similarly in the image space of the fore optic, the height of the lenslet reference ray at the 

image, 0,IMGy′ , is given by 

 0, 0IMGy′ =   (5.5) 

The paraxial angle of the lenslet in image space, 0u′ , is 
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  (5.6) 

The height of the reference ray at the exit pupil, 0,XPy′ , is  
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  (5.7) 
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 ( )0, 0XP XP IMGy u z z′ ′ ′ ′= −   (5.8) 

5.3 Reference Ray for Case 2: Limited Field of View 

5.3.1 The Reference Ray for a Single Lenslet 

If the lenslet array is located near the fore optic's image plane, the view of the 

object is limited but the on-axis lenslet ray set passes through the entire entrance pupil.  

The lenslet reference ray for this case is defined to pass through the center of the lenslet 

and the center of the entrance pupil as shown in Figure 5-6 for a single lenslet.  The 

location of the lenslet reference ray on the object is the center of the lenslets field of 

view. 
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Figure 5-6.  The Lenslet Reference Ray: Case 2.  The lenslet reference ray for a 
single off-axis lenslet passes through the center of the lenslet ray set shown here 
for a lenslet near the fore optic image plane.   The top figure is a two dimensional 
slice of the bottom figure.  The lenslet ray set is shaded with blue.  LA is the 
image of the lenslet aperture and LA' is the lenslet aperture. 
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5.3.2 Equations for the Lenslet Reference Ray 

 
Figure 5-7.  Variables used to Determine the Lenslet Reference Ray, Case 2.  The 
lenslet reference ray for this case originates at the height 0,OBJy on the object.  It 

pass through the center of the lenslet aperture at the height 0,LAy in object space 

and 0,LAy′ in image space.  It pass through the center of the fore optic entrance and 

exit pupils. 

For case 2, the lenslet reference ray passes through the center of the lenslet and 

the center of the entrance pupil.  The paraxial angle of the lenslet reference ray in object 

space, 0u , is 
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where 0,LAy is the height of the lenslet aperture in object space, EPz and LAz are the 

distances of the entrance pupil and lenslet aperture from the front principal plane.  The 

height of the lenslet reference ray at the objective, 0,OBJy , is 
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Or, in terms of the lenslet paraxial angle, 0u  

 ( )0, 0OBJ OBJ EPy u z z= −   (5.11) 

The height of the reference ray at the entrance pupil , 0,EPy , is 

 0, 0EPy =   (5.12) 

Similarly in the image space of the fore optic, the height of the reference ray at 

the exit pupil, 0,XPy′ , is  

 0, 0XPy′ =   (5.13) 

The paraxial angle of the lenslet in image space, 0u′ , is 
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The height of the reference ray at the image, 0,IMGy′ , is 
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 ( )0, 0IMG IMG XPy u z z′ ′ ′ ′= −   (5.16) 

5.4 An Array of Lenslet Reference Rays 

Each lenslet in a lens array has a unique reference ray.  This results in an array of 

lenslet reference rays for the lens array.  In Figure 5-8 and Figure 5-9 the lenslet 

reference rays are shown for a column of lenslets.  For the first case, all of the lenslet 

reference rays originate at the center of the object.  For the second case, the lenslet 

reference rays originate a different locations on the object and meet at the center of the 

entrance pupil. 
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These figures show that the position of the lenslet reference ray on the fore optic 

pupil can determine the lenslet sensitivity to the aberrations of the fore optic that are 

dependent on the size of the fore optic pupil like spherical aberration.  For example, 

consider a lens array that is case 1 as shown in Figure 5-8.  In this case the lenslet 

reference rays pass through different locations on the fore optic exit pupil.  For this 

reason, if the fore optic has significant spherical aberration, then the aberrated reference 

ray is tilted with respect to the unaberrated case.  The lenslets will have a pointing error 

that is dependent on the amount of spherical aberration of the fore optic and the 

displacement of the lenslet reference ray from the optical axis.  Alternatively, consider a 

lens array that is case 2 as shown in Figure 5-9.  For this case the lenslet reference rays all 

pass through the center of the fore optic pupils.  The reference rays will be unaffected by 

the spherical aberration of the fore optic. 
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Figure 5-8.  The Lenslet Reference Ray for a Column of Lenslets: Case 1.  Each 
lenslet has a unique reference ray shown here for a column of lenslets near the 
fore optic exit pupil.  The top figure is a two dimensional slice of the bottom 
figure.  The lenslet ray set for each lenslet is shaded with blue.  LA is the image of 
the lenslet aperture and LA' is the lenslet aperture.  The lenslet ray sets are not 
refracted by the lenslets in this figure. 
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Figure 5-9.  The Lenslet Reference Ray for a Column of Lenslets: Case 2.  Each 
lenslet has a unique reference ray shown here for a column of lenslets near the 
fore optic image plane.  The top figure is a two dimensional slice of the bottom 
figure.  The lenslet ray set for each lenslet is shaded with blue.  LA is the image of 
the lenslet aperture and LA' is the lenslet aperture. 
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6. THE LENSLET CENTRAL RAY 

The chief ray of the fore optic originates from the top of the object and passes 

through the center of the fore optic pupils.  The location where the chief ray crosses the 

optical axis defines the locations of the fore optic pupils.  The chief ray height at the 

image plane determines the fore optic image height.    

A similar ray can be defined for each lenslet.  This ray is called the central ray in 

this analysis to distinguish it from a traditional chief ray.  The lenslet ray set can be 

grouped into a collection of ray bundles.  Each ray bundle is composed of a center ray 

with a cone of rays around the center ray.  The center ray for the ray bundle farthest from 

the lenslet reference ray at the object is the central ray.  This will be shown ( Figure 7-7 

and Figure 7-9 ) after the edge ray is defined in the next chapter. 

There are some differences between the lenslet central ray defined in this analysis 

and a standard chief ray.  Like a standard chief ray the lenslet central ray passes through 

the center of the lenslet pupil.  However, the lenslet central ray does not always originate 

from the top of the object or even the lenslet field of view.  The lenslet central ray either 

originates at the top of the object or the top of the fore optic pupil. 

As shown in Figure 6-1, if the system is case 1 (where the entire object is in view 

but the pupils are sampled), then the lenslet central ray originates from the top of the 

object and passes through the center of the lenslet.  Shack-Hartmann wavefront sensors 

are in this category.  In this case the lenslet central ray is very similar to a standard chief 

ray.  The location where this central ray crosses the lenslet reference ray does determine 
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the location of the lenslet pupils.  Its height at the lenslet image and object conjugate 

planes determines the lenslet field of view. 

 
Figure 6-1.  The On-Axis Lenslet Central Ray: Case 1.  The central ray for an on-
axis lenslet near the fore optic exit pupil originates at the top of the object and 
passes through the center of the lens array aperture.  The top figure is a two 
dimensional slice of the bottom figure.  The lenslet ray set is shaded with blue.  
LA is the image of the lenslet aperture and LA' is the lenslet aperture. The lenslet 
ray set is not refracted by the lenslet in this figure. 

As shown in Figure 6-2, if the system is case 2, the lenslet has a limited field of 

view.  The fore optic pupil and lenslet aperture define the rays that pass through the 

lenslet.  The central ray is the ray that passes through the center of the lenslet and the top 

of the fore optic entrance pupil.  The height of the central ray at the object plane does not 
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determine the entire lenslet field of view.  The lenslet ray set extends beyond the lenslet 

central ray at the object plane.    

 
Figure 6-2.  The On-Axis Lenslet Central Ray: Case 2.  The central ray for an on-
axis lenslet near the fore optic image plane passes through the center of the lens 
array aperture and the edge of the fore optic pupils.  The top figure is a two 
dimensional slice of the bottom figure.  The lenslet ray set is shaded with blue.  
LA is the image of the lenslet aperture and LA' is the lenslet aperture. 

It is problematic to define the lenslet chief ray in this case.  One optical system in 

this category is a plenoptic camera with the lens array at the image plane of the fore optic.  

In general, a chief ray originates at the edge of the field of view at one plane and passes 

through the center of the aperture at another plane.  When the lenslet is at the image plane 

of the fore optic, the plane that defines the field of view (the object) is the same as the 

plane that defines the lenslet aperture.  As the separation of these two planes collapses to 
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the same plane it is problematic to define the lenslet chief ray.  The lenslet chief ray stays 

on the collapsed plane and does not propagate through the fore optic. 

Because the goal is to model this plenoptic camera, the requirement to determine 

the lenslet chief ray is relaxed.  Similarly, the requirement to determine the lenslet 

marginal ray is also relaxed.  Instead, the lenslet central ray and lenslet edge ray are used.  

These two rays along with the lenslet reference ray efficiently define the collection of 

rays that pass through the lenslet.  Lenslet systems in the second category can be 

considered pupil imaging systems, because the object and pupil planes of the fore optic 

switch roles in the definition of the lenslet central and edge ray. 

6.1 On-Axis Central Ray for Case 1: Limited Sampling of the Pupil 

First, the central ray for an on-axis lenslet is defined for both cases, then the 

central ray for off-axis lenslet is determined.  When the full object is viewed by the 

lenslet, then the lenslet central ray is defined to start at the top of the object just like the 

fore optic chief ray.  But instead of pointing to the center of the entrance pupil, the lenslet 

central ray is pointed to the center of the image of the lenslet aperture. 
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Figure 6-3.  Variables used to Determine the On-Axis Lenslet Central Ray, Case 
1.  The lenslet central ray for an on-axis lenslet starts at the edge of the object and 
passes through the center of the lenslet apertures. The central ray would pass 
through the edge of the fore optic image if it was not refracted by the lenslet.  
Using this information the location of the central ray at the fore optic pupil planes 
is determined. 

