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ABSTRACT
Estimation of the join point of.two regression regimes can be a
multi-step process based on the assumptions about the data and require
ments on the location of the join point.

This review of the literature

discusses these steps basically fqr data sets for which the position of
the point of switch from data points belonging to regime one to those
belonging to regime two must be estimated.
The first step may consist of performing a pre-test which
indicates whether a switch has occurred in the data and whether further
analysis is necessary.

The next step consists of estimating the point

of switch and the abscissa of the join point.

The choice of estimation

methods is based on assumptions about the data and join point location
requirements. The next step consists of testing whether a switch has
occurred given the estimated join point.

Again» the test is chosen on

the basis of assumptions about the data and location requirements for
the join point.

And finally $ the last possible step consists of con

structing a confidence interval on the join point.

viii

CHAPTER 1

INTRODUCTION

Purpose of this Paper
The purpose of this paper is to review the statistical methods
presently available for solving for the abscissa of the intersection
point in two phase regression problems. . Professor B. L, Reid of the
Poultry Science Department has data which is suitable for this type of
analysis and which stimulated this research.

The data is the amount of

egg production at various levels of protein content of chicken feed.
Interest lies in knowing whether the Slope of the responses changes
after a certain level of food additive has been surpassed.

And if so,

at what level does this change occur.
This is a two phase regression problem.

The data before the

change belong to phase one, called the first regime.
change belong to phase two, the second regime.

The data after the

The point of change is

called the switching point and the point of intersection of the two .
regimes is called the join point.
detail later in this paper.

The join point is discussed in more

This paper centers on finding where in the

sequence of food additive levels the change occurs, and what specific
level of additive exists at that point in the sequence.

Limitations on Material Covered
The methods presented in this paper are linear regression regimes
with one independent variable. Since interest lies in solving for the
1

join point, methods of fitting the data, such as spline regression and
piecewise regression, are not discussed except as a note at this point.
Splines are used to achieve a good curvilinear fit of the data through
the two regimes assuming continuity at the join point.

Therefore, the

exact location of the join point is not as important in spline techniques
as is getting a good fit to the data.

Many piecewise regression tech

niques are based on clustering techniques.

The data are clustered to

find good fits along the various data segments (or clusters) of the data
assuming the join point to be a point of discontinuity between regimes
or segments. Again, these methods are designed for fitting a curve,
rather than locating'a join point.
This paper assumes that the number of cases in each of the two
regimes is unknown, but the overall number of cases is known. . Many of
the techniques in this paper simplify when the number of cases in the
first regime is known.

To be more general, this aspect of the methods

is frequently omitted or included as background information and no such
information is assumed to be known.

Therefore, the number of cases in

the first regime is a variable which must be estimated with the tech
niques in this paper.

The number of cases in the second regime is all

the remaining cases.

No a priori information is assumed about where in

the sequence of independent observations the change occurs.

One Bayesian

estimation technique is included in case some a priori information is
available, such as knowing the probability density function of where a
change might occur.
Finally, the variance or variances, as determined by the model,
are assumed to be unknown for the distribution of the error terms.

Therefore, a

2

must be estimated from the data. Again, in general, most
2
of the techniques simplify somewhat when a is known, which is not the
case in the sample data used in this paper.

Therefore, the version of

2
each method which utilizes s as the estimator of a
discussed in each case when applicable.

2

is the only version

7

Contents of Paper
Chapter 2 contains almost all the general notational definitions
used in the rest of the paper.
a number of techniques.

These are definitions that are common to

Most of the basic assumptions about the data are

also explained in this chapter.

Appendix A contains the actual data and

the calculations of the terms (using the data) defined in this chapter.
. Chapter 3 contains the only test found in the literature that
tests for a shift in slope before any methods need be applied to locate
where that shift in slope occurs.

This chapter leads into Chapter 4

which contains explanations of the techniques used to estimate the join
point.

Some of these techniques are similar to others and many of them

depend on assumptions made about the join point and the data.
Once a possible join point is estimated, there are tests which
can be performed to verify that the data represent a two regime model.
One of these tests contained in Chapter 5 basically tests that the slope
in the two fitted regimes are significantly different.

Other tests in

cluded in this chapter test more than just the equality between two
slopes.
Assuming that the join point is estimated and the model accepted,
Chapter 6 provides the alternative methods of calculating confidence

4
intervals for the abscissa of the join point.

Various authors propose

different confidence interval techniques for estimating the join point.
Often, their recommended technique is related to their recommended
method of estimation of the join point.
Finally, Chapter 7 contains the discussion of the various methods
presented in this paper.

The techniques are compared and evaluated.

Also the performance of each technique on the sample data is reviewed.
The conclusions and recommendations based on these results are discussed
in Chapter 8.

Use of Example
The poultry science data mentioned above is used throughout the
paper to illustrate the techniques being discussed.
data is provided in Appendix A.

A discussion of the

After each specific method, the results

on the sample data are presented to demonstrate the method’s application
if it is applicable to the sample data.
in the discussion in Chapter 7.

These results are then compared

CHAPTER 2
BASIC CONCEPTS, ASSUMPTIONS AND NOTATION

The purpose of this chapter is to explain the model which pro
vides

the basisfor this paper and define many of the methods and terms

which are common to many of the techniques that appear in the following
sections.

Many basic terms are commonly used and the explanation of

these terms at this point precludes the need for redefinition at the
point in the paper where the terms are employed.

Some basic calcula

tion techniques are also presented here so they will be readily avail
able for application to the technique utilizing that information.

The Model
Not all the techniques discussed in this paper base their
calculations on the same methods of solving the basic model.

The model

and notation given below generally encompass those employed by the
methods discussed, including whatever rearrangement of the model and
assumptions the various authors provide.
A segmented regression line of two phases (or regimes) is de
fined by:
f1(x) = yi =

a1 + b^x^ + e ^

i = 1, ...,t

2.1

f (x) = y1 =

a2 + b2xi + e2i

i = t+1,...,T

2.2

where the x^

are ordereddata of the independentvariable such that

2

<_ x^+^ for i=l,...,T. T is areal known number
of cases in the entire data sample.

equal to the number

The y^ are the observations on the
5

random variable Y.

The error terms e_.^ are sometimes assumed to be

normally and independently distributed with a mean of zero and variance
2

cr_. , j = 1,2.

In those cases, y^ may be a suitable transformation such

2
that e ~ N(0,a ).

Assume that the first t observations are generated by

(2.1) and the last (T-t) by (2.2) where
and J

x^ <: x^ for i = t+l,...,T.

<_

<_ J, for i = 1, ...,t

This defines a model with a switch

ing point of xfc and an intersection point, J, of the two regimes in the
interval [*t'*t+l^*

^ lus ^

t^ie "abscissa of the join point," here

after to be referred to as the "join point" to be estimated.

While all

estimation methods require the switching point to be in the domain of X,
no such requirement is generally imposed on J.

When J is not restricted

to the interval [x^,x^^], the two regimes are disjoint.
The regression model for each regime is assumed to be linear
in the parameters a_. and b^ and differentiable with respect to X.
Also the minimum number of points in either regime is always two, the
degree of the polynomial plus one, so that there are at least enough
cases to fit a unique regression.

In this case the degree of the poly

nomial is always assumed to be one, so there must always be at least
two cases per regime.
Basic Notation
The solutions for the following set of parameters may be needed:
(t,a^,b^,a ,b ><^
2

2

2

2
, <*2

of these parameters.

)•

Not all the techniques need estimates of all

The discussion below reveals the more common estima

tion techniques for these parameters.
out this paper.

These techniques are used through

Explaining these techniques at this point and

7
determining the notation for the terms in the solutions, should reduce
notational problems later.
The first technique is the method of least squares. If the ob
served data (yi) are assumed normally distributed, the least squares
estimates are identical to the maximum likelihood estimates.

The least

squares estimate of a parameter, p, is denoted by the symbol "p."
Now, given T data points (xi ,yi), the following definitions
apply:

C,

=

t
Z x
i=l

2.3a

C_
Zx

=

T
Z
x,
i=t+l 1

2.3b

2'6-

==»

■

La2

2-*s

2 y±
i=l

2.5a

C
Zy

E

Z y.

2.6a

ci» ■ j/i2
Cly
y

lyy

"Ixy

=

i=l 1

Z x±yi
i=l

2.7a

Z
y
i=t+l 1

2.5b

J2yy

Z
y
i=t+l 1

2.6b

'2xy

Z
x y
i=t+l

2.7b

=
SSlx

Clxx '

d/t)^2

2.8a

(l/(I-t))C2x2
SS2x = C2xx "
ssiy
SS2y

=

Clyy

= C2yy

2.8b

(l/t)cly2

2.9a

(l/(T-t))C2y2

2.9b

SSlxy = Clxy

(1/t)ClxCly

SS2xy = <'2xy

(l/(T-t))C2xC2y

2.10a
2.10b

where SS are the corrected sums of squares. Also let:
X1 - cix/t;

yi 5 Cly/t

2.11a

X2 E C2x/(l-t)

2.11b

2.12a

y2 E C2y/(T't)

2.12b

where t belongs to the set (2,T-2).

Local Least Squares Estimates
The least squares estimates for the desired parameters for a
given t value, which are called the "local least squares estimates,"
are given by:
bl = SW

2.13a

SSlx

2.14a

ai = yi - bixi

b 2 - SS2xy/SS2x

a2 = y2 - b2x2

A

ry

X

=

a

a

2.14b

2.15a

ri2 = 1f1(yr ar bixi)2

r

2.13b

a

Z
(y -a -b9x )
i=t+l

2.15b

2
where r_. is the residual sum of squares for the jth regime.

The least squares estimates for one fit for the entire data set
(a one regime fit) are found when t=T and there are zero cases in the
second regime. Then for the overall solution when t=T the estimates
of the regression parameters are:

This notation is located throughout this paper.
There are no least squares methods for directly estimating t as
a parameter of the model, but J, the abscissa of the join point, can
still be estimated for any estimated t where t is the number of data
points assigned to regime one for estimating the parameters defined
above.

Then using these parameter estimates for a given t, the solution

of the join point is:
al + blJ = a2 + b2J

2.16

Then
(a

J =

- a9)
Aa 2 - Y

2.17

The notation related to J in this paper is a little different
from that of the rest of the parameters and their estimates.

Here J is

defined as the true abscissa of the join point and J is used to denote
an estimate of J, but not necessarily a least squares estimate.
also let

Now

denote an estimate of J found to occur at data point x^,

and J* denote an estimate of J that is found to occur on the open
interval ( x ^ x ^ ) .

Constrained Least Squares
The second estimation procedure on the set of parameters (t,a^,
b^^^fb^) is also based on least squares estimation techniques but now
the model is subject to the constraint of intersection of the two re
gression regimes at J . With a Lagrange multiplier added to provide the
constraint, the function to be minimized becomes:

10

or
R ’(J) = R(xt) + 2X[(a2-a;L) + J(b2-b1)]

2.19

R(xt) =

2.20

where
+ r22

and

The constrained solutions reduce to the local least squares
solutions only when the unconstrained solutions yield regressions inter
secting at J.

Otherwise, the solutions are different from local least

squares and the residual sum of squares calculated in 2.19 is greater
than the minimum because of the constraints. Forcing the lines to
intersect causes the fit for a regime to no longer necessarily pass
through the center of mass of the data and therefore increases the sum
of squares about the line.

This fact is used frequently in a number of

the techniques in the following chapters.

Original Solution for Constrained Least Squares
This method by Sprent (1961), is a method of minimizing the
residual sum of squares in the constrained model, or minimizing R ’(J)
in equation 2.19.

The estimates for the parameters that minimize R ’(J)

do not directly involve calculation of the residual sum of squares. A
feature of this method is that one solves for a value of the Lagrange
multiplier which is then contained in the expression for the regression
sum of squares which is later applied during hypothesis testing.

11

In solving for the parameter estimates, first R*(J) is minimized
with respect toa^,b^,3^ ^

2

. Then by computing

the partial derivatives

with respect to these parameters andequating these

partial derivitives

to zero for solutions, the following equations result:

Z

(yixi “ aixi - b2_xj_2) +

= 0

2.21

T
(y x

I

- a_x. - b9x.2) - XJ = 0

2.22

i=t+l
a1 = y1- b1x1 + X/t

2.23

a2 = y2- b2x2 - X/(T-t)

2.24

The J in the above equations is replaced by the estimated
abscissa of the join point where the two regimes are constrained to
intersect.

Solving for X from the solutions for a^ and a2 and the

definition of R*(J) yields,
X =

[t(T-t)/T][(y2-y1) + b^(x^-J) -

b ^ - J ) ].

2.25

Then substituting these solutions of a^,a2, and X into equa
tions 2.21 and 2.22 to solve for b^, and b2 yields the following
equations:
2
[SSlx+W(x1-J)Z]b1-W(x1-J)(x2-J)b2 = SSlxy-W(y2-y1)(x1-J)

2.26

[SS2x-W(;2-j)2]b2-W(;2-J) (;i-J)b1 = SS2

2.27

-W(y2-y^)(x2-j)

and
T

2.28

Solving equations 2.26 and 2.27 simultaneously yields solutions
for b^ and b2. Then substituting these estimators into equations 2.23

12

and 2.24 one can find a^ and a^*

The equations 2.23 through 2.27 are

evaluated for given values of J.

If J=x^, then X .a^b^,a2 and

are

the parameters of the two regimes constrained to intersect at the
data point x^.. But the possible values of J are not solely limited to
given data points.
The results of this method of solution are discussed in later
sections of this paper.

Using Local Unconstrained Estimates
The following provides an alternate method of solving for the
parameters in a case where the two regimes are constrained to intersect.
The prime feature of this method is that previous calculations for the
parameters in an unconstrained fit can be applied toward estimating the
parameters in the constrained fit.
Again, R1(J) from equation 2.19 is minimized with respect to
al,^)l,a2

^2 ky setting the partial derivatives with respect to these

variables equal to zero.

This obtains the least squares fit of the

overall model subject to the condition that the two regimes intersect
at J.
Hudson (1966) provides these solutions for the parameters based
on R1(xt) for the one independent variable case which is shown below
and then expanded.

-

1 Xx
1 *2

} \

roX
II

Let
} Xt+1

Xt+2

13
Yi =

Y2 =

,t+1
t+2

t
L. J

Then the unconstrained estimates of a^jb^ja^ and

are the

normal equations:

2.29

(x 2'x 2)-1x 2'y 2

where Xj is the transpose of

2.30

.

Since the regressions are assumed to be linear in the coef
ficients a^ and b^, then the constraint of intersection is also linear
in these coefficients and can be written as:
a^ + b^J ~ a2 ~ b2J = 0

2.31

But unconstrained estimates do not in general satisfy this equation,
but rather yield:
al + ^1J ” a2 "* ^2J = w *

2.32

Let q be the vector of coefficients of the parameters in the last
equation so that
2.33
and

-1
-1
-1
u = q'C \

2.34

2.35

14

“1
-1
where (X = (X^ X^) . Then the constrained least squares estimates are:

- ^ C_1q
u

2.36

Note that all the constrained parameter estimates are denoted with the
symbol
Then letting J equal the constrained estimate of the join point,
u

Ixx

'2xx
(l-t)SS2x

tsslx

- 2J

r cix

,

tsslx

Sx
■
(l-t)SS2x

+ J2
T

1
fix

, 1
SS2x

2.37

and

bl = bl ■ u

W

a2

u

"Ixx
tSS
Ix

Ix
tSS
Ix

2.38

SS

"Ix
tSS
Ix

2.39

Ix

C
2x
(T-t)SS

"2x
(T-t)SS

J 2x

2x

'2xx
(T-t)SS

SS

2.40
2x

2.41
2x

Note that if this constrained estimate is evaluated at J=x^,
the join point is then forced to occur at a data point yielding
The point

x^

may belong to either regime one

ot :

regime two.

.

The above

terms may also be evaluated for some values of J not equal to a data
point.

Then the estimate of J equals the chosen value of J substituted

in the above equations. The value of R f(J) in (2.19) becomes
R ’(J) = R(xt) + (w /u)

2.42

R’(J) is defined as the residual sum of squares of the constrained fit
Discussion on the values of J which minimize equation 2.42 is located
in Chapter 4.

