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ABSTRACT

, “The finite elemént method has been an impor‘c’aﬁt tool for solving
engineering and related structural problems for two decades. It has only
récehﬂy fourid an application in geosciences.
Firnitevelement fnodels were used to test the effect of the hc’;-ri*
‘zontal crompo’n'ent of the earth stress field on and around a rbck—wall
structure. The stress field at the foot of the rock .wall was found to be
appr0ximate_ly- 45 degrees from the vertical. Stress concentration as'well.
_és failufe of material oc¢curred at this péint, The influe_hce _o’f the roCk,'
“wall on fhe sti’ess field away from a notéh was found to be oniy slight.
The finite element method was ais'o used as an indirect method
to study fh_el stresses in the interior of a mountain mas_sif, the Hochkdnig
massif in the AUstfian Alpé . It was possible to obtain a correlation be-~
tween in situ .me'aSurements and data obtained by the finite element

method.
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CHAPTER 1
INTRODUCTION

A three-part study ‘has be‘.en'ccjndu'eted te‘ det'ermiine:

1, Stress and strain effects ﬁe_ar a roek wall due ’co.the"ear’ch's _»
gravity field. o

2. Influence of equel amounts ef Vhori‘zentavl preseure applied fro-m,
both sides of a modeled rock wall. |

3. . .Stress—strain fields.in a -tWo—dime_ns'ion cross s‘e-c’t_'ion of the -
I—Iochkc':'ni-g}inas‘sif in the .Austri'an Alp.s

~ The solutions _were ob.'taine'd by bappl-ircation_ of tﬁe finite element method

- fo problems of plain strain.

- The insti’uite of Geophysics of the Technical Uhiversiﬁr has
carried out in situ measurements of stresse_s by the doorstopper method
(de sc-rib‘ed in 'Appendi-x A) in the Mitterberg copper mine situated in the
Paleozoic basement beneath a calcareous mountain massif, the Hoch- |
konig massif, in Austria. It was found by Brickl and Scheidegger (1974)
that the presently acting stresses are qualitatively in agreement with
those that would be expected if the stresses orig-inated solely because
of eVerburden,

It is the object of this thesis to test further the above qualita-
tive ebservatioh by making a finite element C'alculation of the gravita-
tional stresses by constructing a suitable geomechanical model of the
,r_noun;cain m,éésif,' The__ actual elastic properties of the_ rocks were used

1



for the calculation of a finite element model whose outlines match the
real profile of the mountain range. The result was a close correspon-—r_
dence betw‘eeri the calculated stress -orientations and t_hose détermined

in situ.



CHAPTER 2k
' STATEMENT OF PROBLEM
The previous consenéué was ‘that most weéthering occurring oﬂ
the s'ﬁ'rfa'ce of the earth is due to ex:ogérnic_',effe‘cts . For example, the
cifqu'e s"cfeafed iﬁ the Aipé _Were particularly attributed to weakening of
the rock structure by ice. | |
| Voight (1966) pointed out that é_ndogenic Weathering rﬁay be re-
sponsible for somé géomorphological forms.observed today. This idea
‘was adapted by Gerber aﬁd Scheidéggef (1969), who postuléted that the
endc_)ger_lié ,we.atheri‘ng pfocess v.may be influenced by the particular struc-
tural fbrm of the rock mass. In general, the higher the rock mass , the
larger the stress underneath it; and it follows that s‘tr'e,ss ori'slopes in-
cfeases downslope. |
 Scheidegger (1974) examined the morphological forms in the
‘ Hochk&nig massif in the Austrian Alps and was able to infer the stress
field fhat caﬁsed them by two separate means: (1) directly by in sitﬁ
measurements ip a mine and (2) indirectly by plotting the joint orienta~
tions on a Schmitt net and deduc'ing the principal stresses that created
them. Thé maximum principal stress 1s at a 45-degree anglle with each
of the joint sets, and the in'termediéte and minimum principal stresses.
are normal to the maximum principal stress.
The 'direct method is by far the more accurate fof studying the -
present stress fie»ld} of a rock mass. Thi‘s' method, although adeéuate

3



for m’easuringrthe ni'é};imu'm principal stres"'s; h‘as .se'veral re'strictions .
One is Ve-xpen's'e,'which can_bbvecome préhibitive When attempting to study
- many iocation péints . Another is aéd_essibility, Whi'ch is n§ less impor-
tant. 'Scheidegger (1974) found the direct method useful for in' situ m‘e‘\a—l
Suremeﬁts of the maximum principal sfress but not fdr mearsuremen’cé‘.v of‘ '
the intermediate or minor stress. .

Thé in'direct me_thod is u,sef_ul for détermining the stre sses that
createdrthe_ observed joints. But the'étres_ses measured by the indirect
method are not necessarily fhose that are activé at pres‘en-t'° They may
have_been induced by pést tectonic 'process'es . Also, gravity—i‘nd’uced‘
stréss-es are not necessarily indicated by- iﬁdirect measurefrients o

'O'ne ro'f the ways to circﬁmvent the problém inherent in these
techniqueé is a nﬁmerical study' of a model that resembles the actual
case found in nature. One such study of the tectonic stres”s’es surround-
ing a rock wall wasAc‘onducted by Sturgul (1967). HIS conclusions was“-
that there is a stress concentration at the foot of the wall, if one con~
sidered only a uniform horizontal stress field, Thié co.nélusions was
proved to be accurate by ac'tuaAl 'meas,urements . Yet this m‘etlﬁod does not
prbvide for the study of stresses in the interior of a moré complex struc-
ture, suc.h as a mountain mass like the HochkOnig massif. Two points
dis'tinguish the massif problem from the rock wall problem: (1) the

rugged relief and (2) a layer-cake stratigraphy iﬁ which each layer ex-
hibits’ differeni elasti‘c p.'r'operties'.,’ _ o
- This ‘the.sis consists of two paft‘s rI‘he first will present com-
puta’tions for the stress field én_d c.lispla,c-ernent’s' of the hodés for an

Alpine model, a two=dimensional cross section of the I—_IdchkSnig massif.



After vélﬁes fof co'hésivé st;ength of éaéh rOc]%rtype v@rere. a’s‘s.ig'ned and, -

some failure criteria we;fe establiShed, therr'n'aximurf_l and minirinum-pri'ncsi‘j‘- '

pal stresées were u‘sed‘ to infer locati'cv)n“sk of‘pc}‘ssv,ible faiiure; o
| The second»pért will show thé adequacy Qf'bthe'fihite element -

,methdd. inu obtaining the stres-s field due to the earth's gravity.field

" around a rock wall, and it Will vexamine the influence of horizontal

stress on that wall,



CHAPTER 3
PREVIOUS WORK

Weathéﬁng

" The difference Ibeti/veen e‘xdg._enic_ and endogenic weathe‘riné of a
rock mass, as vde'finéd in Appendix A, is .the differerice between fluvial
and a’tmOSpheric—induced wéathefing and stress-induced weathering.
Gerber and Scheidegger (1969) have described how thé two typés of
weatvhérin'g are manifested in nature. The stréss-finduced features,
whether "inducefd by a tectonic stress field or a self-generated streés
- field unde; gravity, are characterized by fracture patterns, such as
cleavage éracks and.faults, Exogenic agents.generate a drainage net
~characterized by geomet'ricf randomness.

A third type of weathering, d_escribed by Scheidegger (1973) as

due to a combination of exogenic and endogenic agents, is in all prob-

ability responsible for shaping many of the structures in nature.

R-he,ology»of__ Rock in the TectonoSphe,r_e
In the application of seismic waves to geophysical prospecting,
Dobrin (1960) considers transverse and longitudinal v(raves mqving through
a perfectly elastlic medi_g'rﬁo Seismic waves can be introducéd into the
earth by controlled explésions whose energy is propagated through the
earth as longitudinal (éompressional) Vand"transyerse (shear) wave. The

: wavélength W, velocity V, and frequency f of each of the wéve forms are
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‘related by the formu-lé: '

A=t R | G-

Velocity is dependent on several elastic 'coristants, including-the density
of the medium in which the wave is propagated. h
The velocity of longitudinal and transverse waves are related

. to the e,lastic.COh.stant and density by

( k + (443)1; ))1/2 _( E (14 1/2

1- -V- 2v
- _ 1/2
=( 1-v ) (3-2)
P (1-2v)(1+v)
and
' E 1 1/2 _
Ves [\172 (B 1 .
== 5" =[5 wm) (6-2)
“where
2t Vp = velocity of iongitudinal wave
VS = velocity of transverse wave

k bulk modulus

;1 = shear modulus

p = density

E = Young's modulus

v'= Poisson's ratio.

This elastic behavior of isotropic solid materials, that is, how
strain (deformation) is related to stress (loading) , can often be described
to a firét approxima’;ion by linéar relationship:

5 =A8e + 2pe - | (3-4)

- where



O = gtress

&= nodal displacement in a body divided into elements, with
' nodes at thelr four corners

A=a Lame constant; A= k - 211/3.
¢ = strain.
For isotropic matérials, Young's modulus ahd Poisson's ratio. can be de-

fined in terms of the Lame constants by the following equations:

F = 2GA+2u). | (3-5)
, . A_ Y.
V=2 (3-6)

Another equation repre se.nfting the stress in a viscous fluid is;'-
6 = 2nc . - : (3-7),

where

viscosity

3
I

¢ = change in strain with time.

