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ABSTRACT

A small-signal model is found for the transient behavior of the 

meta1-oxide-semiconductor field effect transistor by use of the proce

dures of the systematic modeling theory formulated by Lindholm and 

Hamilton. It was assumed that the conduction mechanisms are those 

that exist in the steady-state. The steady-state voltage distribution 

was used to calculate the displacement currents. Models were found by 

the "integral approach" and by the "direct approach".

In conjunction with this, expressions for certain basic physical 

parameters of the device were found.
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I . INTRODUCTION

Within the last few years interest has arisen in a device with 

a very high input and output impedance, the insulated-gate field effect 

transistor, also known as the metal-oxide-semiconductor field effect 

transistor (MQS-FET) . A history of the development of the MOS-FET 

and a comprehensive bibliography has been provided by Sah^.

It is the purpose of this paper to model, or find an equivalent 

circuit for the MQS field-effect transistor proceeding systematically 

from device fundamentals, that is, from a consideration of processes 

occurring in constituent parts of the device and from details of its 

construction. The voltage distribution along the channel in the steady- 

state will be found from basic considerations. By assuming the distri

bution to have this form at all times the equivalent circuit parameters 

which produce currents proportions 1 to the time rate of change of the 

voltages are found.

Models of different degrees of complexity are derived, The sim

plest of these is identical with a model previously proposed by Sah^, 

though a different and more systematic approach is used in the deriva

tion presented here. The higher-order models, however, have not appear

ed previously. Models apply for small-signal excitation, for transient 

as well as low frequency excitation.

In conjunction with the development of the models, new expres

sions are demonstrated for several basic physical parameters of the MOS- 

FET.
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II. TUTORIAL EXPLANATION OF MOS TRANSISTOR OPERATION

A. Description of the. De^rite

The MOS field effect transistor under consideration is shown in 

Fig. 1. Attention has restricted to a rectangular device to simplify 

the mathematics. The body of the device consists of two heavily doped 

N-type regions denoted as the source and drain jj.n a P-type substrate.

A silicon dioxide layer has been grown on the substrate with sections 

stripped off and then strips of metal plated on for connections to the 

source and drain. The source contact is also in contact with a portion 

of the P-type substrate. A separate connection could be made to the sub

strate for operation as a four terminal device if desired, A metal 

electrode, known as the gate, is plated over the silicon dioxide layer 

between the source and drain.

33, Operation of the MOS Field Effect Transistor

Consider the operation of the MOS-FET when no gate voltage is 

applied. If there are no donor surface states and if the difference in 

metal and semiconductor work functions is small enough or of the right 

sign then when a positive voltage is applied to the drain only the re

verse saturation current of the substrate-drain junction will flow.

Assume for the moment that the drain voltage is zero. If the 

gate voltage is also zero, there are no surface states and the differ

ence in work functions between meta 1 and semiconductor is zero then the 

energy band diagram will be flat as shown in Fig. 2(a)» The coordinates 

used are those shown in Fig. 1.

If a gate voltage is applied the energy band will be bent down 

as shown in Fig. 2(b) . The high resistivity of the silicon dioxide
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LEGEND FOR FIGURE 2

The energy band diagrams as a function of distance into the 

semiconductor neglecting surface states and work function differ

ences for (a) Vq = 0, (b) small positive Vq, (c) onset of an n-type 
inversion layer and (d) with an inversion layer and (e) with Vq = 0 

but including surface states and work function differences.
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causes negligible current to flow in the y direction. But the hole and 

electron currents are proportions 1 to the gradients of the appropriate 

quasi-Fermi levels'^ therefore the quasi-Fermi levels must be constant 

and since they are equal far into the semiconductor, they must be equal 

throughout and equal the Fermi level. Since the Fermi-level is constant 

and the hole density is given by

/Ei~Efx p = ni exp(-~ •)

the bending of the energy bands results in a depletion region. Increas

ing the gate voltage still further results in the on-set of an N-type 

inversion layer. The condition of on-set of the inversion layer occurs 

when the intrinsic Fermi level crosses the Fermi level in the bulk as 

shown in Fig. 2(c). Increasing the gate,voltage still further, as shown 

in Fig. 2(d), results in an N-type conduction channel from source to drain.

Figure 2(e) shows the energy band diagram for Vq 23 0 including 

the effect of donor-type surface.states and/or the effect of a metal 

work function which is less than the work function of the semiconductor.

If a positive drain voltage is now applied a current will flow 

in the channel. Since the P-type substrate is shorted to the source by 

the source contact, application of a negative drain voltage should result 

in a large current in the forward biased drain-suiqstrate junction which 

will swamp out the effect of the gate voltage. If a large enough positive 

drain voltage is applied, the conduction channel will pinch off and the 

drain current will become approximately independent of drain voltage in 

a similar fashion to the junction gate field effect transistor^. This 

is illustrated in Figs. 3 and 4.



