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ABSTRACT

We study the maximum differential coloring problem, where an n-vertex graph must

be colored with colors numbered 1, 2...n such that the minimal difference between

the two colors of any edge is maximized. This problem is motivated by coloring

maps in which not all countries are contiguous. Since it is known that this problem

is NP-hard for general graphs; we consider planar graphs and subclasses thereof.

In Chapter 1 we introduce the topic of this thesis and in Chapter 2 we review

relevant definitions and basic results.

In Chapter 3 we prove that the maximum differential coloring problem remains

NP-hard even for planar graphs. Then, we present tight bounds for regular cater-

pillars and spider graphs and close-to-optimal differential coloring algorithms for

general caterpillars and biconnected triangle-free outer-planar graphs.

In Chapter 4 we introduce the (d, kn)-differential coloring problem. While it was

known that the problem of determining whether a general graph is (2, n)-differential

colorable is NP-complete, in this chapter we provide a complete characterization

of bipartite, planar and outerplanar graphs that admit (2, n)-differential colorings.

We show that it is NP-complete to determine whether a graph admits a (3, 2n)-

differential coloring. The same negative result holds for the (b2n/3c, 2n)-differential

coloring problem, even when input graph is planar.

In Chapter 5 we experimentally evaluate and compare several algorithms for

coloring a map. Motivated by different application scenarios, we classify our ap-

proaches into two categories, depending on the dimensionality of the underlying

color space. To cope with the one dimensional color space (e.g., gray- scale colors),

we employ the (d, kn)-differential coloring.

In Chapter 6 we describe a practical approach for visualizing multiple relation-

ships defined on the same dataset using a geographic map metaphor, where clusters
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of nodes form countries and neighboring countries correspond to nearby clusters.

The aim is to provide a visualization that allows us to compare two or more such

maps. In the case where we are considering multiple relationships we also provide an

interactive tool to visually explore the effect of combining two or more such relation-

ships. Our method ensures good readability and mental map preservation, based

on dynamic node placement with node stability, dynamic clustering with cluster

stability, and dynamic coloring with color stability.

Finally in Chapter 7 we discuss future work and open problems.
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CHAPTER 1

Introduction

Several methods for visualizing relational datasets use a map metaphor where ob-

jects, relations between objects and clusters are represented as cities, roads and

countries, respectively. Maps offer a familiar way to present geographic data (conti-

nents, countries, states). Contact graphs ( e.g., [21]), where regions represent nodes

and edges are represented by the corresponding regions sharing borders, are an ex-

ample of map representations. By definition, contact graphs are limited to planar

graphs, but the notion of a map representation can be generalized to non-planar

graphs as follows: clusters of well-connected nodes form countries, and countries

share borders when neighboring clusters are interconnected. In the context of graph

drawing, such maps (e.g., [46]) allow us to show not only connectivity information

in the underlying data (via nodes and edges between them), but also clustering

(via countries). Specifically, by grouping nodes into different colored regions, we

can easily see individual clusters and relations between the clusters. Such explicit

grouping makes it easy to identify central and peripheral clusters, as well as central

and peripheral nodes within clusters. Finally, cut-nodes and edges, often on the

border between two clusters, make it clear which nodes and edges connect disparate

parts of the data. In such maps the input clusters are represented by colored regions,

whose boundaries are explicitly defined; See Figure 1.1.

A drawback of existing map generating algorithms, such as SOM [78] and

GMap [35], is that they produce maps where the regions corresponding to a cluster

are not necessarily contiguous. The 4-coloring theorem states that four colors suffice

to color any map such that neighboring countries are distinct. However, if not all

the countries in the map are contiguous, then the theorem no longer applies. This

necessitates the use of a unique color for each country in order to avoid ambiguity.
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(a)

(b)

Figure 1.1. (a) A Graph G. (b) A Map corresponding to the Graph G.

Therefore, the minimum number of colors needed to color the map is equal to the

number of countries. Fig. 1.2 shows the states of The USA clustered into 5 clusters

based on what food is relevant to the state computed using TF-IDF [31]. Clearly

we need 5 colors for coloring the map in order to avoid ambiguity. However, it is not
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Pork

Chicken

Bread

Beef

Rice

(a)

Figure 1.2. (a) States of The USA clustered into 5 clusters based on what food is relevant
to the state computed using TF-IDF [31].

enough to just assign different colors to each country. Although human perception

of color is very good and thousands of different colors can be easily distinguished,

reading such maps is very difficult due to color constancy and color context effects

(exploited in many optical illusions) [71]. In particular when a country is frag-

mented into several disjoint regions, it is often very difficult to tell whether two such

regions are exactly the same color (and hence belong to the same country) or if

they have different colors (and hence belong to different countries). Figure 1.3 illus-

trates this problem. Intuitively, Figure 1.3b has colors that are better distributed,

thus facilitating the visual distinction of its countries, and hence the usability of the

visualization.

Not all colors are suitable choices for coloring countries and a “good” color

palette is often a gradation of certain map-like colors [11]. Sometimes, for example

if the map is to be printed in gray scale, the color space is strictly 1-dimensional,

and hence we have to account for the problem of coloring maps with colors that

form a line in the 1D color space. This special case of the map coloring problem is

nicely captured by the maximum differential coloring problem [58].

Given a map, define the country graph G = (V,E) to be the graph where coun-
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(a)

(b)

Figure 1.3. Illustration of a map colored using the same set of equally spaced colors from
blue to yellow. There is one country fragmented in three regions containing vertices 40-49.
(a) A random assignment of colors. (b) An optimal coloring.

tries are vertices and two countries are connected by an edge if they share a nontrivial

border. In the maximum differential coloring problem [58] the goal is to find a color-

ing of the n vertices of graph G with distinct numbers ranging from 1 to n (treated

as colors), which maximizes the absolute color difference among adjacent vertices.

More formally, let C = {c | c : V → {1, 2, . . . , |V |}} be the set of one-to-one func-
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Figure 1.4. (a) A Graph G. (b) A maximum differential coloring of the Graph G with
DC(G) = 2.

tions for coloring the vertices of G. For any c ∈ C, the differential coloring achieved

by c is min(i,j)∈E |c(i) − c(j)|. We seek the coloring function c ∈ C that achieves

the maximum differential coloring: DC(G) = maxc∈C min(i,j)∈E |c(i) − c(j)|, which

is the differential chromatic number of G; see Fig. 1.4.

Given two positive integers d, k ∈ N, we say thatG is (d, kn)-differential colorable

if and only if there is a coloring of the n vertices of G with distinct numbers from

1 to kn (treated as colors), so that the minimum color distance between adjacent

vertices of G is at least d. The maximum k-differential coloring problem asks for

the largest value of d, called the k-differential chromatic number of G, so that

G is (d, kn)-differential colorable. Note that the traditional maximum differential

coloring problem corresponds to k = 1.

A natural reason to study the maximum k-differential coloring problem for k > 1

is that using more colors can help produce maps with larger differential chromatic

number. Note, for example, that a star graph on n vertices has 1-differential

chromatic number (or simply differential chromatic number) one, whereas its 2-

differential chromatic number is n + 1. That is, by doubling the number of colors

used, we can improve the quality of the resulting coloring by a factor of n. This is

our main motivation for studying the maximum k-differential coloring problem for

k > 1; see Fig. 1.5.

The maximum differential coloring problem is in a sense the opposite of the well-

studied bandwidth minimization problem, which is known to be NP-complete [65,69].
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Figure 1.5. (a) A Graph G. (b) A maximum differential coloring of the Graph G. 1-
differential chromatic number = 1 (c) A maximum 2-differential coloring of the Graph G.
2-differential chromatic number = 10.

Optimal algorithms for the bandwidth minimization problem are known only for re-

stricted classes of graphs, e.g., caterpillars with hair length 1 [61], caterpillars with

hair length 3 [1], chain graphs [54], co-graphs [84], bipartite permutation graphs [43],

AT-free graphs [37]. As in many graph theoretic maximization vs minimization

problems (e.g., shortest vs longest path), results for bandwidth minimization do not

translate into results for maximum differential coloring. Although the maximum dif-

ferential coloring problem is less known than the bandwidth minimization problem,

it has received considerable attention recently. In addition to map-coloring [34],

the problem is motivated by the radio frequency assignment problem , where n

transmitters have to be assigned n frequencies, so that interfering transmitters have

frequencies as far apart as possible [41].

We also study the coloring of dynamic maps where we have to address the prob-

lem of preserving color stability along with the challenges encountered in coloring

static maps. The dynamic map visualization problem deals with the problem of ef-

fectively presenting relationships as they change over time. Traditionally, dynamic

relational data is visualized by animations of node-and-link graphs, in which nodes

and edges fade in and out as needed (e.g., [9]). One of the main problems in dynamic

visualization is that of obtaining individually readable layouts for each moment in

time, while at the same time preserving the viewer’s mental map [64]. A related

problem is that of visualizing multiple relationships on the same dataset. Just as

with dynamic data, the main problem is guaranteeing readability while preserving

the viewer’s mental map. Representations based on the geographic map metaphor
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could provide intuitive and appealing visualization for dynamic data and for multiple

relationships on the same dataset. We present a practical approach for visualizing

dynamic relational data and multiple relationships on the same data, using a geo-

graphic map metaphor. We propose a heuristic to address the challenge of dynamic

cluster stability, as well as a strategy to preserve color stability, and analyze the use

of affine transformations to improve layout stability. We applied these ideas in an

interactive tool for DNA visualization.

Previous Work

The maximum differential coloring problem was initially studied in the context of

multiprocessor scheduling under the name “separation number” by Leung et al. [58],

who showed that the problem is NP-complete. Twenty years later, Yixun et al. [85]

studied the same problem under the name “dual-bandwidth”.

The maximum differential coloring problem is also known as the “anti-bandwidth

problem” [15] . Heuristics for the maximum differential coloring problem have been

suggested by Duarte et al. [26] using LP-formulation, by Bansal et al. [2] using

memetic algorithms and by Hu et al. [47] using spectral based methods. Another line

of research focuses on solving the maximum differential coloring problem optimally

for special classes of graphs, e.g., Hamming graphs [25], meshes [79], hypercubes [74,

80], complete binary trees [82] and complete k-ary trees for odd values of k [15].

Isaak et al. [52] give a greedy algorithm for the differential chromatic number of

complements of interval and threshold graphs by computing the k-th power of a

Hamiltonian path. Weili et al. [82] compute the differential chromatic number for

what they call “caterpillars” (but which differ from the standard graph-theoretic

caterpillars).

Miller and Pritikin [63] describe a coloring scheme which, for a forest G with

bipartition U and V , gives a differential coloring value equal to the size of the

smaller vertex set, i.e., min{|U |, |V |}. A closely related problem to the maximum

differential coloring problem is the equitable coloring problem [40]. Formally, an
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equitable coloring is an assignment of colors to the vertices of a graph, so that no

two adjacent vertices have the same color and the number of vertices in any two

color classes differ by at most one. The problem of deciding whether a graph admits

an equitable coloring with no more than three colors is NP-complete [55]. If a graph

G has differential chromatic number k, then the vertices colored [1, k], [k+ 1, 2k] · · ·
form equitably colored classes and so G has an equitable coloring with bn

k
c+1 colors.

Lin et al. [60] describe a (sub-optimal) coloring for connected bipartite graphs with a

differential coloring of value b n
∆
c, where ∆ is the max degree, using the relationship

between the anti-bandwidth problem and the equitable coloring problem.

Another related problem is the channel assignment problem [75], in which each

edge has a weight and the objective is to find a coloring of the vertices, so that the

difference between the colors of the endpoints of each edge is at least equal to its

weight. Note that, the same color can be assigned to multiple vertices unlike in

maximum differential coloring.

Visualization of non-cartographic data using the map metaphor is an active

research topic. Self-organizing maps (SOM) [78] produce 2D maps of textual docu-

ments. Maps of science [6] show groups of scientific disciplines. The graph to map

approach (GMap) uses the geographic map metaphor for visualization of recom-

mendations [35]. Choosing colors to effectively represent data has been considered

in different settings. One of the earliest methods to study the problem of assigning

colors to the vertices of the graph so as to maximize the minimum color difference

between adjacent vertices is due to Dillencourt et al. [24], wherein a solution to the

continuous variant of the coloring problem is derived by embedding the graph in a

3-D color space. Brewer [11] describes various parameters for choosing colors which

are used to encode numerical data. Healey [42] presents a way to choose colors

for representing segmentation data in images. There has been lots of prior work

on choosing colors effectively for data representation. Levkowitz and Herman [59],

Robertson [76], Ware [81] describe various approaches to represent data values using

color maps. Note that none of these earlier approaches for graph coloring (and map

coloring) take into account the adjacency information when choosing colors. That
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is, the set of colors is chosen first (independently of the graph/map to be visualized)

and then the colors are distributed as nicely as possible. Dillencourt et al. [24] were

the first to use adjacency information to select dissimilar colors for visualization

purposes.
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CHAPTER 2

Preliminaries

An undirected graph G = (V,E) is a finite, non-empty set V called the vertices

together with a relation E on V called the edges. More precisely E is a collection of

unordered pairs of elements in V . A drawing of a graph is a pictorial representation

of a graph in which the vertices are represented as disks and edges are represented

as polylines or curves. A subgraph of a graph G is a graph whose vertex set is

a subset of that of G, and whose edges is a subset of that of G restricted to this

subset. A subgraph H is a spanning subgraph, of a graph G if it has the same

vertex set as G. We say H spans G.

Let G = (V,E) be an undirected graph. We denote the number of vertices of G

by n, i.e., n = |V |. The degree of a vertex is the number of edges incident to the

vertex. The degree of vertex u ∈ V is denoted by d(u). The maximum degree of

graph G is then defined as: ∆(G) = maxu∈V d(u).

A planar graph is a graph that has a drawing in the plane such that the edges

do not cross each other; see Fig. 2.1a. An outerplanar graph is a planar graph

that has a drawing such that all the vertices belong to the unbounded face of the

drawing; see Fig. 2.1b. A tree is a connected outerplanar graph that has exactly

n− 1 edges where n is the number of vertices; see Fig. 2.1c. A forest is a disjoint

union of trees. A line graph is a tree with maximum degree 2; see Fig. 2.1e. A

cycle graph is a connected outerplanar graph in which all the vertices have degree

2; see Fig. 2.1d. A grid graph is the graph whose vertices correspond to the points

in the plane with integer coordinates, x-coordinates being in the range 1, · · · , n,

y-coordinates being in the range 1, · · · ,m, and two vertices are connected by an

edge whenever the corresponding points are at L1 distance 1.

A bipartite graph is a graph whose vertices can be partitioned into two sets
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V1 and V2 such that all edges connects a vertex in V1 to a vertex in V2; see Fig. 2.1f.

A complete bipartite graph is a bipartite graph in which every vertex in V1 is

connected to every vertex in V2. A complete bipartite graph with partitions of size

‖V1‖ = m and ‖V2‖ = n, is denoted by Km,n. For any k, K1,k is called a star. A

complete graph is a graph in which every pair of vertices is connected by an edge.

An complete graph on n vertices is denoted by Kn. A tripartite graph is a graph

in which the vertices can be decomposed into three disjoint sets such that no two

graph vertices within the same set are adjacent. A complete tripartite graph

is a tripartite graph such that every vertex of each set is adjacent to every vertex

in the other two sets. If there are p, q, and r graph vertices in the three sets, the

complete tripartite graph is denoted Kp,q,r.

Let the undirected graph of interest be G = (V,E). We denote Ḡ as the comple-

ment of graph G, defined as Ḡ = {V, Ē}, where Ē = {{i, j}|, i, j ∈ V, and {i, j} /∈
E}. In other words, Ḡ is the graph containing all nodes in G, and all edges that are

not in G; see Fig. 2.3.

A caterpillar is a tree in which removing all leaves results in a path; see Fig. 2.2a.

Thus, a caterpillar consist of a simple path, called the “spine”, and each spine vertex

is adjacent to a certain number of leaves, called the “legs”. In caterpillars, ∆ refers

to the maximum number of legs of any spine vertex. In a regular caterpillar, every

spine vertex has the same number of legs. A spider is a graph with a center vertex

connected to a particular number of disjoint paths; see Fig. 2.2b. The vertices of a

spider have levels, according to their distance from the center. In a spider, Ne, No

and Nl denote the number of even level, number of odd level and number of vertices

in level l, respectively. A radius-k star graph is a spider with all paths of the same

length k; see Fig. 2.2c.

In the traditional graph coloring problem the vertices of the graph are assigned

colors such that no two adjacent vertices share the same color. A coloring with

at most k colors is called a k− coloring of a graph. A graph G = (V,E) has a

chromatic number k if G has a k− coloring but does not have a k − 1 coloring.

The process of partitioning the vertices of a graph is called clustering. The
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Figure 2.1. Illustration of (a) a planar graph, (b) an outerplanar graph (c) a tree (d) a
cycle graph (e) a line graph (e) a bipartite graph.

(a) A caterpillar (b) A spider (c) A radius-3 star

Figure 2.2. Illustration of (a) a caterpillar, (b) a spider (c) a radius-3 star.
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Figure 2.3. (a) A Graph G. (b) The complement graph Ḡ.

resulting groups are called clusters.

A Hamiltonian path of G is a bijection p : {1, 2, . . . , |V |} → V , such that

{p(i), p(i+1)} ∈ E for all i = 1, 2, . . . , |V |−1. We denote the set of all Hamiltonian

paths H(G). A k-Hamiltonian path (k ≥ 1) of G is a Hamiltonian path, such
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that each i-th node on the path is connected to the j-th node, if |i − j| ≤ k. We

define the set of k-Hamiltonian paths as H(G, k) = {p|p ∈ H(G), and {p(i), p(j)} ∈
E if 0 ≤ i, j ≤ |V | and |i− j| ≤ k}. Clearly H(G) = H(G, 1).
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CHAPTER 3

The Maximum Differential Coloring Problem

In this chapter we introduce the maximum differential coloring problem. In Sec-

tion 3.1, we prove that the differential coloring problem is NP-hard even for pla-

nar graphs (Theorem 20). In Section 3.2, we present tight upper bounds for

regular caterpillars (Theorem 9) and spiders (Theorem 10). In Section 3.3, we

present closed-form optimal coloring schemes (more intuitive than the known col-

oring scheme [63]) for regular caterpillars (Theorem 11) and for spiders with path

lengths all even or all odd (Theorem 12). In Sections 3.4 and 3.5, we describe color-

ing algorithms which produce close-to-optimal coloring for caterpillars (Theorem 14)

and biconnected triangle-free outer-planar graphs (Theorem 15), respectively. Ta-

ble 3.1 summarizes our contribution. The results in this chapter are published in [3].

We now discuss some of the preliminary results of maximum differential coloring

problem.

DC-Property 1. For any connected graph G, DC(G) ≤ bn
2
c [85].

The proof is straightforward: one of the vertices of G has to be colored dn
2
e and

since G is connected, that vertex must have at least one neighbor which (regardless

of its color) would make the difference along that edge at most bn
2
c.

Miller and Pritikin coloring scheme for a forest

Miller and Pritikin [63] describe a coloring scheme which, for a forest G with bipar-

tition U and V , gives a differential coloring value equal to the size of the smaller

vertex set, i.e., min{|U |, |V |}. In high-level description, this approach can be sum-

marized as follows. Say, without loss of generality, that |U | ≤ |V |. The vertices in U

are colored with colors from the “minority interval” Imin = [1, |U |], while the vertices
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Graph class Our contribution

DC(G) Ref.

Planar graphs NP-hard Theorem 20

∆-regular caterpillars with odd

number of spine vertices †
= dn−∆

2
e Theorems 9 and 11

∆-regular caterpillars with even

number of spine vertices †
= bn

2
c Theorems 9 and 11

Spider graphs ≤ Ne + 1 Theorem 10

Spiders with odd path lengths † = Ne + 1 Theorem 12

Spiders with even path lengths † = Ne Theorem 12

Caterpillars with no missing legs ≥ dn/2e −∆− 1 Theorem 13

General caterpillars ≥ dn/2e −∆− 2 Theorem 14

Biconnected triangle-free

outer-planar graphs
≥ n/3 Theorem 15

Table 3.1. Summary of our contribution: For graph classes marked by †, we provide

coloring methods that result in optimal coloring. For spider graphs, Ne denotes the

number of even level vertices.

in V are colored with colors from the “majority interval” Imaj = [|U |+ 1, |V |]. The

number of edges in a forest is at most |U | + |V | − 1. Since the average degree of

the vertices in V is |U |+ |V | − 1/|V | < 2, in every forest graph there exists at least

one vertex in V , say v, with degree ≤ 1. Based on the vertex v, a vertex u ∈ U

is chosen as follows: If deg(v) = 1, then u is the neighbor of v. Otherwise when

deg(v) = 0, u is arbitrarily chosen from U . Both v and u are then colored with the

smallest available colors from Imaj and Imin, respectively, and removed from G. This

procedure is repeated until U is empty. The remaining vertices in V (if any) are
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colored with the remaining available colors in Imaj. Note that when a vertex u ∈ U
is colored, a vertex v ∈ V is also colored. Hence, as long as U is non-empty, the

number of colored vertices of U is equal to the number of colored vertices of V . This

implies that the minimum color difference between any two neighboring vertices in

G is at least |U |.
The key insight in understanding the maximum differential coloring comes from

observing a good differential coloring scheme. For example, in Figure 3.1(c), the min-

imum color difference between any two adjacency nodes is 3. This means that any

two nodes with color difference of ≤ 2 cannot form an edge in G, in other word they

must form an edge in the complement of the graph, shown in Figure 3.1(d). There-

fore the list of nodes induced by this coloring scheme of G, with colors {1, 2, . . . , |V |},
forms a Hamiltonian path in Ḡ, shown in Figure 3.1(d) with orange arrows. Fur-

thermore, this Hamiltonian path is such that any two nodes along the path with

color difference of 2 are also connected by an edge of Ḡ, shown in Figure 3.1(d) with

dashed lines.

This observation leads to a natural extension of the concept of Hamiltonian path,

which we call a k-Hamiltonian path.

Based on our previous discussion, we can relate the (d, n)-differential coloring

problem to that of finding a (d− 1)-Hamiltonian path.

Theorem 1. A (d, n)-differential coloring (d ≥ 2) of a graph G exists if and only

if a (d− 1)-Hamiltonian path exists in the complement of G.

Proof. Suppose a (d, n)-differential coloring c exists for G. Define the path, p = c−1,

so that it visits the vertices of the graph in order of their color index (i.e., the first

vertex is that with color 1, the second is that with color 2 and so on). Consider two

nodes u = p(i) and v = p(j) such that |i− j| ≤ d− 1. Since the color difference of

these two nodes in the original graph, |c(u)−c(v)| = |i−j| ≤ d−1, by the definition

of (d, n)-differential coloring (u, v) is not an edge of G, hence {u, v} = {p(i), p(j)}
is an edge of Ḡ. It follows that p = c−1 is a (d− 1)-Hamiltonian path.

Conversely, suppose a (d− 1)-Hamiltonian path p exists for Ḡ. Define a coloring
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c = p−1, where the color index is given by the order in which a vertex appears in

the path (i.e., color 1 is assigned to the first vertex along the path, color 2 to the

second, and so on). Consider any edge {u, v} ∈ E. We prove that |c(u)− c(v)| ≥ d.