 In terms of the paraxial properties of the fore optic, the height of the lenslet 
central ray at the object, OBJy , is  

 OBJ OBJy y=   (6.1) 

where OBJy is the height of the fore optic chief ray at the object.  The height of the lenslet 

central ray at the lenslet plane in object space, LAy , is 

 0LAy =   (6.2) 

The paraxial angle of the lenslet central ray in object space, u , can be found using the 

height of the ray at the object and lenslet giving 

 ( )
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z z
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where OBJz  and LAz  are the locations of the object and lens array plane in object space. 
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The height of the lenslet central ray at the entrance pupil, EPy , is given by 
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   (6.4) 

or equivalently 

 ( )EP EP LAy u z z= −    (6.5) 

Similarly in the image space of the fore optic, the height of the lenslet central ray 

at the lenslet, LAy′ , and at the image plane, IMGy′  is given by 

 0LAy′ =   (6.6) 

 IMG IMGy y′ =   (6.7) 

where IMGy  is the height of the fore optic chief ray at its image plane.  The lenslet central 

ray paraxial angle in image space, u′ , and the height of the lenslet central ray at the exit 

pupil, XPy′ , is given by 
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 ( )XP XP LAy u z z′ ′ ′ ′= −    (6.10) 

where IMGy′  is the height of the fore optic chief ray at the image.  XPz′ , LAz′ , and IMGz′ are 

the distances of the exit pupil, lens array, and image from the rear principal plane. 
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The central ray heights for an on-axis lenslet has been determined for case 1.  

After the central ray heights for case 2 is determined in the next section, then the central 

ray heights for off-axis lenslets of both cases is given. 

6.2 On-Axis Central Ray for Case 2: Limited Field of View 

For case 2 with a limited field of view, the central ray for the on-axis lenslet is 

determined by tracing a ray from the lenslet center to the edge of the fore optic pupil.  

Tracing this ray forward determines the height of the lenslet central ray at the image 

plane. Tracing the ray backward determines the height of the lenslet central ray at the 

object. 

 
Figure 6-4.  Variables used to Determine the On-Axis Lenslet Central Ray, Case 
2.  The on-axis lenslet central ray for this case passes through the center of the 
lenslet apertures and the edges of the fore optic pupils.  Using this information, 
the height of the central ray at the object plane is determined. 

In terms of the fore optic's properties, the lenslet central ray height at the lenslet 

aperture in object space, LAy , is 

 0LAy =   (6.11) 
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Setting the lenslet central ray height at the entrance pupil, EPy , equal to the edge of the 

fore optic entrance pupil gives 

 EP EPy y=   (6.12) 

where EPy  is the marginal ray height of the fore optic at the entrance pupil.  Solving for 

the lenslet central ray angle in object space, u , gives 

 ( )
EP

EP LA

yu
z z

=
−

   (6.13) 

where EPz  and LAz are the distances of the entrance pupil and lens array from the front 

principal plane.  The height of the lenslet central ray at the object plane, OBJy , is given by 

 ( )
( )

EP OBJ LA
OBJ

EP LA

y z z
y

z z
−

=
−

   (6.14) 

or equivalently 

 ( )OBJ OBJ LAy u z z= −    (6.15) 

where OBJz  is the distance of the object from the front principal plane. 

Similarly, in the image space of the fore optic the height of the lenslet central ray 

at the exit pupil, XPy′ , is given by 

 XP XPy y′ ′=   (6.16) 

where XPy′ is the marginal ray height at the exit pupil of the fore optic.  The height of the 

lenslet central ray at the lenslet, LAy′ , is 

 0LAy′ =   (6.17) 
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The lenslet central ray's paraxial angle in image space, u′ , is given by 

 ( )
XP

XP LA

yu
z z

′
′ =

′ ′−
   (6.18) 

where XPz′  and LAz′ are the distances of the exit pupil and lens array from the rear 

principal plane.  The height of the lenslet central ray at the image plane of the fore optic,

IMGy′ , is 

 ( )
( )

XP IMG LA
IMG

XP LA

y z z
y

z z
′ ′ ′−

′ =
′ ′−

   (6.19) 

or equivalently 

 ( )IMG IMG LAy u z z′ ′ ′ ′= −    (6.20) 

where IMGz′  is the distance of the fore optic image from the rear principal plane. 

6.3 Off-Axis Central Ray 

For the ideal, paraxial systems considered in this analysis, the off-axis lenslet 

central ray is the same as the on-axis lenslet central ray, but it is referenced to the lenslet 

reference ray rather than the optical axis.  Vector notation is used to describe the off-axis 

central ray.  This is a convenient choice because the wavefront aberrations are also 

represented in vector notation.  It is also a concise representation of the lenslet ray set.  

6.3.1  Lenslet Ray Bundle Vectors 

To determine the off-axis lenslet central ray, two new vectors yα  and Yγ are 

defined as shown in Figure 6-5. 
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Figure 6-5.  The Lenslet Vector, yα .  The lenslet vector, 0y



 , originates at the 

optical axis and points to the center of the lenslet ray set.  The lenslet vector, yα , 
points from the center of the lenslet ray set to any center ray of a lenslet ray 
bundle.  The vector, Yγ , originates at the optical axis and points to the same 
center ray as the vector, yα .   All vectors are coplanar and located on a plane 
perpendicular to the optical axis. 

The relationship between these vectors is defined to be  

 0Y y yαγ = + 





   (6.21) 

where the vectors γ , 


 , and α are coplanar.  They all are confined to a plane 

perpendicular to the optical axis.  The normalized vector α can be written in Cartesian 

coordinates as 

 ˆ ˆcos sini jα αα θ θ= +   (6.22) 

When αθ  is varied from 0 to 2π,  the vector yα  traces out the blue ring shown in Figure 

6-5. 

The first vector yα  originates at the lenslet center and points to the center of any 

ray bundle in the lenslet ray set.  The vector α is defined at the real lens array plane.  The 

0y




yα

Yγ
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vector LAy α′   points to a physical location on the lenslet.  α is the unit vector that points to 

a physical location on the lenslet ,while LAy′ is the magnitude of the vector pointing to this 

location on the lenslet.  In the vector yα , y is more generally the location of the center ray 

for a ray bundle at any plane in the optical system.  At the plane of interest, y is the height 

of the central ray that passes through LAy′ at the lens array plane.  It can be positive or 

negative. 

The second vector Yγ originates from the optical axis and points to the same 

location in the lenslet ray set as yα .  The difference is that Yγ is in the same coordinate 

system as the fore optic field and aperture vector.  Yγ is used to describe the lenslet ray 

set in terms of the fore optic's coordinates. 

Using these lenslet vectors the off-axis lenslet central ray is given by 

 0Y y yαγ = + 








   (6.23) 

where 0y is the lenslet reference ray height, 


  is the unit vector pointing to the lenslet 

center, y is the on-axis lenslet central ray height, α is the lenslet vector centered on the 

lenslet reference ray, Y is the magnitude of the lenslet central ray in the coordinate system 

of the fore optic, andγ  is the unit vector pointing to lenslet central ray in the coordinate 

system of the fore optic. 

When all of the vectors are set to be equal, αγ = =




 , the analysis is restricted to 

a single plane that contains both the optical axis and the center of the lenslet.  Then, the 

central ray height Y along the lenslet vector,


 , is given by 
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 ( )0Y y y= +
 




    (6.24) 

6.3.2 Off-Axis Lenslet Examples 

In Figure 6-6 and Figure 6-7 both an on-axis lenslet and an off-axis lenslet are 

shown in the same figure.  The off-axis central ray is the same as the on-axis central ray, 

but it is referenced to the lenslet reference ray.  For this reason, the distance between the 

off-axis central ray and the lenslet reference ray at any plane perpendicular to the optical 

axis is the same for all of the lenslets. 
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Figure 6-6.  The On-Axis and Off-Axis Lenslet Central Ray: Case 1.  For lenslets 
near the fore optic pupil plane, the central rays for both an on-axis and off-axis 
lenslet originate at the top of the object.  The central ray for each lenslet passes 
through the center of the lenslet aperture.  At any plane perpendicular to the 
optical axis the distance between the lenslet reference ray and central ray is the 
same for all lenslets.  The top figure is a two dimensional slice of the bottom 
figure.  The lenslet ray set is shaded with blue.  LA is the image of the lenslet 
aperture and LA' is the lenslet aperture. The lenslet ray sets are not refracted by 
the lenslets in this figure. 
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Figure 6-7.  The On-Axis and Off-Axis Lenslet Central Ray: Case 2.  For lenslets 
near the fore optic image plane, the central ray for each lenslet passes through the 
center of the lenslet aperture and the edge of the fore optic pupil.  At any plane 
perpendicular to the optical axis the distance between the lenslet reference ray and 
central ray is the same for all lenslets.  The top figure is a two dimensional slice of 
the bottom figure.  The lenslet ray set is shaded with blue.  LA is the image of the 
lenslet aperture and LA' is the lenslet aperture. 
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7. THE LENSLET EDGE RAY 

In this chapter the ray that passes through the edge of the lenslet aperture is 

determined.  For the fore optic it is the marginal ray that passes through the edge of the 

fore optic apertures.  The fore optic marginal ray also originates at the center of the object 

and determines the location of the image plane.  For the lenslet a similar edge ray is 

defined.  In the first case it behaves like a traditional marginal ray.  In the second case the 

edge ray is not quite the same as a traditional marginal ray. 