Gate
Dra inSource

v, /; ; ; / sy ; V / ; y ; ; / / s'

N+
Ty

Channel

(a)

2 2 ZJJ1
izzz

N+

(b)

. 3. The HOS-FET in (a) Non-Pinched-Off Mode and 
(b) Pinched-Off Mode



7

V  P n

25.0

22.5 -

20.0 -■

15.0 --

12.5 -•

Fig. 4. The Form of the Idealized MOS-FET Drain Characteristics



III. MODELING THE MOS FIELD EFFECT TRANSISTOR 

A, Derivation of the d~K Equation

The MOS-FET will be modeled using Lindholm and Hamiltonfls^ sys

tematic modeling theory. The theory consists of three general guidelines 

for deriving desired models and four explicit approaches for implementing 

the guidelines. Only two approaches were applied to the MOS transistor 

in this study.

The three guidelines are: (1) To obtain systematically a lumped 

network-like model for a distributed device write equations which are 

distributed analogs to one of Kirchhofffs two network laws, (The equa

tions are referred to as distributed - Kirchhoff equations or as d-K 

equations.) (2) Remove by some method of approximation all aspects of 

the mathematical description which can be traced to the distributed na

ture of the device. (3) To obtain models which describe the transient, 

performance of a device, use, if possible, knowledge of its steady-state 

properties.

The MOS-FET will first be modeled using a slightly modified 

version of the so-called "integral" approach. First, the describing 

ordinary differential will be solved for the steady-state response.

Next, the approximation will be made that conditions holding in the 

steady-state will also hold in suitably extrapolated form under trans

ient conditions. This extrapolated steady-state solution will be substi

tuted directly into the d-K equation and the d-K equation will be solved 

assuming the voltage in the region under consideration has the same form 

at all times that it does in the steady-state.



Because this quasi-steady-state solution becomes a poorer approxi

mation as frequency increases, at higher frequencies it becomes necessary 

to use a model with a larger number of subsections, which more closely

represents the distributed nature of the device, A model will be found

for the general subsection of the device and several of these models 

with appropriate parameters can be connected in tandem to represent the 

entire device.

The following assumptions will be used in modeling the MDS-FET:

(1) The reverse saturation current of the substrate-drain junction 

is negligible compared to the channel current.

(2) There is no net recombination or generation in the inversion 

layer or in the depletion region.

(3) The width of the channel varies slowly .along its length.

(Schockley”s gradual channel approximation)

(4) The substrate is non-degenerate.

(5) The diffusion current along the channel is negligible compared

to the drift current.

(6) The charge of the surface states is constant with respect

to time and position along the channel and is given by pg per unit

area of surface.

(7) The electric field in the x-direction is constant across the 

channel,

(8) The charge in the bulk due depleted acceptor ions is a 

constant independent of time and position along the channel. (The 

basis for this assumption is given in Appendix A>)
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(9) The effective mobility (to be defined) is constant along 

the channel.

We can see by inspection of Fig. 5 that because of the high 

resistivity of the silicon dioxide v/e can write in analogy to Kirchhoff0s 

current law
%2 00

iCx^t) - i(x2,t) - Z ~  f  p(x,y, t)dydx (1)
xi o

where i represents the total current in the x-direction, Z is the width 

of the device, p is the charge density in the semiconductor and 00 is used 

to represent a point far enough into the substrate that the space charge 

is negligible. By Gauss0 law

dE* o EL,
p - V  • D or p " es d T  + *8 o f  >

where IT is the electric flux density, E is the electric field and es is 

the dielectric permittivity in the semiconductor. As a result of the 

gradual channel approximation (assumption 3)

£5x
dx < < so that

i(xi,t) - i(x ,t) -
X2 co 

X1 °

Z dt ' €S &y(~) - Ey(o)]dx - -Z 
X1

r2
dt ; £s 

x i
€sEy (o)dy (3)
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Table I. Definition of Symbols

Co capacitance per unit area of the oxide layer

D electric flux density

erf Error function

1 electric field in the semiconductor

Ec energy level of the conduction band in semiconductor

Ef Fermi level in semiconductor

Ei intrinsic Fermi level

Ev energy level of the valance band

Eyo electric field in the oxide

Eys electric field at semiconductor surface

Fm Fermi level of the metal

g conductance

8m mutual conductance

i current along the channel (in the x direction)

Id drain current

xk channel current at x%

Xs source current

Jn electron current density

k Boltzman* s constant

I intrinsic Debye length

m electronic mass

n electron density

ni intrinsic electron density

no electron density far into the substrate



13

density of acceptor atoms 

Nq density of donor atoms

p hole density

po hole density far into the substrate

q electronic charge

Qp bulk charge

T Temperature in degrees Kelvin

v voltage in semiconductor

v ^  built-in junction voltage

V voltage at oxide-semiconductor interface

VD drain voltage

V q gate voltage

V VG - VT
Vk voltage at x - xk, y = 0

V0 voltage across the oxide

Vrp turn-on voltage

a (2mkT)V2/qEyS T

p q/kT

8 variation about quiescent value

eG dielectric permittivity of the oxide

Eg dielectric permittivity of the semiconductor

p n electron mobility

jJn effective electron mobility

p charge density

pg charge per unit area of surface states

T relaxation time
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4 (Ef-E^/kT