The results of the primary calculations discussed in this
chapter are calculated for the sample data set.
displayed in Appendix A.

These results are

These results are then used throughout this

thesis when an example is given for a specific technique using the
sample data.

CHAPTER 3

PRETESTING FOR THE EXISTENCE OF A
CHANGE IN SLOPE

This is the only test found that is applied to the data before
any estimation of the two regime’s parameters is begun.

This test by

Farley and Hinich (1970) tests the null hypothesis of no shift of the
slope coefficient against the alternative of exactly one shift of the
slope coefficient.

The calculations to find the estimated join point

need only be started after this test rejects the null hypothesis.

This

test is based on the ratio of the shift size to error variance.
The hypotheses for this test can be stated as:
Ho:

Slope coefficient does not shift

Ha:

Slope coefficient shifts exactly once

And the model for this test is:
yi = a + bx^ + dl(t) + ei

i=l,...,T

3.1

where the errors are independent normal random variables with a mean
zero and common variance. The shift of size d occurs when i*t.
f0
Kt) = 1
(Ji-*,.

1 < i < t
t 1 1 1 T

where t is a random variable indicating where in the sequence the shift
occurs. This variable, t, is uniformly distributed:
i=l,...,T.

P(t=i)=l/T,

The uniform distribution is used since there exists no

priori knowledge about the location of the intersection of the two
16
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regimes.

The uniform distribution indicates that given a shift occurs

between two observations, each data point is equally likely to be the
shift point.

The authors claim this allows the test to be very general.

The test statistic is the likelihood ratio of the density func
tion of y under Ha over the density function of y under Ho.

If the

vector:
2
T
*' = (0, (1/T) I (X7- X ),...,(1/T) Z(x -x )),
i=l
Z 1
i=l

3.2

then the test statistic is
M = *'(Y - a - bX)

3.3

where Y and X are the vectors (y^,...,y^) and (x_,...,x^).
Then a and b are estimatedusing

the least squares method under

the assumption that there existsone regime,

orHo.

This yields the

following test statistic:
M = $ ' ( ¥ - aQ - bQX) = $'(I-A)Y

3.4

A = (1/T) (IV) + (X-X) 1(X-X)/ (X1X-Tx q2)

3.5

where

and X is a IxT vector with each element equal to x q , the mean value
of X.
The authors show that under Ho, d=0, M~N(0,V^(M)) and under Ha,
M~N(d$(I-A)I(t),Vo(M)), where Vq (M) is

($'(I-A)$).

The decision rule

for a Type I error rate of a is based on whether the test statistic is
greater than a specified value.
reject Ho if
where
2

s

A 2

= rQ /(T-2)

That is,

|m | > Z^sC*'(I-A)$)1/2
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and

the one tailed value found on a N(0,1) distribution table.
A

2

The distribution of M/{s ($'(I-A)$)}
normal distribution under Ho.

1/2

is approximated by the standard

Since the test statistic and the estimated

variance are correlated even under Ho, this test is only applicable to
large samples.

Then,
Pr [|m |/s($>f(I-A)

2

under Ho as S

■> o

2

> Za/2] ■+ a

and T -*- <».

The authors then detail the tests they performed to determine
that the power of this test depends on both the size of the shift and
the pattern of the independent variables.
creases as |d/a|

The power of this test in

increases and appears to be marginal as d/a -* 0. Also,

a shift near the ends of the series of independent variables is very dif
ficult for this general purpose test to handle.

Because this is a

large sample test and the sample of the example for this paper is small,
this test is not applied to the sample data.

When a significantly large sample is available, it is advisable
to apply this test before proceeding with the estimation procedures
found in the following chapter.

The estimation techniques can handle

any size sample, although for many, the smaller the sample, the easier
the estimation procedure.

If this test does not reject the null

hypothesis, then one need not proceed with the estimation methods,
since a switch has not occurred.

CHAPTER 4
ESTIMATION OF THE ABSCISSA OF THE JOIN POINT

Theoretically, one should only proceed with the methods con
tained in this section of the paper if the null hypothesis of the pre
vious test is rejected.

In actuality, people tend to ignore, be

ignorant about the previous test, or have too small a sample of data
to apply the test and use the following techniques to not only estimate
the join point, but also test whether the two regime model is valid.
After an introduction to the classification of possible join
points, a maximum likelihood estimation technique is discussed.

Using

a function of error variances, this technique estimates where the divi
sion point in the sequence of the x.’s is located to divide the data
1

into two separate groups.
division of the data.

-

■

Then the join point is estimated using that

Then a Bayesian technique is discussed which can

utilize any a_ priori information about the location of the join point.
This information is then used to estimate the division point and the
join point.

The next two techniques minimize the residual sum of

squares but focus more on estimating the join point and require that
it occur between the two sets of data.

The second of these methods

yields the same results as the first but is a slightly improved method
which provides a likelihood ratio statistic used in Chapter 5.

Finally,

three quick methods are discussed which lack many of the assumptions re
quired by the other methods.
: ' ■ ■ ■

The first uses the location of the largest
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second difference to find the division point between the two regimes.
The second is a dummy variable approach to estimate the join point.
And the last is an iterative algorithm which utilizes the fact that the
residual sum of squares is a monotonically increasing function from the
minimum.

Categorization of Types of Join Points
The following description of the types of join points is based
on an article by Hudson (1966) on estimating join points.

Hudson

divides the parameter space for a two segment curve into four mutually
exclusive and exhaustive groups for the linear, one independent variable
case.

These categories are all based on the location of the abscissa of

the join point and whether the slopes of the two regimes are equal at
that point.
Let J be the estimated abscissa of the join point and J be the
true point abscissa.

Let (x^,...,x^) be the data points of the in

dependent observed variable and be real numbers. Let f^(x) be the re
gression function of the first regime (equation 2.1) and f^Ox) the func
tion of the second regime (equation 2.2).

Let f|(x) and f^(x) be the

first derivatives with respect to x of these regression functions, as
suming the functions to be linear and differentiable in x.
Then the basic groups of join points defined by Hudson’s estima
tion procedures are:

fj_(J)^(J)

Type I

Type II

f’(J)=f’(J)

Type III

Type II

and Type IV behavior occurs when J<x^ or J>x^, indicating that a one
regime model is best for the given data.
fies the case where J <

or J > x^^.

A last group, Type D, satis
A join is of Type D when the

two regimes have a switching point of x^ but are disjoint in [x^,x^^^]
with a possible intersection elsewhere.

Then the estimate of the

abscissa of the join point for Types I, III and D can be represented
by J and Type II by
Type I join points are the easiest to detect by ordinary least
squares solutions as shown later in this chapter.
tions for Type II join points are discussed.

Then possible solu

Type III join points do

not occur when the two regimes are linear or constant, since these be
come degenerate cases.

While Type III join points may occur with poly

nomial fits, extensive discussion of these fits is beyond the scope of
this paper.

Systems with Type IV join points are not discussed because

such solutions are not of interest in this paper.

Finally, some of the

estimation techniques yield solutions with Type D join points which are
discussed in Chapter 7.
The estimation procedures discussed in this chapter are based on
the type of join point being unknown or falling correctly into the assump
tion for a specific procedure.

Again, some of the procedures simplify

when the type of join point is known.
Minimizing the Likelihood Ratio
This first estimation method is based on one of the first methods
published on this topic which is written by Quandt (1958) and maximizes
the logarithmic likelihood function.

The basic model for this procedure is

22

y± = ai + bixi + eii

t

yi = a2 + b2Xi + e2i

i=t+l,...,T
2

In this case
equal to

2

4.1
4.2
2

~N(0,a^ ), j=l,2, where

is not necessarily

.

Brown, Durbin, and Evans (1975), use Quandt’s logarithmic likeli
hood function as a basis for their likelihood ratio statistic which they
use to solve for t.

This method is based on a test statistic whose null

hypothesis is:
bl = b2 = b
ai = a2 = a
2

Q1

2

= a2

2

= a

with the alternative hypothesis of

01

bl = bI

b2 = bII

al = 3I
2
2

a2 = all
2

= 0I

°2

= aH 2

Then the likelihood ratio statistic is:
H, x _

,max likelihood of obs given Ha
°8 max likelihood of obs given Ho

The denominator of 4.3 is the likelihood function of the entire sample
following one regime.

The numerator

of 4.3 is the likelihood function

of the entire sample following two separate regimes when the first t
points belong to regime 1 and the remaining T-t points belong to regime
2.

Using the usual techniques of setting various partial derivatives of

the log likelihood function equal to zero, the following estimates re^
a
y\ '*2 A 2 A 2
suit: aQ , bQ , a^, b^, a^, b^, o q , o^ ,
. In this case, since the
A

errors are assumedto be normally

A

A

^

A

distributed, aQ , bQ , a^, b^, a^, and b^
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are just the ordinary least squares estimates.

The estimates of

a

2

,

" 2

"2
and a^ are also obtained from the log likelihood function and are
~ 2
^
^
^
^
^
the biased estimates
= r^ /T,
= r^ /t, and
= r^ / (T-t) using
2

the notation from Chapter 2.

2

2

2

2

Then the likelihood ratio statistic re

duces to:
H(t) = (l/2)tlog (a12)+(l/2)(T-t)log (a22)-(l/2)Tlog(oo2)

4.4

The value of t which minimizes H(t) is the likelihood estimate of t
such that the last case in the first regime is

and t maximizes the

joint likelihood of the two regimes.
Since t is not a continuous variable, and since H(t) is not a
monotonic function, the ordinary techniquesof minimizing H(t) cannot be
used.

Then to find the value of t whichyields the absoluteminimum

H(t), T-3 pairs of regressions must be fit.

of

This assumes the switch does

not occur between the first and second data points, nor between the T-l
and T data points for the one independent variable case.

The x^ are

divided into two groups:
X- ,

i—1, ••., t

x2i

i=t+l,...,T

for t=2,...,T-2
and the likelihood function is evaluated for each t to find the maximum
value of the function.

Once a value of t is chosen, then

J = (a1-a2) / (b2-b1) .
This method can yield any type of join point, especially since
there are no restrictions on where the lines intersect.

There is also

no continuity constraint which would imply x^ < J < xt+^» where J is the
true join point. The lines do not necessarily have to intersect and if
they do, the join point does not have to be within the range of the
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observed data.

Therefore even a Type IV join may be the estimated join

point using this method.
Example
This method can be used for estimating t in the sample data
directly using the information in Appendix A.

Also note the discussion

in Appendix A regarding multiple observations for a given value of x.
~
Since 4.4 is being minimized over t and (l/2)Tlog(<Jo ) is a constant in
2

each expression independent of t, then the following can be minimized
instead of 4.4:
H'(t) = (l/2)tlog(^12) + (l/2)(T-t)log(i22).

4.5

From Table 4.1 it is clear that the minimum of H'(t) for the
sample data occurs at t=9.
point.

This indicates that x^ is the changeover

This categorizes the first nine points into regime one and the

last nine points into regime two.

The resulting coefficients are

a^ = -104.61, b^ = 13.80, a^ = 92.46, and b^ = -.70.
of J is 13.59.

Then the value

Since x^ = 13.5 < J < x ^ ^ = 15.5, this is a Type I

join point solution.

Figure 4.1 is a scatterplot of the data points

with the two resulting regimes superimposed.

This estimated join point

is tested in Chapter 5 to see whether it is a valid join point.

A Bayesian Method
This next estimation procedure differs from the previous one
because it is a Bayesian method and therefore can utilize a^ priori in
formation about the location of the join point.

Ferreira (1975) pro

poses this technique which assumes the number of regimes is known to
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Table 4.1.

Switch
point
oin
(t)

Summary of Calculations for Minimizing the Likelihood Ratio
H'(t).

r^2

T-t

r^2

H ’(t)

21.68

12

363.33

10.56

44.09

9

349.09

10.26

12

704.46

6

314.24

15.77

18

2667.84
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Estimated Lines for the Two Regime Model Found by Minimizing
the Likelihood Ratio.
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be two. The model for this method is similar to the previous model.
yi = a1 +

+ eli

i*l.... t

4.6

y± = a2 + b2xi + e2i
i-t+1,...,T
4.7
2
But, a is a constant over the entire data set implying the assumption

of equal variance over both regimes.
Again maximum likelihood techniques are used in deriving this
2
technique necessitating the assumption that Y^~N(y,a ).

Assume that

the parameters in the distribution of x and in the conditional distribu
tion of y given x, are distinct.
P(x,y|e,<f>) = P(x| <f>) P(y |x,0)

Assume all parameters are independent and prior distributions of
2
al*a2,bl,b2 anc*
(a ) are uniform over the whole real line.
Let rr(t) be the prior distribution of t. Then tt(1) , tt(T-l) and
tt(T)

must all be zero to exclude the events of only one point in a regime

or only one regime.

Then the solution for the likelihood of y given x

is P(y|x,<f>) where <p = (a^, b^,

,b2 ,a2 ,t) . And for t=2,...,T-2, the

posterior probability function of t is:
it(t|x,y) = (t(T-t) SSlx SS2x)'1/2 R(xt)~<:T*4)/2

ir(t)

4.8

where
R(xt) = r^2 + r22 .

4.9

Ferreira (1975) tries three possible prior distributions, the
most general being the uniform distribution where ir(t) « 1 for t=2,«..,
T-2.

Then w(t|x,y) is evaluated for each t-2,...,T-2 and the value of t

which maximizes tt(t|x,y) is the estimate of the parameter t.

To estimate

Ji a_. and b^ are estimated using the posterior probabilities by the
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following definitions:
T-2
bj =

a
j

»

Z2 ^SSjxy/,SSjx^7r^t lX,y^
T-2
Z (y
t _2

Tf(t |x,y) - (SS

j

j

0=1,2

/SS
j x

)x

4.10

7r(t|x,y))

4.11

j

Then J = (a^ - a^)/ (b^ - b^). There are no constraints on where the
estimated join point can occur, it may even be out of the interval
[xt,xt+^].

Or, in fact, it may be a Type IV join point as is possible

in the previous method.

But if there is information on the possible

location of the join point, this method would be useful.
Example
This Bayesian method is used for estimating t in the sample
data.

A uniform prior distribution for t is assumed since there exists

no a priori information to indicate where the switch occurs. The re
sulting posterior probabilities are calculated by substituting the results
displayed in Appendix A into equation 4.8.

These posterior probabilities

are displayed in Table 4.2.
The largest posterior probability displayed in Table 4.2 occurs
when t equals 6.

This indicates that the first six points belong to the

first regime and the last twelve belong to the second regime. Now a^ and
bj, j=l,2 must be calculated to estimate the join point J.

These

parameters are calculated using the posterior probabilities from Table
4.2 and the results in Appendix A to get the results displayed in
Table 4.3.

29

Table 4.2.

Table 4.3.

Posterior Probabilities Using a Uniform Prior for the
Bayesian Method.
Switch
point (t)

7T(t)

ir(t |x,y)

6

.333

.645

9

.333

.354

12

.333

.001

Bayesian Coefficient Estimates for Two Regimes.
Regime j

bj

1

-116.04

14.08

2

88.94

-.51
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In the first line of Table 4.3 are the parameter estimates for
the points in the sample data set with an abscissa in the range of
[10.0,11.5] while the second line contains the parameter estimates for
the points in the range of [13.5,19.5].
equals 14.048.

The estimated join point, J ,

Since J is not in the interval [11.5,13.5] and since

J > xt+^» this is a Type D join point solution.

Figure 4.2 is a

scatterplot of the sample data with the Bayesian regression estimates
superimposed.

Minimize the Residual Sum of Squares
The methods in this section are proposed by Hudson (1966) in the
same paper mentioned at the beginning of this chapter for categorizing
the join point.

These techniques are based on minimizing the residual

sum of squares for the fit and are useful on join points of Type I, II
and III.

The type of join point accepted is the one yielding the minimum

residual sum of squares. These techniques are all least squares tech
niques so no requirement of normality of the data is necessary.
In this case, the basic model, defined on the set of pairs
(Xi,yi) is as follows:
fl(x) = al + bixi + eii
f2(x) = a2 + b2x1 + e2i

.1
*t .1 ^

Here the emphasis is on the relative values of

4.12
.1

4.13

rather than where in

the sequence of x_'s the change occurs. This method solves for a value
of J, not necessarily a data point but definitely within the range of
the data.