Scheidegger (1970a, 1970b, 1971) has studied the rﬁeology of
‘the tectonosphere in the short, intermediate, and long time ranges.
These ranées refer to time periods defined as: short, up to 4 hours;
intermediate, 4 hours to 1,500 years; and long, more than 1,500 vyears.

In studying the long time range, Scheidegger obtavined. data
from the isostatic behavior of po‘st‘—glacier uplift. The elastic model for
post—glaeial relaxétion effects were found to be too simple and inappro-
priete . The vis’ceus model came close to describing the pest-glacial
uplift only if an abrbitrarily chosen value was used for viscdsi’cy n. This

model was also inappropriate because it yields exponential relaxation



p-att.erns thaf do not seem tb fit the behavior of post-glacial uplift.
Scheideggér (1970Db) 'co.nclﬁded that the only satisfactory way to de-
scribe the glaciél rebd'und curve is given by some légarifhmic relation-
- ship between stress rate ahd strAain'rate . One possible form of this
relationship ié expressed as

6 = 2né + pé2. - - (3-8)
' 'Wﬁe're b isla creep.factor, This model seems to be one that does not
céntradict the uplift data. However, in any future study, it should be
noted that the terms n and p are hard to estimate.

The data for éhology of the earth in the intermediate time range
was obtained from seismology, tidal investigations, and observations of
the Chandler wobble., Agai_n, the'linear equatiéns that lead to exponen-
- tial creep were not satisfactory, »and it was fou-nd that the behavior of
the earth in the intermediate range couid best be expressed by the log-
arithmic relationship of equation (3-8). The same holds true in the short
time range. Evidence for the short time range was obtained from seismic
wave transmission and laboratory studies.

Scheidegger (1972) fhere.fore concluded that the rheology of the
earth in all time ranges can oniy be ’descr'ibed accurately by logarithmic
relationships but the elastic ihodel of equation (3-4) holds true for sma‘lll

stresses.

Stress Fields

For a study of the fracture data, it was found the the Mohr
criteria were most satisfactory. Anderson (1951) discussed the Mohr fail-

ure criteria. He stated that in a triéxial stress state two conjugate glide
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bplan'e's*fOrm when the yield stréss 1s exceeded. These planes form aﬁ
ang.lle'of <45 degrees'y\}ith the maximum stress direction, and the inter-
'kfne'diate priﬁciﬁal stréss direction is contaihed in lo.ne of these planes. |
The.'state of-stres-s of the materials described ‘by the Mohr
) c’ircl'e.v in Figure 1 has a yield condition represented by the Coulomb
equation,, ”

To = 6tangd + C | - o (‘3*—-'9)}.
where T, = the cohesive shear strength
6 = normal stress

C

i

a constant indicative of the c,o.h'esion of the material

4 = angle of internal friction. |
ctand is also called the coefficient of internal friction (Fig. 1).

The ,materia‘l fails when 7o and ctand are exceeded. These
coﬁditions are fulfilled at any point of intersqcfi‘on of two s‘tf.aiéht lines
-tahge_nt to the Mohr circles. The eguation for these lines can be w‘fitt‘e_n-
as:

T =Tg + 6tand _ ('S-IFO)

The state of stress corresponding to point P (Fig. 1) is reached
on a pair of surfaces intersecting in the & direction, with norma.ls in~

clined at an angle 2d to the maximum stress (01) direction.

Geophysical Stress Field

The stress field in the Hochkdnig massif, a portion of the
Austrian Alps,. was studied by Scheidegger (1974) in three ways:
1, 'Prom joint orientations in the Paleozoic basement of the massif, .

2., From joint orientations in the calcareous superstructure.



~r

TO = cohesive shear
strength

O = normal stress

pf= angle of internal
friction

cr

Figure 1. Stress state of materials described by Mohr circles
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3. From in situ stress measurements taken by the doorstopper
method in the Mitterberg copper mine situated in the Paleozoic

basement of the massif,

Analysis of the first two parameters was done by field mapping
‘ joints in th.e rocks. The orientation of the joints wetre recorded by strike
| ahd. dip. Measureinents were made using a standard field geological
compass. The joint parameters were plotted as poles ‘(points) to the
joint surfacés on an equal-area projection of the lower half of a unit
sphere, and equidensity lines were drawn fof the pole c¢oncentration. If
two maxima were obfained in the equidensity diagrams these' were re~ 7'
_ garded as conjugate Mohr fracture surfaces in a triaxial stress system.,' :
| Tﬁe' makimum principal stress direction is inclined at an angle <45 de-.
grees'toward the fracture surface and the intermediéte principal stress
direction is, of course, perpendicular to this direction. In the three-
dimensional case, there would be two possibie planes that could be
drawn perpendicular to Athis direction, but by observing the type of fail-
ure and using Anderson's (1951) theory, the plane containing the ihter—
mediate principal stress is ir;.f‘erred. Thus, the three principal stress -
directions were inferred. The insitu analyses were performed in a copper
mine located in rthe Paleozoic graywack'es . Three holes were drilled and
- the principal stresses were determinned by the d-oors'topper method de~-
scribed by Briickl and Scheidegger (1974) (Appendix A).
Some of the conclusinons reached in this particular study were:
"1. The joint system in the Paleozoic graywackes are a result of a

stress system that is different from the others active in the Alps.
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| 2. . The_ joint syvstem' of the Triassic limestoné éuperstfucture cor-

respoﬁds 'with the north-sbufh thrust fault thét is thought to
" have created the Alps. | .. - |

3. The in situ s'tre»s‘s Tmeasurements are evn-tirely in conformity with
the gravity efféct of t he summit of the H.ochk&nig; furthermore,

i,t-"was fbundrth-at the stress system is also in conformity with

g thé makeup of‘t_he area and its fopographyd \

A suzﬁmary of the stress orie'ntatioﬁs; in the different laye,rs of the méséif

is given in Table 1

Table 1. Stress orientations in different layers of the I—_-Iochké'_nig massif

Stress Orientation @ _

Locality : A o1 | 62 : | ' 63

Graywackes S 62°W 330, NS50°E 590 S320E 060
Limestone superstructure N 240 E I0° §000W 780 N 66°W '050_
Mannlwand | N 060 W 200 S 519F 630 §780W 170

In situ ‘ . 8 23°FE 700 ? ?

a. - 61, 62, and 63 represent the max1mum, mtermedlate and
m1n1mum stresses, Jrespectlvely° :

S»ires s-induced weétheri'ng has its manifestation ‘in the shaping
of the Alps. Iﬁtuitively, it is understc.bd that the higher a rock mass, the
larger the concentration of stresses at thé bottom. When the rock mass
resembles a wall there ex<ists,:n_a nonequilibrium stress situation where

the dverb‘urden%inducéd stress is counteracted only by atmospheric
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" ‘pressure. Therefore, the endoge_nic weathering at the Alps starts at the
bottom as fraétures and when COmpleted on fop leaves a straight wall
(Gerber and Scheidegger, 19 69) . | |

| Wheﬁ the stress of the overburden exceeds the tensile strength
of the material underneath, the result can be plastic yielding This was
observed in the Alps Whére t'OWér cliffs are standing behind a slope ‘made‘ '
of loose roek mafer’ial broken from the cliff. |

V-shaped gullies and valleys are another morphological phenom-

enon created by stresses attributed to the overburden. ‘Gerber and
Scheidégger (1969) have explained the V shapé asr»a morphoi_ogical ex-
pression of conjugate fracture surfaces induced by stress . These cleav--
ages that form rock w,alls' at 40 to 60 degrees to the héri-zontal were
thought to have been formed by a tectonic stress field. In tﬁe following
discussions it Will be shown that conjugate fractures can also'be indic-
ative of stresses induced by the weight of the overburden.

: Of utmost importance to some 'geomorphol.ogist-é- dre the stresses
active on mountain slopes and the resultant physical weathe'n'ng.., The
effeéts of removal of overburden from an inclined surface has been
studied by Sturgul and Grinshpan (1975) at the Grand Cén?on, It was
found that a possible mechanism for the-_’fol’din-g'of the Muav Limestone
is e‘las‘tic rébound caused'-by re‘lief-frqm the ovei’burdeﬁ_pressure iavs ma -
terial was eroded during the for-.matidn of the canyon.

A general s'chematic of the stress geometry 1n a protrusion was
given by Gerber and-Scheideggér (1969) .b Piguré 2 shows tensioﬁ cracks
- on the right flank as well as the ma-ximuin tensioh ac’ting on the mouritain

slopes and the conjugate Mohr surfaces at a 45-degree angle to the



W = Maximum compression (weight)
T = Maximum tension

A = Breakout

M = Mohr surfaces

P Tectonic stress at infinity

Figure 2. Stress geometry in a protrusion.—From Gerber and Scheidegger
(1969, Fig. 16).



