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ABSTRACT

An introduction to the preliminary analysis and synthesis of 

flight control systems for large launch vehicles is presented, The 

discussion is limited to pitch plane stability of the boost phase of 

the launch trajectory.

A.mathematical description of the vehicle is given, and this 

is followed by a statement of the stability requirements. A brief 

discussion of the significant modes of motion is given to provide some 

physical insight into the problems encountered in the flight control - 

system. Conventional control methods are discussed and illustrated 

with a conventional attitude control system for the Saturn V-501 

launch vehicle. As a method of adaptive control, the tracking filter 

is described and its use is illustrated in a tracking filter adaptive 

control system, for the Saturn V-501. The simulation results of both 

the conventional control system and the tracking filter adaptive 

control system are compared.



CHAPTER I

INTRODUCTION

The flight control system for a launch vehicle has two primary 

functions. First3 the flight, control system must stabilize the; vehi

cle and provide sufficient stability margins to allow for hardware and 

vehicle parameter uncertainties 5 anticipated extraneous wind disturb

ances 9 and trajectory dispersions. The second function of the flight 

control system is to ensure a reasonably rapid response to guidance 

signals.

The preliminary analysis and synthesis of the flight control 

system is normally divided into two phases— guidance and control. The 

guidance phase deals with the trajectory and mission of the vehicle5 

payload capacity and orbit capability. The trajectory equations de

scribe the path of the vehicle from launch to either impact or orbit 

injection and account for all the significant effects/ such as the 

earthTs rotation, the nonspherical shape of the earth, and the variable 

mass of the vehicle. The vehicle is normally considered a point mass. 

Oscillations about the nominal trajectory have a long period, and are 

therefore referred to as the "long period - dynamics."

The control phase of the analysis and synthesis of the flight * 

control system deals with the stability of the vehicle and its re

sponses" to control signals. Oscillations of the vehicle about its

1



reference, trajectory are considered6 These oscillations have a compar

atively short period which gives rise to the term "short period 

dynamics o" The short period dynamic's are described by perturbation 

equations of motion for small perturbations about the reference trajec

tory, Perturbation equations describing the vehicle dynamics account 

for body bending, propellent sloshing, and engine inertia.

This thesis presents an introduction to the preliminary analy

sis and synthesis of light control systems for large launch vehicles. 

Some of the phenomenon associated with large vehicles are discussed to 

supply some physical insight into the problems which arise in the 

design of the flight control system. The scope of this thesis is 

limited to a study of the short period dynamics during the boost phase 

of the trajectory, from launch to first stage burnout. It is assumed 

that the mission profile of the vehicle and the reference trajectory 

have been defined. Most of the stability problems occur during the 

boost phase as the vehicle is passing through the earth's atmosphere. 

After first stage burnout, the first stage is decoupled and the vehicle 

has a completely different configuration.

For current configurations of large launch vehicles, there is 

a high degree of axial symmetry. As a result, the coupling between the 

pitch, yaw, and roll planes of motion is small and the short period 

dynamics in the three planes of motion can be analyzed separately.

When the axial symmetry of the vehicle is decreased, either by design 

of the vehicle or by the type of payload to be lifted, the coupling 

between the planes of motion increases. For asymmetrical vehicles



with strong coupling between the planes of motion, it is necessary to 

analyze the short period dynamics in a three dimensional frame of ref

erence. This thesis is concerned with symmetrical vehicles of the 

current configurations and considers only the dynamics in the pitch 

plane of motion,

A mathematical description of a large launch vehicle is given 

in Chapter II. This is followed by a statement of the stability re

quirements in Chapter III. Chapter IV contains a brief discussion of 

the significant modes of motion of the vehicle. Conventional control 

using classical control methods is described in Chapter V and illus

trated with a conventional control system for the Saturn V-501 launch 

vehicle. In Chapter VI the tracking filter as one method of adaptive 

control is discussed and its use is illustrated with a tracking filter 

adaptive control system for the Saturn .V-501. In the last chapter. 

Chapter VII, the simulation results of the conventional control system 

are compared with those of the tracking filter adaptive control system. 

It is concluded that adaptive control methods should be used only when 

it is not possible to provide stability and control with conventional 

control methods.



CHAPTER II

MATHEMATICAL DESCRIPTION OF A VEHICLE ;

This chapter gives a mathematical description of a large 

.launch vehicle which has the following characteristics:

a) Attitude control by gimbaling the engines,

b) Extreme variation of mass and inertial properties.

c) Aerodynamically unstable airframe.

d) Liquid propellant sloshing.

e) Extremely flexible airframe.

f) Conventional control sensors (i.e., rate sensor, 
position sensor, accelerometer, and angle of 
attack sensor).

The first section briefly describes the coordinate systems for the 

pitch plane. ; Simplified pitch plane equations of motion for the vehi

cle short period dynamics, the control sensors, and the actuator are 

stated in the second section. The final section organizes the equa

tions of motion into the matrix format and gives a matrix block 

diagram for the vehicle and flight control system.

Coordinate Systems 

Several coordinate systems are used to specify the.orientation 

and motion of a vehicle in inertial space. In the analysis and syn

thesis of flight control systems there are three coordinate systems 

which are most significant— geocentric inertial coordinate system,

' . .  ■ . 4



trajectory referenced coordinate systems 5 and body axis (or vehicle) 

coordinate system. The inertial coordinate system (X^, Ẑ .) is a

fixed coordinate system with the origin at the center of the earth 

which is assumed to be fixed in space and non-rotating. The trajectory 

referenced coordinate system (X? -Y, Z) is a moving coordinate system 

with its origin at the center of gravity of the vehicle in its nominal 

reference trajectory. The X axis of the trajectory referenced coor

dinate system is aligned with the nominal velocity vector and the Y 

axis is normal to the plane of the nominal reference trajectory. The 

body axis coordinate system (x, y , z) is a moving coordinate system 

with its x axis aligned with the undeformed centerline of the vehicle. 

The coordinate systems for the pitch plane are illustrated in Figure 1.

Equations of Motion 

The perturbation equations of motion for the vehicle dynamics 

are derived by writing the energy equations (kinetic3 potential, and 

dissipative energy) and applying Lagrange’s equation (1, p. 52-67;

25 p. 15-17; 3, App. B; 4, p. 1-33). In the derivation, the body bend

ing modes and the propellant sloshing modes are artificially uncoupled 

(i.e., the body bending modes are computed with the sloshing masses 

removed and the engine fixed, and the propellant sloshing modes are 

computed assuming a rigid vehicle). Coupling between the modes is 

reintroduced in the forcing terms and inertial forces. The simplified 

perturbation equations for the vehicle dynamics are given below. The 

variables are illustrated in Figures 2 and 3 and are defined in the
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List of Symbols. (These equations were supplied by NASA for a study 

involving the Saturn class of vehicles [5, App. B].)