There are no assumptions about a.

2

in this model.
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Solving for Type I Join Points
The solution for a Type I join point is found by solving for
the values of a^, b^, a^, b^> and J which minimize the residual sum of
squares. The residual sum of squares is written as follows:

R(x ) =

Z (y -a -b x )2 + Z
(y -a_-b„x )2
i=l
1 1
i=t+l 1
1

4.14

or
R(xt) = r^2 + r22 .
A 2

Note that r^

4.15

are the local least squares residual sum of squares de

fined by equation 2.15.
R(x^) is minimized subject to the following conditions:
^

a

a

a

a —

al + ^1^ = a2 +

b —

xt < J < xt+^

^ a

the functions intersect at x=J.
i.e., the intersection is in the open
interval between the end points of the
two regimes.

and the following assumptions:
1 —

The overall model is continuous at the join point (equivalent
to (a) above).

2 —

The domain of

the likelihood function is the space of real

values of all the parameters.
3 —

x^ < x2 < ...< x^, the data are ordered.

Hudson (1966) proves that this model, subject to constraints
(a) and (b) above and

the constraint that the first derivatives with

respect to x of both regimes are not

equal (f^(x) ^ f2(x)), has the

local least squares solutions equal to the overall solutions of

,b^,3^, and b^.

Therefore, the solutions for a Type I join point are

just the local least squares solutions of f^(x) and f^(x) which are
then solved for their point of intersection J by setting f^(x)=f (x).
2

Steps for Solving for Type I Join Points. This method seeks
all Type I join points out of all possible types of join points in the
overall solution.

The first step uses much the same information as the

previous two estimation procedures discussed. Also, a new term is de
fined, R°(xt), where R°(xt) = R(x^) if x^_ < J < x^^, and R°(xt) =
if J does not fall in the open interval (x^,x^^).
sion pairs are fit.

Again, T-3 regres

For each of the T-3 fits, calculate or record the

following:
1 —

a1, b1 , a2, b2

2 —

J = (a1-a2)/(b2-b1)

3 —

r12, r22, R(xt), R°(x^)

4 -

t * xf

xt + i

Then the best overall Type I solution is the set which yields
the min (R°(x^)) for t=2,...,T-2. The accepted J is the one produced
o
A
^
by the set which minimizes R and equals (a^-a2)/(b2-b^).
Solving for Type II Join Points
After all Type I join points are found, all possible Type II
join points are sought to see whether by constraining the fits to inter
sect at J=x^, a lower residual sum of squares can be found.

These fits

are obtained by adjusting the unconstrained local least squares esti
mates to join at J=x^, where J is a given value of x^, i=2,...,T-2.
This constraint is written as, a^+b^J = a2+b2J.

Since all Type I
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join point solutions are already available and their residual sum of
squares recorded, Hudson (1966) derives solutions for the constrained
fit's residual sum of squares and parameters using this previously com
puted information.

The equations for these solutions are provided in

Chapter 2 in the section titled "Constrained Least Squares Fit Using
Local Unconstrained Estimates."

The constrained least squares estimates

of the parameters are equal to the unconstrained local least squares
parameters minus terms which are shown in equations 2.36 to 2.41.
Now the new residual sum of squares for the fit with the one
constraint of intersection is:
Rf(J) = r^2 + r^2 + w2/u

4.16

R'(J) = R(xt) + w2/u

4.17

or
.

For each constrained fit the following are recorded:
a2* b2* Jt* 311(1 Rf

, a^, b^,

"

Hudson (1966) proves some theorems that show not all x^, i=2,
...,T-2 need be tried as the constrained point of intersection to mini
mize R'(J).

If an interval contains a Type I join point, then a fit

constrained to intersect at an end point of that interval must have a
larger R'(x^) or R'(x^^) than the unconstrained fit.

This fact should

be clear directly from equation 4.17 which defines the constrained
residual sum of squares as the sum of the unconstrained residual sum of
2

squares for a given switch point, x^, plus w /u. Theterm

w is zero at

a Type I join point in (x^>xt+ _) • Therefore, any Type IIjoinpoint in
2

[xt,xt+^] has w

2

> 0 (see equation 2.32), increasing the residual sum of

squares for the constrained fit to larger than that for the unconstrained
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fit for that interval.

Also if an interval has an R(x^) greater than or

equal to the minimum R°(x^), then a fit constrained to an endpoint of
that interval will also have R'(x^) _> min R°(x^).

Finally, if an inter

val has an R(x^) _> min R ’(J), then the fit constrained to either end
point of that interval also has R* (x_)

min Rf(J) . Since the overall

minimum residual sum of squares is sought, these facts are useful in
limiting the number of necessary calculations.
Using the above information, a point J = x_ need only be fit
with the constrained least squares estimate to determine R'(x^) if the
following three facts are true for both m=i, and m=i-l.
(i)

R°(x) = ”
m

i.e., no Type I join in interval

(ii)

R(x ) < min (R°(x ))
m
i
i

i=2,...,T-2

(iii)

R(xm) < min (R*(x^))

those k at which Rf(x^) is
evaluated, possibly k=2,...,T-2

=k
Or
(iv)

x± < J < x2,

where x^ is defined by equation 2.11.

If the estimated join point, J does not satisfy the inequality
xt < J < xt+ _> condition (b) from the discussion on solutions for Type I
2

join points, causing R°(x^) = », but satisfies (iv) above, then for a
given set of unconstrained regressions producing this J , the minimum
constrained residual sum of squares R' (x^) increases as the constrained
join point deviates from J while still remaining in the interval
[x^jX^].

To minimize the number of calculations necessary to reach

the solution, R'(x^) need only be calculated for those x^, i=2,...,T-2
for which the above criteria indicate that the constrained residual sum
of squares would not be larger than the current minimum.
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If the two regimes are constant or straight lines, then the cal
culations are finished.

The estimate of the abscissa of the join point

is that J produced by the regression pair which minimizes the residual
sum of squares whether it be constrained or unconstrained and satisfies
< J <
Type II join.

This also dictates whether the join is a Type I or a
If two or more fits yield the minimum residual sum of

squares, the solution is not unique and fits all such fitted models.
Estimating Type II Join Points Near the End Points. At this
point in the process. Smith and Sendlein (1973) suggest also testing for
*
*
a
J
and J=x^_^ using their algorithm. First calculate r^ for
a 2
((x2,y2)
(xT ,yT)) and r^_^ for ( ( x ^ y ^
W - l ^ T - l ^ * If either
2

= % 2

r2^ or rT_-^^ is greater than the absolute minimum of R°(x^) and R* (J) ,
then the join point does not occur at that particular point.

If either

one or both of the residual sum of squares are less than the minimum,
a constrained residual sum of squares must be calculated.

This is done

by drawing a regression through (y^,x^) and (y2,x2) using the fit yielding
r2^ which constrains the two lines to intersect at J=x2. Likewise for
(yT ,xT) and (yT_]_>XT_]_) intersecting at J=xT -.

Any line segment joining

the single point and the line describing the remaining T-l points is
sufficient to estimate a join point of Type I or Type II as long as
Xi < J < x2 or xT_1

1

J < xr

This method by Hudson is considered to be the most thorough of
the methods which minimize the residual sum of squares. This method
tries almost all possible join points and then choses the one which
satisfies the criteria.

One of the attributes of this method is that it
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requires the join point to be in the area of interest, between the two
data sets, which some of the previously mentioned techniques do not re
quire.

Also normality of the data is not an assumption for this method.

Example
This method of estimating the join point directly yields an
A

A

estimate of J since possible values of J are used in the decision making
process. The first step in estimating J in the sample data set is to
examine all possible Type I join points.

Table 4.4 displays the neces

sary information for the Type I join points in the rows with the line
number entries of 2, 3, and 4.

Figure 4.3 accompanies this table by

showing the plots of the lines in Table 4.4.

Line 4 yields a join point

that is not in (x^,x^_^), therefore, R°(xt) = 00. This can be seen in
Figure 4.3 since the lines marked (4) do not intersect in (15.5, 17.5).
The next step is to evaluate all possible Type II join points.
R°(Xg) and R°(x^) are finite, indicating they yield an unconstrained
join point in (x^_,x^^).

Since they are finite, R* (11.5) , R* (13.5) , and

R’(15.5) need not be calculated since the constrained residual sum of
squares would be larger than the minimum unconstrained residual sum of
squares.

This means that x^, where t = 6,9, and 12, are not tried as

possible Type II join points.

Then xt, where t = 15, or J = 17.5, re

mains as a possible Type II join point.

This point is a case of only

one point in the second regime. As part of this example, Table 4.4 dis
plays the residual sum of squares for all possible Type II join points.
These are the line number row entries of 1, 3a, 4a, and 5 with the entry
0 added as the solution for one overall fit.

As seen from the table, all

Table 4.4.

Line
Number

t

Summary of Calculations for Minimizing the Residual Sum of Squares Constraining the Two
Regime Models to Intersect at J.

j

Xt

Xt+1

0

J

'2
"j

"j

none

3.93

4.41

2667.84

R0(xt)

1

3

1
2

10.0

11.5

11.50

-193.61
40.29

22.61
2.27

1240.48

1240.48

2

6

1
2

11.5

13.5

13.18

-122.41
87.02

15.49
-.40

21.68
363.33

385.01

3

9

1
2

13.5

15.5

13.59

-104.61
92.46

13.80
-.70

44.09
349.09

393.18

3a

9

1
2

13.5

15.5

13.50

-105.89
88.76

13.92
-.50

4

12

1
2

15.5

17.5

14.85

- 52.77
96.69

9.14
-.93

4a

12

1
2

15.5

17.5

15.50

- 50.63
129.19

8.95
-2.65

5

15

1
2

17.5

19.5

17.50

- 18.95
195.68

6.26
-6.00

R'(xt)

394.78

704.46
314.24

infinite
1041.45

1832.79

1832.79

w
oo

39

o
CM

m

ID
CM
CD

i1
*— I

O

•

~

ZD

CD
CD
£
g
UJ

1
s

I—
z
W

o

CJ

ID

w
Q_

S

ID
CM

ID
CM

<n

10.000

12.000

14.000

16.000

18.000

20.000

PERCENT PROTEIN

PROTEIN VS EGG PRODUCTION
Figure 4.3.

Regression Lines for Trial Solutions from Minimizing the
Residual Sum of Squares.
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of these entries have residual sum of squares larger than the minimum of
385.01 for the unconstrained fits.

Usually entries such as 3a and 4a

are not included in such a table since they are discounted as optimal
Type II solutions as in the discussion above, and the calculations are
not useful.
In general, line 0 will always have a larger residual sum of
squares than a two regime fit.
cases of one point in a regime.

The lines 1 and 5 are included as the
The residual sum of squares displayed

for these two cases are for T-3 points in a regime.

The three remain

ing points, all having the same value of x, can be perfectly fit with
an infinite number of possible lines to intersect the other line any
where in the range (x^,x^] or [x^^,x^^) (depending on the fit) without
increasing the residual sum of squares.

If either of these two fits

yields the minimum residual sum of squares, then the optimum solution
would have T-3 points in one regime and three points in the other.
Figure 4.4 illustrates the residual sum of squares as a function
of J.

Note that the absolute minimum occurs at J = 13.18.

This cor

responds to the entry for line 2 in Table 4.4, the entry with the
minimum value for R°(x^).

With the aid of a computer, all Type I and

Type II solutions can easily be found and the minimum easily determined.
Then all the criteria used for minimizing the number of Type II solutions
become unnecessary.

Also plots of the residual sum of squares against

possible join points are useful in finding local minima.

In this example

the absolute minimum occurs for a Type I solution where J = 13.18 and
there are six points in the first regime and twelve in the second
regime.

19.000
16.000
11.000
3.000

7.000

CONSTRAINED RSS(X102

)

23.000

27.000
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Figure 4.4.

Constrained Residual Sum of Squares Versus Join Point.

Alternate Method of Minimizing
Residual Sum of Squares
The previous method is redefined by Hinkley (1971).

Even though

his basic method of minimizing the residual sum of squares is the same
as Hudson's for estimating the join point, but slightly improved, his
method is introduced here so that his notation and definitions will be
available for the following chapters. This method, which may be used
instead of Hudson's, completes the search for J with a minimum number
of calculations.
Hinkley's basic model is:
y^ =

+ b^x^ + e^

yi = a2 + b2xi + e±

i = 1,...,t

4.18

i = t+1,...,T

4.19

where the error terms are distributed independently normal with a
constant variance and x^ < J < xt+^.
estimated.

Here, a^, b^, a2, b » J and a
2

2

are

Hinkley (1971) uses maximum likelihood estimation and there

fore requires the normality assumptions which Hudson's techniques does
not require.

Hinkley first obtains a sequence of likelihood functions

(J) which are segments of the overall likelihood function L(J), such
that:
L(J) = Lt(J)

(xt <_ J < xt+1; t = 2,... ,T-2)

and only has meaning for x^ <_ J < x^^.

Let v be a continuous variable

on the range of x not limited to the values of the data points.

Then,

one term in L^(v) is the residual sum of squares for two regression
lines constrained to meet at v = x^. Then J is chosen as the value of
v which maximizes L^(v) over all [xt>xt+1)• But Hinkley exchanges this
2
likelihood function with a function
(v) also defined over x^ _< v <
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xt+^ and statistically equivalent to

2

(v).

(v) is the difference

between the residual sum of squares for a single regression and the
residual sum of squares for two regression lines constrained to inter
sect at v=xt.. This function is defined as
Kt2(v) = rQ2 -R*(v)

4.20

where R 1(v) is the same term used in the analysis by Hudson discussed
in the previous section.
Kt2(v) over

And J is still the value of v which maximizes

•

Many calculations lead to the following definitions using the
notation of Chapter 2 and the local least squares parameter estimates.
Dt ” SSlxSS2x + h(*l2sS2x +^22s S1x )

4‘21

Et = h C x ^ x + x2ssix)

4.22

Ft = h(SSlx + SS2x>

A-23

h

= (t(T-t))/T

9
(b,-b.)2 [D. - E.(J+v) + F Jv]2
K / ( v ) --- -------- ^
^
---SSox

4.24

(Dt - 2EtV + Ftv )

where J is the estimator of J using the regimes having slopes b^ and
b^ when the regimes are fit for t=2 through T-2.
As in Hudson's (1966) procedure of the previous section, for
t = 2, ...,T-2 compute a^jb^ja^^^ and J, then compute K^2 (J). Only
if x^ <_ J <_ Xt+-L» is this a Type I join point solution.

If J is not

in this interval for the present value of t, then evaluate the residual
sum of squares for the endpoints of that interval to get a Type II join
point solution.

The endpoints then yield

2

(x^) and

2

reduce the number of calculations, Hinkley (1971) shows that

• To
2

(x^) =
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2

Kt (x^) since

2

(v) is continuous.

Then by definition the final over

all estimate of J is that value of v yielding the overall maximum com2
puted value of
(v). Here the residual sum of squares is minimized
by maximizing this form of the likelihood function.
A by-product of this technique is that it directly provides the
basic calculations necessary to facilitate some tests found in Chapters
5 and 6.

Although this is an improved version of Hudson’s method, com

putationally, Hudson’s version is easier to apply.
Because the solution from this method and the previous method
is the same, the results of the calculations for the sampe data set are
not presented at this point in this thesis.

But the analysis of the

data verifies the equality of the two methods.

2

"

The value of K^_ (J)

appears in Chapter 5 where it is used to test whether a switch occurs.
The intermediate calculations are displayed in Chapter 6 where they are
used to calculate a confidence interval on J.

Miscellaneous Methods
The following are three quick and simpler methods for attacking
the problem of estimating the join point.

These three methods lack

most of the detailed assumptions and definitions which are carefully
constructed to pinpoint the true abscissa of the join point in the
previously mentioned methods.

Therefore, these methods are only useful

for quick estimation when knowing the exact type of join point is not
absolutely necessary.
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Using First and Second Differences
This first method is discussed by Wainer (1971) in his paper.
In this procedure the first and second derivatives of the data are
approximated using the first and second differences.