. . 16 ’
- mé:#ciinum weight If is knoWn thaf the tens ile strength of the rock mate-
br_iakl ris very low; therefore, it is assumed that if failure occurs it will
happen somewhere on. th.e mouﬁtain slope.
| A moreiﬂcbmpfehens'ive study of mass créep effect dn Aipine

slopeé-was ‘conducféd by Br'-l'iéi(l and Scheidegger (,1972); In their dis- |
cussion they bro];e the slope down into its ge-omechanicral cémp_ohents_ c'
In so doing they'elaborated on work done by Ampferer (1939, 1940) and
Stiny (1941). |

Pigure 3 shows that tensional stresses'opera’ce in Zone I and
shearing éctioﬁ is thérefore active in this zone. VCompres sional stresses
are active in Zohe III. Shear stresses act parallel to the slope surface in

Zone 11,

Stress Field in the Vicinity of a Rock Wall

A rock wall in nature has been defined by Gerber ;and Scheideg-
ger (1969) as a slope on which scree cannot accumulaté . Such slopes
.are generally greater than 50 degrees and create a stress concentration
at their bases. This stress concentration. is considered to affect the
weathering that aiways starts near the bottom 'f

Sturgul and Scheidegger (1967) have numerically calculated the
stress concentration aroﬁnd a ve.rtical rock wall by using a finite differ-
ence approximation to obtain the stress field. The problem was set up
as a plane stress problem., |

To determine the state of stréss iﬁ a homogeneous relastic_: body
it is nec'eés_ary to soive a systein of eduatibns given by Timoshenko and

-j'Goodier (1970) subje:ct to given boundary conditions. Neglecting the -



aQ- Slope inclination before creeping = 27°

L = Length of slope

1650 m

H = Height of slope = 750 m

X = Displacement of creeping slope; creep velocity assumed = 100 cm
cm/yr

Figure 3. A typical cross section of a slope deformed by

spatially continuous mass creep.--After Bruckl and Scheidegger
(1972)

17
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body forces due to gravity, the basic equations are:
1., Equilibrium equations.

00x , OTxy _ | (3-11)

Ox oy
OT doy - .
_ ai‘{V + aYV =0 | (S-I%)

2, Compatibility equation.
Vz'(cfx +6y) =0 o (3-13)

" The equilibrium equations imply the existence of a function #(x,y) such .

that

352 Y 3z ¥ axoy
This function, £(x,vy), is 'also known as the Airy stress function. From

the compatibility relations it is evident that the Airy stress function

satisfies the fourth-order partial differential equation:

2,02 o _oh o _ 344 D4 ¥4 " _
VAV d) =Vg Sl S723y2 + 574 (3-15)

- This equation is called the biharmonic equation.

To use finite differences for the biharmonic equation, a system
of ’hodes is selected as shown in Figure 4. If the nodes happen to fall
oﬁtside the region under consideration, they afe known as fictitious
points and special care must be taken, The finite difference approxima-

tion solution for the biharmonic equation is
VhiWdo) = 204, - 881 + 4y + B3 + 44)
+2(8s + dg + 47 + 4Bg)
+ Bg + 410 + 411 +419) . (3-16)
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where h equals the distance between nodes and ¥V 4¢{ is the Airy stress
function. The right-hand side of the equation defines a residual at the
node in the center. This residual is obtained for each node in the mesh
by assuming initial values for 4 at the nodes. After one set of calcula-
tions of 4 values in the mesh, the nodes obtained new values of 4 and
the procedure is repeated until the iteration scheme converges. When-
this is reached all residuals approach zero. | |
Numerical results were obtained by Sturgul (1967) for a finite v
difference scheme applied to a rock wall. The various stress concentra-
tions at the base of the rock wall were calculated. His study was instru-
mental in obtaining the directions and stress concentrationrs in the
vicinity of a féck wall. But, as pointed out before, a finite elemeﬁt
analysis will take into cons»iderét’ion the gravity effects. In additi.dn,
equal horizontal stresses can be applied on both vertical boundaries and

their effect 6n the stress field examined.

10
6 2 5
" h
11 B ‘L 0 1 9
7 4 8
112

. Figure 4. A mesh used in the solution of the finite difference
approximation for the biharmonic equation



CHAPTER 4
THE FINITE ELEMENT METHOD

In all disciplines in the scientific world, a methodical research
project starts out with a universal'probleina | The problem is then broken
down to its components which are solved separately. Then all solutions
of the 'parts are assembled to give the solution of the whole . This was
the underlying idea behind the de\}eIOp'ment‘ of the finite element method,
In practice, Turner et al. (1956) formulated the finite element method

spe cifi_cal'ly for the design of aircraft _s’cr1.ict1.u~‘e_°

The Concept of Finite Elements

The concept of the finite element method as first developed by
Turner et al. (1956) invoive s the partitic;ning of a continuous solid into
a finite number of elements 1nterconnected by nodal points. The ele-
ments are assigned their physical properties of density, Poisson's ratio,
Young's modulus and, in some cases, cohesive strength. In order to ob-
tain the resulting deformation of such elements due to a wide variety of
~ loading, a solution is obtained in fhe forim of displacement values and
sfres'ses at the centroids of the elements. Having determined the
stre-svs-es, the investigator can uses;i'appropriate criteria to prédict pos-
sible failures.

A simpler, more accurate description of the method was given by
Desal and Able (1972, p. 77), who wrote that the "basic phllosophy of

20
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the finite element method is piecewise approximation," or the treatment
of disérete parts of a structure as simple and solx;'able mathematical
matrices. The digital computer has advanced this technique to a prac-

tical and usable one.

Applications

'Sinéé-ité‘ ""or"i‘g'_'inal developr'nent in the 1at‘ev 1950's for evaluation
of aeronautical structural components, the 'finite eleme_n’trmethod has
used in other fields, such as rock mechanics (Clough, 1965, 1969),
slope stability calculations (Hoskins, 1973), soil mechanics, and ship
' ’build'ing, The more complete list of applications 1n geotechnical en_gi—
neering given in Table 2 is from Desai (1972). One of the first applica-
tions tov modeling geological structures was doﬁe by Voight and
Samuelson (1969). The finite element_'.m-ethod cén be applied t_é a range
of disciplinesvin the earth sciences; fdr example, geophysics, struc-
tural geology, geohydrology, geomorphoiogy, glaciblogy, and engineer-
ing geology. Particular problems given to solution by this method afe:
behavior of rocks under static dynaimic loading, seismicr‘esponsé, heat
and fluid flow, and potential theory. Results of incorpor_ating the effects
of time have been made but on a restricted basis (Brischke . 1974).

The versatility of the fihite element method as compared to
classical mechanics is exhibited 1n its ability to be adapted to nonlinear
systems. The material properties ¢an be anisotropic and heterogeneous.
There may even be structural discontinuities. A

Desai (1972) pointed out in his paper on the state of the art

the difficulties in applying the finite element method to geologic



Table 2.

(1972)

Continuum Approach

Stress deformation analysis,
ultimate capacity of founda-
tions

Slopes, embankments,
excavations

Dynamic analyses

Viscous behavior

Wave propagation

Seepage in rigid media
Seepage in deformable media

Distribution of gravitational
and magnetic potentials

Geological modeling

Land subsidence

Applications of the finite element method to geotechnical engineering.—After Desai

Dis continuum Exact Theories
Approach Still Not
Developed

Approximate models
for discontinuities,
such as joints and
fissures

Different
constitutive
models
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materials; the major one‘ is the multiphase nature of soil and rock.
'Cl’nlaracteristics that distinguish géoldgic mate;rial from man—-fnéde metals
are discontinuities, such as fissures and joints, and residual stresses.
Most of the geologic applications have adopted simple schemes of char-
acterization. Even with this simplistic and so_metimés approxirvn'ativ'e
approach the me‘thod has been proved adequaté to deal with geologic |
materials. | |

One of the pioneers to use the method was Douglas (1970), who
pointed out the potential for using finite elements to model geologic |
structures. Stephansson (1973) and Hudlreston and Stephansson (1973)
inodéled single-layer buckle folds where the Stress is related to strain by
the viscous flow law. Tlh_is is one of the_ first examples of incorporating
time into the stress-strain model. .

Recently,. two studies of the.éffect of stress release on the for-
- mation of new geologic structures have been completed at The"Univers-ity
of Arizona. Sturgul and Grinshpan (1975) used the fjnite eleme_nf rme'l:hod
in their study of a two-dimensional cross section of the wall of the
Grand Canyon, 7,750 m long and 4,500 m wide, to test a hypothesis
proposed by Hamblin and Rigby (1969). The Ha;ﬁblin and Rigby hypoth-
~esis was that the Muav Limestone, one of the formations in the Grand
Canyon, has behaved elastically and the bbserve_d dip of 10 degrees” '
away from the Colorado River is caused primarily by the stress ’relief
when the overburden Was rémoved by erosion.

