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ABSTRACT

This thesis represents a study ef'ﬁhe fracture mechanism of
concrete, The applicability of the Griffith theory of rupture to
concrete ig studied experimentally and analytically.

The effect of small, short wire fibers upon conecrete mortar
is studied in tengion, cempression, and fatigue, An attempt is made
~ to correlate the "cracking energy" of concrete in static and fatigue
tests,

An historical review of other research in the area ig also
pregented and discussed in light of the experimental results of this .

study .
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CHAPTER I
INTRCDUCTION

In generel meterials can be claggified by th@ié» mechanical
prépeﬁi@é and by their fracture characteristics, Concrete is included
in the general class of brittle materieals bscause it exhibits a low
tengile strength, 2 relatively high campressgive strength, and no well
defined yield before failure, It ig not an "ideal® brittle material,
however, because it iy non-homogeneous end does not follow Hooke's
law up to the failure point., Several theorieg have been edvanced
to explain thé failure mechaniom of brittle materials and of thé@e,
the theory of A, A, Griffith hag atiracted the widegt féllowingo
Griffith's theory has been found to work well for glagsg, and although
very f&r gubstences approach the gualitieg of an i&e&l brittle mteﬁ&l,
glags is probably the close@‘t'a.pproﬁmtionto thig meterial. Since
concrete has seme of the britile chémcteristic gimilarities of glass,
it is possible that Griffith’'s theory might also help explain concrete
£fracture phenomena, '

The purpose of this thesis is to study the application of the
Griffith theory to th@ failure of concrete, andto determine what
modificationg, if aﬁy, are neceg@iary in order that thig theory might be
made applicable to concrete, A by-product of this study might also be
the angwer as Lo whether or not concrete has & true brittle failure, or
if the failure is actually of some other type, such ag & ghear failure,

1
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It is gssumed in ?pereriffith theory, that there is a starting
flaw of gome type in.the4gater§al and that the feilure criterion is
then the evaluation of the strgss reguired to make the crack propagate,
or become longer, The starting flaw is assumed to have elliptical
tips, because of the phyeical'impossibility of a perfectiy sharp erack
tip which would cause an infinite stress under any load. This assump-
tion of a starting flav is well founded for & meterial such as concrete
becauge the probability of bond failures, shrinkage cr#cks, air bubbles,
or cracks'in the aggrggate itself is so great as to bécame a near
certainty, The theory is based on a critical strain-energy-release-
rate which suggests that the crack will extend when the strain-energy-
reiease;rate ig at least ceual to the rate at mhich'energy‘is &béorbed
as surfacd tension in the formation of new surfaces.

Griffith's theory of rupture indicates that a tension failure
will occur even ip a un@azial gompression test, end he concludes that
ideally the average compresgivé stress,for failure is eight times the |
average tengile failure sﬁresg for the uniexial stress condition, In
this thesis an attempt will be made to substantiate this conclusion for
concrete by providing e means_for grresting the propagation of tension
cracks, which should result in a tgnsile gtrength increase of the
material, bub which would hopefully not affect a true compressive
(crushing) failure, Then, since Griffith says thet the compressive
and tensile failure stresses are linearly related, one check on the
validity of his theory would be whether or not the same percentage
. increage in failure stress was no%ed in boﬁh cages for the specimens

which contained the crack arrest mechenism,
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Fine "fiber" wires are used in the concrete mixzture as the crack
arrest mechanism, and the wires are given a random orientation by directly
~ mixing them in with the fresh'gencrete in the mixer, Egta ig obtained in
tension and compression with both static and fgﬁigue tests, in an effort
to evaluete the fractmre mechanism of concrete. The general effect of
the fiber wires on the properties of concrete is also studied, A concrete
mortar is used in the expe:imegﬁs becguse it mere nearly appreximates a

homogencous material than concrete made with the larger siges of aggregate.



CHAPTER I1I
REVIEW OF LITERATURE

Feilure of the Idesl Brittle Matexrial

In & recent article in the ASCE Engineoring Mechanics Journal,

Joseph Glucklich (.&) belabors the fact that only recemtly have any
serioug atiempts been medo to encwer the question: FHowr does concrsete
£211?" The basis for such an attempt hag been available gince 192@,
when A, A. Griffith (6) originated ‘moﬂ@m fracture mechemico concepts.
Until that time no wWorkable theory hed ‘b@@nl advanced to wgplain the failure
of golid materials., Griffith, &g had other theoz'i@tg; limited his scope
o the i&@&l brittle material because of the difficulty of obtaining a
mathematical medel for anything but a hmogeneouss; linearly elagtic.
material, | |

| Griffi{;h states that earlier atiempte &t a theory of rupture
were ali baged on an empirical agsumption of some type and gives ag
an exemple tho hypothesis that rupture will ocour in & meteriel if a
specii"ic tengile é‘treg@ is @zzc%d@ﬁ (19)., Hisg theory, however, ig
beged upon & fundamentel concepi--that of suxv_face. eﬁaex*gy in & golid.
He agsumes that the energy used in fracture of o material ig tak up in
the formation of new surfaces and remaing as surfece teongion in the
materdal,

In a Griffith mlygsis ; the prq‘blem is one of erack pfopagaticm,

ugually in which some type of bagic flawr ig agoumed and an &tﬁ@mp% ig
then made vo outline the conditioné which are neceggary for "gpontansgoug®

b
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propagation of the crack (7). The Griffith theory itself arose from a
gtudy of the gffect.thgt pgiishi@gAef the surface had on the strength
of a méterial, Griffith_psedmlng;is' (13) couations for the stress
distribution around the tip of‘a erack in-tmb dimensions., He assumed
the basic flew to have an elliptical shape., Actually only the tip of
the flaw must be elliptical for his analysis since this is where the
formation of & new surface takes p;aceo

The iﬁeal material Griffith talks about ig, of course, nen—
existant. His definition of & brittle meteriel is one in which no
irreversible deforﬁatién takesnplage;-in other words, an clastic ma-
terial which follows Hooke’§ law up to the failure point. The material
which comes clogest‘to being ideal is glass, so Griffith performed his
experiments on glass and the(resglts supported his theory.

Griffith found in his_experiments (7) with glass that only with
finely drawn fibers coulq he“appppach>the théoretical molecular cohesion
stvreng‘bh of the material. This was attributed to the idea that the
probability ef oceﬁrrepce of critical flaws becomes greater with in-
creasing sgpecimen size, N

Neal and Kesler (21) suggest a simple derivation which gualita-
tively illustrates_the Griffith_qoncept, Fig. 1 (a) shows a portien of
an infinite plate with a proper;y oriented elliptieél hole, normal to the
direction of the tensile stress, For an extension dec of the crack on
either end of the basic flaw, they essume thet the strain energy contained
in the shaded area is the energy transformed into surface tension in the
crack, For & surface tension of T, the smount of energy reguired for

neww surfaces is ATdc, assuming a unit plate thickness and realizing that
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cach extension of dc for the crack results in 2dc new surface area. The
strain enorgy contained in the shaded ares is:

%z(_ﬂ(cr}-dc)?- me*)= %g.z(ZCdc +dc)
- Bince dc ig a very small euantity we can neglect the de® term and eguating
the cnergies we 'f:’l.,nd°

4—Td o Trcdc ) , W

or -
G = Z‘\/ET - (2)

which differs from the_@riffith cquation for the critical stress reguired
for "spontaneons propagétion" ofma‘crack of similer dimensions by & factor
of'Vél Glucklich (5), however, suggests that the strain energy used in
formiﬁg the néﬁ surfaces comes from an ellipse with major axis ke as

showh in Fig, 1 (d), In this cgse.the energy of surface tengion is the
same (4Tdc) but.the strain energy in the shaded area this time is

Z (m(erde)(zer2de)-mieXec) = T (dede+ 2dc?)

Again neglecting higher ordered terms and eguating the energies we have

ATde = ,zazgcdc (3)

= A [2ZET |
g = ' A (&)

which is precisely Griffith's eguation,

b

or

The above derivations, however, are for the tensién cage, For
the compression cage Glucklich (5) assumes that the eritical crack is
oriented parallel to the direction of the compressive stress (Fig. 1 (e)).
In & later article Glucklich'(h) gtates that the critical crack is not a
vertical one but rather onme which is oriented at 35% to the loading exis.

He obtains the same cguation for the critical stress, however, by using



(a) Ueal anj Keslers tension

01111115 1

“b) 6lvck|ichc fens1l0” model

(c) (3|vcklichi Compress j/)
model.

FIGURE 1

ILLUSTRATION OF THE GRIFFITH GOSCEPT
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projections onto and normal to the loading axis<c He also states that the
crack can only propagate in a direction parallel to the loading axis since
this is the only direction which does not have a compression component
normal to it because such a component would tend to keep the crack closed,.
In this case he supposes that the strain energy lost will come from the
real ellipse which is the crack itself, Glucklich admits that this is only
an approximation but suggests that it is sufficient to show that the in-
crement of work done is proportional to c rather than ¢ as in the tension
case* From this he obtains the relationship

Q:Rr rrb
where b is the half crack width,

2E 40T 4¢cT

b ccT

FIGURE 2 The tension case FIGURE 3 Glucklich’s comp-
ression case

Fig, 2 and Fig, 3 represent the energy requirement curves for the
two cases. In both cases, if a unit thickness is assumed, the surface
energy requirement is a linear curve with values of 4cT which is the total

surface tension for any particular crack length. In Fig, 2 which represents



the tension case, the strain energy release curve is parabelic and is

governed by the eguation .
A, = TTae? (6)
- Z2E

Griffith's theory states that the critical crack length is that length
et which the strain energy release rate (slope of the strain cnergy
release curve) becomes efual t@_the rate at which energy is absorbed

in the formation of new surfaces (slope of the surface cmergy reguire-
ment curve), This is the crackrwhieh would "spontancously® propagate

to failure if oriented g@wmal t@ the applied tensile stress given by E.