\J/o normalized energy difference far into the semiconductor

The electric field in the semiconductor is given by

e 1
Ey(x,y,t) - ^7 Ey0 (x,t) + —  p(x,y)dy (4)
■> s es J

o

where Ey0 is the electric field in the oxide, es and €0 are the di

electric constants of the semiconductor and oxide respectively and 

where the charge of the surface states is considered to be a surface 

charge, an infinitesimally small distance into the semiconductor. Just 

inside the semiconductor the electric field is

Eys “ ^  Eyo + Ps " Ey (x,o+,t) (5)

where ps is the charge density of the surface states. Since we assumed
dps

that pg is a constant or - o then substituting back into Eq. (3)

we get

x 2

- i(x2,t) - -Z Yf <€oEyo + PS)dx

x 2

z IF ' < ° S y o d x  ' < * >

x i

Substituting for the electric field in the oxide its value in terras of 

the voltage across the oxide we get
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Ze *2
l<xv t) - l(x2,t) - - ' [vG - V(x)Jdx

or
X 2

i(xi,t) - l(x2,t) = - Z C0 ^  f [VG -V(x)]dx (7)

X1

where y0 is the thickness of the oxide, C0 is the capacitance per unit

area, V q is the voltage of the gate electrode with respect to the source

and V(x) is the voltage in the channel at the oxide-semiconductor inter

face with respect to the source.

Using assumptions (1), (2), (5) and (7) we get for the value 

of i(x,t) at any point x in the non-pinched-off region,

is the effective mobility, which is assumed to be constant along the 

length of the channel. An expression for the effective mobility is 

found in Appendix B. is the electron current density, p n is the

electron mobility, n is the electron density and yc(x,t) is the value

•w/ I ,o o

yc
(8)

o

where (9)

o
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of y such that v(x,yc,t) - - |v^^| where is the built in voltage of

the source substrate junction. For all y(x,t) greater than yc (x,t) the 

semiconductor is neutral and P-type and will be assumed to contribute 

nothing to the channel conduction.

Substituting Eq. (8) into Eq. (7) we get the d-K equation.

' c ' c

-qZ (Tn (xj t) 1 ndy + qZ frn ^  (x%,t) ^  ndy

2
- - ZCQ ^  f  [vG - V(x)]dx . (10)

B . Steady-State Solution of the MOS-FET

In the steady-state the electron current in the channel will be 

constant if we assume no net recombination or generation in the channel 

(assumption 2) and will be given by

yc yc
-ID - Z f Jnx(x,y)dy = Z q p n nE%dy

- - qz h n ndy , (ii)
o

where ID is the drain current.

We now seek an expression for the integral appearing in (11).

If the channel width varies slowly along its length (assumption 3) then 

the electric flux density is nearly perpendicular to the silicon-silicon
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oxide i nterface . Since every line o f flux must start and end on a unit 

charge we have 

Ps + C0 V0 •- j ' ""pdy •- q jc(p - n - NA + Nn)dy 

o+ o 

where C0 is the capacitance per unit area of the oxide layer and 
Yo 

V0 • VG - V(x) is the voltage across the oxide layer. Solving for the 

number of electrons in the channel per unit area of the oxide layer re-

sults in, 

Yc r ndy -

yc 

,;' (NA-Nn-p) dy • 

0 0 

where QB is the charge per unit area due to depleted acceptor atoms in 

the bulk of the semiconductor when the channel i s inverted. As discussed 

in Appe ndix A, QB is assumed to be constant, that is, independent of time 

and position along the channel. An expression for QB is also found in 

the Appendix. 

We now define the turn-on oltage, VT, 

or the voltage across the oxide necessary to create an i nversion layer. 

If t he surface states are acceptor type or there is a small enough 

density of donor type then the turn -o n voltage is positive; otherwise 

it is nega tive. 

Substituting this into Eq. (13) one obtains 
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f ndy - ^ Co [VG - VT - V(k)] (15)

and substituting Eq. (15) in turn into Eq. (11),

Id - CcZ iTn [vG - VT - V(x)] (16)

Integrating this equation from the source to the drain, treating 

time as a parameter and setting ^  *» ^  and assuming that the

channel is not pinched off,
l Yd

/u
Iddx - CQZ u n f [VG -VT - V(x)]dV (17)

o o
giving

_ v2
Id - -2^ - 2 C(VG - VT)VD - ^  , (18)

since the current in the channel is constant. But Eq. (16) can equally

as veil be integrated to an arbitrary point x . 
x V (x)
/\dx - c0z CTn f [vG - vT - V(x)]dx (19)

Hence

xld “ Co Z Mn & VG - VV - 3 • (20)
Solving for V(x):

V(x) - (VG - VT) ±-X/(VG-VT)2 - J i i i  (21)

and substituting for I^ from Eq. (18), one obtains:
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V(x) - (VG-VT) - ^ W 2 - I  L2(vG-Vt)VD-VD ] (22)

where the fact that V(o) * o has been used to eliminate the ambiguity 

as to the sign of the radical introduced when taking the square root.