Therefore, for

every pair of points find the following:

dx

=

dx t+1/2

Xi+l“Xi

"

A .25

Axi

%

Then, assuming the largest absolute value of the second derivative
occurs at t, two lines are fit, one for i=l,...,t and the second for
i=tfl,...,T using least squares techniques.

Then J = (a^-a^)/ ^ - b ^ ) .

There are absolutely no assumptions about where the resulting inter
section occurs or whether the intersection is even in [x^,x^].
Example. The sample data is not perfectly suited to this method
of estimating t because of the multiple observations for a given value
of x.

Therefore, to apply this technique, the observed data, y^, were

averaged for a given value of x.

The results are given in Table 4.5.

Clearly the largest second difference is |-12.43| which occurs
at t = 9.
Appendix A.

The values of a^jb^ja^jb^, and J for t = 9 are found in
For this sample data, this method yields a join point

estimate of 13.59 which happens to be a Type I join point.
Dummy Variable Approach
Another quick method is given in Draper and Smith (1966, p. 141).
They employ a dummy variable as an indicator of the distance between
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Table 4.5.

Summary of Calculations of First and Second Differences,

i

x±

3

10.0

y±

ky±/hx±

d2y/dx2

32.46
15.49

6

11.5

55.69

- 2.84
12.65

9

13.5

80.99

-12.43
.22

12

15.5

81.43

.70
— .48

15

17.5

80.48

.45
-.93

18

19.5

78.62
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the two regimes at the guessed join point.

The model in this case is:

yi = bo + V l i + b2Z2i + b3Z3i + ei
where,

bQ is

the

is

the

b^ is

4-27

intercept of line1
slope ofline 1

the slope ofline 2

bg is the verticaldistance from line 2 to line 1
at xt or (y2-y1)
where,
i=l,t
i=t+l,T

'li

1=1,t
"2i

i=t+l,T

'3i

1=1, t
i=t+l,T

Solutions for bg,b^,b

2

and b^ are found by least squares estimation

techniques, such as multiple regression.

Then the information of the

sign of b^ and the relative magnitude of b^ and b^ can lead to a solu
tion of J.

If b^ is negative and b^ > b^, then the point of inter

section of the two lines is to the left of

. Again, the join point

is not necessarily in [x^,x^^^].
Example. Visual inspection of the sample data reveals that
possibly the first six data points comprise regime one and the remaining
points comprise regime two. This "estimate" is used to apply the dummy
variable approach to the sample data.
are constructed as defined above.

The variables, Z^,

, and Z^

The results of the multiple regres

sion of the variables on Y is
yi = -122.41 + 15.49z 1:L - .40z2i + 31.32z

.

48
The coefficient by is positive, indicating that the regression
line for regime two lies above that for regime one at x, = 11.5.
o
coefficient

Also

is greater than b^ indicating the intersection of the

two lines is to the right of x^.

Since b^ and b^ represent change in

y per positive unit x, the change in distance between line one and
line two for a unit of x is just b^-b • Then at one unit on the x
2

axis to the right of x^, the two lines are 15.89 units closer together.
Taking the distance the lines are apart at x^ and dividing by the
change per unit distance, the intersection is found to be at 1.97
units to the right of x^, at x = 13.17.

Figure 4.5 displays the two

estimated lines and the vertical distance between the two lines at
x^,bg, is indicated by the vertical dashed line.
Iterative Algorithm
Finally the last of the chosen quick methods is an iterative
algorithm based on minimizing the residual squares while assuming
the residual sum of squares is a continuous function with one minimum.
The steps of this algorithm are found in a textbook by Sterling and
Pollack (1968, pp. 374-376).
The model is:
y^ = a1 + b^x^ + e^

xi < xt

yi = a2 + b2xi +

xi — xt

•••»t

4.28

l=t+l,...,T

4.29

Step one: Arrange the data in order by increasing value of x.
Step two:
Step three:

Select the initial value of t, say (x . + x
)/2 = x .
min
max
t
A 2

Fit each regime and calculate R(x^) = r^

" 2

+ r2 *

82.500

92.500
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Figure 4.5.

Solution for a Two Regime Model Using a Dummy Variable
Indicating Vertical Distance between Regimes.
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Step four:

Increment t = t+1, fit each regime and calculate
~ 2

A 2

R(xt ) = r1 + r2
Step five:

if R(x^) < R(x^_^) repeat at step 4, t = t+1;

if R(x^) > R(xt_^) start again at initial t at step 4 but
decrement t by 1 each time at step 4.

A minimum residual sum of squares is reached when the estimates
of R(x^) are increasing in magnitude at each iteration.

Then solve for

J = (a^-a^)/(b -b^) using estimates from the regimes yielding the
2

minimum residual sum of squares. This join point does not necessarily
occur on
Example. The information for most of the steps of this method
are available in Appendix A since this method seeks the minimum uncon
strained residual sum of squares. This method assumes the residual
sum of squares to be a concave function with one minimum.

The steps

used to apply this method to the sample data follow:
1 —

The dataare already ordered so step one is satisfied.

2 —

For step two, (x , + x
)/2 = 14.75
min
max
Let t = 12, xfc = 15.5 (because there are multiple observations
for a given x, increments and decrements are in steps of three).

Then the following iterations result:
iteration
0

'

t

R(x^)

12

1041.45

Comments

1

15

1614.77

R(xi )> RCx-^start back at

2

9

393.18

R (Xg)<

3

6

385.01

R(x^)< R(x^)decrement t by 3

4

3

1231.26

5

R ^ ^ )

(12-3)

decrement t by 3

R(xg)> R(x^)stop
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As before, the minimum unconstrained residual sum of squares occurs at
t = 6 yielding a Type I join point equal to 13.18.

This chapter discusses each of the methods chosen for inclusion
in the join point estimation section of this, paper.

Here t is treated

as a random variable to be estimated using these techniques.

The fact

that t is estimated causes some problems with the distribution theory
in the following two chapters.
attention when it arises.

This problem is brought to the reader’s

Some of the techniques from this chapter

appear again in another form as a test in Chapter 5 or a confidence
interval in Chapter 6.

CHAPTER 5
TESTING Ho:

NO SWITCH OCCURRED

After a possible join point is found, a test should be performed
to verify that a switch has occurred in the regression at that point.
Tests for both parallelism and coincidence of the two regression lines
are included as the most popular and general tests.

These tests indi

cate whether the two lines are significantly different to declare that
they form two separate models which then have a join point.

Tests for

parallelism determine whether the two slope coefficients, b^ and b^,
are significantly different.

If the two regimes are constrained to

intersect, a test for parallelism alone can be used to determine whether
the two lines are significantly different and whether a switch has
occurred. A test of coincidence tests a composite hypothesis on the
equality of both the slopes and the intercepts rather than just the
slopes to determine whether a switch has occurred.

A test for coincidence

may also be applied regardless of whether or not the two regimes inter
sect.

A dummy variable method is included in this chapter which simul

taneously tests the slope coefficients and the intercepts for equality
but not as a composite hypothesis. A test for concurrence is also dis
cussed which may be applied to test whether a switch has occurred at a
hypothesized join point.

This test may also be applied to determine

whether related data sets share the same join point.
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The following tests are based on the assumption of common error
variance in the two regimes unless otherwise stated.

Almost all these

tests involve ratios of the appropriate residual sum of squares to test
the correctness of the chosen two regime model.

The first four tests

are for the "perfect" case where the number of cases in each regime is
known and not estimated.

The last four tests attempt to compensate for

the fact that t is estimated from the data.
Test of Parallelism
The first test considered is a common Student's t test for the
equality of the slope coefficient of the two regimes. This test is
based on the assumptions that the errors e^ are independently and
2

identically distributed N(0,a^ ), and
assumed to be known without error.

2

=*

2

‘

. For this test, t is

The null hypothesis for this test is

Ho:

b1 = b2

Ha:

b1 i b^

Then the test statistic is:
G .

5.1

bl " b2___________________
[((^2 + r22)/(T-4)) (l/SSlx + l/SS2x)]1/2

The null distribution of this statistic is a Student's t distribution
with T-4 degrees of freedom.

The denominator includes the estimate of

the variance about the regression of the overall fit using two regimes.
The decision rule is to reject Ho when |g| >_ t^_^ a/2*
value of t^_^

T^ie

can be found in a table of values for the Student's t

statistic for a given probability a, and T-4 degrees of freedom.
only the equality of the slopes is tested here, the possibility of

Since
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unequal intercepts remains even when this Student's t test gives a non
significant result.

But once the null hypothesis is accepted, a test

for the equality of the intercepts given the equality of the slopes can
be applied.

No example is given for this test because it is inapplicable

to the chosen sample data.
Test for Coincidence
Rather than a test specifically for parallelism, a test for
overall coincidence may be performed.

The following tests the null

hypothesis of coincidence of the two regimes and can be stated as:
Ho: (a1 ,b1)

=

(a2,b2)

Ha: (a1,b1)

^

(a2,b2)

Again, the basic assumptions of independent

errors anda constant error

variance between two regimes hold.

is assumedto be known with

out error.

Also, t

Then the test statistic is:
A

O

(rl

A

O

A

r\

+ r2 )/(T_4)

The numerator of this test statistic is the

differencein residual sum

of squares between one regression fit to the entire data set and a two
regression model fit.

The one regime fit will always have an equal or

greater residual sum of squares than the two regime fit.

The numerator

of this statistic has 2 degrees of freedom while the denominator has
T-4 degrees of freedom.

This test is found in the text by Seber (1977,

p. 200).
The decision rule for this test is to reject the null hypothesis
if F >
—

. x where F/0
. x can be found in a table of F values
(2,T-4,a)
(2,T-4,a)
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for a given significance level a with 2 and T-4 degrees of freedom.

A

rejection of the null hypothesis implies that the two regimes are not
the same and, in fact, a switch has occurred.

Unless a test of paral

lelism is conducted, no specific information about the cause of in
homogeneity is gained. This test has a known distribution because t is
assumed to be known without error.

An example for this test is not

performed with the sample data because t is not known, and is estimated
from the data.

Dummy Variable Approach
Rather than first test for parallelism and then coincidence,
Gujarati (1970) proposes a method which simultaneously tests both.

This

method requires the same assumptions as the previous tests, independence
of error terms and common error variance. By using a dummy variable
this method discriminates between the two null hypotheses:
Ho^:

a1 = a2

Ha^: a^ ^ a2

Ho2: b^ = b2

Ha2 : b^ f b2 .

The model for these tests is similar to the dummy variable model in
Chapter 4, but with a multiplicative term involving the dummy variable.
The model is:
yi = bo + blDi + b2xi + b3Dixi + ei

5'3

where,
r l1 £ i £ t

0

t < i <_ T

The dummy variable D is included both as an additive and multiplicative
term yielding coefficients of the differential slope and the

■
differential intercept.
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This model is fit with a multiple regression

method and an F test is computed to. test the significance of each
coefficient.
The interpretation of the coefficients start with b being equal
o
to the intercept of regime two.

If an F test on b^ is significant at

the chosen significance level, then b

+ b- equals the intercept of

regime one; otherwise accept Ho^, the intercepts are equal. Likewise,
b^ equals the slope of regime two.

If an F test on b^ is significant,

then bg + bg equals the slope of regime one; otherwise accept HOg, the
slopes are equal.
,This method simultaneously tests both the slopes, for parallelism,
and the intercepts, for differences.

This then exposes the causes of the

differences in the models rather than just a general statement of equality.
But this test requires a multiple regression solution not readily avail
able from the calculations required for the previous estimation tech
niques.

This test is also based on the assumption that t is known with

out error.

But it is useful in finding the causes of the difference

between the two regimes if they are different.

An example using the

sample data is not given for this test since t is not known.

Test for Concurrence
This test of whether a Switch occurred is related to the previous
tests because it also does not rely on an estimate of the join point
derived from the data.

In fact, this test is applicable when a hypothe

sized join point is to be tested to see if it is in fact a join point
and a switch occurred at that point.

Since the purpose of this paper is
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to discuss methods of estimating the join point, this test and the pre
vious tests are included as the "perfect" case even though the distribu
tions do not hold when the join point is estimated from the data.

But

Sprent (1961) conjectures that a method could be used to verify the
location of t without seriously upsetting the following test.
The null hypothesis for this test by Sprent (1961) is:
Ho : J = v
Ha:

J f v .

This test assumes the two regime model is appropriate and that the point
being tested satisfies the condition

< v <

The errors are also

assumed to be independently normally distributed with equal variance for
the two regimes.
two regimes at J

Sprent (1961)calls this a test of concurrence of the
= v.

Then thetest statistic is:
R'(v) - R(xt)

F

=

R(xt) / (T-4)

5-4

where R'(v) is the residual sum of squares for a two regime model con
strained to intersect at v, and R(x^) is the residual sum of squares
for an unconstrained two regime fit.

Then:

R’(v)-R(xt) = ( b ^ - b ^ S S ^ + (b2-b2)SS2xy + X(y2-yx)

5.5

where X is defined in Chapter 2, equation 2.25.
The decision rule for this test is to reject the null hypothesis
when F > F Z1 _ .
x. This testis useful when there exists a precon— (l,T-4,a)
ceived notion of where the join point is located and the value of t is
known or verified. This test is mentioned with the tests of an occur
rence of a switch since if a hypothesized point fails to be a join point,
it is possible that no switch has occurred.
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Example
This test may be applied to test whether repetitions of an ex
periment have the same join point.

The sample data used in this thesis

is the fourth repetition of the experiment by Dr. Reid.
minimum residual sum of squares solution is accepted.
t = 6 and J = 13.18.

Assume the
That solution is

Now, this is applied to another repetition of the

experiment (repetition 6), where Rf(13.18) = 417.33 and R(x^) = 393.11.
Then F = .86 which is less than

^

= 4.60.

Since F is less

than the table value, the null hypothesis that this repetition of the
experiment has the same join point as the fourth repetition is not
rejected.

Likelihood Ratio Test of Coincidence
In the previous sections, the time-point t being tested for a
switch is treated as a non-random point.

However, in reality the need

is for a test for a switch at a point t which is estimated from the data
by one of the methods discussed in Chapter 4.

In this section, a large

sample method proposed by Quandt (1958) is discussed which takes this
data-dependent randomness in t into account.
Here the null hypothesis being tested is Ho:a^ = a^ and b^ = b2
without the assumption of equality of error variance.

This test is

based on the likelihoods of whether or not a switch has occurred.

The

test is formed by the ratio of the likelihood that one switch occurred
over the likelihood that no switch occurred.

One of the assumptions

for this test is still the requirement that the error terms are normally
2

and independently distributed with mean zero and variance a . But this
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2
2
test does not require cr^ = °2 ' Another assumption is that the join
point has been estimated by maximum likelihood estimation techniques
such as Quandt’s technique discussed in Chapter 4.

In fact, the likeli

hood ratio for this test is basically H(t) of equation 4.3.
The hypothesis can be stated as:
Ho:

(a1 ,b1) = (a^.bg)

Ha:

(a1 ,b1) f (a2»b2^ *

Then the test statistic is
- t
H

=

- (T-t)

— —

----

5.6

0
o
where,

= the standard

deviation of regime 1

a^ = the standard

deviation of regime 2

0^ = the standard

deviation of single regime fit

Again the cl are the biased maximum likelihood estimates equal to
A
r^ /n where n is the number of observations used in the estimates of
2

the regime parameters.

Using the maximum likelihood estimation procedure

discussed in the last chapter, t is chosen to minimize H.

Since a known

distribution fails to properly describe this statistic, Quandt (1960)
provides his own table of empirical percentage points.

This table pro

vides P(-log H < k) and 95% confidence intervals for these probabilities.
The table provides values for overall sample size of T = 20, 40, and 60
cases.

The decision rule is reject Ho if P(-log H < k) > 1-a, where a

is the chosen significance level.

Since the size of the sample data

set is not sufficiently large, this test is not applied and no example
is given.
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Likelihood Test for Parallelism
In this section, a test by Hinkley (1971) is discussed which
also accounts for the randomness in t.