Rigid Body Equations

* = -c.a - c2e + I [y'g. - ygl] n.

+ l V s A + — I ™k k

• 1 '''us * I -.,5,. « >

where the angle of attack is

2a = a + <f) - 57.3 —  w v

î "̂  Bending Mode Equation

2 K4m U g i  + GJ'gi "
\  =-2Cbi“birli - “bi \  + m -  y6i + 57.3 „:b . " 6

m .
- I < 7  Yi s ^ k  + Bai“ + i r - YBi  ̂Y'6jnj (3)k bi bi j

5,^ Sloshing Mode Equation

+ 57.3 * + 57.3m ^

” 5773 *  "a) " IYis$.ni (/°



10
The engine actuator is a highly non-linear device. When 

linearized, the form of the equation describing the engine actuator 

dynamics is

The control sensors which are commonly used are position 

sensor, rate sensor, angle of attack sensor, and accelerometer. The 

simplified equations for the sensors are as follows:

Position Sensor

(6)

Rate Sensor

(7)

Angle of Attack Sensor

i
(8)

Accelerometer

(F-D) (9)m i

These equations for the vehicle dynamics, the engine actuator, 

and the control sensors are used to define a mathematical model for the 

vehicle. The importance of the above equations depends entirely upon
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the required complexity of the model to be constructed. A simple model 

may consist of only the rigid body mode, while a complex model may 

include the rigid body mode, up to four body bending modes, a propel

lant sloshing mode for each propellant tank, and the engine actuator 

dynamics.

Matrix Equations and Block Diagram 

The equations of motion given above are written in matrix form 

using the following symbols:

[ ] = Rectangular matrix 

{ } = Column matrix (vector) and

[ J = Row matrix.

When the elements of a column matrix (or vector) are expressed and 

written in a row, they are enclosed in { }, and when they are written 

in a column they are enclosed in [ ]. Subscripts are used on the

brackets to denote the dimension of the matrix when necessary.

The perturbation equations of motion for the vehicle short 

period dynamics are written in matrix form as

[M]{X> = (B) 3 (10)

where {x} is the state variable vector, {(f), a, r)^,...rK,
and [M] and {b } are functions of the complex variable s. The control

sensor equations arc written in matrix forms as

{sT> = [W]{X> (11)



where {Srj,} is the vector of the control sensor outputs, ,

Y^,}, and [W] is a function of the complex variable s.

The outputs of the sensors are fed back and subtracted from the

guidance input to form an error signal. The error signal is fed

through a compensation network to form the command angle for the engine

actuators. The matrix equations are

{S } = {S } - {S } (12)e e l

and

3 = IG J (S } (13)c c e

where {S^} is the guidance input vector, {S^} is the vector of error 

signals, [G^J is a row matrix of compensation network transfer func

tions (one compensation network for each control sensor), and 3C is 

the command angle for the engine actuators (a scalar quantity). Since 

the equation for the engine actuator is linearized and is single 

input/single output, it can be given as a scalar transfer function.

6 = GaBc (14)

where G^ is derived from equation 5.

The above matrix equations and the transfer function for the 

engine actuators, equations 10-14, are combined to give the engine 

actuator deflection angle, 3, as a function of the guidance inputs,
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e (1 +  Ga  lGc J[W.][M] 1 {B})= Ga LGc J{Sc )

The characteristic equation of the closed loop response is

i +  g a i g c J[W][m ]“ 1 {b } = 0

(15)

(16)

The matrix equations of motion for the vehicle dynamics can be 

partitioned to separate the modes of motion.

I X M12 M 13~ Xl" B1

M21 M22 M23 x2 = B2IsT1 M32 M 33_ _ X3_ _ B3_

(17)

where

{x1} =
"if

a
, — •

A

and

{X3} = {5}S.

The diagonal submatrices in the partitioned M matrix represent the 

direct-coupled modes of motion— rigid body mode, body bending modes, 

and propellant sloshing modes, respectively. The off-diagonal sub

matrices represent the cross-coupling between the modes of motion. 

This partitioned equation is used with the other matrix equations to 

construct a matrix block diagram of the vehicle as shown in Figure 4



Figure 4. Matrix Block Dia ram 
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The matrices [I^], [I^l> and [1^] are submatrices of a partitioned 

unity matrix

[I] =

such that

{x} = [i^Hxp + [i2]{x2) + [i3H x3}

and are included in the diagram to preserve the vector formulation.

The wide lines in the diagram represent vector quantities and the 

narrow lines represent scalar quantities. The primary function of this 

diagram is to illustrate graphically the major coupling effects between 

the modes of motion.

The equations of motion are given in matrix form for conven

ience. These equations are solved by digital computer programs for a 

stability analysis of the system. The matrix block diagram of Figure 4 

is developed only to exhibit graphically some of the major coupling 

effects. The direct-coupled modes of motion, the control sensors, and 

the engine actuator shown in the block diagram are discussed in 

Chapter IV after the stability requirements are stated in Chapter III.



CHAPTER III

SYSTEM STABILITY REQUIREMENTS

The function of the flight control system is to maintain a 

prescribed flight path along the reference trajectory in the presence 

of various disturbing forces and torques. To accomplish this, the 

flight control system must ensure system stability and provide a 

reasonably rapid response to guidance signals. The most crucial factor 

affecting the flight control system is reliability (6, p. 97).

To maintain structural integrity of the vehicle, a specifi

cation is given for the allowable stress on the airframe and is often 

specified in terms of the maximum bending moment. The general equa

tions for the bending moment at body station x is

3BM 3BM 3BM ..
B M X  =  “  + -§iT 6 + I - r f S  <18>

1

where the partials of the bending moment are supplied with the vehicle 

data. To allow for hardware and vehicle parameter uncertainties and 

to minimize the effect of extraneous wind disturbances, stability 

margins are specified for the system. Since rapid response and high 

stability margins are normally conflicting requirements, the stability 

margins are satisfied and the resulting system response is accepted.

