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ABSTRACT

Quartz crystals have many resonant frequencies corresponding to 

different vibration modes. Certain oscillator applications require 

that only one of these resonances have a strong electrical response; the 

other modes must be suppressed to levels where their vibration does 

not influence the stability of the main vibration mode, and where, they 

do not show as spurious signals.

Piezoelectricity and vibration modes are briefly introduced with 

emphasis on the AT-cut quartz. Mode-coupling and other sources of 

unwanted modes are then discussed.

Experimental verification is made of the usefulness of various 

methods to observe mode shapes in high frequency AT-cut quartz plates. 

Michelson interferometry, holographic interferometry, x-ray diffraction 

topography, Doppler shift from a vibrating reflective surface, and. light 

modulation from the birefringent nature of quartz are techniques 

evaluated,. For many purposes, x-ray diffracting topography appears most 

suited to this type crystal.

Energy trapping and other mode suppression concepts are considered 

in the light of mode observations. Design parameters for suppressing • 

the anharmonic (thickness-twist or face—shear) series are given. Crystal 

resonator parameters such as size, shape, tab position, and mounting 

structure are considered with regard to mode suppression.



CHAPTER 1

INTRODUCTION

When an rf signal is applied to the surfaces of a piezoelectric 

crystal such as quartz5 strain will be induced causing mechanical vibra

tion * At certain frequencies, the crystal will oscillate in a resonant 

vibration mode with considerable frequency stability. In this chapter,

I shall discuss the piezoelectric nature of quartz and some of the more 

common vibration modes. The crystals used in my experiments were all cut 

with the same crystallographic orientation, known as the AT-cut, and I 

will specialize my remarks to this commercially important cut.

Piezoelectricity

WoG, Cady (1964, p, 4), a pioneer in the field of piezoelectric

ity, defines it as "electric polarization produced by mechanical strain 

in crystals belonging to certain classes, the polarization being pro

portional to the strain and changing sign with it". This property is 

reversible: by the converse effect an electric polarization will produce

mechanical strain. It is only for historical reasons that the first is 

called the direct effect, and the second the converse effect. Credit 

for discovery of the direct effect goes to the brothers Pierre and 

Jacques Curie,

If a certain electric potential is applied to a piezoelectric , 

crystal, strain will be induced directly proportional to the separated 

charge, A change in charge polarity causes the direction of the strain



at each point in the crystal to reverse. It is therefore obvious that 

crystals with a center of symmetry cannot be piezoelectric I Of the 

thirty—two crystal classes9 eleven are centrosymmetric* and twenty of the 

remaining classes are piezoelectric.

The most common form of quartz (called a-quartz) belongs to the 

trigonal system in the class described as enantiomorphous hemihedral or 

trigonal holoaxial (Cady 1964), This class has three secondary axes 

normal to the principal axis, of symmetry. Quartz has no piezoelectric 

properties along the z-axis, since the + z-axis cannot be distinguished 

from the - z-axis.

Although the crystal structure can indicate whether or not we 

should expect piezoelectricity, and can predict the direction of strain 

for an applied electric field, the atomic theory is not developed 

sufficiently to predict the magnitude of the effect (Cady 1946), This 

value must be determined experimentally.

There are six possible components of stress and three components 

of polarization, so there are eighteen possible relations between the 

mechanical and electrical states of a crystal. In the most general case 

there are eighteen different piezoelectric constants. The symmetry of a 

particular crystal class will require some of these constants to be iden

tical or zero. The greater the symmetry, the fewer the independent 

constants. Usually the piezoelectric constants are fewest when expressed 

in terms of the coordinate system which is most consistent with the sym

metry of the crystal. When the axes are rotated to express the crystal 

cut in an oblique direction, the number of constants usually increases.



We may represent a.stress system by six.componentsl three 

compressional stresses Xx» Xy,» Zz*. (also denoted Xr$. X2s X3)., and three 

shearing stresses Yzs Zx» Xy (or X4» X5> X6), The stresses are positive 

When in the extension direction and negative when in the compressed 

direction. The notation Xy» as an example, indicates a force in the 

X:direction, and the surface the force acts on is normal to the y-axis.
The strain is denoted by lower case letters xx, yy,-..zz, ..etc*, or x , 

x^s Xg, etc*
The strains may he defined in this way: If u, v, and w are

displacements of a point when its undisturbed coordinates x, y, z are 

altered by strain to x + u, y + v, z + w, then

-3u 9v 9w
%  = ̂  yy = 3i ^  = 9F

3w 3v 3u 3w 3v 3u
yz = 3y+ 9l zx = 3 l  + il xy = i I + 3?-

From the generalized Hooke fs Law we may write the relationship

between stress and strain for a nonpiezoelectric material as 
6

x . = E s X i  = Z c ^  xk e 
k=i k=i

The s^^s are called the elastic compliances^ and the djj^s the stiffness 

coefficients. The maximum number of independent coefficients is actually 

219 since = s ^  and c ^  = c^. Due to the symmetry of quartz5 many of 

the coefficients are zero (measured by keeping the electric field at zero). 

These constants are practically the same when the field is not zero and
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are seldom distinguished.in practice* For the.conventional orientation 

(see Fig. 1) of (piartz* we have the following matrices in terms of 

. 10-12cm2dyne‘T'1 for and 101Q dyne cm'"-2 for c ^  (Cady 1964) :

= "<

1.269 -0.169 -0.154 -0,431 0 0
-0.169 1.269 -0.154 0,431 0 0
-0.154 -0.154 0.971 0 0 0
-0.431 0.431 0 2.005 0 0

0 0 0 0 2.005 2(^0.431)
0 0 0 0 2(—0.431) 2.88

87.5 7.62' 15.1 0 0 0
7.62 87.5 15.1 0 0 0
15.1 15.1 107,7 0 0 0

0 0 0 57.3 0 0
0 0 0 0 57.3 0
0 0 0 0 0 39.9

In a nonpiezoelectric crystal there is a linear relationship 

between the components of the field E and the resulting polarization P:

^m Eo  ̂ Xjjn 
i=i

E,

where the are the dielectric susceptibilities. Two additional

effects occur for a piezoelectric materials the field produces an addi

tional stress, and the strain produces an additional polarization. We 

may write this relationship as

• K '
- k= i

*m " ;Z emi xi * h  Z XL  h- 
1=1 1=1



The c^,are the.stiffness coefficients.for zero field, and the xV are 
the susceptibilities for zero strain. The eighteen coefficients e ^  are 

the piezoelectric stress coefficients or piezoelectric constants.

In the standard orientation of quartz there just five nonzero 

constants, and only two are independent.

-ei6 - e 12 - - 5.2 x 10' U . 56 x 1."

-e2! = e„ = 1.2 x 10'S^ ° ul (3.6 x 1017 ^ggbs.) .

We may also express the strains and the polarization in terms of 

the stresses and the fields:

6 E
5iki=i m=i*1 " 1 slk xk + Z ■Vi Ern

Pm - }  dml X1 + =- J  Xim El>1=1 1=1

Ewhere s-i. are the elastic compliances for zero field, the Y ? are the ^  xm
susceptibilities for zero stress, and the dm^?s are the piezoelectric 

strain coefficients or piezoelectric modulio For the conventional orien

tation of quartz and zero electric field.

K  = - Y ) + d u  Yz

Py = -(d14 Zx + 2dH  Xy)



6

P = 0 z

di, = 6.9 X 10-e_Statcoul [S 2-07 x 10f Coulombs (meters^
dyne Newton volt

d14 = -2.0 X 10"6 Statcoul [S _6 Q y Coulombs (Het^rS):
dyne Newton volt

\ i*

m

Fig, 1, The Orthogonal Axial 
System for Quartz (Cady 1964, p, 26)

We have considered only the conventional orientation of quartz, 

Normally in a quartz crystal resonator, the surfaces of the bar or plate 

do not correspond to planes normal to the X-, Y-, or Z- axes. It is



customary to express the crystal cut in terms of rotated axes. In the 

AT-rcut crystal % the + Z'-axis is rotated 35*15? toward the 4- Y-axis 

about the X-axis, The principal surface of the crystal plate is then 

in the XZ' plane and the normal to the surface, Y*, makes a 54°45* angle 

with the Z-axis.

Quartz cut in the orientation just described reduces the coupling 

with undesirable vibration modes (to be explained later) and has a zero 

temperature coefficient (at 45 degrees), where is defined by

1 3f 
af = f ir ‘

The major nonzero piezoelectric .stress coefficient for the AT-cut 

crystal s, in terms, of the rotated axes described aboves is ê g and has 

the value

. 2.9 X 1CT .

Vibration Modes

When a solid is vibrating, it may oscillate simultaneously with 

a component of movement corresponding to each degree of freedom. The 

components or ’’modes” of vibration are generally classified as compres- 

sional (also called longitudinal or extensional), shear, flexural, and 

torsional. Two or more of these modes may be ’’coupled” in any crystal 

by frictional forces, by inertia, or by elastic coupling (Cady 1964), 

Overtones may exist for each vibration mode, and coupling can occur



between fundamental and overtone modes. In a piezoelectric crystal there 

is an additional coupling: the strain caused by a vibration will induce

an alternating polarization, which in turn will induce a vibration in the 

coupled mode.

Fundamental and Harmonic Overtones

A given crystal cut with an electric field applied in a particu

lar direction will oscillate primarily in one of the four vibration modes 

mentioned above. Compression vibrations have particle motion parallel 

to the direction of wave propagation; in shear vibrations the particles 

move in a direction normal to the propagation direction. Flexural 

vibrations involve a bending of the crystal in a certain plane, and 

torsional vibrations are those in which the crystal is twisted about the 

axis of wave propagation. These modes of vibrations are illustrated in 

Fig. 2 for a thin plate.

roRsiom
FlfXi/AE F a c i e -  r m c K A / f f S j -  c o A t P < ( 5 $ / o * / X t  SHEAR SHEAR

Fig. 2. Fundamental Vibration 
Modes of a Plate
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When the thickness is the determining dimension in a vibration 

mode9 that mode is.often designated as a thickness-mode: for example,

the thickness-shear mode illustrated in Fig«, 2. When a shear mode is not 

determined by the thickness, it is called a face-shear mode or "contour" 

modec

In addition to the fundamental modes I have just described, the 

crystal may theoretically vibrate in an infinite number of harmonic 

overtones * The third harmonic overtone for the thickness-shear mode 

would have three nodal planes parallel to the plate surface, rather than 

the one as shown in Fig <, '2. The vibration frequency would be . close to, 

although not exactly, three times the fundamental frequency (Cady 1964, 

po 308)V For perfect crystal plates in uniform fields there are no even 

harmonics for shear modes (Cady 1964)•

The normal or fundamental mode of AT-cut crystal resonators, is 

the thickness-shear mode* An exact mathematical description of the 

vibration of a real crystal plate would have to take account of the 

finite dimensions of the crystal and electrodes, the mass of the elec^ - 

trode, the static stress applied by the crystal mounting structure, and 

other factors associated with the mounting and environment of the crystal» 

Eo complete or exact solution has been found, but good approximations 

exist, assuming rectangular plates with free edges (Byrne, Lloyd, arid 

Spencer 1968), plates with infinite lateral dimensions (Cady 1964) or 

other similar simplifications.
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For a plane-parallel plate with infinite lateral dimensions and 

with infinite plane electrodes, the frequency of the fundamental mode 

or harmonic overtone f^Q is related to the mechanical wavelength A by

Xfho " e> •

where c is the velocity of wave propagation in the thickness direction. 

Mow the wavelength is related to the thickness t by

where h is the order of the overtone. In the absence of damping

■e ' V 5 r -

where p is the density and q is the effective stiffness factor. Hence,

For an AT-cut quartz crystal, the constant q is found to be 

(Cady 1946),

q = 29.23 xiO10 dyne cnT2.

