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ABSTRACT

The purpose of this thesis is to experimentally 
compare approximate multidimensional integration methods.
The basic theory of one-dimensional integration is extended 
to multiple dimensions and the added difficulties are noted. 
The product formula,, nonproduct formula, number theoretic, 
and Monte Carlo methods are explained and computer algorithms, 
given for the programming of these methods. Limitations of 
using theoretical error analysis to compare the methods are 
noted.

Various methods are experimentally compared on 
different types of multidimensional integrals of limited 
complexity. Different techniques of applying these methods 
to an actual engineering problem are also demonstrated. The 
results indicate that, of all the methods, the number theo
retic methods give better accuracy when the integrand is 
not analytic. Accuracy is improved by dividing the inte
gration region into analytic subregions and using product 
or nonproduct formulas •>

viii



CHAPTER 1

INTRODUCTION

Obtaining accurate approximate numerical solutions 
to multidimensional integrals is a major stumbling block 
in many engineering problems. In the application of Bayes 
decision theory, the determination of Bayes risk or an 
opportunity loss often requires a multidimensional inte
gration. When calculating the Bayes risk in a sequential 
decision problem, minimizing the risk by searching over 
the possible decisions, or doing a sensitivity analysis, 
the multidimensional integration must be repeated numerous 
timeso Therefore, the solution of a Bayes decision theory 
problem is dependent on using an efficient and accurate 
method to evaluate the integration. Davis and Dvoranchik 
(1971) solved a Bayes problem which required a numerical 
approximation of a two-dimensional integration. They 
pointed out that the accuracy of the solution is limited 
by the large amounts of computer time needed to solve the 
problem. Davis, Kisiel, and Duckstein (1973) formulated 
a Bayes problem which requires a four-dimensional integra
tion. These are practical examples for which an efficient 
numerical integration method is needed.



This thesis will compare the performance of differ
ent multidimensional methods on various integrals of limited 
complexity. To demonstrate the difficulties of applying 
these methods to a more realistic engineering problem, the 
solution of a specific Bayes decision theory problem will 
be investigated.

All numerical integration methods determine the 
value of an integration by evaluating the integrand f(x) at 
N points, v^,V2 * « . . and computing a weighted sum.

P a N

R

P.
f (x) dx ~ f (1 .1)

i=l

where the i=l,2,...,N, are termed the coefficients of 
the formula and R denotes an n-dimensipnal region over 
which the integration is taken. The numerical integration 
methods differ by choice of points and coefficients as well 
as number of points used. With some methods A^and v^, i=l, 
2 ,=.=,N, can be chosen so that

N
w(x) f (x) dx - 7 A. f (v•) (1.2)

- '■ i=l

where w(x) is termed the weight function of the integrand.
The accuracy of some approximate integration formu

las is characterized by the degree of precision (or simply



3
degree). A formula has degree of precision d when it is 
exact for all polynomials of degree less than or equal to 
d but not exact for some polynomial of degree d+1 .

One-dimensional Integration 
A one-dimensional integration is approximated by a 

quadrature sum,

rb vw(x) f(x) dx = ^  Ai f(v^) . (1.3)4 i=l

If N distinct points are chosen so that v^e [a,b] , 1=1,2,
...,n, then f(x) can be interpolated by an N-lst degree poly
nomial P., _ (x) whereIN — 1

N
N-i(x) = 'Z. 1’i(x) f (vi (1.4)

i=l

and

(1.5)(x —v 1)•••(x - v i_ 1 ) (x - V i + i )•••(x -VN ) 
î (v^-v^)•••(vi-vi-i) (vi-Vi+i)* * *(vi-vN)

Using pn-1 in Place of in (1*3)'

fb fbw(x) f(x) dx = I w(x) P%_i(x) dx, (1 .6)
a •'a



where

= w (x) (x) dx . (1.9)

If f(x) is a polynomial of degree N-l, equation (1.6) is 
exact and therefore (1.3) has degree of precision N-l.

in the interval of integration, the weight function is con
stant, and the coefficients are determined as in (1.9), then 
the resulting formula is known as a Newton Cotes formula. 
These coefficients have been calculated for different val
ues of N and are available in tables.

by choosing the points as well as the coefficients optimal
ly. It can be proved that (1.3) has degree of precision 
2N-1 if and only if the points of the formula are chosen 
as roots of an Nth degree orthogonal polynomial.

If the points v̂ , i=l,2 f • • • fN+l, are equally spaced

The degree of precision of (1.3) can be increased
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arid the coefficients are chosen as in (1.9). (x) is an
Nth degree orthogonal polynomial if

w(x) PN (x) (x) dx = 0 (1 .1 0)

where Qjg_̂ (x) is a polynomial of degree <N-1.
It can also be proved that 2N-1 is the highest de

gree of precision possible for a formula with N points.
The determination of formulas with degree of precision 2N-1 
depend on the existence of the orthogonal polynomials PM (x). 
If the appropriate polynomial exists, the roots of this 
polynomial are the quadrature points of the formula, and 
the coefficients can be found using equation (1.9).

For a constant weight function. Gauss-Legendre poly
nomials are orthogonal to lesser degree polynomials on the
interval [-1,1]. The points and coefficients found using 
Gauss-Legendre polynomials determine a Gauss-Legendre formu
la which can be used to approximate any one-dimensional 
integration on a finite interval.

The roots of an Nth degree Chebyshev-Hermite poly
nomial are the N quadrature points of a Gauss-Hermite for
mula which is used to approximate the integral

: " . if" _ 2
I e“x f(x) dx. (l.ll)



Chebyshev-Laguerre polynomials are used to determine 
Gauss-Laguerre one-dimensional formulas that approximate

e“x f(x) dxo (1 ,12)
dL

The points and coefficients of these three numerical 
integration methods have been calculated and are available 
in tables. Other formulas exist for different weight func
tions but these three (Gauss-Legendre, Gauss-Hermite, and 
Gauss-Laguerre) are most often used.

Difficulties of 
Multid'i'mens ional Integration

The determination of one-dimensional formulas is 
closely related to interpolation and the theory of orthog
onal polynomials, In multiple dimensions these subjects 
are not as well developed. For n dimensions where n>3 no 
formulas have been constructed using multidimensional or
thogonal polynomials (Stroud.1971, p. 7),

• The type of approximate integration method that can 
be applied to a problem depends on the shape of the integra
tion region R, In one dimension the integration over any 
finite line segment can be done using the same numerical 
method and a transformation. In two dimensions different 
formulas are required for a square, triangle, and circle.
For other regions no approximate integration formulas are



■ . ' ■ ■ ' : ' '' ■' ' ' 7known. The added complexity of the regions in higher dimen
sions therefore makes approximate integration formulas 
harder to construct (Stroud 1971). 1

Regions of Integration 
This study is concerned with the integration of an 

n-dimensional cube, Cn/ where -l<x.j_<l for i=l, 2 ,.. .n.
Any rectangular finite region with constant limits of in
tegration can be transformed to C^. In some cases it is
more convenient to transform the rectangular region to the
positive n-cube, cj, where 0<xj_<l, 1=1 ,2,...,n. will
denote the entire n-dimensional space, i=l,2 ,...,
n, where the integrand contains the weight function

-x?-x2—...-x^ 
w(x) = e 1  ̂ . (1.13)

EE will denote an n-dimensional region where 0< x i = l , 2 , .XI J-

o..n, and the integrand contains the weight function

—x^—Xg—».. ~xn 
w(x) = e . (1.14)

R denotes a region in real n-dimensional. Euclidean space.



CHAPTER 2

REVIEW OF MULTIDIMENSIONAL TECHNIQUES

Product Formulas 
A product formula of dimension n is constructed from 

a combination of formulas of dimensions n^, n2 ?..= * n^ such 
that n^+n2+» • • +n% = n. The following theorem illustrates ' 
how two formulas would be combined using the product rule. 

Theorem 2.1 (Stroud 1971, Theorem 2.3-1);
Given
(i) Rnf Rp, and Rg are regions in Euclidean space of 
dimensions n, p, and q> respectively, n=p+q,

Rjj — { ° ° ? xn ) t / X p ) e R p , (Xp_j_2̂  r ° ° r x ^ ) eRg),
(2.1)

Rjj is the Cartesian product of Rp and Rg, and is 
written Rn = R p X  *9
(ii)

w (x^, ^ 2 r ° ° ° ? ~ (x^ f« .«? Xp) Wg (Xp^^»• • ° r x^) . (2.2)

(iii) Integration formulas exist where

8



with degree of precision d^;

/•••/ wq(xP+l xn) f ̂xp+l'e e * ,Xn̂  dx
Rq

“ Z  Bq,j f (yj,P+l'"‘,lJj,n) (2-4)
j=l

with degree of precision dg.