As shown in Figure 7-1 for the first case where the lenslet is close to the exit pupil 

of the fore optic, the edge ray acts the same as the marginal ray of a rotationally 

symmetric system.  At the object the edge ray originates at the optical axis.  It passes 

through the edge of the lenslet aperture.  If the edge ray is traced through the system and 

refracted through the lenslet, it does determines the location of the lenslet image like a 

standard marginal ray. 

For the second case where the lens array is close to the image plane, the edge ray 

is not be defined in the same way as a marginal ray.  This case is shown in Figure 7-2.  

The lenslet edge ray passes through the edge of the lenslet like a marginal ray, but at the 

object it does not originate at the optical axis like a marginal ray does.  Instead it is aimed 

from the edge of the lenslet to the center of entrance pupil of the fore optic.  Another way 

to look at it is that for this case the entrance pupil and the object are swapped. 
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Figure 7-1.  The On-Axis Lenslet Edge Ray: Case 1.  The edge ray for an on-axis 
lenslet near the fore optic exit pupil originates at the center of the object and 
passes through the edge of the lens array aperture.  The top figure is a two 
dimensional slice of the bottom figure.  The lenslet ray set is shaded with blue.  
LA is the image of the lenslet aperture and LA' is the lenslet aperture.  The lenslet 
ray set is not refracted by the lenslet in this figure. 
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Figure 7-2.  The On-Axis Lenslet Edge Ray: Case 2.  The edge ray for an on-axis 
lenslet near the fore optic image plane passes through the edge of the lenslet 
aperture and the center of the fore optic pupil.  The top figure is a two 
dimensional slice of the bottom figure.  The lenslet ray set is shaded with blue.  
LA is the image of the lenslet aperture and LA' is the lenslet aperture. 
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7.1 On-Axis Edge Ray for Case 1: Limited Sampling of the Pupil 

First an on-axis lenslet is examined.  For the first case where the lenslet is in 

general close to the exit pupil of the fore optic, the lenslet edge ray is similar to a 

traditional marginal ray.  The edge ray originates at the optical axis on the object and 

passes through the edge of the lenslet as shown in Figure 7-3. 

 
Figure 7-3.  Variables used to Determine the On-Axis Lenslet Edge Ray, Case 1.  
For this case the edge ray of an on-axis lenslet starts at the center of the fore 
optic's object and passes through the edge of the lenslet apertures.  If it was not 
refracted by the lenslet, the edge ray would pass through the center of the fore 
optic's image plane.  From this information the height of the lenslet edge ray at 
the fore optic pupil plane can be determined. 

At the object the edge ray height, OBJy , is 

 0OBJy =   (7.1) 

where the dot above the y distinguishes the edge ray of the lenslet from the marginal ray 

of the fore optic.  At the lens array plane in the object space of the fore optic, the edge ray 

height, LAy , is 

 LA LAy a=   (7.2) 

y
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where LAa is the radius of the lenslet aperture when imaged into the object space of the 

fore optic.  The paraxial angle of the lenslet edge ray, u , is 

 ( )
LA

LA OBJ

au
z z

=
−

   (7.3) 

where LAz  and OBJz  are the locations of the lenslet aperture plane and object in the object 

space of the fore optic.  The height of the edge ray at the entrance pupil of the fore optic,

EPy , is then 

 ( )
( )

LA EP OBJ
EP

LA OBJ

a z z
y

z z
−

=
−

   (7.4) 

or 

 ( )EP EP OBJy u z z= −    (7.5) 

where EPz  is the location of the exit pupil. 

Similarly in the image space of the fore optic, the height of the edge ray at the 

lenslet, LAy′ , and at the fore optic image plane, IMGy′ , is given by 

 LA LAy a′ ′=   (7.6) 

 0IMGy′ =   (7.7) 

where LAa′ is the physical radius of the lenslet.  The paraxial angle of the lenslet edge ray 

in image space, u′ , is given by 

 ( )
LA

LA IMG

au
z z

′
′ =

′ ′−
   (7.8) 
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where LAz′  and IMGz′  are the location of the lenslet array and the image plane of the fore 

optic respectively.   The height of the edge ray at the fore optic exit pupil, is 

 ( )
( )

LA XP IMG
XP

LA IMG

a z z
y

z z
′ ′ ′−

′ =
′ ′−

   (7.9) 

 ( )XP XP IMGy u z z′ ′ ′ ′= −    (7.10) 

7.2 On-Axis Edge Ray for Case 2: Limited Field of View 

As shown in Figure 7-4 for the second case with a limited field of view, the 

lenslet edge ray passes through the edge of the lenslet aperture.  It also passes through the 

center of the fore optic pupils. 

 
Figure 7-4.  Variables used to Determine the On-Axis Lenslet Edge Ray, Case 2.  
For this case the on-axis lenslet edge ray passes through the edge of the lenslet 
apertures and the center of the fore optic pupils.  From this information the height 
of the on-axis lenslet edge ray at the fore optic object and image plane can be 
determined. 

For an on-axis lenslet, at the fore optic's entrance pupil the height of the lenslet 

edge ray, EPy , is zero. 

y
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 0EPy =   (7.11) 

At the lenslet aperture in object space the height of the lenslet edge ray, LAy , is  

 LA LAy a=   (7.12) 

where LAa is the radius of the image of the lenslet aperture in the object space of the fore 

optic.  The edge ray's paraxial angle in object space,u , is 

 ( )
LA

LA EP

au
z z

=
−

   (7.13) 

where LAz and EPz are the locations of the lenslet aperture plane and fore optic entrance 

pupil plane respectively.  The height of the lenslet edge ray at the object, OBJy , is then 

 ( )
( )

LA OBJ EP
OBJ

LA EP

a z z
y

z z
−

=
−

   (7.14) 

or 

 ( )OBJ OBJ EPy u z z= −    (7.15) 

where OBJz is the location of the object plane. 

In the image space of the fore optic, the height of the on-axis lenslet edge ray, XPy′ , 

is 

 0XPy′ =   (7.16) 

At the lens array plane the lenslet edge ray, LAy′ , is equal to the radius of the lenslet, LAa′ . 

 LA LAy a′ ′=   (7.17) 

The edge ray's paraxial angle in image space, u′ , is 
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 ( )
LA

LA XP

au
z z

′
′ =

′ ′−
   (7.18) 

where LAz′  is the location of the lens array plane and XPz′ is the location of the fore optic 

exit pupil.  The height of the edge ray at the fore optic's image plane, IMGy′ , is then 

 ( )
( )

LA IMG XP
IMG

LA XP

a z z
y

z z
′ ′ ′−

′ =
′ ′−

   (7.19) 

or 

 ( )IMG IMG XPy u z z′ ′ ′ ′= −    (7.20) 

where IMGz′ is the location of the fore optic's image plane. 

7.3 Off-Axis Lenslet Edge Ray 

The off-axis edge ray is the same as the on-axis edge ray, except it is referenced 

to the lenslet reference ray rather than the optical axis.  To show this is the case, first the 

vector vector yβ


 is defined.  This vector is shown in Figure 7-5 at an arbitrary plane. 
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Figure 7-5.  All Lenslet Ray Set Vectors.  The lenslet ray vector, yβ



 , originates at 
the center of a lenslet ray bundle and points to a location within the lenslet ray 
bundle.  The vector, Yγ , originates at the optical axis and points to the same 
location as the vector, yβ



 .  All vectors are coplanar and are located on a plane 
perpendicular to the optical axis. 

At an arbitrary plane the vector, yβ


 , originates at a lenslet central ray and points 

to a location within the lenslet ray bundle.  The relationship between the lenslet vectors is 

given by 

 0Y y y yβαγ += +








 
   (7.21) 

where the vector Yγ originates at the optical axis.  The vector 0y


  originates from the 

optical axis and points to the center of the lenslet ray set.  The vector yα starts at the 

center of the lenslet and points to the central ray in the lenslet ray set.  The vector yβ




originates at a lenslet central ray and points to an edge ray. 

When only the ray bundle that is centered on the lenslet reference ray is 

considered, then 0yα =


 .  The edge ray for each lenslet,Yγ


 , is then given by 

 0Y y yβγ = +









   (7.22) 
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If the analysis is restricted to a plane that contains the optical axis and the lenslet 

reference ray , then βγ = =






 .  Setting βγ = =






  in (7.22) gives 

 ( )0Y y y= +
 




  .  (7.23) 

7.3.1 The Maximum Extent of the Lenslet Ray Set 

If βα =


  and αθ  varies from 0 to 2π, then the edge of the vector maxY γ  in (7.24)

traces out a ring at each plane that defines the extent of the the lenslet ray bundle.   

 ( )max 0Y y y y αγ = + + 





 
   (7.24) 

where the central ray height, y , and the edge ray height, y , are forced to be positive 

values.  This equation is used to draw the blue cones that define the edge of the lenslet 

ray set in Figure 7-6 and many of the prior figures. 