Furthermore, this test is de

signed to detect a switch under the constraint that if a switch occurs,
then the two regression lines intersect at the join point.

This test

is related to the previous tests except for the allowance of the random
ness in t.
Using his model, and also the statistic he uses to estimate J,
Hinkley (1971) applies this asymptotically distributed likelihood test
for the null hypothesis of b^ = bg to a small data set.

This is also

still a test that no switch in the relationship between x and y has
occurred between the two regimes.
Hinkley's (1971) assumptions differ from Quandt’s (1960) in
that although the errors must still be independently normal with constant
variance,

2

is assumed equal to

2

and the two regression functions

are constrained to be continuous at the join point.

Then the likelihood

ratio statistic is
K t 2 (J)/3

K t 2 (j)/3

fro 2-K t 2(J)]/ ( T - 4 )

R'(J)/(T-4)

2

This employs the notation in Chapter 4 where K^.
Hinkley (1969) for estimating t.

is defined by

A2
Again, rQ is the residual sum of

squares for one regression fit to the data.

In effect this statistic

is the ratio of the difference of the residual sum of squares between a
one regime fit and a two regime fit constrained to intersect at J over
the two regime constrained fit residual sum of squares.
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As for Quandt’s likelihood test, this test is not known to be
distributed as any common function.
is strong empirical evidence that

But Hinkley (1971) claims:
2

/a

2

is asymptotically

so that the null distribution of C is asymptotically

2

"There

when b^ =

^

This

result is connected with the non-normality of b^-bg and J when b^-b

2

but has not been verified theoretically."

= 0

Therefore, the decision rule

for this test is to reject the null hypothesis if C >_

Re

jecting the null hypothesis indicates that a switch has occurred in the
data and the join point may be accepted as a valid join.
Example
The estimated join point used for this test is the estimate
which minimizes the residual sum of squares.

In Chapter 5, using Hud

son’s (1966) technique, which has the same basis as Hinkley’s (1969)
method, this estimate is found at t = 6 to be J = 13.18 for the sample
data.

Since K^^(J) = rQ2 - R’(J), then K^2(13.18) = 2282.82, and

R'(13.18) = 385.01 yielding C = 27.67.

The decision rule is to reject

the null hypothesis if C > F ^ T_^ ay

In this case, F ^ T_^

which is less than C.

^

= 3.34

Therefore, the null hypothesis that b^ = b^ is

rejected at the .05 level.

This indicates that a switch may have occurred.

Jacknife Procedure
Wainer (1971) employs a different approach which does not depend
on the assumption of normality of the error terms but "retains many of
the features" (Gray and Schucany 1972).

Wainer claims there is uncer

tainty about the distribution of the regression parameters in the two
regime model based on an estimated join point.

This approach uses two

estimators of each regression parameter. These estimators are defined
by the generalized jacknife procedure and are chosen so that a function
of the two estimators yields an unbiased (or minimum bias) estimate of
the parameter.

In the case discussed here, one estimator is the least

squares estimate of the parameter based on the entire data set in the
regime, and the second is the least squares estimate of the parameter
based on a subset of the data in that regime.

Such a reduced bias

estimate is based on pseudovalues which can be treated as independently
and identically distributed random variables. The theory of the
generalized jacknife procedure shows that if the pseudovalues are ap
proximately independent, then for a parameter b,
(f(b)-b) (t(t-l))1/2
------------------A

5.8

2 1/2

[ Z (fj (b)-f(b)) ]
1=1

is "approximately distributed as a Student's t" (Gray and Schueany 1972,
p. 137) which has t-1 degrees of freedom, where f(b) is the defined
jacknife estimate and f^(b) are the pseudovalues. This fact is used
to draw a Student's t confidence interval on the parameter estimate.
For the purposes of this paper, after the confidence interval is drawn
for a parameter of regime one, then the corresponding parameter from
regime two is evaluated to see whether it lies within the confidence
interval. If not, the parameter of the second regime is declared to
be significantly different from that of the first regime.
This procedure is used here to test both of the following
hypotheses:
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Ho1 :a1=a2

Ha^:a^fa2

H°2:bl=b2

Ha2 :bl^b2

There are no assumptions on the distribution of the observations other
than they be independently and identically distributed.

The definition

of the generalized jacknife estimator is used here so that for a given
parameter, say b^, a confidence interval can be produced.
Let:

bu. = value of b1 for all t points in regime one omitting
point i
b^

f^(b^)

= estimate of b^ using all t points in regime one
= pseudovalue of b^ for the subset i of data from regime one
= tb1 - (t-l)bli

f(b )

= tb1 - ((t-l)/t) E bn.
i-1 x

S. 2 = [ z (f, (b..)2 - (Z (f (b
i-1

2
s*b

1

i-1

))2/t]/(t-l)

11

2,
“ sb /t:

then the f^(b^^)'s are distributed as a Student’s t with t-1 degrees of
freedom and the lOO(l-a) percent confidence interval for b^ is
f(bl> ±

IVl.a/zl^b

•

5 -9

Now to test for Ho2, inspect b2 to see if it lies in the confi
dence interval of b^.

If b2 lies outside the confidence interval, re

ject Ho 2. This eliminates the necessity of jacknifing b2 to compare
with f(b^).
for a^.

Likewise, to test Ho^, calculate the confidence interval

Then inspect a2 to see if it lies in the confidence interval.

Again, reject Ho^ if

is outside the interval

[fCa].)"! tt_1>ct/2|s*b > f(a1) + Itt-i ,a/2 ^S*b ^*
This method can be used for testing parallelism and, by looking
at both null hypotheses, coincidence of the two regression regimes.
Not only is this method useful when assumptions of normality of the
data are doubtful, but it is also useful for small data sets.
Example
This testing method can be applied to the sample data using any
estimate of t, the number of cases in regime one.

For this example,

let t = 6, the t estimated by minimizing the residual sum of squares.
The results of the calculations for jacknifing a^ and b^ with this value
of t are shown in Table 5.1.

The resulting confidence interval for b^

is Pr (11.846 < b^ < 19.132) >_ 0.95.

For t = 6, T-t = 12 which yields

\>2 = -.40 which lies outside the interval [11.846,19.132].

the null hypothesis H° :^1=^2
2

rejected.

Therefore,

Likewise, the resulting

confidence interval on a^ is Pr(-161.26 < a^ < -83.56) >_ 0.95.

Again,

for t = 6, T-t = 12 and a^ = 87.02 which lies outside the interval
[-161.26,-83.56].
rejected.

Therefore, the null hypothesis Ho^:a^=a

2

is also

Since both a^ and b^ fall outside the respective obtained

confidence intervals, the null hypothesis of coincidence of the two
lines is rejected; there are at least two regimes divided at x^.

Residual Test on Exchanged Models
Quandt (1960) provides the following small sample test because
his likelihood ratio test discussed earlier in this chapter is not
readily applicable to small samples.

One of the assumptions for this
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Table 5.1.

Summary of Calculations for the Jacknife Estimates of the
Slope and Intercept for Regime One.

t = 6
i

a1 = -122.41

bl =

15.49

ali

fi(an )

bli

fi(bli)

1

-131.91

- 74.88

16.31

11.36

2

-117.77

-145.60

15.08

17.51

3

-117.54

-146.75

15.06

17.61

4

-131.97

- 74.58

16.44

10.71

5

-116.87

-150.08

14.93

18.26

6

-118.37

-142.58

15.08

17.51

f(a1) = -122.41

f(b1) = 15.49
2
12.05
Sb =
2
2.01
S*b

s 2 = 1370.00
a
s. 2 =
*a

228.33

s*a =

15-U
t(5,.025)

S*b =
2,571

(sign considered)

1.42
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method is that o^

2

is not necessarily equal to

2

. This test is based

on the principle of applying the equations for both regimes on the data
set for one regime.

The resulting residual sums of squares are examined

to draw conclusions about the possibility that the two regression lines
are different and a switch has occurred. The null hypothesis is
Ho:

(a1,b1) = (a2,b2)

Ha:

(a1>b1) f (a2 »b2^ *

One assumption is that the likelihood estimate of t is used to
divide the data into two regimes, [x^,...,x^] and [xt+1,...,xT]. Because
a likelihood estimate is used, the assumptions are that the errors are
distributed as independent normal random variables with a constant
variance over each regime.

However,

2

is not necessarily equal to

2
a^ . This method uses the local least squares parameter estimates for

al,^l,a2* an<* b2 base<* on tbe division into two regimes.

Then residuals

are calculated by applying each of the regression equations to the same
data set as follows:
r1± = a1 + b1xi - yi

1=1,...,t

5.10

r2i = a2 + b2xi “ yi

i=l,...,t

5.11

Since under the null hypothesis that no switch occurred the residuals
A

2

are normally and independently distributed, then the sum of r ^ /a
is distributed chi-square with t-1 degrees of freedom.

F = (I r
1=1

2) / (Z T
1=1

2

Then,

2)

5.12

Since this statistic is the ratio of two chi-squares, it has an F
distribution with t-1 and t-1 degrees of freedom for a chosen significance
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level a.
F

Then the decision rule for this test is to reject Ho if

-

The data from regime two may be applied instead of the data from
regime one.

The power of this test is related to the location of the

true switching point and its closeness to the endpoints of the data set.
The rational behind this test is that if the regression lines are
significantly different, then the residuals formed by applying both
lines to the same data set should cause the residuals for the misfit
regime to be significantly larger than the residuals of the correctly
fit regime.

Example
This small sample test can be performed on the sample data using
any estimate of t.

The estimate of t = 6 is chosen for this example to

be consistent with the other examples in this chapter.

For this estimate

of t, the residuals are defined as follows:
r.. = -122.41 + 15.49x. - y
1*1
r2i =

87.02 -

t

.40x1 -

Then Er^^ = 21.67 and Er^^^ = 9822.03 which yields an F ratio of 452.84.
The decision rule indicates that the null hypothesis of (a^,b^) = (a ^
2

should be rejected since

F is larger than F

This indicates there may

be a switch between thetwo regimes.

2

, n_. which equals 5.05.

Each of the tests mentioned in this chapter vary slightly, yet
they are all ways of testing whether
relationship between the

)

a switch has occurred in the

variables x and y for agiven data set.

The
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applicability of a specific test is based on what can be assumed about
the data, whether the join point is estimated, and the null hypothesis.
If the chosen test verifies the existence of a two regime model, then
confidence intervals may be drawn to get further information on the
location of the join point of the two regimes, as discussed in the
next chapter.

CHAPTER 6

CONFIDENCE INTERVAL ESTIMATES

The methods in Chapter 4 can only provide an estimate of the
join point,.

Therefore, some techniques for constructing confidence

interval estimates on the join point are discussed.

Before this next

step of calculating the confidence interval is begun, the join point
should already be estimated and the correctness of the two regime model
should be tested.

The confidence intervals are then constructed so

that the calculated interval will contain the tree join point 100(1-a)
percent of the time for the given data, if a probability can be assigned
to the region.
Five different methods of calculating confidence intervals are
discussed in this chapter.

The first two are based on Fieller1s (1940)

fiducial limits with the first method assuming equal variance between
the regimes and the second assuming unequal variance and both assuming
the value of t is known and not estimated from the data.

The third

method is reasonable for small samples, assumes equal variance and t
estimated from the data, as do all the remaining methods.

The third

method uses the residual sum of squares calculated when the two lines
are constrained to intersect at the estimated join point.
method is a large sample approximation of the third method.

The fourth
Finally the

last method is a "likelihood interval" which has a very approximate
distribution and is largely a graphic technique.
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Fieller's Confidence Interval
Assuming Equal Variance
The join point is assumed to be estimated from the data when t
is known such that:

J

=

al "" a2
—

-

and x

< J < x

- .

6.1

bl “ b2
This J is the ratio of two correlated normal random variables.

The

errors are assumed to be independently and identically normally
distributed with constant variance over both regimes,

2

=

2
a

2

~ a

2

Then let
w

=

(a1 - a2) + v(b1 - b^)

6.2
2

so that E(w) = 0, and the variance of w is ca

c =

where

1
(x -v)2
1
(x9-v)2
- + — ---- + —
+ — ---t
SST-t
SS0
Ix
2x
2 1/2

A statistic U is defined equal to w/(cs )

.

6.3

and has a Student's t

distribution with T-4 degrees of freedom where

s2

= (r^2 + r^2) / (T-4) .

6.4

Then a 100 (1-ct) percent confidence interval on J is obtained by in
verting the inequality contained in the following statement:

Pr<U2 < (tT_4,o/2)2} = 1 - a

6.5

where (tT-4,a/2)2 = Fl,T-4,a .
This confidence interval reduces to an interval whose end-points are
the roots of the following equation found by solving for v.

Equation 6.6 is expanded and the terms collected, forming a
quadratic equation to make solution of the roots easier.

Then the above

equation reconstructed as a quadratic in v is written as follows:
Av2 + 2Bv + C

=

0 .

6.7

Let
a

= t < V V 2 -Fi,T-4,/ ( i i t + ^

B = [(a^Xb;-^) + F

_

)]

6-8

s2( ^ + ^ - ) ]
Ix
2x

6.9

and
A

^

2

C = [ ( a r a2)

2

-

The local least squares
equation 6.7 where

F1>T_4)C(s

x1 2
x 2
1
2
1
(s s ^ + 7 + S S ^ +^ > ]

estimates of

6-10

and b^ areused to solve

^ is the value of the F distribution for one

and T-4 degrees of freedom at a significance level of a.

Then the roots

of the above equation form a confidence interval on J, [v _»v ^» such
2

that Pr(v^ < J < v^) = 1 -a.

The midpoint of

2

this confidence interval

A

is not necessarily J since the roots of the equation are not necessarily
symmetric about J.

No example is provided for

this confidence interval

because t is not known for the sample data.

Fielder's Confidence Interval
for Unequal Variances
The same technique as above is now applied to the case where the
errors are still independently and identically normally distributed but
that

2

f O

2
2

. The basic problem in this extension of the assumptions

is determining the distribution of the statistic.

Filliben and McKinney

(1972) redefine the statistic so that it is approximately distributed as
a Student’s t with g degrees of freedom, where g is calculated from the
data.

This interval estimate is applicable to large samples. The maximum

likelihood estimate of J, estimated from a data set with t known, is
used to calculate g which is
r—

<

CM

1

>

2

1

t-2

<M

g

>H

1

t,.

1

6.11
T-t-2

_ V 1 (J)+V2 (J)

_V1 (J)+V2 (J)

where
V (J)

1
(J-x )2
- +
—
t
ss,
Ix

=

6.12

(J-x2)2

v2 (J) =

6.13
T-t

SS

2x

and now

A

(b^-b^

- F1>g>ct( ss
Ix

B = (a1-a2)(b1-b2) + F1>g>a (

*

/J

C = (a1-a2)

where

SS

6.14
2x

2—
1 X1

SS
Ix

SS
2-

°

- F1>g>ct( —

2
2 X2
—

,

^ -1 X-*

+ x^t +

SS.
Ix

6.15

2x

2

S ry

+

2-

X^

2

SS,
2x

^

6.16
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Then, as before, the local least squares estimates of a^,b^,3^, and b^
2
are used to solve the equation Av + 2Bv + C = 0, where F_
is the
l,g,ct
value of the F distribution for one and g degrees of freedom and a chosen
significance level a.

Again, the roots of the quadratic equation in v

form the confidence interval [v^jV^] such that Pr(v^ < J < Vg) = 1 - a.
The midpoint of this confidence interval is -A/2B, which is again not
necessarily equal to J since the confidence interval is not symmetric
about J.
The solutions for the unequal variance case are usually different
from the solutions for the equal variance case, even when s^ = Sg.
Therefore, Filliben and McKinney (1972) suggest that the unequal
variance confidence interval always be applied.

Using an example, they

show that when s^ and s^ are nearly equal, the width of the confidence
intervals differ considerably between the equal and unequal variance
models.

When s^ and s^ are considerably distinct, the widths of the

confidence intervals are similar.

Therefore, the equal variance case

is not a special case of the unequal variance case.

Filliben and Mc

Kinney (1972) recommend only applying the equal variance confidence
interval when there are known physical reasons for assuming equal varlances and an F test does not reject the null hypothesis of s^

2

2
= Sg .