Then the N = Np Nq points and coefficients

^i,lf e e e'*i,p' fP+l'* * *,yj,n ^' Bp,iBq,j'

lf2yee•/Np, and j — l,2f•••#Ng # (2*5)

are an integration formula of degree d = minimum 
(dp, dg) for Rn with weight function w(x1 ,x2 /...,xn)
given by (2 .2).

This theorem can be applied repeatedly so that a 
product formula could be constructed by combining more than 
two formulas. If k formulas with degrees of precision d^, 
d2,...,d^ are combined as in Theorem (2.1), the degree of
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precision of the resulting product formula would be d = 
minimum (d-̂ ,d2 , •». ,dk) «

Gauss formulas are usually used to construct prod
uct formulas for a region of dimension n because they give 
the maximum degree of precision in one dimension« If n 
one-dimensional, M point Gauss formulas are combined, the 
resulting product formula Will have Mn points and degree of 
precision 2M-1. Table 1 gives the number of points in 
Gauss product formulas for various values of n and d. Since 
the required computing time is usually proportional to the 
number of points in the formula, usefulness of product 
formulas is limited by the large number of points when 
either n or d is relatively large. The actual maximum 
value of n for which a product formula is feasible depends 
on d, computing time of one function evaluation, and total 
allowable computing time.

In some cases a given level of accuracy can be 
maintained when the number of points in some of the one
dimensional formulas are reduced. Which one-dimensional 
formulas can be reduced depends on how much the integrand 
varies with respect to each of the individual variables 
Of integration.
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Table 1. The Number of Points in Gauss Product Formulas,

Dimension

Degree of Precision

3 5 7 9 11 13

a .4 9 16 25 36 49
3 8 27 64 125 216 343
4 16 81 256 625 1296 2401

; 5 32 243 1024 3125 7776 16807
6 64 729 4096 15625 46656 117649
7 128 2187 16384 78125 279936 823543
8 256 6561 65536 390625 1 .68E6 5.76E6

10 1024 59049 1.04E6 9.76E6 6.04E7 2.82E8
16 65536 4.3QE7 4.29E9 1.52E11 2.82E12 3.32E13

Nonproduct Formulas 
Although product formulas can be constructed for 

certain regions, it is desirable to determine formulas with 
fewer points but the same degree of precision. There always 
exist formulas for an n-dimensional space with degree d and 
N points (Tchakaloff in Stroud 1971, p. 58) where

1 N = N(n,d) = (2.6)
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This is related to the fact that the number of monomials,

. x^11 of degree <d is N(n,d). The construction

of a formula of degree d in n dimensions with N(n,d) points
is analogous to the Newton-Cotes formulas in one dimension.
The only requirement in choosing the N points is that the 
matrix

A =

a-
:11

a.11 "In all "In 
x 11  ̂2. n X21 •••X«

a
:2n

a11 aIn
XN1 XNn

aN1 aNn aNl aNn aNlx i « • • • x _11 In X 21 •••x2n Nl * * * X 'Nn
Nn

(2.7)

be nonsingular. If the matrix is nonsingular, the system 
of N equations and N unknowns (2.8) can be solved to deter
mine the coefficients of an integration formula that is 
exact for all polynomials of degree less than or equal to d

B

%

• •/ w (x) dx
R

/•/••I w(x) xiN *̂ • xnNn dx

(2.8)

For various degrees of precision. Table 2 compares 
the number of points in a Gauss product formula and the num
ber of points for which it is known a formula exists. For 
smaller dimensions the Gauss product formulas require fewer
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Table 2. Comparison of Number of Points in a Gauss Product 
Formula with N(n,d).
An n-dimensional Gauss product formula with degree 
d has Mn points where

M= " 1-

Dimension Degree Mn N(n,d)

3 2 4 10

... .3 4 16 35
;• 3 ■ 6 256 84

3 10 1,024 286
7 2 16 21

7 4 256 330
7 6 4,096 1,716
7 10 1,048,576- 19,448

11 . . 2 36 78

11 4 1,296 1,365
. 11 . 6 46,656 12,376

11 10 60,466,176 352,716



than N(n,d) points, but for higher dimensions the exis
tence of a formula with N(n,d) points is an improvement 
on the Gauss product formulas.

When constructing an integration formula with 
N(n*d) points, only the coefficients are chosen optimally 
To maintain the degree of precision and reduce the number 
of points, it is necessary that the points are chosen as 
roots of orthogonal polynomials. The following notation 
is used in Theorem 2.2 which is given for n=2 but can be 
generalized to more than two dimensions; (i) M = N(2,d)

== ? '(ii) N is the number of points in the
formula and M>N; (iii) P_ -(x) is a polynomial of degreeIllf -L — -

m? (iv) Q, .(x) is a polynomial of degree (v) d = m+k
(vi) 1-2 = = (alli'ai2̂  s 0£ail+ai2—^ ^or 2/.. . ,M} ;
(vii) L„ is a subset of 1,4 consisting of N elements?N ^

Cyiii) x% = xii xi2 ' (ix) a^eL^.

Theorem 2.2 (Stroud 1967, p. 384);
If conditions (a), (b), and (c) are satisfied then
there exist B̂ , i=l,2,... ,N, such that



15
The necessary conditions are:

(a) Points of the formula, x̂ , i=2,...,N, are 
chosen as common roots of Pm,j(x) = 0 , j=l,2 ,
which are linearly independent and each orthogonal, with 
respect to R and w(x), to all Q%(x);

(b) Matrix

XM,N ""

has rank N;
(c) For some LN for which XM N̂ is nonsingular, the 

following is true: For each a^eL^ but a^L^, there exist
polynomials Qk,i(x)' i=l,2 , and real numbers b^* 
with the property

x“i = 2  pm,i(̂  Qk,i(x) + 2
i=l %

The third condition requires that each monomial not 
in the set LN be expressed as a sum of I products of an mth 
degree orthogonal polynomial with a kth degree polynomial 
plus a linear combination of monomials in L .

“1 1 “ 12 
X 11 12
“ 21 “22 
X11 12

“11 “12 
21 22
“ 21 “ 22 
21 22

aA 11 12 AN1 N2
a 21 a 22 
XN1 XN2

a Ml « M2 a Ml ^M2 
C11 x12 X21 x22

a Ml a M2 
xNl XN2
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Condition (a) is analogous to the condition neces

sary for finding a one-dimensional formula using orthogonal 
polynomials. That is, the points of a one-dimensional 
formula are roots of orthogonal polynomials. However, to 
insure that coefficients can be found of a dth degree multi
dimensional formula, conditions (b) and (c) of Theorem 2.2 
must also be true. This indicates that even if linearly 
independent orthogonal polynomials can be found, the other 
conditions may not be true, and therefore construction of 
a multidimensional formula not assured.

The following steps illustrate the procedure of con
structing a dth degree formula in n dimensions;

1. Determine a set of mth degree polynomials that 
are orthogonal to all polynomials of degree <.k and are lin
early independent.

2. Determine the N common roots of the orthogonal 
polynomials.

3= Determine if conditions (b) and (c) of Theorem 
2.2 are true. If not, there is no assurance of finding a 
dth degree formula. If conditions (b) and (c) are true, 
solve the linear system (2 .8), where N<N(n,d), for the co
efficients of the formula.
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The approximate formula would then be

P P ' N ' •
o o <,| w (x) f (x) dx - ^  B£ f (v̂ ) (2 .10)

J r J A

which is exact when f(x) is a polynomial of degree <d.
For certain standard regions the points and coefficients 
have been calculated for various n and d values. Stroud 
(1971, Chapter 8) gives many of these formulas.

Formulas of a certain degree with a minimum number 
of points are of interest because the computing time is 
then minimized. It has been proved that the number of 
points in some dth-degree formulas are a minimum. These 
formulas are termed minimum point formulas. Table 3 gives 
the degree of precision, dimension, and number of points 
of the known minimum point formulas. Stroud (1971, p. 121) 
gives other formulas he believes to be minimum point al
though this has not yet been proved. In most cases for 
d>3 the minimum number of points are not known.
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Table 3« Minimum Point Formulas.
Each formula applies to the par
ticular region given in Stroud 
(1971, pp. 120-121).