If the analysis is restricted to the plane containing the optical axis and the lenslet 

reference ray, then βαγ == =








 .  This gives the maximum extent of the lenslet ray set at 

any plane 

 ( )max 0Y y y y= + +
 

 
  .  (7.25) 

This equation is used to determine when further vignetting of the the lenslet ray set 

should be considered in Chapter 8.   

7.3.2 Off-Axis Lenslet Examples 

The figures in this section graphically show how the entire lenslet ray set is 

composed from the lenslet reference ray, central ray, and edge ray.  Figure 7-6 and Figure 

7-8 show the edge ray for both an on-axis and off-axis lenslet of each case. Also shown in 
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these figures is the central ray for each lenslet.  At any plane in these figures, the distance 

between the lenslet reference ray and central ray is the same for all of the lenslets.  

Similarly, the distance between the lenslet reference ray and the edge ray is the same for 

all of the lenslets.   

In Figure 7-7 and Figure 7-9, a single ray bundle is shown for each lenslet.  For 

these figures the center ray of the ray bundles is the lenslet central ray for each lenslet.  

The edge of the ray bundle is defined by allowing the lenslet edge ray angle, αθ , to vary 

from 0 to 2π.   This traces out the light blue cone shown in these figures. 

As an aside, for some applications it may be advantageous to consider ray bundles 

composed using the lenslet edge ray as the center of a ray bundle.  The lenslet central ray 

would then be used to define the edge of the ray bundles.  The central and edge rays 

would swap role in Figure 7-5.  This is an alternative grouping of the lenslet rays into ray 

bundles.  Like the prior grouping, it can be used to define the entire lenslet ray set.  

Equation (7.21) is still valid for this alternate grouping of the lenslet rays.  
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Figure 7-6.  The On-Axis and Off-Axis Lenslet Edge Ray: Case 1.  For lenslets 
near the fore optic pupil plane, the edge rays for both an on-axis and off-axis 
lenslet originate at the center of the object.  The edge ray for each lenslet passes 
through the edge of the lenslet aperture.  At any plane perpendicular to the optical 
axis the distance between the lenslet reference ray and edge ray is the same for all 
lenslets.  The top figure is a two dimensional slice of the bottom figure.  The 
lenslet ray set is shaded with blue.  LA is the image of the lenslet aperture and 
LA' is the lenslet aperture.  The lenslet ray sets are not refracted by the lenslets in 
this figure. 
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Figure 7-7.  A Single Ray Bundle for an On-Axis and Off-Axis Lenslet, Case 1.  
For this figure only a single ray bundle is shown for each lenslet.  The ray bundles 
shown are composed of a central ray from the top of the object.  The blue shading 
is the cone created when the angle of the edge ray vector is allowed to vary from 
0 to 2π.  At any plane perpendicular to the optical axis, the radius of this cone is 
the same for all lenslets.  The top figure is a two dimensional slice of the bottom 
figure.  LA is the image of the lenslet aperture and LA' is the lenslet aperture.  
The lenslet ray sets are not refracted by the lenslets in this figure. 
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Figure 7-8.  The On-Axis and Off-Axis Lenslet Edge Ray: Case 2.  For lenslets 
near the fore optic image plane, the edge ray for each lenslet passes through the 
edge of the lenslet aperture and the center of the fore optic pupil.  At any plane 
perpendicular to the optical axis the distance between the lenslet reference ray and 
edge ray is the same for all lenslets.  The top figure is a two dimensional slice of 
the bottom figure.  The lenslet ray set is shaded with blue.  LA is the image of the 
lenslet aperture and LA' is the lenslet aperture. 
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Figure 7-9.  A Single Ray Bundle for an On-Axis and Off-Axis Lenslet, Case 2. 
For this figure only a single ray bundle is shown for each lenslet.  The ray bundles 
shown are composed of a central ray from the top of the pupil.  The blue shading 
is the cone created when the angle of the edge ray vector is allowed to vary from 
0 to 2π.  At any plane perpendicular to the optical axis the radius of this cone is 
the same for all lenslets.  The top figure is a two dimensional slice of the bottom 
figure.  LA is the image of the lenslet aperture and LA' is the lenslet aperture. 
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8. VIGNETTING 

An on-axis lenslet is used, in section 4.5, to categorize the lenslet systems into 

three cases.  To determine these categories, the apertures of the fore optic that limit the 

lenslet ray bundle and the aperture of the lenslet are considered.  Because of the way the 

categories are defined, there is no vignetting for an on-axis lenslet.  In this chapter off-

axis lenslets are considered.  For off-axis lenslets, there may be partial or full vignetting 

of the lenslet ray set at the fore optic pupils, or the field of view of the lenslet ray set may 

exceed an object of a fixed size.  In this chapter the conditions that will cause partial and 

full vignetting of the off-axis lenslet ray set is determined. 

For an on-axis lenslet that is case 1, the entire object is in view.  Assuming a fixed 

object with a fixed size, an off-axis lenslet may only partially view the object or it may 

not view the object at all.  For an on-axis lenslet that is case 2, the lenslet ray set passes 

through the entire pupil.  An off-axis lenslet may be partially or fully vignetted by the 

pupil.   

For case 1, it is technically not correct to refer to reduction of the field of view for 

off-axis lenslets as vignetting.  Vignetting occurs when off-axis ray bundles are partially 

or fully blocked by apertures within the optical system.1  In this analysis it is implied that 

the object is considered to be an aperture from which the rays originate.  In this chapter 

the fore optic is again abstracted to the point where both the object and the fore optic 

pupils are considered to be apertures that can limit the lenslet ray set.  For this reason any 

partial or full blockage of the lenslet ray set at either of these apertures is called 
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vignetting in this analysis.  As will be shown in this chapter, this is an abstraction that 

allows for a similar logic to be used when the lenslet ray set is limited at either the object 

or the fore optic pupils.  To allow for this abstraction, it is again assumed that the object, 

image, and pupil diameters of the fore optic are fixed.  It is further assumed that the 

object is an ideal disk.  Vignetting at the ideal pupils of the fore optic is considered, but 

not at any other apertures inside the fore optic like the physical size of the fore optic 

lenses. 

In this chapter the regions where vignetting occurs is first shown graphically.  

Then, the equations that define the boundaries between the vignetting regions are derived.   

Next, it is determined if only the edge rays are vignetted or if both the edge and central 

rays are vignetted.  Finally, the fore optic aperture that limits the lenslet ray set is shown 

for each case. 

8.1 Graphical Representation of the Vignetting Regions 

The vignetting regions for all cases are shown in Figure 8-1.  In subsequent 

figures a graphical explanation for these vignetting results is given for each case 

separately.  The locations where there is no vignetting are dark blue in Figure 8-1.  The 

locations of partial vignetting are shaded light blue.  Outside these regions there is full 

vignetting, meaning the rays that originate from the object of the given size do not pass 

through both the fore optic pupil and the lenslet aperture. 
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Figure 8-1.  Vignetting Regions.  Dark blue indicates the locations where no 
further vignetting needs to be considered.  Light blue indicates partial vignetting.  
Elsewhere there is full vignetting.  A' and B' are the crossover planes defined in 
section 4.5.2.  Prior to A' and after B' is case 1.  Between A' and B' is case 2. 

As an aside, because it is easier to display the crossover planes A' and B' when the 

crossover planes are located after the exit pupil, the following assumptions are made for 

the illustrations in this section.  The fore optic is assumed to have a real image.  The 

diameter of the image is assumed to be smaller than the diameter of the exit pupil.  With 

these assumptions, according to section 4.5, A' and B' are located after the exit pupil of 

the fore optic.  These assumption are made because they provide the most straight 

forward illustrations.  The results are not limited to these conditions alone. 

8.1.1 Vignetting, Case 1: Limited Sampling of the Pupil 

To graphically illustrate why the vignetting conditions are as shown in Figure 8-1, 

case 1 is considered first.  Lens arrays located prior to A' or after B' are case 1 (Figure 

4-10).  For this case the lenslet ray set includes the entire object in the lenslet field of 

view, but the lenslet ray set does not pass through the entire fore optic pupil.  For an off-

axis the lenslet there may be vignetting of the lenslet ray set at the object.   
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Consider a fore optic ray bundle that originates from one edge of the object.  As 

shown in Figure 8-2 without the lens array, this bundle passes through the entire fore 

optic exit pupil and a single point on the fore optic image plane.  Consider a second fore 

optic ray bundle originating from the opposite edge of the object.  As shown in Figure 

8-3 it focuses at a point on the opposite side of the image. 

 
Figure 8-2.  A Fore Optic Ray Bundle from One Edge of the Object.  The fore 
optic ray bundle shown originates from one edge of the object, passes through the 
entire entrance pupil and exit pupil, and focuses at a single point on the fore optic 
image plane.  This fore optic ray bundle is used to test the vignetting of lenslets 
that can view the entire object, Case 1.  These lenslets are located before A' or 
after B'.   

 
Figure 8-3.  Two Fore Optic Ray Bundles from Opposite Edges of the Object.  
These two fore optic ray bundles are used to test the vignetting of off-axis lenslets 
that can view the entire object, Case 1.  These lenslets are located before A' or 
after B'.  Lenslets in the dark blue regions sample the fore optic ray bundles from 
both the top and the bottom of the object. 
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The region where these two fore optic ray bundles from opposite edges of the 

object overlap is shown in dark blue.  If a lenslet is located within these overlap regions, 

then the lenslet samples both of the fore optic ray bundles that originate from opposite 

edges of the object.  There is no additional vignetting for lenslets in the dark blue overlap 

regions.  If the lenslet is located prior to A' or after B' but in the light blue regions, then 

the lenslet views one edge of the object but not the other edge of the object.  Therefore, 

vignetting of the lenslet ray set at the object needs to be considered for lenslet in the light 

blue regions.  A lenslet placed outside of the blue areas is fully vignetted.  It does not 

sample either of the fore optic ray bundles from the ideal object.  It may view other 

objects in the scene or stray light, but the scope of this analysis is limited to an ideal disk 

object with a defined radius and at a specified distance. 