The other study was b§ Lowenfels (1974). This study concerns
itself with the restrained rebound of the earth that occurs when an ice

sheet melts. The crustal dimensions used in this model were 50 km in
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width and 30 km in depth; theiice load was 10 km thick. The removal of
the ice sh.eet has resulted in a maximum reb.ound in the center Qf the

areé and tapers out 24 km away from the. former edge of the. sheet on .

either side.

Theory
S'everal textbooks have been publishedﬁ on-the subject of finite
element analysis (Desai and Able, 1972; Martin and Carey, i973; ‘and
Zienkiewicz, 1971). It is not the subject of this baper to descfibe the
method of finite element analysis but to present justifiéation-fof its use
in study of the éffects of horizontal stress on a rock wall and_t‘_he body‘
forces and displacement due to ‘gravity., Thé general theory of ﬁsing '
finite'elements for plane stress analysis was presented by Clough (1960)."
Basically, each individual element of a mesh is repfésen’ced by
~ a local stiffnessj matrix that consists of the coefficients of the equilib-
rium equations, detei"mined by the material and geometric properties of
the element. This is obtained by using the principle of minimum poten-
tial energy. The basic relationship betWeen' nodal point displacément
and the elements are described linear algebraic equations generated by
satisfying the equilibrium c‘o'n.ditions at the nodes_ .
' Using the notation giveﬁ by Ur_ai (1973) and standard notation
from structural ana'lyéis , the basic equationé_ are: ,
B =A< - (4-1)
where. {P} = member-end forces
(&) = load-force matrix

{Q}= external loads. -
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{0} = B8 - (4-2)
where {U} = member deformations
| [Bj = force-deformation matrix. |
D =@ {Uul - (4-3)
where |
| {0} = node displacements

(@ = deformation-displacement matrix.

The defor-mation—displaceme'vnt matrix [ is the same as the transpose of
the load-force matrix: , | '
Q=@rT. | | (4-4)

All algebraic equations are assemble_d into an overall global |
matrix representing the entire structure that also expresses the nodal
equilibrium co‘ndi’vtions: | | |

 O=RE , (4-5)
where {5}‘.4—* ‘unknownl ﬁodal’ displacements. Equation (4-5) can be rear-
ranged to be solved for the unknown nodal displacement {8} by finding
the inverse of the stiffness matrix (K .

The derivation of the nodal point displac‘ement' by the use of the
finite element analysis is documented by Ural (1973, p. 90-93) and, as
descri’béd by him, the fundamental principle of this analysis involves
. the totél potential energy of the system (V), which is given by

W= -@Up- - ). . (4-6)
Each ele.ment of the above expression is described below.

Internal strain energy (V)

(v) = %fv{e}T{c} av ~ , (4-7)
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where - {G}T = the transpose of strain
{c} = stress.

Equation (4-7) can also be expressed
)= L+ f ()T O (e} av (4-8)
2y |
where {e]= strain vector.
(D) = transformation matrix re lating stress to strain, also known

as the elasticity matrix.

Potential energy due to body forces (Ur):

(Up) =fv Pt {Flav. | | (4-9).

.where {F}= body forces of the system

P = mass density of the elastic body

[4)

general displacement function.

N

Potential energy due to external nodal forces (UR):
(UR) ={8T{r} : — -~ (4-10)

where {8}T = transpose of nodal displacements

{R} = external nodal loads.
Potential energy due to surface traction (US):

(Ug) = | {#)T s} aa (4-11)
area

where {;zf}T = transpose of genera_l displacement function

{_S} = gurface traction.
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A = area of a triangular element.

{#lcan be expressed as
[ = = (N}E) | . o (4-12)

where N = a position mairix,

Equation (4-12) can be substituted in equation (4~11), which results in

(Ug) = -—z—lpr—{gS]T N T {s}aa (4-13)

Substitutions of equations (4-8),(4-9), @-10), and(4-13) in equation (4-6)

results in the following equation:

=1 [V (e]T Dfe}av - fv ST [E) av -[8)T(r)
‘j;re'aiz"lA‘{%}T{N}T{S}dA‘A‘ 419

{€} can also be expressed as

{e] ={B}E} - (4-15)
where {B}= displacement strain matrix.

With substitution of equations (4-12) and (4-15) in equation (4-14), the

fo‘llowi'ng expression is obtained: |
0= (BB D8 av - LelT0 e
- {8 {r} - f

_zlz{S}T{N}T{s}dA. | (4-16) -
area : .

Equation (4-16) gives the total potential energy of one element. To ob-

tain the total energy of all elements that make up a structure, equation
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(4-16) is summed over all n elements and (V) is now
n '
V) = % £(x) | | (4-17)

where £(x) is total potential energy of one element expressed by equation

(4-16).

Nodal displacements ff’)} are not related to the x and y coordi-

nates and can be taken out of the integrals of equatibn (4-16):

=n__1.6T 3T (B} av - {§
W) };[Z{JIV{B} {8} dv - {8}

T [ £ 09T av - 137
V ‘ .

-{81T j ’ 2_}A{N}Tl{s} dA] | (4-18)

area

The last three terms of equation (4-18) represents the total loading sys-

tem {Q} of the analysis:

] |
= L {NT{Fav +(R
iy Zl,/;.ZA{ (£} v +{
+f _211 {N}T{s}@ (4-19)
area

Therefore equation (4-18) can be written:

n , ' )
W) =20 —;({S]T f BT IR} av - {Sj— {87 (. (4-20)
1 vV ‘

The stiffness matrix () of an element is expressed as

[k]=[V{B}T£DJ{B} av ' , (4-21)



29

and the total stiffness matrix (K] over the range of (V) is

N ‘
K= 2K (4-22)
1

Substituting equation (4-22) in equation (4-20) gives
W) = 22 ,—%-{SET K18} - 1631 Q] (4-23)
1 ,
Under the iarinciple of stationary potential energy, the equilibrium condi-
tions are satisfied when the potential energy is minimum. This is satis-

fied when the derivatives of the unknown nodal displacements vanish.

OV - dV = dV - .. . d —¢g _
38; 38, 383 35 =0 (4-24)

Therefore equation (4-23) can be written as:
n . ' :
® Y 8L =3 | (4-25)
1 .

and

n » .
Zlffg}n =®-1 Q | (4-26)

where {S}n = one nodal displacement.

Ornice the nodal displacements
n _
8}= Y181, | (4-27
1 .

are obtained, the strain can be calculated from equation (4-15)
{e1={B}S}

and the stress is computed by:

-~

8 : .
{6)= 8§ =D :,{ (4-28)
Txy Xy
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where Txy is the shearing stres‘s in the y direction and 6x and GOy are the
stresses in the x,y directions; ex, €y, and Viky are strains in the x,v
direétions . Equation (4-28) can be written in a genefal form as:

& = D], | ) (4-29)
which is the- more familiar Hooke's law.

In treating some linear problems it is neCéssary to introduce a
factor that accounts for the plasticity effects. Oﬁ way was proposed by
Isakson, Armen, and Pifko (1967) . They sﬁggest’e‘d introducing initial
stresses or strains to the matrix equation governing elastic strﬁ.ctural
behavior.-

The treatment of other variations from linearity, such as bilin-
ear or nonlinear time-dependent or temperature-dependent properties of
anisotropic and viscoelastic materia,lé,' are mathematically more com-
plex. For the méthematic_al expressions of these variations., the-reader is

referred to the references mentioned in this chapter.



CHAPTER 5

GENERAL FORMUIATION OF A
FINITE ELEMENT MODEL

In thé form’ullatiorn of a finite element model we recognize several
stages . Tfle first stage is the physical collection of data for the rhaterial
propevrties», such as Young'sﬁ modulus ,l density, and Pois.son's i*.atio, or
the assignment of valﬁes to them. Normally, such data are obt_ained from
a stress-strain curve derived frorﬁ experiments done in the laboratory or
from field measurements. This stage is b'y'far the most important since
the principle behind thé con-stru.ction of a méthematical models is thie ap-
proximation of»the actual p.hys,ical conditions_ as close as possible. In
pursuing this idea it is necesséry to determine if the rock behavior can
be expressed by Hooke's law, which states that stress and strain are
proportional, or if it is nonlinear.

One rarels} finds materials in nature that behave ithropically,
but if it does not provisions can sometimes be made. Serious errors in
calculated stress field and deformation can .occur due to ig-noring residual
stresses existing__in the rocks. This can be h‘anciled by the finite element
method by the process of iﬁcrem'ental loading and unloading rather than
loading and unloading the c'orhplete unit mass;all at once.

All the models in this “_thes‘is were considered to consist purely
of elastic materials behaving ithropically without fesidual stress .,-

The next step is sﬁp_eriinposing a rﬁeshban’d determining the
‘b‘oundéry co’nditioris . The m‘e:sh outline can Be Visualiz_ed as a |

31



32
two-dimensional stratigraphic cross s'ection. The stratigraphic con-
tinﬁum is then subdivided into an as serﬁblage of finite eleménts ,. which
éan be ei’che}r rectangular or tfiangular., Where'thé bo'undarvie“s are ir‘regﬁ—
lar or where moré detailéd info.rniatioﬁ abouti the stresses is desired; a_.