As can be seen from Eq. (18), as the drain voltage is increased 

from zero the drain current increases linearly at first and then more 

slowly as the channel narrows with increasing drain voltage. Finally 

a point is reached where the channel pinches off and the drain current 

becomes approximately independent of drain voltage. This point, which 

is obtained by setting Eq. (15) equal to zero and substituting for 

V(x) is

VD - VG - VT • (23)

If the drain voltage is increased beyond V q - V-j- , Eq. (18)

is no longer valid, since the assumption was used in its derivation

that the channel was not pinched off. To find the expression for the 

drain current in the pinched-off mode of operation, we must integrate 

Eq. (16) from the source to the pinch-off point x ■ L° and make use of 

the fact that the voltage at the point, V(L') - Vq -V̂ - , hence

V g -v t
I id<ix - c0z cn f (yG-vT-v(x)]

J JO O
dV (24)

Co z "n ,and Id - ■ '2LV  (VG-VTr  (25)

Because of the high electric field intensity in the pinched-off region 

the effective channel length, L 1 = L, the actual channel length giving:
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2 (26)

These remarks are illustrated in Fig. 4.

The experimental drain current versus drain voltage character

istics have a small slope still for drain voltages above the pinch-off 

point for any given gate voltage which may be considered as being due, 

in part at least, to the effective channel length, L 1, becoming slight

ly smaller with increasing drain voltage.

Substituting Eq. (26) into Eq. (21) we get the voltage along the 

channel for all x < L" in the pinched-off mode:

C . Modeling the MOS-FET by the Integral Approach

Equations (18) and (26) could be used to find a nonlinear steady- 

state model for the non-pinched-off and pinched-off modes of operation, 

respectively, however this would have limited usefulness. In addition 

to these equations we can, however, consider the equations resulting 

from substituting the steady-state voltage distributions into the d-K 

equation. Dividing the channel into as many subsections as need be and 

evaluating the d-K equations after the aforementioned substitutions 

should yield models which will be useful up to the upper frequency limits 

of operation of the device.

model for the MOS-FET in the pinched-off mode will be found first and 

will be used as a limiting case to determine the signs of square roots

V(x) = (VG-VT)(1 - Vl - %/L ) (27)

1. One Section Model for the Pinched-Off Mode. The one-section
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in the describing equations for the non-pinched -o ff mode. The one 

section model fo r the non-pinched-off mode will in turn be used as a 

limiting case for a model of the gene ral subsection. 

Substituting Eq . (27) into Eq. (7) with x 1 • o , x2 • L we get: 

or 

L 

Is - (-Id)• - ZC0 ~ J [va-<Va-VT) (1-11-x/L)] dx 
dt , 

0 

L 

r V G .Jl-x /L 
,j 

0 

dx 

since - 0 . Therefore 

The steady-state expression for the drain current, 

( 28 ) 

(29) 

(30 } 

will be used to comple te the dete r mination of a model. To use it 

directly, however, would result in a nonlinear model; to obtain a 

linear model we restrict the signal to small variations around the 

quiescent values and differentiate Eq. (2 6) to obtain: 

(31) 

The small signal version of Eq. (30) i s: 

(32) 
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In Eqs. (31) and (32) Vq and V-p now represent quiescent values and 

61g and 6Vg represent small variations.

From Eq. (31) and Eq. (32) it can easily be seen that a one- 

section small-signal model for the MOS-FET in the pinched-off mode is 

that shown in Fig. 6 .

2. One Section Model for Non-Pinched-Off Operation. For the 

non-pinched-off mode we will use the steady-state voltage distribution 

given by Eq. (22) and substituting this into Eq. (7) results in:

L r
1 s ■('Id) " " ZCo dt" V g -Vg + vT + y ( V G-VT)2- fCHVc-V^VD-VS]' dx

or

I. +  Id - -ZC° nr / > g - v t)2- [2(vg-vt)vd-v2 dx (33)

Performing the integration and substituting V* for V q - we get

2ZCo d
3 dt

I 12 y r  » ^ 8 2*1|vG I - [v q  -dv Gv D + v y
1 r* ® 2 -T
L I?VG VD ™ VD

2ZLC0 d_ 
3 dt

± vG  ̂±  (Vq - Vp) 
2VG V d - vg

(34)

The describing equations for the non-pinched-off mode apply for 

drain voltages up to and including the pinch-off point. Therefore, we 

can set VD - V q in Eq. (34) and set the result equal to Eq. (30). This 

will eliminate one of the ambiguities in the signs of terms of Eq. (34).
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Fig. 6 . One Section Model for Pinched-Off Operation



and since the right hand side of Eq. (34) must remain finite as V q 

approaches zero ve can determine the sign of the other term.