Now, if we consider the dimensions of the crystals used in my experiments,

t = 0.0086 cm,

then

f S h x -v / 29.23 x IQ10 
ho 2(.0086) V  2.647



11

= h x 19o326 MHz; 

for the fifth harmonic, h = 5 and

f = 96.63 MHz .
5 0

The frequency was measured using an HP524D electronic counter with con

verter unit 525A; it was found between 96.255 and 96.975 MHz, depending 

on the crystal. We note the relatively close agreement with this simple 

theory.

Spurious Modes

If an rf signal is applied to a quartz crystal, and the frequency 

is varied, the crystal will vibrate with an amplitude dependent upon the 

frequency. The relative amplitude of vibration will be largest and the 

electrical impedance lowest at the mechanical resonant frequency. There 

will exist many such resonant frequencies corresponding to different 

modes, overtones, and combinations of modes. An oscillator tends to 

select a preferred resonant frequency, but it may shift frequency to 

another resonant mode upon a slight provocation. In addition, it may 

oscillate simultaneously at another resonant frequency, particularly if 

it is close to the original frequency and the electrical impedance is not 

too large. The crystal may also switch modes due to external mechanical 

or acoustical vibrations.

All these other resonant modes constitute unwanted or spurious 
modes and must be suppressed to a certain degree if the crystal is to have
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practical value.. Typical requirements - for mode. suppression are . shown in 

Eig.» 3 V it is WT intent. to discuss the origin,, methods of observation, 

and methods of suppressing these unwanted modes» The origin of some of 

these modes will now be discussed. Electric circuit considerations will 

be discussed in Chapter 2, and vibration mode shapes in Chapters 3 and

4. Finally, Chapter 5 will deal with mode suppression.

-to-

lO SO i RHx
Fig o 3o Mode Suppression Required on Either 
Side of the Fundamental Resonant Frequency

Many vibration modes can be directly excited by an applied 

alternating electric fields but others are stimulated only indirectly by 

elastic coupling to directly excited modes * Many modes are driven by a 

combination of piezoelectric and elastic coupling. In Fig, 4 some of 

these coupling,relationships are shown as arrows between modes. Here,

* 3 3
11 *11 » 3  3 '13 1 55

1
5 5

*11
Y'« ‘ ... • and Cpq = Cpq - 4pCq,/c22:

the primes are understood to apply to these rotated constants.
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cir

Fig. 4. Mode Coupling (Mindlin and 
Spencer 1967)
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For an. AT^ut crystal? the electric field is in the Y ’ direction, 
so the stress equation is 

. X; = -el6E^ ,

The stress strain equation is? after rotation of the axis,

X,  - =66 X y +  =6! « x  •

where the constant Cg5 is small. For the AC-cut c6'5 = 0, and since 

0 = 31° for this cut, which is not far from the 35°151 for the AT-cut,
i "we see that the constant c65 should be small. Hence, coupling indicated 

by c56 = c6g in Fig. 4 is not very great. There - is:also a face-sheaf , 

stress

•

but since e’25 is much smaller than e’ ■ the effect is not large. This 

face-shear stress can be the cause of coupling to other modes, however.

The terms c66, Yjxs and y55 have been found to be more signifi

cant for the AT-cut than the other terms shown in Fig. 4. They help 

produce some of the strong resonant frequencies (Hindiin and Spencer 

1967). The values of these constants are given by Hindiin and Spencer 

(1967)? who used Bechmann's data. They are

c66 = 29,01 Yjx =85.93 Y55 = 68.59

■in units of 1010 dyne/cm2. .
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We may note the relatively large values and compare with the 

experimental observation that flexural modes are often observed coupled 

to shear modes (Spencer 1968)• A similarity in strain distributions 

between the flexural modes and the odd shear modes is another way of 

expressing this coupling (Cady 1946)»

The enharmonic (or inharmonic) overtones consist of phase reversals 

of the fundamental mode. In AT-cut crystals the enharmonic overtones 

divide the plate surface into a number of regions separated by nodal 

planes, with adjacent regions vibrating in opposing directions. Because 

the enharmonic overtones depend primarily on the thickness to determine 

their frequencies (in plates), as does the fundamental thickness-shear 

mode, they will be found close to the frequency of the fundamental. Both 

the enharmonic overtones and the thickness-twist overtones (shown by Y55 

in Fig. 4) are strongly influenced by the boundaries (Bechmann and Curran 

1966), and mathematically they enter when finite boundaries are considered. 

Both, of these modes couple with the thickness-shear mode, and can be inde

pendently excited (Spencer 1968).

We have considered only the linear elastic coefficients. If we 

consider higher order terms, which are usually small for low levels of 

excitation, additional coupling will be found (Smythe 1974). Some 

theoretical work on non-linear elastic coefficients has been done by 

Tiersten (1974) and related to experiments by Smythe (1974) «* 

Parametrically-excited modes have also been observed and are believed to 

be associated with the third-order elastic coefficients (Tsuzuki 1966).
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The effect of initial bending on the resonant frequency has been explained 

by Lee, Wang, and Markenscoff (1974) in terms of the non-linear elastic 

coefficients of stress*

The stress induced by initial bending also seems tb be related 

to unwanted modes«, and a definite correlation between plate curvature and 

sideband noise has been experimentally determined (Pierce, 1974), It is 

believed that uneven stress combined with the Poisson effect can induce 

a flexural mode, and here again it may be related to the third-order 

elastic coefficients* Spurious modes can also be caused by non-uniform 

thickness (Shockley, Curran, and Koneval 1967); non-parallelism of plate 

surfaces; asymmetry in plating or mounting (Glowinski, Lancon, and 

Lefevre 1973); and mechanical coupling to the mounting structure, some

times through the plated tabs serving as channels of acoustical energy 

(Spencer 1968)* Each of these could be explained in terms of the piezo

electric or elastic coupling; the misalignment of electrodes, for example,

will lead to a component of electric field in the X direction, stimulating
/ / /additional modes through e , e , or e
12  1 1 . 14

Although many modes can be theoretically predicted and experi-r 

mentally verified, we should keep in mind that there are always many more 

resonances than have been predicted (Spencer 1968)* It appears that direct 

observation of mode shapes will be important in the future to verify 

theory and to point the way toward mode suppression*



CHAPTER 2

FREQUENCY STANDARD AND STABILITY

In order to determine the frequency stability of a quartz crystal 

oscillator with a certain measure of precision, a standard with greater 

stability must be used. With a highly reliable frequency standard it is 

possible to determine small jumps in frequency as the oscillator shifts 

from mode to mode by one of the coupling mechanisms. An accurate measure

ment of the stability of each resonant mode can lead to a greater under

standing of the nature of mode coupling. For these reasons, an antenna 

Whê^̂^̂b to receive the National Bureau of Standards (NBS) standard 

frequency of 60 KHz and will now be described. Then a brief account of 

frequency stability will be made.

Frequency Standard

WWVB is a 60 KHz radio broadcast from Fort Collins, Colorado. 

Because 60 KHz is such a low frequency, the effects of the propagation 

medium on the received signals are minor. The accuracy of the received 

signal is therefore very close to the accuracy of the transmitted signal. 

As the transmitted frequency is within 2 parts in 1011 of the 60 KHz, a 

very precise standard is made available.

To receive WWVB a loop antenna was constructed to minimize noise 

reception, and to provide some directionality to the reception. (A simple 

half-wave dipole would have to be 1/2A = 1/2 c/f =2.5 Km, and, even with 

appreciable loading, a rather long wire would be desirable.)



An electrostatic shield made from %-inch copper tubing enclosed 

18 turns of No. 16 enameled wire. The tube was 25 feet long with gaps 

at the top and bottom. The current in the antenna is proportional 

to the square of the number of turns; 18 was the maximum number of turns 

that could be placed in the tubing. The completed loop, as it stands on 

top of the Civil Engineering Building, University of Arizona, is shown in 

Fig. 5. The electrical schematic is shown in Fig. 6.

Fig. 5. The Loop Antenna
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Fig. 6. Schematic of Loop Antenna

The transformer T% was designed to match the impedance of the 

balanced loop antenna to the unbalanced 52-ohm line. The measured 

impedance of the loop was found to be 26 ohms so a turns ratio of ~ \ J  2  
to 1 was used. The balance was maintained by a bifiler-wound type of 

transformer, with the center of the primary grounded. The transformer 

was built around a ferrite core from a J.W. Miller No. 2001 antenna rod 

with the original winding removed.
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To tune the loop to minimum impedance at 60 KHz, the air capacitor 

C j in parallel with inductor L ̂ was placed with nine turns of the loop 

on either side. could be varied from 10 to 365 pf» and L was a J.W,

Miller coil which varies from 3 to 8 mH.

The wires are enclosed in copper tubing of the type normally used 

in refrigeration systems. At the bottom the tube is connected to an 

aluminum box, where the inductor, capacitor, and transformer are housed. 

Details of the construction of a similar loop antenna can be found in an 

article by Genaille (1963).

The measured field intensity of WWVB is between 100 yv/m and 

500 yv/m for this area (NBS Special Publication 236, 1973). The voltage 

picked up by this antenna should be related to the field intensity by

V2 = PR = M  x ale X Rrad ,

/ S Twhere E = electric intensity9 ri ~\JT~~ ~ impedance of free space, =
v  %

effective loop area, and Rra  ̂= loop radiation resistance. The approxi

mate voltage should be between 27 yv and 0.68 mv. The measured voltage 

was 0.1 mv.

A Navy low frequency radio receiver (type CFT-46154) was modified 

to provide amplification of the signal. The signal from Fort Collins 

was received, and a comparison with a Hewlett-Packard 524D frequency 

counter showed, that the signal was at least as accurate as the eight place 

accuracy of the counter. Indications are that this signal provides a 

better frequency standard, probably by at least an order of magnitude, 

than any available at The University of Arizona previously.
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Frequency Stability 

There are in general, two sources of frequency stability (or 

instability) in a quartz crystal oscillator. The first is the nature of 

the oscillator circuit, together with the electrical characteristics of 

the crystal, and the second is the environment of the crystal and the 

circuit components.

Crystal Oscillator Circuits

One way to discuss a quartz crystal oscillator is in terms of its 

equivalent electrical circuit. The simple circuit often used is shown in 

Fig. 7. The constants are only applicable near a particular resonant mode. 

C0 is the capacitance existing between the crystal electrodes and the dis

tributed holder capacitance; the other components pertain to the crystal 

itself. In practice, the construction of such an ideal circuit with the 

component values typical of quartz oscillators would be impossible.

Beyond that, the constancy of actual component values are not equal to the 

equivalent values of quartz.

— --- 1(--- M V —
•it

Fig. 7. Equivalent Circuit of Quartz Resonator
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The quality factor Q is defined by

q _ (2uf) x Energy stored (oBs
Power dissipated y.

:
where f is the frequency. The Q of the equivalent electric circuit for 

a quartz oscillator can be expressed as

Q = (for good quality capacitors).
%

Since is low and is high, the Q of modern quartz crystal oscillators 

is often in the range of several hundred thousand.

There are three basic requirements for sustained oscillation.

The first is a source of amplification yielding an amplification ys while 

the second is a feedback mechanism involving a loss 3; both y and 3 may 

be complex. The third is the requirement that

. • y3 = 1

The system is illustrated in Fig. 8. Initially some noise in the 

system will be amplified by y and returned to the start after a loss 3.

If the returning signal is in phase with the original signal and the 

losses do not exceed the gain, the signal will continue to increase until 

losses equal gain. A stable oscillation will then be achieved.

Fig. 8. Basic Oscillator Requirements; y3 = 1
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At the resonant frequency, given in the equivalent circuit by

£r = 1

the impedance is a minimum. When the crystal is placed in the feedback 

path, the loss factor $ will be a minimum for the resonant frequency.

