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ABSTRACT

The multiple solution autocorrelation unfolding problem is
solved by choosing the positive, real solution which is statistically
most likely., This most likely solution is shown to be the solution with

vmaximhm entropy. Different numerical methods ofvsoiving the probiem on .
a,computér are explored producing varyipg degrees of success, Thé
numerical difficulties posed by this nonliﬁear problem are explored and
3, moderately successful computer algorit'hm'is'described° Results for
Various:noisyiand noise-free autocorrelatiohs'aré presented, and the
algorithm's limitatioms, mainly excessive compufer time and memory
requirements, are discussed, Finally, suggestions for further study

are presented.



CHAPTER 1
INTRODUCTION

The autecorrelatlon of an N-point line object w1th radiance
values {o }1 is given by?

| .
R.({o.}) =.7 .
o zl - @

0f considerable intsrest is the'probiem of finding the object radiance
values {oi} based on autecoerrelation data and appropriate constraints on
the'{Qi},k The Unconstrained'problem cannot in general be solved, as
N-1

there are 27 ~ different sets.{oi} that satisfy the autocorrelation data

'{Rj}, Some>multip1icity of solution can be-‘removed by realizing that in

the cases of interest, the solutionssetsf{di} whid AhmaiﬁﬁnegatiVe;or*
complex elements must be ruled out. Still, some additional criteria for

sélecting a unique solution must usually be chosen.

Motivation
A majer example af where fhe autocorrelation unfolding problem

‘ arlses is with Stgller Speckle Interferometry (Dainty 1975) Data from

L. Through@ut this the51s ‘upper case subscripts refer to-
spec1f1c numbers and ‘lower case subscrlpts refer to elements of a set.
' : ~The numbering of the discrete autocerrelation values in. this
paper is: nenstandard so as to facilitate transfer of equations from
- Fortran code {where negatlve indices aren't allowed). Note that the
peak autocerrelatlon 1s denoted Ry rather than RO as is usually the
case, :



2
this type of interfex@métry is normaii&'in the form eof the squared mod-
ulus of the image spectrum'I(w); where w is a spectral frequency. The
squared medulus of the ebjec£ spectrum O(w) is related to an average
}I(w)[z through the relation B

sltw) | = <]t ]®]ow)]?

" where <]r(w)]2> is the average'quaréd~m6dulus of the instantaneous
transfer function. Steller Speckle Interferometry gains its advaﬁtage
'over normal imaging from the fact thét <lT(Q)I?> passes higher spatial
frequency components (up to the diffraction limit) by défeating ther
blurring due to turbulent atmosPhére, The éctual object radiance dis-
tribution is not récovered,Aenly the modulus of the object spectrum. It
should be noted that the squared modulus of the object spectfum is the
Fourier transform of the oﬁjecf autocorrelation. If the objeét is knownr
to be,Simple (é.g., a resolvable star or binary'star) the object spectrum
is often sufficient to éstimate~éritical object parameters (e.gf, star
diameter or binary sfar.sepafation). ,ih general, howevef, the ﬁhase of
-the object spectrum‘needs to be recqvéred;.or (equivaiéntly) the object
 autocorrelation must beiunfélded,ﬁo find the'objeCt. Most iesearcheré
héﬁé concentrated on directly recoVering_the phaée of the object spec-
~ trum (Dainty 1975; Knox 1976). Thié,paper'addrssses the autocorrelation.r
.ﬁnfolding‘problem, The phase of thé Objédf-spectrum is actually recov- |
éfed, but enly after the ébject itself is found.

Only a brief mention is‘maderhéré of further examples of wheré
an é@?rgpriate gutacquglatian-unfbldihg may be desired:

“1. -detéﬂmining_a»pupiiﬁfUnction'ffém its'optical transfer function,



V2! determining an gbject from'itS'Fréunhefér diffraction pattern,
3. Tecwvering‘@bfect information in @awer spectrum énalysis,.
'174. determining'aﬁ aperture from aﬁ‘autocérﬁelation Wifh”features'
favorabieIfor_cbded—apertﬁre imaging (Simpson and Barretf,‘in
Press).
This 1list is net intsnded te be exhaustive. Other apﬁlications probably

exist.