This confidence interval is not constructed for the sample data because
t is not known but estimated from the data.

Small Sample Constrained
Estimate Confidence Interval
Now that the problems of common confidence interval estimates
for the two regime case and known t have been presented, the methods
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available for t unknown are discussed.

Hinkley (1971) constructs a

confidence interval for J using the likelihood ratio statistic he uses
to estimate J and t in the model:
Yi = <f> + b1(xi-J)

1=1,..., t

yi = <J> + b2(xi-J)

i=t+l,...,T.

Hinkley claims that since the variance of J depends heavily on the rela
tionship between b^ and b^, asymtotically the normal distribution may be
a poor approximation for a confidence interval.

Through empirical

evidence, Hinkley (1969) shows that asymtotically the chi-square distri
bution appears to be a reasonable small sample approximation of the
distribution of the likelihood ratio statistic.
In this model the error terms are assumed to be independently
and identically normally distributed with constant variance over both
regimes,

2

2

. Then the confidence interval is based on the two-

sided likelihood ratio test of J = J as follows:
K 2(J) - K 2(J)
------ H

1

Fl,T-4,a

6'17

where
S = [ro2 - Kt2(J)]/(T-4).

6.18

The significance level a is an approximation to the size of the test for
small samples and is used to produce a (1-cx) confidence region for J.
2
(v) is a function of the residual sum of squares of a two regime
model constrained to intersect at the join point.

This function does

not monotonically decrease from

2 "
(J), the maximum used to estimate J,

but may have more than one peak.

Therefore, the confidence region is
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not necessarily the smallest interval, but is close to the smallest
interval containing solutions to the following based on the previous
equation:
Kt2(v) = Kt2(J) - SF1>T_4>a .

Using this definition of
where

_< v _<

2

6.19

(v), a quadratic is formed using v

as in the previous confidence interval methods.

Let q^ represent the possible Type I and Type II solutions found when
2
estimating J, where i=2,...,T-2. Then
(v) is redefined in terms of
the component parts, D^, E^,

used for the original solution of

2 *
Kt (J) (see equations 4.21 to 4.23).

Let:

cl = (bi r b2i) /ssox
L1 ■ [Ki2W

" SFl,l-4.a]Fl " <Er Fiqi)2ci

Mi = [Ki2W> - SFl,T-4,a]El - (Ei"Fiqi)(Dr Eiqi)ci
Ni = tKl2(J) - SFl,T-4,alDl ' (Dr Eiqi)2ci •
Then the quadratic in v is
L^v^ - 2M^v + Ni = 0
The solutions for the roots v^ and

.

6.20

of this quadratic are not

as easily as those in the previous two sections.

Here, to find

1

--

smaller of the two roots, solve the previous equation for i - 2,3,...
until x^ ^ v^ <_
infinity.

If this fails for all t, then v^ equals negative

The same method is used to search for v^, the upper bound of

the confidence interval.

For v^, work backwards from T-2,T-3,... until

a v^ is found such that x^ <_ V£

xt+]_*

If all cases fail to provide

a proper root, assign v^ equal to positive infinity.

If either v^ or v^
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is infinite, then this model should have been rejected as a two regime
model by the methods in Chapter 5.

If

and

are both not infinite,

the resulting lOO(l-a) percent confidence interval is again [vj_

» v 2

3•

Example
This confidence interval is readily found when Hinkley’s (1971)
method of estimation of J is used as discussed in Chapter 4 on a small
data set.

Below, this confidence interval on J is constructed for the

sample data.

The calculations omitted from Chapter 4 are included in

Table 6.1 for use in this example.
For this example a 95% confidence interval is constructed,
therefore the value of
the quadratic in v.
data.

^

is substituted for F when solving

The search for root v^ starts at t=6 for the sample

The two roots of the quadratic at t=6 are 12.37 and 14.78.

Since

Xg = 11.5 ^ 12.37 <^13.5 = Xy, v^ = 12.37 is accepted as the lower
boundry of the confidence interval.
t=12.

Now the search for v^ begins at

But at t=12 the solution has two imaginary roots, providing no

valid value for v^.

Then t=9 is tried which has the roots of 12.72

and 14.38 for the quadratic in v.

Since x^ = 13.5 £ 14.38 <_ 15.5 =

X Q> 14.35 is accepted as an upper boundry for the confidence interval.
1

The resulting possible 95% confidence interval on J for the sample data
is [12.37,14.38].

Large Sample Constrained Estimate
Confidence Interval
Hinkley (1971) compares this small sample confidence interval
with a confidence interval on J using the t distribution of (J-J)/s(J)
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Table 6.1.

Summary of Calculations for a Small Sample Confidence
Interval Estimate on a Constrained Join Point Estimate.

13.18

15.49

9

13.59

13.80

12a

14.85

12b

15.50

o

6

i

Switch
point (t)
3.17"10^

2802.75

253.50

-.70

4.06-104

2716.88

191.25

9.14

-.93

*

*

*

8.95

-2.65

7.47-104

4118.63

230.25

Mt

Nt

t

Kt2(J)

L

6

2282.82

1.72 •io5

-2.34-106

3.15'IO7

I

9

2274.65

3.95 •io5

-5.36-106

7.23-107

I

12a

*

12b

1626.39

t

*
1.39 •io5

*
-2.19-106

Type

*
3.46-107

*Entries not complete because this is a Type D join.

D
II
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which is based on the large-sample chi-square distribution of S, the
mean square error of a constrained fit, as defined in 6.18.

Then

J-tT-4,o/2s(J) < J < J+tT-4,a/2s(J)
for a given significance level a and T-4 degrees of freedom.
s(J) is the estimated standard error of J.

The term

This error is asymptotically

normal and is defined as
1
var(J) =

—

t

1
+

-

A 2

+ —

T-t

-

(x_ —J)

A 2-1

(x9-J)Zl
+

SSlx

—

----

SS2x 4

Since the two regimes are assumed to have equal constant variance, then
2
S as defined in (6.18) can be substituted for a . Hinkley (1971) com
pares some approximate Student t confidence intervals with his likelihood
intervals to find the former are slightly smaller.

The ratios of the

Student t intervals to the likelihood confidence intervals range from
.84 to .95 in his examples.

Example
The large sample approximation of the confidence interval is
constructed for the sample data set using Hinkley’s (1971) maximum like
lihood estimate which found t = 6 and J = 13.18. Then, using the cal2
dilations in Appendix A, the estimate of a equals 27.5 yielding a
standard error of J, s(J), equal to .49.

The resulting 95% confidence

interval is [12.13,14.23] which can be restated as Pr [12.13 <_ J _< 14.23]
= .95.
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Likelihood Region
This last confidence interval is referred to as a "likelihood
region."

Construction of this region is based on the fact that the

residual sum of squares is proportional to the logarithm of the likeli
hood of all parameters when the observed data are normally distributed
about the model.

Since:
L(J) = -constant • R*(J),

6.23

then the likelihood region is defined as the set of (v) satisfying
R’(v) <_ R ,(J)(l+d)
where d >

0, J is the estimated abscissa, and R* is the residual sum of

squares for a two
join point.

regime fit with the constraint of intersection at the

This interval is best realized when a graph of R* versus

the possible abscissas of the join point is studied.

Since this method

is based on the constrained residual sum of squares, as are the previous
two methods in this chapter, the interval is not necessarily continuous.
In fact, Hudson (1966) provides an example in which the interval is dis
continuous .
Hudson (1966) tries to associate a probability with this region
which he claims is very approximately distributed at a height of
2

2

a [x^] above the minimum value of R*(J).

For the one independent

variable case, a chi-square with one degree of freedom is used.

Sub-

stitutingx^/(T-3) for d in equation 6.24 yieldsthe following:
R' (v) <_ R' (J) (1+x^ / (T-3))
for a chosen significance level a for the chi-square.

6.25
But once this

region is constructed, the easiest method of finding the values of v
which satisfy this inequality is visually from the previously mentioned
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graph.

But note that the probability Hudson (1966) has suggested is

very approximate and if no probability estimate is required, any small
positive valued d may be substituted into equation 6.24.
Example
This method provides a range on R 1(J) which may then be inter
preted in terms of an interval on J either visually or by inspection of
a listing of (J,R* (J)).

The minimum residual sum of squares estimate of

J is used here to construct this region for the sample data.
t = 6, J = 13.18, and R1(13.18) = 385.01.
on

Therefore,

If the choice of d is based

then R'(v) <_ (385.01) (1.256) or R'(v) <_ 483.48.

The region

bounded by R'(J) below and the line R*(v) = 483.48 is the 95% likelihood
region on J.

A line representing R f(v) = 483.48 is added to the graph

of J versus R*(J) in Figure 6.1.

A listing of the points used to con

struct the graph indicates that the line R'(v) = 483.48 intersects the
curve of R*(J) at approximately v^ = 12.45 and v^ = 14.25.

There are

two local minima in this region, one at J = 13.18, the accepted estimate
of J , and the second at J = 13.59.

The saddle between the two minima

does not intersect the line enclosing the likelihood region, so the
region is not disjoint.
In conclusion, the only methods of finding a form of a confidence
interval on J when the division point is estimated from the data are
complicated to solve.

For the type of data of interest to this paper,

Fiellerfs methods are not based on the correct assumptions and therefore
have incorrect distributions for the data of interest.

The last three

methods remain applicable depending on the size of the data sample and
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the values of J for which the R’(J) is calculated. For the last method,
R?(J) should be graphed continuously over the range of ^

»xT_ l• While
2

for Hinkley's small sample method, the confidence interval is formed by
roots of a quadratic equation evaluated only at tested join points.
The last three methods require x ^ c J < x_,_.
t—
— t+1

CHAPTER 7
DISCUSSION
The preceding chapters contain discussions on various techniques
of estimating the join point, testing whether a switch in regression
regimes has occurred, and constructing a confidence interval on the join
point. . In this chapter, the previous chapters are reviewed. The dif
ferences and relationships among the methods described in each chapter
are discussed as well as how easily each method is applied to the sample
data.

Differences in the results of these methods upon application to

the sample data are also investigated.

Review of the Pre-test
Chapter 3 is the first chapter to contain a specific technique
involving the existence of a two regression regime model.

This test by

Farley and Hinich (1970) is a pre-test for a change in the slope pa
rameter.

No other pre-test is found in the literature but a discussion

of this method is still important to point out the usefulness of such a
test.
This pre-test is a likelihood ratio test which assumes any
point is equally likely to be a join point.

Farley and Hinich (1970)

show that this test is a locally most powerful test whose power depends
on the size of the shift and the pattern of the residuals.
the test statistic is a linear combination of the residuals.

In essence
Therefore,

it is important to examine the residuals for patterns before accepting
83
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or rejecting the null hypothesis.

The test is fairly simple to apply

and theoretically can be incorporated into any ordinary regression com
puter program since it requires the same input. Only the original data,
the least squares regression parameter estimates of one overall model,
and the resulting residuals are needed to perform this test.

Because

the distribution theory for this test is asymptotically normal, this is
only a large sample test.

But for a sufficiently large sample, many of

the calculations, especially the construction of the vector $ defined in
(3.2) and the test statistic itself defined in (3.4) are too cumbersome
to be calculated without the aid of a computer.

Since this test is

reasonably lengthy to perform or since special computer software is
necessary, it is often bypassed and estimation for the join point is
begun directly.
The sample data used for the examples in this thesis is not suf
ficiently large to be considered a large sample.
is not performed on the sample data.
this test should be performed.

Therefore, this test

If a data set is sufficiently large,

If this test does not reject the null

hypothesis, then no estimation techniques for the join point of a two
regime solution need be applied to the sample data and the problem is
finished.

In such a case, a single regime model is accepted.

If the

application of this test indicates that the null hypothesis should be
rejected, then a technique to estimate the join point should be applied.
Theoretically, a test of the change in slope of the resulting two regime
model after estimation of the join point should verify the results of
the pre-test. In summary, this test should be applied before any

'
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estimation techniques, and only if the null hypothesis is rejected should
the join point he estimated.
Review of the Join Point Estimation Methods
Once the decision is made to estimate the join point, the basic
assumptions about the data and any information about the data must be
noted as well as the type of joia point desired.

This information is

then used to determine which estimation technique to apply to estimate J .
Differing Assumptions
The estimation methods discussed in Chapter 4 encompass four
basic sets of assumptions.

Following the order of appearance in Chapter

4, the method which minimizes the likelihood ratio is discussed first.
The basic assumptions for this technique are that the errors are normally
and independently distributed with a zero mean over each regime.

The

assumption specific to this technique is that the variance over the two
regimes is not necessarily equal so that

2

f

2

is acceptable.

Be

cause of this assumption, the-resulting likelihood ratio is a function
of

a 2

and

A 2

with the term

*

2

included from the null hypothesis.

The

joint likelihood of the two regimes is maximized by minimizing the re
sulting likelihood ratio.

This method has no requirements or restric

tions on the type of join point produced. There is no restriction on
where the regimes may intersect, and, in fact, there is no continuity
constraint, so the regimes need not intersect at all.
The second method discussed in Chapter 4 is also based on the
same likelihood function and therefore requires the errors in the data
2
to be normally and identically distributed. But in this case,
is

assumed equal to

V meaning the variance is assumed to be constant over

the entire data set.

Also, rather than form a likelihood ratio, this

method forms a different function of the joint likelihood of the exis
tence of two regimes.

This is a Bayesian method which uses the likeli

hood function for the calculation of the posterior distribution.

Any

prior information about the possible location of the join point is also
used as a priori information.

This is the only join point estimation

method in this thesis which utilizes prior information.

Then the pos

terior probabilities are calculated as a function of both the likelihood
and the prior probabilities.

The point with the largest posterior

probability is chosen as the changeover point from data belonging to
regime one to those belonging to regime two.

But the join point estimated

by this technique is estimated from the parameters of the two regimes
which are calculated from functions of the posterior probability (see
4.7 and 4.10).

Therefore, even when no a priori information exists and

a uniform prior distribution is used, in general the posterior probability
is not uniform and the resulting join point is not the same as any solu
tion yielded by the other methods discussed in Chapter 4.

There are no

assumptions about the join point for this method, just as there are none
for the likelihood ratio technique. There is no requirement on where
c'
.
' '
'
/
the join point may occur, and no continuity constraints so the lines
need not intersect.

Therefore, any type join point may be found.

For the third method, the requirements on the location of the
join point are more important than the assumptions for the data.

In

general, when statistical tests are to be performed, the assumptions on
the data when minimizing the residual sum of squares are that the data
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be normally and Independently distributed with a zero mean and a common
variance over both regimes. These assumptions may be ignored if only the
join point is to be estimated and no statistical tests performed.

Other

wise, Hudson (1966) claims no assumptions other than those, necessary for
least squares analysis are necessary, while Hinkley (1971), who also mini
mizes the residual sum of squares with a maximum likelihood estimate,
bases his analysis on these very assumptions because of a test he wants
to be able to perform after the estimation of J.

But certain criteria on

the location of the join point are necessary to assure the correct mini
mum residual sum of squares is chosen from all possible minima.

The join

point is required to be in the range of the independent variable but
far enough from the endpoints so that a unique regression may be fit to
each regime.

A unique regression may only be fit when there are as many

points per regime as there are parameters in the regression.

Also, the

join point must occur on or between the two data points which are the
interior endpoints of the two regimes.

Therefore, the join point is

often constrained to satisfy these criteria before a residual sum of
squares is calculated.

The results of this technique may be only a

Type I or a Type II join point solution.

The lines are constrained

into being continuous at the join point and therefore, intersect.
The last set of assumptions or requirements is the empty set.
For this case there are no assumptions of normality of the data, no
assumptions about the relationship of the variances of the two regimes,
and no requirements on the location of the join point.

The miscel

laneous methods in Chapter 4 have none of these assumptions or re
quirements other than those necessary for least squares analysis..

The

use of second differences, a dummy variable approach, or the iterative
algorithm can yield any type of join point.

The.iterative algorithm is

similar to the methods which minimize the residual sum of squares but
has no requirements for the resulting join point and does not try to
constrain the fit

to any specific set of points.