Assume that |c(u) − c(v)| < d. Let i = c(u) and j = c(v), then |i − j| < d, and

u = c−1(i) = p(i) and v = c−1(j) = p(j). By the definition of a (d− 1)-Hamiltonian

path, (u, v) must be an edge of Ḡ, which is a contradiction with the fact that

{u, v} ∈ E. It follows that |c(u) − c(v)| ≥ d, and so c = p−1 is a (d, n)-differential

coloring of G.

This theorem immediately gives an upper bound for the differential chromatic

number of a graph based on its maximum degree:

Corollary 1. A graph of maximum degree ∆(G) has a differential chromatic number

of at most |V | −∆(G).

Proof. Ḡ must have a node with degree |V |−1−∆(G), therefore H(Ḡ, |V |−∆(G)) =

∅, or by Theorem 1 DC(G) ≤ |V | −∆(G).

Theorem 2. Given a graph G = (V, E) it is NP-hard to determine the differential

chromatic number of G.

Proof. If a graph G = (V,E) has a differential chromatic number ≥ 2, then for any

coloring, the minimum color difference between any two adjacent nodes is at least

2. This means that any two nodes with color difference of one can not form an

edge in G, in other word they must form an edge in the complement of the graph,

Ḡ. Therefore the list of nodes induced by this coloring scheme of G, with colors

{1, 2, · · · , V }, forms a Hamiltonian path in Ḡ.

Corollary 2. Finding a (2, n)-differential coloring of a graph G is equivalent to

finding a Hamiltonian path of Ḡ.

Given the equivalence between (2, n)-differential coloring and Hamiltonian path,

a number of well known results for Hamiltonian path can immediately be used to

give results on (2, n)-differential coloring.
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Figure 3.1. An illustration of the graph coloring problem and its relation to a k-Hamiltonian
path. A yellow to blue coloring scheme (indexed from 1 to 9) is used; nodes are colored by
color indices and edges are colored with the absolute difference of of the adjacent nodes. (a)
An input map. (b) The country graph G corresponding to the input map; note that many
adjacent nodes have very similar colors. (c) An optimal 3-differential coloring of the country
graph. (d) The complement graph Ḡ corresponding to G and a 2-Hamiltonian path. The
Hamiltonian path {1, 2, . . . , 9} is shown with orange arrows, and edges with color difference
of 2 are shown as blue dashed lines. Note that the 2-Hamiltonian path of Ḡ is such that any
two nodes of color difference ≤ 2 form an edge of Ḡ.



32

Theorem 3. (Ore’s Theorem) A graph with more than 2 nodes is Hamiltonian if,

for each pair of non-adjacent nodes, the sum of their degrees is |V | or greater.

Corollary 3. A graph with more than 2 nodes is (2, n)-differential colorable if, for

each pair of adjacent nodes, the sum of their degrees is |V | − 1 or less.

Theorem 4. (Dirac’s Theorem). A graph with more than 2 nodes is Hamiltonian

if each node has degree |V |/2 or greater.

Corollary 4. A graph with more than 2 nodes is (2, n)-differential colorable if each

node has degree |V |/2− 1 or less.

Corollaries 3-4 confirm the intuition that a sparser graph has a better chance of

being more differential colorable. Even planar graphs, which have average degree

less than 6, may be tough to color well. Consider a star graph, where one vertex is

connected to every other vertex in the graph. Regardless of the coloring, at least one

pair of nodes will have a difference of at most one, thus showing that DC(G) = 1.

The flip side of this intuition is that the complement graph needs to be denser. The

next theorem follows from a result in [74]:

Theorem 5. The complement of a (d, n)-differential colorable graph is (d − 1)-

connected.

Proof. By Theorem 1, a (d, n)-differential colorable graph G must have a (d − 1)-

Hamiltonian path in its complement Ḡ. Consider the line graph of the path, aug-

mented by linking each node with all neighbors of index difference ≤ d − 1. This

graph is clearly (d− 1)-connected, and is a spanning subgraph of Ḡ. Thus Ḡ must

also be (d− 1)-connected.

Given the connection between finding a 2-differential coloring and a Hamiltonian

path, it is not difficult to prove directly that the maximum differential coloring

problem is NP-Complete. An equivalent result was established in 1984 in the context

of the anti-bandwidth problem [57].



33

Theorem 6. A line graph on n nodes has differential chromatic number of bn/2c.
A cycle graph on n nodes has differential chromatic number of b(n− 1)/2c.

Proof. Consider a line graph with even number of nodes colored in order with n/2+

1, 1, n/2 + 2, 2, . . . , n, n/2; This coloring is clearly a n/2-differential coloring and

it is easy to show that this is the best possible coloring. Take any coloring of this

graph and consider the node colored n/2. Regardless of the colors of its neighbor(s)

this node must induce an edge difference of at most n/2 achieved if the neighbor(s)

is colored n. Hence the differential chromatic number cannot be more than n/2,

that is, DC(G) = n/2 = bn/2c. A similar argument also works when n is odd;

Now consider a cycle graph with an even number of vertices colored in order with

1, n/2 + 1, 2, n/2 + 2, . . . , n/2, n; This coloring is clearly n/2− 1 = b(n− 1)/2c
differential coloring and no better solution exists. Take any coloring of this graph

and consider the node colored n/2. Regardless of the colors of its two neighbors

this node must induce an edge difference of at most n/2 − 1, achieved if the first

neighbor is colored n and the second neighbor is 1 or n − 1. A similar argument

also works when n is odd;

Theorem 7. A grid graph of n × n nodes has differential chromatic number ≥
1
2
n(n− 1).

Proof. If n is even, let m = n/2, we can color the grid as shown in Fig. 3.2. Due

to the symmetries in the numbering scheme, only five color differences are possible:

2m2−m, 2m2− 1, 2m2, 2m2 + 1, 2m2 +m. The smallest is 2m2−m = 1
2
n(n− 1).

For odd n there is also solution with only four color differences.

3.1 Differential Coloring is NP-complete for Planar Graphs

In this section, we prove that the differential coloring problem is NP-hard even for

planar graphs.

Theorem 8. Given a planar graph G = (V,E) it is NP-hard to determine the

differential chromatic number of G.
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Figure 3.2. Optimal coloring of n× n-grids for even n.

Proof. In order to prove that the problem is NP-hard, we employ a reduction from

the well-known 3-coloring problem, which is NP-complete for planar graphs [36].

More precisely, letG = (V,E) be an instance of the 3-coloring problem mentioned

above, i.e., graph G is an n-vertex planar graph. In the following, we will construct

a new planar graph G′, so that G′ has differential coloring of value at least n if and

only if G is 3-colorable.

Graph G′ = (V ′, E ′) is constructed by attaching a path v → v1 → v2 to each

vertex v ∈ V of G; see Figs. 3.3a and 3.3b. Hence, we can assume that V ′ =

V ∪ V1 ∪ V2, where V is the vertex set of G, V1 contains the first vertices of each

2-length path and V2 the second ones. Clearly, G′ is planar on 3n vertices. Now,

observe that if G′ is 3-colorable, then G is 3-colorable, as well. This is because G is

a subgraph of G′. On the other hand, if G is 3-colorable, then G′ is also 3-colorable;

for each vertex v ∈ V , simply color its neighbors v1 and v2 with two distinct colors

different from the color of v. Next, we show that G′ is 3-colorable if and only if G′

has differential coloring of value at least n.

First assume that G′ has differential coloring of value at least n and let l : V ′ →
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Figure 3.3. (a) An instance G = (V,E) of the 3-coloring problem; (b) An instance G′ =
(V ′, E′) of the maximum differential coloring problem constructed based on graph G;
(c) The differential coloring of G′, in the case where G is 3-colorable.

{1, 2, . . . , 3n} be the respective coloring. We proceed to color the vertices of G′. Let

u ∈ V ′ be a vertex of G′. We assign a color c(u) to u as follows:

- If 1 ≤ l(u) ≤ n, then c(u) = 1

- If n+ 1 ≤ l(u) ≤ 2n, then c(u) = 2

- If 2n+ 1 ≤ l(u) ≤ 3n, then c(u) = 3

Since coloring l guarantees a differential coloring of value at least n, no two

vertices with the same color are adjacent. Hence, coloring c is a 3-coloring for G′.

Now, consider the case where G′ is 3-colorable. Let Ci ⊆ V be the set of vertices

of the input graph G with color i, i = 1, 2, 3. Obviously, C1 ∪ C2 ∪ C3 = V . We

proceed to compute a coloring l of the vertices of graph G′ as follows (see Fig. 3.3c):

- Vertices in C1 are colored with colors from 1 to |C1|.

- Vertices in C2 are colored with colors from n+ |C1|+ 1 to n+ |C1|+ |C2|.

- Vertices in C3 are colored with colors from 2n + |C1| + |C2| + 1 to 2n + |C1| +
|C2|+ |C3|.

- For a vertex v1 ∈ V1 neighboring to a vertex v ∈ C1, l(v1) = l(v) + n.

- For a vertex v1 ∈ V1 neighboring to a vertex v ∈ C2, l(v1) = l(v)− n.
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- For a vertex v1 ∈ V1 neighboring to a vertex v ∈ C3, l(v1) = l(v)− 2n.

- For a vertex v2 ∈ V2 neighboring to a vertex v1 ∈ V1, l(v2) = l(v1) + n+ |C2|.

From the above it follows that the color difference is at least n between (i) any

two vertices in G, (ii) a vertex v1 ∈ V1 and its neighbor v ∈ V , and, (iii) a vertex

v1 ∈ V1 and its neighbor v2 ∈ V2. So, G′ has differential coloring of value at least

n.

3.2 Upper Bounds for Regular Caterpillars and Spiders

In this section, we establish new upper bounds for DC(G), when G is a regular

caterpillar or a spider. Then, we show that the Miller-Pritikin coloring scheme is

optimal for these classes of graphs.

Theorem 9. Let G be a ∆-regular caterpillar with n vertices. If G has an odd

number of spine vertices, then DC(G) ≤ dn−∆
2
e. Otherwise DC(G) ≤ bn

2
c.

Proof. If G has an even number of spine vertices, then by DC-Property 1 it follows

that DC(G) ≤ bn
2
c. We will show that, when G has an odd number of spine

vertices, DC(G) ≤ dn−∆
2
e. Let the number of spine vertices be s = 2k+ 1, for some

k ≥ 1. Then, the total number of vertices of G is n = (2k + 1)(∆ + 1). Note that

dn−∆
2
e = 1 + k(∆ + 1). For a proof by contradiction assume that there exists a

coloring of value c∗ = dn−∆
2
e+ 1.

Lemma 1. No spine vertex is colored in the interval [dn−∆
2
e, dn+∆

2
e]

Proof. Assume to the contrary that i ∈ [dn−∆
2
e, dn+∆

2
e] is a spine vertex color.

Consider the colors that can be assigned to the ∆ legs of i (with a slight abuse

of notation i also refers to the vertex colored i). To achieve value c∗ = dn−∆
2
e+ 1

the color for a leg of i can either lie in the interval L = [1, i− (dn−∆
2
e+ 1)] or in

the interval H = [i+ dn−∆
2
e+ 1, n]. We consider three cases for the color of i.
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Case 1: i 6= dn−∆
2
e and i 6= dn+∆

2
e. In this case, the total number of colors in L

and H is:

i−
(⌈

n−∆

2

⌉
+ 1

)
+ n−

(
i+

⌈
n−∆

2

⌉)
= n−

(
2

⌈
n−∆

2

⌉
+ 1

)
= n− (2k(∆ + 1) + 3)

= n− (n+ 2−∆) = ∆− 2

Case 2: i = dn−∆
2
e. In this case, L is empty and all leg colors lie in interval H.

Hence, the total number of colors in H is:

n−
(

2 ·
⌈
n−∆

2

⌉)
= n− (2 · ((k · (∆ + 1)) + 1)

= ((2k + 1) · (∆ + 1))− (2 · ((k · (∆ + 1)) + 1))

= ∆− 1

Case 3: i = dn+∆
2
e. In this case, H is empty and all leg colors lie in in-

terval L. Similarly to the previous case, the total number of colors in L is:

i−
(⌈

n−∆
2

⌉
+ 1
)

= ∆− 1

In all cases the colors for the legs of i are insufficient. So, we have a contradiction.

Back to the theorem: By Lemma 1, it follows that colors of spine vertices either

lie in the interval Ls = [1, dn−∆
2
e−1] or in the interval Hs = [dn+∆

2
e+1, n]. Observe

that the maximum difference between any two elements in the interval Ls is dn−∆
2
e−

2. This suggests that in order to achieve differential coloring c∗, adjacent spine

vertices cannot both be colored from the interval Ls. Similarly, we can prove that

adjacent spine vertices cannot both be colored from the interval Hs, as the maximum

difference between two elements in Hs is n− (dn+∆
2
e+ 1) = n− (dn−∆

2
e+ ∆ + 1) =

n− (k · (∆ + 1) + 1 + ∆ + 1) = dn−∆
2
e < c∗.

From the above it follows that the colors for spine vertices must alternate between

interval Ls and Hs such that for the colors of the 2k + 1 spine vertices, one of the

intervals supplied k+ 1 colors and other interval supplied k colors. Assume without
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loss of generality that Ls supplies k + 1 colors. In order to achieve differential

coloring c∗, the (k + 1)∆ legs of these spine vertices must all have colors in the

interval I = [dn−∆
2
e + 2, n]. As ∆ ≥ 1, interval I ⊇ Hs, and so I must also contain

the k colors Hs supplies for spine vertices. Thus, in total I must contain at least

(k + 1)∆ + k colors. However, the size of the interval I is:

1 + n− (dn−∆

2
e+ 2) = 1 + ((2k + 1) · (∆ + 1))− ((k · (∆ + 1)) + 1)− 2

= k ·∆ + k + ∆− 1

< (k + 1)∆ + k

So, we have a contradiction.

Corollary 5. The Miller-Pritikin coloring scheme is optimal for regular caterpillars.

Proof. Let G be a regular caterpillar on n vertices. First, consider the case where

G has an even number of spine vertices, say s = 2k for some k ≥ 1. G is a bipartite

graph whose vertices form two disjoint sets U and V , where U consists of the k odd

spine vertices and the k∆ legs of the even spine vertices, and, V consists of the k even

spine vertices and the k∆ legs of the odd spine vertices. So, |U | = |V | = k+k∆ = n
2
.

Since the Miller-Pritikin coloring scheme yields a coloring with value equal to the

size of the smaller vertex set, the coloring is optimal by DC-Property 1.

Now, consider the case where G has an odd number of spine vertices, say s =

2k + 1 for some k ≥ 1. In this case, U consists of the k even spine vertices and the

(k+1)∆ legs of the odd spine vertices, and, V consists of k+1 odd spine vertices and

the k∆ legs of the even spine vertices. So, |U | = k+ (k+ 1)∆ and |V | = k+ 1 +k∆,

and min{|U |, |V |} = k + 1 + k∆ = dn−∆
2
e. Thus, by Theorem 9 the Miller-Pritikin

coloring scheme is optimal.

In the following, we present a tight upper bound for spider graphs. However,

before presenting our coloring method, we make a few simple observations about

spider graphs. Let p be the number of paths connected to the center vertex vc in
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a spider graph G. Recall that by Ne, No and Nl we denote the number of even

level, number of odd level and number of vertices in level l, respectively. Then, the

number of vertices of G is:

n = Ne +No + 1 (3.1)

Each of the p paths of G starts with an odd level vertex and alternates between

even and odd levels. It follows that on each path the number of odd level vertices

is at most one more than the even level vertices. Summing over all p paths we get:

No −Ne ≤ p (3.2)

Theorem 10. If G is a spider graph with Ne even level vertices, then DC(G) ≤
Ne + 1.

Proof. For a proof by contradiction suppose that there exists a coloring of value

c∗ = Ne + 2.

Lemma 2. The center vertex color is not in the interval [Ne + 1, Ne + p+ 1].

Proof. For the sake of contradiction, let i ∈ [Ne + 1, Ne + p + 1] be the color of

the center vertex and consider the colors that can be assigned to the p vertices

of level 1. To achieve a differential coloring of value c∗, the colors of the level-

1 vertices can either lie in the interval L = [1, i − (Ne + 2)] or in the interval

H = [Ne + 2 + i, n]. We consider three cases for the values of i.

Case 1: i 6= Ne + 1 and i 6= Ne +p+ 1. Then, by Equations 3.1 and 3.2 the total

number of colors in L and H is:

i−Ne − 2 + n− (i+Ne + 2) + 1 = n− 2Ne − 3

= Ne +No + 1− 2Ne − 3

= No −Ne − 2 ≤ p− 2
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Case 2: i = Ne + 1. In this case, L is empty and all colors of level-1 vertices lie

in H. By Equations 3.1 and 3.2, the total number of colors in H is:

n− (i+Ne + 2) + 1 = n− (Ne + 1 +Ne + 2) + 1

= Ne +No + 1− (Ne + 1 +Ne + 2) + 1

= No −Ne − 1 ≤ p− 1

Case 3: i = Ne + p + 1. In this case, H is empty and all colors of level-1

vertices lie in L. Similarly to the previous case, the total number of colors in L

is: i−Ne − 2 = Ne + p+ 1−Ne − 2 = p− 1

In all cases the number of colors is less than p, arriving to a contradiction and

completing the proof of this lemma.

Back to the theorem: By Lemma 2, the center color either lies in interval Lc =

[1, Ne] or in interval Hc = [Ne+p+2, n]. Let us first assume that the center color lies

in Lc . In this case, the level-1 vertices should lie in the interval I = [Ne+3, n]. Note

that in order to achieve a differential coloring of value c∗ = Ne+ 2, adjacent vertices

from neighboring levels 2j and 2j+1 cannot both lie in the interval [1, Ne+2]. Also,

N2j+1 ≤ N2j. It follows that the colors of at least N2j+1 vertices lie in the interval I.

So, interval I must contain at least N1 +N3 + · · · = No elements. The contradiction

follows from the size of the interval I, which is:

n−Ne − 3 + 1 = Ne +No + 1−Ne − 3 + 1

= No − 1

Now, assume that the center lies in the interval Hc. An analogous argument

shows that the interval I ′ = [1, n−Ne− 2] must contain at least No elements which

is more than the size of I ′, leading to a contradiction. As both cases result in

contradictions, this completes the proof of Theorem 10.
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Corollary 6. The Miller-Pritikin coloring scheme is optimal for spiders.

Proof. Let G be a spider graph. Clearly, G is a bipartite graph whose vertices form

disjoint sets U and V , where the even level vertices and the center vertex form U

and the odd level vertices form V . Coloring G with the Miller-Pritikin scheme gives

a differential coloring of value at least m = min{|U |, |V |} = min{Ne + 1, No}.
We now prove that m is optimal. We have that Ne ≤ No. If Ne = No, then

m = No. By DC-Property 1, it follows that DC(G) is at most bn/2c, which by

Equation 3.1 is at most b(No+Ne+1)/2c = b(2No+1)/2c = No = m. Now, assume

that Ne < No. In this case, m = Ne+1 which is optimal by Theorem 10, completing

the proof.

3.3 Optimal coloring for regular caterpillars and spiders with path

lengths all even or all odd

In this section, we describe two optimal coloring schemes for regular caterpillars and

spiders with path lengths all even or all odd, respectively. Note that by Corollaries 5

and 6 the Miller-Pritikin coloring scheme is also optimal for these classes of graphs.

However, the coloring schemes that we present in this section are more intuitive,

more structured and therefore of a simple nature compared to the Miller-Pritikin

coloring scheme.

3.3.1 Optimal coloring for regular caterpillars

Let G be an n-vertex regular caterpillar in which each spine vertex has ∆ ≥ 1 legs.

Let s denote the number of spine vertices. Then, as n = s·(∆+1), we have s = n
∆+1

.

Observation 1. It is always good to color all legs of a spine vertex v from an interval

of consecutive numbers, since the maximum difference between a spine vertex v and

its legs depends only on the difference between the color of v and the highest or lowest

color of the legs of v.

First, consider the case that there is an even number of spine vertices, say s = 2k

for some k ≥ 1. We color the spine vertices using the k lowest and k highest numbers
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in an alternating fashion. Starting with the leftmost spine vertex and moving to the

right, we color the spine vertices as 1, n− k+ 1, 2, n− k+ 2, . . . and so on, ending at

the rightmost spine vertices with numbers k and n; see Fig. 3.4a. There are only two

values for the differences between adjacent spine vertices, namely n−k and n−k−1.

As ∆ ≥ 1, the difference is at least n− k− 1 = 2k∆ + k− 1 ≥ k(∆ + 1) = n/2. We

denote by Ls the set of spine vertices with colors from 1 to k, and, by Hs the spine

vertices with colors from n− k + 1 to n.

Next, we split the middle range [k+ 1, n− k] into two ranges L` = [k+ 1, n
2
] and

H` = [n
2

+ 1, n − k]. We color the legs of Ls from the range H` and the legs of Hs

from the range L` as follows. For a spine vertex from Ls with color 1 ≤ i ≤ k, we

color its ∆ legs with numbers from the interval [n
2

+ ((i− 1) ·∆) + 1, n
2

+ i ·∆]. For

a spine vertex from Hs with color j = n− k + i between n− k + 1 and n, we color

its ∆ legs with numbers from the interval [k + ((i− 1) ·∆) + 1, k + i ·∆]. It follows

that the difference between a low spine vertex from Ls and one of its legs is at least:

n

2
+ (i− 1) ·∆ + 1− i = n/2 + i(∆− 1)−∆ + 1

= n/2 + (i− 1)(∆− 1)

Then, it is not difficult to see that for i = 1 this difference is minimized and

equals to n
2
. Analogously, the difference between a high spine vertex j = n− k + i

and one of its legs is at least:

j − (k + i ·∆) = n− k + i− k − i ·∆

= n− 2k + i(1−∆)

In this case, the difference is minimized for the largest possible i, that is, i = k,

and using the fact that k = n
2(∆+1)

, the difference is again n
2
. Hence, there exists a

coloring for which the maximum difference is n
2
.

Now, consider the case where the number of spine vertices is odd, say s = 2k+ 1

for some k ≥ 1; see Fig. 3.4b. We follow the scheme as above assigning the lowest
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(a) Even number of spine vertices.
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(b) Odd number of spine vertices.

Figure 3.4. Our optimal coloring for regular caterpillars.

k + 1 numbers and the highest k numbers in an alternating fashion to the spine

vertices. The differences between adjacent spine vertices are n − k and n − k − 1

which is at least:

n− k − 1 = 2k∆ + ∆ + k

≥ k∆ + 1 + k

≥ dn−∆

2
e

Let Ls denote the spine vertices with colors ≤ k+ 1 and Hs be the spine vertices

with colors > n − k. As before, we divide the middle range [k + 2, n − k] into two

ranges L` = [k + 2, dn−∆
2
e] and H` = [dn−∆

2
e + 1, n − k] and color the legs of Hs

with number from L` and the legs of Ls with numbers from H`. For a spine vertex

from Ls with color 1 ≤ i ≤ k+ 1, we color its ∆ legs with numbers from the interval

[dn−∆
2
e + ((i − 1) · ∆) + 1, dn−∆

2
e + i · ∆]. For a spine vertex from Hs with color

j = n− k + i between n− k + 1 and n, we color its ∆ legs with numbers from the

interval [k + ((i− 1) ·∆) + 2, k + i ·∆ + 1].