For the cempression cage, however, Glucklich agsumes that the
strain energy release curve is linecar (Fige 3), which could be the case
if the orack width @b remains constant, He thon states that there is
ne eritical erack lemgth in compression because there is ne value of e
which would cause th@‘alép@® of the two curves te become egual. The
only wey, then, to raise ﬁhgnggpg of the @train energy releage curve
would be to increase the cemp?essive_siﬁesso

Griffith (7) tekes a different point of view, He says in parts

e may infer that the general condition for rupture will

be the attalmment of & gpecific tengile stress at the cdge
of one of the cracks, It 1 therefore mercly & question of
finding in which of thé eracks the greatest tenslle stress
occurs, and the mégnitude of thet strese in tewmg of vhe
applied tractions. _

Griffith then uses Inglis’ (13) results to find en axpression
for the stress on the cdge of a.@mail elliptic cvack in & large plate
in terms of the appliecd tractions, Ho then imﬁo@e@ the condition that
the maximun stress atbeinable ab the e@ge of the erack is e maberial

consbant and avrrives at the following laws of rupbture (P and € are the
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applied stresses, assuming P greater than Q and tension positive) 2
(1) If 3P4Q is positive, the condition for rupture iss
P=K

where K is a constant depending only on theproperties of thematerial
and the dimensions of the cracks,

(2) If 3PK3 is negative, rupture is determined by the equations
(P-Q)2 + 8K (P<!=0
where K is the same constant as in condition (1) above*

Griffith states that in the first case the surface of rupture is
perpendicular to the direction of P, but in thesecond case it isat
same angle which is oblique to the applied tractions and is given by
(Fig, 4) the equation:

cos 26 = -i(P-Q)/(P-IQ)

FIGURE 4 Angle of fracture for the Griffith case

Fracture Mechanics for Non-Ideal Materials
Since Griffith8s theory was developed for the "ideal" material,
it is only natural to expect that some modifications would be necessary

for an extension of the theory to an actual solid, G, R. Irwin (14,15)
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used the basgic theory_inwyésnwpyg wiih_metals, but he propeses that an
additional amennt Qf_strainlgpeﬁgyiis used mhichvdoe@ not go into the,
formaﬁi@p of netr Surfaces,“bnt rather into irreversible yielding‘of the
material. According to Kaplan (17), if the surface energy term in
Griffith's formula (Eq. &), is replaced by the total cnergy absorbed

&

in the process of fracture, the modi

fied theory is applicable to a
wide r&ﬁge of materials,

Irpin defines the strain energy releese rate for & material as:
G= 31%39 (7)

and further states that the strain energy relecage rate at the onsgt of
unstable crack propagation, which he calls G, is a property of the
material, Irwin also thinks of the @ﬁantiﬁy G, a8 & driving far@é'
which forces the e?aek_t@_exﬁep@; ‘The term G¢ takes the place of the
2T in Griffith's e@n&tiono Irwin defined also a stress_intensity
factor K which is given by: . ' . :

K=\EGE (@

T :
With these modifications the Griffith eguation reduces to:

L= ?<(1”3% : _ (9)
which is similar to a form in which Griffith expressed it in one of his
papers, Irwin (16) has developed methods for calculating G, and also
@h@W@bhaw this guantity may be uge@ in a practical problem, Wost 6f
Irwinl's work hes Eeen with duétilﬂ metals, however, which would only
behave as brittlg materials und@r_eertain conditions of loading or
temperature, Orowan (23) has also used the Griffith fracture mechanics

econcepts in his work with metals.,



| Mest researchers have found that tenélon fallufes occur in a
direction normal to the 1argest load, except for very ductlle materlals
which exhibit comblnation brittle-shear fractures in which the failure
.surface tekes the shape of the frustum of a cone (29), In compression,
however, the agreement is not as good, Seldenrath and Gramberg (27)
performed experiments on rocks in_mhichAthey found that fine;grained
materials tended to fracture along axial planes, which would agree
with Glucklich'’s compression model, while coarser;grained rocks exhibited
oblique fracture plemes, which is in agreement with the Griffith theory.
This is interesting sinee one might suppose that the ideal material might
be the limiting case of élfiner:grained material, Seldenrath and Gram-
berg also found that they_éould produce much higher failure loads by
varying the end conditions pf their gpecimens,

Marrell (20) perfoﬁmgd expgriments on coal under a triaxial
sbtress condition, and althpnghrhe_was using Mehr!s Theory of Failure,
he provesg that Griffiﬁh“s theory may be used to derive cquations for
Mohr failure eﬁvelopes which agree very well with thoée he obtained in
his experimenté, To take care of the triaxial stress condition, he
suggests that ifwthg gﬁresses_“?“vang Q" as shown in Fig, 4 are as-
sumed to be the maximum and minimum principal stresses, the cguations
may'assume>the same basig fo?m as for the biaxial case., This, he says,
is in agreement with Mohr's maximum shear condition which assumes that

fracture is independent of the intermediate principal stress.

Fracture Mechanics for Concrete

Kaplan (17) pioneered work on the fracture of concrete with his

determination of G,, the critical strain energy release rate, for concrete,



13
Kaplan found that Gc for concrete is apprgximately ten times twice the
value that the surface energy would jieldo He used Brunauer's (2)
results for the surface energy of tobermorite, which accounts for.apprexp
imately three-fonrths of the‘weight of hydrated portland cement, and
Axelson and ?iret“s (1) results for the surface energy of quarts to
arrive at an approximafe value of 0.0092 in.=-lb, per sguare inch for
twice the theoretical critical strain energy release rate, Concre%g,
however, does not exhibit plastic flow like metals, so to explain the
difference between his observed values and theoretical values for Ges
Keplan proposes that the energy is expended in the surface of micre-
cracks which surrbnn@ the tips of the main érack, and the main crack
propagates by forming the intercommection between these micro-cracks,
Keplan found an averags value of Gc of just over 0,10 in,-1b, per
sguare inch for the mixes he u§edo In his determination of G, Kaplan
used notched beams in flexure and although he did not obtain a good
correlation with theoretical values for Ge, the resulis of his inves-
tigation indicatemthai thg Griffith cpncept of a critical strain energy
release rate being a cgndit?on'for rapid propagation of a crack is
applicable to concrete, Romgaldi and Batson {(24) used plates in which
they hed cast cracks in_their attempt to calcula%e Gco The concrete
plates they used wWere Qo5" by 24" by 32" long with the crack centrally
located., The plates were testgd in tensioen, & procedure commonly used
in obteining G¢ for metals, The values of Ge which they obtained were
scattered from ©,.0% to 0,07 inoélba per sguare inch with & generalr
tendency to smaller values for smaller crack sizes. Because of this,

they assume an approximate value for G, of 0,02 in.-1b, per sguare inch
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would hold for the siges of flaws normally found in concrete, This value
is only twice the theeretieal_valae Kaplen derived from the surface energy
and is probably & more realistic value that Kaplan's emperimental Gg.
However, the scatter of Romualdi'’s results and the high values obtained
by Keplan indicate that much more work needs to be done in this area,

Hsu, Slate, Sturman, and Winter (9, 10, 11, 12) substantiate the
existence'ef micro;crgcks in conercte, even with no applied load, They
found'shrinkage cracks and bhond fgilures in the—materiél uging x-rays and
opt?@al microscopes on thig siicgs of the speeimeﬁso Their results
indicate that no further erggking oceurs up fe about 40% of the ultimate
load, when bond failurcs begin_imc?easingo When the lead reaches approx-
imétely 70% of ultimate, the crackg start to penetﬁate the matrix along
the shortest and éo@t direet paths available, This ultimately leads to
failure, | ‘

Giucklich (5) uses the analogy of the multi-phase material to '
explain this progressive eraekingo“ In this ecage there are sevéral energy
release curves, one for egch p@age? apd the energy reguirement curve is
concave upwar§0 The c:itieal point ig the poeint at which the slope of
the energy requirement curve and the slope of the highest energy release
curve reach the value Go. At this point fracture will occur,

Gluckliéh (5) believes that for a tensile stress field the first
crack to grow is the'fata; crack while in compression, fracture is pre-

~ceded by a process of prqgressive cracking which provides many alternative
crack routes for failure, He states-that in compression the strain energy
release rate depends only_en_thg stresg while in tension it depends on both

the stressg and the crack length, This, he says, is the recason which causes

& higher compregsive failure stress.
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Hoopes (8) studied the propagation of micro-cracks in small

(3 and 5 inch long) rectangular céncrete specimens which he cut from
1&rg§f standardgésinch:by,12”inch cylindrical specimens with a diamond
saw, He used a 200X microscope to obgerve the growth of cracks under
load and found that tﬁe rate o£ crack growth is dependent upon the
orientation of the crack, its position in the specimen, and the rate
of lo&ding; ﬁe concludes that a crack oriented at BGo'to the loading
axis and lédated near the center of the spécimen is the critical crack,
which agrees ﬁell.with the bagic Griffith theory. Hoopes' microscopic
studies also revealed a_greater tendency for bond failures miih in-
creaging aggregate size, One inte?estipg aspeet of Heopes'! study was
thét for specimens which failed aleng axial planes, the fatal crack
grew from the ends where the‘specimen was in contact with the loading
heads of the testing machine, mhile on specimens which exhibited an

obligue fracture the fatal crack grew from the center of the specimen,

The Influence of a Crack-Arrest Mechanism

The unchecked growth of tension cracks in a material can lead
to a guick and premature failur@o_ One means of preventing such a
failure is to provide an arrest mechanism which would in effect meke
8 tﬁngphase materi&lo A;eording‘tg Slayter (28), in a true two-phase
material, the existence oqune’phase wili iﬁproﬁe the properties of
the other phase with tbe.rggu;ﬁ that thg perfo:mance of the composite
material i@ superior to each qf the components., An example of such a
material is fiberglass, in which glags fibers are imbedded in‘a bond~
ing agent. The bonding agent prevents the extension of cracks from

-one fiber to another and provides for a transfer of load from one
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segment of a cracked f%be? tq”anether with the result that the composite
material exhibits & highwt§n$¢;e'strength and resilience not found in the
components acting as individualsg, _

Oladeape (22) applied the idea to concrete and included random gléss
' fibers in his mix, His tests shgwed that the glass fib?rs hed a great
offect on thé modulus of r@pture of young concrete, but that the effect

decreased as the concrete matured and'its modulus of rupture became
more nearly equal to that of the glass.