After performing the indicated differentiation and some algebra 

ic manipulation ve obtain:

2ZLC,
Id + Is - -

f (3V^ - VD)(V^- VD) -1 ^  dVp
L (2Vq - V^)2 J'dt dt ;

2ZLC, (IVq ~ 2VD)Vg
(2Vq -

dV|
dt

2ZLC0 [3(Vg-Vt)'- Vd] (Vg-Vt-Vd) dVG dV,

[2(V g -Vt )-VdP (J T  -

1ZLC0 [3(Vg-Vt)-2Vd](Vg-Vt) dV,
[2(Vg-Vt) - VD]2 dt

For the small-signal case, we can differentiate the steady-state expres 

sion for the drain current, Eq. (18), to linearize it,

C0Z P n C0Z p ̂
&Id  —  (VG- VT - Vd)6Vd +  —  VD6VG (36)

and obtain the components of the model carrying currents independent 

of the time rate of change of the applied voltages. The small signal 

model resulting from Eqs. (35) and (36) is shown in Fig. 7 where again 

V q and V q are the quiescent values and SVp and are variations about

these values.

To summarize, what we have done for the one-section models is 

to assume that the same conduction mechanism exists in the channel
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Fig. 7. One Section Model for Non-Pinched-Off Operation
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during transients that exists in the steady-state and useu the steady- 

state expression for conduction currents. We have also assumed that 

the voltage distribution has the same form at all times that it lias 

in the steady-state to calculate displacement currants.

The models shown in Figs. 6 and 7 for the MOS-FET are for the 

"intrinsic" MOS device to which it may be necessary to add the capaci

tance of the drain-substrate junction. The capacitance of the source- 

substrate junction is not important because it is shorted by the source 

contact.

3. Model for the General Subsection. As mentioned previously, 

the approximation that the voltage distribution along the length of 

the device has the same form at all times that it does in the steady- 

state becomes poorer as the frequency of the applied signal increases. 

Therefore to maintain the (iesired accuracy of the model for high-fre

quency operation it may be necessary to use a model made up of a larger 

number of sections.

Toward this end a model will be found in this section of the 

report for a general subregion of the device shown in Fig. 5. It will 

be assumed that the subregion under consideration does not include any 

of the pinched-off region of the MDS-transistor. Later a model will be 

found for a subregion including the pinched-off region.

In the steady-state we can write for the total current across

any plane, x - x^ in the device:

h  - h +l - ' Id - -CcZ "n LV V  V(x)J g (37)

where 1^ * I(xk) and Ik+1 ■ I(Xk+l)" If we integrate across the sub-



where - V(xk) , giving:

I k  ’ '  [ ( V g ' V t )  ( V k + 1 ‘ V k )  • % +  r  ]  ( 3 9 )

and since xk+| is an arbitrary point we could equally as well write:

C0Z p n — x/2 Vi. —
I k  ^7  r(VG-VT) (V - Vk) - + r  J . (40)

Solving Eq. (40) for the steady-state voltage distribution across 

the subregion we obtain:

V(x) - (VG-VT) - y ( V G-VT -Vk)2 + Ik 1 (41)

using the fact that V — ►Vk as x —» xk to determine the sign of the 

radicalu Substituting Eq. (39) for Ik and substituting for V q -V^ 

results in after some algebraic simplification:

v(x) - v0 - / o - V k)2 - [(V’-Vk+1)2. (V. -vk)2]

(42)

Assuming again that the voltage distribution has the same form during 

transients that it has in the steady-state and substituting into the 

d-K equation in terms of Ik and
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'k+1

Ik - Ik+1 - -ZCo ^  I [V0-V(x)] dx
xk

which holds for the general case, we get:

Ik - Ik+1 *

(43)

^  / _  /(V6 -Vk) 2 _
X - Xi

[(VA-V^,)2-(V'-V,)2]dxxk+l“xk G k+1' G k

(44)

Performing the above integration, differentiation and some algebraic 

manipulation, we get from Eq. (44):

Ik+i-Ik - 3 coz(xk+rxk> r(v6 -vk+i>(3v6 -2vk-vk+i)'

<2vo -vk-vk+ i>2
dT (v6 -vk+i>

+ -  C0Z(xk+1-xk) (V& -Vk)(3V6 - 2Vk+1-Vk)

<2Vo - vk - Vk+P
(V6 - Vk) (45)

where we have made use of the fact that as x^ — »0 and x^+l 0

and — y VD . Eq. (45) thus becomes the equation for the one section

model, Eq. (35) and we can determine the signs of terms to half-powers.

Since the expression for the channel current in the steady-state, 

Eq. (39), is quadratic in the voltages at the ends of the subregion, we 

will as before, restrict our attention to a small signal model and dif

ferentiate Eq. (39) to obtain an equation linear in the variations about 

the quiescent values:
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C0Z ^ n 

61, = --------

+ (Vi - Vk+1)(6Vk-BVk+1)] (46)

If we let V£ - Vq-Vj, and be quiescent values and 6Vg, 6Vk and

6Vk+i be small variations Eq. (45) becomes:

Equations (46) and (47) correspond to the model shown in Fig. (8).

When modeling the MOS-FET in the pinched-off mode of operation 

it will be assumed that the subsection nearest the drain is of such a 

length that the pinched-off region constitutes a negligible portion of 

the length. If we call this the nth subsection then the distance from 

xn to the drain, that is, xn-L1 - xn - L.