The difference between a low spine vertex i and its legs is at least dn−∆
2
e+ ((i−

1) ·∆) + 1 − i which is minimal for i = 1, namely dn−∆
2
e as above. The difference

between a high spine vertex j = n− k + i and its legs is at least:

j − (k + i ·∆ + 1) = n− k + i− (k + i ·∆ + 1)

≥ n− 2k + i(1−∆)− 1
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In this case, the difference is minimized for i as large as possible, that is, i = k.

Using the fact that k = n−(∆+1)
2(∆+1)

and as ∆ ≥ 1, we have that the difference for i = k

is:

n− 2k + k(1−∆)− 1 = n− k − k∆− 1 = n− k(1 + ∆)− 1

≥ dn−∆

2
e

From the above, it follows that for a regular caterpillar with even number of

spine vertices our coloring method achieves difference n
2

and for odd number of

spine vertices it achieves difference dn−∆
2
e. Both of these are optimal by Theorem 9.

This is summarized in the following theorem.

Theorem 11. Let G be a regular caterpillar with n vertices. There exists an optimal

coloring of G with value n
2

when G has an even number of spine vertices, and with

value dn−∆
2
e otherwise.

3.3.2 Coloring spiders with path lengths all even or all odd

Let G be a n-vertex spider consisting of p paths. Recall that by Nl we denote the

number of vertices at level l. For each q ∈ [1, Nl], let vl,q be the level-l vertex that

belongs to the q-th path out of the paths containing level-l vertices.

Theorem 12. Let G be a spider graph with Ne even level vertices. If the paths of

G are all of odd length or all of even length, there exist optimal coloring for G with

value Ne + 1 and Ne, respectively.

Proof. We consider the cases where all p paths of G are either of odd length or

of even length separately. We first consider the case where all p paths have even

length; see Fig. 3.5a. We color the center vertex as 1. The Ne even level vertices will

be colored with numbers from interval Ie = [2, Ne + 1] in increasing order of levels,

i.e., starting with the level-2 vertices, followed by level-4 vertices, etc. The No odd

level vertices will be colored with numbers from the interval Io = [Ne + 2, n] in the
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(b) All paths of odd lengths.

Figure 3.5. Special cases of spider graphs where our coloring is optimal.

same way, i.e., starting with the level-1 vertices, followed by the level-3 vertices, etc.

For each level, we order the vertices in decreasing order of the lengths of the paths

they belong to. More specifically, we initially order the p paths in decreasing order

of their lengths. Then, the exact color of each vertex is determined as follow; see

Fig. 3.6a:

- A vertex vl,q belonging to an odd level l = 2i + 1, i ≥ 1 is colored as Ne + 1 +∑i−1
k=0N2k+1 + q.

- A vertex vl,q belonging to an even level l = 2i, i ≥ 1 is colored as 1+
∑i−1

k=1N2k+q.

We now show that the above coloring has maximum differential value Ne. First,

consider the difference between the center and a level-1 vertex v1,q. The difference

is Ne + 1 + q − 1. As q ∈ [1, p], this is at least Ne + 1 ≥ Ne.

Now, consider the difference between a vertex of level l = 2i and a vertex of level

l + 1 = 2i+ 1, for some i ≥ 1. Since N2k+1 ≥ N2k+2, the difference is:
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vl+1,q − vl,q = Ne + 1 +
i−1∑
k=0

N2k+1 + q − (1 +
i−1∑
k=1

N2k + q)

= n− k(1 + ∆)− 1

= Ne +N2(i−1)+1 +
i−2∑
k=0

(N2k+1 −N2k+2)

≥ Ne +N2(i−1)+1 ≥ Ne

Now, consider the difference between a vertex vl,q at level l = 2i and a vertex

vl−1,q on the same path. In this case and since N2k+1 ≥ N2k+2, the difference is:

vl−1,q − vl,q = Ne + 1 +
i−2∑
k=0

N2k+1 + q − (1 +
i−1∑
k=1

N2k + q)

= Ne +
i−2∑
k=0

(N2k+1 −N2k+2) ≥ Ne

From the above, it follows that our coloring for the case, where all p paths have

even length, has maximum differential value Ne, as desired. Since all the paths have

even length Ne = No = dn
2
e.

We now consider the case where all of the p paths have odd length; see Fig. 3.5b.

Let k be the length of the longest path. Since all paths have odd length, we have

N2i = N2i+1∀i ∈ [1, bk
2
c]. Also, No − Ne = N1 +

∑b k
2
c

i=1(N2i+1 − N2i) = p, and,

n = No + Ne + 1 = 2Ne + p + 1. So, n and p have different parity. On the other

hand, dn−p
2
e = Ne + 1. We color the center vertex as dn

2
e. We next order the paths

as Pb p
2

+1c, P1, Pb p
2

+2c, P2 . . . in the decreasing order of their lengths. Then, the exact

color of each vertex is determined as follow; see Fig. 3.6b:

- A vertex vl,q belonging to an odd level l = 2i − 1 and q ≤ bp
2
c is colored as∑i−1

m=1bN2m−1

2
c+ q.

- A vertex vl,q′ belonging to an odd level l = 2i − 1 and q′ > bp
2
c, q′ = q + bp

2
c is

colored as n− (
∑i

m=1dN2m−1

2
e) + q.
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(a) The coloring scheme for spiders with all paths of even length.
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(b) The coloring scheme for spiders with all paths of odd length.

Figure 3.6. The two cases of our spider coloring scheme.

- A vertex vl,q belonging to an even level l = 2i and q ≤ bp
2
c is colored as dn

2
e +∑i−1

m=1bN2m

2
c+ q.

- A vertex vl,q′ belonging to an even level l = 2i and q′ > bp
2
c, q′ = q+bp

2
c is colored

as dn
2
e − (

∑i
m=1dN2m

2
e) + q − 1.

We now show that the above coloring has maximum differential value Ne + 1.

First, consider the difference between the center and a level-1 vertex v1,q. When

q ≤ bp
2
c, the difference is dn

2
e − q, which is at least dn

2
e − bp

2
c = dn−p

2
e . When

q′ > bp
2
c, q′ = q + bp

2
c, the difference is n − dN1

2
e + q − dn

2
e, which is at least

n− dp
2
e+ 1− dn

2
e = bn

2
c − dp

2
e+ 1 = dn−p

2
e.

Now, consider the difference between the colors of vertices in level l = 2i and

level l − 1 = 2i − 1. Since for every m it holds that bN2m

2
c ≥ bN2m−1

2
c, for q ≤ bp

2
c

the difference is:

vl−1,q − vl,q = dn
2
e+

i−1∑
m=1

bN2m

2
c+ q − (

i−1∑
m=1

bN2m−1

2
c) + q)

= Ne +
i−2∑
k=0

(N2k+1 −N2k+2)

≥ dn
2
e
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Analogously, for q′ = q + bp
2
c and q′ > bp

2
c the difference is:

vl−1,q′ − vl,q′ = n− (
i∑

m=1

dN2m−1

2
e) + q − (dn

2
e − (

i∑
m=1

dN2k

2
e) + q − 1)

≥ bn
2
c+ 1

Since bn
2
c + 1 ≥ dn

2
e, in both cases the difference is at least dn

2
e. Now, consider

the difference between a vertex vl,q at level l = 2i and a vertex vl+1,q on the same

path. For q ≤ bp
2
c the difference is:

vl+1,q − vl,q = dn
2
e+

i−1∑
m=1

bN2m

2
c+ q − (

i∑
m=1

bN2m−1

2
c) + q)

≥ dn
2
e − bN2i−1

2
c

≥ dn
2
e − bp

2
c = dn− p

2
e

Analogously, for q′ = q + bp
2
c and q′ > bp

2
c the difference is:

vl−1,q′ − vl,q′ = (n− (
i+1∑
m=1

dN2m−1

2
e) + q)− (dn

2
e − (

i∑
m=1

dN2m

2
e) + q − 1)

= bn
2
c+ 1− dN2i+1

2
e

≥ bn
2
c+ 1− dp

2
e = dn− p

2
e

We now argue that we achieve an optimal coloring for G if all paths are of even

length. Recall that in this case our coloring scheme achieves a maximum differential

value of Ne. As all paths have even lengths, Ne = No. Thus, n = Ne + No + 1 =

2Ne + 1. By DC-Property 1, it follows that DC(G) ≤ bn/2c = b(2Ne + 1)/2c = Ne.

In the case where G is a spider with all paths of odd length, our coloring achieves

a maximum differential value of Ne + 1, which is optimal by Theorem 10. This

completes the proof of Theorem 12.
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Figure 3.7. Allocation of colors to the vertices of a caterpillar graph; legs of Ls are colored
with numbers from the interval H` and legs of Hs are colored with numbers values from
the interval L`.

Now, recall that a k-radius star G is a spider where all paths have length exactly

k. As k is either an even or an odd number, either all paths of G are of even length

or all paths are of odd length. Thus, our coloring scheme is optimal for k-radius

star graphs. Hence, we can state the following as a corollary of Theorem 12.

Corollary 7. There exists a linear-time algorithm that computes an optimal coloring

for all radius-k star graphs.

3.4 Coloring General Caterpillars

We start with a coloring scheme for the more intuitive –but slightly restricted– case,

where G is a caterpillar and each spine vertex has at least one leg. Then, we adapt

the proposed scheme to general caterpillars.

3.4.1 Coloring for caterpillars with no missing legs

We describe a coloring algorithm for G that achieves differential value at least n/2−
∆ − 1, comprising of two phases; the marking phase and the coloring phase. The

marking phase places the vertices of G into one of the following sets: Ls, Hs, M , L`,

H`, LM`
and HM`

; see Fig. 3.7. The coloring phase assigns actual values to vertices

of G.

Theorem 13. Let G be a caterpillar with n vertices in which each spine vertex has

at least one leg. There exists a coloring of G with differential coloring value at least

dn
2
e −∆− 1.
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Proof. As already stated, our coloring algorithm is comprising of two phases; the

marking phase and the coloring phase.

Marking: Vertices in Ls, Hs,M are spine vertices and those in L`, H`, LM`
∪HM`

are the legs of spine vertices in Hs, Ls and M , respectively. More precisely, the

vertex in M is colored as dn/2e, the vertices in Ls, L`, LM`
are colored with low

values < dn/2e, and those in Hs, H`, HM`
are colored high values > dn/2e.

Start by placing all odd-numbered spine vertices in set Ls and all even-numbered

ones in Hs, assuming that the spine vertices are numbered according to their position

in the spine path. The legs of a spine vertex v ∈ Ls are placed into H` and the legs

of a spine vertex v ∈ Hs into L`. Now, select one vertex to place into set M by

traversing the spine vertices S = Ls∪Hs from right to left. At each vertex vi ∈ S we

temporarily ignore vi and its legs from their current sets and check if the following

balance condition holds:

|Ls|+ |L`| < n/2 and |Hs|+ |H`| ≤ n/2 (3.3)

Intuitively, when the balance condition holds the number of vertices which we

will color with low and high values are both less than n/2. If the balance condition

holds at vi ∈ S, we place vi in set M . Otherwise, we flip vi and its legs as follows:

if vi is in set Ls, then we move it into set Hs and move its legs into L`; else if vi is

in set Hs, then we move it into set Ls and its legs into H`.

We claim that the process always stops with a configuration where the balance

condition holds. Suppose without loss of generality that initially |Ls| + |L`| < n/2

but |Hs| + |H`| > n/2. As vertices and its legs are flipped during the traversal, if

the balance condition is not met in the end, then we must have |Ls| + |L`| > n/2

and |Hs| + |H`| < n/2. Hence, at some point in the traversal, we switch from

|Ls| + |L`| < n/2 to |Ls| + |L`| > n/2, when we flip some vertex vi and its legs.

Ignoring this vertex vi and its legs ensures that |Ls| + |L`| < n/2. Thus, we can

place vertex vi into M and stop.

Let vm be the vertex placed into M . Now, we partition the at most ∆ legs of vm
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into sets LM`
and HM`

, such that the total low and high values are:

Low values: |Ls|+ |L`|+ |LM`
|+ |M | = dn/2e (3.4)

High values: |Hs|+ |H`|+ |HM`
| = bn/2c (3.5)

Coloring: Color vm as dn/2e. Then, color the legs of vm in LM`
with values from the

interval [1, |LM`
|] and its legs in HM`

with values from the interval [n−|HM`
|+1, n].

As vm has at most ∆ legs, the minimum difference value between vm and its legs is:

min{dn/2e − |LM`
|, dn/2e − |HM`

|} ≥ n/2−∆ (3.6)

For the spine vertices S = Ls ∪Hs, color the vertices of Ls with numbers from

the interval I(Ls) = [|LM`
| + 1, |LM`

| + |Ls|] and the vertices of Hs with numbers

the interval I(Hs) = [n − |HM`
| − |Hs| + 1, n − |HM`

|]. Start by coloring the spine

neighbors of vm. By the balancing procedure, vm has at most one spine neighbor

from Ls and one spine neighbor from Hs. The neighbor from Ls (if it exists) is

colored as |LM`
|+ 1 and the neighbor from Hs (if it exists) is colored as n− |HM`

|.
The difference between vm and its spine neighbors is:

min{dn/2e − |LM`
|, n− |HM`

| − dn/2e} ≥ n/2−∆− 1 (3.7)

The remaining spine vertices of Ls are colored with remaining numbers of I(Ls)

in increasing order. Start with the first vertex in Ls which is left of vm, then move

leftward coloring vertices from Ls until reaching the leftmost vertex in Ls. Now,

proceed to the rightmost vertex in Ls and move leftward again until vm is reached.

Color the spine vertices of Hs with the remaining numbers from the interval I(Hs)

in exactly the same way, i.e., in an increasing fashion starting from the vertex in Hs

to the left of vm and moving leftward. As we always increment the spine vertices by

one, the difference between a spine vertex and its adjacent spine vertices is either:
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|Ls|+ |L`|+ |M |+ |H`| or

|Ls|+ |L`|+ |M |+ |H`| − 1 (3.8)

In both cases, the difference is at least |Ls|+|L`|+|M |−1, which by Equation 3.4

is at least n/2− |LM`
| − 1 ≥ n/2−∆− 1.

We now describe how the leg vertices are colored. The colors of L` come from

interval I(L`) = [|LM`
|+ |Ls|+1, dn/2e−1]. The colors of H` come from the interval

I(H`) = [dn/2e + 1, dn/2e + |H`|]. The values of I(H`) are assigned in increasing

order starting with the legs of the spine vertex of Ls with the lowest value. Thus,

we first color the legs of the spine vertex colored |LM`
|+1, then the legs of |LM`

|+2,

and so on until |LM`
|+ |Ls|. Assign the values of I(L`) in decreasing order starting

with the spine vertex of Hs with the highest color. Thus, the legs of n− |HM`
| are

colored first, then the legs of n− |HM`
| − 1 and so on until n− |HM`

| − |Hs|+ 1.

As all spine vertices have at least one leg, the difference between the j-th lowest

spine vertex of Ls and one of its legs is at least the value given by Equation 3.9

(same for Hs):

|Ls| − j + |L`|+ |M |+ j ≥ dn/2e − |LM`
| − 1 by Equation 3.4

|Hs| − j + |H`|+ |M |+ j ≥ dn/2e − |HM`
| − 1 by Equation 3.5 (3.9)

As |LM`
| and |HM`

| are both ≤ ∆, the differences are at least n/2−∆− 1.

3.4.2 Extending to general caterpillars

We extend the coloring scheme to general caterpillars to achieve differential value at

least n/2−∆−2. The main idea is to consider spine vertices with no legs as pseudo-

legs of their neighbors, thus transforming a general caterpillar into a caterpillar where

all but one spine vertex have at least one leg or pseudo-leg; see Fig. 3.8. Observe

that the rightmost spine vertex has at least one leg as otherwise it is a leg of the

spine vertex to its left.
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Figure 3.8. Coloring of a general caterpillar, where the spine vertices drawn as squares
correspond to pseudo-legs.

Theorem 14. Let G be a caterpillar with n vertices. There exists a coloring of G

with differential coloring value at least dn
2
e −∆− 2.

Proof. Again, our coloring algorithm is comprising of two phases; the marking phase

and the coloring phase.

Marking: Select a vertex vm for set M as before. Then, traverse the spine from

left to right to determine which vertices are pseudo-legs. Let v be the current spine

vertex and v′ be the spine vertex to the right of v. If v 6= vm and v currently has no

legs or pseudo-legs, then first assign v to be a pseudo-leg of v′ and move v into the

corresponding set as follows: if v′ ∈ Ls, then move v into set H`, if v′ ∈ Hs, then

move v into set L`, and if v′ ∈ M , then keep v in its current set. Observe that in

the first case vertex v moves from set Hs into set H`, and in the second it moves

from set Ls into set L`. Thus, the number of low and high values to be assigned

both remain < n/2 and the balance condition in Equation 3.3 is still satisfied.

Now, let v′m be the right neighbor of vm on the spine. If v′m is currently a

pseudo-leg, then reassign v′m to be a pseudo-leg of vm, and if v′m ∈ L`, then move

v′m into Ls and if v′m ∈ H`, then move it into Hs. Note that the balance condition

in Equation 3.3 is maintained. However, as we reassigned v′m to be a pseudo-leg of

vm, this may leave one vertex, namely the spine vertex to the right of v′m with no

legs. Finally, partition the real legs of vm into sets LM`
and HM`

as before.

Coloring: Color vm as dn/2e. Then, color vm’s real legs and its neighboring vertices

on the spine also as before. Note that no the two neighboring spine vertices of vm

may be pseudo-legs of vm. Still, one of them is in the set Ls and the other is in the

set Hs, and we color these as |LM`
| + 1 and n − |HM`

|, respectively. Equations 3.6
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and 3.7 still apply, so the differential value for vm is at least n/2−∆− 1.

We color the remaining spine vertices from S = Ls∪Hs and their legs and pseudo-

legs L` ∪H` as before. We show that the difference between adjacent vertices is at

least n/2 −∆ − 2. First consider two adjacent vertices from S. Their difference is

still given by Equation 3.8 and is at least |Ls| + |L`| + |M | − 1. By Equation 3.4

this is at least n/2− |LM`
| − 1, and as |LM`

| ≤ ∆, the difference is ≥ n/2−∆− 1.

Next, consider a vertex v ∈ S and its legs (including its pseudo-leg). We modify

Equation 3.9 to take into account that at most one spine vertex may have no legs.

The difference between the j-th lowest spine vertex of Ls and one of its legs and the

j-th lowest spine vertex of Hs and one of its legs is at least:

|Ls| − j + |L`|+ |M |+ (j − 1) ≥ dn/2e − |LM`
| − 1 by Equation 3.4

|Hs| − j + |H`|+ |M |+ (j − 1) ≥ dn/2e − |HM`
| − 1 by Equation 3.5

As |LM`
| and |HM`

| are both ≤ ∆, the difference is at least n/2−∆− 1.

Finally, consider a vertex v ∈ S which is adjacent to vp, where vp is a pseudo-leg

of v′ ∈ S, v′ 6= v. Each vertex v ∈ S may be adjacent to at most one such vp. As

v′ may have vp as its only leg and as there is at most one spine vertex with no legs,

the difference depending on the color of v is at least:

|Ls| − j + |L`|+ |M |+ (j − 2) ≥ dn/2e − |LM`
| − 2 by Equation 3.4

|Hs| − j + |H`|+ |M |+ (j − 2) ≥ dn/2e − |HM`
| − 2 by Equation 3.5

As |LM`
| and |HM`

| are ≤ ∆, the difference is ≥ n/2 −∆ − 2, which completes

the proof of Theorem 14.

3.4.3 Comparison with the Miller-Pritikin scheme

Consider a non-regular caterpillar with s = 2k + 1 spine vertices, where the k + 1

odd spine vertices have one leg each and the k even spine vertices have ∆ legs each.
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Figure 3.9. Three different coloring of a caterpillar graph. (a) The coloring given by The-
orem 14 achieves differential value 18− 13 = 5. (b) The Miller-Pritikin coloring achieves
differential value 8− 1 = 7. (c) A manually generated coloring achieving differential value
25− 15 = 10.

This forms a bipartite graph with disjoint vertex sets U and V , where the k+ 1 odd

spine vertices and the k∆ legs of even spine vertices form the set U , and the rest

of the vertices form set V . The Miller-Pritikin coloring achieves differential value

equal to the size of the smaller vertex set, i.e., min{|U |, |V |} = 2k + 1. On the

same graph, our coloring scheme achieves differential value at least n/2−∆− 1 =
2k+1+(k+1)+(∆k)

2
−∆− 1 ≥ k

2
(∆− 1). Let ∆ = Ω(n) and k = O(1). Then, the Miller-

Pritikin scheme achieves differential value O(1), while our coloring scheme achieves

differential value O(n), making the Miller and Pritikin coloring scheme potentially

worse than ours by a factor of Ω(n).

Note that there are graphs for which the Miller-Pritikin scheme achieves differ-

ential value better than the one that our coloring scheme achieves. Fig. 3.9 gives an

example of a caterpillar colored in three different ways; by our coloring scheme (of

Theorem 14), by the Miller-Pritikin coloring scheme and by a manually generated

one. Observe that our coloring achieves the lowest differential value; the Miller-
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Pritikin coloring is only slightly better, while the manually generated coloring is

twice as good as our coloring.

3.5 Differential Coloring of biconnected triangle-free outer-planar

graphs

We first show how to obtain a 3-equitable coloring (coloring with 3 colors, in which

the number of vertices of each color may differ by at most one) of a biconnected

triangle-free outer-planar graph G. Then, we use this coloring to obtain a differen-

tial coloring of G with value ≥ n
3
− 1. The existence of 3-equitable colorability of

biconnected triangle-free outer-planar graphs is known [83], but not all 3-equitable

colorings can be converted to differential colorings with the desired bound. Unlike

the existential proof in [83], our proof is constructive and our algorithm also guar-

antees that the computed coloring can be appropriately converted to a differential

coloring of G with value ≥ n
3
− 1.

Lemma 3. Given a biconnected triangle-free outer-planar graph G on n vertices,

there is an O(n)-time algorithm that computes a 3-equitable coloring of G.

Proof. Our algorithm is recursive. Consider an arbitrary edge (u, v) of G that does

not belong to its external face and let f and g be the faces to its left and the right

side, respectively, as we move along (u, v) from vertex u to vertex v. Then, f and g

correspond to two vertices, vf and vg, of the weak dual of G and (vf , vg) is an edge

in the weak dual; see Fig. 3.10a. The weak dual is the subgraph of the dual graph

whose vertices correspond only to the bounded faces of the primal graph. Since the

weak dual of a biconnected outer-planar graph is a tree (not a forest), the removal

of edge (vf , vg) results in two trees Tf and Tg rooted at vertices vf and vg of the dual

of G, respectively. For the recursive step of our algorithm, we assume that we have

already computed a 3-equitable coloring for the subgraph, say Gf , of G induced by

Tf .