16
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The stability margins for a vehicle are usually specified in 

terms of gain margins and phase margins for the various modes» The 

gain margin of a mode is the factor by which the total system gain can 

be increased before the specified mode becomes unstable, The phase 

margin of a mode is amount of phase lag (or lead) which the system can 

tolerate before the mode becomes unstable (7, Sec. II9 p. 14). The 

gain and phase margins are "margins of safety" in a system. Normallys 

the minimum accepted stability margins are 6 db aerodynamic and rigid 

body gain margins5 30 degrees rigid body phase margin, 40 degrees phase 

margin for phase stabilized bending modes, 6 db gain margin for gain 

stabilized bending modes, and sloshing modes below zero db at 180 de

grees (19 p. 115-116; 69 p. 102; 8 9 p. 398). (These stability margins 

are defined below with reference to a Nyquist plot.) These margins 

must be satisfied for all flight conditions and all flight times.

Some of the stability margins are stated with reference to 

phase stabilized bending modes and gain stabilized bending modes.

Phase stabilization of bending modes consists of providing the proper 

phase characteristics for the signals from the control sensors so that 

there is negative feedback at the phase stabilized bending mode fre

quencies. Bending modes are gain stabilized by attenuating the signals 

from the control sensors at the bending mode frequencies so that the 

open loop gain is below unity (zero db) at these frequencies. Phase 

stabilization increases the closed-loop damping of bending modes 9 and 

thus tends to decrease the amplitude of the body bending and therefore 

reduces the bending moment, Gain stabilization does not appreciably
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change the closed--loop damping of. bending modes 9 and thus tends to de

crease the amplitude of the body bending and therefore reduces the 

bending moment» Gain stabilization does not appreciably change the 

closed-loop damping9 since it effectively eliminates control at the 

bending mode frequencies (65 p , 102). Neither the amplitude of the 

body bending nor the bending moment is decreased by gain stabilization.

Phase stabilization is normally used for the first bending mode 
and sometimes the second bending mode to increase the damping and 

thereby reduce the body bending and bending moments. Higher bending 

modes are normally gain stabilized because of the uncertainties in the 

higher bending mode parameters and because of the desire to reduce the 
bandwidth of the control system.

Stability margins are derived from the Nyquist plot represen

tation of a frequency response where the critical point is the -1

point. These stability margins are illustrated on the Nyquist plot in

Figure 5. This Nyquist plot is drawn for a frequency response of a 

vehicle modeled by the rigid body mode, one propellant sloshing mode, 

and three body bending modes. The system has been compensated to 

phase stabilize the first bending mode and gain stabilize the second 

and third bending modes. The following stability margins are noted on 

the plot:

a) Aerodynamic gain margin

b) Rigid body mode phase margin

c) Rigid body mode gain margin

d) Propellant sloshing mode phase margin
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Figure 5. Nyquist Plot for Typical Frequency Response 
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e) Propellant sloshing mode gain margin
f) First body bending mode phase margin
g) Second body bending mode gain margin

h) Third body bending mode gain margin

As is evident 9 the Nyquist plot is very confusing and is diffi

cult to use as a, design tool. Even though the Nyquist plot forms the 

basis for determining the system stability and stability margins5 other 

forms of representing the frequency response are easier to use in de

sign. Two other common representations of the frequency response are 

given and all of the stability margins are indicated on them. A Bode 

plot is given in Figure 6 with Gain versus Frequency and Phase versus 

Frequency on separate plots. A Gain-phase plot is given in Figure 7.

The Bode plot is useful when analyzing the rigid body mode but 
is difficult to use when analyzing the lightly damped propellant slosh
ing modes and the body bending modes. For these lightly damped modes, 

the Gain-phase plot proves to be useful since the mode peaks are spread 
out and the stability margins are easily seen. The Gain-phase plot is 

used to represent the frequency response in the remainder of this 

thesis.
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CHAPTER IV

ANALYSIS OF VEHICLE MODES

The modes of motion of the vehicle as shown on the matrix block 

diagram in Figure 4 are discussed in this chapter. The purpose of this 

chapter is to supply some physical insight of the dynamics and not a 

detailed rigorous analysis. The rigid body mode, body bending modes, 

and propellant sloshing modes are discussed in the first three sec

tions. The control sensors and the engine actuator are discussed in 

the last two sections.

Rigid Body Mode

The rigid body mode of a vehicle determines its aerodynamic

stability (or instability) and the speed of response of the vehicle to

the guidance signals. If the body bending modes and the propellant 

sloshing modes are neglected for a rigid body analysis, the matrix

equations for the missile dynamics (equation 17) reduce to

= {V 6
To gain more insight into the problem, the rigid body equations 

are derived for a simple vehicle as shown in Figure 8 . The summation 

of the forces in the Z direction and the summation of the moments 

about the Y axis are

24
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I Fz = F Sin (3 + <J)) - D Sin (f> + N a Cos (})

y M = -x0 F Sin 3 - x N aL Y 3 cp

where

2a = 6 + a - —  .w V

After using small angle approximations for 3 and a and after 

applying Newton’s laws of motion, it is found that

y F = m Z = (F-D)cf) + F 3  + N a  

y My = I <f> = -Xg F 3 - xcp N a

These equations can be solved to yield the open loop transfer function 

for the vehicle,

C2N - C]F

({)(s)_________ ^ ___C2Vm________________

where is the aerodynamic moment coefficient, x^N/I, and is the

control moment coefficient, x^F/l. The control moment coefficient, ,

is always positive since x^ is always positive, but the aerodynamic

moment coefficient, C^, may be positive or negative depending on the

sign of x . If the center of pressure is aft of the center of grav- cp
ity, x is positive and therefore is positive. The characteristic 

equation then has one root in the right-half plane and a pair of
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complex roots- in the left-half 'plane• If the center of pressure is 

forward of the center of gravity, x is negative and therefore C is 

negative and the characteristic equation has two roots in the right- 

half plane and one root in the left-half plane. This left-half plane 

pole is very near the origin and is effectively canceled by the left- 

half plane zero near the origin. When is positive the vehicle is 

aerodynamically stable and when is negative the vehicle is aero-- 

dynamically unstable. Aerodynamic forces decrease the angle of attack 

for aerodynamically stable vehicles with no control but increase the 

angle of attack for aerodynamically unstable vehicles with no control. 

Typical root locus plots are shown in Figure 9 for both the - _ ..

aerodynamically stable and unstable vehicles. Feedback is closed 

around the vehicle through both a position sensor and a rate sensor ; 

which results in the "Rate Sensor Zero" in the plots.