J. P, Romualdi end Gordon B, Batson (24) experimented with regu-
larly spa¢ed arrays of small_diameter‘wires in %heir concrete mortar beam
specimens, They found that there exists a critica%mgpacing of the wireé
at which the flexural strength of their beams markédly increased. Romualdi
and Mandel (25) later found thelsame to be true for randemly oriented
short lengths Qf wire im_tbg m@xo The Qritical gpacing they found was of
the order of 0.3 to 0.5 inches, The regnlarlﬁ spaced arrays Were found
to iner@asé the tensile streng%h of the beams in only éne plane, that
plane normal to the dirgction_pf the wires, while the réndemly oriented
wires were found to ingreage”the gtrength in all planes,

The randomly spaced wires, however, were not all oriented in a
direction which would enable them to intercept a propagating crack, s0
Romualdi and Mandel d@texmined the average projection of the wires in
any particular direction., The préjection in the xwdiréction of-a general
wire of length L in space (see Fig, 5) is given by:

L cos ¢ cose
The number of possible orientations of the wire in any given segment of

space Su@h a3 that bounded by the coordinate planes is given by:

éédwgz%
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The total number of projections in the x-direction is:

£f2f *cos 6 cos® &Ki>do = 1
-B -P

Thus, the average projection in the x-direction is:

a/r")YL= 041L

The average center to center spacing of the wires is given by:
s=/ v*r do)

where V is the volume of the material and N is the number of wires in

that volume® If only 41$ of the wires are effective in any direction, the

effective spacing of the wires for arresting the growth of a propagating
crack is then:

V o.41U0 ' (ii)

FIGURE 5 A general wire in space

Fatigue Failure of Concrete
It is a well-known fact that materials will fail at stresses

below their static ultimate strengths if the load is repeated often

enougho This phenomenon is known as fatigue. In order to predict
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failure of materials under rgpeated leadings, curves known as S-N curves
ﬁave been censtructed fornggpgréggntal results by plotting maximum stress
against the number of eycles required tg produce failure, Many of these
curves have been.found to plot as straight lines on semi»logarithmie‘
coordinate paper.

 For some materials there exists 2 stress below which an unlimited
- munber of cycles will not produce failure, This stress is known as the
endurénce limit, Eor a materi§} spch as concrebe, however, there may not
be an endurance limit ﬁecause of the micro-cracking which occurs at
. stresses as low as AO% of ultimate. In this case a fatigue strength at
an arbitrary number of cyple§nis definedo In 1903, Van Ornum (30)

conducted fatigue tests in compression on 2-inch neat cement cubeé and

determined a faﬁigue Strength of 55% of ultimate strength at 7@%@ cycles
of 1oaé; Van Ornum (Sl)Aalso found that the stress strain curve became
linear after & few repititions of load aithough it was originally convex
upward. o

linger and Gillespie (18) found in their research that the fatigue
characteristics of concrete in tension and compression yield an almost
identical relationship to the number of cycles when the stress is reduced
to a non;dimenSionalized form by dividing stresses by the ultimate stresses
in tension and compression, respectively, This led them to the‘concluSion
that the fatigue failure of concrete is controlled by the same material
constent in both tension and compression in accordance with the Griffith
theory of rupbture for static }o&dings;‘ linger and Gillespie also studied’
the effect of repeated loadings on the modulus of elasticity of concrete

which they defined in three different ways--a working tangent modulus, a
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secant modulus at mamimum_sﬁresg, apd a secant modulus at minimum stress.,
411 three were found to de¢?§§§e_?apidly up to about 15 percent of the
totel number of cycles to_?&i}ﬁrgfﬁ From thisg ﬁgint up to eapproximately
80% of the total eycles? the me@gli”remained fairly constant with again
a rapid recduction Jjust prior to failure, The changes in the elastic mod-
ulus a3 load cycling progresses could probably be related to the degree‘ef
| miero;cra@kihg that hasg occurfed_in the specimen, Hsu (9, 10, 11, 12)
has related the shape of the stresg;strain'eurve te'mi¢r0wcracking and
the tangent and secant_moduli defin§d~by linger and Gillegpie are depen~-
7,@@@% upor @tr@ss;strain relation@hipso

m Neal and Kesler (21) point out that micro-cracks form in concrete
at from 40 %o 6@% of th@mﬁltipgte‘stress and this is also the range in
which mogt fatigue strengths fprhconcrete are defined, This leads them
to believe that 2 fraeturé»mechgnics'approaeh to the preblgm of fatigue

in concrete is a reasonable one.



CHAPTER III

EXPERIMENTAL BET.AIZS

A esigg of E_’@emmea
In oxﬁer 'te te@t ”che apphcablhty of the Griffith theory te

concrete, it is ne;:e;s&ryﬁto dgt@mne the ?alatn.ve behavior of concrete
in tension and- ggesgi?:;?. ___§_e}r§raj. mothods of testing for concrete
tengilc and comprossive _stggggthis_ hav_e been used in the pa@t'o Compregsive -
tests for comcrete are normally performed on cylindrical specimens with
-3 length to diameter retio of approximately two to one, and this was the
test chosen for the compression specimens used in this experiment. It
was decided to use 3 3/8" vy 6" cylindrical cardboard molde (nominal one
quart capacity) for cesting the specimens, which Wéﬁld then be fitted
with thin sulphur;‘baj,se caps to ensure uniform contect with the heads of
. the testing machine. - ‘ | |

An indirect means of applying a tensile stress to concrete is
through & teneile ‘splitting t@s‘t in which the load is applied to a cyl-
indriealu Specimen‘_aleng_ ppp?:sj:te_ ends of a diametral plane (Fig. 6).
Specimén@ wera cast )in,. the same cardboard cylindrical mcf;i@s for a iﬁe@t
gerics of this type. |

As a sheek on the tensile stress s @ seriee of tests involving ¢
Yengile bric@ue‘h@“ wWas d@en.ded upeno The brie@gue‘ts are cagt in molds ’
which have enl&rgeﬁ ends and t&per gra@ually to ) minimum seuare 17 ‘b‘y 1“

crogss section at the center of the specimen (Fig. 7).

20
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The next step in the design of the experiment involved choosing
a concrete mix and then choosing a means of increasing the tensile strength
of that miXo The mix chosen was a concrete mortar since it provides a
more homogeneous specimen and therefore should yield more consistent re-
sults,, Another reason for the choice of a mortar was the availability
of data for comparison by other researchers in this area* To increase the
tensile strength of the mix, short lengths of high strength steel wire
were placed in the mix in a random fashion to act as '"crack stoppers"

in the hopes of intercepting a propagating crack and thereby checking its

FIGURE 6 FIGURE 7
Loading configuration for a Loading configuration for a
tensile splitting test direct tension test on a

tensile bricquet
A relatively weak mortar was chosen in an attempt to make the effect
of the wires more noticeable”® Trial mixes were made using water-cement
ratios of 0070 and 0o75 by weight and the weaker 0075 mix was decided upon,,

Design of the mix involved filling a known volume mold (0,10 cuw» £t0) with
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the aggrogate, :odding‘2§rblqws per_layer in three layers in an effort
to achieve a ﬂ@zduﬂm;den@ityg'rThe weight of the aggregate in the mold
was divided by its specifigugrgvity_t@ determine the volume of the
aggregate and thus the yoluﬁelof>the volid spaces in the mold, The
amount @f'cememtéwater paste nggded to £ill the void spaces was then
determined and inere&se@ by_g wnrk&ﬁili%y-factor to facilitate place-
ment of the mix in the molds,

Final mix proportiocns uged are ghomn in Table T in the appenéixo
It wag debated whether or not to add a emantity of water to the mix with
the addition of the wire crack stoppers as did Romueldi and Sanday (26).
The above mentiened experimenters dipped a quantity Qf the wireg in ”
water to determine the emount "abgerbed" by the wire, Hewever, this
guantity was evaluated in this study and found to be insignificant in
ﬁeducing the amount of water’availabie for hydration of the cement and
no water correction was made,

Since Qomerete %8”n9§%h®m@geneens and non-isotropic, ény ettempt
to describe its properties will neceggarily be of a statistical na%ure;
 With this in mind, enough specimens were cast to obtain a good average

test result for each series of tests. Both static and faﬁigue tests
were inelndeﬁo‘ v

A Type III "HigbaEgrlyrstrength“ Portland cement was chosen for
.use in the paste begausg_?f the time element involved and alse because

much of the previcus rescarch of this type has been with Type III cement.
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K @gpérimentél Procedures

Casting and Curing of Specimens ‘

ﬁsing‘ the 'pmv:“i.gus_lvy'dgsigned .75 mterl-.cement rati§ mix;, the
concrete was mixed in the rotary pne;saek mixer at the University of
Arigona's Engiﬁeering Research La?oora:terieso The previously "bubttered®
mixer was loaded with ‘hhg enfc.ir_e quantity neecded for & particular series.
When the fresh cencrete zms_sufﬁgiently well mixed, & known weight was
taken out of the mixmer for castimg as control cylinders, The gmall
wire crack stoppers were aﬂde;i slowly to the miz by shaking them through
a screen into the turning'mixerf,_ Whgn the wires were mixed in well with
the concrete, the resulting mix’i;_a_ré' wéjg'also cast in cylindrical card-
board molds. It wag felt that k'm.aly by casting the control and "wire"
specimens from the seme »’baﬁch}céulﬁ we be -assur‘eﬁ of consistent results

: for comparisen of the effect lof'fhhe tensile strength inecrease,

The concrete was not rodded into the molds as is the recommended
procedure because it was fe_lt tha;t’ rodding would tend to push the wireé
to the bottom in the wire specimens ané destroy the intended random
orientation, Ir}stgad s ‘th_.e_' ey}in@ers were vibrated for five minutes on
& vibrating teble in an attempt to achieve greéter dengity end reduce
void spaces.