Substituting the voltage at the pinch off point, for

Vn_^ into the expression for the model element values we see that gn, 

the conductance at the output of the MOS-FET, and c^n, the capacitance

at the output are zero and the model predicts an infinite output im

pedance .

Figure 9 shows an n-section model for the MOS transistor.

D . A Model for the General Subsection by the Direct Approach

In the section a model will be found for the general subregion, 

shown in Fig. 5, by the so-called "direct approach"^. In the direct

+ |  C0Z(xk+1-xk)
(V’ -Vk)<2V£-dVk+1-Vk)

(47)(2V6 -vk-vk+1)
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Fig. 8. Small Signal M9del for the General Subregion 
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Fig. 9. An n-section Model for the MOS-FET
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approach, one approximates the d-K equation directly, replacing deriva

tives by ratios of finite differences and integrals by finite sums. 

Since dependence on continuous spatial variables is eliminated in this 

way, the resulting approximate equation corresponds to a lumped rather 

than a distributed system.
r cSubstituting the expression for / ndy, Eq. (15), into the d-K 

equation, Eq. (10), one gets

-C0Z Un [Vg-Vg-vJ E + °0Z ” [Vg-Vt-V21 EdV
X1 x 2

- - c0z 4r r  [vG - V(x,t)]dxd t
X1

Approximations to the derivations and integrals are

(48)

dV
5;

V 12~V1
x 12'x l (49)

dV V2_Vl2
Xn-X 12

(50)
x2

[ y G  - v]dx ~ (*2-Xi)(VG-Vi2) (51)

where x ^  some point between x^ and xg and Is the voltage at

that point. Substituting approximate Eqs. (49), (50) and (51) into 

Eq. (48) we get an equation which is nonlinear in the voltage at the
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e nds of the s ubsec tio n, namely 

( 52 ) 

As befor e, we can b t a i n a li nea r approximation to this equation if we 

restrict our attention to small s ignals and differentiate, giving, 

(53) 

By i nspection, a n i nterpre tation of t h is equat io n is s hown i n t he i ncre -

mental model of Fig. 10. The va l ue s of t he quiescent voltages i n t he 

element value s can be determined from Eqs. (22) and (29). When t he MOS-

FET is divided up i nto severa l sections and t he model i n Fig . 10 is used 

to represent each section v1 and ~V1 will be equal to zero for t he s ec -

tio n nearest the source. This means that 5V 1 will be shorted out i n 

t he model for t ha t section. For the section nearest the drain for t he 

non-pinched -off mo de merely replace v2 and 8V2 by v12 and 5V12 . For the 

pinche d-off mode replace v2 by (VG-VT) and 6Vz by 5v12 . Notice this 

makes t he conductance 812 2 equal to zero and the direct approach also 
' 
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Fig. 10. Model for the General Subsection by the Direct Approach



predicts an infinite output impedance„

The direct approach, while it has the advantage that the model 

is more easily derived than by the integral approach has the disadvan

tage that a greater complexity of the model is required for a given 

accuracy of representation of the device.



IV. DISCUSSION AND RECOMMENDATIONS FOR FURTHER STUDY

It has been the purpose of this paper to find a model for the 

MOS field-effeet transistor by the systematic procedures of Lindholm 

and Hamilton?. First, one-section models were found using the assump

tion that the voltage distribution along the channel has the same form 

at all times that it has in the steady-state. There are two modes of 

operation of the device each with different characteristics making it 

necessary to find two models, one to represent each mode. The approxi

mation that the voltage distribution has its steady-state form in the 

transient case becomes poorer as frequency of operation increases. 

Therefore a model was found for the general subsection in order to ob

tain a model with a larger number of sections, which more closely repre

sents the distributed nature of the device.

The equivalent circuit parameters of the model contained terms
\

proportional to the turn-on voltage, V^, which was expressed in terms 

of the charge in the bulk of the semiconductor due to depleted acceptor 

ions and the charge density of the surface states. Since it may not be 

possible to specify the density of surface states in advance of actual 

construction of the device it will be necessary to neglect the turn-on 

voltage,. if the device is not available for measurement, which will cause 

some error. This is probably a better approximation than neglecting only 

the contribution to the turn-on voltage due to the surface states, since 

if the surface states are of the donor type they may be of such a dens

ity as to make the turn-on voltage negative, i.e., a channel exists 

with no applied gate voltage.
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If the actual devices under consideration are available for 

measurements, the circuit parameter values of the first order model 

can be determined by measurements on the device rather than from speci

fications of size, shape, etc., once the form of the model is known.

Hence, the models are useful for both circuit and device design.

The principal contribution of this study is the derivation of 

a model for the MOS-FET using the procedures of Lindholm and Hamilton0s 

systematic modeling theory^. In conjunction with this derivation, an 

expression was determined for the bulk charge, Qg, in terms of parameters 

of physical contruction. Also indicated were the conditions under which 

Qg could be regarded as a constant. In addition an expression was de

veloped for the effective mobility taking into account the variation 

of the perpendicular electric field along the channel length. Also the

methods used in this study to find models were a variation of the so-

called ’’integral approach” presented for the first time in this paper.