» finervmesh is constructed. The finer the mesh, th; closer the aﬁproxima—
“tion is to the accurate solutio.ri., This involves an increasé itn-the‘ num-
"ber of eieme'nts' and nodes and therefOre an incréase in computer expense.
A realistic appr'oa'éh is a éompromis’e that will Keep the expenses down
and still yvield a reasonable accuracy. In uéing a modern digital com-
puter one mi;st always keep in mind the two majof limitations: é-torage
spacé and expense.

Mahy_engineer-ed b.od.ies, studied in structural mechanics pos-
sessrwell—defi-ned geometries- with kndwn bouﬁdéries . Most geological '
bodies involve ﬁ/ery large bodies without well-defined boundaries. To
make such geological bodies amenable’ for discrete analysis it is neces=-
S_ary to idealize the body. This is achieved by‘limiting' the boundaries of
a continuum. .In order not to force solutions by arbitrary boundary condi-
tions, it vis‘ necessary to detefmine boﬁndaries at a distance where they
have no effect on the solution. The determination of this distance may
have to be ‘arﬁve‘d at by triél and error. The vboundary nodal points can
be set so that the\j are free to move in anY' direction in an x,y plane or
are limited to movemen’c in the x of y direction only (Pi§° 5).

The last stage is the computed solution', which is given in terms
of displacement of nodal points, amplitude aﬁd direction of stress of the

‘element centroid, possible failure locations, and tensile stress.



or

A

— Movement permitted in one direction

X W\
A — Fixed
o — Free to move in all directions

Figure 5. Boundary conditions
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- Computer Programs

To ob-tain a finite ele'ment solution for a problem having Vmany -
' elements . data were fed 1nto a main program and the solution obtalned
numerlcally, However, four other programs were used to a351st in the
formulation of the model and to obtam a solution in the form that was
‘best suited for analy51s and interpretation. |

A program was used as a debugging dev1ce to locate possible
mistakes in coordinates and numbering of nodes 'and elements . Each
node and element requires a separate punched card hence the possibil-
ity of error in the data cards is great. An added advantage of using this
. pfog_ram is that the computer can draw a plot of_ the user's model on a
| CALC"OMP_' plotter to the user's specifications |

7 A._mesh generator was the first program used in the sequence.

The next program minimized the maximum nodal point difference for the
elements of the model. The output of this program is given in two fo‘rms:‘
(1) numeric output, which simply numbers the nodal points in such a way
that the maximum nodal-point difference around the elements is minimized,
and (2) pu_nch.ed data cards with the revised numbering of the nodes ready
for input in the main program. By minimizing the maximum nodal-point
difference, this pr.ogram decreases the time necessary to run the main
program and increases the capacitﬁf for a larger array of nodes a-nd ele~-
ments.

If all elements are rectangular and all boundaries smooth, a.
much more efficient method is to use a newly der/ised program to gener-
ate the mesh. This program pro.duces a mesh and a punched output in a

. form that optimizes the numbering of the‘ nodes. This program was used
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1 .successfully in t.h'e‘sol-utiqnbof ’che'rock'—wall: prorbvlervn, but it was necés—
sary to use tﬁe al'onger rou’té for ‘thé Alpine probiein beéause of the tri-
angular elements and irregu-l'ar bouﬁdarieé .

The lésf prograrﬁ uéed 1s designed to present the solutions ob-
-tained by the rﬁéin proéram ih several differenf forms. This pi’ogr,az}h uses '.
V "thé CALCOMP plotter., It Wasrused-ih this p_roj'é'cf_ to ill'ﬁstr-ate the direc-

- tion and relativé amount of displécement at each nodal point; to O'bta--in
maximum and m_inimum principal stress directiéné and magnitudes at the b
‘centroid of each element; to obtain the numericai vél_ue of the princibél
stresses as well as o.f the shear stresses at the centroid of_each‘ element.
Ther last is uséful for contouring. It‘ .was also u.sed' to check the stability
of each ele.mentV by Vapp_lying' the Mohr criteriac,’ The plots are in Appen-

dix C.



CHAPTER 6

APPLICATION >OP FINITE ELEMENT MODELS
TO THE STUDY OF STRESS FIELDS

Finite element models were formulated to study indirectly the
stresses in the i.'nterior,of a mountain mass and to study the effect of the
horizontal component of the earth stress fie 1d on and around a rock-wall

structure .

Finite Elément Model of an Alpi’neA Cross Séction

A single detached mountain maééif, the HochkOnig massif, was’
chosen as the area of inve stigation. It is located on the southern edge ‘of
the norther’n calcareous Alps in.Salzburg Province, Aﬁstl_“ia, at about lat
$ 47027' N. and long 13907 W. (Fig. 6). A view of the terrain looking
"north is shown in Figure 7. |

| The basement of the massif comprises a series bf metamorphic
Paleozoic graywackes underlying a sequence of Triassic sedimentary
. rocks. Table 3 shows this sequence of layers. A schematic geological

cross section trending north-south is given in Figure 8,

Formulation of the Model

| . The outline for the model is taken from a north-south cross sec-
tion (Fig. 8) of the HochkShig massif. The cross section is 5,000 m
along the abscissa and 1,500 m along the ordinate, and starting at 1,000
m above sea level risés to 2,500 m.

36
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Figure 6 . Location map of Hochkonig massif and position of geological
profile
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Figure 7. View of the terrain of the Hochkonig massif, looking

Photograph courtesy of A. E. Scheidegger.



Table 3.

Trias sic

Paleozoic

Sequence of layers in the Hochkonig area

Dachstein Limestone
(Rhat)

Main Dolomite

(Nor)

Raibl Layers
(Karn)

Ramsau Dolomite
(Ladin)

Gutenstein Dolomite
(Anis)

Werfen Layers (Buntsandstein)
(Shyth)

Graywackes

Green Series
(Pern)

Purple Series

Gray Series (Pinzgau
phyllites)

Coral reefs

(phenomenologically like
Ramsau Dolomite)

black shale, thin foliation,
interspaced with dolomite and
limestone

dark blue gray dolomite with
white veins of feldspar

reddish to yellowish sand-
stones and quartzites , red to
brown-yellow arenaceous
slates; foliate conglomerates
at base

green argillaceous slates and
quartzites

purple phyllites, reddish to
purple quartzites, conglomer-
ates, and arenaceous slates

dark-gray phyllites, light-
colored quartzite phyllites,
light-colored sericite slates
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Figure 8. A north-south geological cross section of the Hochkonig massif
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The cross sectlon was’ subd1v1ded 1nto four strat1graph1c layers ’

and each 1ayer was further subd1v1ded into triangular and quadrllateral
umts, as shown in Plgure 9 These are the flnlte elements . Values for -

7 Poisson's ratio, Young's modulus, and densfcy were a551gned for each
element. These values were determmed from actual field 1nvest-:Lg-at10ns
and were obtained from A E Scheidegger (written commun., 1975). They
are believed to be aceurate . Each separate layer Wae assumed to have
'conetan’f physical prope’r’tie's; therefore., ,alll eleme'"nte. ina layer were
Va-se'idned the same values for the physical preper’ties', These values are

given in Table 4.

Table 4. Valués for physical properties of the Hochkbnig layers

A ‘ : Poisson's Density
Layer . . Young's Modulus " Ratio (g/cm3)

Dachstein Limestone : -
Lias Limestone . 640 x 103 kxg/cm3 0.21 2.5

Main Dolomite
Ramsau Dolomite - 320 ' 0.21 2.5
Gutenstein Dolomite

Raibl Layers o110 | . 0,34 2.5

Werfen Lavyers
Graywackes 240 0.34 2.7
(Green and Purple Series)

In order to satisfy the compatibility relations , some of {he
nodal points had to be constrained in freedom of movement. All nodes

~ inside the model could move in any direction. Those along the left and



I 1000 m |
Vertical and horizontal

Figure 9. Finite element model of Alpine cross section
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rlght sides Wefe eonfined t6 move up end dewn but A'no.t heriz’or.{tally;' | |

‘those along the base eou‘ld‘ rﬁoﬁe o‘niy horizonfali')/;-. The two cqrﬁer nedfes' .
E alqnglt'he' ’ba:se .Were fix'ed.o -