We recursively compute a 3-equitable coloring for the subgraph, say Gg, of G

induced by Tg, so that the overall coloring is a 3-equitable coloring for G. Assume
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Figure 3.10. (a) A 3-equitable coloring of a biconnected triangle-free outer-planar graph.
(b) The corresponding differential coloring of value 9− 5 = 4.

that g = u,w1, w2, . . . , wp, v. Since (u, v) is an edge of Gf , which is 3-equitable

colored, vertices u and v have different colors; without loss of generality let u and v

be colored with 1 and 2 from the color set C = {1, 2, 3}. We describe how to color

the p new vertices w1, w2, . . . , wp along the face g and maintain 3-equitable coloring.

We consider two cases depending on the type of equitable coloring of Gf .

Case 1: The number of vertices of each color is the same. Then, if p = 1 we can

extend the 3-equitable coloring by assigning color 3 to w1. If p = 2 we can

easily extend the 3-equitable coloring by assigning colors 2 and 1 to w1 and w2.

If p = 3 we can also extend the 3-equitable coloring by assigning colors 2, 3

and 1 to w1, w2, and w3. For p > 3, we have the same three sub-cases modulo

3, taking into account the colors of the first and last vertex. We note that

the case where p = 1 as described above cannot occur as G is triangle-free;

however, in faces consisting of more than three vertices, p mod 3 can be equal

to 1.

Case 2: The number of vertices of each color is almost the same (at least one set is

off by one). We have six sub-cases depending on the type of color imbalance

in Gf (e.g., one more vertex of color 1, one less vertex of color 2, etc.). We

deal with each of the sub-cases by coloring either only w1, or only wp, or both

w1 and wp, such that we extend the 3-equitable coloring and now the number
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of vertices of each color is the same. Note that here we need the assumption

that graph is triangle-free, hence p ≥ 2. If there are uncolored vertices of g,

they can be colored using the case 1 coloring strategy.

The rest of graph Gg is processed similarly, by traversing the dual free Tg one

face at a time, starting from vg. This completes the description of the recursive

3-equitable coloring algorithm. The algorithm begins with some face of G that

corresponds to a leaf in the weak dual, for which it is easy to compute a 3-equitable

coloring.

Theorem 15. A biconnected triangle-free outer-planar graph G on n vertices admits

a differential coloring of value ≥ n
3
− 1.

Proof. The proof of Lemma 3 not only implies a 3-equitable coloring of G, but also

suggests an order in which the vertices of G are colored. In particular, it is easy to

derive this order, if we keep track of the time when each vertex is colored. Let Vi be

the set of vertices of G with color i, i = 1, 2, 3, and, assume without loss of generality

that |V1| ≥ |V2| ≥ |V3|. We have a coloring space of n slots, which we divide into

three consecutive parts, say C1, C2 and C3, each of which of length |V1|, |V2| and

|V3|, respectively. We fill up each part from left to right. Specifically, we process the

vertices of G in the order in which they are colored. Assume that we have processed

zero or more vertices and let v be the next vertex in this order. If v ∈ Vi, then v

occupies the leftmost empty slot of Ci, i = 1, 2, 3. Since G has a partial 3-equitable

coloring during the coloring process, the differential coloring value will be greater

than or equal to min(|V1|, |V2|, |V3|), i.e., n
3
− 1.

Corollary 8. A biconnected bipartite outer-planar graph G on n vertices admits an

optimum differential coloring of value equal to n
2
− 1.

Proof. A bipartite graph G does not contain odd length cycles. Since G is outer-

planar, this implies that the outerface should also consists of an even number of

vertices. Hence, n is even. We compute a coloring of G, using the recursive algorithm

described in the proof of Lemma 3. Since each face of G has an even number of
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vertices, each face that is being colored contains an even number of vertices that are

uncolored (this trivially covers the base of the recursive algorithm), which implies

that just two colors suffice to equitably color all of its uncolored vertices (as its two

already colored vertices are unavoidably of different colors). Hence, G is 2-equitably

colorable and using an argument similar to one of Lemma 15, we can prove that its

differential chromatic number is n
2
− 1.



60

CHAPTER 4

The Maximum k-Differential Coloring Problem

In this chapter we introduce the (d, kn)-differential coloring problem. As any graph

is (1, n)-differential colorable; an arbitrary assignment of distinct colors to the ver-

tices of the input graph guarantees a minimum color distance of one (see Lemma 4).

So, the next reasonable question to ask is whether a given graph is (2, n)-differential

colorable. Unfortunately, this is already an NP-complete problem (for general

graphs), since a graph is (2, n)-differential colorable if and only if its complement is

Hamiltonian [58]. This motivates the study of the (2, n)-differential coloring problem

for special classes of graphs. In Section 4.1 we present a complete characterization

of bipartite, outer-planar and planar graphs that admit (2, n)-differential colorings.

In Section 4.2, we double the number of available colors. As any graph is (2, 2n)-

differential colorable, we study the (3, 2n)-differential coloring problem and we prove

that it is NP-complete for general graphs (Theorem 19; Section 4.2). As a corollary,

we show that testing whether a given graph is (k + 1, kn)-differential colorable is

NP-complete. On the other hand, all planar graphs are (bn/3c + 1, 2n)-differential

colorable and testing whether a given planar graph is (b2n/3c, 2n)-differential col-

orable is shown to be NP-complete (Theorem 20; Section 4.2). The results in this

chapter are published in [4].

Given two positive integers d, k ∈ N, we say thatG is (d, kn)-differential colorable

if and only if there is a coloring of the n vertices of G with distinct numbers from

1 to kn (treated as colors), so that the minimum color distance between adjacent

vertices of G is at least d. The maximum k-differential coloring problem asks for

the largest value of d, called the k-differential chromatic number of G, so that

G is (d, kn)-differential colorable. Note that the traditional maximum differential

coloring problem corresponds to k = 1.
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The maximum k-differential coloring problem can be easily reduced to the ordi-

nary differential coloring problem as follows: If G is an n-vertex graph that is input

to the maximum k-differential coloring problem, create a disconnected graph G′ that

contains all vertices and edges of G plus (k− 1) · n isolated vertices. Clearly, the k-

differential chromatic number of G is equal to the 1-differential chromatic number of

G′. A drawback of this approach, however, is that few results are known for the or-

dinary differential coloring problem, when the input is a disconnected graph. In the

following, we present some immediate upper and lower bounds on the k-differential

chromatic number for connected graphs.

Lemma 4. The k-differential chromatic number of a connected graph is at least k.

Proof. Let G be a connected graph on n vertices. It suffices to prove that G is

(k, kn)-differential colorable. Indeed, an arbitrary assignment of distinct colors from

the set {k, 2k, . . . , kn} to the vertices of G guarantees a minimum color distance of

k.

Lemma 5. The k-differential chromatic number of a connected graph G = (V,E)

on n vertices is at most bn
2
c+ (k − 1)n.

Proof. The proof is a straightforward generalization of the proof of Yixun et al. [85]

for the ordinary maximum differential coloring problem. One of the vertices of G

has to be assigned with a color in the interval [dn
2
e, dn

2
e+(k−1)n], as the size of this

interval is (k− 1)n+ 1 and there can be only (k− 1)n unassigned colors. Since G is

connected, that vertex must have at least one neighbor which (regardless of its color)

would make the difference along that edge at most kn− dn
2
e = bn

2
c+ (k − 1)n.

Lemma 6. The k-differential chromatic number of a connected m-colorable graph

G = (V,E) on n vertices is at least b (k−1)n
m−1

c+ 1.

Proof. Let Ci ⊆ V be the set of vertices of G with color i and ci be the number

of vertices with color i, i = 1, . . . ,m. We can show that G is (b (k−1)n
m−1

c + 1, kn)-

differential colorable by coloring the vertices of Ci with colors from the following

interval: [ (
∑i−1

j=1 cj) + 1 + (i− 1)b (k−1)n
m−1

c, (
∑i

j=1 cj) + (i− 1)b (k−1)n
m−1

c ]
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4.1 The (2,n)-Differential Coloring Problem

In this section we provide a complete characterization of (i) bipartite graphs, (ii) out-

erplanar graphs and (iii) planar graphs that admit (2, n)-differential coloring. Cen-

tral to our approach is a result of Leung et al. [58] who showed that a graph G

has (2, n)-differential coloring if and only if the complement Ḡ of G is Hamiltonian.

Clearly, if the complement of G is disconnected, then G has no (2, n)-differential

coloring.

In order to simplify our notation scheme, we introduce the notion of ordered

differential coloring (or simply ordered coloring) of a graph, which is defined as

follows. Given a graph G = (V,E) and a sequence S1 → S2 → . . . → Sk of k

disjoint subsets of V , such that ∪ki=1Si = V , an ordered coloring of G implied by the

sequence S1 → S2 → . . .→ Sk is one in which the vertices of Si are assigned colors

from (
∑i−1

j=1 |Sj|) + 1 to
∑i

j=1 |Sj|, i = 1, 2, . . . , k.

Theorem 16. A bipartite graph admits a (2, n)-differential coloring if and only if

it is not a complete bipartite graph.

Proof. Let G = (V,E) be an n-vertex bipartite graph, with V = V1 ∪ V2, V1 ∩ V2 =

∅ and E ⊆ V1 × V2. If G is a complete bipartite graph, then its complement

is disconnected. Therefore, G does not admit a (2, n)-differential coloring. Now,

assume that G is not complete bipartite. Then, there exist at least two vertices,

say u ∈ V1 and v ∈ V2, that are not adjacent, i.e., (u, v) /∈ E. Consider the ordered

coloring of G implied by the sequence V1 \ {u} → {u} → {v} → V2 \ {v}. As u and

v are not adjacent, it follows that the color difference between any two vertices of

G is at least two. Hence, G admits a (2, n)-differential coloring.

Lemma 7. An outerplanar graph with n ≥ 6 vertices, that does not contain K1,n−1

as a subgraph, admits a 3-coloring, in which each color set contains at least 2 vertices.
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Proof. Let G = (V,E) be an outerplanar graph with n ≥ 6 vertices, that does not

contain K1,n−1 as a subgraph. As G is outerplanar, it admits a 3-coloring [70]. Let

Ci ⊆ V be the set of vertices of G with color i and ci be the number of vertices

with color i, that is ci = |Ci|, for i = 1, 2, 3. W.l.o.g. let c1 ≤ c2 ≤ c3. We further

assume that each color set contains at least one vertex, that is ci ≥ 1, i = 1, 2, 3. If

there is no set with less than 2 vertices, then the lemma clearly holds. Otherwise

we distinguish three cases:

Case 1: c1 = c2 = 1 and c3 ≥ 4. W.l.o.g. assume that C1 = {a} and C2 = {b}. As

G is outerplanar, vertices a and b can have at most 2 common neighbors. On

the other hand, since G has at least 6 vertices, there exists at least one vertex,

say c ∈ C3, which is not a common neighbor of a and b. W.l.o.g. assume that

(b, c) /∈ E. Then, vertex c can be colored with color 2. Therefore, we derive a

new 3-coloring of G for which we have that c1 = 1, c2 = 2 and c3 ≥ 3.

Case 2: c1 = 1, c2 = 2 and c3 ≥ 3: W.l.o.g. assume that C1 = {a} and C2 = {b, b′}.
First, consider the case where there exists at least one vertex, say c ∈ C3,

which is not a neighbor of vertex a. In this case, vertex c can be colored with

color 1 and a new 3-coloring of G is derived with c1 = c2 = 2 and c3 ≥ 3, as

desired. Now consider the more interesting case, where vertex a is a neighbor

of all vertices of C3. As G does not contain K1,n−1 as a subgraph, either vertex

b or vertex b′ is not a neighbor of vertex a. W.l.o.g. let that vertex be b, that is

(a, b) /∈ E. As G is outerplanar, vertices a and b′ can have at most 2 common

neighbors. Since G has at least 6 vertices and vertex a is a neighbor of all

vertices of C3, there exist at least one vertex, say c ∈ C3, which is not adjacent

to vertex b′, that is (b′, c) /∈ E. Therefore, we can color vertex c with color 2

and vertex b with color 1 and derive a new 3-coloring of G for which we have

that c1 = c2 = 2 and c3 ≥ 2, as desired.

Case 3: c1 = 1, c2 ≥ 3 and c3 ≥ 3: W.l.o.g. assume that C1 = {a}. Then, there

exists at least one vertex, say c ∈ C2 ∪ C3, which is not a neighbor of vertex
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a. In this case, vertex c can be colored with color 1 and a new 3-coloring of G

is derived with c1 = c2 = 2 and c3 ≥ 3, as desired.

Lemma 8. Let G = (V,E) be an outerplanar graph and let V ′ and V ′′ be two disjoint

subsets of V , such that |V ′| ≥ 2 and |V ′′| ≥ 3. Then, there exist two vertices u ∈ V ′

and v ∈ V ′′, such that (u, v) /∈ E.

Proof. The proof follows from the fact that an outerplanar graph is K2,3 free [23].

Theorem 17. An outerplanar graph with n ≥ 8 vertices has (2, n)-differential col-

oring if and only if it does not contain K1,n−1 as subgraph.

Proof. Let G = (V,E) be an outerplanar graph with n ≥ 8 vertices. If G contains

K1,n−1 as subgraph, then the complement Ḡ of G is disconnected. Therefore, G

does not admit a (2, n)-differential coloring. Now, assume that G does not contain

K1,n−1 as subgraph. By Lemma 7, it follows that G admits a 3-coloring, in which

each color set contains at least two vertices. Let Ci ⊆ V be the set of vertices with

color i and ci = |Ci|, for i = 1, 2, 3, such that 2 ≤ c1 ≤ c2 ≤ c3. We distinguish the

following cases:

Case 1: c1 = 2, c2 = 2, c3 ≥ 4. Since |C1| = 2 and |C3| ≥ 4, by Lemma 8 it

follows that there exist two vertices a ∈ C1 and c ∈ C3, such that (a, c) /∈ E.

Similarly, since |C2| = 2 and |C3 \ {c}| ≥ 3, by Lemma 8 it follows that there

exist two vertices b ∈ C2 and c′ ∈ C3, such that c 6= c′ and (b, c′) /∈ E; see

Fig. 4.1a-4.1b.

Case 2: c1 ≥ 2, c2 ≥ 3, c3 ≥ 3. Since |C1| = 2 and |C3| ≥ 3, by Lemma 8 it

follows that there exist two vertices a ∈ C1 and c ∈ C3, such that (a, c) /∈ E.

Similarly, since |C2| ≥ 3 and |C3 \ {c}| ≥ 2, by Lemma 8 it follows that there

exist two vertices b ∈ C2 and c′ ∈ C3, such that c 6= c′ and (b, c′) /∈ E; see

Fig. 4.1c-4.1d.
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Figure 4.1. (a) An outerplanar graph colored with 3 colors, white, black and grey (Case 1
of Thm. 17), and, (b) its (2, n)-differential coloring. (c) Another outerplanar graph also
colored with 3 colors, white, black and grey (Case 2 of Thm. 17), and, (d) its (2, n)-
differential coloring.

For both cases consider the ordered coloring implied by the sequence C1 \{a} →
{a} → {c} → C3 \ {c, c′} → {c′} → {b} → C2 \ {b}. As (a, c) /∈ E and (b, c′) /∈ E,

it follows that the color difference between any two vertices of G is at least two.

Hence, G admits a (2, n)-differential coloring.

We now provide a complete characterization of planar graphs that admit (2, n)-

differential colorings.

Lemma 9. A planar graph with n ≥ 36 vertices, that does not contain as subgraphs

K1,1,n−3, K1,n−1 and K2,n−2, admits a 4-coloring, in which two color sets contain at

least 2 vertices and the remaining two at least 5 vertices.

Proof. Let G = (V,E) be a planar graph with n ≥ 36 vertices, that does not contain

as subgraphs K1,1,n−3, K1,n−1 and K2,n−2. As G is planar, it admits a 4-coloring [23].

Let Ci ⊆ V be the set of vertices of G with color i and ci be the number of vertices

with color i, that is ci = |Ci|, for i = 1, 2, 3, 4. W.l.o.g. let c1 ≤ c2 ≤ c3 ≤ c4.

We further assume that each color set contains at least one vertex, that is ci ≥ 1,

i = 1, 2, 3, 4. We distinguish the following cases:

Case 1: c1 = 1, c2 = 1, c3 ≤ 7. Since G has at least 36 vertices, it follows that

c4 ≥ 27. Observe that a vertex of C4 cannot be assigned a color other than 4

if and only if it is adjacent to at least one vertex in C1, one vertex in C2 and
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one vertex in C3. Let C∗4 ⊆ C4 be the set of such vertices and c∗4 = |C∗4 |. We

claim that c∗4 ≤ 14. To prove the claim, we construct an auxiliary bipartite

graph Gaux = (Vaux, Eaux) where Vaux = C1 ∪ C2 ∪ C3 ∪ C∗4 and Eaux =

E ∩ (C∗4 × (C1 ∪ C2 ∪ C3)). Clearly, Gaux is planar, since it is subgraph of G.

Since all vertices of C∗4 have degree at least 3, it holds that 3c∗4 ≤ |Eaux|. On

the other hand, it is known that a planar bipartite graph on n vertices cannot

have more that 2n−4 edges. Therefore, |Eaux| ≤ 2(c1 +c2 +c3 +c∗4)−4, which

implies that 3c∗4 ≤ 2(c1 + c2 + c3 + c∗4)− 4. As c1 + c2 + c3 ≤ 9, it follows that

our claim indeed holds. A a consequence, we can change the color of several

vertices being currently in C4 and obtain a new 4-coloring of G in which C4

has exactly 14 vertices. This implies that the number of vertices in C1, C2 and

C3 is at least 22 or equivalently that one out of C1, C2 and C3 must contain

strictly more that 7 vertices, say C3. So, in the new coloring it holds that

c1 ≥ 1, c2 ≥ 1 and c3 ≥ 8; a case that is covered in the following.

Case 2: c1 = 1, c2 = 1, c3 ≥ 8. Assume w.l.o.g. that C1 = {a} and C2 = {b}. Since

G does not contain K2,n−2 as subgraph, there exists at least one vertex, say

c ∈ C3 ∪ C4, which is not neighboring either a or b, say b: (b, c) /∈ E. Then,

vertex c can be safely colored with color 2. In the new coloring, it holds that

c1 = 1, c2 = 2 and c3 ≥ 7; refer to Case 5.

Case 3: c1 = 1, c2 = 2, c3 ≤ 6. Since G has at least 36 vertices, it follows that

c4 ≥ 27. Now, observe that c1+c2+c3 ≤ 9. Hence, following similar arguments

as in Case 2, we can prove that there is a 4-coloring ofG in which C4 has exactly

14 vertices. So, again the number of vertices in C1, C2 and C3 is at least 22

and consequently at least one out of C1, C2 and C3 must contain strictly more

that 7 vertices, say C3. In the new coloring, it holds that c1 ≥ 1, c2 ≥ 2 and

c3 ≥ 8; refer to Case 6.

Case 4: c1 = 1, c2 = 2, c3 ≥ 7. Assume w.l.o.g. that C1 = {a} and C2 = {b, b′}.
First, consider the case where there exists at least one vertex, say c ∈ C3∪C4,

which is not neighboring with vertex a. In this particular case, vertex c can
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be colored with color 1 and a new 3-coloring of G is derived for which it holds

that c1 = 2, c2 = 2 and c3 ≥ 6, as desired. Now consider the more interesting

case, where vertex a is neighboring with all vertices of C3∪C4. As G does not

contain K1,n−1 as subgraph, vertex a is not a neighbor of vertex b or vertex b′

or both. In the latter case, vertex a can be colored with color 2. Therefore, if

we select two arbitrary vertices of C3 and color them with color 1, we derive

a new 3-coloring of G for which it holds that c1 = 2, c2 = 2 and c3 ≥ 5, as

desired. On the other hand, if vertex a is neighboring exactly one out of b and

b′, say w.l.o.g. b, that is (a, b) ∈ E and (a, b′) /∈ E, then there exists a vertex

c ∈ C3 ∪ C4 such that (b, c) /∈ E; as otherwise Ka,b,C3∪C4 forms a K1,1,n−3. So,

if we color vertex b′ with color 1 and vertex c with color 2, we obtain a new

coloring of G for which it holds that c1 = 2, c2 = 2 and c3 ≥ 6, as desired.

Case 5: c1 = 1, c2 ≥ 3, c3 ≥ 3. Assume w.l.o.g. that C1 = {a}. As G does not

contain K1,n−1 as subgraph, there is a vertex a′ ∈ C2 ∪ C3 ∪ C4 which is not

neighboring with a. Hence, a′ can be colored with color 1. In the new coloring,

it holds that c1 ≥ 2, c2 ≥ 2, c3 ≥ 2; refer to Case 6.

Case 6: c1 ≥ 2, c2 ≥ 2, c3 ≤ 4. Since G has at least 36 vertices, it follows that

c4 ≥ 24. Since c1 + c2 + c3 ≤ 12, similarly to Case 2 we can prove that there

is a 4-coloring of G in which C4 has exactly 20 vertices. So, the number of

vertices in C1, C2 and C3 is at least 16 and consequently at least one out of

C1, C2 and C3 must contain strictly more that 5 vertices, say C3. In the new

coloring, it holds that c1 ≥ 2, c2 ≥ 2 and c3 ≥ 6, as desired.

From the above case analysis, it follows that G has a 4-coloring, in which two color

sets contain at least 2 vertices and the remaining two at least 5 vertices.

Lemma 10. Let G = (V,E) be a planar graph and let V ′ and V ′′ be two disjoint

subsets of V , such that |V ′| ≥ 3 and |V ′′| ≥ 3. Then, there exists two vertices u ∈ V ′

and v ∈ V ′′, such that (u, v) /∈ E.
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Figure 4.2. (a) A planar graph colored with 4 colors, black (C1), white (C2), grey (C3)
and blue (C4); Case 1 of Thm. 18, and, (b) its (2, n)-differential coloring. (c) Another
planar graph also colored with 4 colors, black, grey, blue and white; Case 2 of Thm. 18,
and, (d) its (2, n)-differential coloring.

Proof. The proof follows directly from the fact that a planar graph does not contain

K3,3 as subgraph.

Theorem 18. A planar graph with n ≥ 36 vertices has a (2, n)-differential coloring

if and only if it does not contain as subgraphs K1,1,n−3, K1,n−1 and K2,n−2.

Proof. Let G = (V,E) be an n-vertex planar graph, with n ≥ 36. If G contains

Kl,n−l as subgraph, then the complement Ḡ of G is disconnected, l = 1, 2 . . . , dn/2e.
Therefore, G has no (2, n)-differential coloring. Note, however, that since G is

planar, it cannot contain Kl,n−l, l = 3, 4 . . . , dn/2e, as subgraph. On the other

hand, if G contains K1,1,n−3 as subgraph, then Ḡ has two vertices of degree one with

a common neighbor. Hence, Ḡ is not Hamiltonian and as a consequence G has no

(2, n)-differential coloring, as well.

Now, assume that G does not contain as subgraphs K1,1,n−3, K1,n−1 and K2,n−2.