As stated above, the rigid body mode determines the response . 

of the vehicle. Both the control frequency and the damping depends on 

the location of the closed loop rigid body poles and are a function of 

the gain of the system and poles and zeros of compensation networks.

Body Bending Modes

Body bending modes which describe the flexible motion of a 

vehicle probably cause the most severe problems in the control of a 

large space vehicle. Body bending results from making the vehicle 

less rigid in an effort to decrease the weight. Problems arise from 

the fact that the control sensors not only sense the rigid body motion
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of a vehicle but also the motion due to local deformation caused by 

the body bending. Signals from the control sensors must be filtered 

to compensate for the body bending and this passive filtering decreases 

the gain and phase margins of the control loop (rigid body mode). 

Selection, of the filtering is complicated by the lack of certainty in • 

the values of the bending mode parameters and by the variation of these 

parameters with flight time.

The parameters used in the equations for the body bending modes 

(mode•shapes9 slopes, and frequencies) can be derived both analytically 

and experimentally. The analytical procedure is to consider the vehi

cle as a free-free beam and write the partial differential equations to 

describe its flexible motion (1, p. 35-52; 2, p . 5-32; 7, Sec. 2; 9, 

p. 44-49; 10, p. 38-39). After using separation of variables, the 

partial differential equations are solved yielding an infinite number 

of frequencies (eigenvalues). A mode shape curve (eigenfunction) can 

be calculated for each frequency. The slopes are obtained from the 

mode shape curves. Bending modes possess some dissipative forces which 

provide damping, but this damping is very low and is a nonlinear func

tion of the instantaneous amplitude of the mode. The effective open • 

loop damping ratio may vary between 0.025 and 0.0002 (1, p. 43). A 

nominal value in this range is normally chosen for the damping ratio.

The experimental procedure for determining the bending mode 

parameters is to mount rate gyros and accelerometers along the vehicle 

and then shake the vehicle (9, p. 125-132; 11, p. 30-31). The acceler

ometers measure the position and therefore determine the mode shapes
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while the rate gyros measure the slopes« The modal frequencies are 

the resonant frequencies of the vehicle and the damping ratios are 

determined from the position outputs of the accelerometers«

For some of the smaller and comparatively rigid vehicles, the 

error between the analytical parameters and the experimental parameters 

has been as low as 2%. For vehicles of the Saturn class, the error 

between the analytical and experimental parameters is about 18% for the 

first bending mode and increases for the higher modes, The increases 

in error between the analytical parameters and the experimental param

eters for higher bending modes is illustrated in Figure 10 for the 

first five bending modes for an Atlas booster (9, p . 29-31), Unless 

each vehicle configuration is tested experimentally to determine the 

bending mode parameters there is uncertainty in the parameter values. 

This uncertainty in the parameters is considered in the design of the 

flight control system by specifying greater stability margins,

As stated above, the bending mode parameters vary with flight 

time. The primary factor which influences the variation of the param

eters is the mass of the vehicle which decreases due to the depletion 

of propellant. The variation in mode frequencies is illustrated in 

Figure 11 where the nominal bending mode frequencies for the first four 

modes of the Saturn V-501 are plotted as a function of flight time.

Propellant Sloshing Modes 

Propellant sloshing modes describe the motion of the liquid 

propellant in the propellant tanks. Propellant tanks can be modeled by
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using either a spring-mass-damper analogy or a pendulum analogy (1,. 

p. 63-67; 6, Sec. 1; 12s p e 3, 120-126)« The spring-mass-damper 

model of a tank consists of a fixed mass to represent the non-sloshing 

propellant and a mass attached between -a spring and a dash-pot to 

represent the mass of the sloshing propellant for each mode considered. 

(Sometimes the mass of the non-sloshing propellant is included in the 

mass of the vehicle.) Each propellant tank has an infinite number of 

modes but normally only the fundamental mode is considered since the 

amplitudes of the higher modes, are usually only a small percentage of 

the fundamental mode and can safely be neglected.

Fortunately, the lightly damped propellant sloshing modes are 

not significant until a large amount of the propellant has been de

pleted and the liquid level is relatively low in the tank. By this 

time, the vehicle is normally well above the sensitive atmospheric 

region of high dynamic pressures where the aerodynamic forces tend to 

excite the sloshing modes (12, p. 43).

The frequencies of the sloshing modes for large vehicles 

normally lie between the rigid body control frequency and the first 

body bending mode frequency. This makes it very difficult to use 

passive filtering to compensate for the propellant sloshing, so it is 

necessary to rely on mechanical methods to stabilize the modes. The 

damping of the sloshing modes can be increased either by adding fixed 

baffles or movable rigid lids which follow the liquid surface. In this 

way the damping can easily be increased from about 2% of critical damp

ing to about 10%, which is normally sufficient. The propellant tanks
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can also be subdivided into egg-crate-type sections 9. coaxial cylinders «> 

or radial sector sections. Subdividing the tank increases the sloshing 

frequencies and also reduces the total reaction on the vehicle struc

ture since the motion in the individual sections is not in phase and 

tends to partially cancel. The use of either of these methods is 

costly in terms of the increased weight of the vehicle (1, p. 10; 13 9 

p. 69).

Control Sensors

Control sensors which are commonly used with large space vehi

cles are position sensors, rate sensors, and accelerometers. A stable 

platform is normally used for the position sensor and a rate gyro for 

the rate sensor. Control sensors are mounted on the vehicle and meas

ure local quantities, that is, they measure the rigid body motion and 

also the local elastic motion due to the deformation caused by body 

bending and propellant sloshing. The equations for the control sensors 

(equations 6-8 given in Chapter XI) are simplified since the sensor 

dynamics and the propellant sloshing effect have been neglected (12, 

p. 28). Neglecting the control sensor dynamics is acceptable for low 

frequency analysis but must be included for high frequency analysis, 

since a pair of well damped complex poles may exist at a frequency as 

low as 100 radians/second. Neglecting the effects of propellant slosh

ing is justified if the sensors are not mounted near the propellant 

tank..
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The location of the bending mode poles in the open loop trans

fer function for a vehicle are determined by the vehicle dynamics, but 

the location of the bending mode zeros depend on the placement of the 

control sensors (8, p . 400). As the sensor location is changed, the 

bending.mode zeros move in the s plane. For a given sensor location, 

both the poles and the zeros move, due to the variation of the param

eters with flight time. Sensor locations are restricted to vehicle 

body stations where the bending mode slopes, do not change signs during 

the boost phase. Locations which satisfy this restriction are illus

trated in Figure 12 for the Saturn V-501 where the first four bending 

modes were considered. Practical considerations such as the local 

environment eliminate many of these locations for the control sensors. 