The oscillator will actually choose the frequency closest to the resonant 

frequency, such that the phase change will meet the requirement that y3 

be real.
Near the resonant frequency the reactance changes very rapidly , 

with a change in frequency. This is very important in stabilizing the 

oscillation frequency. If a change in phase AY is introduced in the 

circuit from some circuit instability, the crystal will be able to change 

phase without a large frequency shift. The change in frequency Af can be 

related to the Q of the crystal and the phase shift AY by (Kemper and 

Rosine 1969)

Af AY 
f " 2Q .

As an example, if an oscillator has a Q of 105 and operates at 
- ■■ ’ ' ' - 10* Hz, then a phase shift of 90° or TT/2 would correspond to

Af ir - T  = 4xiOf = 0.000785% .

An actual phase fluctuation would be considerably less, and ^/f would 

therefore be even smaller.
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There are many different quartz crystal oscillator circuits now, 

in use* Each year several new designs appear, and methods of analysis and 

design are constantly being improved (see for example Odess 1973) , A 

typical Pierce oscillator is shown in Fig. 9.

Fig. 9. Typical Pierce Oscillator

The basic Colpitts oscillator is shown in Fig. 10. It may be 

modified by using an FET in place of the npn transistor shown in Fig. 10, 

and this will reduce the frequency drift with temperature. It would 

require crystals with less than about 20 ohms; the circuit shown in 

Fig. 11 is not so demanding, however* In this circuit the feedback is 

anmplified while the crystal current is kept low, thereby improving crystal 

activity without sacrificing stability* It is a modified version of the 

Goral oscillator (Stoner 1974)*

The circuit shown in Fig, 11 was designed to operate at 96MHz, 

using the fifth harmonic overtone of an AT-cut quartz crystal. The 

frequency spectrum was observed using an 1L20 Spectrum Analyzer in a
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Tektronix 530 oscilloscope. The dispersion as seen in Fig. 12 was 1 KHz. 

This photograph shows that the frequency spectrum is quite pure.

Fig. 10. The Basic Colpitts Oscillator
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Fig. 11. Modified Coral Oscillator
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Fig. 12. Photo of the Frequency Spectrum of the 
Crystal Oscillator Shown in Fig. 11

Descriptions of many other oscillator circuits can be found in the 

literature (see Cady 1964 for a more complete bibliography). When the 

best available components and circuit designs are employed, the principal 

contribution to frequency instability is in the crystal (Gerber and Sykes 

1966).
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We have discussed some of the ways that the oscillator circuit is 

stabilized by the quartz crystal* The circuit can create instabilities 

in several ways* As components heat up they tend to change their charac

teristics, resulting in small phase changes and hence frequency changes* 

With the passing of time the components will age to a certain extent and 

change value, leading to a general change in oscillator frequency * 

Variations in drive level can induce localized heating of the crystal and 

cause a frequency shift as a consequence. It is found that the frequency 

change is proportional to the crystal current (Gerber and Sykes 1966)*

Environmental Factors

Temperature can effect the operating frequency of a quartz crystal 

oscillator by changing circuit values as mentioned in the last section, 

or by changing the characteristics of the quartz. The piezoelectric and 

elastic constants are both temperature dependent, although in the AT-cut 

this dependence is reduced * It is found experimentally that sudden 

changes in temperature have a more severe impact on frequency (probably 

from induced strains), so proportional temperature control is recommended 

(Kemper and Rosine 1969). The use of stable thermistors in temperature 

compensating networks has been a successful approach (Gerber arid Sykes 

1966).

When stress is applied to a quartz crystal by the mounting 

structure, by attached electrical leads or epoxy, or by the crystal 

polishirig process, a change in resonant frequency can be expected (Keyes 

and Blair 1967)* Over a period of time the stress will often diminish, 

causing a slow change in the resonant frequency *
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Related to the problem of stress is the problem of mechanical or 

acoustical vibration and acceleration of the entire crystal» The highest 

stability attainable for acceleration forces of arbitrary direction is 

about IQ""9/g (Gerber and Sykes 1966) - These problems are particularly 

severe for missile and space applications. A relatively rigid support is 

needed, but this leads to strain and frequency instability. The best 

design (as of 1966) seems to be the triple ribbon supported vibrator in 

the TO-5 transistor enclosure, with a cold-weld (Gerber and Sykes 1966). 

Because the AT-cut crystal vibrates primarily under the electrode it has 

fewer problems with the mounting.

Another source of long term frequency instability is contamination 

of the crystal surface. The change in mass caused by the gain or loss 

from absorption or desorption of gases will change the frequency. The 

presence of gases near the surface of the crystal will cause air damping, 

which will decrease the Q and degenerate the frequency stability. The 

crystal should be carefully cleaned and mounted in a clean container 

under a vacuum. No epoxy or soldering should be used which outgases •

Short-term frequency instability comes from three sources: (1)

thermal noise within the crystal or circuit which perturbs the oscillation, 

(2) additive noise from the circuit, and (3) f""1 noise, probably due to 

irregularities in the crystal (Cutler and Searle 1966). We.have already 

discussed the known circuit and environmental factors that lead to this 

kind of frequency instability. The complete explanation of the causes of 

short-term frequency instability is not known.



CHAPTER 3

OBSERVATION OF MODE SHAPES

One of the most persistent and difficult problems a designer of 

crystal oscillators faces is the determination of the modes of vibration 

in crystal plates. These problems nearly frustrated the early attempts 

in making high frequency crystal oscillators (Spencer 1968), The modes 

of vibration, as determined by experimental observations, have been 

important in the past in helping the mathematicians set up the proper 

boundary conditions and develop the theory of crystal vibrations (Gerber 

and Sykes 1966),

This chapter will outline some of the possible methods for 

observing the small displacements associated with crystal resonators, and 

will describe some experimental results as applied to a high frequency, 

circular, AT-cut quartz crystal. Chapter 4 will evaluate these experi

mental observations,

Interf erometry

The basic similarity between Michelson and holographic interfero

metry was noted by Powell and Stetson (1965), in one of the original 

articles on time averaged holographic interferometry, The application of 

these two methods to quartz crystal oscillators will now be discussed.

29
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Michelson Interferometry

Theory. In 1932 Osterberg outlined the theory of the effect of

simple harmonic motion on the brightness of fringes’ in the Michelson or

similar type interferometer. The following will be taken from his 

classical paper on the subject:

Let Ig be the brightness of the fringes produced by stationary 

mirrors with uniform illumination. It can be shown that (Osterberg 1932)

I0 = k  [1 +COS (3.1)

where k is a constants h is the fringe width* and x is the distance across 

the fringes • If the surface of one of the mirrors suffers normal vibra

tion at a frequency 1/T and amplitude R* the instantaneous brightness 1^ 

becomes

1± = k [l 4-cos ^  (x -R cos” 3] (3.2)

The resultant brightness I is the time average of 1̂ :

I = %  ^  [1 +cos ( x - R cos ̂ ) ] d t

• = k [l +— cos f 0 cos (z cos4>) d<i>? it h

sin . sin (z cos(f))d(f)] , (3.3)
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where

2irR _ . : 2-rrt _= z and m = <}>, (3.4)

/ ̂  sin (z cos <p) d(j) = 0, and (3%.5)o

1/ c o s  (z c o s  <j>)d4> =. J0 (z) . (3,6)

If X is the wavelength of light employed and & the amplitude 

of oscillation of the mirror, then

Z j M  V  (3.7)

Obviously9 substitution of these values in the equation for I yields 

I = k [l >  JQ (~t) cos^L]; (3.8)

this is our main result.

When a crystal is used as one of the mirrors, the vibrating 

portions will show a reflected brightness distribution given by 

equation (3.8). The non-vibrating areas will be given by (3.1).

By comparing (3.8) to (3.1) we see that the maxima of I and I0 occur 

for the same value of x, or they are one-half fringe width out of step, 

depending on whether J0 (A'fi'Ot/X) is positive or negative. When 

J0(4Tra/X) = 0, I = K and no fringes are visible. Maximum contrast of the 

I fringes occurs only for stationary mirrors. Fig. 13 shows J0(4'n"otA) 

as a function of. ci/X.
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Fig. 13. J0(47r ol/X) as a Function of
the Relative Vibration Amplitude ol/X

For a perfectly flat and polished crystal, we expect to see 

straight line fringes across the surface of the crystal when it is not 

vibrating. If the crystal is caused to vibrate, the mode pattern will 

show up as changes in fringes. In Fig. 14 the center region indicates 

a vibration amplitude, ot/X, of between 0.191 and 0.438, in a direction 

normal to the plane of the paper. (Center region separation by one 
fringe from the outside area and reference to Fig, 13 give us this infor

mation.) The actual amplitude could be estimated even better by comparing
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the brightness in the center area; maximum brightness for one fringe shift 

would be of an amplitude a/X = 0.558 (see Fig, 13).

Fig. 14. Theoretical Prediction for Fringe Pattern 
Change Due to a Center Region Vibrating at a Relative 
Amplitude 0.191 < a/X < 0.438

Experiment. In the paper by Osterberg (1932) several examples of 

the above mentioned method are given, using different driving currents 

on X-cut and Y-cut quartz crystals. The observed modes were thought 

to be flexural and extensional. The dimensions of the crystals were 

on the order of 25mm, with a thickness between 2.3 and 4.6 mm. The 

amplitude of vibration was in general found to be less than X/2, but 

observable by this method for the fundamental frequencies. Overtones 

were not observed due to the small amplitude, as predicted by the theory 
of small vibrations.

An interesting phenomenon observed by Osterberg (1932) was 

that certain patterns, say A and B, would oscillate most vigourously 

at frequencies a and b. If A were excited it would continue beyond the 

frequency b until A disappeared, but B would not appear at all. If 

B were first excited it would continue past a, with pattern A not
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appearing. Osterberg (1932) states that this is suggestive of the 

coupling of mechanical modes.

In my experiments, a 19.4 MHz AT-cut crystal with a diameter 

of 6.2mm and thickness 0.0086cm was used. The light source was a
oHe-Ne cw laser, with a wavelength of 6328A. A vhf signal generator was 

connected across the crystal leads. The crystal was mounted on three 

metal ribbons and secured with a silvered epoxy. The physical 

arrangement used in the experiment is shown in Fig. 15.

ZZ4ZZ/ MIRtOK

d i v e r g i n g S E A M O
H*- N£ [f

/  S R U T T E R  q
L A S E R 11 / u

Ler/S

SIGNAL
GENERATOR

ere

Fig. 15. Experimental Arrangement for 
Michelson Interferometry

The crystal was excited at the fundamental, the fifth harmonic, 

and various resonances near the fifth harmonic with about 1 volt. No 

fringe changes were observed. The oscillator was turned off and on, but 

no vibration was detected visually.

The experiment was repeated with an oscillator circuit 

operating at the fundamental frequency and with an output of 1 to 2 volts 

The result was again negative.
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In a third experiment the light was reflected off the crystal at 

an angle* but it was not possible to obtain good fringes in this manner.

All of our optical experiments were performed on a massive granite 

table* supported by concrete blocks and isolated from floor vibrations by 
inner tubes inflated to 4 lbs. pressure. The inner tubes were found to be 

necessary to stabilize the fringe pattern.

Holographic Interferometry

Theory. Holography is a process of recording the interference

pattern from an object illuminated by coherent light and a "reference"

beam of coherent light. The recorded pattern can reconstruct the wave-

front from the object when the recording medium is illuminated by the

"reference" beam.