Specimens were allewéd to harden in aﬁ.r for twenty»feur hours
and were then removed from the cardboard molds and placed in a moist
curing room at 106% relative_humidity g.nd a constant 73° Farenhéit as
specificd by ASTH, After fourteen days of moist curing, thfs specimené
were oven dried at 12@0 F, for fourtesn days to drive off all cxcess
moisture since it hes been shown that dryness has é marked effoct on

fatigue strength.,



24

The tensile bricquet specimens were cast in brass molds from the
same mix as the cylindrical specimens, and were cured under exactly the
same conditions to minimige any strength changes due to curing differences,
Testing Procedures

Both the compression and tensile splitting test series were per-
formed on a 200,000 1b, capacity Tinius-Olsen mechanical testing machine,
Compression specimens were capped with a sulphur base capping compound
to insure uniform contact with the heads of the testing machine and thus
diatriimte the load as evenly as possible. The upper head of the testing
machine had its bearing surface mounted in a spherical seat in case the
caps on the specimens were not exactly parallel, ILoad was applied to
the compression specimens at the constant strain rate of 0,025 inches
per minute, which was used for both the wire specimens and the control
specimens.

Tensile splitting teats were performed by placing the cylindrical
apecim@ on their long sides between two bars which were shaped to fit
the specimens., The load was then applied to the bars which caused a
tensile stress on the plane between the bars, Readings were taken when
a crack first appeared and the specimen was then unloaded and reloaded
in a direction perpendicular to the first crack until a crack again
appeared,

The tensile bricquets were tested on a 60,000 1b, capacity Tinius-
Olsen hydraulic testing machine, Here the load was applied at a constant
load rate as opposed to the constant strain rate in the mechanical test-
ing machine, The load was applied to the specimen by standard bricquet
clamps. Specimens were tested in the machine's lowest range which is
calibrated for reading in two pound increments,
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F&tigue— _‘te@:}_ng_ms_ ‘dope on a Richle-Llos Hniﬁreréal Fatigue Testing
Ma,chiné, Specimen_s- the;t. were N_fa‘tig'ued in compression were given sulphur
bage caps, as in the sﬁaﬁic cox_r}pression series, toc more evenly distribute
the loads. in the faﬁigue_ serie_s the lower head %‘éas mounted in & spher-
ical seat rather than the upper _head ag in ‘i:hé static tests, Maximum
1oadswere applied to the speéimen@ at specified portions of the static
ul‘tiﬁaa,te lcad, while the mnimum loads were kept at approximately one~
thousa,nd- pounds, Jjust enough to keep the heoads of the testing machine
from "hammering® against the specimen, All specimens were fatigued at .
2 500 cycle per ;ninute ra;te with a .sinusoidally verying load, In the
Riehle-los machine the mazﬁmnm'fatigue 10&6. is contrelled by the dis-
placement of a piston in ‘the_ .pulgsa‘tor unit while the cycling rate is
controlled by a Vva,ria‘ble zj@sigtor'which causes & large fly-wheel in the
pulsator to speed up or slow d9wno

In & sepamte {;est_ S_@ri@s to determine cumunlative damage in
fatigue of A"hhe spee:‘imens,. 2 modified Tinius~-0lsen compresscmeter was
.a%ached to the specimen to measure stfa.ins as the cyeling progressed.
In other tests é. temperature ‘szidge was used in which & thermo-couple
was attached to the specimen to determine temperature variation ag the
cycling progressed.

An automatic counter kept track of thé number of cyecles of load-
ing and unleoading, The machine could be set to shut off autemétically

when the specimen failed.



CHAPTER IV
DISCUSSION OF RESULTS

Static Tests - Compression Properties

In the compression series of tests, a general increase in strength
was found for the speci;nens containing the wire crack stoppers over that
of the plain concrete specimens from the same mix, This increase was
‘expected, but does no¥ in itself prove that a tensile strength improve-
ment ca;.used the increased resistance to compressive failure of the wire
specimens, This idea will be discussed later in conjunction with the
results of the two series of tensile tests,

The compression series does, however, shed some light on a few
of the unanswered Questions left by a previous study in this area (3).
Specimens containing one percent by volume of the Q.006 inch diameter
by ha.lf-vi‘nch long fiber wires showed an average increase of 15,8% over
the compressive strength of specimens from the same batch, but without
the wire Qra.ck stoppers included, Specimens containing 2% by volume of
the wire showed an increase in Qmpg‘essive strength of 16,.4% over their
plain counterparts. Since the wires used in this experiment were all
of the same sige, this means that the 27 mix had twice as many wires
per unit volume as the 1% mix, yet it showed an increase in strength of
only 0,6% over that of the 1% mix,

In a previous study (3) in which wire crack stoppers of a larger
sige were used, it was found that specimens containing 1% by volume of

26
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0,01 ipch diamcter w.‘i.reg one inch long showed & percentage campressive
strength increase of 1&;, 5% while those containing 1% by volume of 0,02
| inch diemcter wires one imcﬁ long showed a compressive strength of only
7%. This leads to the conclusn.on that the effective spacing of the wires
is ‘t.he de’temmnlng factor in the s‘treng’th increase of the concrete a,nd
not the size or stiffening effect., The greatest strength increases occur
for the emaller wires, for & given percentage of steecl, since there are
more wires per unit volume for the smaller siged wires and therefore, a
closer spacing, This is the same conclusion Romualdi and Batson (24)
end Romualdi and Mandel (25) arrived at in their experiments on specimens
containing continuous parallel mres and randomly oriented wires, re-
gpectively, Fiéures 8 and"? show how the strength increases for pereent
by volume end numbér -of wires per uﬁit volumé.,

The l;ng‘th- of the wires does not seem to matter ag long as it is
-gufficient to develop & geqd _bend with the concrete, Very good correl-
ation was found for the go"hml cylinders with the maximum variation
ffom the averagei less than'l%g_ 8pecim@ns econteining the wire crack
stoppers showed 2 la,rg@r spread of gtmngths, which wag cxpected due to |

ng: gimilar orientations

__,5
5

the statistical mposmb:.hty of the wires hés

in guch' e small sampling, Variationms in this case were as high as 7%
from the average.

Figure 10 shows the.vgrj.gtion in strength of the concrete a,é a
function of wire gpacing for compression tests. The function .chosen
for this grgph was the inverse square root of the effective mre spacing,

There are two roazsons for thiSwfirst, Griffith presents an cguation for
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the critical stress reguired for propagation of a crack of length 2C as:

, _ -1 :

R=mc =
where R ig the required stress épd m is a materiel constant te Ee deter-
mined experimentally. The straight line relationsghip determined in
Fig, 10 suggests that the criﬁical crack ¥éngth is related to the effee-
tive wire gpacing. Inclu&ed in Figo ;_LO are the results of two separate
invegtigations. Several of the points were derived from data whiained
in a previous aﬁtperi;nento In _a,ll s three different mix strengths are
represented, the reason i‘fqr g_»__gon%iimensionali%ed "streﬁgth“r&tio“o All
of the mixzes had relatively“h;gh mter;c@ment ratios, however, so further
 investigation muld ‘be necegsary tp determine the range of mix strengths
for which the linear poftiog of Fig, 10 is valid, For 1reaker mixes a
prediction eguation for ultimate strengths of wire=morf§% mixes would

be as follows:

— 0.0253 _gcf
R= (1.09+ oo )

‘ where fé.is the static compressive strength of the plain mortar and the
effective wire spacing is less than one-half inch. This cguation is
derived from the straight line portion of Fig. 10 by extrapolating back

%o an infinite wire spacing. |

The se§ond>reason_f9§ chogsing Seff a8 ordinates in Fig, 10 is

" thet Irwin presents an eguation of the following form:

o= Kc% |

where K is the stress intensity factor, Romualdi end Batson (2L), in

. their work with reguler arrayslef wire reinforeing, suggested thét the

function of the wires was'to lessen the gtress intensity factor by pro-

viding & "pinching force" at the crack tip which reduces. the :stresg
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‘concentration, »Romufa,ld{j. _a.nd_._gatspn also determined theoretically the
variation in streng‘th mth _w_i:fe spacing, Their results indicate a
eritical wire spae:ing of from 0.3 to ©.5 inches, Shown in Fig, 10 by
a vertical dotted line is an effegtive spacing of 6,50 inches., It-is
interesting to note the diffexjenges in strength ratieo on either side of
this line, At effective spacings larger than 0,50 inches, there is
‘almost no increase in the sﬁtrer;gth of the concrete while &t lesser
spacings the specimens exhibited a very regular strength increase which
substentiates the theergtical results obtained by Romualdi and Batson.

It was interesting to note the difference in the type of failure
 betwsen plaein and wire Specimqfas? The plain centrol specimens exhibited
the usuel conical fa,ilure_e@ ché:a@teristic of the concrebte compressien -
test, Thie conical failure shape is caused by friction agéinst the
heads of the testing machine, whieh does not allow the ends of ﬁhe
specimen to expand as much as th@ central p@mioﬁo The wire specimens,
ho%ﬂ:@ver; were i"o‘mﬁd to fail aleng an angular plane, which lends credence
to the idea that the mre@_werg i;xstmmen“cal in checking the cwecks., In

maximum tension because

this cage failure oscurs only in the plane of
bheir growth is @evgrely_hmpgred in any other sone., Uswally this plane
of magimum tension is caused by not perfectly parallel caps which in
turn causes an unsymmetrical loading.