(For example, locations at the aft end of the vehicle near the gimbal 

are eliminated due to the noise from the engines and locations near the 

propellant tanks are eliminated due to the low temperatures of the pro

pellant and the sloshing effects.) Of the remaining acceptable 

locations for the control sensors, the instrument unit is normally 

chosen. With the sensors located here, the cabling and interface 

problems are reduced and the same sensors can be used for the entire 

mission, which reduces the weight.

Engine Actuator

Engine actuators are used to gimbal the engines to the vehicle 

in order to deflect the thrust vector to provide torque for control. 

Electrohydraulic actuators which are commonly used are highly nonlinear
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devices and Equation 5 in Chapter II is a linearized approximation of 

the actuator dynamics. The command input to the actuator is $c and 

the resulting deflection angle of the thrust vector is 3. This equa-,• 

tion has been simplified by neglecting the feedback coupling from the 

vehicle dynamics (12, p . 27-28). The bandwidth of the input to the 

actuator must be limited to keep the actuator from saturating or re

sponding to higher order dynamics which are neglected in the model..

This chapter has briefly described some of the phenomena of 

large launch vehicles. The following chapters describe conventional 

and adaptive methods of control.



CHAPTER V

CONVENTIONAL CONTROL

Conventional control is the application of classical control 

theory in the design of the flight control system. The basis of a 

conventional control system is the control law which determines the 

rigid body performance. Three common control laws are discussed in 

the first section. Passive filtering is included to improve the rigid 

body performance and compensate for the body bending sensed by the 

control sensors. Bending mode compensation is discussed in the second 

section. The final section illustrates the conventional control methods 

with a conventional attitude control system for the Saturn V-501 launch 

vehicle.

Control Laws

The control law is an equation which relates the actuators 

command input, @c> to the outputs of the control sensors and is used 

to determine the performance of the vehicle. (The control law is 

based on the rigid body assumption. Bending modes are considered 

later.) The general form of the control law is

Sc = V e  + al*e + V e  + g2Ye

38
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where the factors a^, a^, b^, and are the gain values of the control 

system. (In application the terms b̂ cx̂  and g^Ye are mutually exclu

sive, i.e., either b^ or g^ must be zero in the control law [1, p. 25; 

14, p. 2].) There are three common types of control systems which are 

derived from the general form of the control law (1, p. 30-31; 6, 

p. 99-101; 7, Sec. 6; 8, p. 399-400; 13, p. 26-29; 14).

The most common and basic type of control system is the 

attitude control system where both attitude and attitude rate are fed 

back. Both b^ and g^ are zero, which reduces the control law equation 

for attitude control to

ec = V e  + al<f'e

The gain values a^ and a^ are calculated by specifying the frequency 

and damping for the control mode (rigid body mode). An alternative 

method of determining the gain values is to maximize the stability 

margins. Basic rate and displacement feedback of the attitude control 

systems fulfills the primary objective of providing vehicle stability 

and control.

The two other common types of control systems are "load minimum 

control" and "drift minimum control". Both of these control techniques 

are more complex and require the use of a third variable, either lat

eral acceleration or angle of attack. The third variable makes it 

possible to satisfy a third constraint on the problem. Load minimum 

control is used when the vehicle is subjected to large aerodynamic 

loads and the loads must be reduced to maintain structural integrity.
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The third constraint for load minimum control is zero steady state 

angle of attack. When the angle of attack goes to zero9 the aero

dynamic loads decrease. For load minimum control there is no control 

on the attitude angle (j). Thus (j) may assume large values resulting in 

a deviation from the reference trajectory. For this reason, load 

minimum control is only used for short periods of time for the benefit 

of load alleviation.

Drift minimum control is used to minimize the vehicle disper

sion from the reference trajectory by imposing the constraint of zero 

steady state lateral velocity (Z steady state)„ This requires that the 

net steady state force perpendicular to the reference trajectory is 

zero. In an effort to reduce the lateral drift, the angle of attack 

may increase and produce excessive loading on the vehicle.

Since load minimum control allows trajectory dispersions and 

drift minimum control allows excessive loading, a compromise between 

the two methods of control is sometimes chosen.

Selection of gain values for the control law outlined above is 

based on the steady state value of a point time vehicle analysis.

These values must be verified for satisfactory transient response.

Bending Mode Compensation 

After the control law has been selected and the gain values are 

calculated to give the desired rigid body performance, the body bend- 

.ing modes must be considered and properly stabilized. The bending mode 

stability problem is probably the most difficult part of the design of
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the flight control system. This is primarily because the bending mode 

parameters are not known with great precision and because they vary 

with flight time. Another characteristic which contributes to the 

difficulty is the small separation in frequency between the rigid body 

and the bending modes.

Bending modes are either gain stabilized or phase stabilized 

by including passive filters in the feedback from the control sensors. 

Mien the transfer functions for the passive filters are added to the 

control law the equation for the actuator command input becomes

ec = a0G<|>(s)<|,e + alG* (s)<1,e + b0Ga (s)ae + g2GY (s)Ye

which is the expanded form of Equation 13 in Chapter II.

When the sensors arc mounted in front of the first mode anti

node (point of zero slope), as is often the case, the first mode is 

unstable. A lag filter is used at a low frequency (between the rigid 

body frequency and the first bending mode frequency to shift the phase 

and phase stabilize the first bending mode. This lag filter also helps 

to gain stablize the higher bending modes by attenuating the higher 

frequencies. Other passive filters may be added either to shift the 

phase or provide more attenuation for the higher frequencies. In 

general, filters are placed in the feedback path of each control sensor 

with common poles and zeros factored out.

Mien passive filters are added to stabilize the bending modes, 

their effect on the rigid body mode must be considered. Normally there 

is a direct trade-off between rigid body stability margins and bending
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mode stability margins. Filters which are added to stabilize the bend

ing modes tend to decrease the rigid body stability margins (1, p. 3;

5, p. 19-21; 12, p. 62-67).