By Lemma 9, it follows that G admits a 4-coloring, in which two color sets contain

at least 2 vertices and the remaining two at least 5 vertices. Let Ci ⊆ V be the set

of vertices with color i and ci = |Ci|, for i = 1, 2, 3, 4, such that c1 ≤ c2 ≤ c3 ≤ c4,

c1, c2 ≥ 2 and c3, c4 ≥ 5. We distinguish the following cases:

Case 1: c1 ≥ 3, c2 ≥ 3, c3 ≥ 5, c4 ≥ 5. Since |C1| ≥ 3 and |C3| ≥ 5, by Lemma 10 it

follows that there exist two vertices a ∈ C1 and c ∈ C3, such that (a, c) /∈ E.



69

Similarly, since |C2| ≥ 3 and |C4| ≥ 5, by Lemma 10 it follows that there

exist two vertices b ∈ C2 and d ∈ C4, such that (b, d) /∈ E. Finally, since

|C3 \ {c}| ≥ 4 and |C4 \ {d}| ≥ 4, by Lemma 10 it follows that there exist

two vertices c′ ∈ C3 and d′ ∈ C4, such that c 6= c′, d 6= d′ and (c′, d′) /∈ E.

Now consider the ordered coloring implied by the sequence C1 \ {a} → {a} →
{c} → C3 \ {c, c′} → {c′} → {d′} → C4 \ {d, d′} → {d} → {b} → C2 \ {b}.
As (a, c) /∈ E, (b, d) /∈ E and (c′, d′) /∈ E, it follows that the color difference

between any two vertices of G is at least two. Hence, G has a (2, n)-differential

coloring.

Case 2: c1 = 2, c2 ≥ 4, c3 ≥ 5, c4 ≥ 5. Since G does not contain K2,n−2 as subgraph,

there exists two vertices, say a ∈ C1 and b ∈ C2∪C3∪C4 such that (a, b) /∈ E.

Assume w.l.o.g. that b ∈ C2. Since |C2 \ {b}| ≥ 3 and |C3| ≥ 5, by Lemma 10

it follows that there exist two vertices b′ ∈ C2 and c ∈ C3, such that b′ 6= b

and (b′, c) /∈ E. Similarly, since |C3 \ {c}| ≥ 4 and |C4| ≥ 5, by Lemma 10 it

follows that there exist two vertices c′ ∈ C3 and d ∈ C4, such that c′ 6= c and

(c′, d) /∈ E. Similarly, to the previous case the ordered coloring implied by the

sequence C1 \ {a} → {b} → C2 \ {b} → {b′} → {c} → C3 \ {c, c′} → {c′} →
{d} → C4 \ {d} guarantees that G has a (2, n)-differential coloring.

Case 3: c1 = 2, c2 = 3, c3 ≥ 5, c4 ≥ 5. Assume w.l.o.g. that C1 = {a, a′} and

C2 = {b, b′, b′′}. We distinguish two sub cases:

- The subgraph of G induced by C1 ∪ C2 is K2,3, that is C1 × C2 ⊆ E. Since

G does not contain K2,n−2 as subgraph, there exists at least one vertex of

C1, say vertex a, that is not neighboring with a vertex of C3∪C4, say vertex

c ∈ C3, that is (a, c) /∈ E. Since |C2| = 3 and |C4| ≥ 5, by Lemma 10

it follows that there exist a vertex of C2, say vertex b, and a vertex of C4,

say vertex d, that are not adjacent, that is (b, d) /∈ E. Similarly, since

|C3 \ {c}| ≥ 4 and |C4 \ {d}| ≥ 4, by Lemma 10 it follows that there exist

two vertices c′ ∈ C3 and d′ ∈ C4, such that c 6= c′, d 6= d′ and (c′, d′) /∈ E.

So, in the ordered coloring implied by the sequence C1\{a} → {a} → {c} →
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C3 \ {c, c′} → {c′} → {d′} → C4 \ {d, d′} → {d} → {b} → C2 \ {b}, it holds

that the color difference between any two vertices of G is greater or equal to

two. Hence, G has a (2, n)-differential coloring.

- The subgraph of G induced by C1 ∪ C2 is not K2,3. Assume w.l.o.g. that

(a, b) /∈ E. Since |C3| ≥ 5 and |C4| ≥ 5, by Lemma 10 it follows that there

exist a vertex of C3, say vertex c, and a vertex of C4, say vertex d, that

are not adjacent, that is (c, d) /∈ E. Similarly, since |C3 \ {c}| ≥ 4 and

|{a′, b′, b′′}| = 3, by Lemma 10 it follows that there exist a vertex of C3 \{c},
say vertex c′, and a vertex of {a′, b′, b′′}, say vertex x, that are not adjacent,

that is (x, c′) /∈ E. First consider the case where x = a′. In this case, the

ordered coloring implied by the sequence {b′} → {b′′} → {b} → {a} →
{a′} → {c′} → C3 \ {c, c′} → {c} → {d} → C4 \ {d} guarantees that G

has a (2, n)-differential coloring. Now consider the case, where x ∈ {b′, b′}.
As both cases are symmetric, we assume w.l.o.g. that x = b′. In this case,

the ordered coloring implied by the sequence {a′} → {a} → {b} → {b′′} →
{b′} → {c′} → C3 \ {c, c′} → {c} → {d} → C4 \ {d} guarantees that G has

a (2, n)-differential coloring.

Case 4: c1 = 2, c2 = 2, c3 ≥ 5, c4 ≥ 5. Assume w.l.o.g. that C1 = {a, a′} and

C2 = {b, b′}. Again, we distinguish two sub cases:

• The subgraph of G induced by C1∪C2 is K2,2, that is C1×C2 ⊆ E. Since

G does not contain K2,n−2 as subgraph, there exists at least one vertex

of C1, say vertex a, that is not neighboring with a vertex of C3 ∪C4, say

vertex c ∈ C3, that is (a, c) /∈ E. Similarly, there exists a vertex of C2,

say vertex b, that is not neighboring with a vertex of C3 ∪C4, say vertex

w, that is (b, w) /∈ E.

First, consider the case where the subgraph of G induced by C2 ∪ C4 is

not K2,c4 that is w ∈ C4 . Since |C3 \ {c}| ≥ 4 and |C4 \ {w}| ≥ 4, by

Lemma 10 it follows that there exist a vertex of C3, say vertex c′, and a

vertex of C4, say vertex d, that are not adjacent, that is c 6= c′, w 6= d and
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(c′, d) /∈ E. In this case, the ordered coloring implied by the sequence

C1 \ {a} → {a} → {c} → C3 \ {c, c′} → {c′} → {d} → C4 \ {d, w} →
{w} → {b} → C2\{b} guarantees that G has a (2, n)-differential coloring.

Now consider the more interesting case where the subgraph of G induced

by C2 ∪ C4 is K2,c4 , that is w ∈ C3. We distinguish two sub cases:

a. w 6= c. Since |C3 \ {c, w}| ≥ 3 and |C4| ≥ 5, by Lemma 10 it follows

that there exist a vertex of C3, say vertex p, and a vertex of C4, say

vertex q, that are not adjacent, that is c 6= w 6= p, and (p, q) /∈ E.

Similarly, since |C3 \ {p, w}| ≥ 3 and |C4 \ {q}| ≥ 4, by Lemma 10 it

follows that there exist a vertex of C3, say vertex p′, and a vertex of

C4, say vertex q′, that are not adjacent, that is p 6= w 6= p′, q 6= q′ and

(p′, q′) /∈ E. If p′ 6= c, the ordered coloring implied by the sequence

C1\{a} → {a} → {c} → {p′} → {q′} → C4\{q, q′} → {q} → {p} →
C3 \ {p, p′, c, w} → {w} → {b} → C2 \ {b} guarantees that G has a

(2, n)-differential coloring. If p′ = c, the ordered coloring implied by

the sequence C1 \ {a} → {a} → {p′} → {q′} → C4 \ {q, q′} → {q} →
{p} → C3 \ {p, p′, w} → {w} → {b} → C2 \ {b} guarantees that G

has a (2, n)-differential coloring.

b. w = c. Since the subgraph of G induced by C2 ∪ C4 is K2,c4 and

|C2 ∪ {a}| = 3 and |C4| ≥ 4, by Lemma 10 it follows that there

exist a vertex of C4, say vertex q, not adjacent to vertex a, that

is (a, q) /∈ E. Similarly, since |C3 \ {c}| ≥ 4 and |C4 \ {q}| ≥ 4,

by Lemma 10 it follows that there exist a vertex of C4, say vertex

q′, and a vertex of C3, say vertex p′, that are not adjacent, that is

q′ 6= q, p′ 6= c and (p′, q′) /∈ E. Then the ordered coloring implied

by the sequence C1 \ {a} → {a} → {q} → C4 \ {q, q′} → {q′} →
{p′} → C3 \ {p′, c} → {c} → {b} → C2 \ {b} guarantees that G has

a (2, n)-differential coloring.

• The subgraph of G induced by C1 ∪C2 is not K2,2. Assume w.l.o.g. that
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(a, b) /∈ E.

First, consider the case where the subgraph of G induced by {a′, b′} ∪
C3 ∪ C4 is K2,c3+c4 that is {a′, b′} × C3 ∪ C4 ⊆ E. Since |{a, a′, b′}| = 3

and |C3| ≥ 4, by Lemma 10 it follows that there exist a vertex of C3,

say vertex c, not adjacent to vertex a, that is (a, c) /∈ E. Similarly since,

|{b, a′, b′}| = 3 and |C4| ≥ 4, by Lemma 10 it follows that there exist a

vertex of C4, say vertex d, not adjacent to vertex b, that is (b, d) /∈ E.

Since |C3 \{c}| ≥ 3 and |C4 \{d}| ≥ 4, by Lemma 10 it follows that there

exist a vertex of C3, say vertex c′, and a vertex of C4, say vertex d′, that

are not adjacent, that is c 6= c′, d 6= d′ and (c′, d′) /∈ E. Then the ordered

coloring implied by the sequence C1 \ {a} → {a} → {c} → C3 \ {c, c′} →
{c′} → {d′} → C4 \ {d, d′} → {d} → {b} → C2 \ {b} guarantees that G

has a (2, n)-differential coloring.

Now we consider the case where the subgraph of G induced by {a′, b′} ∪
C3 ∪C4 is not K2,c3+c4 . There exist a vertex of C3 ∪C4, say vertex c, and

a vertex of {a′, b′}, say vertex p, that are not adjacent, that is (p, c) /∈ E.

Assume w.l.o.g c ∈ C3. Since |C3 \ {c}| ≥ 3 and |C4| ≥ 4, by Lemma 10

it follows that there exist a vertex of C3, say vertex c′, and a vertex of

C4, say vertex d, that are not adjacent, that is c 6= c′ and (c′, d′) /∈ E. If

p = b′ the ordered coloring implied by the sequence {a′} → {a} → {b} →
{b′} → {c} → C3 \ {c, c′} → {c′} → {d′} → C4 \ {d′} guarantees that G

has a (2, n)-differential coloring. If p = a′ the ordered coloring implied by

the sequence {b′} → {b} → {a} → {a′} → {c} → C3 \ {c, c′} → {c′} →
{d′} → C4 \ {d′} guarantees that G has a (2, n)-differential coloring.

From the above case analysis, it follows that G is (2, n)-differential colorable, as

desired.
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4.2 NP-completeness Results

In this section, we prove that the (3, 2n)-differential coloring problem is NP-

complete. Recall that all graphs are (2, 2n)-differential colorable due to Lemma 4.

Theorem 19. Given a graph G = (V,E) on n vertices, it is NP-complete to deter-

mine whether G has a (3, 2n)-differential coloring.

Proof. The problem is clearly in NP. In order to prove that the problem is NP-

hard, we employ a reduction from the (3, n)-differential coloring problem, which is

known to be NP-complete [58]. More precisely, let G = (V,E) be an instance of the

(3, n)-differential coloring problem, i.e., graph G is an n-vertex graph with vertex

set V = {v1, v2, . . . , vn}. We will construct a new graph G′ with n′ = 2n vertices, so

that G′ is (3, 2n′)-differential colorable if and only if G is (3, n)-differential colorable;

see Fig. 4.3.

Graph G′ = (V ′, E ′) is constructed by attaching n new vertices to G that form

a clique; see the gray colored vertices of Fig. 4.3b. That is, V ′ = V ∪ U , where

U = {u1, u2, . . . , un} and (u, u′) ∈ E ′ for any pair of vertices u and u′ ∈ U . In

addition, for each pair of vertices v ∈ V and u ∈ U there is an edge connecting them

in G′, that is (v, u) ∈ E ′. In other words, (i) the subgraph, say GU , of G′ induced

by U is complete and (ii) the bipartite graph, say GU×V , with bipartition V and U

is also complete.

First, suppose that G has a (3, n)-differential coloring and let l : V → {1, . . . , n}
be the respective coloring. We compute a coloring l′ : V ′ → {1, . . . , 4n} of G′ as

follows: (i) l′(v) = l(v), for all v ∈ V ′ ∩ V and (ii) l′(ui) = n + 3i, i = 1, 2, . . . , n.

Clearly, l′ is a (3, 2n′)-differential coloring of G′.

Now, suppose that G′ is (3, 2n′)-differential colorable and let l′ : V ′ →
{1, . . . , 2n′} be the respective coloring (recall that n′ = 2n). We next show how

to compute the (3, n)-differential coloring for G. W.l.o.g., let V = {v1, . . . vn} con-

tain the vertices of G, such that l′(v1) < . . . < l′(vn), and U = {u1, . . . un} contains

the newly added vertices of G′, such that l′(u1) < . . . < l′(un). Since GU is complete,
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Figure 4.3. (a) An instance of the (3, n)-differential coloring problem for n = 6; (b) An
instance of the (3, 2n′)-differential coloring problem constructed based on graph G.

it follows that the color difference between any two vertices of U is at least three.

Similarly, since GU×V is complete bipartite, the color difference between any two

vertices of U and V is also at least three. We claim that l′ can be converted to an

equivalent (3, 2n′)-differential coloring for G′, in which all vertices of V are colored

with numbers from 1 to n, and all vertices of U with numbers from n+ 3 to 4n.

Let U ′ be a maximal set of vertices {u1, . . . , uj} ⊆ U so that there is no vertex

v ∈ V with l′(u1) < l′(v) < l′(uj). If U ′ = U and l′(v) < l′(u1),∀v ∈ V , then our

claim trivially holds. If U ′ = U and l′(v) > l′(uj),∀v ∈ V , then we can safely recolor

all the vertices in V ′ in the reverse order, resulting in a coloring that complies with

our claim. Now consider the case where U ′ ( U . Then, there is a vertex vk ∈ V
s.t. l′(vk)− l′(uj) >= 3. Similarly, we define V ′ = {vk, . . . , vl ∈ V } to be a maximal

set of vertices of V , so that l′(vk) < . . . < l′(vl) and there is no vertex u ∈ U with

l′(vk) < l′(u) < l′(vl). Then, we can safely recolor all vertices of U ′ ∪ V ′, such that:

(i) the relative order of the colors of U ′ and V ′ remains unchanged, (ii) the color

distance between vl and u1 is at least three, and (iii) the colors of U ′ are strictly

greater that the ones of V ′. Note that the color difference between uj and uj+1 and

between vk−1 and vk is at least three after recoloring, i.e., l′(uj+1)− l′(uj) >= 3 and

l′(vk)− l′(vk−1) >= 3. If we repeat this procedure until U ′ = U , then the resulting

coloring complies with our claim. Thus, we obtain a (3, n)-differential coloring l for

G by assigning l(v) = l′(v),∀v ∈ V .

Corollary 9. Given a graph G = (V,E) on n vertices, it is NP-complete to deter-
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mine whether G has a (k + 1, kn)-differential coloring.

Proof. Based on an instance G = (V,E) of the (k + 1, n)-differential coloring prob-

lem, which is known to be NP-complete [58], construct a new graph G′ = (V ′, E ′)

with n′ = kn vertices, by attaching n(k − 1) new vertices to G, as in the proof

of Theorem 19. Then, using a similar argument as above, we can show that G

has a (k + 1, n)-differential coloring if and only if G′ has a (k + 1, kn′)-differential

coloring.

The NP-completeness of 2-differential coloring in Theorem 19 was about general

graphs. Next we consider the complexity of the problem for planar graphs. Note

that from Lemma 5 and Lemma 6, it follows that the 2-differential chromatic num-

ber of a planar graph on n-vertices is between bn
3
c + 1 and b3n

2
c (a planar graph

is 4-colorable). The next theorem shows that testing whether a planar graph is

(b2n/3c, 2n)-differential colorable is NP-complete. Since this problem can be re-

duced to the general 2-differential chromatic number problem, it is NP-complete to

determine the 2-differential chromatic number even for planar graphs.

Theorem 20. Given an n-vertex planar graph G = (V,E), it is NP-complete to

determine if G has a (b2n/3c, 2n)-differential coloring.

Proof. The problem is clearly in NP. To prove that the problem is NP-hard, we

employ a reduction from the well-known 3-coloring problem, which is NP-complete

for planar graphs [36]. Let G = (V,E) be an instance of the 3-coloring problem,

i.e., G is an n-vertex planar graph. We will construct a new planar graph G′ with

n′ = 3n vertices, so that G′ is (b2n′/3c, 2n′)-differential colorable if and only if G is

3-colorable.

Graph G′ = (V ′, E ′) is constructed by attaching a path v → v1 → v2 to each

vertex v ∈ V of G; see Fig. 4.4a-4.4b. Hence, we can assume that V ′ = V ∪ V1 ∪ V2,

where V is the vertex set of G, V1 contains the first vertex of each 2-vertex path

and V2 the second vertices. Clearly, G′ is a planar graph on n′ = 3n vertices. Since

G is a subgraph of G′, G is 3-colorable if G′ is 3-colorable. On the other hand, if
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Figure 4.4. (a) An instance of the 3-coloring problem; (b) An instance of the (b2n′/3c, 2n′)-
differential coloring problem constructed based on graph G; (c) The (b2n′/3c, 2n′)-
differential coloring of G′, in the case where G is 3-colorable.

G is 3-colorable, then G′ is also 3-colorable: for each vertex v ∈ V , simply color its

neighbors v1 and v2 with two distinct colors different from the color of v. Next, we

show that G′ is 3-colorable if and only if G′ has a (b2n′/3c, 2n′)-differential coloring.

First assume that G′ has a (b2n′/3c, 2n′)-differential coloring and let l : V ′ →
{1, . . . , 2n′} be the respective coloring. Let u ∈ V ′ be a vertex of G′. We assign

a color c(u) to u as follows: c(u) = i, if 2(i − 1)n + 1 ≤ l(u) ≤ 2in, i = 1, 2, 3.

Since l is a (b2n′/3c, 2n′)-differential coloring, no two vertices with the same color

are adjacent. Hence, coloring c is a 3-coloring for G′.

Now, consider the case where G′ is 3-colorable. Let Ci ⊆ V be the set of vertices

of the input graph G with color i, i = 1, 2, 3. Clearly, C1∪C2∪C3 = V . We compute

a coloring l of the vertices of graph G′ as follows (see Fig. 4.4c):

- Vertices in C1 are assigned colors from 1 to |C1|.

- Vertices in C2 are assigned colors from 3n+ |C1|+ 1 to 3n+ |C1|+ |C2|.

- Vertices in C3 are assigned colors from 5n+ |C1|+ |C2|+1 to 5n+ |C1|+ |C2|+ |C3|.

- For a vertex v1 ∈ V1 that is a neighbor of a vertex v ∈ C1, l(v1) = l(v) + 2n.

- For a vertex v1 ∈ V1 that is a neighbor of a vertex v ∈ C2, l(v1) = l(v)− 2n.

- For a vertex v1 ∈ V1 that is a neighbor of a vertex v ∈ C3, l(v1) = l(v)− 4n.

- For a vertex v2 ∈ V2 that is a neighbor of a vertexx v1 ∈ V1, l(v2) = l(v1)+3n+|C2|.
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From the above, it follows that the color difference between (i) any two vertices in

G, (ii) a vertex v1 ∈ V1 and its neighbor v ∈ V , and (iii) a vertex v1 ∈ V1 and

its neighbor v2 ∈ V2, is at least 2n = b2n′

3
c. Thus, G′ is (b2n′/3c, 2n′)-differential

colorable.
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CHAPTER 5

Coloring Maps with Differential Coloring

In this chapter we experimentally evaluate and compare several algorithms for the

fragmented map coloring problem. We formulate the fragmented map coloring prob-

lem as follows: Given a map, we construct a country graph G = (V,E) whose ver-

tices represent countries, and two countries are connected by an edge if they share

a non-trivial geographic boundary. Colors in the RGB format are described by

integer triples, ranging from 0 to 255, representing the red, green and blue chan-

nels. The coloring of the map is a coloring of G defined as a surjective function

c : V → [0, 255] × [0, 255] × [0, 255]. With this in mind we define the following

metrics in order to evaluate the quality of a map coloring.

• The minimum color distance achieved by a coloring c is defined as δmin(c) =

min(i,j)∈E d(c(i), c(j)).

• The average color difference achieved by a coloring c is defined as davg(c) =∑
(i,j)∈E d(c(i), c(j))/|E|.

• The minimum color resolution achieved by a coloring c is defined as ρmin(c) =

min(i,j)∈V×V,i 6=j d(c(i), c(j)).

The distance between two RGB color vectors can be measured in different ways,

e.g., using the Euclidean distance or the LAB distance or the Manhattan distance,

etc. For the sake of efficient computation, we use the Manhattan distance (or L1-

norm), that is, given two colors c1 = (r1, g1, b1) and c2 = (r2, g2, b2) their distance is

defined as d(c1, c2) = |r1 − r2|+ |g1 − g2|+ |b1 − b2|.
We also define the differential coloring as follows: Let Lk = {c : V →

{1, 2, . . . , k|V |}} be the set of surjective functions for coloring the vertices of G.
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For any c ∈ Lk the differential coloring achieved by c is defined as δmin(c) =

min(i,j)∈E |c(i) − c(j)| and the average differential coloring achieved by c is defined

as davg(c) = min(i,j)∈E |c(i)− c(j)|/|E|.
Note that a differential coloring c can be converted to an RGB-based coloring

c′ by setting: c′(v) = (d255(kn−c(v))
kn−1

e, d255(kn−c(v))
kn−1

e, d255(c(v)−1)
kn−1

e), for all v ∈ V . In

the produced coloring c′, the minimum color distance, average color difference and

minimum color resolution are as follows: δmin(c′) = d765δmin(c)/(kn−1)e, ρmin(c′) =

d765/(kn− 1)e and davg(c
′) = d765davg(c)/(kn− 1)e. In other words, the colors that

are used for coloring each vertex of the graph are in a sense equally spaced between

yellow (c(v) = 1) and blue (c(v) = kn).

In this chapter we introduce three different variants of integer linear program-

ming (ILP) formulation for the coloring problem. RGBδ and RGBρ optimize the

minimum color difference (δmin), while RGBρ+δ optimizes the sum of minimum color

difference and minimum color resolution, that is (δmin + ρmin). Our experimental

evaluation shows that the coloring produced by RGBρ+δ has a better minimum

color difference and minimum color resolution compared to sRGB obtained with the

method of Dillencourt et al. [24]. We also describe ILP formulations for the setting

in which the color space is 1-dimensional. Specifically, we show how to optimally

solve the the maximum 1-differential (ILP-n) and maximum 2-differential (ILP-2n)

coloring problems. Somewhat surprisingly, the coloring obtained with ILP-2n results

in almost the same minimum color distance as the one from ILP-n. In addition, the

minimum color resolution of the coloring obtained from ILP-2n is one half of the

coloring obtained from ILP-n. The results in this chapter are published in [4, 47].