These failures are explained well by the Griffith theery, even
though his theory of rupt‘um Was Vd@rived for the two-dimensienal, obxf
plene stress case, Griffith obtains an equation for the angle of rup-
ture which reduces to an angj.e of 60° from the horisontal in the case

of pure compression, The angle obtained in the test specimens agrees
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very'well with thg thecpgﬁig§}_apgle, ag evidenced by the failures shown
in Figs.ll and 12, A trne»eqmp#g§siye failure would be a crushing failuare
which is rarely the case in conqreteo This alsec lends support te the
i&@a of a t@nsile failur?mbggaggg_gﬁ %he well d@fined failure surfaces
which are usually the cage in conerete, No specimens failed parallel
ﬁs the léading axis, as predieted by Glucklich, but this eould be because
of the loading eenditigng a% tha end of the specimen where the heads of -
the testing machine rggtr&im any lateral expangion and thus keep vertical

cracks from opening wup.

Ela$§i9 P?opertieS'

Sevef&l of the gtatie‘gempr@ssien specimens were fitted with a
compressemeter to determine #@@ variation in elsstiec preperties for plain
and wire specimens, The sﬁweg@:sirain relationship, or the modulus of
slagticity, for the tesﬁmspécimeﬁ@ wag obtained for stress up to 35@®.psio
In this range it wag found thaﬁ differences in the stress-strain curve
between plain and %ir? @péeime@s were negligible (Fig.13), Specimens

6 pei

from the 1% wire mix showed & modulus of elssticity of 2,57 x 10
both with and without the wire. The fact that the inclusion of the wires
did not affect the initial pgrﬁi@m of theis%?essmstraim-@mrve, and con-
@@@ﬁéﬁtly the modulus of elastieity, reinforeces the assumption that the
wires would not affect the preberties of eempre@@ibn econcrete, but rather
tﬁeir funetion is to intercept propageting temsion cracks and prevent
their extension,

Further study of the stresa;ﬁtraih curves as shewm in Figure
shows that the effect of the wires becomes noticeable at approximately

70% of the plain failure load, or the region where Hsu (9, 10, 11, 12)
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found that mi@rewcra@ks pegin‘ﬁw_gxiend into the paste, Hsu, however,
was working with cencrete whiech contained 3/4" aggregate while specimens
tested in this experimemﬁiﬁ@re made from & mortar which would, according
to Hoope's (8) findings, légsgﬁ #heve¢enrrence of initial bond cracks.
In this regien the plain specimens began a repid det@rioratién while
wire specimens suffered f@m@rnlarge er&eké and thus experienced higher
ultimate loads and mneh‘largﬁyngt?ains before failure, . This agrees
with the idea that the wire§ we:Q"instruméntal in steppiné erack growth
initially, but as the specimen neared failure bond between cement paste
~and the wires was prebab}y'ail %hatwheld the specimens together,

| Wire specimens from the 2% mix showed an average modulus of

toughness (total ares under stress-gtrain curve) increase of 116% to

B

H

the ultimate load point while wire specimens frém the 17 mixz showed a
me@ulﬁ@ of toughness ta}u}timatg gt:es§ inereé@e of 33.6% over that of
the plain‘@@ntrel specimens, Specimens would still cearry load past thé
ultimete stress, however, bub because of thé @eparaﬁién of the specimen
resulting frem the larg@_era§kimg, it was felt that beyond th@ ultimate

point the medulus of t@ughnesg-i@'n@t usable,

Tengile Splitting

Results obta%n@d %@"tye_ﬁgnsile gplitting series of tests showed
an appareﬁt tengils s%r@ngth_ingr@ase of 15067 for the specimens containing
1% wire by volume and 155% fdf_@pecimem@ containing 2% wire fiber by
volume, Although the per@entagéﬂstrength imefeases are approximately
ten times theé@ noted in ﬁhele@mpresgiQn series of tests, it must be

pointed out th@t the ratio of the increases 1s very nearly constant for
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FIGURE 11 FIGURE 12
Plain specimens exhibit Specimens containing wire show
normal conic fracture. fracture planes at approximately 60°«
#  CONTROL. CYUNDCRS
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the compression and tension results for cemparisons between the 27 and 1%
wire mixes. The ratio @f_ﬁh@ 2% wire compression increase to that of 1%
wire specimens is 1,038 while for the tensile splitting tests, the ratie
ie 1,833, a variation of less thaﬁ half of one percent. This-iﬁdieaﬁes
that the failure mechanism in both tension and compression is related,
L@@@Qdef@rmation CUrves were @Etained for plain control tensile.@plitﬁing
specimens, and the results of these tests will be discussed later in
conjunction with the cummlative fatigue damage series of tests, The
validity of tensile gplitting tests dm speeiﬁén@ whick contain the erack
arrest mechanism will ai&e be discussed lat@f along with the résﬁlts of

the tensile briecguet tests.

Tensile Bricguets

Tensile bricgueb Specimens were made from the same 1% wire mix
a8 were the cylindrical spgcimenso However, difficulties in placing the
wire mix in the bricguet molds gave gpecimens in which the cross section
wae usually not fully develepe@_and the bricguet gpecimens containing

the wires thus showed no @trengﬁh increage over that of plain\@peeim@ns

from the same mix, Since thg_bricqu@ﬁ gpecimens were originally planned
for ﬁse ag & check on the tensile strengths as debermined by the teneile
splitting tests, the absence of.a strength increase compared to the 1507
to 160% incresses found in the splitting tests was indeed intere@ting;

| In light of this another small batch of mortar was mixed from
which both bricguet and tensil@.spiitting speéimen@ were cagt in an
effort to validify the results obtained in the first tests, since the

guality of the original bricfuet specimens was guestionable. The second
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batch was made using exactly the same mix proportions as in the first
batch, but the specimens were moist cured for only seven days, compared
to fourteen for the first batch, Half of the bricquet specimens were
tested after air-drying for three hours after the seven day curing period,
and the remaining half were removed from the curing room at the same
time and oven dried at 110°F, 1In the air-dried specimens a tensile
strength increase of 24.84% was found for the specimens with wire rel-
ative to plain bricquets tested at the same time under identical con-
ditions. These specimens Were found to contain 8,2% moisture after the
three hdura of air-drying.

The remeining bricquet specimens were oven dried at a temperature
of 110° F, for two days and then stored in a moisture free atmosphere
until they were tested three weeks later, as were the tensile splitting
specimens from the second batch, The oven dried bricquet specimens
showed a tensile strength increase due to the wires of 26.47%, a gain
of only two percent over the percentage increase found for the moist
specimens, However, the average increase in strength of both the plain
and wire specimens due to the three week wait and moisture removal was
27.5%. This increase cannot be fully explained by additional curing
because of the dry condition of the specimens, and it does raise soame
interesting questions about the effect of moisture on the fracture of
concrete,

In the tensile splitting tests, the wire specimens from the sec-~
ond batch showed a tensile splitting increase of 139% over that of their
plain counterparts. Thus the tensile strength increase as measured in
a "direct" test is only from one-fifth to one-sixth that obtained in the
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indirect tensile splittingwtesif“ Several reagons are posgible te explain
this discrepancy, The %ensile splitting test imposes a biaxial stress
condition on the matérial and‘w%il@ thig does not significantly affect
the failure of tﬁe plain concrete, it is possible that wires crossing
the gone of maximum tension may have a much greater bond strength due
to the biaxial compresgive stress field, That i, the compressive
stresses normel to the axis of the wire causes a friction force which
increases thé norméi bénd between the concrete and the wires, This
would help to prevent bond failure which is necessary to allow formation
and separation of a crack,

The important fact, however, is that in the direect tension test,
or tensile bricguet test, the percentage strength increases were of the
same order of magnitude as in the compression tests ef the wire specimens.,
Thig &grees qualitatively With>%he Griffith theery of failure which would
assume the same percentage increase in either case.bebause of the linear
relationship of the rupture conditions for the twe types of failure.
Griffithle theory predict§ a constant ratio of eight to one for @@mpreée
sive vergus tensile strongths, The‘plain specimens from the first batch
showed an average cempressive strength of 4775 psi compared to an aﬁarage
bricguet strength in tension of 533 psi., This is a ratio of'8095 t0o 1
which is slightly larger than that predicted by Griffith. However, if
the four lowest valuee from the tensile bricguet tests are discewded, ‘

the ratio reduces to 8,10 to 1, a very close comparison,
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Fatigu@ Strength

Several series of faﬁigﬁé tgetg were conducted on the specimens
in an attempt to define the meghémi§m of concrete failure, The firgt
series invelved obtaining S;ﬁ curves for concrete specimens frem the
same batch, both with and without the wire fibers, As mentioned, the
testing was done on & Ri@hl@%L@S Universal Hydraulic Fatigue Testing
Machine, Figure 15 shows the relationship between the maximum compres-
gion and the number of cycles to failure for piain specimens éand speci-
mens containing 1% of the fib@r”wires by velume, The curves shown in
the figure represent %he_reault@ of g'ieast stuares curve fitting pr66§38
applied through use of an THY 7072 digit&l cemputer, For this curve a
gtraight line raiatiemghip o@VSemiglog coordinates was assumed, OGnly
points for speeiﬁenS mhigh}withgtogd“& minimum of one thousand cycles
were used in‘the input data, The curve was extrapolated back to a one-
-gyele intercept for eamparigep with the results of the static tests,
The intercépt @tréngths were fonnd to be glightly larger, apprdzimately
3,8% for both plain and wire fiber specimens, than those obtained in the
gtatic tests, However, it’is important to note that the same ratio be-
tween plain and wire specimen str@ngths was found. The very small in-
@r@a@@@'f@mnd in the @n@;¢ycle intercept strengths are probably due to
the fact that in the faﬁigu@ test, fracture occurs as the result of a
higher rate of loading,