3 Dis’c’us:sion

Using a simple cehtouring sysfem for the rﬁeximum principal

stresses in the I—chhkc'inig_meesif (F'igo 10), ii beeo_nie-s cle'ar.tha‘t_ the
greeter st_ressvee are under ’areae of hlgh relief. Fuifthermofe; ’Chefstress-
'g-raelieht along ‘.chev s;’teep slopes is greater than 1n the interior. The mini=
‘ mﬁmnprincipal stress is Verﬁ} small and ofiented perallel to the slopes at
locations clo.s_e to the slopes. Th»is‘ part must ]ee conceived intuitively
because the smalll and large magnitude minimum principal stresses are
so randomly distributed in the interior of the massif lthat they could not
be contoured. The magnitude of the shear siresses 'influences the loca-
- tion of failure point‘s alongb the slopes. It is therefore imperative when
studying physical erosional phenomenon to look at .'the shear-stress con-
centration along a slo_pe . 'Fi'g_ure 11 shews an increase in magnitude of
the shear stresses down"siope, with the greatest magnitudes between
one —_third and two-thirds downslope and a decrease toward the bottom.,
These data can be used to predict exa.ctly where creeio may be started
- due to high shear-stress concentration. |

| In one of the programs, the Mohr criteria were applied. These
r'ne_ke use of the principal str.es'ses.(Pig., 12) to calculafe end to obtain a
graphic figure of sta_ble and*‘unstable ellements , @s shown in f‘igure 13,
This program de’terfn-ines whether shear s'fressev_s in an  -el'e’me_n’c‘have' ex-
ceeded the meXimum_ shear stress of the vmat-erial_:., Iﬁ Pig_ur‘é -13, a plu.s

‘sign or tfiangle, is drawn in the cehtfoid, of an element to indicate the
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Figure 10. Maximum principal stress contours for Alpine cross section
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Figure 11. Vertical component of shear stress for Alpine cross section



Shear

Normal
Stress

¢ = cohesion

# - angle of internal friction
0"l = maximum principal stress
<§2= minimum principal stress

A = describes a stable element; does not pass through the
failure envelope

B f=describes an unstable element; passes through the failure
envelope

Figure 12. Mohr failure criteria
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Vertical and Horizontal \' /  conjugate fracture

empty space indicates stable element

Figure 13. Conjugate fracture system for Alpine cross section
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. st_abillity or i‘n.s’cability,v re‘spéctively, of the eiement. Anb’ther physical
_pfoperty, c;ohe sli-on, is necessary in order to obtain the true failure of a
material by this» method. The cohesion for the differe”nt layers was not
available for this study and én estimated value was therefore used.
Fig_ure 12 shows a fracture occurring about half Way downslope and a
sysfem of conjugate fractures devéloping directly under the maximum
load area.

The conjugate fractures may not be physically ‘d-evelope-dr if the-
confining stress. in the x,vy directions is large enough. Such is not true
of a section exposed to the atmosphere, such as arlong a slope. In this- A
section, the loading due to gravity creates conjugate lines of weakness
or fracture. This supports th_e Gerber and Scheidegger (1969) Vhyp-othesis
that states that some of ’;he' V-shaped gulliues ‘and valleys are stress-
‘inlduced features or, at least, the outline of such was marked by stress
and the »removal of material was performed by more convent-ion_él means,
such as atmospheric and fluvial a-gentsis o |

The fracture on the north slope of the cross ‘section (Fig. 13)
occurs at an area corresponding to Zone II, which was discussed in Chap-
~ ter 2. Furthermore, on top of the slope the area that'corresponds to Zone
I (Ampferer, 1939)‘ provés to be numerically in agreément with the area
hypothesized by Ampferer to be the area of tensile stress (Fig. 14). The
finite element solution shows the tensile stress to be maximum next to
the slope Vas'indicated by the- minimurh principal stress acting in the

opposite direction.
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Figure 14. Stresses acting in opposite directions creating tensile stress for Alpine cross section
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Finite Element Model of a Rock Wall

Formulation of the Modél

A two-dimensional cross section -of: a vertical wall was con-
sidered. The dimensions assigned to this theoretical model are width
600 feet, heig»ht 6n the far right 400 feet and height on the far left 310

‘feet. The notch is 90 feet high and 3001 feet"awa-"y from each boundary
- gide. Thé height of the notch is relatively small compared to its dis-
taﬁce from the model's boundaries so that the study will be confined
exclusively to t}_ie influence on the rock wall of the stress field next to
it without boundary effects.

The cross section was subdividevd into three stratigraphic
layers, each of whiéh was further s‘ub‘divided» into quadriléteral elements
as shown in Figure 15. As in the massif problem, values were assigned
" to Poisson's ratio, Young's modulus, and density for each layer, as |
given in Table 5, aknd each layer was assumed to have constant physicql
propertieé . The values as_signed are those for real rocks but not for any

particular area of study.

Table 5. Values assigned for physical properties for the rock~wall model

v Young's Modulus Poisson's D‘ensitgr

~ Layer . (psi) ‘Ratio (Ib/in.°)
Material 1 (at base) - 0.3 x 107 0.2 0.095
Material 2 (at base'_.of notch) .2 .22 - .092

Material 3 (on top) .1 : .26 .090




Section A

90 feet

Figure 15. Finite element model of rock wall
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Two different boundary restrictions were set. For the model
subjectéd to gravity alone, the nodes were set as described for the
massif model, For‘the model acted upon by horizohtal stress (tectonic
stresses), the nodal-point restrictions were: the center of the base 1iné
is fixed; the rest of the nodes on the base can be thought to be on rollers
moving only horizontally; all other nodes in the model are free to move
in all directions. |

In one case, the horizontal stress ap‘plied to one side of the
wall was equal but opposite in direction to the horizontal stress applied
to the other side. The values for the horizontal stress for the right side
(G‘H) were calculated from the following equation:

H= 750V , (6-1)

where v is Poisson's ratio and ¢y is vertical stress. An equal but oppo-
site stress component was applied to the left side (Fig. 16).
In another case, illustrated in Figure 17, the horizontal stresses

for each side of the rock wall were calculated separately using equation

(6-1).

Discussion

The different methods for presenting numerical data are listed
in Appendix C. For this thesis the simple co_n’couring‘ method was chosen
because it highlights 's'teep stress gradients and strong stress concentra-
tions.

It is worthwhilé to notenat the beginning of‘ this discussion that

there is very little difference between the principal stresses acting near



Figure 16.

Figure 17.
rately on each side
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300 feet

Rock wall with horizontal stress equal and opposite

300 feet

Rock wall with horizontal stress calculated sepa-
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' é rock wall solely under gravity and stresses after application 6f hori-
zontal stress. Therefore, what is said here applies equally to both
cases unless otherwise stated, | ‘_

The princip‘al stresses in most of the domain (~ 90%) aré not
affected by the nétch and are nearly horizontal or Verticalo The magni-
tude of the maximum principal stress is a function of’ thé overburden.

As shown o-n Figure 18, the angle of the maXimum ﬁrincip‘-al s’ﬁr‘ess’ with
the horizontal is 45 degrees under the notch; going to the left away from
the notch the angle increases to 90 degrees and greater. At the notch
the difference between the maximum and miﬁi_mum principal stresses is
fnaximalo‘ As evident from Figure 12, the difference between the maxi-
mum a’r;d minimum principal _streéses dictates failure or no failure . given
S a cons"cant cohesion and 4. Along thé wall, the upper o“n-e‘j—third shows
ténsile stresses acting upon it. |

| A compérisbn between Figures 18; 19, and 20 shows that the
high value for the maximum principal streés is concentrated Vexactly at .
the no’cc:-h° That meéns i:ha-t horizontal stréss . evén when not applied
" equally and bp’posi’ce, will have the same approximate effecton the maxi-
mum principal stress ét the notch_° This is no-t.the-case with Vt-he minimum
principal stresses, The three figures s-how- that the horizontal stress in
addition to the obvious higher sfress values next to the notch also cre-
ates a high at about two nodes to the right of the notch. The complete
significance of the high stress value here is not utterly clear, but if the v
Mohr criteria were used this would mean that the high minimum principal
stress Lwith no change in the maximum prinéipal stress would cause higher

stability at this point.
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Figure 18. Maximum and minimum principal stresses, section A
of rock-wall mesh, no horizontal stress applied
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Figure 19. Maximum and minimum principal stresses, section A
of rock-wall mesh, applied horizontal stress , equal and opposite
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Figure 20. Maximum and minimum principal stresses, section A
of rock-wall mesh, unequal horizontal stresses applied
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Displacement of nodal points is vértical and a function of the
height‘above the base, as would be expected. The higher the nodal
point, the more displacement if-assumes (Fig. C-2, Appendix C). An
analogy to this would be the effect of weight ha’nging from a spring.
The higher segments assume maximum dis;;lacement while the lower
ones have minimum displacement., The application of horizontal stress
has little effect nex_’; to where the pressure is applied; however, the
horizontal stress does not seem to affect the directioh of displacement

of any of the interior points.



CHAPTER 7
CONCLUSIONS

The solutions presented in this thesis can be used for many
different earth features and engineering problems. Areas that are prone
to mud slides cou'ld be secured if the physical properties were obtained
for the water-saturated soil. The knowledge of the sf‘ress field around &
_ notch has its application in tunnel engineerihg.,

The finite eleme‘nt solution for the Hochkb',n_ig massif appears
to be correct as far as the alignment of the principal stresses and their
magnitudes. A. E. Scheidegger (written commun., 1975) reports that the
calculated stresses are within 10 to 12 per'c.en't of the measured ones.
This deviation from the measured results can beA attributed to the assump-~
tion that éach layer is homogeneous and has a single Poisson ratio or to
the size chosen for the elements. The smaller the elements, the closer
the appréximation is to the true principal stress. The direction of the
calclitla’ced principal stress axes are consistent with 'fhosé that Wei‘e
measured (Fig., 21).