Let x̂  * ŷ  represent the coordinates of the image I(x^* y ). of the

hologram reconstruction* and let x * y be the coordinates of the vibratingo o
crystal with the z-axis through the origin of planes x * y and x * y .o o  i i
It can be shown that (Powell and Stetson 1965)2

iCx^y^ = Jd .[(-x)Ccos01 + cos62 )a(x0,y0)]Ist(x1,y1), 

where JQ is the zero-order Bessel function* 0̂  the angle between the axis 

of observation and the vector displacement* and 0̂  is the angle between 

the direction of propagation of the incident light upon the object and the 

vector displacement. Igt is the image of the stationary object* and 

a(x0*y0) is the zero to peak magnitude of the oscillation displacement 

as a function of x0and y0o It is implicit in the derivation that lateral 

motions are unobservable. We note the essentia? similarity between 

equations (3.8") and (3.9).
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The maximum intensity will occur when a = 0 (the stationary 

case). Suppose a certain region of the crystal is relatively stationary 

(a node): as the amplitude of vibration increases going across the
crystal from the node to the antinode, the intensity will go to zero 

as many times as J0 goes to zero. For 0̂  = 9 ^ = 0  and 0.438 < a(x0,y0)

< 0.688 we should observe two dark fringes (see Fig. 13). The dark and 

light fringes will outline the areas of vibration and indicate the 

amplitude of vibration, like a topographical map.

Experiment. Several experimental arrangements were attempted.

One arrangement (see Fig. 16 and Fig. 18) gave considerably more clarity 

and observability of the crystals than any other arrangement we tried.

This method appears to be somewhat novel. The conventional arrangement

Fig. 16. Photo of Best Experimental Arrangement 
Without Diffusing Plate
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for off-axis holography uses a beam splitter, one or two mirrors and one 

or two lens-pinhole combinations (for spatial filtering and to expand 

the beam). In the arrangement such as the one shown in Fig. 17, it 

is difficult to have the object (crystal) both close to the film plate 

and illuminated from the front.

B £*N  SPUTTe* LEfJs- P/HHOLE

LEA/S - P/n/HOL

F I L M

Fig. 17. Holographic Arrangement Used fcy Powell 
and Stetson (1965).

The holographic scheme we found most useful, to magnify 

the crystals and observe the crystal face clearly, was shown in 

Fig. 16 and again in Fig. 18. Here the lens acts to provide the reference 

beam from light reflected from the lens surfaces. In some experiments 

the lens was replaced by a beam splitter (70/30), and holograms were made 

with and without the diffusing plate. This plate helped to increase 

the angle of observation of the crystal, because the crystal is 

specularly reflecting.
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LeA/S-r\MHOL£

Fig. 18. Experimental Arrangement for Holographic 
Interferometry, Top View

The laser used was a Spectra Physics 155 He-Ne cw laser with
o

X = 6328A. The type of film used was Kodak 5" x 4" 649F glass plates.

The plates were exposed for about 1 minute (with lens) or about 10

seconds (with beam splitter); they were then developed for 5 minutes 

in Kodak D19, rinsed in water for 30 seconds, fixed for 10 minutes, 

and finally washed for 20 to 30 minutes in running water.

Two methods of exciting the AT-cut quartz crystal were attempted. 

One method used a crystal oscillator circuit providing 1 to 2 volts 

across the crystal, and the other method used a signal generator (vhf

generator for 19 to 100 MHz and an audio oscillator).

When the crystal was excited at the fundamental (19.2 MHz) or at 

resonances at and near the fifth harmonic with about 1 volt, no vibration 

induced fringes were observed. At certain angles of observation using 

a lens and diffusing plate fringes were observed, but they could not be
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distinguished from fringes observed with the non-vibrating crystal» The 

existence of these fringes was not predicted by the theory given above«

It is believed that these were Fizeau fringes from either the lens or 

crystal surfaceso Fizeau fringes.have been used by others (Tolansky and 

Wood 1958) to study modes in oscillating quartz crystals, but, again, we 

observed no change in fringes from the non-oscillating to the oscillating 

caseo

When the crystal was vibrated at a resonance near 5.25 KHz with 

several volts from an audio oscillator, the entire crystal was dark. At 

about 1 volt distinct fringes were observed across the surface of the 

crystal.

X-Ray Diffraction Topography

Theory

When an incident plane monochromatic wave of wavelength X is 

diffracted from planes of separation d in a perfect single crystal, the 

condition for constructive interference is given by the Bragg equation,

nX = 2d sin 6, (3.10)

where 6 is the angle between the incident (or diffracted) wave vector and 

the diffracting plane.

In the dynamical theory of x-rays the wave undergoes a 90 degree 

phase shift upon reflection (Spencer 1968). If the diffracted x-rays 

are again diffracted by the back side of the original planes, as in Fig. 19,
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the twice diffracted beam will be in the same direction as the incident 

beam, but 180 degrees out of phase. This will result in destructive 

interference and is termed "primary extinction".

O / M  i V \SHC D
MAY_____

O l F F R A C T / A / e
P L A A / £ S

Fig. 19. Primary Extinction

If the crystal is sufficiently distorted, with the result that 

the lattice spacing of the Bragg planes is bent or compressed, the primary 

extinction effect may be reduced. The diffracted intensity will there

fore increase. The source of the distortion may be strain gradients, 

defects in the crystal, or vibration displacements (which will induce 

strain gradients). The amount of distortion necessary to cause an 

increase in diffracted intensity is extremely difficult to predict 

theoretically.
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In a non-rigourous way, it can be shown (Spencer 1968) that the 

minimum strain gradient, VS , necessary to begin a reduction of primary 

extinction is
2lT<t£

(3.11)^  — XslnQB

where 0 is the Bragg angle and ck can be written as (James 1963) B n

^h = ~e2X2F(h) 
m c 27T V (3.12)

V is the volume of the crystal unit cell, F(h) is the structure factor of 

the unit cell for the spectrum h (for the (hkl) plane), c is the speed of 

light, e the electronic charge, and m is the electron mass.

Qualitatively, from equation (3.11), we see that the smaller 

the Bragg angle the greater the strain necessary for observable results. 

Equation (3.12), together with equation (3.11), shows us that the smaller 

the wavelength of the x-rays the less the necessary strain gradient.

An example given by Spencer (1968) shows the effect of a dis

placement u = Acos kx , where u is assumed to be normal to the Braggi 2 i
planes and is the only displacement. For this example there are only two

gradient terms of importance: u and u as shown in Fig. 20.1,22 1,11

U M l
Fig. 20. Strain Gradients Which Have the 
Maximum Effect on the Diffracted Intensity
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The diffraction intensity for pure bending (or change in lattice 

spacing) is

Id = (g«u)[(ui 22 c o s 20b ) - (ui ^  sin26B)L (3.13)
% *

where g is the normal to the diffracting planes, u is the displacement 

vector, and 8B is the Bragg angle. It is interesting to note that 

if 8^ is small, only the first term is important, so bending of the 

plates will show as an increase in intensity, while compression will 

not be observable. , If 0g =45°, then the intensity may go to zero if

Experiment . -
There are several experimental x-ray techniques that have been 

successfully used with quartz crystals. Two methods of diffraction 

topography that seem particularly useful in obtaining pictures of mode 

shapes are the Lang method and the Berg-Barrett method. The Lang 

method requires an x-ray beam path through the crystal and therefore did 

not seem well adapted to a study of vibration modes in a quartz crystal 

under the normal mounting and stress conditions that prevailed in my 

case. For this reason9 the Berg-Barrett method was chosen.

General Experimental Requirements. The general scheme of the 

Berg-Barrett method is shown in Fig. 21. The x-ray beam needs to be 

collimated to reduce scattering and-improve background contrast on the 

film. Since the x-ray source will emit K_̂  as well as K ̂  wavelengths, 

the beam must also be narrow to prevent Bragg reflection from both wave

lengths, which would cause a double image to form on the film.
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The clearest pictures are obtained when the diffracted rays leave 

the crystal normal to the surface and the film is as close to the crystal 

as possible. The crystal surface should therefore make a small angle 

with the x-ray beam. An additional advantage in this scheme is the 

convenience of exposing the entire crystal to a collimated beam without 

the problem of translating the crystal and film.

c r y s t a lS L I T
MAC*
_ FLAW

X-tfAY QfAM

FIL A\

Fig. 21. Berg-Barrett Diffraction Technique

Procedure. There are six steps which are important in obtaining 

x-ray diffraction topographs. They are (1) mounting the crystal, (2) 

obtaining the crystal orientation, (3) selecting the Bragg planes to be 

used, (4) orienting the crystal to the x-ray beam, (5) collimating the 

beam, and (6) making the exposure.
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The AT-̂ cut crystals used in these studies were, mounted on three 

rihhoh supports attached to a TO-rS transistor caiu The can was secured 

to a plexiglass holder in such a way that the crystal surface could be 

aligned over the center of the goniometer, This facilitated.Step (4),

The plexiglass was cut in the form of a square which made the crystal 

support more steady; however, it did not permit the crystal to be easily 

rotated when desired. -

The crystal orientation was obtained by making a back^scattered 

Laue photograph using a Polaroid Land camera and Polaroid Land film type 

57. It was found necessary to direct a small round beam of x-rays to a 

portion of the crystal surface free of electrode to obtain a clear pic

ture of the crystal structure. Exposure times of about fifteen minutes 

were required, with Cr or Cu at 50 KV, 15 ma.

The crystal orientation can be determined from the photograph 

obtained (Cullity 1956). For the AT-cut quartz crystal, the orientation 

is as shown in Fig. 22, taken using x-rays from Cr. Each crystal had 

one edge cut flat which indicated the Y* direction about half the time 
and the —Y 1 direction the other half. It must be remembered in using 

Fig.. 22 that.left and right are.reversed in the photo; the orientation 

is for the crystal as seen from the x-ray source.

To select the Bragg planes the following criteria were used:

(a) the Bragg planes should make an angle 9 of about 45° with the surface, 

so the diffracted beam will leave normal to the crystal surface; (b) the 

Bragg angle 9̂  should be just a little larger than 9;'(c) high order 

planes should be used for maximum intensity of reflected waves.
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Fig. 22. Laue Back-Scattered Photograph of 
AT-Cut Quartz Showing the Crystal Axes
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For criteria (a) the stereographic projection of the AT-cut quartz 

was utilized. This projection, as shown in Fig. 23, was obtained by rota

ting the + z-axis 53° 45' toward the + y-axis. A Wulff net (Fig. 24) and 

a transparency of Fig. 23 can be used to measure 0. The angle 0 is the 

"distance" from the center to the plane, as the center corresponds to the 

normal to the crystal surface and the point represented on the stereo- 

graphic projection is the pole or normal to the plane.

Selected planes are shown in Table 1, together with measured 

values of 0 and calculated values of 0%. The lattice spacing d is
Oobtained from NBS Circular 539. The wavelength for Cr is X = 2„29A9 and

oX = 1.79A corresponds to Co. Shorter wavelengths could be used, but they 

require higher orders of the Bragg angle for criteria (b) and it was 

thought they would therefore be less suitable for Berg-Barrett topography.

The relationship between the angle of incidence 0̂ , the Bragg 

angle 0-g, and 0 are shown in Fig. 25. It is apparent here that 0̂  must 

be greater than 0, because 0L = 0̂  - 0. Two planes were selected for this 

study, (1210) and (2111). With the (2111) plane, using Cr, the angle of 

incidence was 2.79*. For the, (1210) plane Co was used and the Bragg angle 

was 46.74°, so 0̂  = 1.74°.

Step (4), orienting the crystal to the x-ray beam, proved to be 

the most time-consuming and tedious portion of the experiment. First, we 

rotated the crystal until the crystal surface was vertical. The plane of 

the crystal was then rotated about the surface normal until the Bragg 

planes, were vertical. The angle of rotation necessary can be found by 

using the stereographic projection (Fig. 23), the Wulff net (Fig. 24), and 

the crystal orientation (step 2).