Conventional Control System 

As an example of a conventional control system, the pitch plane 

attitude control system for the Saturn V-501 (based on preliminary 

data) is described. Matrix equations describing the vehicle dynamics 

and the control sensor outputs at a flight time of 80 seconds are given 

in Figure 13. The actuator transfer function is

B 1

s + 2  - s + 1
34.48^ 34.48

s' + 2  0 . J 9 4 g + i
84.09^ 84.09

An open-loop frequency response is calculated for the system 

(neglecting propellant sloshing modes) with an attitude gain a^ = 1 

and no compensation. The Gain-phase plot in Figure 14 shows that the 

system is unstable since the rigid body phase margin is -3 degrees.

An attitude control system is used to provide stability and control.

A high static attitude control gain, a^, is required to minimize tra

jectory dispersions and the resulting payload reductions caused by 

parameter uncertainties. A much lower attitude gain is required to 

give specified aerodynamic and rigid body gain margins. Both require

ments are satisfied by including a lag-lead filter in the attitude 

channel. Filters compensating for the body bending modes are placed 

in the attitude rate channel. A gain schedule is used where both the
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■attitude control gain and the attitude rate control gain are changed at 

a flight time of 100 seconds, A block diagram of the control system is ' 

shown in Figure 15«

To determine the acceptability of the control system shown in 

Figure 155 point time simulations and a real time trajectory simulation 

were conducted with both nominal and off-nominal values of bending mode 

parameters. Gain-phase plots from the point time simulations of the 

system with nominal bending mode parameters are shown in Figure 16 and 

17 for flight times of zero and 80 seconds. A Gain-phase plot for the 

system with off-nominal bending mode parameters at a flight time of 

zero seconds is shown in Figure 18. A comparison of Figures 16 and 18 

show that the second bending mode gain margin is decreased from 12 db 

to 2 db for a 20% decrease in the second bending mode frequency. (If 

there were an additional 8 degrees phase lag at the second bending mode 

frequency5 the mode would be unstable.)

The real time trajectory simulation allowed the control system 

to be evaluated in a dynamically changing vehicle environment. This 

simulation included the rigid body mode, four body bending modes, and 

two propellant sloshing modes in the vehicle dynamics. A composite 95% • 

quasi-steady-state wind profile with a sharp-edged gust occuring at 10 

kilometers altitude (about 70 seconds) provided the excitation for the 

vehicle.• The recordings for the trajectory simulation with nominal 

values of bending mode parameters are given in Figure 19. As is evi

dent from the recordings, the system is stable. The low damping of the 

propellant sloshing modes is evidenced by the continued oscillation of



46

ACTUATOR

SYSTEM GAINS

GAIN
CONSTANT T 5 100 T > 100

a© .8 2 .45

° l .657 .438

TRANSFER FUNCTIONS

G & 4  (jt?+ 0

Figure 15. Block Diagram of Conventional Control System for 
Saturn V-501



GAIN(db)
-10

11.00

-20
21.11

-50

150120 210 270 300

Figure 16. Gain-Phase Plot, Saturn V-501, T = 0 Seconds,
Conventional Control System



6.80

-20

-60 210 270150

Figure 17. Gain-Phase Plot, Saturn V-501, T = 80 Seconds,
Conventional Control System CO



6.14

8.77

16.02

21.11

-50

130 
PKAS3 (deg)

210120 270 300150

Figure 18. Gain-Phase Plot, Saturn V-501, T = 0 Seconds, Second Mode
Frequency Reduced 20%, Conventional Control System



Figure 19. Saturn V-501 Launch Trajectory, Conventional Control 
System, Nominal Bending Mode Parameters 

so 



-50EG 
0.5M 

Figure 19 (Continued). 

51 



52

once it is excited. Both the first and second bending modes are

excited by the wind gust and both die out rather quickly. The

recordings for the trajectory with off-nominal values of bending mode 

parameters are shown in Figure 20. *Here, the frequencies of both the 

second and third bending modes were reduced 20% and the mode slopes for 

both modes were increased 12 db. The second bending mode begins di

verging slowly, which is evident on both the -r] trace and the $ trace 

after about 25 seconds. The wind gust excites both the first and third 

bending modes. The first mode is stable and dies out but the third 

mode is unstable and diverges. At about 90 seconds, some of the ampli

fiers in the analog computer saturated, which invalidated the following 

part of the trajectory simulation.

These examples with the off-nominal values of bending mode 

parameters are rather extreme, but they serve to illustrate the effects 

of errors in bending mode parameters. If the values of the bending 

mode parameters are not known with sufficient accuracy, the control, 

system must be designed to maintain stability for these extreme off- 

nominal values. When conventional control systems - fail to meet the

stability requirements, other methods must be considered. The next

chapter discusses one method of adaptive control.
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CHAPTER VI

ADAPTIVE CONTROL

Conventional methods of control have been adequate to meet the 

requirements for the launch vehicles which have been built, but current 

trends in the design of new launch vehicle airframes indicate a need 

for new methods. Optimum design of the airframe maximizes the payload 

and minimizes the structural-weight, which results in increased flexi

bility. Increased size of the vehicles makes it more difficult or 

impossible to conduct full scale dynamic tests to determine the bending

parameters with any degree of accuracy (11, p . 31-32).

Bending mode stability problems which are increased by current 

trends are summarized as follows:

a) Bending mode parameters are not known in sufficient 
accuracy.

b) Bending mode parameters vary with flight time.

c) The lowest bending mode frequency may be of the 
same order, of magnitude as the control frequency.

Several schemes of adaptive control-have evolved from modern control 

theory in the past few years which attempt to solve these problems.

An adaptive control system, as its name implies, varies or

adapts its parameters as a function of flight environment. The adap

tive control system monitors its own performance, evaluates the 

effectiveness of its response, and then modifies its parameters

55
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automatically to obtain the optimum performance. Four of the adaptive- 

control systems which have been developed and studied are gyro blender 

control systems, model-reference control system, digital adaptive 

filter control system, and tracking filter control systems (1, Chap. X; 

10; 11; 15; 16; 17).

The first section of this chapter describes the tracking filter 

and discusses the requirements for its application for bending mode 

compensation. The second section describes a tracking filter adaptive 

control system for the Saturn V-501 launch vehicle.

Description of Tracking Filter 

Studies have indicated that for some large launch vehicles the

tracking filter adaptive control system can provide better stability

margins than conventional control systems. Tracking filters are appli

cable to systems with lightly damped bending modes which have a low 

degree of certainty in parameter values, variation in parameter values 

with flight time, and small separation in frequency between the, rigid 

body frequency and the bending mode frequencies. For successful appli

cation of the tracking filter for bending mode compensation, three 

requirements must be satisfied:

1) It must be possible to design a fixed filter
to provide sufficient stability margins and
the desired performance if all of the vehicle 
parameters are held constant.