The Mohr c¢riteria were applied in this study. These failure
criteria are not the only ones that could have been used. They use as
essential data the principal stresses. Obviously, all calculated results
can be used in applying other criteria of failure . |

- The study of the rock wall determined the concentrations of
maximum and minimum principal str;sses at the notch itself. There was
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and direction of prin-
cipal stresses

1000 m

Vertial and Horizontal

Figure 21. Directions of maximum and minimum principal stresses for Alpine cross section
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'nc; appreci'abie change in the stress field surrounding the nofch due to
the applications of equal and opposite pressures. Application of the
Mohr criteria without cqnsidera.tion of the confining pressure caus’ecﬁ

the apparent failure away from the no'tch (Fig. C—3-‘,_ Appendix C).



APPENDIX A
' DEFINITION OF TERMS .

Doorstopper method—a method described by Leeman (1964) used to de-

terinin'e the stresses in rock bﬁz cementing strain gages to a
smoothed end of a borehold and rheasuring the relief brought
about by overcoring the gages with an annulus having an out-
side diameter that is the same as the inside diameter of the
original bo-rehdle . As the coring is continue-d past the gage,

" a strain is recorded that is related to the in situ stresses in

the rock.

Endogenic weathering—weathering of a rock mass that is caused by the

3

action of a stress field on it,

Exogenic weathering—weathering occurring in the upper crust due to at-
mospheric influence or to the influence of ice and water. These
factors weaken the cohesion between rock particles and make

the rock vulnerable to fluvial agents.

Conjugate joints—two joint sets created by a set Qf principal stresses
where their planes form an angle of 40-60 degrees with the
maximum principal stress; consistent with Coulomb-Mohr

theory.

Isobar—a line of constant principal stress.
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Isochromatic—a curve along which the differences between pfincipal
stresses afe constant; seen iI‘; phétocla_stic e'xperiments o

-Isoclinic—a curve on which fhe principai axis ﬁiékes é constant angle

to a specified direction; readily observed by photociastic ob-

servations.

Isopabh——a curve along which the sum of the principal siresses is con-

stant.

Residual stresses—stresses that exist in the earth's crust due to pre-
exis"ting tectonic stresses or the self-equilibrating stress com-
ponents that remain after the external forces and moments are

removed.

Rheology—the study of flowage of materials, particularly plastic flow

of solids,

Sl-ip; line—a line of equal maximum shearing stress. This orthogonal .
family of curves bisects the angle between the directions of the

principal stresses.

Stress trajectory—a curve having the property that the tangent at every

point gives the principal axis of stress,



APPENDIX B

ALPINE SOLUTION

64



ALPINE PROBLFM.

NUMBER OF NODAL POINTS==-=== 245

NUMBER OF ELEMENTS=mwmmmme—mu 246

NUMBER OF DIFF. MATERIALS-== &

NUMBER OF PRESSUéE CAQDS---- -0

AXTAL ACCELERATION==ww=m=m== +1000E+01
ANGULAR VELNCITYmmamoamcmnnn -0.

MAXINMUM MODES DIFFERENCE—-~-.20
REFERENCE TEMPERATURE==mmm=m= 0.

NUMBER OF APFROXIMATIONS---- 1

MUIMBER OF GUTS=mm=mmmmmmmmmn -0

INITIAL RESTDUAL STRESSES=~~ =

VALUE OF NPP

= -1
VALUE OF NPP = -1

PLANE STRAIN STRUCTURE

MATERTAL NUMAER= 1, NUMBER OF TEMPERATURE CARDS= 1, MASS DENSITYs  ,2500E-02,M00ULUS RATIO= <0, ‘

Tzﬁoanaru§5 ' CE(RZ) - NU(RZ) E(T) NU(T) O OMLPHARZ) . ALPHA(T) YIELD STRESS
-~G.00 BLOGOF+TR L 2L000E400 «HBUNGOE+DR «21000E+30  =0o . -0e .. B PR -

MATERTAL NUMBER= 2, nQMnER fF TEMPERATURE CARDS= 1, HASS'DENSITY= : .ZSDOE#UZ;MODULUS RATIO= - =0,

TEMPERATURE E(RZ) ' NUIRZY EeTy NULT) ALPHA (RZ) ALPHA(Ti 'YIELD srasés
-0.60 «320C0E+06 «21000E+00 +32000E+26 2 21000E+0C =0 =0, -0,

MATERTAL NUMBE®z 3, NUMAER DF TEMPERATURE CARNS= L. MASS DENSITY=  .2500E-02,MONULUS RATIO= =0,

TEMPERATURE | E(RZ) NU (RZ) E(T) NULTY ALPHA(RZ) ALPHALT) YIELD STRESS
~0.00 «11000GE+ 06 «34000E+00 JLLD0DE+D6 0 3L0DIE+D0 =0, =0, ~ -0.

MATERIAL NUMBER= &4, NUMAER OF TEMPERATURE CARDS= 1, MASS DENSITY= ' +2700£-02,MODULUS RATIO=> ~0,

TEMPERATURE E(RZ) MU (RZ) » EAT) NULT) ALPHA {RZ) ALPHA(T)  YIELD STRESS

-0.00 «2L4000E+ D5 +34000€E+00 224C00ECDA «34000€+00 =0 ; “0, -0,
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135000.063 =.1239E+C2 =.9398E+02
133000.00 = 1196F+02 ~.8397E+02

183700.00 =o1557E402 =o7810F402 .

183750.,00 =« 1677E+02 -,8092E+02
175333.33 -.9481E+401 - 87546402

172250400 =.6877E+#01 -.9720£+02

176000400 ~.3202F+{1 ~o.1172E+03
168500.00 -.R1572+431 -.1236E+03
1675090, 00 =.1084E+02 = 13L3E+03
167250400 -«1565E+02 ~.1327F+073
178333.33 - 16L2E+(2 =~ 9R3IRE+T2
167750400 =«1900E+02 - 1312E+03
169250.00 -42301E+02 - 1310E+03

. 169500.00 =.2324F+02 ~,1291E+03

171G0C. 60 ~.2376E¢02 - 1210E+03
17LE66.67 -o1A3AE+G2 = 1009E+03
181500,00 =-.4552E+01 -4 1043E+03
176060.60 ~.5750E+01 =.1174F+«03
170500.,00 =.7656£+01 =,1298E+33
1A5750.00 =e120RT+02 =o 4165403

160500.,00 ~,1579E+02 ~,1L48E+03

156600,00 ~o.2999E+02 ~.16LL1E+03
155250.00 =+3142E+02 -.1681E+03
1564750.00 ~<295RE+02 -.1661F¢03
154250400 =.2776E+02 =+ 1625E+03

156000.60 ~.2R79E+02 = 1A27E+03/

153333433 ~o20H1E+402 ~o1611E¢03

T 03 o1

=o1136E+40? -, 1230F+02 ~,53%3E+02
~e1676E£+02 ~,3998E+01 -,6583E+02

| =.1160E+02 -,1097E¢02 ~.7096E+02

~e24L4AFE 0L = 10LLE+D2 «4815QE+(2
~+3B97E+00 <. 184LE+02 -482405402

+1074E+02 -o1110E+32 = 5476E+32

o 33UDE#D2 -.7945E¢01 ~,B8939E+02

21214E402 = 4379E+51 -,2993E+02

2375E402 o11905+02 =.681RE+G2
4769E+01 =, 7280E+01 -.AL68E+02
-.2632E+01 -,5313E400 =, 1193E+03
L2476E+431  ,5227E+01 ~,9R995+02
~¢9330E+01 -,8319F+00 ~-.8972E+02
~e0619E 401 -.A13BE+01 -.9450E+G2
- G83RE+01 =-.152RE+02 -.91525+02

= kBODERCL ~,1775€6+02 ~,8639E+02

0 2B1LE+DL - 1827E402 -.8680E+02
S e11K1E402 - 173H6E+)2 =.8L4H3IE+]2
o1277E+32 =~,1595E402 ~,B767E+02
dLLUSTE+D2 «  L177E+02 =.973LE+C2
1072E+02 -.1153F+¢02 -,9883E+02
«6209E+401 -.1193E+02 «.9554LE+(2

WH53E401 -, 78245401 -, L094ED3-

028308 ¢01 ~,1229E+02 =-.9403E+02
~.2836E+01 ~,11R5€+32 ~.890RE«C2
=e1U23E+02 -, 124LAF402 -.8118c+02
- 39136402 L.H323E~-01 -.1077E+03
=L UL2E+D? T L1062E402 -, 1G7RE+03
= 1144E+02 «,54L50E4¢01 ~.9863E+02
~s1309E+01 - 31R7E¢0L =,1172E+]3