Dimension
Degree
of

Precision
Number
of

Points

>1 ; 2 n+1
>1 3 . 2ri
>1 3 n+2
>2 3 n+1
2 3 4
2 4 6

2 5 7



Monte Carlo Methods 
All the approximating formulas previously discussed 

depended on choosing points and coefficients so that a cer
tain degree of polynomial could be integrated exactly. In 
the following methods points and coefficients are chosen in 
a completely different manner.

Yakowitz (1973) explained one-dimensional Monte 
Carlo methods which can easily be extended to the multi
dimensional case. Assuming that the region of integration 
can be transformed to cj, the sample mean Monte Carlo 
method can be applied and approximates the integration by 
calculating the mean of N samples of the integrand g(x).

„ ~

Ex (g(x)) ~ jjj-2  9 (vi) (2 .11)
i=l

where vp = (vii,vi2 '.../V^n), and v^j are each a random 
sample of a uniformly distributed random variable.

The improper integral Monte Carlo method is a vari
ation of the sample mean method. In this case the function 
g(x) is integrated over the region R which can be infinite. 
Then if



where the are random samples of n-dimensional random 
variable X with a joint pdf fx (x)•

The accuracy of Monte Carlo methods is usually 
measured by the variance of gN where

N
?N = ^ 2  9 (Vi)

i=l

is the sample mean estimator. Yakowitz (1973) gives two 
ways to determine c^ and C2 where P (c-j_<I<C2) , I is the
exact value of the integration, and a is a probability. As 
the var(gN) decreases, the bounds, c^ and C2 , become closer 
to the exact value.

The control variate Monte Carlo method is generally 
successful in reducing the E((error)2) = var(gN) of the 
sample mean method. The one-dimensional control variate 
Monte Carlo method requires that a function h(x) be
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determined such that h(x) approximates the integrand g(x) 
and can be easily integrated. If

H = I h(x) dx,
•'o

I g(x) dx = H +1 (g(x)-h(x)) dx
J0

1 V= H + ^ 2^ (g(vi)-h(vi)) (2.13)
i=l

where the are random samples of a uniform random varia- 
ble. Although this method reduces the E ( (error) ) in most 
cases, there is now the added problem of determining h(x). 
Yakowitz (1973) suggests choosing points , i=l,2,...,M, 
at random on the interval of integration and forming a step 
function h(x) = g(yj) where j is chosen so that

Ix-yj|£ |x-yk |, k=l,2  ,M. (2.14)

Extending this method to higher dimensions,

...I g (x) dx = H + ^ ^  (g (Vĵ) -h (v̂ ) ) , (2.15)
J r+J i=ln
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where

H = I• • • I h (x) dx
U  "n

(x) is defined as a step function h(x) = g(^j) where

| x-^j | <_ | | , k=l,2,---,M, (2.16)

and

x i=l

In multiple dimensions the calculation of H requires that 
the area over which h(x) = g(yj) be calculated for each con
trol variate point, j . The determination of these areas 
is very complex and time consuming, indicating that the con
trol variate points should not be chosen randomly. Choosing 
the points equally spaced in cj simplifies the calculation 
of H and the determination of h(x) at the random points 
v-i , i=l,2,...,N. Figure 1 shows where four control variate 
points would be located in .
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Figure 1. Location of 4 control variate points in Ĉ .

Haber (Stroud 1971, p. 209) proposed other varia
tions of the Monte Carlo method known as stratified sam
pling methods. With these methods the region is sub
divided into Mn equal subcubes and points are chosen at 
random in each subcube. The following are four variations 
of Haber's stratified sampling method used to approximate 
integrals.

N
Ql,N(f) = N 2  f(-i) (2‘17i=l

N
Q2,2N(f) = !l 2  f'-i +

i=l
(2.18)
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N
Q3 ,2N (f) = ^  f(Yi) + f(Zi); (2.19)

i=I

N
Q4,4N(f) = 4N ^  f(^i) + f <Z!> + f (yj.) + f(Yi). (2.20)

i=l

In N one random point is chosen in each subcube. In
@2,2N a point, vif is chosen at random in each subcube and
v? is chosen so that (v̂  + v^*)/2 is the centroid of the 
particular subcube. Two points are chosen randomly in each 
subcube of Q3 2 '̂ In Q4 4N two points are chosen randomly
in each subcube. The other two points are chosen so that
( v - i  + v^*)/2 and (y_̂ + y^*)/2 are both the centroid of the 
subcube.

Number Theoretic Methods 
Approximate integration methods that are constructed 

through the use of number theory have been termed number 
theoretic methods (Stroud 1971, p. 194).

Davis and Rabinowitz (1956, p. 6) have proposed the 
approximating formula

f.. .f f(x) dx = 1 y  f(vk) , (2 .2 1)
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where

r • • • r (2.22)

®2'•••f 9n are n linearly independent irrational numbers.
{s} denotes the fractional part of s, that is, s = [s]+ {s} 
where [s] is the largest integer <_s. For the four-dimensional 
case, Davis and Rabinowitz (1956, p. 7) gave the values:

The approximating formula of Korobov's number theo
retic method is also equation (2 .21), but the points are 
chosen using

rather than equation (2.22). The goal of the number theo
retic methods is to choose a vector 0_ = (0 ,̂ 0 2, . .. > 9n) so 
that the points determined by (2.23) are optimal for a cer
tain class of functions.

Stroud (1971, p. 195) gave the following definitions 
which are used in a theorem by Korobov to show when 0_ is an 
optimal vector: R is a subset of cj consisting of all points
which satisfy a^<x^<b^, i=l,2 ,...,n, where a^ and b^ are real 
numbers such that 0<_â £b̂ <.l, i=l,2,...,n; VR is the volume of 
R and VR = (b^a^ (b2“a2) . . . (bn-an) ? XN is any set of N points

(2.23)
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in C+; Z(R,Xn) is the number of points of XN which belong 
to R; Dn*(XN) is the least upper bound of the quantity

z (r*,xn)
N VR*

over all subsets of R* where R* is a subset of of the 
form 0<Xj <b-j , i=l, 2,. . . ,n, and R* replaces R in the previous 
definitions.

Theorem 2.3 (Korobov in Stroud 1971, p. 201) :
0 is an optimal vector with modulus N if and only if

d*(xn (0)) <

where a and 0 are constants depending only on n.
The following theorem gives a method to construct an 

optimal £ when N is a prime number.

Theorem 2.4 (KorObov in Stroud 1971, p. 201):
Let p be a prime greater than n and let m be an inte
ger.
If the minimum of the function H (m) =

m n-1
f  i  n 11 - 2k=l i=0

on the interval l<m<p-l is achieved for m = a, the vector 
(l,a,a2 ,...,an- )̂ is an optimal vector with modulus p.
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Stroud (1971, pp„ 202-207) gives tables of the opti

mal vectors e_ for the conditions stated in Theorem 2,4 for 
n=3,4,5, and 6,



CHAPTER 3

COMPARISON OF METHODS

The four general classes of methods.that will be 
compared are: (i) product formulas (usually of n one
dimensional Gauss formulas), (ii) nonproduct methods which 
include the various formulas derived from multidimensional 
orthogonal polynomials, (iii) Monte Carlo methods including 
the control variate and stratified sampling methods, and 
(iy) number theoretic methods developed by Korobov and 
Davis and Rabinowitz.

When two formulas require the same amount of com
puting time, the one with the smaller error is considered 
the better method. Comparing formulas in this manner is 
usually quite difficult because the error, or a good esti
mate of the error, is not known (Stroud 1971, p. 12),

Theoretical Errors
Sard (Stroud 1971, pp. 138-148) gave methods to 

estimate E(f) when a formula of degree d exists and the 
integrand belongs to a class of functions with a certain 
type of Taylor series expansion where

E(f) = J ” - ’ J3

28

w (x) f (x) dx - H  f (Zi) (3.1)
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This determination of E(f) depends on finding bounds of 
partial derivatives in the region of integration which is 
usually very difficult. If the bounds of the partial de
rivatives can be calculated, the resulting error estimate 
only applies to a certain class of functions.