8.1.2 Vignetting, Case 2: Limited Field of View 

Now consider the second case where the lens array is in general located near the 

fore optic image plane.  Lens arrays located between the crossover planes A' and B' are 

case 2 (Figure 4-10).  The lenslet ray set does not view the entire object, but the lenslet 

ray set passes through the entire fore optic pupil.  For off-axis lenslets there may be 

vignetting at the fore optic pupils.  

For this case, all of the fore optic rays that pass through the top of the fore optic 

exit pupil and pass through the entire image are shown in Figure 8-4.  A second set of 

rays that passes through the bottom of the exit pupil and through the entire image is 

shown in Figure 8-5.  Any lenslet placed in the overlap region of these two ray sets 

samples rays from both the top and the bottom of the exit pupil.  There is no vignetting of 



100 

the lenslet ray set at the fore optic pupil for lenslets in the dark blue overlap region of 

Figure 8-5.  For lenslets placed in the light blue regions between A' and B', there is partial 

vignetting at the exit pupil.  Outside of the blue regions there is full vignetting. 

 
Figure 8-4.  A Fore Optic Ray Set from the Top of the Fore Optic Exit Pupil.  The 
fore optic ray set shown originates from the top of the exit pupil.  This ray set is 
used to test the vignetting of lenslets with lenslet ray sets that pass through the 
entire fore optic pupil, case 2.  These lenslets are located between A' and B'.   

 

 
Figure 8-5.  Two Fore Optic Ray Sets from Opposite Edges of the Exit Pupil.  
These two fore optic ray sets are used to test the vignetting of off-axis lenslets 
located between A' and B'.  Lenslets in these locations are case 2.  The on-axis 
lenslets ray sets for case 2 pass through the entire exit pupil.  Lenslets located in 
the dark blue region sample the fore optic ray sets from both the top and bottom 
of the fore optic exit pupil. 
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8.1.3 Combined Vignetting Regions 

When the figures from both cases (Figure 8-3 and Figure 8-5) are combined the 

results are as shown in Figure 8-6. 

 
Figure 8-6.  Vignetting Regions.  Dark blue indicates the locations where no 
further vignetting needs to be considered.  Light blue indicates partial vignetting.  
Elsewhere there is full vignetting.  A' and B' are the crossover planes defined in 
section 4.5.2.  Prior to A' and after B' is case 1.  Between A' and B' is case 2. 

8.2 Vignetting Equations 

The equations that determine the boundaries between partial and full vignetting 

are derived in this section.  In the prior section the vignetting results were shown on a two 

dimensional plane, but with a simple rotation the results can be found in three 

dimensions.  Because the fore optic is defined to be rotationally symmetric, the two 

dimensional results can be rotated about the optical axis to get the three dimensional 

vignetting regions.  This results in a radius from the optical axis where partial vignetting 

occurs and a radius where full vignetting occurs.  Because the fore optic's marginal and 

chief ray heights are used to define the vignetting radii, the fore optic's marginal and 

chief ray height are first shown at any arbitrary plane after the fore optic.  Then two 

methods are shown to determine the vignetting radius.  The first  rotates two of the lines 
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used for the graphs in the prior section.  These two lines are composed from the fore 

optic's marginal ray and chief ray.  The second method uses the magnitude of the fore 

optic's marginal ray and chief ray for a more compact notation. 

8.2.1 Marginal and Chief Ray Height at an Arbitrary Plane 

 
Figure 8-7.  The Marginal and Chief Ray Height at an Arbitrary Plane, ξ. The 
variables shown are used to determine the fore optic's marginal and chief ray 
heights at the arbitrary plane, ξ. All distances, z', are measured from the fore optic 
rear principal plane,  PP'.  y' is a fore optic marginal ray height in the fore optic's 
image space.  y′ is a fore optic chief ray height in the fore optic's image space. 

The fore optic's marginal ray height, yξ′ , and chief ray height, yξ′ , at the arbitrary 

plane labeled ξ in Figure 8-7 is  

 ( )XP XPy y u z zξ ξ′ ′ ′ ′ ′= + −   (8.1) 

 ( )XPy u z zξ ξ′ ′ ′ ′= −   (8.2) 

XPy′
IMGy′

XPz′

IMGz′

PPz′

yξ′

yξ′
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where XPy′  is the marginal ray height at the exit pupil, u′ and u′ are the marginal and 

chief paraxial angles in image space, zξ′  is the distance of the ξ plane from the rear 

principal plane, and XPz′  is the distance of the exit pupil from the rear principal plane. 

8.2.2 Rotation to Determine the Vignetting Radius 

To determine the radii where partial and full vignetting occur, only two lines are 

needed.  The two lines are the same as the two blue lines shown previously in Figure 8-4.  

They are also shown in blue in Figure 8-8.  One line is from the top of the exit pupil to 

the top of the image.  It is the solid blue line shown in the figure, and it is the sum of the 

fore optic's marginal and chief rays.  The second line is from the top of the exit pupil to 

the bottom of the image, dashed blue in the figure.   It is the marginal ray minus the chief 

ray of the fore optic.   

 
Figure 8-8.  Vignetting Lines.  Two lines can be used to determine the vignetting 
regions.  The first is the solid blue line.  It is the sum of the fore optic's marginal 
and chief ray.  The second is the dashed blue line.  It is the difference between the 
fore optic's marginal and chief ray.  These two lines when rotated around the 
optical axis determine the radii where partial and full vignetting occur. 

yξ′

yξ′

y yξ ξ′ ′+

y yξ ξ′ ′−
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Both of these lines are defined to be in the y-z plane.  To determine the radii 

where partial and full vignetting occur these two lines are simply rotated around the 

optical axis.  This gives the same results shown in Figure 8-6 for the two dimensional 

case.   

There are a few minor complexities when using these two lines.  First, the sign of 

the marginal and chief ray must be considered carefully.  If the chief ray is drawn from 

the optical axis to the bottom of the image instead of the top of the image, then the chief 

ray changes sign.  This must be accounted for in the definition of the two vignetting lines.  

Another minor complexity is that the solid line determines the boundaries between full 

and partial vignetting before the image.  After the image, it is the dashed line that 

determines the boundaries between full and partial vignetting.  All of these complexities 

can be avoided by using the absolute value of the marginal and chief ray as shown in the 

next section. 

8.2.3 Vignetting Radius Equations 

An alternative to rotating the rays is to take the absolute value of the marginal and 

chief ray.  This leads to a compact equation for the radii where partial and full vignetting 

occur as shown in Figure 8-9.   
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Figure 8-9.  Vignetting Equations.  Vignetting regions in this figure are 
determined by the magnitude of the fore optic's chief ray, | yξ′ |, and the magnitude 

of the fore optic's marginal ray, | yξ′ |.  The solid blue line is the sum of the 

marginal and chief ray magnitudes.  It is the dividing line between full and partial 
vignetting.  The dashed blue line is the difference between the marginal and chief 
ray magnitudes.  It is the dividing line between partial vignetting and no 
additional vignetting. 

When only the magnitude and not the sign of the marginal and chief ray is used, 

the equations for the boundaries between full and partial vignetting simplify to the 

equations shown in Figure 8-9.  The solid blue line in Figure 8-9 is the sum of the 

marginal and chief ray magnitude, y yξ ξ′ ′+ .  If the lenslet is placed outside of the solid 

blue line, there is full vignetting.  If the lenslet is placed between the solid blue line and 

the dashed blue line, there is partial vignetting.  The dashed blue line in Figure 8-9 is the 

magnitude of the marginal ray minus the magnitude of the chief ray, y yξ ξ′ ′− .  Between 

the dashed blue line and the optical axis no further vignetting needs to be considered. 

yξ′

yξ′

y yξ ξ′ ′+

y yξ ξ′ ′−
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This leads to the following results:  No additional vignetting needs to be 

considered when  

 r y yξ ξ ξ′ ′< −   (8.3) 

where rξ  is the radius from the optical axis at an arbitrary plane, ξ .  These are the dark 

blue regions in Figure 8-6.  The light blue regions in Figure 8-6 where partial vignetting 

occurs is defined by  

 y y r y yξ ξ ξ ξ ξ′ ′ ′ ′− < < + .  (8.4) 

Finally, full vignetting occurs when 

 r y yξ ξ ξ′ ′> + . (8.5) 

8.3 Vignetting of the Edge and Central Rays 

For the case of partial vignetting it may be that only the edge rays are vignetted or 

that both the lenslet edge and central rays are vignetted.   By examining whether the edge 

of the lenslet or the center of the lenslet aperture is in the vignetting region, the type of 

vignetting can be determined.  Consider the following four lenslet apertures labeled a-d 

in Figure 8-10. 
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Figure 8-10. Lenslets with Different Types of Vignetting.  The dashes represent 
the edges of the lenslet aperture.  The dots represent the center of the lenslet 
aperture.  Lenslet a is fully vignetted.  Lenslet b has vignetting of both the edge 
and central rays.  Lenslet c has only vignetting of some of the edge rays.  Lenslet 
d does not have any vignetting of the edge or central rays. 