47

- X
7f20

1121

033/

OTI/

/l/o
/2I/

3301 fia jj017(0/ 3302 ??0< 330/ iTj oz lTo3

//22

1121

+X

Fig. 23. Stereographic Projection of AT-Cut Quartz
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a l S i i i k

Fig. 24 . Wulff Net
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Table 1̂  Selected Planes, Their Angles with 
the Crystal Surface and Bragg Angle.

Plane 9 X d n 0g

(1TD0) 35.5° 2.29 4.26 2 32.52°

(1100) 35.5° 2.29 4.26 3 53.74°

(1100) 35.5° 1.79 4.26 2 24.85°

(1100) 35.5° 1.79 4.26 3 39.07°

(0111) or (lOll) 47.5° 2.29 3.343 2 43.24°

(0111) or (lOll) 47.5° 2.29 3.343 3 —

(0111) or (lOll) 47.5° 1.79 3.343 2 32.37°

(0111) or (loll) 47.5° 1.79 3.343 3 53.43°

(1210) or (2110) 45.0° 2.29 2.458 1 27.76°

(1210) or (2110) 45.0° 2.29 2.458 2 68.69°

(1210) or (2110) 45.0° 1.79 2.458 1 21.35°

(1210) or (2110) 45.0° 1.79 2.458 2 46.74°

(1211) or (2111) 28.0° 2.29 2.237 1 30.79°

Fig. 25. Relation Between the Bragg Angle 8g, the 
Angle of Incidence 0̂ , and the Crystal Plane-Surface 
Angle 0
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To illustrate the method, suppose the crystal is oriented so that 

the + Y ' axis points vertically down. Looking at a transparency of Fig. 

23 on Fig. 24 we see that a rotation of 15° clockwise will bring the 

pole of the (2111) plane to the horizontal. The (2111) plane will then 

be vertical, and the x-ray beam should be directed from the right. A 

rotation of 45° counter-clockwise (when the + Y * axis is vertically up) 

will bring the (1210) pole to the horizontal. Since the stereographic 

projection is angle preserving, the same angle rotations used on the 

projection will work for the crystal.

After rotating the crystal we again verify that the crystal surface 

is vertical. Next, we center the crystal on the goniometer platform so 

that the axis of rotation of the platform goes through the center of the 

crystal surface. The crystal should be centered so that the x-ray beam 

will be parallel to the crystal surface, and in the center of the beam 

width.

The last step is to rotate the goniometer platform (L degrees. At 

this time a geiger counter was placed at an angle 26 , as shown in Fig.D

26. The platform was rotated slowly to each side of the angle 6̂  until 

an increase in intensity could be observed. Often the peak diffracted 

intensity was scarcely noticeable above the background count. Under the 

best of conditions, a shift of only 3 minutes of arc for this rotation 

would reduce a peak diffraction intensity to background intensity.

Fig. 26. The Position of the Geiger Counter Determined by 28g.
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The beam is collimated to obtain the least divergence possible^

in order to increase resolution* The divergence of the beam is a function

of the limiting slit widths.at each end of a long tubes where one end is

near the x-ray source (or target of the electron beam) and the other end

is near the crystal. If L is the length of the tube, w is the width of

the beam near the target, and L the width near the crystal, the divergencei
angle is (Meieran 1970)

Li + w
<j> = -—  -- (3.14)

It is easily seen that the longer the tube the less the divergence. The 

longer tube "will result, in less intensity, however.

One criteria for the greatest permissible divergence is

(p < A0_, (3.15)

where AS^ is the angle separating the Bragg angles of any two wavelengths. 

AOg can be expressed as (Meieran 1970)

AA
2d cos 0g (3.16)

The target will emit two strong wavelengths, k and k , which are close061 062
together. For Co and the (2110) plane

A0 =  = 0.00118B 2(2.458) cos 46.75
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Hences for L = 900 mm (as in my experiments)

L, + w < (0.00118)(900) = 1=062 mm .

This is not a difficult criterion to meet while still illuminating the 

entire crystal with a parallel beam of x-rays, since the effective width 

of the crystal is

.6.2 mm sin 6^ ,

which is only 0.216 mm for 9̂  =2°. It was found that if the effective 

width of the source was reduced to just a little greater than the effec

tive width of the crystal, the limiting slits of the tube did not matter 

very much.
The effective width of the source (or x-ray target) is the actual 

width (12.5 mm for the Co tube I used) times the sine of the angle of the 

tube axis relative to the surface of the target. If this angle (called 

the ’’take-off" angle) is kept to about 3°, then the crystal will be 

fully illuminated by a collimated beam of x-rays.

Step (6), making the exposure, involves positioning the film and 

making sure the crystal is vibrating at the proper resonance. The film 

should be placed as close to the crystal as possible, making, sure that 

the main beam of the x-rays does not strike the film. For the least 

distortion the film should be parallel to the crystal surface; in this 

way the crystal will not be foreshortened.
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A signal generator was attached to the TO-5 leads of the crystal 

mount and, simultaneously, to a detector circuit. The schematic is shown 

in Fig. 27. A sudden decline in the voltage measured as the frequency is 

varied indicated a resonant frequency. During the exposure the frequency 

was often adjusted to maintain the detected voltage at a minimum.

tOOpf

— lOOpf — p  tOOpf yolt meter

Fig. 27. Detecting Circuit for Crystal Resonance

Result. I first obtained a topograph of a quartz crystal (//I)

using the (2111) reflection vector. With a dip of the voltmeter of about

.5 volts (corresponding to about 1.0 volt across the crystal) several one
ohour exposures were made at 50 kv, 14 ma, A = 2.29A (Cr was the source). 

I used the fundamental frequency, the fifth harmonic, and two other 

resonant frequencies slightly higher than the fifth harmonic. Crystal //I 

was electrically connected to the TO-5 transistor can by silver paint.

In each test there were no areas with higher diffraction intensity in the 

vibrating case than in the non-vibrating case.
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A typical topogram of crystal #1 is shown in Fig. 28. The light 

areas correspond to higher diffraction intensity. The upper left corner 

is missing in this crystal (it broke off). There is a dark band across 

the center which corresponds to an x-ray shadow: the x-ray beam struck

the mounting post and could not illuminate that portion of the crystal. 

The post on the right side caused the black square to appear there. The 

top is missing in the picture because the third post is casting its 

shadow there. It should be obvious from Fig. 28 that the incident x-ray 

beam is from the left.

Actually, the topographs shown in Fig. 28 to Fig. 33 were printed 

with left and right reversed. The incident beam was in reality from the 

right for crystal #1. I shall describe the figures as they appear here.

Fig. 28. Topogram of Crystal #1 Enlarged 7.1 Times
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In Fig. 28 it will also be noticed that the center is dark due 

to the masking effect of the aluminum electrode. A light vertical line 

in the upper right corner was in every topograph of crystal #1. It 

appears to be a flaw in the crystal.

Crystal //2 was placed in the supporting ribbons of the mounting 

stucture without epoxy or silver paint, and a topogram was made. As can 

be seen in Fig. 29 the diffracting intensity is rather uniform. The top 

electrode is clearly outlined, and shadows from two electrodes fall across 

the crystal. Crystal #2 used Co for the target and the (2110) plane.

The exposure of Fig. 29 was 20 minutes at 50 kv, 10 ma. The x-rays are 

from the right in the figure and Figs. 30 to 33.

Fig. 29. Topogram of Crystal #2 Before Epoxy
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Fig. 30 shows crystal #2 after silvered epoxy had been baked on 

at 150 °C for 25 minutes. The dark bands were wider in Fig. 30 than Fig. 29 

because of the addition of the epoxy. There is a double exposure in 

Fig. 30, because the diffracted rays are leaving the crystal at a shallow 

angle and exposing both sides of the film in different places. This 

would seem to indicate that the (2110) planes are not involved in this 

topogram.

It is interesting to note the white semicircles particularly at the 

bottom of the crystal. They are roughly around the mounting post and seem 

to indicate strong strain gradients. Apparently the epoxy has produced 

so much strain that the cystal is bowed to the point that it can no longer 

diffract as evenly as was the case for Fig. 29.

Fig. 30. Crystal #2 After Epoxy is Applied
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Crystal #2 was then broken around the lower right mounting post 
as shown in Fig. 31. Note that the white pattern now indicates strain 

around the lower left and upper right but not in the lower right. This 

is a confirmation of the fact that the pattern does indicate the strain 

gradient being caused by the tension at the mounting post. The black 

markings on the right are due to silver paint applied to the electrodes 

(and brushed on the crystal) to increase the conductivity at the 

connection.

Fig. 31. Crystal #2 After it is Broken 
Free of Mounting Post in Lower Right

Fig. 32. Vibration Mode in Crystal #2



58

The circuit Q is given by 

: : ^  ^

where Af is the bandwidth of the half power points. Measurements made 

on crystal #2 show

q = 19'3755  = 5,099
y 19.3770 - 19.3732

= ,96.9753 _   = 10,541
w 96.9830 - 96.9738

0 = 97.0383 _     = 27,725
w 97.0413 - 97.0378

q  =  ?7.1249__ ;------- _ =  30,163
w 97.12779 - 97.12457

Topograms of crystal #2 were made while the crystal was resonating 

■at’19.375*. 96,9759 97.038, and 97.125 MHz. These last three were the 

major resonances near 96 MHz. A vibration mode was observed for the 

97.125 MHz resonance, and it shown in Fig, 32„ Little or no distinction 

could be made between topograms of the other vibration frequencies and 

the non^vibrating topogram (Fig, 31)»

The last crystal tested is shown in Fig. 33 for three different 

angles of rotation of the goniometer platform: (a) 1.69°, (b) 1.73°,

and (c) 1.77°. The topograms were made using 50 kv, 10 ma with Go as the 

target and an exposure time of about 30 minutes. A double image can be 

seen in Fig. 33, again indicating that the diffracted beam was hot leaving

the crystal at an angle near 90°. In this case it appears that the beam
. ;  ‘ . ■ . .. o  ■

"was diffracted from unidentified planes making an angle of about,15° with

the crystal surface.
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(a) (b) (c)
1.69° 1,73° 1,77°

Fig. 33. A Rotation of the Angle of Incidence

Crystal #3 was aligned using the flat part of the crystal to indi

cate the orientation. For this reason the orientation was off about 7.5° 

rotation of the crystal about the normal to the surface, as measurements 

of the Laue back-scattered photograph later showed.

The topograms of Fig. 33 do show some interesting features. It is 

apparent that there is considerable strain in this crystal which was epoxied 

for use by the Hughes Company. The fact that a rotation of the crystal 

brings different parts of the crystal into "view" also indicates the bowing 

of the crystal. Since (a) is separated from (c) by .08P we may estimate 

the bow as about .09°.
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The amount of bowing was determined by the following alternative 

method. A laser was focused onto the surface of the crystal, and the 

position of the reflected spot was recorded 3m away from the crystal,

The crystal was then translated 5mm in a direction perpendicular to the 

beam, and the new position of the reflected spot was recorded. For crystal 

#3 the change in reflected spot position was 4mm; hence, the difference 

in reflecting angle was

4
G - ta.-' —  z: .075° .

The total change in reflecting angle is therefore about JL (0.075) = .09%5
which is a good agreement to the x-ray estimation.

Optical Experiments on the Sub-Fringe Level 

Interferometry and- Berg-Barrett diffraction topography can give 

us information about the entire crystal. Another technique is to measure 

the change in some property of light due to vibration at specific points 

on the crystal. When the crystal is scanned a "map11 of the crystal 

vibration is obtained point by point. Four different experimental tech

niques were attempted here. We shall now describe these techniques and 

the results, using our AT-cut quartz crystal. An evaluation of the results 

will be delayed until Chapter 4.