An area for further study would be a comparison of these findings 

with experimental results. The model for the MDS field effect transis

tor has been derived systematically and all approximations stated ex

plicitly; therefore, if necessary, more accurate models can be derived.

It is also believed that this version of the integral approach 

could be successfully applied to the junction-gate field effect transis

tor, a device which has not yet been modeled by the integral approach.

A nonlinear model describing large-signal operation can be eas

ily found from this study by using the steady-state expressions for con

duction current, Eqs. (18) and (26), with the appropriate expressions

for the displacement current, Eqs. (34) and (30) respectively.



APPENDIX 

A. Determination of the Bulk Charge, 9B 

QB is the charge per unit area of depleted acceptor atoms in 

the body of the semiconductor. QB will first be determined for 

equilibrium and then the conditions holding in equilibrium will be 

assumed to hold, in suitably extrapolated form, in non-equilibrium. 

Consider the case when the drain voltage, v0 , equals zero. 

The high resistivity of the oxide layer causes negligible current to 

flow in they direction. From Johscher5, the electron anc hole cur-

rents are proportiona 1 to the loca 1 carrier density and to the gra-

client of the relevant quasi-Fermi levels. Since the electron and 

hole currents are zero and the hole and electron densities, however 

small, remain finite (i.e. non-zero) the quasi-Fermi levels must be 

constant throughout. But they are equal far into the body, therefore 

they must be equal throughout and equal to the Fermi level. 

With v0 • 0 1 at all points in the body of the semiconductor 

2 d2v 
except very close to the source and drain, 'V v • dy2 where v(x,y) is 

the voltage at any point in the semiconductor with respect to the volt-

age far into the semiconductor. Also even when VD ; 0 it was assumed 

that 1~;1 << 1~1 or 

Therefore Poissonus equation becomes: 

-- Q € 

38 

(54) 
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and p - q [(p-p0)-(n-n0)] (55)

where pc and nc are the hole and electron densities far into the p-type 

substrate since the doping is assumed to be constant in the p-type 

material. In Eq0 (55), q is the electronic charge.

Now

n - n^ exp \(r (56)

P - n^ exp (-\|r) (57)

Ef-Eiwhere n^ is the intrinsic electron density and \Jr - (—^ — ) is the

difference between the Fermi level and the intrinsic Fermi level of

energy divided by BoItzraan* s constant times the absolute temperature 

(See Fig. 2(d)).

Let us define:

no - nt exp \k0 (58)

Po “ ni exP (-*o) (59)

'o + kTthen * " ^  (60)

and n - nG exp (^) , (61)

P - Po exP (-^) . (62)

Substituting these expressions into Eq. (55) there results:

- 31 gv

p - q fp0(e kT“ 1) - n0 (ekT - 1)3 • (63)

Defining jL- - 3 and substituting Eq. (63) into Eq. (54) we obtain:

“ "2 " " f  [Po(e PV-l)-nc (efv-l)] . (64)dy*- t

If we multiply this expression by and integrate:
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d P  57 dy - - JrPo (e‘Pv-l)-n0 (ePv -l)]dv (65)

we obtain an expression for the square of the electric field:

. ~PV Pv .

Po [ -v] - no [ Zr-^- -v] (66)

Examination of this equation reveals that when v is high enough 

the term nD exp ( p v ) / p  becomes dominant. When v is lowered the next 

important term will be p0v . When v is still further decreased the 

term p0 (1 - exp(-pv)]]/(3 has to be considered. Thus we can divide the 

space charge region into three subregions. In region I the term 

no exp(pv)/p is dominant, pcv is important in region II and 

p0 [ l - e x p ( - p v ) J / p  in region III.

If we consider the source of the terms in Eq. (66) in terms of 

components of the space charge in the semiconductor, we see that 

n0exp(Bv)/p, the dominant terra in region I, is due to the electron dens

ity while pQv is due to the ionized acceptor atoms and Pc [j"exP("3V)J/P 

is due to the holes.

In region I, the inversion layer, we may write as an approxima

tion to Eq. (66):

57 ■ P i p  no 1/2exP (67)

Upon integrating Eq. (67),

,-F dv ■ -
^qn^
€P

dy (68)



where V is the oltage at t he surface of t he semiconductor, we get : 

- exp ~:·] 

J2€kT 
1 

where 1 • ~ is the intrinsic Debye length. 
q ni 

equation we obtain: 

t IN} 
A·u -v ni 
~ -----------

exp 2 fi 
y + l _ NA exp(-~V) 

\ ni 

( 69 ) 

Rearranging this 

(70) 

In region I we can write the approximate expression for the 

charge density. 

p -:; - qn0 exp (t3v) (71) 

and substituting in Eq. (70) we get: 

(72) 

After Ihantola4 we will call the boundary between region I 

and region II, y 1, the point where t he electron density is equal to 

the density of depleted acceptors, t ha t is: 

(73) 

Substituting t he criterion for t he boundary between region I 

and region II i nto Eq. (71), 

(74) 

we get for the voltage at the boundary, v1 : 
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If we in turn substitute this into Eq. (69) we get for the width of 

the inversion layer:

yi “ 1 " V ?  exp(*pv)-̂ (76)

In region II we will assume complete depletion exists and only 

the depleted acceptor ions contribute to the space charge, giving:

For small values of v, exp (-pv) can be approximated by 1 - f3v or

Po ~  PoV (78)

and the space charge is approximately zero in region III. The space

charge is assumed to have the form shown in the sketch in Fig. (11).