Stroud (1971, p. 194) groups both the number 
theoretic methods and the Monte Carlo methods into a group 
called quasi-Monte Carlo methods and gives results by 
Zaremba and Hlawka on the error bound of these methods 
using the following definitions: (i) R, VR, and
Z(R,Xn) are defined as in Chapter 2 (of this paper);
(ii) the discrepancy, Dn (X^), is the least upper bound over 
all R of

Z(R,Xn)
N

(iii) f(x) is defined on C^ and g(x) is defined on [0,1]; 
(iy) aQ,a^,...,ar and bo,bi,...,bs are chosen so that 
0=aQ<a^<«••<ar=l and 0=bQ<b2<°*°<bg=l; (v) the variation
of the function g over [0,l], V^(g), is the least upper 
bound of v

r-1 ' ' .
|g(ai+i)-g(ai)|

i==0



over all possible subdivisions of [0 ,1]? (vi) the two- 
dimensional variation of f over C2 in the sense of Vitali, 
V2 (f), is the least upper bound of

r-1 s-1
^  ^  |f(ai+1 ,bj+:L)-f(ai+1 ,bj)-f(aji,bj+:L)+f(ai,bj)|

’ i=oi=o

over all possible subdivisions of Ĉ ? (vii) V (f) =
V2 (f(x,y)) + (f(x>l)) + (f(l,y)), and is termed a 
bounded variation in the sense of Hardy and Krause if 
V (f) is finite.

Theorem 3.1 (Hlawka in Stroud 1971, pp. 196-197)1 
If XN = (v^,V2 ,... ,Vjg) are points of a quasi-Monte 
Carlo formula when n=2 and V (f) is finite, then

|e(f) I 1 V(f) D2 (XN).

Since the one-dimensional and two-dimensional vari
ations of the integrand and the discrepancy of the integra
tion region are very difficult to calculate, the error 
estimate is, again, not easily found.

Stroud (1971, p. 188) gave the following results by 
Sarma and Eberlein. Defining the notation:



nn= all functions of the type (3.3) which satisfy ||f|| _< 1;

E* (f) = 2”n • -J* f (x) dx - ^  Aj_ g(v^)j ; (3.5)

SE= (E* (f)) 2 df)"*. (3.6)
ln

It is shown that
00

2 = i 2  2“ ^a1 2  (E*(x“1 ---x“n ))2 (3.7)SE 3 a=0 a1+*'*+an=a

where
a

xa = IT (Cj+l) (ci+2 ) (3.8)
i=l

and

ci = in-i): T : (3-9)
Equation (3.7) can be truncated and used to approximate SE  ̂
for specific formulas. S£ is called the Sarma-Eberlein 
estimate of goodness and is an indication of how good the 
approximation formula is for all felln. For a function 
selected at random from a class of analytic functions IIn,
SE is the standard deviation of error of the formula.
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Sarma (Stroud 1971, pp. 210-211) gave an average 

°ver all N point quasi-Monte Carlo formulas for an 
n-cube,

SE2(N,MC) = (3.10)

where

»n = 9(F+lf(5 2T + (3.11)
Using equation (3.7) the approximate for a 2n point Gauss-
Legendre product formula in C is

, . 2
SE2 <2n'GL> = (if) 3^

where is given by equation (3.8). Stroud (1971, p. 211) 
computes SE (2n,MC) and SE (2n,GL) for various values of n and 
finds that:

8E (.2n,GL)<SE (2n,Me) when n<107;
SE (2n,GL)>SE (2n,MC) when n>108.

Because it is not likely that solving a problem with 2̂ -08 
points would be feasible, these results indicate that the 
Gauss-Legendre product formula would be preferable to a 
quasi-Monte Carlo formula for any practical problem. This 
would be a useful comparison if the SE (N,MC) calculated by 
Sarma reflected the actual standard deviation of error of a 
particular formula. But SE (N,MC) is only the average over 
all possible quasi-Monte Carlo methods. It is therefore 
probable that the SE of the control variate Monte Carlo
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method, which I>as a small variance compared to other Monte 
Carlo methods, and the SE of the Korobov method, which 
chooses its points optimally, are smaller than the average 
SE calculated by Sarma,

The fact that SE is the standard deviation over only 
the class of analytic functions also limits the usefulness 
of these comparisons. There are situations where it is 
beneficial to know the comparative accuracy of different 
methods on functions that are not analytic.

Although it is possible to determine measures of the 
accuracy of approximation formulas such as degree of preci
sion, approximate error bounds, and standard deviation of 
error with respect to possible functions, it is not clear 
that any of these can be used to compare a product or non- 
product method to a quasi-Monte Carlo method on a wide range 
Of functions to include discontinuous integrands. The next 
step will be to experimentally compare some integration 
methods.

Experimental Results
The following five integration methods are now com

pared by computing approximate values of integrals on the 
CDG 6400 computer using algorithms given in Appendix A. 

i 1. Gauss-Legendre product formula method.
2. Control variate Monte Carlo method.
3. Haber's stratified sampling method.
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4. Korobov's number theoretic method.
5. Davis-Rabinowitz number theoretic method
These methods were first used to do three four-

dimensional integrations for which the exact values of the 
integration were known. In this case the relative error of 
each approximate value is computed as follows:

where I is the exact value.
Time of execution is determined by calling the sub

routine SECOND at the start and end of each numerical inte
gration. The SECOND subroutine gives the time in seconds 
from the start of job and is usually accurate to two decimal 
places. Figures 2, 3, and 4 display the graphs of the loga
rithm of the relative error plotted against the time of exe
cution.

(3.13)

Figure 2 gives the results of integrating

.1.1.1.11.1.1.1
dx = 1.0693976

The exact value was obtained from Stroud (1971, p. 212) and 
is exact only for the seven places to the right of the deci
mal point given. This integrand is analytic in CJ. For
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this integral the Gauss-Legendre product formula method is, 
obviously, the more accurate method. Since the exact value 
with which the relative error is calculated contains only 
eight significant figures, the Gauss-Legendre relative error 
of approximately 10-  ̂can not be improved.. An investigation 
Of Gauss-Legendre formulas with fewer points would determine 
if this accuracy could be maintained with less computing 
time. For the results given in Figure 2, it is not possible 
to determine which is the second most accurate method.

The second comparison was performed on the integral

1.38110157795230

which is not analytic since the first partials are discontin
uous. Figure 3 shows that the Korobov number theoretic meth
od was the most accurate for all resulting computing times.
It should also be noted that the other number theoretic 
method and both Monte Carlo methods were more accurate than 
the Gauss-Legendre formula in all but one instance.
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The five integration methods were also tested on 

the integral

This integral was used because it is not continuous in 
and the exact value can be determined analytically. The 
results of this integration are given in Figure 4 and it is 
again true that the most accurate methods are not the Gauss— 
Legendre product formulas. The two number theoretic methods 
and Haber's stratified sampling method clearly are more ac
curate than the control variate and Gauss-Legendre methods.

Comparing the performance of the methods on the 
three different integrations, it is seen that the number 
theoretic and Monte Carlo methods give a relative error in 
the range 10-2 to 10-  ̂for most of the integrations. The 
exception being the Korobov method, which is substantially 
better than this on the second integration. The most accu
rate results were obtained by the Gauss-Legendre methods on 
the only integral with an analytic integrand. But the Gauss- 
Legendre formula also produced the least accurate results 
on the discontinuous integrand. If an integrand is not 
analytic but can be divided into analytic subregions, these 
results indicate more accurate approximations would be ob
tained using separate Gauss-product formulas on each of the
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subregions» If dividing a region into analytic subregions 
is not feasible, the number theoretic or Monte Carlo methods 
would likely be more accurate than a Gauss product formula 
on the whole region. On the basis of this data, the Korobov 
method seems slightly more accurate than the two Monte Carlo 
methods and the Davis-Rabinowitz method. This judgment is 
made because of the Korobov methods’s superior performance 
on the second integral and the fact that none of the other 
quasi-Monte Carlo methods clearly performed better than the 
Korobov method for the other two integrations.

The main criteria for using the previous examples 
was that the exact value of the integral was known or could 
be calculated analytically- To make this possible it was 
necessary to choose the second and third integrands of the 
form f (xjJ+f (x2)+f (x^+f (x̂ ) where there were no product 
terms such as ffx^^)- To gain a more representative view 
of how the methods perform, an integral with product terms 
was tested. When the exact value of the integration was 
available, the relative error could be computed and used to 
compare the methods. But with the following integrations, 
the computation of the exact value is not feasible. In this 
case methods are compared by graphing the approximate inte
gration value against the computing time of the method.
Using this graph a value to which all the methods seem to be 
converging can be roughly determined, and the best method 
chosen as the one which varies the least from this
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"approximated exact value." This is a very arbitrary way of 
deciding on the best method and it is not likely that one 
method can be judged as definitely superior. But an idea of 
how the methods compare can usually be determined.

various computing times, the Korobov method varies the least 
from these values. The control variate and Davis-Rabinowitz 
methods vary slightly more than the Korobov method for the 
larger computing times. The Gauss-Legendre method is clearly 
the least accurate method. This supports the previous re
sults that quasi-Monte Carlo methods are more accurate than 
the Gauss-Legendre product method on discontinuous integrands 
with the Korobov method possibly the best quasi-Monte Carlo 
method.