5.1 Algorithms for Maximum Differential Coloring

Theorem 1 provides a way to check whether a graph is (k, n)-differential colorable.

The following kpath algorithm attempts to find a k-Hamiltonian path of Ḡ = {V, Ē}
from a given node i. Before calling kpath the k-Hamiltonian path is initialized as

p = ∅. Each call to kpath recursively tries to add a neighbor to the last node in
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the path, and checks that this maintains the k-path condition. If the condition

is violated, the next neighbor is explored, or the algorithm backtracks. If a k-

Hamiltonian path of Ḡ is found by the algorithm, we know that the graph G is

(k + 1)-differential colorable.

Input: Ḡ, i, p (initialized to ∅ on first entry)

Output: p

if i ∈ p, or i is not connected with the last k nodes in p then

return ∅;
end

p = p ∪ {i};
if |p| = |V | then

return p;

end

foreach neighbor node j of i do

if kpath(Ḡ, j, p) 6= ∅ then
return p;

end

end

p = p− {i};
return ∅;

Algorithm 1: kpath

As the exact algorithm requires exponential time, it is impractical for large

graphs, where heuristic algorithms might be a better choice. Gansner et al. [34]

proposed a heuristic based on a relaxation of the maximum differential coloring

problem into a continuous maximization problem of 2-norm:

max
∑
{i,j}∈E

wij(ci − cj)2, subject to
∑
i∈V

c2
i = 1 (5.1)

where c ∈ R|V |. This continuous problem is solved when c is the eigenvector cor-

responding to the largest eigenvalue of the weighted Laplacian of the graph. Once
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Table 5.1. Differential chromatic numbers given by kpath and by GSpectral.
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(5.1) is solved, the ordering defined by the eigenvector is used as an approximate so-

lution for the maximum differential coloring problem. This is followed by a greedy

refinement algorithm which repeatedly swaps pairs of vertices, provided that the

swap improves the coloring scheme. We call this algorithm GSpectral (Greedy

Spectral). Table 5.1 gives the differential chromatic number of some well-known

graphs found by kpath, as well as an estimate of the differential chromatic number

obtained by GSpectral. The exact algorithm kpath can be prohibitively expensive

even for small graphs. For example, on the 60-node football graph (skeleton graph

of a truncated icosahedron), one week of CPU time was not enough to find the

exact differential chromatic number, whereas the greedy spectral algorithm gives a

lower bound of 18 in a few milli-seconds. We note that the GSpectral algorithm

often finds good solutions, though it rarely matches the optimal solution. We also

tested GSpectral on larger grid graphs for which the differential chromatic number

is known; For grid10 and grid20 graph, it gives an estimate of 30 and 124, and

the actual differential chromatic numbers are 45 and 190, respectively. In both case

the CPU time for GSpectral is less than 0.1 seconds.

It turns out that 1
2
n(n − 1) is an upper bound for the chromatic number of

the n × n grid graph [74]. It is informative to contrast an optimally colored grid

map with a grid map that uses the coloring induced by the largest eigenvector;

see Fig. 5.1. The eigenvector coloring provides good contrast between neighboring

countries, particularly in the center. This indicates that GSpectral might indeed

be a good practical heuristic for large graphs.

5.2 ILP Formulations for the Map Coloring Problem

In this section, we describe integer linear programming (ILP) formulations for dif-

ferent variants of the map coloring problem. We compare our formulations with

(i) GMap, which is a heuristic based on spectral methods developed by Hu et al. [34]

and (ii) sRGB, which is a heuristic by Dillencourt et al. [24], wherein a solution to

the continuous variant of the coloring problem is derived by embedding the graph
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in a 3D color space.

Figure 5.1. Optimal grid map coloring (left) and one induced by the largest eigenvector
(right).

5.2.1 ILP-kn: ILP Formulation for Maximum k-Differential Coloring

Recall that an input to the maximum k-differential coloring problem can be easily

converted to an input to the maximum 1-differential coloring as described in the

previous chapter. In order to formulate the maximum 1-differential coloring problem

as an integer linear program, we introduce for every vertex vi ∈ V of the input graph

G a variable ci, which represents the color assigned to vertex vi. The 1-differential

chromatic number of G is represented by a variable OPT , which is maximized in the

objective function. The exact formulation is given below and it is quite intuitive.

The first two constraints ensure that all vertices are assigned colors from 1 to n.

The third constraint guarantees that no two vertices are assigned the same color,

while the forth one is employed to maximize the 1-differential chromatic number of

the input graph. The first three constraints also guarantee that the variables are



84

assigned integer values.

maximize OPT

subject to xi ≤ n ∀vi ∈ V

xi ≥ 1 ∀vi ∈ V

|xi − xj| ≥ 1 ∀(vi, vj) ∈ V 2

|xi − xj| ≥ OPT ∀(vi, vj) ∈ E

Note that a constraint that uses the absolute value is of the form |X| ≥ Z and

therefore can be replaced by two new constraints: (i) X +M · b ≥ Z and (ii) −X +

M · (1− b) ≥ Z, where b is a binary variable and M is the maximum value that can

be assigned to the variable Z + X. If b is equal to zero, then the two constraints

are X ≥ Z and −X + M ≥ Z, with the second constraint being always true. On

the other hand, if b is equal to one, then the two constraints are X + M ≥ Z and

−X ≥ Z, with the first constraint being always true. In our experimental evaluation,

we evaluate two variants of the ILP formulation described above: ILP-n, ILP-2n,

which correspond to k = 1 and k = 2, respectively.

5.2.2 RGBx: ILP Formulations for Optimizing Color Difference and

Resolution

The previous ILP formulation relied on 1D color space. In the more general setting,

colors are represented as triples of integers in the RGB format. We show how to

extend the previous ILP formulation to this setting. For every vertex vi ∈ V of the

input graph G, we introduce three integer variables ri, gi and bi, which represent

the RGB-color assigned to vertex vi. The exact formulation is given below and it is

also quite intuitive. The first two constraints ensure that all vertices are assigned

well-defined colors that meet the standards of the RGB format. The third and forth

constraints guarantee that no two vertices are assigned similar colors. Now, observe

that the objective function is weighted. If w is set to zero, then the ILP optimizes

the minimum color difference. On the other hand, if w is set to one, then it optimizes
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the color resolution.

maximize (1− w) ·OPTδmin
+ w ·OPTρmin

subject to ri, gi, bi ≤ 255 ∀vi ∈ V

ri, gi, bi ∈ Z≥0 ∀vi ∈ V

|ri − rj|+ |gi − gj|+ |bi − bj| ≥ OPTρmin
∀(vi, vj) ∈ V 2

|ri − rj|+ |gi − gj|+ |bi − bj| ≥ OPTδmin
∀(vi, vj) ∈ E

OPTρmin
≥ D

In our experiments we evaluate three different variants denoted by RGBδ, RGBρ and

RGBρ+δ. RGBδ optimizes only the color difference δmin, that is w = 0 and D = 1.

RGBρ also optimizes the color difference δmin (that is w = 0), but simultaneously

guarantees a minimum color resolution at least equal to 765
n−1

. This is achieved by

changing the lower bound of the fifth constraint of the ILP formulation to D = 765
n−1

.

The last variant RGBρ+δ optimizes a weighted sum of the color difference and the

color resolution, that is w = 1/2 and D = 1.

5.3 Experimental Evaluation and Discussion

To analyze the performance of these methods, a collection of 1, 200 synthetic maps

is generated and run on an Intel Core i5 processor at 1.7GHz, 8GB RAM using the

CPLEX solver [51]. A country graph Gc = (Vc, Ec) with n countries is generated by

applying the following steps: (i) A graph G with 10n vertices is created. An edge

is added between every pair of vertices (i,j) such that b i
10
c = b j

10
c with probability

0.5, thereby creating a graph with approximately n clusters. (ii) More edges are

added between all pairs of vertices with probability p, where p takes the values

2−1, 2−2 . . . 2−10. (iii) Ten random graphs are generated for different values of p.

(iv) Graph G is used as an input to a map generating algorithm (available as the

Graphviz [27] function gvmap), to obtain a mapM with country graphGc = (Vc, Ec).

Note that the value of p determines the fragmentation of the map M , i.e., the

number of regions in each country, and hence, also affects the number of edges in
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the country graph. When the value of p is equal to 2−1, the country graph is almost

a complete graph, while for a value of 2−10, it is almost a tree. To determine a

suitable range for the number of vertices in the country graph, we evaluated real

world datasets, such as those available at gmap.cs.arizona.edu. Even for large

graphs with over 1, 000 vertices, the country graphs tend to be small, with less than

15 countries. Thus we consider values for n ranging from 5 to 16, which results

in reasonable ILP running times. Figures 5.4 and 5.5 summarize the experimental

results. Sample maps generated by the algorithms discussed in this section are

shown in the Figure 5.2 and Figure 5.3.

1D-coloring vs 3D-coloring: Note that we are dealing with two different

problems. In the 1D-coloring problem we have a selection of colors and the goal is

to distribute them as well as we can; this is the setting of the GMap heuristic, ILP-n

and ILP-2n.

In the 3D-coloring problem we compute the selection of colors; this is the set-

ting of sRGB, RGBδ, RGBρ and RGBρ+δ. While the 1D-coloring algorithms are

restricted to a sequential set of colors, the 3D-coloring algorithms utilize the entire

color space and so produce maps with better minimum and average color difference.

However, the running times of the 3D-coloring algorithms are orders of magnitude

higher than those of the 1D-coloring algorithms due to the fact that they are solving

integer linear programs with larger number of variables; see Fig. 5.4a.

Among the 1D-coloring algorithms, the differential coloring produced by ILP-

n is greater than the one produced by GMap and hence ILP-n results in coloring

with better minimum color difference. ILP-2n results in even better minimum color

difference. The ILP-n and GMap heuristics produce comparable minimum color

resolution However, ILP-2n has poor resolution. When there are twice as many

colors than there are vertices, it is easier to obtain higher difference between adjacent

vertices in the graph. However, this high difference comes at the cost of selecting

pairs of colors are that more similar to each other. This in turn, directly lowers the

color resolution. Surprisingly, even the minimum color difference is comparable for

ILP-n and ILP-2n. Given the lower resolution of ILP-2n, in practice ILP-n seems

gmap.cs.arizona.edu
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(a) GMap: davg = 326,
ρmin = 48, δmin = 51

(b) ILP-n: davg = 297,
ρmin = 48, δmin = 150

(c) ILP-2n: davg = 369,
ρmin = 24, δmin = 195

(d) RGBδ: davg = 508,
ρmin = 1, δmin = 509

(e) RGBρ: davg = 473,
ρmin = 50, δmin = 441

(f) RGBρ+δ: davg = 361,
ρmin = 131, δmin = 248

(g) sRGB: davg = 457,
ρmin = 130, δmin = 262

Figure 5.2. A map with 16 countries colored by different algorithms: (a) GMap, (b) ILP-n,
(c) ILP-2n, (d) RGBδ, (e) RGBρ, (f) RGBρ+δ and (g) sRGB.

to be the best option. A more detailed comparison between ILP-n and ILP-2n is

given in Section 5.4

For the 3D-coloring algorithms, we observe that there is also a trade-off between

the minimum color resolution and the minimum color difference; see Fig.5.5. The

3D-coloring algorithm RGBδ achieves optimum minimum color difference, but it

does so at the cost of really low minimum color resolution. This is undesirable be-

cause it results in ambiguity when the countries of the map are not all contiguous.
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(a) GMap: davg = 402,
ρmin = 76, δmin = 77

(b) ILP-n: davg = 382,
ρmin = 76, δmin = 230

(c) ILP-2n: davg = 445,
ρmin = 34, δmin = 253

(d) RGBδ: davg = 509,
ρmin = 1, δmin = 509

(e) RGBρ: davg = 491,
ρmin = 75, δmin = 484

(f) RGBρ+δ: davg = 443,
ρmin = 187, δmin = 387

(g) sRGB: davg = 474.89,
ρ = 130, δmin = 262

Figure 5.3. A map with 11 countries colored by different algorithms: (a) GMap, (b) ILP-n,
(c) ILP-2n, (d) RGBδ, (e) RGBρ, (f) RGBρ+δ and (g) sRGB.

RGBρ and RGBρ+δ, on the other hand, should reduce this ambiguity, with RGBρ

resulting in better minimum color difference and RGBρ+δ resulting in better min-

imum color resolution. Overall, the balanced coloring produced by RGBρ+δ offers
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Figure 5.4. Illustration of: (a) running time results for all algorithms of our experiment
and (b-c) average differential coloring and differential coloring performance of algorithms
GMap, ILP-n and ILP-2n.

the best of both worlds and has better minimum color difference and minimum color

resolution compared to the sRGB heuristic of Dillencourt et al. [24].

5.4 Comparison of ILP-n and ILP-2n

Consider the example shown in Fig.5.6a and Fig.5.6b where the input graph is a

star graph. ILP-n produces a differential coloring l with δmin(l) = 1 and ILP-2n

produces a differential coloring l′ with δmin(l′) = 6. So, coloring l corresponds to a

RGB-based coloring c with δmin(c) = 765∗δmin(l)/(n−1) = 192, while l′ to a coloring
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Figure 5.5. (a) Average color difference (davg). (b) Minimum color difference (δmin).
(c) Minimum color resolution (ρmin).

c′ with δmin(c′) = 765 × δmin(l′)/(2n − 1) = 510. . This example illustrates that

ILP-2n results in coloring which has a minimum color difference considerably higher

than that ILP-n when the input graph is sparse. However in the example shown

in Fig.5.6c and Fig.5.6d where the input graph is close to a complete graph, ILP-n

produces a differential coloring l with δmin(l) = 1 and ILP-2n produces a differential

coloring l′ with δmin(l′) = 2. In this case, coloring l corresponds to a RGB-based

coloring c with δmin(c) = 765 ∗ δmin(l)/(n − 1) = 192, while l′ to a coloring c′ with

δmin(c′) = 765 × δmin(l′)/(2n − 1) = 170. Note that ρmin(c) = 765/(n − 1) = 192

is almost twice the value of ρmin(c′) = 765/(2n − 1) = 85. Thus, we can conclude



91

that, the ILP-2n tend to perform better in the case when the input graph is sparse.

However, when δmin(l′) is almost equal to twice the value of δmin(l) (which was the

case in most of the real world examples with less than 16 clusters) the minimum

color difference produced by ILP-2n is almost the same as that of ILP-n. So, the

advantage of ILP-n is the factor of 2 in the minimum color resolution.

1
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1
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Figure 5.6. (a-b) A star graph with maximum 1-differential and 2-differential colorings 1
and 6, respectively; (c-d) K5 − e with maximum 1-differential and 2-differential colorings
1 and 2; (e-h) The corresponding optimal colorings of the graphs (a-d).
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CHAPTER 6

Embedding, Clustering and Coloring for Dynamic

Maps.

In this chapter we describe a practical approach for visualizing multiple relation-

ships defined on the same dataset using a geographic map metaphor, where clusters

of nodes form countries and neighboring countries correspond to nearby clusters.

Section 6.1 describes the dynamic map visualization problems that we address. Sec-

tion 6.2 discusses clustering algorithms, in particular a heuristic for promoting clus-

tering stability. Section 6.3 proposes to solve the color stability problem via maximal

bipartite matching algorithms. Sections 6.4-6.4 analyze the use of Procrustes and

affine transformation for layout stability. Section 6.5 includes implementation of an

interactive tool for exploration of DNA data, as well as examples of our methodol-

ogy applied to mobile, TV and research collaboration data sets. The results in this

chapter are published in [48,49].

Our motivation for dynamic map visualization indexdynamic map visualization

comes from population genetics, where one of the major problems is better un-

derstanding of the genomic and evolutionary factors shaping human variation and

testing models of human origins. Relatively inexpensive human genome sequencing

technology allows for the study of patterns of variation across the entire genome in

multiple human populations. When genetic information passes down from parents

to children some special parts of the DNA remain virtually unaltered as they pass

from parent to child. One such piece carrying paternal information is encoded in

the non-recombining portion of the Y chromosome (NRY). Another piece carrying

maternal information is encoded in the mitochondrial DNA (mtDNA). When com-

paring DNA information from a group of people, the NRY DNA similarity score,

the mtDNA similarity score, and others can be computed from different parts of the
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DNA. Such scores can give an indication about the strength of the genetic similarity

between the individuals. Interactively combining these multiple scores in an intu-

itive and visually appealing fashion facilitates knowledge discovery and hypothesis

testing.

With this in mind, our first goal is to provide a way to compare two or more maps

of the same objects, obtained using different similarity metrics. Our second goal is to

provide an interactive tool to visually explore the effect of combining such similarity

metrics. The first problem is related to simultaneous graph drawing, and the second

problem is related to dynamic graph drawing. However, in our setting we have to

deal not only with the traditional problems of finding suitable placement of nodes

and edges, but also with the new problems of dynamic clustering and dynamic color

assignment; see Fig. 6.1. We first describe a heuristic to promote dynamic cluster

stability (nodes from one cluster in one map should be kept in the same cluster in the

other map, provided that doing so does not give suboptimal clustering ); second, we

propose an optimal color assignment algorithm to maximize color stability between

maps (using the same color for countries that share most of their nodes); third,

we analyze the use of Procrustes transformation to improve layout stability (node

placement should be determined by the underlying similarity metric, while at the

same time not differ unnecessarily from one map to the other). We describe an

interactive tool for DNA visualization that utilizes these results. Finally, we apply

the new methodology to the visualization of several additional data sets. In two

data sets (evolution of the TV landscape and evolution of a collaboration network)

we apply the methodology to the more traditional dynamic network visualization

problem. In the other two the data sets (international trade map of the world and

interaction maps of the US) we use part of our methodology (e.g., color stability)

to help see patterns in regular geographic maps.

Our work on dynamic map visualization builds on the GMap algorithm [46],

which visualizes relational data and clustering information using a map metaphor.

The map metaphor has also been used for information visualization in the carto-

graphic community [29]. Cortese et al. [18] use a topographical map metaphor to
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(c)

Figure 6.1. Visualizing multiple maps requires both layout stability and color stability.
(a): mtDNA similarity visualized as a graph. (b): mtDNA similarity visualized as a
map. (c): NRY DNA similarity map which is difficult to compare with (b) as the node
layout is computed independently. (d): NRY DNA similarity map, computed to optimize
node layout stability with regard to (b), which makes it possible to compare nodes, while
clusters are still hard to compare. (e): NRY DNA similarity map with optimal node layout
and color assignments, which makes it easy to compare with (b); e.g., it is clear that two
clusters in the top left of (b) are now merged.
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visualize prefixes propagation in the Internet, where contour lines describing the

propagation are calculated using a force directed algorithm. Also related is work on

visualizing subsets of a set of items using geometric regions to indicate the group-

ing. Byelas and Telea [13] use deformed convex hulls to highlight areas of interest

in UML diagrams. Collins et al. [17] use “bubblesets,” based on isocontours, to

depict multiple relations among a set of objects. Simonetto et al. [77] automatically

generate Euler diagrams which provide one of the standard ways, along with Venn

diagrams, for visualizing subset relationships. The emphasis of such prior work is

on highlighting sets of objects using the map metaphor, rather than on visualizing

dynamic maps.

Initial work on dynamic maps was presented in the context of visualizing trends

on Internet radio station last.fm [62]. In this offline setting all data are available in

advance, the similarity between the objects is fixed, and the mental map is preserved

by laying out and clustering all objects at once, but only showing relevant subsets

that appear in a particular time frame. In contrast, we assume all data are not

known in advance, the similarity among objects changes overtime, and we solve the

problem of maintaining stability in node layout, clustering and map coloring.

A context-preserving dynamic text data visualization by Cui et al. [20], keeps the

layout stable using a spring embedding algorithm, aided by a mesh constructed over

existing nodes. Neither of these two approaches takes cluster and color stability

under consideration, either because it is not relevant (in text data), or because

clusters are fixed (in last.fm visualization). Holten and van Wijk [45] study the visual

comparison of hierarchically organized data, and propose a method that highlights

the differences. Similarly, the TimeRadarTrees of Burch and Diehl [12] are proposed

to visualize the evolution of compound digraphs. Although these two approaches

deal only with directed graphs and cannot be applied directly to our problem, they

are related to the problem of highlighting similarities and differences in dynamic

data, which is the aim of this paper.

Also related to our work is a large body of work on dynamic graph layout, where

the goal is to maintain a nice layout of a graph that is modified via operations such as
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inserting/deleting edges and inserting/deleting nodes. Brandes and Wagner adapt

the force-directed model to dynamic graphs using a Bayesian framework [10], while

Herman et al. [44] rely on good static layouts. Diehl and Görg [22] consider graphs

in a sequence to create smoother transitions. Brandes and Corman [7] present a

system for visualizing network evolution in which each modification is shown in a

separate layer of a 3D representation, with nodes common to two layers represented

as columns connecting the layers. Thus, mental map preservation is achieved by

pre-computing good locations for the nodes and fixing their positions throughout

the layers. While the issue of mental map preservation adopted in such approaches

remains an important one for us, we note that in our population genetics application

we want to avoid a distortion of the layout for the purpose of mental stability. This

is because such distortions introduce biases that were not in the data itself, which is

not important when visualizing the evolution of citation graphs or Internet graphs,

but are undesirable when analyzing DNA similarity. This is also why we do not use

techniques such as anchoring, or artificial edges linking the same node in different

time frame [28], in the population genetics application.

In the area of visualization of DNA data Yang et al. [66] study ancestry and ethnic

affiliation using DNA genetic markers and make accurate predictions with the help

of a Bayesian clustering algorithm. Novembre et al. [53] used principal component

analysis to embed high dimensional genetic data for 3000 European individuals

into 2-dimensional space, and observed a very high correspondence between the

embedding distance and the geographic distance between pairs of individuals. The

authors colored the 2D data points (representing individuals) based on their country

of origin, and observed a similarity between the colored point cloud and a map of

Europe. The main difference is that they only have one metric of similarity, while

we combine multiple metrics and use an interactive visualization to help understand

the effect of different metrics. As a result we have to solve the problem of providing

a stable mental map to facilitate the comparison of and contrast between many

(rather than just one) maps.

Clustering dynamic data to maintain the dual objectives of making the clustering
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faithful to the current data as much as possible, while avoiding dramatic changes

from one time step to the next, is an active area of research (e.g., [39]). While there

are attempts to minimize a combined cost function (e.g., [16]), we are not aware of

specific work that maximizes modularity while maintain clustering stability.

6.1 Dynamic Map Visualization

Consider the problem of computing a “good” distance measure between a set of

known DNA samples, that is based on multiple similarity measures (e.g., NRY and

mtDNA), with the goal of creating a “canonical map” of the DNA space spanned

by these samples. In this map, DNA samples are nodes, two nodes are close to

each other if they have a high similarity, and groups of similar nodes are clustered

into “countries”. Next an unknown DNA sample can be compared to the known

ones and then placed on the map, in a way that minimizes its distance to the most

similar known samples. In order to do this, we must compute such a “good” distance

measure from multiple similarity metrics, for example, by assigning weights to each

metric and taking a weighted sum, or some non-linear combination thereof. Once

appropriate weights have been assigned we can create the canonical map where we

will place unknown DNA samples.