89737400 =.8151F¢01 -.1286E+03

«9990F 01 -, 1001FE+02 -.1322E+03

«Q727€401 ~ 1L8LE#02 ~.1335E+483

$1159E+02 -.1481FE+02 -,9997E+02 .
«1021E+02 ~,1808E+02 ~.1321E+03"

o5220E¢01 »o2276E+02 =w1312E+03
“22473E+01 ~,2319€+02 -,1292E+03
~oBUBTESQL =o2301F+02 =, 1217F+03
~¢3B6ULE4DL -,1623F+02 -41009E¢03
0 33G2E4+01 - 44L3E431 -~ 1 04LEDS
«1079E+00 -.5750F+01 - 1174E+03

~o17U2E 401 =.7629F#31 «.1299E+03

= 1987E+01 =, 1205F+02 =-,141HE+03
W1S7IE+01 =.1577E+02 ~,1LUAE+03
~o1778E+01 ~o299AF+02 -,164L2E+D3
02300E+01 -.3138E+02 ~,1681F+23
26638E401 -,2925€64¢32 «.1665E+03
+8866E+01 -, 2718E+02 «,1631E+03
01116E+01 ~.2A78E+02 = ,1627E+03
o Ju3ILECDL -, 20336402 +.1612E¢03

Angle
to o1 .
-16.58
-18.45
-11.38
=-1.97
-e33
14474
27.55
35.91
13.13
3.68

-1,27

1.3%
=6.06
~Bels7
=748
~3.82
2,36,
9.91:
10.43
9.95
7.11
4,27
2,63
1.93
-Z.11
-12.24
-23.27
=24.35

=7.11

-eb0:

43

4.71

Lo72:

790"

5.15:

2.76:
=1.34
=4e95:
=247

1.39

.05
~e82

-.38

«70
“s 76
296
2,78
3.75
47
1ot

L9



Elem.
No.

S101
102
163
104
105
106
167
1608
109
110
111
112
113
114
115
116
117
118
119
124
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
14y
142
143
144
145
146
167
148
149
150

Element Centroid

X

188100, 00

1764666.67
14EBER AT
133333.33
125333.33
125333.33
1146606.67
1068333, 33
120700.00
133333.33
146666 .57

'168200.00

120300.00
133333.33
1476506.00
156R6H .57
1735245.90
1948500.89
213333.33
220750.0¢
2367504010
260000.00

2R209G,00

360000,90
350000, 00

3400036.90

33990030
317500,43
300000.00
277506, 00
255600.00

23R500.00

226700.00
2139C6N0.00
193333.33

176666,57

163333, 33
14850000
13€000.00
120000.00
1000604900
4000400
10500.00
150006.00
450600400
701000,00
q0000.00
110000.80
1246606467
15000, 00

Y .6y Oy

157333.33 ~.21R9E+02 -.14ALE+D3
159333.33 ~.2080E+02 ~.1523E+03
1656b64H7 =o1LLAF+02 ~,1075F+03
153666467 ~.2013E+#02 =, 1090E+0.3
167333,33 -.2162E402 =-,1013E+03
173666,67 ~o24HTE+02 -, 1127E+03
163666467 -42012E+G2 ~«1112E+03
156655.67 - 1BESE+02 -.7178F+02
153333,33 ~,2110E+02 =, 1230F+03
156ER6.67 =.234RE+32 ~.1215E+03
153333,33 ~.1I0HE+02 ~.1180€+03
155333.33 -,1492E402 -.1390E+03
168333.33 -, 1402E+02 -, 9535F+02
1ULEARRLBT - 1706F+02 =, 1483E403
143503.80 ~.166BE+02 -, 1697€+03
139333,33 -.2800E+02 = 1747E+D3

L 140750,60 - 2491E402 -, 18%6E+03

140375.00 -.2703E+82 -.1954E+33
137333,33 -.2108E+02 -.1934EF+33
141080.60 =.26956+02 -,1941€+03
141560.00 ~+33CGE+02 ~-,2022E+03
143500.00 -.3571E£+02 -.1991E£+03

LLUBEOBHT = 3LT7AFH32 ~.1RIRE+DT

175040400 =+ L0ADE+02 =, 1115E+03
165500,00 = 1557E+62 =, 1292E+03

157500.C0 ~«308R8E+02 -.15356+03

151250, 00 = 483LE+02 =, 1750E+03
146000400 -55R0E+02 =4 194LF+03
138750.60 ~.HH15E402 -, 1954E+03
131000400 =.93R0E+02 -,22ALE+03
127080.50 =,1075E+03 =, 2u421E+03
125500.C0 —+1104F+03 -, 2455E+03
124375.00 -.1071E+03 ~,2413E+03
122125.00 -.10A3E+03 =,2391E+03
120666 H7 =4 10L2E+03 =, 2411E+03
126666467 ~oL377E+5 3 -, 2235E+03
123666467 =4 I%H9E+02 =, 2153E+03
128758,C0 =«9204E+02 =, 1942E+03
132750.00 =.3327E+02 -.1697F+03
137250.00 ~+7C93E¢(2 ~-.,1279E+03
142875.00 =.54964E+02 =, 7430E+02
15383%,33 =,4975E+C1 -, 1425F+01
156000400 =.31526+02 ~,1825F+02
135500400 ~+6C65E+032 ~ L3L1E+(G2
133250.00 ~.9)06E+02 -, 32256+02
132625.00 =.3819E402 =,26AR2E407
132125.00 = 74N1E+02 ~.H215E+02
129250, 00 =.6977€+02 = 4275E+03
127666467 ~o58LRPE+402 ~.1496F+03
113000.00 =8 734E$02 =.9290E+02

0.
0.
0.
g.
0.
0,
0.
0.
3.
Oe
0.
0'
00
0.
0.
0.
0.
O
0.

0o -

0.

0.

0.
0.
0.
0.
O

0o ~

8.
0.
Oe
0.

0.

Go
de
0.
0
0o
0o

.U.

0.
D.
0.
Ge
0.
0.
ﬂ'
0.
g,
03

T CT3- CTI

o 310GE¢31 -0 21A2E+02 ~.14bUE+03 -

=e3958F+0L -.2068E+32 =,1525E+(3
<o8L79E401 «.1377F+02 -,1082E+03
+.3203E+02 ~.9731E+01 ~,1193E+403
“23125FE+402 ~.1081F402 -, 1121E+833
~+33BLE+02 -.1317E+02 ~.1242E+03

=~ 4D5TEH]I2 =o12U5E+02 -,12795¢03
| ~e334BEH+E2 ~o2404E+01 =-.8794E+02

~+3229E+02 ~+1173E+02 -.1324E+03

=+3L06E+02 -4 1231F+02 ~.13232+03.

~.2585E+31 =.99QRE+0L ~,1181E+03
o S17BE+00 ~.1492E402 - 139LE+03
~e223RE+02 -iB8331F¥01 -, 1021F+03
“o3USHE+02 =, B54RE+0L =~ 157UE+D3
~.8201E+01 ~.1621E+402 -, 1607E+L3
=+B791E+01 -.2659E+82 ~,17507+03
~«369L1E+01 ~,2LA3EXY2 ~,1357E+03
~«1205E+031 -.2702E+02 -,19545+03
«4B8G1E+01 =,2094E+32 -,1935£+03
«7626F +01 ~,2660E+02 =,1945E€+03
«3BB7E+04 - ,3292F+32 =-.,2023E+03
~o4BEOHE+00 «,3571E402 -.139LE+(3

=o1357E+J1 =o3L77E+02 ~,1836E+03

«GS37E+0L ~,9703E+01 -.1124E+03
WLB02E+01 =, 1539F+02 ~.1294%403
-.6568E+00 -, 308B7E+402 -.1535E8+403
“ b434EF0L = 4HIOF+I2 =~ 1751FE+03
~ 76075401 =,6635E+02 ~,19695403

" =e30BUE+DL - RBORE+I2 ~.1955E+03
. =~eBO4SE+01 -oQ352E+02 ~,2264E+03

=eBT25E+0) ~o1072E+03 =-.2424E+(3
=+5203E+01 «¢1102E+03 -,2457E+403
-.3207E+01 -.1070E+03 =.2414E+03

~+1533€+01 ~.1063E+03 ~-.2392E+03-

oBLACE~02 <« 1042E+D3 ~.241LEXD3
=e3633E+01 -, 1076E+03 -,2286E+03
~e4537E+00 ~,98H9E+D2 =,2153E+03

-+sSU27TE+0L =.9175E+02 —-.1945E+03

~21022€¢92 ~,9208E+02 -,1709€E+03
=s1435E+02 ~,A752E+J2 ~,1313E+03
~e2173E402 -, 4102E+02 =,8843E+02
21063E+01 -~ 1137E+01 ~-.52H64E+0Y
+1105E¢02 ~.120CE+32 ~.3777E+02
e113UEFD2 =~ 37776402 =-.6619E+02
01661E432 =,2781E+02 ~.9L4IEFD2
“oBLILE+DL =,2557F¢02 +,8926E+02
= 2764E 02 ~,3981E+32 ~.9635E402
=o1942E402 ~.6385E¢02 =o1334E#03
=o1570E¢02 ~¢GS77E+02 -,1523E+03
0 2612E+01 =.A631E+02 ~.3393E+02

89