If we call y2 the edge of the depletion region and assume 

p * 0 ,  E - o ,  v - o  there then integrating Eq. (77),

f  5^7 dy ' /  " T  dy ' (79)
y2 y2

we get for the voltage gradient

iji _ _ _ A  (y2.y) . (80)

Integrating again we get for the voltage as a function of position in
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P

depletion region 
Region II

inversion layer 
Region I

(The dotted lines represent 
the actual space charge 
while the solid lines repre 
sent the assumed values.)

Fig. 11. The Space Charge Profile



Since the voltage is a continuous function in the body of the

semiconductor we can set v equal to its value at the junction of 

region I and region II from Eq. (75) and determine the width of the 

depletion region, >2 - y

this with Eq. (76) we see that neglecting the depleted acceptor atoms 

in the inversion layer in comparison with those in the depletion region 

would, in this case, result in a maximum possible error of approximately 

24 per cent in the determination of the bulk charge, Qg. However, 

examination of the expression for the width of the inversion layer,

Eq. (76) reveals that this width has a maximum possible value for all 

gate voltages of:

4e 21 5a 
qPni Na n n£ (82)

or

(83)

In silicon at room temperature n^ - 1.4 x 1 0 ^  cm  ̂ and if

Comparing

(84)

Therefore if as a second approximation to Qg we add one half the 

maximum possible charge in the inversion layer due to depleted acceptor 

atoms to the charge in the depletion region giving:



we see that the bulk charge never differs from this value by more than 

about ten per cent for this doping level.

Thus we see that small error results in calling the bulk charge, 

Qg, a constant independent of the gate voltage for a silicon device.

This may not be such a good approximation at this doping level for some 

other material, say Germanium where the intrinsic electron density, 

ni - 2.4 x 10*-* cm"" at room temperature. The space charge density is 

assumed to still have the form shown in Fig. (11) when a drain voltage, 

VD, is applied.

B „ The Effective Mobility

Schrieffer® gives as an approximation to the effective mobility 

assuming a transverse electric field that is constant across the channel 

and along the channel the expression

- —  - - 1 - exp (0^)(1 - erf a) (86)
^o

where erf a — 2—  T  exp (-x2)dx , (87)
(n)1/2 y

« -  § 5 3  ' (88)

p0 is the mobility in the bulk of the semiconductor, EyS is the perpen

dicular electric field at the surface of the semiconductor and t , the 

relaxation time of a non-equilibrium distribution, is given by
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Equation (86) reduces to, for a sufficiently large electric 

field, Eys,®

7 T  • <,0>

Since if a drain voltage is applied the perpendicular electric 

field at the surface of the semiconductor is not constant along the 

length of the channel, Eq. (90) will be averaged over the length of the 

channel. That is, we will find

P" - i f  P eff dx • (91)
o

Substituting the voltage at the surface of the semiconductor, V, 

into Eq. (67), the expression for the voltage gradient in the inversion 

layer one obtains for the electric field at the surface of the semicon

ductor
1/2Z \ '

- exp (92)
y-o

Substituting this expression into Eq. (88) and it in turn into 

Eq. (90) results in

Left _ 2 / m E ?  exp (- 6X) (93)
V it no 2

For the pinched-off mode of operation the voltage at the surface of the 

semiconductor is given by

V(x) - (VG - VT)(1 - Vl - x/L ) (27)
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Using this expression gives for the effective mobility as a 

function of position along the channel:

^eff exp
>(VG-VT)" ' P(Vg -Vt )V1-x /L'

2 exp 2 (94)

Upon substituting this into Eq. (91) one obtains 

1/2- 2 p
I - l ^ T 1 exp

o/me

;)

P(Vg -Vt)“ L r
r

2 J  e x p  _

P(VG-VT)\rl-x/L
dx .

(95)
dxLet ^ “ sinz0 , then —  - 2 sin0cos0d0 and

n / 2
/me

V nnop - 4̂i exp P(VG-Vt ) r P(Vg -^t )C OS0L 2 J exp
1 J 2 ccs9sin0d9

(96)

Performing the indicated integration results in

-  n ,mc \1/2[ 2 r PVT 1
' ' 32(vG-VT)2 L -P —  - —  - y *  « V V

(97)
.8Schrieffer also gives a more exact expression based on a solu

tion of Poisson's equation in the inversion layer which may be used to 

evaluate the effective mobility by numerical methods,

^ . i +  12J 2 Y Q b + 1) 1/2 - b!/2]

f exp [-x-2 (— ) y f (B+exp(-x4y2) Z dyj dx - 1
uo

(98)



and

eVNa eV , eVv Na
B " ^  ^  exp -  kT (100)

ns being the electron density at the semiconductor surface.
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