Differing Results

from the Sample Data

Each of the estimation techniques mentioned above is applied to
the sample data set and given as an example at the appropriate point in
this thesis.

At this point the relative ease of application of each

method is discussed as well as the results of the application.

The cal

culations in Appendix A for the sample data set are considered to be
available for each technique and are not considered when evaluating the
ease of application of a specific method.
The join point is estimated first by minimizing the likelihood
ratio.

Almost all the calculations necessary for this method are avail

able from Appendix A.
only three points

Because of

the small sizeofthe sample

data,

t = 6,9, and 12 need be appliedtoH*(t),equation

(4.5), which is easily calculated.

The result, is t = 9, which in turn

yields a join point estimate of J = 13.59.
arithmic function of

*

2

and

"2

Note that H*(t) is a log-

and not a linear combination of residual

sum of squares as is Hudson's (1966) method, and the basic assumptions
differ.

Therefore, the results may be different from Hudson's method.
In this case, J is a Type I join point solution.
-

The Bayesian method when applied to the sample data yields a
Type D solution.

This join point is in the range of the independent
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variable but not at or between the two data points which are the interior
endpoints of the two regimes. This means the estimated join point lies
solely in the domain of one regime.

The changeover point of t = 6 is

found using a uniform prior distribution.

Then the regression coeffi

cients of the two regimes (see Table 4.3) are calculated using the pos
terior probabilities given in Table 4.2. The resulting estimated join
.A
...
point is J = 14.048. The posterior probabilities are difficult to cal
culate largely because of the magnitude of the numbers before the correct
proportionality constant is found. .Once the posterior probabilities are
calculated, the regression parameters may be calculated but with more
difficulty than the non-Bayesian techniques.

The use of the posterior

density function produces different regression coefficient estimates and
therefore a different estimate for the join point for t = 6 than the
method which minimizes the residual sum of squares which also finds
■
•
'
'
j
t = 6. This technique requires many extra steps and calculations beyond
those provided in Appendix A.
The next method discussed minimizes the residual sum of squares.
The coefficients of the two regimes found by minimizing the residual sum
of squares are found in Table 4.4 under the entry for t = 6.

The estim-

yx

ated join point, J, equals 13.18, a Type I join point.
easily achieved from the information in Appendix A.

This solution is

The composition of

the sample data set allows estimation to end after fitting t = 6,9, and
, 12 for this data.

A more complex or larger data set could involve many

more fits and a number of constrained fits which are more difficult to
calculate.

Therefore, the best way to estimate J for a larger data set

is to use a computer and have the program graph the residual sum of

90
squares versus possible join points to assure that the absolute minimum
of the constrained residual sum of squares is found to estimate J.

The

unconstrained residual sum of squares for a Type I join point equals the
residual sum of squares of a fit constrained to join at that point.
/v

Therefore, if the true join point is a Type I join point, J, then the
graph of the constrained residual sum of squares versus possible join
'
. A
points from
to x^,_2 will be minimized at J. Without the use of a
computer, the criteria to minimize the number of join points for which
the constrained residual sum of squares are calculated are very im
portant,

The calculations required for a graph of the residual sum of

squares versus the constrained join points are too lengthy to be per
formed without a computer.
Hinkley's (1971) approach to minimizing the residual sum of
squares is more difficult tb apply than the previously discussed method.
Also a graph of the Statistic used for this method versus possible join
points is the inverse of the previously discussed graph.

Instead of a

minimum of the constrained residual sum of squares being sought, a max^ 2
imum of rQ minus the constrained residual sumof squares is sought.
The result is the same as the previous method.

Some of the extra cal

culations which are necessary for estimating the join point with this
method may be used again later in the analysis.
The miscellaneous methods are easy to apply which is the basic
reason for their inclusion in this thesis.

The method of second differ

ences yields a changeover point of t - 9 and a join point estimate of
•

-

■

13.59 which is the same solution as the likelihood ratio solution.
two will not necessarily always be equivalent.

Once the second

The

."

•

;
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differences are calculated, only one pair of regressions needs to be
calculated as opposed to the T-3 pairs, or in this case ((18/3)-3)
pairs, necessary for the likelihood ratio technique and possibly more
for the techniques which minimize the residual sum of squares.
The dummy variable approach requires a good guess of t from in
spection of. the data.
the chosen t.

The estimated join point is solely a function of

For the sample data, visual inspection of the scatterplot

indicates to this author that t = 6.

Then only one multiple regression

needs to be fit after the correct variables are constructed.

Since this

is a simple least squares method, the resulting join point will be the
same as the appropriate join point estimate found by Hudson’s (1966)
method for a given t.

But because of join point location requirements,

Hudson’s (1966) method may not accept the resulting join point estimate.
In this case, for t = 6, a Type I join point is found at J = 13.18 which
is identical to Hudson’s (1966) estimate for this data set.
Finally, the iterative method yields the same solution as the
minimum residual sum of squares solution because they share that criterion
of minimizing the residual sum of squares. If the data set had been
larger with more than one local minimum correctly positioned, this
method could find a local minimum as the.solution rather than the one
found by Hudson's (1966) method.

Also, this method will yield a Type I,

Type D, or Type IV solution, but does not try possible Type II solutions
and would "overlook" one if that is the best overall solution for Hudson's
(196$ method.

Therefore, the two do not necessarily yield the same re

sults because of lack of restriction on the location of the join point
for this method.

'
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From the above discussion, it should be clear that the assump
tions on the data and required restriction on the location of the join
point may determine which join point estimation technique is applied.
In return, the value of the join pdint is determined by the technique
applied.

The correct method for the sample data is discussed in the

following chapter.

Review of Tests for the Occurrence of a Switch
The test used to verify that a switch has occurred and the two
regime model is correct depends again on the original assumptions about
the data and sometimes on the technique used to estimate the join point.
These tests basically test either parallelism or coincidence, depending
on the model, to verify that the coefficients in question are sufficiently
different to indicate a two regime model rather than one overall model
for the data.
The first test discussed in Chapter 5 assumes the errors in the
data are normally and identically distributed with a common variance.
But this test also assumes that t is known and not estimated.

When these

assumptions are true, this test may be used to test the equality of the
slope parameters of the two regimes. .This test is based on the normal
distribution of the data and therefore has a Student’s t distribution.
If it is more desirable to test both the slope and intercept
parameters rather than just the slope parameters, the test of coincidence
may be performed instead of the previously mentioned test for parallelism.
The assumptions about the data for the two tests are identical but the
basis for the tests themselves are slightly different.

The test for

coincidence has an F distribution.

If this test rejects the null hypoth

esis, the cause of the differences in regressions is not distinguished
and may be just inequality of the intercepts, just inequality of the
slopes, or both being unequal. Again, this test assumes t is known.
The third test, the dummy variable approach, also has the same
assumptions as the previous two tests.

But this method tests both the

intercepts for equality and the slopes for equality separately yet simul
taneously.

Again, because t is assumed to be known, this test has an F

distribution.

Since interest lies in estimating t from the data in this

thesis, these three tests are not applicable to the sample data and are
not discussed any further.
The test for concurrence discussed in Chapter 5 is also not dis
cussed further at this point but the reader is referred back to the
example in Chapter 5 for the discussion of its usefulness.

It is inter

esting to note that this test can use the join point estimation tech
niques for verification of the model but not as estimates of the join
point.
The first test mentioned in this thesis which satisfies the re
quirement that t is estimated from the data is the likelihood ratio
test of coincidence.

This test statistic is the same maximum likelihood

ratio used to originally estimate t in Chapter 4.

Therefore, this

statistic has the same assumptions of normality and independence of the
■

errors and the assumption that o^
mentioned earlier.

2

■'

is not necessarily equal to

2

as

Since this is a test of coincidence, both the slope

and the intercept parameters are tested simultaneously and the result
gives no indication of which parameter contributes to rejecting the null
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hypothesis.

The likelihood ratio estimation; method allows the two re

gimes to be parallel or to have a Type IV join point, making it neces
sary to test both coefficients for equality to determine equality of the
two regressions. When the likelihood ratio estimation method is used to
estimate J, no further calculations are necessary to test the null hy
pothesis other than to change the arithmetic sign of H(t) defined in
equation 4.4 and refer to the probability chart in Quandt (I960) for the
correct sample size to determine whether or not to reject the null hy
pothesis.

Because t is estimated from the data, this test statistic

has no known distribution.

The table in Quandt's (1960) paper has per

centage points found by empirical evidence for large samples.
This test is not performed on the sample data because there is
no calculated percentage point for a distribution of the test for the
small size of the sample data set.

If this test were performed, the
A

likelihood estimate of t = 9 would be used.

The value of J is not in

volved in the test.
The following test is Binkley's (1971) test of parallelism which
is based on a likelihood function used to estimate J and which has the
assumption of equal variances between the two regimes.

The assumptions

on the data for this test are identical to those of the previous test
except for the equal variance assumption.

This test uses as a term a

function which is used to estimate J by minimizing the residual sum of
squares.

Since the information used to estimate J can be used by this

test of parallelism, Binkley (1971) suggests that such a method, his own,
be used to estimate J rather than Budson* s (1966) even though it is more
cumbersome to apply.

A test for parallelism should only be applied when

-

the two regimes are required to intersect.
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If intersection of the two

regimes is not requireds then a test for coincidence rather than merely
parallelism is.more appropriate. Hinkley (1971) finds an asymptotic
distribution for this test from empirical evidence, as Quandt (1960)
does, but for moderate sized samples, not only large samples. Hinkley
(1971) claims his likelihood ratio statistic K ^(J) is asymptotically
.

distributed as the F distribution with 3 and T-4 degrees of freedom.
This likelihood ratio test statistic is calculated without too
much difficulty for the sample data and from the expressions used for
A

2

Hudson's (1966) solution for J , With a little more effort9
be calculated directly from the data.

(J) can

Since Hinkley's (1971) likelihood

ratio estimate is used, by definition J is constrained to be a Type I or
a Type II join point.

This test statistic for the sample data clearly

indicates that the null hypothesis of b^ = b

2

should be rejected (see

the example for the likelihood ratio test of parallelism). When the
slope parameters are significantly different, the model of one overall
fit is rejected as a solution and the two regime model is accepted.
The jacknife procedure also determines that the two regimes are
significantly different but with no assumptions on the data or the
location of the join point.

The jacknife procedure also has a different

distribution for the test statistic.

The jacknife procedure may be used

when the distribution of the parameter estimates is uncertain as in the
case where t is estimated from the data.

Therefore, no assumptions

about the data are necessary. But the jacknifed estimate of a specific
parameter is then treated as an independently and normally.di stributed
random variable whose pseudovalues are approximately independent. Then
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a Student’s t confidence interval on the jacknifed estimate can be con
structed to test either the equality of the slope parameters, or,
separately, the equality of the intercepts.

The non-jacknifed estimate

is checked to see whether it could be a valid pseudovalue.

But the

Student's t distribution does not hold to test the jacknifed estimate
for one regime directly with the least squares estimate of the second
regime.
The jackoife estimate is fairly lengthy to calculate and requires
many new terms.

But the ability to use a commonly accepted distribution

to test the hypothesis may make the extra effort worthwhile.

The jacknife

estimate is calculated for both a^ and b^ for the sample data to test .
both a^ -

and b^ = bg as shown in the example in Chapter 5.

The null

hypothesis is rejected for both of these parameters indicating the two
regime model is correct and both the intercepts and slopes differ between
the two regimes.

There is no sample size restriction for this test.

But the very construction of the jacknife estimate would make the appli
cation to a large sample data set extremely lengthy.
The last test is a small sample test which also becomes lengthy
for large samples because a residual must be calculated for each case in
one regime.

This test assumes that the data are normally and independently

distributed so that the test statistic is a ratio of chi-squares.

The

relationship of the variances between the two regimes is immaterial be
cause the test only involves the data from one regime, but uses the
parameter estimates from both regimes.

Since the distribution of this

residual test on exchanged models depends only on the data of one regime,
the location of the join point is immaterial and any estimate of t to
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delineate the regimes may be used.

Some extra calculations are neces—

sary to form the test statistic for this test of coincidence.

The re

sults of this test confirmed those of the previous tests and rejected
the null hypothesis of equality of the two regimes.
The four tests discussed above have different distributions
based on the assumptions about the original data and the size of the
data set.

The jacknife procedure is the only method which does not re

quire normality of the data.

Only Binkley's (1971) likelihood ratio
C

■■

test of parallelism has restrictions on the location of the join point.

Review of Confidence Interval Estimates
The methods in this thesis are designed for application to
sample data, not populations.

Therefore, the data are not known with

out error and an estimated join point found for a given sample is not
necessarily the join point of the population.

Therefore, Chapter 6 con

tains confidence interval estimation techniques which take the sampling
error into account when drawing confidence intervals which should con
tain the true join point lOO(l-a) percent of the time.
The first two confidence interval estimation techniques in Chap
ter 6 assume that t is known and not estimated from the data.

These

two methods are included because they are the first methods in the
literature used to form the confidence interval on an intersection of
two regimes.

The resulting confidence interval is found by solving for

the roots of a quadratic equation.

Both methods assume the data are

normally and independently distributed and restrict the location of the
join point such that

< J < xt+]_»

The estimated join point may occur
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outside the interval
intersect that interval.

, but the confidence interval should
The difference between the two methods is that

the first method assumes a constant variance over both regimes and the
squared statistic used to form the confidence interval has an F distribution, while the second method assumes o^

2

is not equal to

2

and

the distribution of the test statistic is only approximated by an F
distribution whose degrees of freedom are a function of the data.

Also,

since the unequal variance confidence interval is only approximately .
distributed as an F distribution, the confidence interval is only valid
for large sample data sets while there is no similar restriction for
the equal variance confidence interval method.
Binkley (1971) applies a technique similar to the equal variance
confidence interval method mentioned above for the case where t is
estimated from the data.

But the asymptotic distribution that is ap

propriate for Binkley's (1971) confidence interval is a small sample
approximation so the confidence interval may only be drawn for small
data sets.

The basis for this confidence interval is the likelihood

ratio statistic which is used to test whether b^ = bg.

The same assump

tion about the data that are necessary for constructing the statistic
2
K. (J) are necessary for this confidence interval estimate.
£

The data

are assumed to be independently and normally distributed with a constant
variance over both regimes.

The function of the likelihood ratio

statistic used to form the confidence interval is then approximately
distributed as F with one and T-4 degrees of freedom and, as mentioned
above, is a small sample approximation.
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This method also forms the limits of the confidence interval by
finding roots of a quadratic equation, but the solutions of the quad
ratic are much more difficult to find than for the case where t is
known.

The exact steps are discussed in Chapter 6.

But the steps

involve calculating various involved expressions, possibly as many times
as for each value of t, and solving for the roots of the quadratic until
a suitable pair of roots, not from the same value of t, is found that
satisfies the location requirement that the root is in the closed inter
val [xt»xt+^] for a given value of t.

For a Sufficiently small data

set, this method is only somewhat tedious, but the large magnitude of
the terms causes some difficulty in the calculations.
For the sample data set, the lower boundry of 12.37 for the
confidence interval is found as a root when t “ 6.
of 14.38 is found when t = 9.

The upper boundry

This forms a 95% confidence interval

which has a width of 2.01 percentage points of protein.

The large .

sample approximation Of the confidence interval for the sample data has
a similar width of 2.10 percentage points of protein with a lower bound
equal to 12.13 and an upper bound equal to 14.23.

This large sample
A

confidence interval is just a Student's t confidence interval about J
and is much easier to apply.

The large sample confidence interval is

symmetric about J while the small sample approximation is not.

There

fore, the confidence intervals do not necessarily cover the same range
of values. The boundries for the small sample confidence interval are
highly dependent on the location of and difference between values of x..
.

The small sample confidence interval is also less than or equal to a
100(1-a) percent confidence interval since the first root found to

1
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satisfy the criteria is taken as a boundry. But the large sample confi
dence interval is exactly a 100(1-a) percent confidence interval.
The final confidence interval is considered to be a likelihood,
region and it may be discontinuous.

There is no sample size restriction

for this region but the probabilities associated with it are only ap
proximate.

Hudson (1966) suggests that a small d > 0 be used to form

the limit above the minimum residual sum of squares.