2) The closed-loop bending mode poles to be com
pensated must have relatively high residue and 
low damping so that the tracking circuit will 
follow the bending mode signal from the control 
sensors.
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3) The predominate frequency in the vicinity of 
the bending mode to be compensated must be the 
bending mode frequency.

These requirements arc necessary, but are not sufficient, for success

ful application of the tracking filter (5, p. 7-8).

The tracking filter consists of a frequency tracking circuit 

and a tunable complex second-order filter as shown in Figure 21.

Various filter characteristics are obtained by changing the gains ,

X, , and X . For example, if X = X = 1  and X, =0 ,  the second-order b e 1 a c b
filter has the notch characteristic shown in Figure 22 (16, p. 573).

The frequency tracking circuit adjusts the center frequency of 

its second order reference filter (and the tunable second-order filter) 

to the frequency of the predominant harmonic component of its input. 

This is done by integrating a frequency error signal based on the rela

tive phase between the input and the reference signal from the second 

order reference filter. A multiplier is used as a demodulator to de

tect the phase difference. If the input to the tracking circuit (see 

Figure 21) is

et = A Sin (w t) , in a

the steady state value of the reference signal is 

e^ = C Sin (w^t + (f>)
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where

C =
Aco

2 2 2 2 (w - w ) +(2Gw w )p a  p a

and

-1
(j) = 180 - Tan

2Cw co
 ___

2 2 
CO -  CO p a

and the multiplier output is

e = k + k Sin (2co t + tj;) p 1 2 a

where

ki =

. 2 2 . 2 A co (co a a
2(w  ̂ - w + (2;w w )2 a p a p

When co = co , the dc value of e , k_, is zero and the average value of a p p l
the integrator output, oô , remains constant. If cô  > cô , then k^ > 0

and the integrator integrates up and increases cô . On the other hand,

if co < co , then k. < 0 and the integrator integrates down, which de- a p i
creases co . The tracking cirucit forces co to equal co .P P a

Tracking filters have been considered for both phase stabili

zation and gain stabilization of bending modes. For phase 

stabilization, the tracking filter is used as a lag network to shift 

the phase of the peak frequency to about zero degrees. The tracking 

filter is used as a narrow notch for gain stabilization by providing
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high attenuation at the bending mode frequency. Gain stabilization is 

a good application of the tracking filter, but phase stabilization is 

not a good application. This is confirmed by conventional sensitivity 

theory.

The sensitivity of the closed-loop system due to changes in the 

open-loop system parameters, is determined by the sensitivity function

9T
CT T G 9T _ 1
G . T 3G 1 + G

“ g

Where G is the open-loop transfer function of the entire system and T
G Tis the closed-loop transfer function y  -+ ^ . A large value of indi

cates that the closed-loop system is sensitive to variations of the
Topen-loop parameters whereas a small value of indicates that the

closed-loop system is relatively insensitive to open-loop parameter

variations. For a phase stabilized bending mode, the open-loop gain of

the system at the peak frequency is relatively high (typically 10 db to 
T20 db) and is small, hence the phase stabilized bending mode is

insensitive to open-loop parameter variations. On the other hand, for

gain stabilized bending modes the open-loop gain at the peak frequency
Tis low (less than -6 db) and approaches unity, showing that the gain 

stablized bending mode is sensitive to open-loop parameter variations. 

Any slight decrease in sensitivity or increase in damping and phase 

margin obtained by tracking a phase stabilized bending mode is normally 

offset by the decrease in rigid body gain and phase margins if the
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filter tracks down, A ’phase stabilized mode is also more, difficult to 

track than a gain stabilized mode since it is more quickly damped out 

when it is excited. On the other hand, the gain stabilized mode is 

sensitive to open-loop parameter changes,but the tracking filter 

follows the variation in frequency of the mode caused by the parameter 

changes. Tracking the mode also makes it possible to use a narrow 

notch filter and thereby minimize any decrease in rigid body stability 

margins (5, p. 10-11; 18, p. 5-7).

Tracking Filter Adaptive Control System

A tracking filter adaptive control system was designed for the 

Saturn V-501 launch vehicle (using preliminary data [5, App. B]).

Since the degree of certainty of the data for the second and third 

bending modes was low and problems were expected, two tracking notch 

filters were used to gain stabilize these modes. A fixed filter is 

used to ensure the desired rigid body performance, phase stabilize the 

first bending mode, and provide sufficient attenuation to gain stabi

lize the fourth and higher bending modes. A block diagram of the 

control system is shown in Figure 23.

Since the rate gyro is most sensitive to the body bending, it 

alone is used as the input to the tracking circuits. Prefilters for 

both tracking circuits are included to increase the selectivity of the 

frequency trackers since the frequency separation between the bending 

modes is small.• Both tracking circuits shared a common second-order 

high-pass filter, which attenuates all frequencies below the first
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Figure 23. Block Diagram of Tracking Filter Control System 
for Saturn V-501
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bending mode« The common filter is followed by separate second-order 

band-pass filters with pas's-bands equal to the expected frequency 

variation of the bending modes. Limiter-deadzone circuits complete 

the prefilters to provide a threshold and limit the tracking rate. The 

limiter-deadzone circuits for both trackers are identical and are de

fined by the non-linear characteristic shown in Figure 24. The 

integrator output for each tracking circuit is limited to restrict the 

filter frequency variation of the bending mode (allowed variations 20% 

from nominal).

The tracking filter control system was evaluated with both 

point time simulations and a real time trajectory simulation. Nominal, 

and off-nominal values, of bending mode parameters were used to deter

mine the system's adaptability. Gain-phase plots from the point time 

simulation with nominal bending mode parameters are shown in Figure 25 

and 26 for flight times of zero and 80 seconds, respectively. The gain 

margins for both the second and third bending modes are greater than 

30 db in both plots.

A Gain-phase plot for the system with off-nominal bending mode 

parameters is shown in Figure 27. With the second bending mode fre

quency reduced 20%, the second mode gain margin is reduced from 31 db 

to 25 db.