The ene;@yﬁle intercept strengths were found to be 4958 psi for
plain mortar @pecimens'amd 57h2 pei for spécim@nsAc@ntaining the fiber
wires., The percentage strength increase due to the wire is then 15.8%,

which ig exactly the same increase as found in the static éampr@ssion
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tests of the same mixo' This qonstant ratio between failure strengths of
the plain and wire specimens in both static and fatigue tests suggests that
the failure mechanisg is thg game in both cases, Figure 16 shows that the
3=N curves for wire specimens»have 2 lgrger negative slope than correspond-
ing eurﬁes for plain speci@engoA Expressed in percent of the intercept
strengths, the wire specimen failure strength is 6, 4% less each time the
number of cycles is increased by a factor of ten, while the plain specimens
exhibit a lé@% of 6;@% in the same interval, Thus the beneficial effect
of the wires becomes smailér for large numbers of cycles, The endurance
limite at one million cycles are 66,5% and 64% of static ultimate for the
plainvcyiinderg and the 1% wire'qylinders, regpectively., However, the
endurance limit for the wire specimens at one million cycles is still much
greater in magnitude tban‘thatwofwthe plain concrete specimens, Extrapo-
lation of the curves beyond the defined endurance limit of one million
cycles shows that the curves would intersect at approximately 101l cycles,

Results of the f&tigue_tesﬁs indicate that slow crack growth
progresses until & craek'of“sufficient size to cause failure occurs, This
disagrees with Glucklich'’s model (5) in which he assumes no critical crack
length for a compressive failure, but instead bages fracture on stress
level 6n133 Moreover, on many of the fétigue specimens it was possible
to wateh the glow growth of thglcrack on the outside of the specimen
prior to failure. The cracks grew slowly until they reached a certain

length, then propagated rapidly to failure,
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 Cumulative Fatigue Damege
The ra:naining fatig‘ge_ _tést@ were divided into two serics of attempts
to determine the amount' of gnmula,tivg damage occurring to the gpecimens as
the load cycling progregsed, _‘Th@ first of these involved determination of
the variation of the working modulug of elasticity as eféling pregresae&;

The "working" modulue is defined by:
EW - O'mw( "'O;njm.
¢ wag ~ émin
where J and { are the maximum &nd minimum stresses and strains for each

eycle of loading, Figure 15.6,‘&:;.&11@3:5 the variation of E,, expressed as a
ratioc of the original, mth “bhe 'pefcen‘t of cycles to failure, It is noted
that the working ﬁodulus decreases rapidly at first, as did specimens
tested by Linger and Gillespie (18)., However, while their specimens
exhibited 'a dowmward trend fqll@wed by a gradual levelling off to a con~-
stant valune, the__spepimen@tejsied_«in this experiment showed a slight '
Ugtrain hardening® Wh§ra_ ﬁh@ mod’g;lu@ experienced an inecrease of approx-
imately 5% after the initial decrease and before the levelling off of
the medulus to 2 congtant va.iu@ for the next portion of the curve,

Plain specimens renmined at this constant va.l't;e usually to ap-

imately 80% of the total eycles where a. noticeable deterioration

occurred, This deterioration bf@;:&?ﬁ@ more rapid until failure, at which
| point the wox?king modulus was approximetely 70% of its original value,
In the wire gpecimens, the d@terieratien procesg began at approximately
50% of the total cycles and pregre%)much more slowly than for plain

specimens., The working modulus for the wire specimens was about half of

its original value when failure occurred., Figure 17 shows more clearly
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the effect of the wires. This figure shows %he results of tests on éne
plain and one wire SpeeimenA§@i9ﬁ>were fatigued at the same stresses and
at the same rate of leadycypliggﬁ“ Bgth specimens are from the same
batch with one containing one”pe;eenx wire fibers by volume., The gpec-
'imen with the wire fibers exhibited a slightly slower initial drop in
modulus and came back up to a value about 2% higher than ihe plain
specimen after the initial reduction, Both curves then remeined linear
for epproximately the same number of cycles and the deterioration began
at the same point approximately. The plain specimen experienced a
rapid deterioration to failure while the wire specimen deteriorated
much more slowly and failed at 2,23 times the number of cycles at which
the plain specimen failed,

The strain hardening phenomenon noted in this experiment is
difficult to ewplain, Possibly the magnitude of this dip is a functien
of the cyeling rate sipilar fo_the_manner in which the "npper‘yield
point” for A;V steel varies with the loading rate, If this is the case,

the level pertion of the curve would probably be the same for any ey-

cling rate but the magnitt “" ’ of the initial dip would vary with cycling
rate and écssibly"disappégglfer very slow cycling rates, This phenom~
enon could also be due to 2 "orcep" effect, where the paste yields
initielly in ean attempt to reduce the load by redisbtribution and is
subseyuently hardened Ey the gtrain reversalg it is subjected to.

The second portion of the cuimlative fatigue demage étudy wasg
instigatedrbecause it was ngted that during fatigué tests & distinct
change in temperature was apparento It was felt that this might previdé

an insight into the eveluation of cumulative fatigue daﬂﬁgeo “Tn order
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to gualitatively evglua@e_tyi§“ph?pogenon, a temperature bridge with a
thermocouple attached to the specimen was used in addition to the com-
pregsometer t@ compare gnd evaluate both temperature and strain relation-
ships in the speeimén as éycling apd cumalative fatigue damage progressed.
The thermocouple was taped to the specimen with the tip placed in grease
in order to transfer the heat more efficien%lyo,-Figure 18 ghows the
variatien in specimen tgmperatu?e yith percent of ecycles to failure, It
wag found that specimens containing the fiber wires showed much larger
temperature increases than did the p;ain speéimenso In both typé@ of
specimen a "levelling qffﬂ_Pe:;@@.mas_n@tedAprior to the terminal period
at which markgd incrgggegnin_ﬁﬁppgraﬁure occurred as failure became im-
minent. One of the wire specimgns wa.s ailewed & twelve hour recovery
peried after it was subjeg@eﬁ“tp_QSQ?@aﬁ loading cycles, When cyciipg
wés resumed the temperatu;e Qfmthg_specimen climbed rapidly back to its
former level and then inecreased slowly until just before failure when a
five degree increase occurred,

Plain specimen§ @howedi%l?gry regﬁlar temperature increagse unbil
a ghort levelling off peried occurred at about twaéthiﬁds of the total
eycles, The 1éve11ing off period could denote the beginning of increased
propagation of mier@crgck@ in.the speeimeﬁ, in which case the cnergy of
fatigue is Eeing absorbed by the formation of new gurfaces by the cr&ck{é*
ingtead of being released ag heat energy, This periced also coincides “
with the pericd of rapid reducﬁiga in the clastic medulus a8 noted in
Fig, 16, The level pericd for wire specimens, which occurred for a
larger number of cycles, wnuld then indicate that more extensive micro-

cracking oceurg in these gpecimens because the arrest mechanism of the

wires will not allow propagation teo failure,
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Figu:e‘19 ahowshﬁhe vg?iatien in %heiWWorking” modulus of elas-
ﬁicity with specimen tempg:g@ure3 wThe initial portiens‘qf_the curves
wehibit the "strain hapdeniﬂg” phenomenon previously described, The
curves then show that no decrease in E,; occurs while the temperature
increases in the next;?pxtieno Both plain and wire specimens then show
a slight decrease in E, fellowedAby another 19vel portion during which
tﬁe temperature increaseﬁo The wire specimens show clearly how the

The results of the temperature:m@dulus correlations indicate
that & definite qmalitative_relatiogs%ip exigts between miero«erackiﬁg
and temperature change. H@ﬁ,wﬁtn;man;"31ate, and Winter (9, 19, 11, 12)
have preoved %hatvmicrp%grggk;qg‘@ggregses the slope of the Stréssasﬁrain
curve (Ew> and @xperimen§a1“§§§glt§.sh@w that most of the wcrkihg modu~-
lus decrease occurs at relatively constant temperatures in fatigue;
The relationships noted abqve,_hewever, are probably a function of the
eycling rate because if the”¢ycling rate were slow enough, it is doubt-
ful that any measurable temperature changss would occur ag long as the

room temperature remained comstant.