In Figure 8-10 for the lenslet labeled a, no rays from the fore optic ray bundle 

pass through the lenslet.  This lenslet's ray set is fully vignetted. 

The lenslet ray set of lenslet b is partially vignetted.  Because the center of the 

lenslet aperture (labeled with a dot in the figure) is in the partially vignetted region, some 

of the central rays are vignetted along with some of the edge rays.  Only the fore optic ray 

bundle aimed at the top of the image passes through this lenslet.  The fore optic ray 

bundle aimed at the bottom of the image does not pass through the lenslet aperture.  None 

of the fore optic rays from this ray bundle are included in the lenslet ray set for lenslet b. 

For the lenslet labeled c, only the lenslet edge rays are vignetted.  The lenslet 

center (labeled with a dot in the figure) is within the dark blue overlap region.  Rays from 

both of the fore optic ray bundles pass through the center of the lenslet aperture.  

Therefore, no central rays are vignetted.  The lenslet aperture is completely within the 

fore optic ray bundle that passes through the top of the image.  However, the lenslet 
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aperture is only partially within the fore optic ray bundle that passes through the bottom 

of the image.  Therefore, some of the rays from this ray bundle are vignetted.   

For the lenslet labeled d, there is no additional vignetting.  The center and edge of 

the lenslet is fully contained within the dark blue overlap region. 

8.4 The Vignetting Aperture 

One method to vignette the lenslet ray set is to determine the lenslet ray set at the 

vignetting aperture and then to reject rays from the ray set that are outside of this 

aperture.  For a fixed object size and fore optic pupil size the vignetting apertures is either 

the object/image conjugate plane or the fore optic pupils. 

8.4.1 Vignetting Aperture, Case 1: Limited Sampling of the Pupil 

For case 1 the vignetting apertures are the pupils of the fore optic as shown in 

Figure 8-11.  Either the entrance pupil, the exit pupil or the physical stop of the fore optic 

can be used to vignette the lenslet ray set.  For a real fore optic with real rays instead of 

paraxial rays, the physical stop is likely the best choice to use as the vignetting aperture 

due to pupil aberrations.  For this analysis with ideal paraxial rays, the exit pupil is used 

because this same aperture is used in the next section when the normalized lenslet ray set 

is determined.   
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Figure 8-11. The Vignetting Aperture, Case 1.  The vignetting aperture for a 
lenslet near the fore optic pupil is the aperture of the fore optic pupil.  In this 
example, the lenslet ray set extends past the fore optic pupils.  This lenslet ray set 
would be partially vignetted at the fore optic pupils.  All of the central rays pass 
through the fore optic pupils, but some of the edge rays do not. The top figure is a 
two dimensional slice of the bottom figure.  The lenslet ray set is shaded with 
blue.  LA is the image of the lenslet aperture and LA' is the lenslet aperture.  The 
lenslet ray set is not refracted by the lenslet in this figure. 

The lenslet ray set at the exit pupil of the fore optic, XPY γ′  , is 

 0,XP XP n XP XPY y y y βαγ′ ′ ′ ′= + +








 
   (8.6) 

where the first term is the lenslet reference ray, the second term is the lenslet central ray, 

and the final term is the lenslet edge ray.  For this case vignetting occurs for any ray 

larger than the fore optic exit pupil, XPy′ , requiring that 
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 0,XP n XP XP XPy y y yβα ≤′ ′ ′ ′+ +






 
   (8.7) 

8.4.2 Vignetting Aperture, Case 2: Limited Field of View 

For case 2 the vignetting aperture is the fore optic object or image conjugate 

planes as shown in Figure 8-12.  The lenslet ray set at the fore optic object plane, OBJY γ , 

is 

 0,OBJ OBJ n OBJ OBJY y y y βαγ = + +








 
   (8.8) 

where the first term is the lenslet reference ray, the second term is the lenslet central ray, 

and the final term is the lenslet edge ray.  For this case vignetting occurs for any ray 

larger than the fore optic chief ray at the object, OBJy , requiring that 

 0,OBJ n OBJ OBJ OBJy y y yβα ≤+ +






 
   (8.9) 
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Figure 8-12. The Vignetting Aperture, Case 2.  The vignetting aperture for a 
lenslet near the fore optic image plane is the physical size of the object.  In this 
example, all of the central rays do originate from the object.  Some of the edge 
rays do not originate from an object of the given size.  The top figure is a two 
dimensional slice of the bottom figure.  The lenslet ray set is shaded with blue.  
LA is the image of the lenslet aperture and LA' is the lenslet aperture. 
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9. NORMALIZED LENSLET RAY SET  

In this chapter the lenslet ray set is determined in the same coordinate system and 

notation as the wavefront aberration function.  To do this the complete lenslet ray set is 

normalized using the object height and fore optic exit pupil radius.  This normalization 

gives the lenslet ray set in terms similar to the field vector, H


, and aperture vector, ρ


, 

used in the wave aberration function ( ),W H ρ




.2  The field vector is the normalized ray 

height of the fore optic rays at the object plane.  The aperture vector is the normalized ray 

height of the fore optic rays at the exit pupil.2   

First the lenslet reference ray is normalized.  The lenslet reference ray determines 

the pointing of the lenslet ray set.  The lenslet reference ray passes through the center of 

the lenslet, so it is not refracted by the lenslet.  The lenslet reference ray therefore 

determines the center of the lenslet ray set at the detector.  In the absence of aberrations 

from the fore optic, the spacing of the lenslet reference rays on the detector is a scaled 

version of the regular spacing of the lens array layout.  Aberrations of the fore optic may 

cause deviations from this regular spacing.  Knowing where the lenslet ray sets are 

pointing may be enough information for some applications.  For this reason the 

normalized reference ray is shown independent of the rest of the lenslet ray set. 

Next the entire lenslet ray set is normalized.  To normalized the lenslet ray set at 

the object, the height of the lens array set at the object is divided by the height of the 

object.  Then the height of the lenslet ray set at the exit pupil is normalized using the 

radius of the fore optic's exit pupil.  It is important to clarify that this normalization gives 
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the location where this ray set originates from on the object and passes through the fore 

optic in terms of the fore optic coordinate system.   It is not the field vector or aperture 

vector for an individual lenslet coupled to the fore optic.  For that case, the lenslet ray set 

is normalized by the field of view of the lenslet ray bundle and the aperture of the lenslet, 

LAa′ .  Therefore, the aberrations of the fore optic combined with a single lenslet are not 

determined using this method. 

 The goal here is less ambitious.  It is simply to normalize the ray set so that the 

lenslet ray set is represented in the same terms as the fore optic field and aperture vector 

used in the fore optic wavefront deformation.  Then aberrations from the fore optic could 

be applied to this ideal lenslet ray set.  This would show how the  lenslet ray set is 

aberrated prior to the lenslet aperture and could allow for generalizations about the effect 

of fore optic aberrations on the system as a whole.  It is the first step toward determining 

the effect of the fore optic aberrations on the lenslet ray sets.  Future work is needed to 

determine the full effect of the lenslet aberrations.  

In this chapter the reference ray of the nth lenslet is explicitly denoted with the 

subscript n.  For example, height of the nth lenslet reference ray at the object plane is 

0,OBJ n
y   .  The brackets signify that this quantity is an array of values when many 

subscripts are already used for the variable.  For a variable without subscripts like the 

lenslet vector,


 , brackets are not necessary. 
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9.1 Normalized Reference Ray 

The normalized height of the reference ray at the object for the nth lenslet, 0 n
H  


is given by 

 0,
0

OBJ n
nn

OBJ

y
H

y
    = 



   (9.1) 

where 0,OBJ n
y    is the height of the nth reference ray at the object, n



  is the normalized 

lenslet vector for the nth lenslet, and OBJy  is the chief ray height of the fore optic at the 

object plane.  The normalized height of the reference ray at the exit pupil of the fore optic 

for the nth lenslet reference ray, [ ]0 n
ρ′ , is given by 

 [ ] 0,
0

XP n
nn

XP

y
y

ρ
′  ′ =
′





   (9.2) 

where 0,XP n
y′   is the height of the nth lenslet reference ray at the exit pupil, n



 is the 

normalized lenslet vector for the nth lenslet, and XPy′ is the marginal ray height of the fore 

optic at the exit pupil. 

9.1.1 Normalized Reference Ray, Case 1: Limited Sampling of the Pupil 

The normalized field height of the lenslet reference ray for case 1 is found by 

combining equations (5.1) and (9.1) to give 

 0 0
n

H  = 


  (9.3) 

The fore optic aberrations that increase rapidly as the field of the fore optic increases do 

not significantly affect the pointing of the lenslet ray set to this level of approximation. 
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The normalized height of the lenslet reference ray at the exit pupil is found by 

combining (5.7) and (9.2) to be 

 [ ] ( )
( )

0,
0

LA XP IMGn
nn

XP LA IMG

y z z
y z z

ρ
′  ′ ′− ′ = ⋅
′ ′ ′−





   (9.4) 

where 0,LA n
y′   is the height of the center of the nth lenslet, ( )XP IMGz z′ ′−  is the distance 

between the fore optic image plane and the fore optic exit pupil and ( )LA IMGz z′ ′− is the 

distance between the fore optic image plane and the lens array plane.  Fore optic 

aberrations that are dependent on the aperture vector do have an effect on the pointing of 

the lenslet ray set. 