Figure 5 gives the results of integrating

i l l  |j •5 I+1 x2- <•5 I + I x3~ 6 5 I+ I x4~ °5 l] 5 dx°

This integrand has discontinuous first partials in C^ as the 
second example did. The graph shows that the methods seem to 
be converging to a value between 1.91 and 1.94, and over the
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CHAPTER 4

APPLICATION OF METHODS TO AN ENGINEERING PROBLEM

To further illustrate the difficulties of multi
dimensional integration and show the application of various 
methods, a Bayes decision theory problem was considered. 
Many aspects of this problem are typical of decision theory 
problems in general.

This chapter demonstrates different possible ap
proaches in obtaining a numerical approximation of

(4,1)
fl (x l> f2 f3 {X 1 /X2 'X 3  ̂ dx3 ̂ l'^2' 3

where f.̂, f2 , and f3 are the following lognormal pdfs:
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In x 3-ii3 ( x 1 , x 2 )/in x3“m3 (x1/x2M

_!sl 03 (x1 ,x2) /
f3 (xl»x2'x3) “  F=  ? (4.4)Xg/2TT a3 (X2 ,x2)

The parameters of f3 are:

U3 (x1 ,x2) = l̂n x1j  j— -̂--)? (4.5)
x2+ B 6

In x1
a3 (x1 ,x2) =  ---- * (4.6)

x2+ B 6

The cost functions of the integrand are:

gl(xl* = (A1 “ B1x12)A2 ; (4.7)

/ -Bo (x^-B/ )\------------ -----------
g2 (x3) = A3  ̂1 - e J (1 + B5 x^glxJ-B^)) if X32.B4 ,

= 0 if X3<B4 ; (4.8)

B.g 3 ( x i ’ x 3 )  =  V i 2 1  - 5E[(X3-Xi)

= 0 if x3<x1?

A
l+B- 1 5

5 V5I(x3“x1)/
if x3̂_xi f

(4.9)
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Note that the parameters U2 r crl̂  and ^2 are constants,
but that VI3 and erg are a function of x-̂ and Xg^ A2 , A3 ,
A4 , A5 , Bg, B3 , B4 , B5 , and Bg are also constants.
Numerical values of all constants in this problem are given 
in Appendix B.

This problem involves the determination of a yearly 
regional risk of building a bridge to a certain specification, 
taking into account the uncertainty of next year's flood, 
the uncertainty of the region's coefficient of variation, 
and the uncertainty of nature's true maximum flow over a 
certain time period. This is only a small part of the re
gional Bayes risk problem formulated by Metier (1974a and 
1974b)«, The fact that (4.1) must be computed numerous times 
with different parameters in the complete solution of 
Metier's problem necessitates that a single integration be 
as efficient as possible.

Because the accuracy of the methods being consid
ered improves as the number of points in a formula are in
creased, there is a trade-off between computing time and 
accuracy. Sometimes methods are extremely accurate for a 
relatively small number of points, as is the case when a 
Gauss product formula is used in the first example of Chap
ter 3. But in other cases, accuracy may have to be sacri
ficed so that the computing time can be reduced to a point 
such that the total problem is feasible.
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Application of Product-nonproduct Formulas 
The first step in applying product or nonproduct 

formulas to this problem is to separate (4.1) into the sum 
of three different integrations, + Hg +. , where

dOÔOÔ <X>

H 1 = JqJqJ o
g1 (x1)f1 (x1 )f2 (x2)f3 (x1 ,x2 ,x3) dx? (4.10)

pC

c/a gp

pOOp 00

^g2 (x3) f 1 (Xi)f2 (x2) f3 (x^,x2 ,x3)^dx? (4.11)

^00 ZD 00 ZD 00

H3 =
0^0

ĵ "g3^Xl,X3^fl^Xl^f2^X2^f3^Xl'X2''X3^ dx° (4.12)

can be reduced to a one-dimensional integration since f2 
and f3 are probability distribution functions.

H 1  ~  II ^1 (xl̂  fl (xl^dxl| f2 (x2^d x 2 I f3 (xl<'x2"x3^dx3

gi(xi>£i(xi)dxr (4.13)

The integration interval indicates that a Gauss- 
Lagtierre formula may be the appropriate method to approximate
(4.13). But the weight function e~x is not part of the
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integrand. The Gauss-Laguerre formula would then be applied 
by evaluating
- N

2  Ai gl(vi) fl(vi) (4,14)
i=l e i

where and i=l,2,,,,,N» are the Laguerre coefficients
and quadrature points.

Since there is an exponential term in f^Cx^), a 
transformation of x-̂ will put (4.13) in a form to which a 
Gauss^Hermite formula can be applied. If

i In x-. -ji.W, = ~=r- *  — 1
1 /2 °1 .

15)

then

Hi - gi dw, (4.16)
/■nCl. 00

and can be approximated using

N
Ai 9l < e/5‘,lvi+l,l ) , (4.17)

i=l

where and i=l, 2,... ,N., are Gauss-Hermite coefficients
and quadrature points. h£ will denote the transformed inte
gral (4.16) .
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Whether or not it is beneficial to make this trans

formation depends on the form of the complete integrand.
To show the effect of making this transformation. Figures 6 
and 7 give the graphs of the integrands in each case, The 
points of a ten point Gauss-Hermite formula are given on the 
graph of h£. On all Gauss-Laguerre points of a ten point 
formula are in the interval [0,30]. Intuitively, the distri
bution of quadrature points on H£ would give a better approx- 
mation of the integration. Table 4 shows the results of in- 
integrating and H£. As the points of the formulas are 
increased, the Gauss-Hermite method, applied to H£, converges 
to a specific value, whereas the Gauss-Laguerre method, 
applied to Ĥ , is not converging to a single value. In this 
case it is obvious that transformation (4,15) improves the 
approximation of the integration.

To form a product formula that approximates H2 and 
H3 , the transformation (4.15) is taken of variables x-̂ and 
Xgo The resulting integrand contains the term

. e“wl”w2 .

It is now appropriate to approximate the integration of
these two dimensions using a two-dimensional Gauss-Hermite
product formula or one of the nonproduct formulas over the 

2region given in Stroud (1971, pp. 315-326) .
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Table 4. Comparison of Gauss-Hermite and Gauss-Laguerre 
Approximations of

Number of 
Points H 1 K

2 .0134 -565.68947484
4 .2902 -978.71210870
6 1.2076 -979.11436921

' 8 2.9523 -979.11487589
10 5.5702 -979;11487 634
16 18.2282 -979.11487618
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The integrands of both H2 and have a discontin

uous first partial derivative with respect to Xg, It was 
shown in Chapter 3 that Gauss formulas are much more accu
rate when there are no discontinuities of this kind.

Since 92  ̂w^en Xg<B^, the integration region
of Hg can be changed to

{xs 0<x̂ <<», 0<X2<cot b4<x3<cô 0 (4.18)

Similarly, since gg(x^,Xg) = 0 when x^x^, the integration 
region of H3 can be changed to

{xs 0<x^<”, 0<X2<oof xl<x3<cô <- (4.19)

But now if the transformation (4.15) is taken of Xg, the 
lower limit will not be -°°, and therefore a Gauss-Hermite. 
formula is not an appropriate method. Noting that gg(xg) 
and gg(x^,Xg) contain the terms

.1 - .•-V*3"B4> •na-.l - e--^<x3-xl) , '

respectively, the following transformations of Xg are takens

Wg = B3 (X3 -B4 ) (for H2 )? (4.20)

AcW3 = —  (Xg-Xj) (for H3 ). (4.21)
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Using the transformations (4.15) on and Xg, and (4.20) on 
k3h h 2 becomes

pCO pOO pCO

^ A3 (e W3-i ) (1+b5 v̂ g.) f 3 (Wl, w2 ,w3 ) e"wl"w2-w3 dw
di— CO CX-. 00 c- irB-

(4.22)

where
w-

(4.23)

and

Xl = e ^ W V l . X2 = e^2ct2w2+^2 (4.24)

Using the transformations (4.15) on x^ and x2f and (4.21) on 
X3, 63 becomes

3 GO o00 /3OO

'— ■00 <i o O  d Q

t Aa (eW3-l)(1+b5 /wT)f5 (Wl,w2 ,w3)e"W 1
D ■ '