Doppler Shift from Normal Reflection

The experimental arrangement is shown in Fig. 34 if the spot the 

laser beam strikes bn the crystal is moving in the direction of the laser
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at a velocity v, the path difference is changing at the rate 2 v. The 

phase is therefore changing at the rate

AV 2v (3.17)

where X is the wavelength of the laser beam

z ----V
LASER ----------------- >-- /

0fAM Z
spinrtR C*Y$T4l

r

Silicon-^
PZ/orooiooe

ft**
L/re

TO
OSCILLATOR 
C.I JRCUIT

sPecr/tu*
KA/AcYZfA

Fig. 34. Arrangement for Doppler Shift Measurement

The frequency of the laser is too high to be detected by a Spectrum 

Analyzer, but two axial modes gave a beat frequency of about 520 MHz which 

could be detected. The Spectrum Analyzer was capable of resolving a shift 

of about 1 KHz. An oscillator circuit (operating at 19.2 MHz) was used 

to excite the crystal at about 1 to 2 volts. Nô  phase modulation was 

detected!

Doppler Shift from Reflection at an Angle

This experiment is similar to the last one, with the exception that 

an attempt is made to measure motion perpendicular to the laser beam. The 

result was negative, as can be predicted from the following considerations.
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The experimental arrangement is shown in Fig. 35. Let v be the 

instantaneous velocity of the crystal parallel to the surface. The 

incoming beam sees a frequency shift

Av_̂  = cos 6, (3.18)

and the outgoing beam sees a frequency shift

avo = -iyi COS 6

from the lateral displacement. Hence, AV = 0!

detector

/  beam 
splitter

m i r r o r

crystallaser
beam splitter

Fig. 35. Experimental Set-Up for Doppler Shift from an Angle

Reflection at the Brewster Angle

At the Brewster angle, 8̂  the incident light will be most com

pletely transmitted, and the reflected light will be a minimum. The angle 

6^ is a function of the index of refraction, nx, of the crystal;



tan V ” °x n̂ait ̂  ' (3,20)
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Let us take the derivative of each side of equation (3*20) and

obtain

The maximum deviation of the Brewster angle is

A0h= cos2 6,. JL (3.22)
b dt 4f

Now we also have (American Institute of Physics Handbook 1972)

4aj, = rjj Ej (3.23)

where Aa^is the increment of the index ellipsoid coefficient, r̂ j is the

electro-optic coefficient, and Ej is the electric field intensity. 

Working with path differences

Hx - nj Aai (3.24)

- n J r ^ E j ,  (3,25)

and differentiating equation (3,25)» gives us

dn^ = n^ r̂ j dEj (3.26)
dt dt ’



Now using equation (3.22)

= Y co®2®b norij lEj I ' (3.28)

Light Modulation through the Crystal

Let L be the optical path of the beam through the crystal. Then

L = 1°LS + nx b, (3.29)

where Lg is the static path, n^ is the index of refraction of the crystal

and b is the crystal thickness. It follows that

Bt = b (3.30)9t 9t

d<p 2ir 9L
9t X 9t

_ 2iTb 9nx 
X 9t

2‘nti n* ri1 w [e J 
=  ------  X (3.33)

(3.31)

(3.32)

using equation (3.27)„ It follows from this that
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The results of this experiment, with the arrangement shown in 

Fig. 36, were inconclusive. The crystal was excited in the same manner 

and with the same voltage as in the last three experiments. The position 

of the beam through the crystal was also varied but no modulation was 

detected.

beam splitter
m i r r o r

detector

modulated

e l e t r o d e

unmodulated

xam  splitter beam /C

Fig. 36. Light Modulation Experiment

mirror



CHAPTER 4

EVALUATION OF THE RESULTS

Although most of the experiments outlined in Chapter 3 did not 

yield a picture of the vibrating mode, we can tell that certain vibration 

modes were not present to a significant extent. We can also find confirma

tion of pur theories concerning the magnitude of vibration necessary for 

observation.

Most of the negative results can be traced to the fact that the 

high frequency AT-cut quartz crystals vibrate in a rather pure shear mode 

of small displacement amplitude. This chapter is organized in the form of 

questions and answers: it is hoped that this will help to clarify the

discussion.

Why Were No Vibration Modes- Observed at High 
Frequencies Using Iiiterfefometry?

Interferometry can only give us information about displacements 

normal to the crystal surface. The fact that nothing was observed indicates 

that this displacement must be smaller than about .IX or 0.06 pm. The 

fundamental mode of AT-cut quartz crystals is thickness-shear. Spencer 

(1968) gives

a = 2.92 x lO~10 cmCyA)"1 (4*1)

66
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as the displacement for a 5 MHz (5th overtone) high Q, AT-cut quartz 

crystal with an electrode area of 100mm2»

The crystals used in my experiments were smallery operated at 

higher frequencies, and had low Q. An estimate of maximum amplitude is 

that it should be less than about 10"*2 ynu The ratio of normal component 

to this lateral displacement is given by Poisson's ratio9 which would 

further reduce the 10~2 ]im estimate» Even the lateral displacement is 

below the limit of observation»

If strongly coupled flexural modes were present we should have 

observed them, because their maximum amplitude would be normal to the 

crystal surface. We must conclude that if there are flexural modes they 

are of small amplitude (less than 0.06 ym).

What Does the Observation of the 5.25 KHz 
Vibration Using Interferometry Tell Us?

It is apparent that the crystal is capable of resonating with a

large amplitude of vibration. From the fact that the fringes form straight

lines across the crystal we deduce that the mode is simple bending.

A'vibration mode of this frequency could easily be stimulated by

environmental forces such as acoustical or mechanical vibrations when the

crystal is used in an airplane or jet as an example. The mode was vibrated

electrically, which indicates that it could easily couple piezoelectrically

with other modes. The large amplitude of vibration could induce stress

and strain,, cause polarizations, and change boundary conditions sufficiently

to disturb high frequency vibrations.
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What Does, the Mode Pattern of Fig. 32 Indicate?
The most probable explanation of the mode pattern is that it 

represents a face-shear or torsional mode: an anharmonic overtone. It

appears from Fig. 32 that there is a vertical break in the circular 

antinodal lines (the white lines). It may be supposed that this must 

correspond to a nodal line, but this is not the case. Any vertical 

displacement would be parallel to the diffraction planes and therefore 

would not show a diffration intensity increase. Either an anharmonic 

mode or one radially outward would show the vertical break in diffracted 

intensity.

The mode could be flexural. A modal pattern with a similar 

appearance was obtained using holography by Powell and Stetson (1965) on 

a film can. They showed that the mode is flexural, and the displacement 

is normal to the surface. Fig. 37 shows this pattern.

Fig. 37. Flexural Vibration with 
a Form Similar to Fig. 32



Why Was a Vibration Mode Observed in 
Crystal #2 but Not Crystal #1 or Crystal #3?

The differences between crystal #2 and crystal #1 were in (a) the

wavelength of the x-ray used, (b) the Bragg angle, (c) the penetration

depth of the x-rays (which is a function of the angle of incidence and

reflection), and (d) the crystal plane used. All but (a) apply to the

difference between crystal #2 and crystal #3. Let us see how these

factors influence the.diffraction intensity.

Dependence on Wavelength
oFor crystal #1 we used X = 2.29A while for crystal #2 we used

oX = 1.79A. From equations (3.12) and (3.13) we see that the minimum 

strain gradient necessary for a reduction in primary extinction is pro

portional to X3, Hence crystal #1 required more strain than crystal #2 

by the factor

Dependence on the Bragg Angle

From equation (3.12) the necessary strain to observe an increase 

in diffraction intensity is greater for crystal #1 than crystal #2 by 

the factor



70
For crystal #3 the factor.is

sin 46,75'
sin 15° - 2\81

Penetration Depth

The fraction G(x) of the. total diffracted beam diffracted before 

a depth x is given by (Cullity 1956)

G(x) = [1 - e~^x (sinGi + sinB)], (4.2)

where y is the linear absorption coefficient for the wavelength used, 0̂  

is the angle of incidence (with the surface), and 3 is the angle the 

diffracted beam makes with the crystal surface. Table 2 summarizes some 

comparisons between crystals #1, 2, and 3.

The linear absorption coefficient can be calculated in the follow

ing way. Let ŵ  be the fraction of Si molecular weight and w^ be 1 - w^ . 

Then (Cullity 1956)

(E) . .  < £ V „ 2<£>2 (4.3)

where f) is the density, (— ) is the absorption density of Si, and (~ )P i P 2
is the absorption density of oxygen for the wavelength considered. For 

quartz equation .(4.3) becomes

y = 2.65 0 t t  +  4 4  '



Table 2 * Penetration Depth of Crystals'#!* 2* 3

Crystal #1 Crystal #2 Crystal #3

,x 2.29 A 1.79A I.79J?

6i 2.79° 1.74° 1.74°

e • 58.79? 88.25° 30°

V 294.11 cm™1 144.92 cm™1 144.92 cm™1
G(x) 1 _ e-6 3 8 6X 1 - e™4917X , 1 - e~9063X
G(x) = h x = 1.09 pm: x = 1.41 ym 1.37 ym
G(x) = .95 , x = 4.69 ym x =6.09 ym 5.92 ym
G(x) = .99 x = 7.21 ym x = 9.37 ym 9.10 ym

From equation (4o2) we see that the smaller the coefficient ]j $ the 

deeper the penetration. The smaller the wavelength, the smaller the value

of ]io Also9 we see that for maximum, penetration 0j_ = 3 = 90°.

The crystal I used was 86 ym thick, so 95% of the diffracted beam 

came from 6.09 ym for crystal #2. This is only 7.2% of the thickness.

The other crystals penetrated even less than that. The amount of bending 

observed in crystal planes should be proportional to the thickness pene

trated; hence, again, crystal #2 should have had a greater diffracted 

intensity.
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Dependence on the Diffracting Plane

The diffraction is most sensitive to displacements normal to the 

diffracting planes (Spencer 1968)* If the mode shown in Fig * 32 is 

displacement radially outward5 then we need only consider the angle the 

diffracting planes make with the surface to determine the maximum relative 

intensityo This angle is 28° for crystal #ls 15° for crystal #39 and 

45° for crystal #2 <, Hence crystal #2 should diffract more efficiently,

If the mode is flexural9 then we consider the angle the diffract

ing planes make with the surface normal - the smaller the angle the more 

efficient the diffraction. This angle is 45° for crystal #2, 62° for #1* 

and 75° for //3o Again crystal #2 should diffract more efficiently.

Why Didn?t Eve^y Resonarit Vibration in Crystal #2 
Show a Pattern Using X-Rays?

The answer to this question is not known but must be either (a)

only one mode had a large enough displacement normal to the Bragg planes,

or (b) compensating strain gradients reduced the intensity for the other

modes.

An example of possibility (b) was given in Chapter 3, in 

connection with equation (3.13). It was pointed out that if 0̂  = 45°

(it is 46.75 for crystal #2) and if |û  ^| = |û  ^ | , the 1^ = 0. This 

might explain why modes for 19*375. MHz and 96*975 were not observed, 

but it fails to explain why a different kind of mode, such as the 97.038 

MHz mode, was not observed.
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There are several reasons why (a) could explain our results. In 

Chapter 3 we noted that the Q of the mode for which a topogram was obtained 

was significantly higher than the Q of the other vibration modes. The 

displacement should be related to the Q; that is, the more the stored energy 

and the less the damping, the higher the amplitude of vibration.

We pointed out that the diffraction intensity depends on the angle 

that the displacement vector makes with the diffracting planes. The dis

placement of the thickness-shear mode is in the X direction for the AT-cut 

quartz crystal. Hence, with the aid of Fig. 38, we see that the displacement 

vector makes an angle

0 = tan"1 / 3 = 60°

with the normal to the (2110) planes.