The real time trajectory simulation for the tracking filter 

control system is the same as the one for the conventional control 

system described in Chapter V. Recordings of the trajectory simulation 

with nominal bending mode parameters are shown in Figure 28. In the
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first few seconds9 the third bending mode tracking circuit begins 

tracking the fourth bending mode. It tracks up from 16 radians/second 

to 20 radians/second (see the 00̂  trace). Both the second and third 

mode trackers begin tracking when the bending modes are excited by the 

wind gust. The second mode tracker tracks up to 12,4 radians/second to 

the second bending mode frequency9 and the third mode tracker tracks up 

to 21 radians/second to the fourth bending mode. The third mode 

tracker tracks the fourth bending mode because the fourth bending mode 

was excited by the wind gust, whereas the third mode was not excited. 

The recordings for the trajectory simulation with off-nominal bending 

mode parameters are in Figure 29, The frequencies of both the second 

and third bending modes are reduced 20% and their slopes are increased 

12 db. The third mode tracker begins tracking up to the fourth bend

ing mode frequency (see (jÔ  trace) and then tracks down to the third 

bending mode frequency. With the second bending mode frequency de

creased and its slope increased, it is unstable and begins to diverge. 

The second mode tracker tracks down to the second bending mode fre

quency and the notch filter attenuates the second mode signal in the 

feedback path and the oscillations die out. After the wind gust, the 

gain from the third bending mode is greater.than the second and the 

second mode tracker tracks up to its upper limit. At about 78 seconds 

it starts to track down to the second mode and then back up to its 

upper limit. At 125 seconds the second mode tracker tracks back to the 

second mode frequency.



Figure 29. Saturn V-501 Launch Trajectory, Tracking Filter 
Control System, Off-Nominal Bending Mode Parameters 
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The simulation results 'for the conventional control system and 

the tracking filter adaptive control system are compared in the follow

ing chapter»



CHAPTER VII

CONCLUSION

Simulation results for the conventional control system (Figures 

16-20) are compared with the results, for the tracking filter adaptive 

control system (Figures 25-29) to determine the need for the adaptive 

system. With nominal.values of bending mode parameters, both systems 

maintained stability and provided the required stability margins. The 

second and third bending modes gain margins for the tracking filter 

system are about 15 to 20 db greater than the gain margins for the con

ventional system, but the high margins are not required with nominal 

bending mode parameters.

With the extreme off-nominal values of bending mode parameters, 

the conventional system becomes unstable (Figure 20). The tracking 

filter system, with the same off-nominal values maintains stability 

(Figure 29). The off-nominal parameter values demonstrate the effects 

of errors in parameter values.

If all the parameters are known with sufficient accuracy, the 

conventional control system provides adequate stability margins. The 

increase in stability margins obtained with the tracking filter adap

tive control system normally does not justify the added complexity of 

the adaptive system. On the other hand, if the parameters are not 

known with sufficient accuracy the conventional system is incapable of
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maintaining stability as illustrated by the trajectory with off- 

nominal parameters in Figure 20* In this case, the added complexity 

of the adaptive system is justified to maintain system stability. It 

should be noted that the adaptive methods do not replace the conven

tional methods but only supplement them.
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Symbol Units Definition

061

D

F

I

K.
i

Kf

m

"’bi

m

N

q
R ’

s£

deg/deg 

deg/deg/sec 

m/sec^ *deg

1/sec
i / 21/sec

kg

kg
2kg"meter*sec 

meters/deg"sec"

meters/deg*sec' 

2meters/sec
deg/sec2

2kg'sec /meter 
2kg"see ‘/meter

2kg'sec /meter 

kg
kg/meters2

kg

Attitude Feedback Gain

Rate Feedback Gain

Aerodynamic Forcing Coefficient 
for the i^1 Bending Mode

Aerodynamic Restoring Coefficient

Control Engine Restoring Coefficient

Total Vehicle Drag

Total Vehicle Thrust

Moment of Inertia

Acceleration Normal to Vehicle 
per Degree $

Acceleration Normal to Vehicle 
per Degree a

Acceleration at the Control Acceler
ometer Due to the Rigid Body 
Angular Acceleration

Total Vehicle Mass
. thGeneralized Mass of the i Bending 

Mode
thEquivalent Mass of the & Sloshing 

Mode

Total Aerodynamic Normal Force

Dynamic Pressure

Thrust of Control Engines
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Symbol

T

V

Vw

*cp

X ,

Y(3i

Y 'ei

Y ’(t)i

Y '*i

Ai

a

am

aw

Yt

Units

sec

meters/sec

meters/sec

meters

meters

meters

meters/meter

1/meter

1/meter

1/meter

meter/meter

deg

deg

deg

deg

deg
2meters/sec

2meters/sec

Definition

Flight Time

Vehicle Velocity

Wind Velocity

Distance from the Vehicle e.g. to the 
Vehicle Center of Pressure (cp) - 
Aft of the e.g. is Positive

Distance from the Vehicle e.g. to the 
e.g. of the Propellant Tank

Distance from the Vehicle e.g. to the 
Gimbal Point

Normalized Displacement of the i ^  
Bending Mode at the Gimbal

Normalized Slope of the i*"*1 Bending 
Mode at the Gimbal

Normalized Slope of the i ^  Bending 
Mode at the Attitude Sensor

Normalized Slope of the i ^  Bending 
Mode at the Rate Sensor

Normalized Displacement of the
Bending Mode at the Accelerometer

Angle of Attack

Total Angle of Attack Sensed by Angle 
of Attack Sensor

Wind Component of Angle of Attack

Gimballed Engine Angle

Commanded Engine Angle

Rigid Body Acceleration of Vehicle 
e.g. Normal to Centerline

Total Acceleration Sensed by Acceler
ometer
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Symbol Units Definition

ebi

's&

meters

Relative Damping of the it^ Bending 
Mode

Relative Damping of the Sloshing
Mode

Generalized Displacement of the i ^  
Bending Mode at the Normalizing 
Point

kg‘meter•sec' Engine Moment of Inertia about Gimbal 
Point

meters

kgesec'

Displacement of the Equivalent Slosh
ing Mass of the 1 Sloshing Mode

First Mass Moment of Swiveled Engine 
about the Gimbal Point

T

“bi

0)sil

deg

deg

deg/sec

rad/sec

rad/sec

Attitude Angle of Undeformed Vehicle

Total Attitude Angle Sensed by the 
Attitude Sensor

Total Attitude Rate Sensed by the Rate 
Sensor

Natural Frequency of the i ^  Bending 
Mode

Natural Frequency of the Sloshing 
Mode
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