Cracking Energy

The eritical strain energy release rate, proposed by Iwrin te
take the place of the aurface energy used by Griffith in his eguation
for rupture of a solid,’is the rate at which strain energy is being
released in a material at the onset of uns%able‘craek propagation.. Thus
in order to obtain a value for G, it is necessary-to know the sige of
2 eritical flaw in the material before it beginsg to propagate and teo

have seme means of determining the initial increment of strain energy
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released and the incremen?_of new area formed as the erack begins to
grow spontaneously, _Satisfyipg both of these reguirements presents
congiderable problems. In thei; attempts to de%ermine G, for concrete,
both Kaplan and Romualdi cast %macr@:cracks” inte their test specimens
and made use of the dimensions of these cracks in their determination
of Gy, However, both invastiggters admitted the existence of slow
crack growth prior to failure which could noﬁ be evaluated, and both
investigatoré worked backward frgm eguations which utiliged the applied
stress instead of measuring an aétaal energy release, It ig alse
guestionable whether or goﬁ the stress concentrations at the tips of
their artificial maero;craeks wonld be of the ‘same order of magnitﬁ@e
as the stress concentration gﬁ thg tip of the micro-~crack in a material,
where the radius of thglﬁip”mgyube_gg small as the dimensions of the
mglecules inVOlvado“ Un%il\@hese”@iffieulti@S'@re everecome, it is un~-
likely that an accurate value for G, will be obtained, However, other
procedures might be nsed since it is usually possible to determine the
new surface area of the crack after failure, and the total amount of
energy that went into failure of the specimen, It would then seem that
an approach to the pr@blem n@ingng strain energy release "rate" in |
which the total energy release@’éné total netr surface area are related
is in efd@ro This guantity could then be éomparedAmith obgserved values
and theorstical values faﬁ G, to determine the relationship, if any,
between the two guantities,

In eorder to test the a?plieability of an approach of this type,
the energy absorbed in cracking was determined for two completely differ-

ent types of tesi--& tensile splitting test and & compression fatigue
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test--on plain specimens from the same batch, It was felt ihat any
meaningful correlations obtained from such diverseileadingVeonditions
would be & good indication of the relative mérit@‘ef the approach., The
energy absorbed was determined in a different manner feor the two types
of_ﬁes%o

Te determine the enérgy absorbed in & tensile-gplitting test,
lead%@gflecﬁﬁég curves were obtained as the plainvcylindrical specimens
were loaded to failnre and unloaded, A typical load-deflection curve
is shown in Fig. Qﬁo- Ag the load was inereased, the curve, which was
initially concave upward, became linear and remained so up te the peint
at which the specimen "gplit'", The load then dropped off teo a much
lower value which was the compressive load in the twe halves of the
gpecimen, Hﬁom unloading, the curve dropped back aleong a less steep
glope from which the strain energy that went inte cempression of the
specimen was determined, The shaded area in Fig, 20 is then the total
amount of energy that wént into gplitting of the specimen., The average
of guch areas for the two control specimens tested in this experiment
wag 20,4 inch;peun@sa The total new surface area is twice the length
times the diameter, or 40.5 Sqﬁare inches for the 3 3/8 inch by 6 inch
specimens used in this phase of the research, This value is an approx-
imatieﬁ gince the fracture surface is not exactly smooth, The cracking
energy is theﬁ appr@mtn&teiy 0.48 inch-pounds per s@uare inch, which isg
five times Kaplan's velue and twenty-five times Romualdi's value for Gco

In the cempression fatigue testsd for plain concrete gpecimens.
from the same mix a8 used in the tensile spliﬁting tests, an initial

average temperature inecrease of one degree Farenheit per thousand load
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¢ycles wag found for specimens cycled at 560 cycles per minute with a.
| maximum stress of 4150 psi as shown in Fig, 18, If a épecific heat of
- 9,20 calories per gram per degree centigrade is assumed for cencrete
(cement po@@er is 0.20, quartz is 0,196, glass is 0.1988 from Physics
Handbemk), the number of caloriecs reguired to reise the tamperature of

2 specimen one degree Farenheit ié‘2®206 since the average weight of
gpecimeng was 4.02 pounds, This is é total of 789 inch-pounds ef energy
for thé whole specimen or 1k.7 inch-pounds of energy per cubic inch
necessary to raise the température one degree, The averége work done

on the specimen during one cyele of 1eading is then 0.789 inch-pounds,
;1§5suming all of the m@chanicél‘energy put into the specimen ig comverted
to heat energy as reflected b&Athe initial uniform temperature rise that
-oceurred, To obtain an approximate value for the amount of material
being stressed above the "elastic limit", the eﬁtire heat energy ié con~

 sidered to be the result of hysteresis in the overstressed portion of

‘the cyiinder'exhibiﬁing the most resistance to load., An spproximate
value for the hysteresis energy was obtained by using the modulus of
toughness for the cencrete mix studied, reduced by the emount of strain
energy which would be released by a linear unloading from the ultimate
stresg along a line parallel to the initial portion of the’ieading curve,
This value, shown by the shaded areca in Fig, 21, represents the energy
loss in one hy@teﬁeaig cycle ff@m gero to maximum and back to zereo stress,
In this case the value obtained for a static stress-strain curve was
1.44 inch-pounds per eubic inch, The strain encrgy loss per hysteresis
cycle wag then divided inte the average per cycle energy necessary for

the one degree per thousand cyele temperature rise in order to yield an
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eguivalent velume of material within the test specimen which is gtressed
to nltimate and unloaded during each cycle, The value thus ebtained
represents the volume of material which is affected by stress concentra- -
tions in the specimen, In this case a volume of 0.547 cubic inches was
determin@d¢V Thig amount of material might bevthought of as an inclusion
in the eylinder ;?hich is more rigid than the rest of the material and
had to take more stress to strain the same amount as the softer surround-
iﬁg material, |

An evelunation of the energy neceggary to produce fracture by
crack propagation may then be determined for the fetigue tests if it is
agsgumed that in the "level" portions of the tempera‘turé;cyele cufﬁeg;
the meehanicél encrgy is now being used in the formation eof micro-crack
surfaces, The materi&lmvolnme whickh represents the rigid inclusion is
agsumed to be spherical in shape and absorbs the mechanical energy put
into the gystem in the formatien of é, disc-shaped crack through the
eenter; of the inclusion, The value obtained for the ecracking energy
by assuming that the energy per cycle previcusly spent in the temperature
rise is now used in the formation of a erack is .49 inch-pounds per
sguare ineh, This nearly exact correlation is probably a coincidence
gince the eguivalent velume is probably made up of several small inclu-
siong which are more highly stressed rather than one large one, but the
results indicate that the s@me order of magnitude of cracking enecrgy
would prevail for a larger number of inclusions although the exact
numerical value would depend upen.the shape, sige, and number of such

inclusions,



FIGURE 21 Hysteresis loop for plain concrete specimen
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CHAPTER V

SUMMARY AND CONCLUSIONS

Sumary

The purpose of this thegis was to @fudy the fracture mechanigm of
conerete, and .to dotermine the epplicability of the Griffith theory of
rupture to conerste, Griffith'g theory essumes thet feilure is caused by
,piopag&tion of bagic flaws dus to tengile stregs concentrations atb {.heir
tip@o' Esgperimental &&t@, wag obtained from tension and compression tests
of concm‘te morbtars, Both gtatic and Latigue test serieg were included,
Half of the gpecimens conteined a crack-arrest mef:h&nim congigting of
mll fiber wires mixed into the morter with rendem orientetion, Attempts
were mede to relate the f@.iluf& of concrete in tension, compreggion, and
fatigue, Abttempts were also made to determine cumulative fatigue demege
of the {egt speecimens by means of changes in the "working® mcdﬁlug of
elagbicity which oceur during the fetigue eycling,

A miatibnship for the strength increage which can be cgpected in
wire-mortar mixes wap determined cmpirically for efféctive ire gpacings
legse then a half inch, The general effect of the included mmdem wires
on the strength and elegtic properties of comecrete mortars used in the V
experiment were also discussed,

A reviey of the bagic ﬁ"mcturé mechanicy concepto involved wag
prezented as wag & ghort higtorical review of other rogearch in the arca
of the failure of brittle mterials, and the offect of @ crack-arregt
mechanicm, Importent points in the Griffith theory of mptur@ Were
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presented and discussed in light of eother relevent and contradictory
theories of failure, For a more complete review of ideas on the failﬁre
of materialg and concrete im particular, the reader is referred to the

bibliography at the end of this thesis,

Conclusionsg
Several'eoﬁ@lusions are pogsible concerning the failure mechanism
of concrete as evidented by experimental regults obtained in this study,
It is hoped_that these results and conclugiens presented will add to the
basgic ﬁndérgtanding of concrete failure, Conclusions résuliing frem this
study aré'a@ follows:

1, Goncrete fails qmliﬁativeiy according to the Griffith theory
of zupture since rupture angles noted are in good agreement
with his theory and strength increases feor compression cylinders
and tensile bricguets due to the included erackmérrest mechanism
were of the same order,

2, A tensile bricquet test is a more reliable test of the tensile
gtrength of concrete mortars, especially with wire fibers, than
tenslle SPIiﬁting tests be@aﬁge of the uniaxial stregs conditien
and because ratios of tensile to compressive strength are mere
nearly egual to theeretical values obtained from the Griffith
theory of rupture,

3. The compressive sbrength increase of wire-mortar mixes ig a
function of the cffective wire spacing, with the relationship

given by:

— Q.0253 i
R~'(109+ Wi;-)ﬁ

for the range of mortar strengths used in this emperiment. In
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this equation, R is the ultimate gtrength of the wire-mortar mix,

- and f“c is the Staticxééﬁpressiﬁe strength of the plein mortar,

Séﬁf is the effectiy? wire spacing.
The theoretical Yeritical® wire spacing determined by Romualdi
and Batson (24) of 0.30 to 0.50 in., which they verified for beams

in flex

ure containing regui&rly gpaced arrays of wire and later
found to be true (25) for rendom short lengths of wire in flewural
beam@, algo applies o standard compreggion cyiiﬁdrical specimens
és evidenced by the results presemted in Fig, 10, |

The same material constent governs the.compregsive faiiure of
conerete in both static and fatigue tests as evidenced by the
relationships obtained for‘strength increases due to the wires in
the static tests and the Yone-cycle" intercept strengths extrapo-
lated from the S<N curves in the fatigue tests,

The majority ef the strain energy légt in hysteregis is converted
telheat'energy in fatigue, and it is pessible to determine the
iner@a@e of micre-eracking at repid cycling rates where the

strain energy is converted to gurface energy rather than heat
energy by noting the absence of temperature increases.