\ /
Y

Fig. 38. Angle X-Axis Makes With the Normal to the (2110) Plane



In the horizontal direction the (2110) planes make a 45° angle 

with the surface, hence a horizontal displacement should result in a 

greater diffraction intensity than a displacement in the x direction. A 

vertical displacement would also be at 45° to the (2110) normal. There

fore, both the radially outward and flexural hypotheses predict a greater 

diffraction intensity than the thickness-shear. It is interesting to 

note that the mode.pattern fades out at about the angle we expect for the 

thickness-shear mode, confirming the conclusion that a 45° angle with the 

(2110) normal is tolerable but that a 60° angle is not I

Why Does Strain Show in Crystals #2 
and #3 but Not Crystal //I?

In the first place* crystal #1 was not epoxied as were crystals 

#2 and #3. This is evidence that the epoxy does cause strain which can 

lead to an increase in spurious modes. The fact that crystal #2 shows 

strain after the epoxy but not before would support this conclusion.

There could have been strain in crystal #1, but it did not show 

because of the other differences between #1 and #2 or #3, as explained 

earlier.

Why Was Nothing Observed for the Doppler Shift 
Experiment and How Small a Displacement Can We 

Hope to See?

If the smallest detectable frequency shift is 1 KHz then the

maximum velocity must be at least
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The minimum displacement is therefore (for 100 MHz)

d = 77 = e005A o 0)

If the crystal is vibrating in a pure thickness-shear mode, . 

Foisson?s ratio would in fact be zero. Even if the vibration is not in 

a pure thickness-shear mode, this ratio would have to be very small to 

account for the negative results of this experiment. We also have 

another confirmation that if a flexural mode exists it must be extremely 

small.

Why Did the Brewster Angle Experiment 
Show No Positive Results?

The shift expected is actually too small to be detected. Using

equation (3.29),

A6b = j (k) (4) 4 x 10"13 x 10" 

= 6 x IQ-9  .

So our experiment merely verifies this estimate.

What Conclusions Can Be Drawn From 
the Light Modulation Experiment?

The technique has been successfully applied by others in studying

quartz crystals (Sauerbrey 1964; DeMaria and Barnard 1963). In the

experiments of DeMaria, 300 v rms was applied to the electrodes of the



. crystal which is considerably more than we applied. The paper by
O . . . . .

Sauerhrey shows amplitude as small as 25A were observable.

It .seems that the approach should work* but we have been unable 

to perform a conclusive experiment as of this time.



CHAPTER 5

x MODE SUPPRESSION

Until 1963 the design technique for mode suppression was mostly 

trial and error experimentation (Shockley, Curran, and Koneval 1967).

At that time the concept of energy trapping was introduced 'to correlate 

some of the experimental work and develop more rigorous criteria for 

eliminating unwanted modes. We shall first discuss energy trapping and 

then discuss some important considerations for minimizing mode coupling.

Energy Trapping

The developments leading up.to the theory of energy trapping were 

given by Shockley, Curran, and Koneval (1967), and will now be outlined.

In the late 1930*s Bechmann noted that a reduction in electrode area 

helped to reduce spurious responses. In the 1950vs Gerber pointed out 

that nonuniform plate thickness was related to the generation of unwanted 

modes. Guttwein showed in the early 1960vs that excessive electrode 

thickness also introduced spurious responses. These observations can all 

be explained in terms of energy trapping.

Approximate Theory

In a crystal plate completely covered with electrodes the fre

quency of vibration will depend upon the combined mass of the crystal 

and electrode. There will exist a frequency below which no standing shear 

waves can exist. Above this cut-off frequency a series of anharmonic
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overtones (thickness-twist modes and face-shear modes) will exist for

each harmonic overtone* Coupled flexural modes will possibly also exist*

For a partially electroded crystal the region under the electrode will

have a lower cut-off frequency G0e than the cut-off frequency a)s for the

surrounding area. This is due to the fact that the electrode adds mass

and damping to the vibration*

The frequency difference Aw = a)s - 0)e (or plateback) can be

reduced by decreasing the electrode thickness* By reducing the size of

the electrode diameter at the same time we can increase the frequency

difference between the harmonic overtones and anharmonic overtones until

only the harmonic overtone lies between a)g and 0)e* Only the energy

between 0)o and 0)o (the "trapped” energy) will build up into a localized
s  e  ..

standing wave; the other frequencies will be forced to propagate into 

the unelectroded area and will exponentially decay - assuming the crystal 

edges are "infinitely" far from the electrodes*

Anharmonic Overtone Series* Let x;1 be the axis in the direction 

of the harmonic mode particle displacement; x^ be the axis parallel to 

the plate thickness; and x3 be the other axis in a rectangular coordinate 

system* For the AT-cut crystal these axes correspond to X9 Y ', and Zv 

respectively* The particle displacement for the anharmonic modes is the 

x3 (Z?) direction where the basic equation is (Shockley9 Curran, and 

Koneval 1967) *

u = A sinOlx^) exp(jCx3-ja)t) (5*1)
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Equation (5.1) is non-trivial and satisfies the boundary
3 u bconditions = 0 at X2 = ± -%-) when dX2

n = , (5.2)

where b is the thickness and p = 1, 3, 5, ... is the order of the har

monic overtone. The wave equation for the AT-cut, neglecting the small 

term c56, is (Shockley, Curran, and Koneval 1967)

f a2.. . „ A2.. •>z1 , t 9 u « 9 u . 9' -
P <c=5 c« = 8xl } ' 8t2 • (5-3)3 2

Substitution of (5.3) into (5.1) gives

a,2 (c-5 Cz' + -c„ nz) ; (5.4)

then, using equation (5 .2), we obtain

c - (els/els)^ [(;)= - C^)2]'5 . (5.5)

where y = is the velocity for propagation of shear waves.

The cut-off frequency w = is the frequency below which £

is imaginary and the wave will decay exponentially« The electroded area 

will have a slightly lower cut-off frequency than the unelectroded area 

because of the mass-loading and electroelastic effects of the electrodes, 

It is convenient to define separate velocities ve and vg for the elec

troded and unelectroded regions, so 0)e = and 0)s = -̂ -Vs „
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The damping factors are

5 = (1) (Css/css)̂  C#-)2 - PZPe b e
= (5 (c'/c')h [(4-)2 - p2]^66 55 ti)

(5.6)

(5.7)

The electrode boundary is at x 3 = ± a, and by the continuity of particle 

displacement and shear stress at the electrode boundary,

it.
tan -C. a = —zr e (5.8)

Substituting equations (5.6) and (5.7) into equation (5.8) yields

tan C(— ) 2 - vZt2 = ^U C e c G0_ GOq
p j 4 V
M2~P2(ja2

(5.9)
55 '"e s

We note that equation (5.9) is of the form tan a = 3 which may have many 

solutions, a = nir + tan-1 8, n = 0, 1, 2, ___ Rewriting equation (5.9),

where

x {¥(1 - fi0) Z2SI-+ ¥(1 - fi0)]>^ , (5.10)

62 — (1 ~ ¥) fig[l .+ fig + (1 V fi0)¥]

X ¥ 1 [2fi0 + ¥ (1 - fio)]-1 (5.11)

and

Ro= of ¥
W-rpWe (5.12)



Here n =1, 2 , is the inharmonic mode series for each, p (n = 0 is the 

harmonic mode)„

Trapped Energy Modes, We shall now show that the frequency 

betweenys and has the highest Q. If Ae is the incident wave amplitude

on the electrode edge, and is the reflected wave amplitude, then

particle displacement is

ue - :CAe exp (jSex3) + Be exp (-jCex3)] sin(nx2) exp(r-jM t)
<, S-O)

u = A sin (nx ) exp (-jtot + jG x_) ,
s 2 8 (5,14)

where the subscripts nel! and "s" again refer to the electroded and 

unelectroded areas.

The boundary conditions of continuity of stress and displacement 

at the electrode edge (x g = a) give

Ae exp ( K ea) + Be exp (-j?ea) = Ag exp (jCga) (5,15)

CeCAe exp (jCea) - Be exp (-j?ea) = Cg Ag exp (jCga), (5.16)

If we now eliminate Ag from equations (5.15) and (5.16) 9

(2jSea) . (5.X7)

Consider the three possibilities for the frequency of vibration w:

(1) For we < ws < 0), ^  and Cg are real and ?e [see equations

(5.6) and (5.7)]. Hence by equation (5.17),
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< 1 (5.18)
e '

(2) For w < w < wg, Cg is real and ^  = j ys is Imaginary

[equations (5.6) and (5.7)]. So by equation (5.17)

Be Ce-iTs ~
a; *  ^

= exp 2j(r a. - 6) , (5.19)
Y

where 0 = tan~1 (~̂ -) » Hence 5e
l&l = 1 . (520)
e

(3) For a) < 0) < Wg, both and are imaginary [equationse
(5.6 and (5.7)], and

Be Ys”Ye
J~ = - [ y,+Y " - exp (-2Yea) * (5.21)

Therefore$
e s e

|&| < 1 . (5 .22)

The fact that < 1 in equations (5 dS) and (5o22) indicates
Ae

that the reflected wave amplitude is less than the incident wave ampli

tude o The lost energy will dissipate outward resulting in a low 0 for
.Be,that modee The only case where |t— | = 1 is the second case, where
e

0) < 0) < C0Qoe s

Energy Trapping in Terms of the Crystal Parameters. Using 

equation (5.10) and the requirement 0)e < .0) < a)g we may express a crite

rion of enharmonic mode suppression in the following way. All modes n 

and higher are suppressed when

2a < &  m  /(I -fio)]̂  , (5.23)
b - p 0



where Mn has the following calculated values.(Shockley4 Curran, and 

Koneval 1967);

M.1 2.17

M2 4.35

M3 6 .53

M4 8.72

M5 - 10.9

M6 = 13.1

Equation (5.8) gives only the symmetric solutions; the antisym

metric solutions are given by tan C a = -5 /Y . M 1' = 1.08 for this case,e e g i
hut we can avoid the antisymmetric solutions by ensuring symmetry in the 

crystal-electrode design (Byrne, Lloyd and Spencer 1968).

We can relate tô  to wg in terms of the crystal parameters by 

using the following relationship (Byrne, Lloyd and Spencer 1968):

We (1 + R) = Wg (5.25)

where
r = 2p'b' (5.26)

Pb
and where b' is the elctrode thickness, p’ is the electrode density, and 

p is the crystal density, If we now combine equations (5.12), (5.23), and 

(5.25) we obtain
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A more complete analysis given by Tiersten (1974) leads to Fig. 39.

This plot shows the value of (also called Bechmann's number) versusb
R (the mass loading), such that all the enharmonic overtones will be 

suppressed leaving just the harmonic overtones.

ttO

JQ ti

P=3p=5M-

R

Fig. 39. Bechmann's Number for AT-Cut Quartz
and the First Three Harmonic Overtones (Tiersten 1974)

Design Criteria

At low frequencies the preceding formulas can be applied directly 

to suppress the enharmonic overtones. Special dimensioning of the crystal 

such as edge grinding and contouring are also effective in reducing 

unwanted modes for low frequencies. At high frequencies, however, the 

crystal is necessarily so thin that dimensioning is not practical. The
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concept of energy trapping can.be applied, but the size and thickness of 

the electrode become so small that the crystal equivalent .resistance 

becomes large.

Energy trapping was originally conceived of as a method of 

improving crystal filters* It is particularly important to eliminate 

modes in crystal filters but not as important to keep resistance down.