Thus the main problem here is figuring out how to appropriately combine a set

of different similarity metrics. Given two different similarity metrics on the same

set of DNA samples, a simple way to visualize them is to create two static maps.

However, this is not very helpful to the scientists who would like to understand the

correspondences and differences between these two metrics, as node positions on

the static maps are likely to be unrelated. In addition, color assignment for the

countries are random, making it even harder to understand the relationships.

The maps in Fig. 6.1 show the nature of the problem. In Fig. 6.1 (a), 39 subjects

are embedded in 2D space based on mtDNA similarity, using multi-dimensional

scaling. Fig. 6.1 (b) shows a map obtained from the layout in (a), with subjects

clustered using modularity clustering, and the clusters highlighted using the GMap
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algorithm. Here and later on, we used color palettes from ColorBrewer [11]. In

Fig. 6.1 (c), we re-embedded the subjects using a different similarity metric (NRY

DNA similarity), independent of Fig. 6.1 (b). Compared with Fig. 6.1 (b), the layout

changed significantly. Furthermore, although the same color palette is used, colors

are assigned independently, making it even harder to figure out the relationship

between Fig. 6.1 (b) and Fig. 6.1 (c). In Fig. 6.1 (d), the embedding of NRY DNA

similarity is done to minimize the difference to that of the embedding based on

mtDNA similarity measure, making it possible to see that node positions are largely

unchanged. However due to the color assignment, it is still difficult to compare with

the other map in Fig. 6.1 (b). Finally, in Fig. 6.1 (e), colors are properly matched

such that clusters with mostly the same nodes are colored using the same colors.

This makes it easy to compare Figures 6.1 (b) and (e). For example, we can clearly

see that two countries in the top left are now merged in a single country.

We seek to create an interactive tool that can smoothly animate from one simi-

larity map to another, by dynamically changing the weight given to each of the two

metrics using a slider that implements a linear combination. This approach can be

generalized to three metrics with the help of an equilateral triangle in which each

interior point corresponds to a convex combination of the three metrics.

To construct such a tool requires us to overcome a number of challenges outlined

earlier and illustrated in Fig. 6.1, namely: layout stability (node placement should

be determined by the underlying similarity metric, while at the same time not

differ unnecessarily from one map to the other), cluster stability (nodes from one

cluster in one map should be kept in the same cluster in the other map, provided

that doing so does not give suboptimal clustering), and color stability (using the

same color for countries that share most of their nodes). All the above serves to

facilitate the quick discovery of differences and similarities between two maps, while

not being distracted by meaningless differences in layout, or by meaningless changes

in groupings of nodes, or by meaningless changes in colors.

Note that the problem of color stability applies equally well to real geographic

maps that have been clustered based on two different metrics. For example, Fig. 6.2
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shows clusters of countries in Europe, Asia, Africa and Oceania based on two types

of international trade metrics. We generate a country graph where each country

is a node, and an edge exists between two countries if they trade with each other.

Fig. 6.2 (a) is clustered using the total import/export values among countries as

edge weights. Fig. 6.2 (b) is clustered using the total import/export fractions among

countries as edge weights. (The import/export fraction is a number between 0 to

1, representing the percentage of import/export from one country to another, as

a fraction of its total import/export value.) It is difficult to compare the maps in

(a-b), because the colors for the clusters are chosen at random. On the other hand,

when we apply color-stabilization we obtain the pair of maps (a-c), where clusters in

the two maps that share many countries are colored using the same color. Here it is

easy to see that the new clusters in Europe match closely with their former colonies

in Africa: UK and former colonies in British East Africa such as Kenya, Uganda,

Tanzania, as well as France and former colonies Algeria, Morocco, Mauritania. The

large red cluster in (a) with China, India, Japan, Korea has the same color in map

(c). Consider also the “not in the Eurozone” light green cluster in (c) with the

UK, Greenland, Norway, and Sweden that has split away from the large European

orange cluster in (a). The latter cluster inherits the orange color because it contains

more countries, and all these countries were in the same orange cluster in (a). The

application of our color-stabilization algorithm makes it easier to see such similarities

and changes.

In the following section we discuss some of the background algorithms we used

as a basic building block for our interactive tools.

6.2 Dynamic Map Clustering

Our dynamic map clustering is based on static graph clustering. With this in mind

we briefly review modularity graph clustering for static graphs and then consider

the dynamic problem in the context of maps.



100

(a)

(b)

(c)

Figure 6.2. World trade maps: (a) clustering of countries based on total import/export
values between countries; (b) clustering of countries based on total import/export frac-
tions; (c) same clustering as (b), but with color stability w.r.t. (a).
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6.2.1 Modularity clustering

In graph clustering we look for a partition of the nodes into disjoint subsets so

that most of the edges go between nodes within a cluster and there are not too

many edges between nodes in different clusters. Formally, it is a mapping from

the node set to a set of integers C : V → {1, 2, . . . , k}, where k = |C| is the

number of clusters. Roughly speaking, clustering algorithms are either divisive

or agglomerative. Agglomerative algorithms merge similar nodes or communities

recursively, while divisive algorithms detect the inter-cluster edges and remove them

from the network. In both cases, the goal is to optimize some cluster quality measure.

One such measure is modularity, defined as a value between -1 and 1 that measures

the density of links inside communities compared to links between communities [67,

68]. For a weighted undirected graph G = (V,E) modularity is defined as follows:

Q =
1

2m

∑
i,j∈V

[
Ai,j −

kikj
2m

]
δ(C(i), C(j)) (6.1)

Here Ai,j is the weight of the edge between nodes i and j and it represents the

similarity between these two nodes (e.g., the number of mutual friends in a social

network). The scalar ki =
∑

j Ai,j is the sum of the weights of the edges attached to

node i, and C(i) is the cluster node i is assigned to. The function δ(C(i), C(j)) is 1

if C(i) = C(j) and 0 otherwise, and m = 1
2

∑
i,j Ai,j is the sum of all edge weights.

Finding a clustering which will maximize modularity is known to be a computa-

tionally hard problem, as shown by Brandes et al. [8]. We implemented a heuristic

algorithm proposed by Blondel et al. [5] (available as the Graphviz [27] function

cluster).

6.2.2 Dynamic clustering

We now consider the clustering problem on dynamic graphs, where the changes are

adding/removing nodes, adding/removing edges, and modifications in node weights

and edge weights. For the purpose of mental map preservation, we seek to preserve

the clustering structure between the iterations as much as possible, provided that
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doing so does not result in suboptimal clustering.

We propose a simple heuristic to combine the two objectives of modularity and

cluster stability for dynamic clustering. This heuristic is a dynamic variation of the

agglomerative clustering algorithm of Blondel et al. [5]. Heuristics are a reasonable

approach, as the dynamic modularity clustering problem is also NP-hard [38].

We begin with each node as a singleton. During the first level of clustering, we

consider merging only node pairs which belong to the same cluster in the clustering

of the previous iteration. When no more node pairs are left for merging, the current

clustering is used to construct a “contracted graph” with each cluster as a super node

and appropriately adjusted adjacencies and edge weights. We proceed iteratively

with the contracted graph as input. The clustering of the previous iteration is

explicitly used in the first level and afterwards we apply the algorithm of Blondel

et al. [5]. We give the algorithm in a pseudo code below, where Cold(i) denotes the

clustering of node i in the previous time frame.

We evaluate the effectiveness of our heuristic with a measure of cluster similarity

given by Rand [73]. This measure is based on counting cluster membership of each

of the n(n − 1)/2 pairs of nodes (n = |V |) as follows. Let C and C
′

denote two

clusterings of a graph G, and let S11 denote the set of pairs that are clustered

together in both clusterings, and S00 denote the set of pairs that are in different

clusters.

Then the Rand distance between the two clusterings is given by

rand(C,C
′
) = 1− 2(|S11|+ |S00|)

n(n− 1)
(6.2)

The value will be 0 if the two clusterings are identical, and 1 if one clustering is a

singleton clustering and the other one is that of all nodes in the same cluster.

With the data from Fig. 6.1, we evaluated the quality between each pair of suc-

cessive iterations (out of 100 iterations) and averaged these values over all successive

pairs. Without our heuristic, the average Rand distance was 0.0631, and with the

heuristic, it was 0.0252. This shows an improvement of a little more than 60% with

the heuristic. Note that this does not negatively impact the modularity value of
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Assign each node to a singleton cluster.

Set iteration = 1 and improved = true

while improved do

improved = false

for each node i do

for each neighbor node j of i do

if iteration == 1 && Cold(i) 6= Cold(j) then

continue

else if merging i and j improves modularity then

improved = true

merge nodes i and j

update the graph

end if

end for

end for

iteration = iteration + 1

end while
Algorithm 2: Dynamic Clustering
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the clustering. To verify this, we computed the modularity of the clustering of the

maps obtained at each iteration. In 64 of the 100 iterations there are no changes to

the Rand distance and hence no changes in modularity. In the 36 instances where

the Rand distance with the heuristic is different from the Rand distance without

the heuristic, there was little impact on modularity. In 16 iterations the modularity

with our heuristic was slightly better than the one without the heuristic and in 20

iterations the modularity was slightly worse. Specifically, the average modularity

value with the heuristic was 0.274 and the average modularity without the heuristic

was 0.275.

We collected similar data for another dataset (evolving TV landscape in Sec-

tion 6.5.3). For this dataset we evaluated the quality between each pair of 38

successive maps. Without our heuristic, the average Rand distance was 0.1832,

and with the heuristic, it was 0.1358. This shows an improvement of a little more

than 26% with the heuristic. We also computed the modularity of the clustering

of the maps obtained at each iteration. We consider the 33 iterations where the

Rand distance with the heuristic is different from the Rand distance without the

heuristic. In 28 of these iterations, the modularity with our heuristic was slightly

better than the one without the heuristic and in 5 iterations the modularity with

our heuristic was slightly worse than the one without the heuristic. Specifically, the

average modularity value with the heuristic was 0.3648 and the average modularity

without the heuristic was 0.3315.

6.3 Dynamic Map Coloring

Color stability, that is, using the same color for countries on the two maps that

share most of their nodes, is an essential ingredient in visualizing dynamic maps.

In order to maintain color stability, we need to match the best pairs of clusters in

different maps.

Given two maps of the same underlying graph G = (V,E), let Cold and Cnew be

vectors representing clustering information of these two maps. Let u1, u2 · · ·u|V | be
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some ordering of the vertices V in G. We have to minimize the number of nodes

whose cluster is different in Cold and Cnew. Let s(Cold, Cnew) be the number of nodes

that do not undergo clustering change:

s(Cold, Cnew) =
∑
ui∈V

δ(Cold[i], Cnew[i]), (6.3)

where δ(u, v) = 1 if u = v, and 0 otherwise.

The cluster matching problem is to find a permutation Π of the clustering Cnew,

such that Π(Cnew) maximizes s(Cold,Π(Cnew)). For example let Cold = {1, 1, 2, 2, 3}
be the clusters assigned to the 5 nodes v1, v2, v3, v4, v5; let Cnew = {2, 2, 1, 3, 4} be

the new clustering in which v3 and v4 split into two clusters. Clearly s(Cold, Cnew) =

0. The optimum matching is the permutation Π : {1, 2, 3, 4} → {2, 1, 4, 3}. The

resulting clustering, Π(Cnew) = {1, 1, 2, 4, 3} gives s(Cold,Π(Cnew)) = 4.

The problem can be modeled with maximum weighted matching (MWM) of a bi-

partite graph. The corresponding bipartite graph GC has node set {1, 2, . . . , |Cold|}×
{1, 2, . . . , |Cnew|}. The edge weight, w(i, j), corresponds to the number of nodes that

are common to cluster i of Cold and cluster j of Cnew:

w(i, j) =
∑
uk∈V

φ(i, j, uk), (6.4)

where φ(i, j, uk) = 1 if Cold[k] = i and Cnew[k] = j.

The maximum weighted bipartite matching of GC gives a matching Π between

the clusters Cold and Cnew that will maximize s(Cold,Π(Cnew)). The MWM for

bipartite graphs can be computed with the Hungarian algorithm [56]. For bipartite

graphs, an efficient implementation of the Hungarian algorithm using Fibonacci

heaps [30] runs in O(mn + n2 log n), where m and n are the number of edges and

nodes in GC , respectively. If we assume that a cluster in the old clustering does

not split into more than a constant number of clusters in the new clustering, then

m = O(n). This yields a O(n2 log n) algorithm for MWM. Since w(i, j) are all

integers in the range 0 to |V |, the Gabov and Tarjan algorithm for MWM [32] can

be implemented in O(n
3
2 log(n|V |)). In practice, the number of clusters is typically
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small (less than 30) and our implementation of the Hungarian algorithms runs in

less than a millisecond.

To evaluate our algorithm, we measure, via equation (6.3), how many nodes

keep the same color in two successive maps. With the data from Fig. 6.1, we

computed this quantity for 100 pairs of maps and took the average. With a random

color assignment, on average 16.4 nodes remain the same color and 22.6 nodes are

assigned different colors. With our color matching algorithm on average 34.27 nodes

remain the same color and 4.73 nodes are assigned different colors, showing a non-

trivial improvement. We also evaluated the effect of the clustering algorithm on the

coloring algorithm. Without the clustering heuristic on average 31.8 nodes remain

the same color and 7.2 nodes are assigned different colors, which corresponds to a

9% improvement.

We collected similar data for another dataset (evolving TV landscape in Sec-

tion 6.5.3). For this dataset we computed the number of nodes whose color remains

unchanged in 38 pairs of maps with 100 nodes each. With a random color assign-

ment, on average 4.55 remain the same color and 95.45 are assigned different colors.

With our color matching algorithm on average 78.27 TV nodes remain the same

color and 21.73 TV shows are assigned different colors, again showing a substantial

improvement. We also evaluated the effect of the clustering algorithm on the color-

ing algorithm. Without the clustering heuristic on average 72.33 nodes remain the

same color and 27.66 nodes are assigned different colors, which corresponds to a 8%

improvement.

6.4 Dynamic Map Layout

Abstractly, the problem of dynamic maps layout is that of computing node posi-

tions, which is related to the well-known readability versus mental map preservation

problem for dynamic graph drawing. Traditionally, if given a sequence of graphs,

one can compute node positions for the current graph in the sequence by starting

with the node positions from the previous graph in the sequence and followed by lo-
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cal node position refinement. One shortcoming of such approaches is that even with

the node-position initialization two consecutive graphs in the sequence with very

similar topology can have very different drawings, causing node-jumping between

frames, and failing to preserve the mental map.

Another dynamic layout approach is to “anchor” some, or all, of the nodes, or

to limit node movement by adding artificial edges linking graphs in different time

frames [28]. However, such approaches can introduce biases that were not in the

data itself, which is undesirable when analyzing highly sensitive real-world data,

such as DNA similarity.

6.4.1 Procrustes Transformation

We preserve the mental map via a Procrustes transformation of the coordinates

of the nodes, following a multidimensional scaling (MDS) layout, initialized with

the node positions from the previous iteration. The Procrustes transformation is a

well-known technique [19], which attempts to find the best alignment of two inputs

via rotation, translation, and scaling. Let the layout of the previous frame be

yi, i = 1, 2, . . . , |V |, and the current layout xi, i = 1, 2, . . . , |V | (if the node sets in

the two layout are different, we take the coordinates for common nodes to derive

the transformation). We would like to find a translation vector b, scaling value ρ

and rotation matrix T such that:

minimize

|V |∑
i=1

‖yi − (ρTxi + b)‖2. (6.5)

The solution to this problem is

T = (XY TY XT )1/2(Y XT )−1, ρ =
tr((XY TY XT )1/2)

tr(XXT )
,

where X is the 2 × |V | matrix of xi’s. The translation vector is b = 1
|V |(
∑|V |

i=1 yi −
ρT (

∑|V |
i=1 xi)). The minimal value of (6.5),

1− tr((XTY Y TX)1/2)

tr(XTX)tr(Y TY )
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Figure 6.3. The affine transformation pipeline. Xt denotes the layout at time t. This
layout is transformed to fit the previous frame X̄t−1 as close as possible yielding the
current frame X̄t, which is what the user sees.

is known as the Procrustes Statistic.

Note that if we do not restrict T to be an orthogonal rotation matrix, then

ρ is subsumed by T and we have a general affine transformation, with T =

Y XT (XXT )−1.

The difference between the Procrustes transformation, and a general affine trans-

formation, is that the Procrustes transformation preserves the relative distance be-

tween nodes. Fig. 6.3 shows the pipeline of how the transformation is applied to a

sequence of graphs.

We experimented with both the Procrustes and affine transformations, and found

that although affine transformation are better at minimizing the differences between

two frames, the Procrustes transformation is good enough, but with the added

benefit of preserving relative distances. However, when using either in dynamic map

visualization involving many frames, we found an unexpected problem: On inputs

where the first frame is tall and thin, and the second frame is a square with the

same height as the first, the image size after transformation shrinks as we progress

through the time steps, even beyond the second frame. Further analysis confirms

that although each transformation is strictly derived from the current layout, and

the previous frame, the Procrustes transformations have a memory of layouts that

goes all the way to the first layout. This can be proven as the following theorem,

which relates the layout at time t, X t, and the frame at time t, X̄ t, obtained by the

attempt to “fit” X t with the previous frame X̄ t−1:

Theorem 21. Let ρ(Y,X) be the scaling factor for the Procrustes transformation



109

of points {x1, . . . , x|V |} to fit points {y1, . . . , y|V |}. Then

ρ(X̄ t−1, X t) = ρ(X t−1, X t)ρ(X̄ t−2, X t−1).

Proof. Denote the translation vector and transformation matrix for the Procrustes

transformation of points {x1, . . . , x|V |} to fit points {y1, . . . , y|V |} as b(Y,X) and

T (Y,X). Then by definition, ρ(X̄ t−1, X t) is the solution of

minimizeρ, T, b

|V |∑
i=1

‖x̄t−1
i − (ρTxti + b)‖2.

As X̄ t−1 is itself a Procrustes transformation of X t−1, it must be of the form

x̄t−1
i = ρ(X̄ t−2, X t−1)T2x

t−1
i + b2

with T2 an 2 × 2 orthogonal matrix and b2 ∈ R2. Substituting in the previous

equation shows that ρ(X̄ t−1, X t) is the solution of

minimizeρ, T, b

|V |∑
i=1

‖ρ(X̄ t−2, X t−1)T2x
t−1
i + b2 − (ρTxti + b)‖2.

Since the 2-norm is invariant under orthogonal transformation, the above is the

same as

minimizeρ, T, b

|V |∑
i=1

‖xt−1
i −

( ρ

ρ(X̄ t−2, X t−1)
T T2 Tx

t
i

+ T T2
b− b2

ρ(X̄ t−2, X t−1)

)
‖2.

Because here T T2 T represents any 2× 2 orthogonal matrix for a suitably chosen T ,

this means that ρ(X̄t−1,Xt)

ρ(X̄t−2,Xt−1)
must be a solution of

minimizeρ, T, b

|V |∑
i=1

‖xt−1
i − (ρTxti + b)‖2,

in other words,
ρ(X̄ t−1, X t)

ρ(X̄ t−2, X t−1)
= ρ(X t−1, X t)

or

ρ(X̄ t−1, X t) = ρ(X t−1, X t)ρ(X̄ t−2, X t−1).
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Applying this theorem recursively gives

ρ(X̄ t−1, X t) = Πt
i=2ρ(X i−1, X i).

Hence any scaling difference between two previous layouts will have a multi-

plicative effect on the current layout. For example, if the first layout X1 is 20%

smaller than X2, then a Procrustes transformation to any subsequent layout will

cause a down-scaling by a multiple of 0.8. Over time, for some cases the scaling can

drift far from 1, causing problems such as severe label overlap. Since for a smooth

visualization, it is necessary to preserve the mental map only among a few nearby

frames (rather than over the entire sequence of frames), we took the approach of

combining the transformed coordinates and the original coordinates with a parame-

ter 0 < s < 1, where s = 1 yields the transformed coordinates and s = 0 the original

coordinates. In our implementation we use s = 0.5.

6.4.2 Evaluating layout stability

To evaluate the different layout stability approaches, we compare the trajectories of

a set of randomly selected nodes from the dataset in Fig. 6.1. Fig. 6.4 (top) shows

such node trajectories, where the position of a node in the new graph is obtained

by an independent MDS computation of the two layouts. Fig. 6.4 (middle) shows

the node trajectories, when using an MDS layout of the current frame, where the

position of each node is initialized with the position obtained from the previous

frame. Finally, Fig. 6.4 (bottom) shows node trajectories, where the position of

each node is initialized with the position obtained from the previous iteration and

combined with a Procrustes transformation to fit the previous frame.

Fig. 6.5 compares two sets of maps: one drawn without affine transformation

(left) and one drawn with affine transformation. The maps were computed by

interpolating between the mtDNA and NRY DNA maps from Fig. 6.1 with weights

0.3, 0.5, 0.7 and 0.9 for w as explained in Section 6.5.1. Note that the differences

between the left and right maps in Fig. 6.5 grows with each iteration. That is,
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each successive pair of frames shows a greater difference than its predecessor. This

is because the changes due to the affine transformation are cumulative since it is

applied at every stage. Consequently, the final results in the sequences are not affine

transformations of each other.

In all cases we experimented with, the approach where we use the Procrustes

transformation results in the least “jittery” trajectories. We compared the perfor-

mance of our algorithm using the average distance traveled by a node. We computed

the position of a node in two maps and the Euclidean distance between the two

points. We then average this over all nodes in the two maps. We repeated the ex-

periment on 100 successive pairs of maps obtained from the different weighted sum of

the similarity matrices and then averaged these values over all successive pairs. We

use this node-travel distance per map pair to quantify the different approaches. In

the example where the similarity matrices are obtained from mitochondrial DNA and

from Y chromosome, the distances traveled using independent layout, initialized po-

sitions and Procrustes transformation are 21.41, 13.19 and 8.43 pixels, respectively.

This confirms that there are non-trivial improvements when we use the initial nodes

position together with a Procrustes transformation. Fig. 6.4 shows the trajectories

of 9 randomly chosen nodes. We can see from the bottom figure that initializing

with positions from the previous frame and using the Procrustes projection yields

trajectories that are the shortest and the least jittery. We note that node-travel

distance per map pair is computed over all nodes in the maps, not just the random

sample shown in the figure.