The beneficial effect of the wire crack-arregt mechanism diminishes
at lower stresses aé the stress appréache@ the endurance limit |

gince, as seen from Fig, 15, the slope of the 5-N curve for wire

- gpecimens ig greater negatively than thet of the plain specimens,

The cloge agreement between the energy-release rate found for twoe
cempletely different types of test by relating total energy used

and total new gurface ares of the concrete indieates that &
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"’emcking' energy” rate as determined above could be considered

a "material property" of concrete,



CHAPTER VI
RECOMMEMDATIONS FOR FURTHER STUDY

Every experimental project ig necessarily iimited in geope becauge
of material, tims, and financial congiderations., Becauge of this, many
interegting agpects of the problem can be touched upon only lightly or
m2y be neglected completely. It is for this reagson that a chapter con-
cerning ideas for further gtudy is included in this thesig, Following is
& ligt of topicsg which deserve a cloger look in order to angier gquestions
posed by this esgperimental studys

1. Research ghould be undertaken to determine how the empirical
eguation derived for the vire-mortar gtrength incf@&a@ found
in thig experiment ig affected by a wider range of mix gtmngths,‘

. &9 mixes uged in thisg experiment were purposs@ly degigned for low
strength in an effort to meke the effect of the trires more no-

ticeable, .

2. Wore experiments should be undertaken with tengile bricquets to
determine if e relationghip between effective wire gpacing and
gbrength incresge gimilar to that determined for compresgive
increages of wire-mortar gpecimens exigts in tensgion.

3, An investigation of the initial decrease and subé;equent increase
of the working meduwlug of slagticity, as fatiguing progregses at
verying cycling r&teé, ig proposed to agcervain if the "gtrain-
ﬁ&zﬁ@ning" phenomenon noted is @ funciion of the material or of
the %eéto |

61
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L, OGne of the most pressing needs in the field of concrete fracture
mechanies ig an accurate and relieble meang of determining the

critical strain-energy rcelease rate for a given concrete gpecimen,
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MIX DESIGNS

I Determine volume of voids by filling 0.1 cubic foot mold with sand

W, 14,00 1bs, | Send sp. gr. = 2,52
Tar‘@. . hQIS 1bs, :
Net 9,85 1bs, per 0,1 ft3 or 98,50 1bs,/ft.>
Volume of aggmgate = 98,50 = 0,626 cu, £,
2,52 (62.5)

Volume of voids = 1,000 - 0,626 = 0,374 £t.3/8%,5

IT, Assume paste will £ill volume of voids and calculate guentities
reguired per cubic foet,

62,4 3.15 (62.4)
a) Assume w/c ratio of 0.75

e = o37h (62.4) / 0,75 +

= 0,374

W

1 = 22,1 1b,/ft.>
3.15 :

Wy = 0,75 Wy = 0,75 (22,1) = 16.6 1b./ft.> .
Wg = 98,50 1b,/ft.3
b) Assume w/c ratio of 0,70

We = 374 (62.4) / ©,70 + = 22,6 1b,/ft.>

1
3.15
W, = 0,70 W = 0.7 (22,6) = 15,8 1b,/ft,3
Wg = 98.5 1b./ft.>

III. Teo ensure a workable mix apply workability factor of 1,25 to paste
in a) and 1,35 in D),

a) We =22,1 (1.25) = 26,5 1b, Vp = 1.25 (.374) = .467
Thy = 16,6 (1.25) = 20.8 1b, V = 467 + 626 = 1,093

6k



Wec

W*

Ws

24,3 1b./ft,3

19,0 1b,/ft,3

Corrected Values

90.1 1b./ft.3

We = 22.6 (1.35)

W* - 15.8 (1.35)

we

Wa

27.0 1b./ft.3
18.8 1b,/ft,3

87.0 1b./ft,3

30.5 Ib.

21.3 1b,

Cament

Water

Sand

Vp = 1.35 (.

vV = .505 +

Corrected Values

Cement

Water

Sand

0.505

374)

.626 1.131

'ial mixes were made using the values obtained, in III with results

K

1.25

1.35

TABLE I

Slump
1.80 in.

2.25 in.

FINAL MIX PROPORTIONS

s follows 2
Mix wc
a <B
b .70
Cement
Water

Sand

1b./ft.3

24.3
19.0

90.1

Seven day strength
2790 psi

3390 psi
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Temperature Bridge--
used in cumulative
damage test series

Riehle-Los Fatigue Testing
Machine with compression
fatigue specimen

Tensile Bricquet specimens in testing machine

EXPERTMENTAL EQUIPMENT






5.

9o

10,

11,

LIST OF REFERENCES
; i

Axelson, J. W,, and Piret, E, L., Indugtrial Engineering Ghamistry;
V. 42, 1950, .

Brunauer, S.; Kantro, D. L.; and Weiée, €. H., "The Surface Energy
of Tobermorite,” Canadian Journal of Chemigtey, V. 37,
19590 : )

Glanecy, John J.,, "Tengile St?eﬁgth Increages a3 a Means of Improving
Resistance to Compresgive Failure of Concrete," University
of Arigona study submitted to Dr, Don A, Linger, Way 1964,

Glucklich, Jé@éph, "Concrete Fracture,” Journal of the Engincering
Mechanics Division, Proceedings of the American Society of
Civil Engineers, December 1963,

Glucklich, Jogeph, "On the Compression Failure of Plain Concrete,”
Theoretical and Applied Mechanics Report No, 215, University
of Illinois, March 1962, '

Griffith, A. A., "The Phenomena of Rupture and Flow in Solids,“
4 Phil, Trans. Roy. Sec, London, Vol, 221, 1920.

Griffith, A. A., "The Theery of Rupture,” First International
Congress for Applied Mechanicg, Proceedings, Delft. 192%.

_Hoepes, Jay Nat, Crack Propagation and Fracture Mechanics of Plain

Concrete, Master of Science Thesig, University of Arigona,

196k,

Heu, Themas T, C., "Mathmatical Analysis of Shrinkage Stresses in a
Model of Hardened Concrete,” ACI Journal, Proceedings,
Vol. 60, No., 3, March 1963, .
Heu and Slate, "Tensile Bond Strength Between Aggregate and Cement
Pagte or Mortar," ACI Journal, DProcecdings, Vol., 60,
No, 4, April 1963,

Hgu, Slate, Sturman, and Winter, "Mierocracking of Plain Concrete
and the Shape of the Stresg-Strain Curve," ACI Journel,
Proceedings, Vol., 60, No., 2, February 1963, '

Slate and Olgefgki, "{~-Rays for Study of Internal Structure and

Mierocracking of Concrete,® ACI Journal, Proceedings,
Vol, 60, No. 5, HMay 1963,

. 69



70

13, Inglis, €, E., "Stresses m a Plate Due to the Pregence of Cracks
and Sharp Corners,” Transaetions of the Institute of Naval
Architects, London, Vel., 55, Mawrch 14, 1913,

14, Irwin, G. R., "Fracture Dynamics," Fracturing of Mectals, American
. Society of Metals, Cleveland, Ohio, 1948,

15, Irwin, G. R., "Relation of Stresses Near & Crack to the Crack
Extension Force," Proceedings, 9th International Congress
of Applied Mechanics, No, 101 (11), Brussels, 1956,

16, Irwin, G. R., YFractiire Mechanics," lst Symposium on Naval Struc-
tural Mechenics, Stenford University, Aug. 1958,

- 17. Keplan, M, F,, 9"Crack Propagation and the Fracture of Concrete,"
ACI Journal, Proceedings, Vol, 58, Ne, 5, November 1961,

© 18, Linger, Don A., and Gillegpie, H, Aldridge, "A Study of the Mechanism
‘ of Concrecte Fatigue and Fracture,” Unpublished communicatioen
presented to the 43rd Annual Highwey Research Board Meeting,
Januvary 1965,

19, ILove, A, E, Hs, Mathematical Theory of Elagticity, 3rd ed.,

20, Nurrell, ~"Triaxial Tests of Coal," Mcchanical Properties of Non~
Me‘tallic ‘Brittle Materials, Newr York: Interscience Publishers
Inec,, 1958

21, Neal, J, A., and Kesler, C, E,, "Fracture Mechanics and?a‘tigue of
Concrete," T, and A, M, Report No, 621, University of
Illinois, 1962,

22, 0Oladapo, I, 0., "The Effect of a Ra.ndém Distribution of Glass Fibres
in Concrete Mixes," Civil Engineering and Public Works Review,
January 1963, Co _

23, Orowan, E., "Fundamentals of Brittle Behavior in Metals," Fatigue and and
Fracture of Metals, (MIT Sympesimn, June, 1950) John W‘lley &
Song, Newr York 1950, - ‘

24, Roemualdi, J, P., and Batson, G. B., "Mechanics of Crack Arrest in
Conecrete,” Journal of the Engineering Mechenicg Divisien,
Proceedings of the American Bociety of €ivil Engineers, dJune

1963.

25, Romualdi, J, P., and Mandel, J, A,, "Tengile Strength of Concrete -
Affected by Uniformly Pistributed and Clesely Spaced Short
Lengthg of Wire Reinforeément,” Journal of the American
CGoncrete Ingtitute, Vol, 61, No, 6, June 196k,




260‘

27,

28,

7

Romuvaldi, J, P., and Sanday, S, C., "The Tensile Fatigue Strength
of Steel Fiber Reinforced Morter," Unpublished,

Seldenrath, T. R., and Gremberg, J,, "Stress-Strain Relations and
Breakage of Rocks," Mechanical Properties of Non-Metalliec -
Brittle Materials, New York: Interscience Publishers Inc,,
1958, :

Slayter, G., '"Two-phase Materials," Scientific American, Vol. 206,
No, 1, January: 1962, o

Timoshenko, Btephen P., Sirength of Materials, Part II, Princeton,:
New Jersey:- D, Van Nostrand Co,, 1956,

Van mum, Jo Lo s YFatigue off Cament Products," Transactions,
. American Society of Civil Engineers, Vol. 51, 1903..

Van @rnuin, do L, '"Fatigue of Concrete,” Trensactiong, American
Sociebty of Civil Engineers, Vol., 58, 1907,