For crystal oscillators the resistance should be low? the military and 

international specification is 40 ohms«

The approximate resistance of the crystal is given by (Guttwein, 

Ballato, and Lukaszek 1968)

Rm = 1100 fimm ~  , (5.28)
e

where b is the crystal thickness and Ae is the electrode area. This

formula assumes that the electrode thickness b ? is thick enough to not

introduce more resistance. The minimum electrode thickness should be 
o

about 1500A (Guttwein, Ballato, and Lukaszek 1968),

Let us calculate the maximum electrode diameter and minimum 

resistance for a fifth harmonic AT-cut crystal operating at 96 MHz, 

assuming we wish to suppress every enharmonic, The crystal parameters are

b* = 1500A (5,29)

p* = 2,77 

p = 2,65 

b = ,086 mm
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Then from equation (5 <26)*

R = 2P'b' = 3.6 x io-3 (5,30)
Pb

and using Fig. 39 the proper value for Bechmannxs number is

~  : 10 (5.31)

for the fifth harmonic« The electrode diameter is therefore

2a ̂  10b = o.86 mm » (5 *32)

The equivalent resistance is given by equation (5 »28)

R = 164 Q .
■

Comparing the result of (5.32) with the formula given in equation 

(5.27) we see

2a < ̂ n 1 (1+R)^1%
b w p LR R J

= 10.24 (5.33)
2a i .88 mm .

We see that the two results are in close agreement.

Suppose we are interested in the degree of mode suppression that 

can be obtained given

R =400 (5.34)m



87
and the other parameters given in (5,29) . Then from equation (5.28)

Ae = 2.35 (mm)2 . (5,35)

R is given by (5,30); using equation (5.27) and a =- (— )^ we see thatir

M > (2&) 'P [1 + (1+R)--Th * - b R R

= 4*26

From (5*24) we see that the first two anharmonic overtones will be present< 

Finally let us calculate the number of anharmonic overtones which 

should have been present in the crystals I used. The crystal parameters 

were

a = lo4mm 
o

b 2000A

b = .086 mm

and the densities are given in (5.29). Hence using equation (5.27) and 

equation (5.26)

K > 11.4 ;

therefore five anharmonic overtones should have been present.
2 aBy examining equation (5.23) we see that Bechmannfs number —g- 

could be larger if

Q° - Me Z ^ _  = V
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were larger« The denominator is the plateback hnd could be made smaller, 

by overplating the unelectroded portion of the crystal reducing 

This idea has had some experimental investigation but has riot had much 

practical application (Bechmann and Curran 1966)„

The preceding calculations should give an idea of the methods 

one might use to optimize mode suppression and crystal resistance„ It 

is clear that the higher frequencies (thinner crystals) and high har

monics cause the greater difficulties• While it may not be possible to 

achieve complete mode suppression with the desired resistance, it has 

been experimentally verified that suppressing modes by means of energy 

trapping tends to increase the Q of the crystal more than enough 

to compensate for the increase in resistance (Guttwein, Ballato, and 

Lukaszek 1968)o Less energy is channeled into unwanted modes, hence any 

improvement in mode suppression by energy trapping leads to greater 

frequency stability. In addition, modes not completely suppressed are 

partially suppressed using energy trapping.

Minimizing Mode Coupling 

We pointed out in Chapter 1 that there are a great many factors 

that contribute to mode coupling and hence to the presence of unwanted 

modes. Mode coupling also leads to lower Q values and erratic frequency 

and impedance behavior over a temperature range (Spencer 1968) We 

cannot yet eliminate every spurious mode, and we do not fully understand 

some of the experimentally successful techniques.



Stress

There are several mechanisms that lead to the introduction of 

stress in the crystal, and stress also leads to mode coupling in various 

ways* Usually it is preferable to eliminate stresses in the crystal, 

although some effort has been made to introduce an initial stress which 

could suppress certain unwanted modes *

In Chapter 3 we saw that the epoxy used on crystals in our tests 

introduced significant stress in the crystal- The amount of stress 

from the epoxy is related to the degree of bowing in the crystal. The 

bowing has been shown to have a high correlation with the magnitude of 

unwanted modes induced by acoustical vibration (Pierce 1974)-

The crystal mounting structure is another important source of 

stress in the crystal. The popular three ribbon support leads to a 

non-uniformity of stress, since this structure is not symmetric about the 

crystal center, More research needs to be done to improve the mounting 

structure and make the stress more uniform* ,

Crystal Edge Reflections

Untrapped waves tend to decrease in amplitude away from the 

electrode; in certain cases, however, they reflect off the crystal edges 

and form standing waves outside the electrode area. Although these modes 

will not usually be detected electrically as strong responses, they can 

in fact vibrate more vigorously away from the electrode than under it 

(Byrne, Lloyd, and Spencer 1968)- These modes are coupled to the trapped 

modes and can influence the frequency stability, so we shall now discuss . 

several ways to suppress them-
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Size of. Electrode Compared to Crystal S i z e . If the crystal 

diameter is at least three times the electrode diame t e r9 then for high 

frequency crystals the electrically driven vibration w a v e s  will be 

effectively isolated from the e d g e s „ The crystal is then "nearly 

infinite"* and there is little reflection from the edges, hence no 

standing waves can exist * This isolation is also useful in reducing 

sensitivity to environmentally induced vibration at the crystal edges.

At certain ratios of plate and electrode dimensions some modes 

can be significantly reduced by "charge cancellation" (Byrne, Lloyd, and 

Spencer 1968)o For such a crystal, if the electrodes were shorted and 

the crystal were vibrated, positive and negative charges induced on the 

electrode would exactly cancel and no current would flow. Charge cancel

lation has generally been used in the past only for low frequency AT-cut 

crystals, where suitably sized crystals for vibration isolation are 

impractically large,

A prediction by Byrne, Lloyd, and Spencer (1968) that electrodes 

completely covering the x3 (Y*) direction and partially covering the 

xx (X) direction would suppress all the twist overtones of thickness- 

shear and flexure*has been verified by Royer (1973), Royer’s results 

were for rectangular crystals and are not well suited to high frequency 

crystals since the ratio of Y ? dimensions to Z’ (thickness) dimension 

must be a discrete value between 2,5 and 14, A fifth harmonic 96 MHz 

crystal would be only 2,4mm or less in diameter.
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Electrode S h a p e , Energy trapping shows that the thickness and 

diameter of the electrode are important in suppressing m o d e s » The 

uniformity of the electrode thickness and the shape of the electrode 

have also been shown to have an effect in reducing unwanted modes.

B y r n e s Lloyd, and Spencer (1968) found electroplating was better than 

vapor-depositing films for suppressing certain m o d e s . The electro

plated crystals had a tendency to be thicker near the electrode edges, . 

which apparently lowered the equivalent capacitance of the coupled mode.

Little wo r k  has been done on the effect of the shape of the 

electrode in suppressing modes. The concept is that reflected waves 

between the electroded and unelectroded edges will build up into 

standing waves only wh e n  the boundaries are compatible. Elliptical 

electrodes have been used successfully in one specific case for mode 

suppression, and the electrodes reduced the equivalent resistance at 

the same time (Guttwein, Ballato, and Lukaszek 1968). It might be 

mentioned that an annular shaped ring electrode has given reductions in 

aging rates (Frequency 1966).

Position and Size of Tab. The electroplated tabs, which carry 

the electric signal to the electrodes, seem to influence mode suppression. 

Bechmann and Curran (1966) noted the effects of tab size and shape.

Spencer (1968) has noted from x-ray topograms and other considerations 

that tabs can serve as guides for transmitting acoustical energy 

from the electroded portion of the crystal to the mounting supports.
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The tabs ate usually located along the X direction of the. ATr-cut quartz 

plates9 but since the particle displacement is in this direction for the 

fundamental mode it seems reasonable that a different position of the 

tabs would lead to better vibration isolation. Much remains to be done 

to determine the optimum tab size and position.



CHAPTER 6

CONCLUSIONS

We shall first discuss the advantages and disadvantages of the 

various experimental techniques outlined in Chapter 39 then indicate 

some experiments that should further our understanding ;of mode 

suppression.

Comparison of Different Observation Techniques

Observation with Light

So far, experiments using light with high frequency AT-cut 

crystals have been unsuccessful in determining the mode of vibration.

The vibration modes are often perpendicular to the direction of the 

light and therefore unobservable. Only the light modulation technique 

seems to promise good results9 and it is only applicable to the unelec- 

troded area of the crystal. Unfortunately, much of the mode shape occurs 

under the electrode.

The experiments with light have not been useless. The technique 

is valuable for crystals exhibiting high amplitudes of vibration or modes 

perpendicular to the crystal face. We have therefore verified that such 

modes were not present in the crystals tested. This is something we were 

unable to do with x-rays, where the amplitude of vibration is difficult

to measure. Another potential advantage of the light technique is that
• . . it can give real-time information, which is an advantage over photographic

93
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techniques o: The Michelson interferometer method can give us a good

idea of the change in mo d e  shapes while the frequency is being v a r i e d .

The observation of Osterberg in regards to the persistence of certain 

modes would be difficult or impossible to detect using any of the other 

techniques•

X-Ray Diffraction Topography

The x-ray technique offers the advantage of being able to observe 

modes under the electrodes» Strain and imperfections in the crystal can 

be examined and compared to vibration modes only with x-ray diffraction 

topographyo Our experiments show that the x-ray method seems to be best 

suited to the study of vibration modes in high frequency AT-cut quartz 

crystalso

There are several drawbacks to using x-rays for mode observation. 

The crystal is difficult to properly orient and obtain reflections from 

the proper planes. The method of x-ray diffraction requires special 

equipment. The interpretation of the results is not always straight

forward, since both strain and displacement show in the same way. The 

diffraction intensity is also highly dependent on the x-ray wavelength, 

on the crystal planes selected, and on the type of vibration mode 

observed» /

Most of the studies on vibration modes in AT-cut quartz crystals 

have been made using the Lang method of x-ray diffraction, Spencer (1968) 

states that Wallace used the Berg-Barrett method to study shear modes.
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but this is not correct (Wallace 1965)* Comparing the results of Spencer 

with my results it would appear that the Lang method gives much better 

pictures of modes. Since the x-rays are transmitted through the crystal 

in the Lang method one can understand why this method should be more 

sensitive to vibration modes * The problem in obtaining realistic results 

is mounting the crystal in a structure duplicating the original and still 

allowing the x-rays to pass through*

Improvements in Theory 

Many people have spent many years studying the vibration modes in 

crystal plates, and more is known of such vibrations than for any other 

crystal shape (Spencer 1968). The concepts of energy trapping and 

charge cancellation, which have been recently introduced, have helped to 

improve the theory of mode suppression* We still are, however, a long 

way from being able to predict the combined effect of electrode size and 

shape, crystal dimensions, mounting structure, and mechanical stress on 

vibration modes*

The mechanisms of mode coupling are also incompletely understood* 

We need to understand better how stress, temperature, drive level, crystal 

dimensions, and the electrodes influence mode coupling»

Experiments Suggested 

Perhaps the key to developing a better theory of mode suppression 

lies in improving our powers of observation* The Lang method of x-ray 

diffraction, using several different diffracting planes, would probably 

give us the most information*
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The optimum, electrode shape could be determined by experimenting 

with various configurations« A correlation of the mode shape with the 

electrode shape should quickly indicate the way the electrode should be 

shaped,

A thin layer of a dielectric material on the unelectroded area 

should decrease the plateback (the difference between cut-off frequencies 

in the electroded and unelectroded regions). In this way the anharmonic 

modes could be suppressed without sacrificing resistance. Other modes, 

such as the flexural modes5 might also be suppressed due to the increased 

damping $ while the harmonic overtones would not be damped because their 

vibration occurs under the electrode. Different kinds of coatings could 

be applied and the mode shapes observed to test the validity of this 

hypothesis.

Further work on designing a mounting structure to minimize the 

stress on the crystal, or to use the stress to improve mode suppression, 

could be effectively done when coupled with x-ray diffraction topography. 

The capability of observing strain gradients in, crystals by the Lang (or 

Berg-Barrett) method would be an advantage over the other methods of 

mode observation.
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