9.1.2 Normalized Reference Ray, Case 2: Limited Field of View 

The normalized field height of the lenslet reference ray for systems with a limited 

field of view is found by combining equations (5.10) and (9.1).  The normalized field 

height of the reference ray for case 2 is 

 0,
0

LA OBJ EPn
nn

OBJ LA EP

y z zH
y z z

  −   = ⋅  −



   (9.5) 

where 0,LA n
y′   is the height of the center of the nth lenslet, ( )EP OBJz z−  is the distance 

between the fore optic object plane and the fore optic entrance pupil and ( )LA OBJz z− is 

the distance between the fore optic object plane and the image of the lens array apertures. 

The normalized height of the lenslet reference ray at the exit pupil is found by 

combining (5.12) and (9.2) to be 

 [ ]0 0
n

ρ′ =
   (9.6) 
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For this case, the pointing of lenslet ray set is not affected by aberrations of the fore optic 

that depend on the fore optic aperture vector to this level of approximation. 

9.2 Normalized Ray Set 

To find the compete normalized lenslet ray set, each component of the lenslet ray 

set is normalized by the fore optic object height and the fore optic exit pupil radius.  The 

normalized ray set of the nth lenslet at the fore optic object, nH ∗


, is 

 0,OBJ n OBJ OBJ
n n

OBJ OBJ OBJ

y y yH
y y y

βα∗
  = + +







 

   (9.7) 

where all terms are normalized by, OBJy , the fore optic chief ray height at the object.  The 

* is to denote that this is not the field vector for the combined fore optic and lenslet 

system.  It is instead the lenslet ray set normalized by the fore optic properties.  The first 

term, 0,OBJ nn
y  ⋅ 




  in (9.7) is the lenslet reference ray at the object.  Each lenslet has a 

different reference ray height and lenslet vector.  The second term, OBJy α


 , is the lenslet 

central ray at the object, which is the same for all lenslets.  The final term, OBJy β


 , is also 

the same for all lenslets.  It is the lenslet edge ray at the object. 

The normalized ray set of the nth lenslet at the fore optic exit pupil, *
nρ


, is  

 0,XP n XP XP
n n

XP XP XP

y y y
y y y

βαρ∗
′  ′ ′ = + +
′ ′ ′







 


   (9.8) 

in this case all terms are normalized by , XPy′ , the height of the fore optic marginal ray at 

the exit pupil.  The first term is the lenslet reference ray, which is different for each 
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lenslet.  The second term is the lenslet central ray.  The final term is the lenslet edge ray.   

These final two terms are the same for all lenslets. 

9.2.1 Normalized Ray Set, Case 1: Limited Sampling of the Pupil 

For the first case, equations (5.1),  (6.1) , and (7.1) are substituted into (9.7).  The 

normalized ray set for the nth lenslet at the object, nH ∗


, is  

 0 0OBJ
n

OBJ

yH
y

α∗ = + +


  (9.9) 

which gives 

 nH H∗ =
 

  (9.10) 

where H


is the field vector of the fore optic.  The normalized ray set for each lenslet at 

the object in this case is the same as the field vector for the fore optic.  This is expected 

for this case since the entire object is viewed by each lenslet. 

Substituting equations (5.7), (6.9),and (7.9) into (9.8) gives the normalized ray set 

for the nth lenslet at the exit pupil, nρ
∗ .  The result is 

 ( )
( )

( )
( )

( )
( )

0,LA XP IMG XP LA XP IMGn IMG LA
n n

XP LA IMG XP IMG LA XP LA IMG

y z z z z z zy a
y z z y z z y z z

βαρ∗ +
′  ′ ′ ′ ′ ′ ′− − −′ ′ = ⋅ + ⋅ ⋅
′ ′ ′ ′ ′ ′ ′ ′ ′− − −









   (9.11) 

The first term in (9.11) is the lenslet reference ray, the second term is the center of the 

lenslet ray bundles, and the third term is the lenslet edge ray.  (9.11) can be rearranged 

into  

 
( )
( )

( )
( )

0,LA LA XP IMG XP LAn IMG
n

XP LA IMG XP IMG LA

y a z z z zy
y z z y z z

β
αρ∗

 ′ ′+ ′ ′ ′ ′− −′ = ⋅ + ⋅
′ ′ ′ ′ ′ ′− −











  (9.12) 

For the first part of the first term in (9.12),  
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 0,LA LAn

XP

y a

y

β ′ ′+ 
′







,  (9.13) 

the numerator is a vector description of the lenslet aperture.  This is normalized by the 

denominator, the radius of the fore optic exit pupil, XPy′ .   The last part of the first term in 

(9.12), 

 ( )
( )

XP IMG

LA IMG

z z
z z
′ ′−
′ ′−

,  (9.14) 

is the ratio of the distance of the exit pupil from the image and the lens array from the 

image.  It scales the vector description of the lenslet aperture.  As expected, when the lens 

array is at the exit pupil (9.14) equals 1.  For the final term in (9.12) 

 ( )
( )

XP LAIMG

XP IMG LA

z zy
y z z

α
′ ′−′

⋅
′ ′ ′−

   (9.15) 

the only dependence on the lens array is the location of the lens array between the exit 

pupil and image.  It is otherwise dependent on the properties of the fore optic.  When the 

lens array is at the exit pupil, XP LAz z′ ′= and this term vanishes as expected.  It would also 

vanish if the object is an on-axis point source meaning IMGy′ approaches 0. 

9.2.2 Normalized Ray Set, Case 2: Limited Field of View 

For the second case where the field of view is limited, the normalized ray set for 

the nth lenslet at the object, nH ∗


, is found by substituting equations (5.10), (6.14), and 

(7.14) into (9.7) to be 

 ( )
( )

( )
( )

( )
( )

0,LA OBJ EP OBJ LA OBJ EPn EP LA
n n

OBJ LA EP OBJ EP LA OBJ LA EP

y z z z z z zy aH
y z z y z z y z z

βα∗ +
  − − − = + ⋅ ⋅

− − −






   (9.16) 
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The first term in (9.16) is the lenslet reference ray, the second term is the lenslet central 

ray, and the third term is the lenslet edge ray.  (9.16) can be rearranged into 

 
( )
( )

( )
( )

0,LA LA OBJ EP OBJ LAn EP
n

OBJ LA EP OBJ EP LA

y a z z z zyH
y z z y z z

β
α∗

  + − − = ⋅ + ⋅
− −











  (9.17) 

This equation is similar to nρ
∗  for the prior case.  In this case it is defined in the object 

space of the fore optic instead of the image space.  The first part of (9.17), 

 0,LA LAn

OBJ

y a

y

β  + 






, (9.18)  

is similar to (9.13).  This time the numerator is the image of lenslet apertures in object 

space normalized by the height of the object, OBJy . This is scaled by 

 ( )
( )

OBJ EP

LA EP

z z
z z

−
−

  (9.19) 

which is the ratio of the distance of the object from the entrance pupil and the lens array 

apertures from the entrance pupil.  When the lens array is at the image plane of the fore 

optic, the image of the lens array apertures is at the object of the fore optic.  The ratio 

given by (9.19) equals 1 as expected.  Like the final term in nρ
∗  for the previous case, the 

final term in nH ∗


 for this case, 

 ( )
( )

OBJ LAEP

OBJ EP LA

z zy
y z z

α
−

⋅
−

 ,  (9.20) 

has only one dependence on the lens array: the distance of the lens array from the object 

and the entrance pupil.  When the lens array is at the image ( OBJ LAz z= ), then this term 



120 

vanishes as expected.  It would also become negligible if the fore optic aperture, EPy , 

approaches zero as in the case of a pinhole camera. 

The normalized ray set at the exit pupil for the nth lenslet, nρ
∗ , is found by 

substituting equations (5.13), (6.16), and (7.16) into (9.8).  The result is 

 00 XP
n

XP

y
y

αρ∗ +
′

= +
′


   (9.21) 

which simplifies to 

 nρ ρ∗ =
 

  (9.22) 

As expected, the normalized rays set for all the lenslets at the exit pupil is the fore optic 

aperture vector, ρ


. 
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10. CONCLUSION 

10.1 Future Considerations 

10.1.1 Propagation Past The Lenslet 

Propagation of the lenslet ray set past the lenslet aperture is a simple refraction 

process.  For case 1, the central ray is similar to a chief ray and the edge ray is similar to 

a marginal ray.  The central ray and edge ray behavior is as expected for a chief and 

marginal ray.  Where the edge ray crosses the lenslet reference ray is the focus of the 

lenslet.  The height of the central ray at this location is the height of the lenslet image.     

The second case is similar to pupil imaging.  The location where the edge ray 

crosses the lenslet reference ray is a conjugate plane to the fore optic exit pupil.  The 

lenslet in effect images the fore optic exit pupil.  The height of the central ray at this 

plane determines the height of the lenslet ray set at this pupil conjugate plane.   

10.1.2 Alternative Designs 

This analysis could be applied to the specific design details of a plenoptic camera 

to trace the rays through the fore optic.  It could also be used to tolerance the lens array 

placement.  It is hoped that this analysis will lead to future lenslet-based systems, which 

are related to the current plenoptic camera designs.   