2 2 -wn-w2-w3 dw

25)

where

f3 (wl^w2 ,w3) = f3 (x1 ,x2, 1- +Xl) x^B2+1), (4.26)5

and (4.24) again gives x^ and x2.
in both cases the region of integration is now

’ 2 ■ ‘Eg XE1 ahd there are no discontinuities of the integrands 
in this region. Therefore (4.22) and (4.25) can be 
approximated using a product formula consisting of a



one-dimensional Gauss-^Laguerre and a two-dimensional formula 
on the region . The two-dimensional formula can be a prod
uct of two one-dimensional Gauss-Hermite formulas or a non-

2product formula on the region E^ . Table 5 gives the results 
of integrating and Hg using various combinations of these 
formulas. The computing time required by each formula and 
the degree of precision are also given. In the following re-I
suits, will denote a product formula consisting of
two one-dimensional Gauss-Hermite formulas with and Ng
points and a one-dimensional Gauss-Laguerre formula with Ng
points. will denote a product formula consisting of a

2two-dimensional nonproduct formula over the region E^ with 
points and a one-dimensional Gauss-Laguerre. formula with 

Ng points. The 28 point and 44 point nonproduct formulas 
were given by Rabinowitz and Richter (Stroud 1971, pp. 325- 
326), and the 12 point nonproduct formula was given by Stroud 
and Secrest (Stroud 1971, p. 324).

Although the values in Table 5 seem to be converg
ing to a specific value, these formulas are not nearly as 
efficient as the one-dimensional integration of in Table
4. It should also be noted that the advantage of a non- 
product formula with degree of precision d over a product 
formula with the same degree of precision is a reduction in 
the number of integration points and therefore a reduction 
in computing time. The results in Table 5 show that the



Table 5. Approximate
the Region 
Formulas.

Values of Evaluating 
Using Various

- 55
Integrals over 
Product

Product
Formula

Degree of 
Precision Time : > 2 H3

2X2X2 3 o 05 6316.563 -595.6774
12X4 7 .13 5868.067 -595.8065
4X4X4 7 .15 6867.992 -596.3625
28X6 11 .28 6298.170 -565.9540

6X6X6 11 .43 6093.638 -565.8745
44X8 15 .53 6344.760 -553.4460

8X8X8 15 .65 6236.261 -553.4681
10X10X10 19 1.53 6286.302 -548.8468
16X16X16 31 4.15 6339.615 -546.9682
20X20X32 39 12.53 6359.519 -547.8700

/
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accuracy of a product and nonproduct formula, both with de
gree of precision d, is approximately the same.

To facilitate easier comparison, the relative error, 
rather than the approximated value, is given for some of the 
following results. The exact values of H2 and Hg are re
quired to compute the relative error. The values approxi
mated by a 20X20X32 point product formula, rounded to three 
significant figures, are denoted and Hg and used in equa
tion (3.13) to determine the relative error. From Table 5,
H2 — 6360 and Hg = -548.

Application of Methods That .
' Require a Finite Region

The methods used on the integrals in Chapter 3 are
not directly applicable to this problem because the region
of integration is not finite. Two different transformations
Will be compared that transform the region of integration to
a finite region. The region is first transformed to 
where

^Cg = (x = (x^,x2 , X g )  : 0<x-j <^, i=l,2,3}. (4.27)

Secondly, the region is transformed by Ĉ .

Transformation to
The transformations of each variable are

x1  =- D1  tan (w^) (4.28)



k2 = d 2 tan(#2 ); 

x 3 “ d 3 tan(w3) + B4 (for Hg);

.57 

(4o 29)

(4,30)

x3 “ Dg tan(Wg) + tan (w^) (for Hg) , (4,31)

Where D̂ t and Dg are constants given in Appendix B,
Hg and Hg are then:

H 2 =
TT TT TT
2 f 2 f 2

y'O c®0
^g 2 (X3 )fj(x^)f2 (X2 )£3 (x1 ,X2 /X3 ) jjj dw; (4,32)

Hg =
TT TT TT 

2 f2 f2

y0 0 ^0
[“?3 (xl'x3) f 1 (xl) f2 (x2) f3 (xl'x2'x3} Jt dw,

(4,33)

Where x^, xg, and Xg are replaced by the transformations 
(4,28), (4,29), and (4,30) or (4,31), and

Jt =
D1D2D3

C O S 2 ( w ^ ) c o s ^ ( W g j c o s ^ ( W g )

Various Gauss-Legendre product, control variate Monte Carlo, 
and Korobov number theoretic methods were applied to both 
(4,32) and (4,33), In the following, results, GL(N) denotes 
a three-dimensional Gauss-Legendre product formula with N 
points, MC(N) denotes a control variate Monte Carlo formula 
with N points, and KO(N) denotes a Korobov number theoretic 
method with N points. The results in Table 6 show that the 
Gauss—Legendre formulas were both faster and more accurate 
than the other two methods when the region was transformed



Table 6 . Relative Errors 
Transformed to

When jrr+ M  «
the Integration Region is

Formula Time %2 %

GL(125) ,08 ,041826 .085859
GL(216) ,14 ,014889 .046553
GL(343) ,39 ,006130 .024977
GL(512) ,57 ,016826 .011324
GL (4096) 4,16 ,000695 .000405
MC ( 216) ,63 ,097265 .091148
MC(512) 1,55 .100035 .106793
MC(1000) . 3,06 .239078 .009430
MC(1728) 5,31 .145077 .094805
MC(2744) 8,43 .147377 .110435
MC(4096) 12,61 .111199 .044391
KO(101) ,28 ,062763 .418029
KQ(199) ,51 .121937 .206081
KO(523) 1,37 .127494 .080544
KO(1069) 2,76 .029343 .057809
KO(2129) 5,52 .001606 .047769
KO(4001) 10,53 .000820 .013078



to JyC+6 Considering the results in Chapter 3, Gauss- 
Legendre product formulas should perform better on this 
type of integral because the discontinuities were removed 
by transforming the integrals and changing the integration 
regions. On the integration of , the Korobov method is 
significantly more accurate than the Monte Carlo method.

Transformation to Cg
The following transformations also result in finite 

integration regions:

(1+W-, )
xi = Di i r ^ r  > (4-34)

(l+Wg) 
k 2 = d2 (1-w.) ’ (4.35)

(l4"W q )Xq. = D_ ^ — — r- +‘ B4 (for H2) ,° (4o36)3 3 (l”Wg) “ r

X3 = D3 '(1-2 ) +  D1 (1-2 ) <f°r H3) • . (4-37>

H'2 and Hg are now of the form:
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where x^, X2, and Xg are replaced by the transformations 
(4,34), (4.35), and (4,36) or (4.37), and

SDiDpDq
J = ----  0   p— ----? . (4.40)(w^—1) (W2—1) (Wg—1)

Table 7 gives the relative errors of integrating (4.38) and 
(4.39). The results are similar to those of Table 6 . For 
both H2 and Hg, the Gauss-Legendre method is slightly more 
accurate than Korobov's method, and both (Gauss-Legendre 
and Korobov) are clearly more accurate than the Monte Carlo 
method.

ir +Comparing the transformation to jCg (Table 6) with
the transformation to Cg (Table 7), the latter transforma
tion is more accurate and takes slightly less computing time 
for most of the.formulas. This indicates the second trans
formation should be the preferred method of changing an in
tegration over the region Eg to a finite region.

Truncation of an Infinite Integration Region
When truncating an integration region, the problem 

is to determine the integration limits. Since f^ and f2 
are each a lognormal pdf, the upper limits of x^ and x2 are 
set to e(^l^z^l) and e (tJ2+zcr2 ), respectively, where z is a 
parameter that will be varied to change the upper limits.
The lower limits will be 0. Since the following compari
sons are done on Hg, which has an integrand equal to 0 when
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Table 7 = Relative Errors When the Integration Region is 

Transformed to Cg.