This d demarcates

the region, with no associated probability rather than a chi-square
estimate which may also be applied.

This region is also not symmetric

about J but is rather solely a function of the slope of the curve of the
constrained residual sum of squares (see the example in Chapter 6).
-

-
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•

'

'
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'

general, Hudson’s (1966) method for estimating J requires no assumptions
on the data.

But to correctly approximate this likelihood region, the

assumptions of normal and independent distributions of the error terms
and constant variance over both regimes is necessary.

This region is

fairly easy to calculate with the aid of a computer or a graph of the
constrained residual sum of squares versus possible join points.
Due to the shape of the curve of the constrained residual sum of
squares for the sample data, the likelihood region for the sample data
is a continuous interval with a lower bound of 12.45 and an upper bound
of 14.25.

This interval has a width of 1.80 percentage points which is

smaller than the other two confidence intervals discussed in this sec
tion.

This region appears to be a subset of Binkley’s (1971) small

sample confidence interval for this sample data set.

Both methods use

the value of J which minimizes the residual sum of squares as the basis
for the confidence interval.

But the actual interval finally found by
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Hinkley8s (1971) method IS dependent on the values of x. as mentioned
earlier.

The symmetric large sample confidence interval encompasses 99%

of this likelihood region since only the upper bound of the large sample
interval, which is .02 percentage points less than the upper bound of
the likelihood region, is not in the intersection of the two intervals.
The large sample confidence interval is also larger than the likelihood
region.
In summary, the small sample confidence interval, the large
sample confidence interval, and the likelihood region are respectively
the intervals [12,37,14.38], [12.13,14.23], and [12.45,14.25] for the
sample data set. From the literature, the likelihood region appears to
be the most conservative of the three, depending oh the choice of d, while
the large sample and small sample confidence intervals are similar to
each other in length but not in location.

The large sample confidence

interval is applicable for any of the estimation techniques discussed in
Chapter 4 Which require normality of the data and a constant variance.
But if the jpih point is estimated by minimizing the residual sum of
squares, the small sample confidence interval or the likelihood region
is more appropriate because both use the residual sum of squares as a
basis for forming the interval which may not be appropriate when an
alternate method of estimation is chosen.

In conclusion, the method used to estimate J is chosen on the
basis of assumptions about the data and requirements on the location of
the join point.

Once these criteria are determined, a test for the

existence of a switch between regimes is chosen which also satisfies
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these criteria. And finally» if the chosen test indicates that a switch
has occurred, these same criteria may be used to determine the method
of constructing a confidence interval on J.

The specific assumptions

and requirements on the location of the join point for the sample data
set and the methods of solution indicated by these criteria are discussed
in the following chapter.

CHAPTER 8

CONCLUSION
In this final chapter, the assumptions about the sample data are
reviewed to show which methods are most appropriate for the answers de
sired from the data.

Finally, areas where possibly better or more easily

applicable tests would be beneficial are discussed.

Results from the Sample Data
The data taken as the sample data for this thesis represent the
effect of percent proteinin chicken feed on percent egg production.
The information desired from this data is the minimum'percent protein
in the feed necessary to maximize egg production or maximize cost ef-r
fectiveness.

The concept of cost effectiveness in this context is con

sidered if the feed costs more for higher.percentages of protein.

Then

the join point is the point at which the change in percent egg produc
tion per unit change in percent protein changes to yield diminishing
returns.

Due to the nature of this desired information, if a switch

occurs in the data, the join point will only be informative if it is
located between or on the interior endpoints of the two regimes, a Type
I or a Type II join point solution.

This constraint alone indicates

that a technique which minimizes the

constrained residual sum of squares

should be'used to estimate the join point since they constrain the
location of the join point.

Now the underlying distribution of the

error in the sample data should be examined to determine which test
103
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for a switch may be performed and whether a confidence interval may be
constructed. .For the test and confidence interval based on minimizing
the residual sum of squares, the data are assumed to be normally and
independently distributed with a mean of zero and a variance constant
over the entire data set.

These assumptions appear to be valid for the

sample data and a scatterplot of the data does not blatantly indicate
otherwise, but no specific tests for these assumptions are performed
other than examining for patterns in the data.

These assumptions are

not necessary to estimate the join point when minimizing the residual
sum of squares. Then the size of the sample must also be considered
to determine whether small sample or large sample methods should be
used.

This data set is clearly a small sample which precludes pre

testing the data for a switch.

Therefore, the next step in the analysis

is to estimate the join point.
As shown in the example in Chapter 4, the join point found
which minimizes the residual sum of squares and fulfills the location
requirement occurs for t = 6, yielding a join point of J = 13.18 (see
Figure 4.3, line 2).

The first six data points comprise regime one

while the remaining points comprise regime two.

Note that the fit for

line 3 in Figure 4.3, which places the first nine points in regime one,
appears equally acceptable.

In fact, fit 3 forms a local minimum

residual sum of squares which is slightly larger than that for fit 2
(see Table 4.4).

Therefore, fit 3 is not chosen by this method.

Now that a possible join point is chosen, a test of whether a
switch occurs at this point is necessary to verify that the point is a
join point.

Given the sample size, assumptions on the sample data, and
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the method used to estimate the join point, one of three possible tests
for a switch may be performed.

These three are the small sample likeli

hood ratio test of parallelism based on minimizing the residual sum of
squares, the jacknife procedure which demands no assumptions about the
data, or the residual test on exchanged models.

Since the basic assump

tions about the data necessary for the likelihood ratio test are accepted,
the method of minimizing the residual sum of squares is chosen to esti
mate J.

This fact combined with the desire for a confidence interval

estimate indicate that the small sample likelihood ratio test may be
the most appropriate test.

This is a test of b^ - b

sample data, have the Values of b^ = 15.49 and b

2

2

which, for the

= -.40.

As shown in

the example for the likelihood ratio test of parallelism in Chapter 5,
the null hypothesis is clearly rejected at the .05 significance level
and a one regime model is rejected.
Now the last step is to calculate the confidence interval on J.
The most appropriate technique for the sample data and the path the
analysis is following are the small sample constrained estimate confi
dence interval or the likelihood region.

Although the likelihood region

is easier to estimate and visualize, the probabilities associated with
the region are extremely approximate. Also, since Binkley's (1971)
test is used to verify whether a switch occurs it appears to be con
sistent to use his small sample confidence interval estimate even if it
is more difficult to calculate.

Therefore, the 95% confidence interval

accepted for the sample data is [12.37,14.38] as discussed in the
example in Chapter 6.

The true join point has a 95% probability of
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being contained in this interval. Note that the second Type I join
'
•
.
'
point found at J = 13.59 is also contained in this interval.
In summary, the analysis on the sample data reveals the first
six points form regime one and the remaining twelve points form regime
two with an estimated join point at J = 13.18.

A test rejects the

single regime model for this data set at the 5% significance level.
And finally, a 95% confidence interval for J is [12.37,14.38],

Since

bg is negative, the interpretation Of the join point is that egg produc
tion is maximized for a feed containing 13.18 percent protein, or rather
maximized for some point in the range of the confidence interval.
Areas for Further Research
The methods discussed in this thesis appear to encompass most
of the problems that arise when treating the topic of two intersecting
regression regimes.

But there are a couple of weak areas which would

benefit from further research.
sample pre-test for a switch.

One area in specific involves a small
Another area is a more efficient solution

for a small sample confidence interval.

And finally, more accurate

distributions when t is estimated from the data for the tests for the
occurrence of a switch and Hudson's (1966) confidence interval.
A pre-test for a switch in a small sample set may not be as
necessary as one for a large sample.

In general, the number of cal

culations necessary to estimate a join point increases rapidly with
the size of the data set.

But a pre-test for a small sample would

prevent the necessity of first estimating a join point and only then
testing whether a switch has occurred.

Hinkley's (1969, 1971) method
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of estimation and then his test for a switch are close to a simultaneous
process since the expression which when maximized yields the join point
is the same expression used to test for the occurrence of a switch.

Yet

if the data set has no switch and really satisfies a one regime model,
Binkley’s (1969) method would require many calculations to determine
this, even for a small data set.

This is caused by the method neces

sitating the fitting of all possible Type I solutions.
the test for a switch be performed.

Only then can

For such ah instance, a small sample

pre-test would be more efficient.
The small sample confidence interval estimation technique, which
is the next step after Binkley’s (1971) test is used, is almost as dif
ficult to estimate as the join point.

Once the join point is estimated,

many of the calculations can be reused to estimate the confidence inter
val which is found by the roots of the quadratic equation (6,20).

But

this equation may need to be solved for each value of t until roots are
found with the correct location requirements.

The various roots found

are a function of the terms defined in equations (4.21 to 4.23) which
in turn are a function of t.

Possibly by redefining the confidence

interval into a form that can be solved more easily, the true signifi
cance of the interval can be verified.
A few other significance levels discussed in this thesis are
also known to be derived asymptotically or empirically.

The large

sample likelihood ratio test of coincidence has only an empirical
distribution.

Possibly some more research can be done in that area to

verify'theoretically the true distribution or to expand the table to
be useful for sample sizes other than 20, 40 and 60 points.

Binkley's
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(1971) likelihood ratio.test of parallelism is also based on empirical
evidence that the null distribution is asymptotically distributed as
the F distribution.

Possibly this can also be verified.theoretically.

And finally, if an asymptotic distribution can be found and verified for
Hudson’s (1966) confidence interval estimation technique, some com
promise could be made between Binkley’s (1971) confidence interval
technique and Hudson’s (1966) technique.

The result could be an easily

found solution which is still easily visualized on the graph of the con
strained residual sum of squares versus possible join points and which
has a valid significance level.
In conclusion, a pre-test for a switch between as yet undeter
mined regression regimes exists for large sample data sets.

If the

sample set is too small, or the pre-test rejects the null hypothesis, a
possible join point should be estimated.

A variety of join point

estimation methods for a two regime model exist to be chosen on the
basis of assumptions about the data and the desired location of the
join point.
model.

Then a test should be performed to verify the two regime

But two of the most frequently used tests for a switch in re

gression between the two regimes do not have theoretically verified
distributions.

Yet all the tests discussed appear to be usable as

approximations in their present forms.

And finally there exist con

fidence interval estimation techniques which are chosen to be used on
the basis of treatment of the data.

These estimates also appear to be

usable in their present form but some more theoretical.work on the
distribution and technique for the small sample constrained estimate
confidence interval and the likelihood region is desirable.

APPENDIX A
SAMPLE DATA AND BASIC CALCULATIONS
The data used as the example in this thesis is provided by
Dr. B, L. Reid of the Poultry Science Department.

The experiment is

administered over a period of 28 days in which six different levels of
protein in chicken feed is fed to different groups, or cages, of Shaver
Starcross pullets.

The amount of protein is measured in percent of

feed mixture, or the ratio of protein to feed times 100.
tion is used here as the independent variable, X.

This informa

In the experiment,

three cages of chickens are each administered the same percent of pro
tein.

Therefore, there are three observations for each value of the

independent variable.
At each protein level, in each of the three cages that received
that feed, the number of eggs per chicken per day is observed.
per chicken per day is considered a maximum.

One egg

Therefore, the number of

eggs found divided by the number of chickens in the cage times 100 is
calculated to find the percent egg production.

This daily percent is

then averaged over the time period of the experiment to find an overall
percent egg production for a given cage.

This overall percent egg pro

duction is used here as the observed dependent variable Y.

A listing

of this data can be found in Table A.l and a scatterplot can be found
in Figure A.I.
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Table A.I.

Sample Data of Percent Protein in Chicken Feed and Percent
Egg Production.

V

yi

10.00

34.94

10.00

31.25

10.00

31.19

11.50

52.82

11.50

57.35

11.50

56.90

13.50

80.71

13.50

78.83

13.50

83.42

15.50

84.29

15.50

83.33

15.50

76.67

17.50

82.14

17.50

86.43

17.50

72.86

19.50

71.19

19.50

74.12

19.50

90.56

72.600
62.600
62.600
32.600

42.600

PERCENT EGG PRODUCTION

82.600

92.600
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10.000

12.000

14.000

16.000

18.000

20.000

PERCENT PROTEIN

PROTEIN VS EGG PRODUCTION
Figure A.I.

Sample Data with Percent Protein in Chicken Feed versus
Percent Egg Production.
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In general, for the methods of analysis discussed in this thesis,
the data are ordered either by sequence of observation or by magnitude
Of the independent variable, depending on the information desired from
the analysis<. For this sample data, the observations are ordered by
magnitude of x.

But it would be incorrect to further order the observa

tions for a given value of x by their value of y „ This fact may be
better understood by
analysis.

examiningthe role the ordering plays in the

Generally in

the search for the changeover point, the point

which determines which observations belong to which regime, (this is
not necessarily equivalent to the join point), all possible combinations
of the data are tried while maintaining the ordering.

But for some

methods, the join point is constrained to be between the endpoints of
the two regimes which are determined by the changeover point.

There

fore, the endpoints of the two regimes cannot be at the same value of x.
To prohibit this problem from arising, the analysis is performed as if
all three points for a given value of x are inseparable.

Instead of

fitting T-3, or 15, possible regression pairs as would be the case for
18 unique values of x, for this grouped data only 3 regression pairs
may be fit corresponding to (6,12), (9,9) , and (12,6) where the first
number is

the number of

pointsplaced in regime one and the second

number is

the number of

pointsplaced in regime two.

This is similar

to an analysis of a data set of only 6 unique values for the independent
variable but the information contained in the variance of the dependent
variable for a given value of the independent variable is utilized in
this analysis.
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The examples in this thesis are computed on the basis of a sample
size of T = 18, but instead of t = 1,...,18, where t is the changeover
point, t can only take on the values of 3, 6, 9, 12, 15, or 18 to main
tain the grouping on the independent variable.

The basic terms common

to many methods discussed in Chapter 2 of this thesis are based on t
as defined above. The values for these terms are evaluated for the sample
data and displayed in Table A.2.

The possible first regime values refer

to the expressions calculated over the first part of the data set (x^,y^)
where i = 1,...,t.

The possible second regime values refer to the data

^xi,yi^ where i = t+1,...,T.

By treating the data in this manner, none

of the information gained by acquiring multiple observations is lost
in the analysis.

The results given in Tables A.2 and A.3 are used

throughout this thesis for calculating results necessary for use in
the examples.
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Table A.2.

Switch
Lnt (t)

Clx
Clxx

ciy
ciyy
Clxy
SS1X

ssiy
SSlxy
-1
^l
^l
A 2
rl

Summary of Basic Calculations for Sample Data, Possible
First Regimes.

6

9

Possible First Regimes
12
15

18

64.50

105.00

151.50

204.00

262.50

696.75

1243.50

1964.25

2883.00

4023.75

264.45

507.41

751.70

993.13

1229.00

12486.77

32173.94

52100.92

71626.62

90389.53

2895.11

6175.07

9961.56

14186.59

18786.05

3.75

18.50

51.56

108.60

195.63

831.13

3566.72

5013.18

5872.81

6476.14

52.27

255.28

471.35

680.02

863.13

10.75

11.67

12.63

13.60

14.58

44.08

56.38

62.64

66.21

68.28

-122.41

-104.61

-52.77

-18.95

3.93

15.49

13.80

9.14

6.26

4.41

21.68

44.09

704.46

1614.77

2667.84
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Table A.3.

T-t

C2x
C2xx
C2y
C2yy
^2xy
SS2x
SS2y
SS2xy
*2

a2
^2
A 2
r9

Summary of Basic Calculations for Sample Data, Possible
Second Regimes.

15

Possible Second Regimes
12
9

6

232.50

198.00

157.50

111.00

3723.75

3327.00

2780.25

2059.50

1131.62

964.55

721.59

477.30

87219.34

77902.76

58215.59

38288.61

17812.25

15890.95

12610.99

8824.49

120.00

60.00

24.00

6.00

1848.42

383.03

360.91

319.39

272.14

-24.13

-16.84

-5.56

15.50

16.50

17.50

18.50

75.44

80.38

80.18

79.55

40.29

87.02

92.46

96.69

2.27

-.40

-.70

-.93

1231.26

363.33

349.09

314.24
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