10.1.3 Case 3 

This first order model is developed for any location of the lens array after the fore 

optic, but it is best suited to lenslets located near the fore optic pupil plane or image plane 
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because there is less additional vignetting to consider at these locations. For lenslet 

systems that are case 3, either the case 1 or case 2 definitions of the lenslet ray set can be 

used.  Future work could develop an alternative approach for these cases.   Also because 

lens arrays at these locations are very sensitive to vignetting, there may be advantages to 

placing the lens array at these planes.   

10.1.4 Aberrations of the Fore Optic 

This analysis is a framework for determining the lenslet ray set for an un-

aberrated fore optic.  This framework is the first step toward determining the complete 

effect of aberrations on these lenslet-based systems.  In this analysis the lenslet ray set is 

determined in terms of the fore optic field and aperture vectors.  There are a few things to 

consider when applying aberrations to the lenslet ray set. 

One consideration is that unless the lens array is at the image plane of the fore 

optic, the transverse ray error of the fore optic cannot be used without modification to 

determine the location of the aberrated lenslet ray set at the lens array.  The transverse ray 

error calculates the location of the aberrated rays at the ideal image plane of an optical 

system.2   

To the third order of approximation, the transverse ray error is calculated by 

determining the angular error of fore optic rays at the exit pupil.  This angular error is 

multiplied by the radius of the reference sphere.  The radius of the reference sphere is the 

same as the distance from the exit pupil to the ideal image plane.  In order to calculate the 

transverse ray error at the lens array plane, a similar calculation could be done.  The 
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angular error would be multiplied by the location of the lens array plane rather than the 

ideal image plane. 

Another consideration is that if the lenslets are small the lenslet ray set, which 

will go through a specific lenslet for the unaberrated case, may miss the lenslet entirely in 

the aberrated case.  One method to address this issue is to use an approach similar to the 

ray aiming used by lens design software to model optical systems with pupil aberrations. 

For this method rather than determining the ideal image of the lenslet apertures in 

the object space of the fore optic, the aberrated image of the lenslet apertures could be 

determined in the object space.  The aberrated lenslet ray set would be defined in a 

similar manner to the ideal lenslet ray set.  The only change is that the lenslet reference 

ray and central ray would go through the center of the aberrated lenslet image rather than 

the ideal lenslet image.  Similarly, the lenslet edge ray would go through the edge of the 

aberrated lenslet image.   

10.2 Final Summary 

In this analysis a first-order model is developed to determine the lenslet ray sets 

for any optical system with a well-defined fore optic followed by a lens array, which 

includes both plenoptic cameras and Shack-Hartmann wavefront sensors.     

The lens array systems are classified into three categories based on the fore optic 

aperture that limits the lenslet ray set.  The determination of the categories is shown to be 

dependent on the location of the lenslet and first-order properties of the fore optic.  The 

subset of the fore optic rays that pass through the aperture of the lenslet is determined.  

The entire lenslet ray set is represented using three rays: the lenslet reference ray, central 
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ray, and edge ray.  Using vector notation any ray in the lenslet ray set is represented with 

these three rays.   

The lenslet rays are traced through the fore optic to determine the lenslet ray set at 

the fore optic's object, image, and pupil planes.  The lenslet ray set is also determined in 

the normalized coordinate system used for the fore optic's wavefront aberration function.  

Additionally, the partial or full vignetting of the lenslet ray set for off-axis lenslets is 

determined. 
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APPENDIX A 

A.1 Direction Cosine 

Direction cosines are valuable when tracing rays from one plane to another.  They 

contain the direction information of the ray. A few properties of direction cosigns are:  
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where 2 1x x x∆ = − .  It is also helpful to note that  

 2 2 2 1L N M+ + =   (A.4) 
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Figure A-10-1.  Direction Cosines 
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A.2 Ray Tracing Model used in Matlab Code 

The Matlab ray tracing model used for this analysis is based on the ray tracing 

method outlined by Shannon16 with the following exceptions.  First, in Shannon's book 

equation (Shannon 2.75) is correct for a refractive surface but it can be generalized by 

including a ± sign in front of the square root allowing for both refractive and reflective 

surfaces to be used.  This gives 

 ( )( )
1

22 2 2cos 1 cosn I n n I′ ′= ± − −   (A.5) 

where the positive sign is chosen for refractive surfaces and negative sign for reflective 

surfaces.  Alternatively this can be rewritten as 

 
( )

2
2cos 1 1 cosnn I n I

n
 ′ ′ ′= − − ′    (A.6) 

which is unambiguous for both refractive and reflective surfaces. 

Additionally the ray tracing method used in Shannon is for a spherical surface. 

This can be modified to include a conic surface.  Following the method and notations 

used in Shannon section 2.1.2, the ray unit vector, s , is given by 

 
ˆˆ ˆs Li Mj Nk= + +

  (A.7) 

where L, M, and N are the direction cosines.   The ray is traced from one sequential local 

coordinate, j, to the following local coordinate, j + 1, using the following equations:   
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where A is the distance along the ray and tj is the distance between the local coordinates. 

Similarly the location of the ray on the surface (xs, ys, zs) is defined by  

 
s t

s t

s

x AL x
y AM y
z AN

= +
= +
=

  (A.9) 

where xt and yt are the location of the ray on the local coordinate ( 1t jx x += , 1t jy y += ,

0tz = ).  A is again the distance along the ray, but this distance depends on the surface 

shape.  Rather than use the equation for a sphere as is done in Shannon the equation of a 

conic surface is used. 

 ( )2 2 2(1 )
2s s s s
cz x y k z= + + +   (A.10) 

c is the curvature of the surface and k is the conic constant.  Substituting (A.9) into (A.10) 

gives 

 ( ) ( ) ( )( )( )2 2 21
2 t t
cAN x AL y AM k AN= + + + + +   (A.11) 

Thru much simplification and by defining the following terms 

 ( )
( )

2

2 2

1

t t

t t

E kN

F c x y

G N c x L y M

= +

= +

= − +

  (A.12) 

where F and G are defined by Shannon and E is new, A is found to be  
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2

FA
G G cFE
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+ −

  (A.13) 

This agrees with the results in Welford27. 

In order to find the direction cosines, the surface equation (A.10) is rearranged so 

that  

 ( )2 2 2(1 ) 0
2s s s s
cz x y k z− + + + =   (A.14) 

The surface equation is now in the form  

 ( , , ) 0f x y z =   (A.15) 

The direction cosines of the surface normal, ρ , is then determined by taking the partial 

derivative of the surface equation (A.14). 
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This gives 
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Where ρ  is pointed to the right and follows the direction of the ray as show in Figure 

A-10-2.

 

 

The rest of the ray tracing method follows Shannon.  Using (A.6) to find the angle 

of reflection and defining the term, a, to be 

 cos cosn I n Iα ′ ′= −   (A.20) 

the final ray is given by 

 n s nsαρ′ ′ = + 

  (A.21) 

which gives the following direction cosigns 
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  (A.22) 

The ray trace then proceeds by transferring the ray to the next coordinate axis using (A.8) 

Figure A-10-2. The Surface Normal, ρ  

ρ  

s   

s′   
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A.3 Paraxial Ray Trace 

A paraxial ray trace is used to find the ideal imaging properties, including pupil 

and imaging locations and heights.  It is straight forward to perform a paraxial ray trace 

of a rotationally symmetric system using the refraction and transfer equations1  

 n u nu yφ′ ′ = −   (A.23) 

 y y u t′ ′ ′= +   (A.24) 

where n is the index of refraction, u is the paraxial angle, y ray height, φ is the paraxial 

lens power, and t  is the transfer distance.  Unprimed quantities are before the surface of 

interest.  Primed quantities are after the surface of interest. 

The refraction and transfer equations (A.23) and (A.24) are sufficient to calculate 

the paraxial ray trace through the system.  But when performing both real and paraxial 

ray traces on an optical system, it is convenient to calculate the three dimensional 

direction cosines ( L', M', and N') after the surface using the direction cosines before the 

surface  (L, M and N).  

The paraxial angle yu is defined in the y-z plane to be 

 tany
yu
z

θ ∆
≡ =

∆
  (A.25) 

as shown in Figure A-10-3 
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From the definition of the direction cosigns (A.2) and (A.3) 

 z yN M
h h
∆ ∆

= =   (A.26) 

Substituting this into (A.25) gives 

 y
Mu
N

=   (A.27) 

Substituting (A.27) into (A.23) gives the paraxial ray angle after refraction in terms of the 

direction cosigns before the surface as 

 1
y

nMu y
n N

φ ′ = − ′  
  (A.28) 

Similarly 

 x
Lu
N

=   (A.29) 
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From the definition of direction cosines  

 2 2 2 1L M N′ ′ ′+ + =   (A.31) 
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Figure A-10-3.  Paraxial Ray Trace 
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and by substituting (A.27) and (A.29) into (A.31) gives 

 ( ) ( )22 2 1x yu N u N N′ ′ ′ ′ ′+ + =   (A.32) 

Solving for N' gives 

 
2 2

1
1x y

N
u u

′ = +
′ ′+ +

  (A.33) 

For refractive surfaces the positive solution is correct.  Using (A.33), (A.27), and (A.29), 

the remaining direction cosigns are solved for.  This gives  

 ' 'x yL u N M u N′ ′ ′ ′= =   (A.34) 

The incoming direction cosigns to a paraxial surface are used to find the paraxial angles 

after the surface.  The paraxial angles after the surface are converted to direction cosigns.  

The rays are then transferred to the next surface.  
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