Formula Time H. %

GL(125) 
GL(216) 
GL (343) 
GL(512) 
GL(4096) 
MC(216) 
MC(512) 
MC(1000) 
MC(1728) 
MC(2744) 
MC(4096) 
KO(101) 
KO(199) 
KO(526) 
KO(1069) 
KO(2129) 
KO(4001)

.11 
= 22 
.33 
.50

3.70 
.55

1.36
2.70
4.71 
7.49
11.19

.15

.49
1.24
2.56
5.08
9.52

.037264

.013305

.026645

.016043

.000700

.061090

.035518

.213339

.132233

.090061

.066042

.040250

.017789

.087421

.005496

.001484

.000784

.062195 

.017495 

.001345 

.000235 

.000929 

.300738 

.240503 

.053328 

.038829 

.021845 

.011407 

.332559 

.148719 

.010854 

.068976 

.033743 

.001584
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x3<xr  the lower limit of will be x^ and the upper limit
will be zx1 (also depends on z). The integration region is
now

fx? 0<x^ < e^l+zal, 0<X2 < eV2*zcr21, xi<x3<zxî  " (4,41)

To make the limits of x^ constant, the transformation
%i = wi, x2 = w2, and X3 = zwjw3 + w^ (4,42)

changes (4,1) with limits (4,41) to

^-g3 (Wi,zWiW3+Wi) fi (w1) f2 (w2)
3 \ (4,43)

f3 (W1/ W2/ZW1W3+W1) zwij dw

The results of this integration are given in Table 8 for 
z=3 and z=5. When z=3, GL(N) and KO(N) seem to converge, 
fairly rapidly, to a value of approximately -462 which is 
larger than (= -548), This is to be expected since the 
upper tail of a negative integrand is chopped off. When 
z=5, the two most accurate methods are GL(4096) and KO(4001) 
which give approximate values of -568 and.-537, respective
ly, and are much closer to H3 . The inaccuracy of the formu
las with fewer points shows that the convergence to H is3
very slow as the number of points are increased.

If the upper limits of a truncated region are small 
enough so that the Gauss-Legendre and Korobov methods con
verge rapidly, too much of the integrand is above the upper 
limits. But when the upper limits are large enough to

3e^l+Zcrl^e ^2 2



Table 8o Results of Integrating Hg After Truncating Eg.

Formula 2*3 2=5

GL(125) -550.013 -120.500
GL(216) -552.703 -143.388
GL(343) -492.108 -256.217
GL(512) -482.686 -377.650
GL (409.6)-. -463.497 -568.161
MC(216) -645.156 -261.952
MC(512) -590.844 -120.352
MC (1000) -518.659 -494.481
MC(1728) -488.693 -399.215
MC(2744) -470.469 -336.255
MC(4096) -489.338 -334.332
KO(101) -366.945 -690.064
KO(199) -524.396 -527.695
KO(523) -495.563 -274.577
KO(1069). -464.292 -500.991
KO(2129) -461.843 -429.108
KO(4001) -462.989 -537.150
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include most of the region where the integrand is signifi
cantly different from zero, the approximation methods are 
very inaccurate for all but a large number of points. Fur
ther experimentation would determine if better approxima
tions could be obtained with different limits. From these 
results it is surmised that truncation would rarely be as 
efficient as the previous transformations discussed.

Comparison of the Integrations over E2 XE1 an<̂ ̂3

The most accurate approximations of and have oc
curred when a Gauss product formula was used. As the number 
of- points in the formulas were increased, the most rapid con
vergence to a specific value was observed when the integra
tions were performed over the regions an<̂  ^3 ° Table
9 shows the results of these methods for formulas with vari
ous degrees of precision. It was expected that the product 
formulas oyer the region would be more accurate be
cause the Gauss-Hermite and Gauss-Laguerre formulas are usu
ally used on this type of region. But Table 9 shows that 
there is no discernible difference in the performance of the 
different Gauss product formulas.

Separating the Integration 
The integration of (4.1) has been expressed as the 

sum of three different integrations, so that
could be reduced to a one-dimensional integration and differ
ent transformations could be applied to Hg and Hg. The ac
curacy of various methods used to approximate the integral
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Table 9» Results of Integrating over Regions 
and Cg Using Product Formulas

Degree of r2
Precision XE1 c3

H 2
11 6298.170 6275.380
15 6344.760 *. 6257.965
31 6339.615 6364.455

V
11 486.653 557.488
15 ' 553.446 547.771
31 546.968 548.409



(4.1), denoted F, is now compared to the accuracy of these 
same methods used to approximate F, , and Hg
are each transformed to the region C3 and then approximated 
by the formulas given in Table 10. is approximated
using a 6 point Gauss-Hermite formula. A good estimate of
(4.1) is needed so that the results can be compared. The 
best available estimate is where = -979 (Table
4)> Hg = 6360, and Hg = -548 (both from Table 5). There
fore H^Hg+Hg = 4833.

The previous results of integrating and over 
the region Cg (Table 7) have indicated that Gauss-Legendre 
formulas are more accurate than the Korobov and Monte Carlo 
formulas. Therefore it is not surprising that H^+Hg+Hg is 
also approximated most accurately by the Gauss-Legendre 
method. Table 10 shows that GL(4096) and KO(4001) give the 
same approximation of H^+Hg+Hg, but Gauss-Legendre formulas 
with fewer points are more accurate than the Korobov formu
las. It is not clear which of the two methods, Gauss- 
Legendre or Korobov, give the best approximation of F. The 
Monte Carlo method is obviously the least accurate method 
in both cases.

Comparing the Gauss-Legendre approximation of 
H1+H2+H3 to the different approximations of F, it can be 
concluded, that better accuracy is obtained by separating
(4.1), computing Hg, and Hg, and summing the results. 
Here, the disadvantage is the extra computing time needed



Table 10. Results of Integrating Hi+H2+H3 aI1<3-

Formula Hi+H2+H 3 F

GL ( 216) 4739. 5140.
GL(512) 4731. 4973.
GL (4096) 4837. 4930.
MC (216) 5057. 7474.
MC(512) 4475. . 5778.
MC (1728) 4013. 4548.
MC(4096) 4407. 4899.
KO(199) 5028. 5131.
KO(523) 4283. 4361.
KO (2129) 4806. 4763.
KO(4001) 4837. 4830.
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to compute , E^r and separately« Because of the rela
tively little computing time needed to do the one-dimensional 
•integration of (Table 4) and the similarity of the inte
grands of and Hg, it is felt that efficient programming 
will result in almost equal computing times of 
and F,



CHAPTER 5

DISCUSSION AND CONCLUSIONS

The objectives of this study were to compare various 
approximate multidimensional integration methods. It was 
noted in Chapter 3 that error bounds or other measures of 
a method's accuracy were either very difficult to calculate 
or did not adequately compare the methods of interest. 
Specifically, Sard's method of estimating the error applies 
only to a certain class of functions and depends on the 
determination of bounds of the integrand's derivatives. 
Hlawka's method of determining an error bound depends on 
the computations of the variation of the integrand and dis
crepancy of the integration region, and applies only to 
quasi-Monte Carlo methods. The degree of precision can be 
used to compare various product and nonproduct formulas but 
can not be used to compare these formulas to the quasi- 
Monte Carlo methods. The Sarma-Eberlein estimate of good
ness can be estimated for some formulas, but applies only 
to the general performance of each formula on a certain 
class of analytic functions. It does not provide a compari
son of formulas on integrands that are not analytic. None 
of these accuracy measurements make it possible to compare
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product or nonproduct formulas with quasi-Monte Carlo 
methods on integrands that are discontinuous as well as 
analytic. For this reason the performance of different 
methods were experimentally compared.

The results in Chapter 3 showed that the Gauss-.
Legendre product formula was the most accurate method on
an analytic integrand. The Korobov number theoretic method
was slightly better than other quasi-Monte Carlo methods
and definitely better than the Gauss product method on
discontinuous integrands. The Gauss product method per-

* . 
formed more accurately on an analytic integrand than the
Korobov method did on discontinuous integrands.

In Chapter 4 various methods were tested on a more 
realistic engineering problem. The integrand of this three- 
dimensional integration has discontinuous first partial 
derivatives with respect to Xg at Xg=X2 and X3=B^. After 
transforming this integral so that the region of integration 
is Cg, three methods were tested. Results indicated that 
the Gauss-Legendre and Korobov methods approximated the . 
integral with about equal accuracy. The. results of both 
Chapter 3 and Chapter 4 suggest that the Korobov method is 
at least as accurate as the Gauss-Legendre product formula 
on integrals that are not analytic.

Other experiments in Chapter 4 demonstrated some of 
the ways the integral can be altered so that more accurate 
numerical approximations can be found. The form of the
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integrand allows the integral to be expressed as the sum of 
three separate integrals. One of the integrations can now 
be reduced to a one-dimensional integration,. This is advan
tageous because one-dimensional numerical integrations are 
usually much more accurate and efficient than those in mul
tiple dimensions. The fact that the second and third inte
grals f H2 and Hg, each have discontinuous partials at one 
value of Xg is a second advantage of expressing the problem
as the sum of three integrals. This allows for removal ofv ■' ' ' - : ■ ■
the discontinuities by changing the regions of integration.