6.5 Applications

In this section, we apply our dynamic map visualization approach to the problem

that first motivated this research – understanding the effect to the clustering of a

group of people when combining and mixing two different metrics based on NRY

DNA or mtDNA similarity scores. Furthermore, we apply our methodology to a

diverse group of datasets, including mobile phone call graphs, TV show similarities,
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Figure 6.4. Trajectories of nine randomly selected nodes with three different layout sta-
bility methods. (Top) independent layout. (Middle) layout initialized with positions from
the previous frame. (Bottom) initialized positions and Procrustes transformation. We
see that overall, initializing with positions from the previous frame and using Procrustes
transformation (bottom) give the shortest and least jittery trajectories.
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Figure 6.5. A sequence of maps obtained by combining mtDNA and NRY DNA similarity
metrics. Note that in both sequences the clusters match well and the colors of the clusters
also match well. The sequence in the left and right employ different node stabilization:
(Left) sequence obtained without affine transformation; (Right) a sequence obtained with
affine transformation. Note that although both this Figure and Fig. 6.1 are part of the
same animation, this Figure is the result of quite different weight values from that of
Fig. 6.1, thus the figures do not look similar.
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as well as author collaboration graph data from the Symposium on Graph Drawing.

These applications illustrate how the color stability algorithm can be applied to

geographic data, as well as to relational data where in addition, our algorithms for

layout stability and cluster stability are employed.

6.5.1 Population Genetics

One of the major problems in evolutionary biology is to better understand the ge-

nomic and evolutionary factors shaping patterns of human variation and to test

models of human origins. Genetics is a powerful tool for uncovering the evolution-

ary history of our species. DNA is comprised of four building blocks: guanine (G),

adenine (A), thymine (T), and cytosine (C). The sequence of the vast majority of

these 3 billion building blocks (base pairs or nucleotides) is identical among hu-

mans. However, sprinkled throughout the genome are small differences in the DNA

sequence known as polymorphisms. Most polymorphisms are simple substitutions of

one base for another, called single nucleotide polymorphisms or SNPs. These kinds

of polymorphisms are found at only about 1 out of 1000 nucleotide sites among hu-

mans. When many of these polymorphisms are compared among individuals from

different human populations, they are informative for inferring the timing and order

of branching events among ancestral populations, as well as the history of changes

in population sizes. The signature of these historical processes, as well as natural

selection, can be read from patterns of polymorphism in our genome.

DNA is found in nearly every cell of our body. Most cells have two compart-

ments that contain DNA. Nuclear DNA is packaged in chromosomes found in the

nucleus of the cell. Mitochondrial DNA (mtDNA) is a circular molecule found in the

mitochondria in the cytoplasm of our cells. Humans have 23 pairs of chromosomes,

with one chromosome of each pair inherited from our mother and the other from our

father. The first 22 pairs of chromosomes are called the autosomes, while the 23rd

pair is called the sex chromosomes, namely the X and Y chromosomes. Females

are born with two X chromosomes while males are born with an X and a Y chro-

mosome. The Y chromosome is inherited only from the fathers line, and because
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there is no shuffling of genetic material (known as recombination) between the Y

and X chromosomes, most of the Y chromosome (the non-recombining portion of

the Y chromosome or NRY) traces to only a single male in each previous generation.

Similarly, mitochondrial DNA (mtDNA) is inherited only through females and does

not undergo recombination, so our mtDNA traces back to a single mother in each

previous generation.

When making inferences about human history from DNA sequence data, it is

important to take account of processes that differentially affect the parts of the

genome (NRY and mtDNA), the X chromosome, and autosomes. In addition to

the different inheritance patterns among the four parts of the genome, there are

differences in copy number, recombination rate, and mutation rate. While genes

carried on the mtDNA or NRY are present in only a single copy in an individual,

X-linked genes are present in two copies in females and only one copy in males

(but can be transmitted by either sex). Autosomal genes are maintained on two

chromosomes in both sexes. As a result, when equal numbers of males and females

are breeding, the relative effective population size of the autosomes, X chromosome,

NRY, and mtDNA is 4:3:1:1, respectively.

Until recently, questions about human prehistory have primarily been addressed

with polymorphism data from mtDNA and the NRY. However, these parts of the

genome make up only a small fraction of our total DNA. While the mtDNA and

NRY each trace back to only a single ancestor each generation, the hundreds of

thousands of independent segments comprising the remainder of our genome trace

to many different ancestors in the past. While the patterns of genetic inheritance

dictate that there is a single ancestor (and a single phylogenetic tree) for all non-

recombining portions of our genome, each portion of our genome will not necessarily

have the same history. In other words, a gene tree can tell us about the history of

a single locus, but not about the structure of the whole population or about the

forces that determine the spread of alleles at that locus. Due to chance effects and

selection, a single gene tree may not accurately reflect the phylogenetic relationships

of the populations studied. Since neither selection nor chance effects is expected to
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influence all loci equally, gene trees from independently segregating loci must be

compared to test hypotheses about population history. It is only through an exami-

nation of many independent regions that we are in a stronger position to reconstruct

the evolutionary history of our species. However, it is difficult to make inferences

from patterns of variation in different parts of the genome. Currently, there is not a

single methodology that allows inference across these systems. Using the dynamic

map representation would allow us to put together these different relationships de-

fined on the same set of objects, while allowing the interactive exploration of the

different ways to combine them.

When comparing DNA information from a group of people, the NRY DNA sim-

ilarity score and the mtDNA similarity score are computed from different parts of

the DNA (paternal information and maternal information). Such scores can give

an indication about the strength of the genetic similarity between the individuals.

Combining these scores using a linear interpolation can give a better indication of

the genetic similarity. With this in mind we have implemented an interactive system

which allows for the exploration and visualization of the effect of linear interpolation

between two similarity metrics (represented by a pair of adjacency matrices). We

obtain smooth transitions from one matrix to another, and which the viewer can

manipulate or just watch. Let w be a weight in the range from 0 to 1 and let M1

and M2 be the two input matrices. In the example in Figure 6.5 the matrix M1

corresponds to the NRY DNA similarity score and M2 corresponds to the mtDNA

similarity score. We compute the weighted matrix Mw = w ×M1 + (1 − w) ×M2.

The weighted sum Mw carries a w fraction of the paternal information and a (1−w)

fraction of the maternal information. The weighted matrix is then passed on to

the module that computes the dynamic map clustering, then to the module that

computes the dynamic map coloring, and finally to the module that computes the

dynamic map layout.

Figure 6.5 shows a sequence of frames of the system when the weight w is changed

from 0 to 1. The sequence in the left and the right employ different node stabiliza-

tion. The top pair of maps are obtained by assigning a weight w = 0, i.e., they show
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only the maternal information. The bottom pair of maps are obtained by assigning

a weight w = 1, i.e., they show only the paternal information. The intermediate

maps are obtained by changing the value of w from 0 to 1 which shows the effect

of linear interpolation between the two similarity measures. For the sequence of

maps on the right, the two nodes San31 and San33 on the north west corner of

the top map remain in the north-west in all the maps below, which shows the effect

affine transformation in layout stability. Even though the difference between the

layout on the left and the layout on the right is only the affine transformation which

involves translation, rotation and scaling, the two layouts look quite different. This

is because we initialize the position of each node based on the previous layout.

The embedding of the graph was done using Graphviz [27]. In particular, we

used the neato layout engine of Graphviz. In addition to neato, the gvpr scripting

language is used for manipulating graphs. Finally, GMap [46], available as part of

Graphviz provides most of the geographic map functionality. Movies of the system

in action and a collection of images can be found at http://cs.arizona.edu/

people/sankar/dynamap.

6.5.2 Maps of the Connected States of America

Calabrese et al. [14] studied the problem of partitioning the land area of the United

States of America based on how people interact, rather than based on states and

counties. The resulting maps, which they call “maps of the Connected States of

America”, illustrate the emerging communities based on the social interactions man-

ifested in anonymized mobile phone data, as well as in census data. The idea is to

cluster regions based on various types of interaction (e.g., phone calls). By visu-

ally examining the results one can see whether the communities defined purely by

social interactions coincide with the administrative boundaries (e.g., state bound-

aries). Studying the communities emerging from such social and physical interaction

allows us to see mobility of the population.

Different interaction data sets result in different ways to cluster the counties in

the US, and hence in different maps. In the paper by Calabrese et al., the colors of

http://cs.arizona.edu/people/sankar/dynamap
http://cs.arizona.edu/people/sankar/dynamap
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(a) (b)

(c) (d)

Figure 6.6. Original maps from Calabrese et al. [14]. Map of the Connected States of
America based on (a): commuting, (b): migration, (c): voice calls and (d): SMS messages.
The colors in each of these maps are assigned independently and thus there is no pairwise
correspondence.

the regions in each map is done independently; see Fig. 6.6. This makes it difficult

to visually compare the resulting maps. We have redrawn four of these maps and

applied the color stabilization algorithm, making it easier to see similarities and

differences in the maps; see Fig. 6.7.

Specifically, we use four data sets from Calabrese et al. [14]. (Two of these sets,

the voice and SMS clustering, are available at http://senseable.mit.edu/csa/

downloads.html) In each data set, counties in the USA are assigned to clusters

based on aggregated interactions among them. In particular, a graph of counties

of the US was first created. An edge exists between two counties if there were

interactions between them, with the edge weight proportional to the amount of

interaction. A modularity clustering algorithm was then applied to group connected

counties together. Four different graphs were derived based on different types of

interactions.

The first one is a commuting graph created from the 2000 US Census, based on

http://senseable.mit.edu/csa/downloads.html
http://senseable.mit.edu/csa/downloads.html
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(a) (b)

(c) (d)

Figure 6.7. From top to bottom: Map of the Connected States of America based on (a):
commuting, (b): migration, (c): voice calls and (d): SMS messages. The coloring of the
bottom three maps are based on matching with that of the commuting map (a), making
it easier to see similarities and differences.

county-to-county worker flow. Here nodes are counties and an edge exists between

two counties i and j if there are workers living in county i and working in county j.

The edge weight equals the number of such workers.

The second one is a migration graph created from 1995-2000 US Census, based

on migration flow. Here the edge weight between county i and j is proportional to

the number of people who migrated from i to j.

The third one is a voice call graph created from phone records, with edge weights

determined by the call volume between corresponding pairs of counties.

The fourth one is an SMS graph created from SMS records, with edge weights

determined by the number of SMS messages. Note that the voice and SMS graphs

contain incomplete data, reflecting the service regions of the cell phone operator.

To create the map colors we begin from the commuting map (the base map)

where we color counties in the same cluster with the same color. We color the

other three maps (migration, voice, and SMS) so as to optimize the color match
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with the base map. We use the maximum bipartite matching coloring algorithm

described in Section 6.3. This has the desired effect as clusters in the new maps are

assigned colors so that the correspondence between clusters in map pairs is easy to

see. Here we maximize the total number of matches counties. An alternative metric

(that also makes sense in this geographic setting) would be to maximize the total

matched areas.

The results in Fig. 6.7 show that our algorithm is successful in providing a

consistent and stable coloring. While it is difficult to compare among the maps

in Fig. 6.6, the color matching in our maps improves readability. For example, the

good color stability makes it easy to see that the voice and SMS maps (bottom two)

are very similar. Small differences stand out better and we can spot that Alabama

and Mississippi are grouped in the voice map while Louisiana and Mississippi are

grouped in the SMS map. Similarly, when comparing the commuting and migration

maps (top two figures), it is easy to see that the commuting clustering is more

localized, which suggests that people tend to live within a “commuting distance”

to work, but are often willing to relocate further away. In the commuting map,

California is divided into five regions, while in the migration map, the state is

largely made of three parts, North, South, and Southeast.

We note that Fig. 6.6 (b) is much sparser than Fig. 6.7 (b). The maps in Fig. 6.6

come from the the original paper by Calabrese et al.. The data we used for Fig. 6.7

is from the same authors, but is likely not identical to the data they used for Fig. 6.6.

6.5.3 The Evolving TV Landscape

Many recommender systems rely on knowledge about how items are related to each

other through a similarity measure. Consider TV recommendations as an example:

two TV shows can be considered similar if people who watch one also tend to watch

the other. A visualization of this similarity relation offers an intuitive ways for the

user to understand the landscape of the collection of items (TV shows in this case).

In such a visualization, shows that are highly similar are placed close to each other.

Discovery can then be made by inspecting this landscape and finding shows that are
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closest to those that the user has already watched. Over time, however, new shows

will come up and old shows go off season. In this section we apply our algorithm to

the problem of visualizing the evolving TV landscape over time.

The dataset we use comes from a digital TV service with millions of set-top

boxes, from which we compute the show-show similarity matrix for the TV graph.

All the data was collected in accordance with appropriate end user agreements and

privacy policies. The analysis was done with data that was aggregated and fully

anonymized. No personally identifiable information was collected in connection with

this research. Here nodes of the graph are TV shows and the edges are computed

based on viewership information using a factorization model [50]. The full similarity

matrix is dense and very large (tens of thousands of rows and columns and millions

of non-zero values).

For the maps in this paper we consider only the top 100 most popular shows. For

each show, we take the top 10 most similar shows, which gives us a sparse graph,

with the weight of each edge proportional to the similarity, and length inversely

proportional to the edge weight. We build up a total of 42 such graphs for each of

the 30 day time periods from February 1, 2012 to April 21: February 1 to March

2, February 2 to March 3, . . . , March 22 to April 21; see Fig. 6.8. Note that

since the graphs are often not fully connected, we display only the largest connected

component for each graph.

We begin by computing a layout for the first graph, then the second, third, etc.

To compute the layout for the (t+ 1)-th graph Gt+1 in the series, we identify nodes

that were also present in the previous graph Gt. For each such surviving node v,

we add a duplicated dummy node v′ to Gt+1 that is pinned to the position of v in

the layout of Gt, and add the edge (v, v′) with ideal edge length 0. For each node

u in Gt+1 which is not in Gt, we identify a surviving node w which is closest to u

in Gt+1, and initialize the position of u with the position of w. We then compute a

layout for graph Gt+1 which has been augmented with the dummy nodes and edges

with the following stress model:
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min
x

∑
(i,j)∈E

wij(‖xi − xj‖ − dij)2 +
∑

(i,i′)∈E′
wii′‖xi − xi′‖2 (6.6)

where E is the set of original edges of Gt+1, and E ′ the set of dummy edges. The

dummy nodes and edges have the effect of keeping existing nodes near their positions

in the previous layout (ofGt), while at the same time allowing some flexibility in their

movement, provided that the overall stress is minimized. A short animation of the 42

graphs in the TV Landscape sequence shows that this approach leads to a reasonably

stable layout: http://cs.arizona.edu/people/sankar/dynamap/TV.gif.

Once the layout is calculated, we compute clusters in the graph using the

GMap [46] algorithm to highlight groups of similar TV shows. The traditional

GMap algorithm computes grouping via modularity-based clustering [67, 68]. For

the evolving TV landscape we compute the clustering of Gt+1 based on the cluster-

ing of Gt. Since we are computing the clustering of Gt+1 based on the clustering

of the Gt our algorithm expects each node to have an old cluster identity. So each

node which is in Gt+1 but not in Gt is initially assigned to a singleton cluster, then

the clustering algorithm of Section 6.2 is applied. The colors are assigned using the

coloring algorithm of Section 6.3.

If we compare the middle and bottom subfigures of Fig. 6.8, we can observe

that the a new cluster was formed with shows “Real Housewives of Atlanta”, “Real

Housewives of Orange County” and “Khole and Lamar”. This we think was because

of the season premiere of “Khole and lamar” (on 02/19/2012 and 02/20/2012) and

new season episodes in the “Real Housewives” franchise (on 02/19/2012 and on

02/21/2012) .

6.5.4 The Growth of a Research Area

We conclude this section with another example using a different type of data, to

further demonstrate that our methodology is flexible and can be applied to domains

other than the motivating DNA similarity analysis. We consider the growing co-

authorship graph of researchers who published papers in the Annual Symposium

http://cs.arizona.edu/people/sankar/dynamap/TV.gif


123

Figure 6.8. Evolving TV Landscape: three consecutive 30 day time periods beginning Feb
22, 23 and 24 of 2012.
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on Graph Drawing. Here each node is an author and an edge exist between two

authors if they co-authored a paper for the Symposium. The edge weight is the

number of co-authored papers, and our data set covers years 1994 to 2004, in a

cumulative fashion: we have one graph for each of the periods 1994–1995, 1994–

1996, . . . , 1994–2004. To achieve mental map stability, we compute the layout of

the 1994-2004 map (the base map) first, then create dummy edges linking nodes in

other maps to the corresponding dummy nodes in the base map. A layout of this

graph gives us an initial position for all nodes. We then apply our layout stability,

cluster stability, and color stability strategies described earlier, and obtain maps

that allow us to study the evolution of collaborations and clusters over time.

A short animation showing the growth of the community of authors in the graph

drawing area over the entire period can be found in our webpage. http://cs.

arizona.edu/people/sankar/dynamap/gd.gif. Fig. 6.9 shows three snapshots of

the largest connected component of the collaboration graphs for the period ending

2001, 2002, and 2003. One observation is that as time progresses, there are more

and more authors, but fewer clusters. While the first map contains five clusters

with German authors(most of the southwest and south of the map), the last map

contains only three such clusters, but of larger size.

http://cs.arizona.edu/people/sankar/dynamap/gd.gif
http://cs.arizona.edu/people/sankar/dynamap/gd.gif
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Figure 6.9. A sequence of GD collaboration graphs ending 2002, 2003 and 2004.
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CHAPTER 7

Conclusion and Future Work

In Chapter 3 we proved that the differential coloring problem is NP-hard for planar

graphs and we presented tight upper bounds for regular caterpillars and spiders

and closed-form optimal coloring schemes for regular caterpillars and spiders with

path lengths all even or all odd. We notice that in a recent manuscript, Rahaman

et al. [72] independently obtain a result similar to our Theorem 9, i.e., an optimal

coloring scheme for regular caterpillars. For general caterpillars and biconnected

triangle-free outer-planar graphs, we presented coloring algorithms which produce

close-to-optimal coloring. We list some of the natural open problems raised by our

work.

- For general caterpillars, it is not known whether the maximum differential coloring

problem can be solved in polynomial time or whether it is an NP-hard problem.

Neither ours nor the Miller-Pritikin coloring scheme is optimal. Our algorithm

is guaranteed to be within an additive value of ∆ + 2 from the optimal coloring

(as well as from the Miller-Pritikin coloring) and there are instances where the

Miller-Pritikin coloring is worse than ours by a factor Θ(n).

- The decision version of the differential coloring problem is, given a graph G =

(V,E) and a positive integer k ≤ |V |, determine whether G has differential chro-

matic number k. For general graphs the problem remains NP-complete even for

k = 2. It is still open whether the problem is NP-hard for planar graphs for a fixed

constant k.

- We proved that the maximum differential coloring is NP-complete even for planar

graphs. It is worth mentioning that the computational complexity of the problem

is not known for general trees.
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- For outer-planar graphs, the known results are even fewer. We only addressed

the case of biconnected triangle-free outer-planar graphs, which is of course a

special case of the general maximum differential coloring problem on outer-planar

graphs. It still remains open if the problem is NP-hard for outer-planar graphs.

Good approximations or heuristics are also of interest.

- The differential coloring problem considers colors that form a line in the 1D color

space. Is it possible to extend the results when the colors lie in 2D and 3D (RGB).

- There exist several other natural open problems including finding optimal coloring

schemes, proofs of NP-hardness or good approximations for various other classes of

graphs, such as lobsters (trees in which removing all leaves results in a caterpillar),

interval graphs, cubic graphs, regular bipartite graphs.

In Chapter 4 we gave a complete characterization of bipartite, outerplanar and

planar graphs that admit (2,1)-differential coloring. We also showed that it is NP-

complete to determine whether a graph admits a (3,2)-differential coloring and NP-

hard to determine whether a planar graph admits a maximum 2-differential coloring.

In Chapter 5 developed different integer linear programming variants for the map

coloring problem and quantitatively evaluated them against each other and against

two earlier methods. We used the L1 distance to measure the distance between

colors, but it is worthwhile to consider other metrics such as the LAB distance or

the Euclidean distance. The ILP formulation in these settings, however, seems to

require more variables and hence higher computational demand. A natural direction

for future work is to perform a user study to qualitatively evaluate the impact of

map coloring on task performance. We list the other open problems raised by our

work.

- Is it possible to characterize which bipartite, outerplanar or planar graphs are

(3, n)-differential colorable?

- A 1-planar graph is a graph that can be drawn in a plane in such a way that each
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edge has at most one crossing. Is it possible to extend the characterizations for

those planar graphs that admit (2, n)-differential colorings to 1-planar graphs.

- Extend the results about (d, kn)-differential coloring for larger values of k (e.g.,

k > 2).

- As all planar graphs are (bn
3
c+ 1, 2n)-differential colorable, is it possible to char-

acterize which planar graphs are (bn
3
c+ 2, 2n)-differential colorable?

- Since it is NP-complete to determine the 1-differential chromatic number of a

planar graph [3], a natural question to ask is whether it is possible to compute in

polynomial time the corresponding chromatic number of an outerplanar graph.

- The differential coloring problem can be generalized by assigning two numbers

to each vertex. For example, one number could correspond to color (as in the

standard differential coloring problem) and the other to texture. Then a 2D

variant of differential coloring would aim to find pairs of labels for each node so

that adjacent edges are different in at least one of the two numbers.

- Throughout this thesis we have been assuming that the edge weights in the country

graph are uniform. That is, the importance of having a different color between

any pair of adjacent countries in the map is the same. We would also like to

investigate ways to handle non-uniform weights, where more importance can be

placed on certain countries or certain types of adjacencies (e.g., long vs. short

common borders).

Finally in Chapter 6 we presented a practical approach for visualizing dynamic

relational data and multiple relationships on the same data, using a geographic map

metaphor. We proposed a heuristic to address the challenge of dynamic cluster

stability, as well as a strategy to preserve color stability, and analyzed the use

of affine transformations to improve layout stability. We applied these ideas in an

interactive tool for DNA visualization. We modeled the color stability as a maximum

weighted matching of a bipartite graph. There are alternative ways to model the
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cluster stability problem that deserve further investigation. The stable marriage

problem could be used to match clusters in Cold and Cnew. Each cluster i in Cold has

a preference list {j1, j2, j3 . . . jn}, of clusters in Cnew. The cluster jk is preferred over

jl in the list of i if and only if w(i, jk) ≥ w(i, jl). The Gale-Shapley algorithm for

stable marriage runs in O(m) time [33], however, the algorithm is not symmetric.

That is, the solution obtained with respect to Cold is not necessarily the same as that

obtained with respect to Cnew. If the two solutions are indeed different, we could

compute both and take the better of the two (in terms of numbers of matches). It

is also desirable for the majority of the elements in each cluster to remain in the

same cluster. As this property cannot be guaranteed for all clusters, we can instead

maximize the number of clusters for which this property holds. Let k be the number

of clusters in Cold. The objective function to optimize is Z =
∑

0≤i≤k zi, where zi

= 1 if the majority of the elements in cluster i in the old clustering remains in

cluster i in the new clustering, and 0 otherwise. Z may be optimized using a simple

greedy algorithm. We would also like to be able to combine more than two similarity

metrics, to allow for more general ways to combine multiple similarity metrics. We

were able to use our system in a generic dynamic data setting. The TV data set and

the research collaboration data set help illustrate the utility of cluster, color and

layout stability, when dealing with dynamic data. Parts of the system can also be

used for comparing and contrasting geographic maps, as illustrated with the world

trade maps and with the “connected states” maps, computed based on commuting

and communication patterns. We hope that a formal evaluation of the effectiveness

of our method would allow us to weigh more carefully the balance between cluster

stability, color stability, and layout stability.
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