Hg and Hg were transformed to the region E2^XE1 an<̂  
product formulas were compared to nonproduct formulas. As 
expected, when the degrees of precision of the methods were 
equal, the accuracies of the two methods were approximately 
equal, and the computing time of the nonproduct formula was 
slightly less. Therefore a nonproduct formula is always 
preferred to a product formula of equal degree. The fact 
that very few nonproduct formulas are known with a degree 
of precision greater than 11 limits the applicability of 
nonproduct formulas when a very accurate approximation is 
required.

Hg and Hg were each transformed to two different 
finite regions so that product formulas could be compared 
to quasi-Monte Carlo formulas. In both cases the Gauss- 
Legendre product formula was clearly more accurate than 
the two quasi-Monte Carlo methods. These methods were also
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compared after the integration region of Hg was- truncated. 
These approximations were not as accurate as those obtained 
after transforming the integral to a finite region. When 
an integration region is truncated, there always exists the 
problem of determining the optimal limits of the integral.

. The separate evaluation of Hj_, and Hg resulted
in a better approximation of the problem than the single 
numerical integration of the original problem. This was 
true because the single integral contains discontinuous 
first partials whereas these discontinuities were removed 
when Eg, and were approximated individually.

The control variate Monte Carlo method was not as 
accurate as the Korobov method in most of the comparisons. 
This was surprising since Monte Carlo methods are more 
widely used than the number theoretic methods. A reason for 
the number theoretic method's better accuracy is explained 
by Zaremba (1968, p. 303): "The proper justification of the
normal practice of Monte Carlo integration must be based not 
on the randomness of the procedure, which is spurious, but 
on equidistribution properties of the sets of points at Which 
the integrand values are computed." The construction of 
number theoretic methods insures that an equidistribution 
of points are chosen. Therefore it would seem unlikely that 
randomly chosen points would have as good equidistribution 
properties as the number theoretic methods do.
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Conclusions

The following conclusions resulted from experimen
tally testing the multidimensional numerical integration 
methods on different types of integrals.

1= The most accurate numerical approximations are 
obtained by using Gauss product or nonproduct formulas on 
an integral with an analytic integrand and appropriate in
tegration region- ;

2- Nonproduct formulas are more efficient than 
product formulas because they usually contain fewer inte
gration points-

3. If an integrand is discontinuous or has discon
tinuous partial derivatives, the Korobov number theoretic 
method would give better approximations in most cases.

4. The approximation of integrals with discontin
uous integrands can be improved by dividing the region into 
separate continuous regions and using a product formula on 
each region.

5. Transforming an infinite region to a finite re
gion results in better approximations than truncating the 
infinite region.

6. The Korobov number theoretic method performs 
better than the control variate Monte Carlo method in most 
cases.



APPENDIX A

ALGORITHMS OF COMPUTER NUMERICAL 
INTEGRATION METHODS

Gauss-Legendre Product Formula 
1= Input the dimension of the integration, n, the upper and 
lower limits, XU(i),XL(i), i=l,2,..„,n, and the number of 
points, M, in each of the one—dimensional Gauss-Legendre 
formulas that will be combined to form the product formula. 
2= Call a subroutine which:

a) Determines the M points and coefficients of a one-
- " • f '

dimensional Gauss-Legendre formula and stores points 
in X(i), i=l,2,...,M, and coefficients in Y (i), 
i=l,2,...,M.

b) In each dimension, j, j=l,2,...,n, transforms the 
points X(i) so that they lie in the interval 
[XL(j),XU(])] and stores the transformed points in 
XX(j,i).

c) Multiplies the coefficients, Y(i), by the interval 
of integration in each dimension and stores in 
YY(j,i)that is, YY (j ,i) =Y (i) ((XU (j >-XL (j ))/2.) .

i 74



3o Determine the approximate value of the integral by cal
culating 
M M
V o  oo V .  YY(l,i1)o° °YY (n,i_) f (XX (l,i-) , „.. ,XX(nf i_)) ,
V 1 V 1
For each v^=(XX(1,i^),...XX(n,in)) a function:subprogram is 
called which computes f(v^).
4. Print N, the approximate value, and the relative error 
if the exact value of the integral is known.

Control Variate Monte Carlo Method
1. Input the dimension of the integration, n, the number of 
points in each dimension of the control variate, Na (the 
total number of points in the control variate = N^), upper 
and lower limits, XU(i),XL(i), i=l,2,...,n, and the number of 
points in the formula, N.
2. Determine the control variate points by transforming an 
equal distribution Of N points to the interval[xu(i), XL(i)] 
for each dimension 1=1,2,...;n. The jth coordinate of the 
ith dimension is X(i,j)=((j-%)/Na)A(i)+XL(i) where A(i)=XU(i) 
-XL(i).
3. A subroutine is called which:

a) Forms a vector product of the one-dimensional control 
variate points, yk, so that ŷ. = -(X(l, ĵ ) ,... ,X(n, j )')
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b) Computes the value of the integrand at the 

control variate points and stores these values
in FUNC(k),k=l,2,„.„,Nn.' . . .  a

c) Determines H by computing

V  A. FUNC(k)
■' Ac* ■* .-

. . k=l

where equals the area such that | | <.| x-ŷ j | ,
]==lp2 f« o o

4c Set K=Ng+l and SUM=0, ,
5c Choose a random point using the random number sub
routine RANF(O) to generate n numbers in the interval [0,1] 
and transforming the n-dimensional point from C^ to Rn.
6 c Compute the value of the control variate function h(y^) 
and the value of the integrand g(y^) at y% and set SUM=SUM 
+g(yk)-h(yk).
7c If K is not equal to N, set K=K+1 and go to 5.
8c If K is equal N, compute H+(V/(N-Ng))*SUM where V is the 
volume of R„ N-N^ is the number of random points, and SUM is

N "

y  (g(yk)-h(yk)).
k=Nn+la

Bo Print_N, the approximate value, and the relative error
if the exact value of the integrand is known.
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Haber ° s Stratified Sampling Method 

1= Input the dimension of the integration, n, the number of 
divisions of each dimension, M (the total number of subcubes 
will be Mn), and the upper and lower limits, XU (i) , XL (i),
. r 1 ,2, o o o, n o
2o Calculate the boundaries of each subcube,
3. Set K=1 arid SUM=0. •
4 = Choose a random point in the interval using RANF(O) and 
transform this point to the kth subcube.
5. Set SUM=SUM+f(v.) where f(v.) is evaluated by a function3 3
subroutine.
6 . * If K is not equal to Mn, go to 4 and set K=K+1.
7o If K equals Mn, calculate V/N*SUM where V is the volume 
of R, and N=Mn.
8» Print N, the approximate value, and the relative error 
if the exact value is known.

Korobov Number Theoretic Method
1. Input the dimension of the integration, n, and the limits 
of integration, XU(i), XL (i), i=l,2,...,n.
2. Call a subroutine which determines 6_ - (8 1,6 2,...,8%)

and the number of points in the formula (Stroud 1971, tables 
on pp. 202-207).
3. Set K=1 and SUM=0.
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feiK) f enKl ' ,4o Determine (<-g— ... w^eire denotes the frac

tional part of s and transform this point from to R to 
form v̂ ,
5. Set SUM=SUM+f(v^) where f(v^) is computed by a function 
subprogram.
6 o If K is not equal to N, set K=K+1 and go to 4.
7. If K is equal to N, compute V/N*SUM where V is the volume 
of Rf and N is the number of points.
S. Print N, the approximate value, and the relative error 
if the exact value is known.

Davis-Rabinowitz Number Theoretic Method 
This algorithm is the same as the Korobov method ex

cept that 9_ is chosen as a set of linearly independent irra

tional numbers (in this case 0  ̂= 02 = V3, 63 = arid
64 = /TO) and v^ = ({0^K},...,{0nK}).



APPENDIX B

NUMERICAL VALUE OF PARAMETERS

A 1 25178.508

A 2 o091921163

A3 25178.508

A4 = 2 00.

A5 . = .80471896

B 1 200.

B2
= .7

B3 .80471896

B4 = 1000.

B5 2.5

B 6 = 2.05

yl 6.9077553
1.2

y 2 = -2.022831

a 2 = .50032618

D 1 1 000.

D 2 .13235

D3 1 000.
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