_Theoretical Background

How cannanvautbcorrelation be unfolded when such an unfolding is
not, in general, unique? ' It would be~d¢sirab1e to selgct one solutionv
out of the set of permissible solutions to:the autdéorrelation unfolding
that 'is a best or mosf likely solution in.sbme senﬁe;. Frieden (1972)
-outllnes a criterion of "max1mum entropy" for selecting a most likely
object distribution'from all objects satisfying image data with'a given
point-spread function. The autocorrelétionignfolding_froblpm,is not
. very différent. -The autoéorrelatea objeét should have the éame'statis-
tical frqperties as the imaged iject;-'The only'differehéeiis the
“information knowﬁ-ébout the object.

Folldwing;Frieden, the unknown oﬁject is assumed to be an inco-
herent, planar radiance'distribution.r The object plane is SubdiVided
1nto NxM elemental plxels of length and w1dth Ad where N is the number

',:of TOWS in the resultlng @bject matrlx and M is the number of columns.

';_The ebject radlance at lecatlen (1, J) is olven by o Assume also that

1J°

. there is an-allqwed'uncertainty iAc'in_each’restored average radiation



17 can be represented as a multiple X1 g of Ao, viz:
OIJ ‘= XIJAO - | {1.2)

where Xqq is a pure number and Ae contains the umit of radiance. Fur-

ther, let the total number of objecf:units X be given by

value. Then each o

NM

: X Xpg = X where X »» 1. (1.3)
I,J=1 L :

thhing.is knownvabout the normalized object {xij} except-for
its autocorrelation'{Rij} [9btained from the object aﬁtoéoirelation by
dividing by Aoz) and the fact that each element of the}{xij} must be
poéitive and real. Assuming that the occurrence of one object unit Ae
in a cell location (I,J) does mnot affect the possible location of any

other object unit, the number of ways W that a typical normalized object

'{xij} can occur is

W =

o o
: . A (1.4)
Xlls x12! v XNM!: - o A

This is simply the multinemial coefficient.. (It is implicitly assumed

that individual object units are indistinguishable.) The most likely

set‘{x;j} consistent with the autocorrelationj{Rij} is that particular

consistent set which maximizes W. This is our Logical'premise.
It is more c@nvenieﬁt, however, to maximize the natural loga-
rithm of W. Usinglstirlingfs a?proximation
B ln(u!) = uln(u),
ln(W)Abecomes
| N, M oM

4 lﬁ[xrjg) Te- "Sglzlﬁln(XIJ)‘ (1.5)

In(W) = In(X1) -
- I,J=1 o I,J=1

where C is a constant that can be ignored in the maximizing process.
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 Tﬁe‘spat;al entmépy H of thé"hofmélized'@biec£>{xiﬁ} is defiﬁed
as ‘
H = - I-"§=1XU,ln(xIJ) . (1.6)
The desired solutien te the autocorrelation unfolding problem is that
solution SEti{xij} that maximizes the entropy of ﬁhg object. Note that
each element~of‘{xij}fis automatically forced to‘be ﬁonnegative aﬁd real

by the maximum entropy criterion.

Thesis Organization

The focus of the research presented in this paper was to
devélop a reasoﬁably fast'énd accurate cémputér'algcrithm_to find the
Maximum Entropy Solution of the Autocorrelation Unfolding Problem
(MESAUP).. Thé résulting algorithm is not as fast or accurate as orig-
inally desired, bﬁt'it,shbuld be sufficient to berofiusé in some
'applicatiohs; especially for lihe objects.

Chapter 2 outlines methods tried early in the research. Chapter
3 details an attemét to bettér understand the &iffiéulties encountered
and characteristics discovered in Chapter 2. Ch;pter~4 details the
final MESAUP cdmputér é1gorithm, presents some examples of its applica-

~ tion and suggests:ideas fer further research. .



CHAPTER 2
INITIAL ATTEMPTS

The developmént of the MESAUP computer aigorithm at first wént
yery‘slole, The pitfélls were ﬁot at ali obviéts?rand seveial dif-
ferent metﬁods were afteméted before a sétiéfactory'épproach was found.
Each failure, however, prévided new insight into the problem suggesting
new tacks to follow. This chapter discusses thevmost significant
methods attempted (in chromnological order of development) before the .
present approach.wés found. ' It is hoped thét'discussihg the methods
that failed or didn't work very well will_give.cértaih insight to the
reader‘about the problem.

The eariy'methodé were deveioped in ome-dimension for simplic-
ity. Extension to two~dimensions was ?erformed after the first
encouraging method was. found. A discussion of considerations~surround-
ing an extension to two~dimensioﬁs is inclﬁded at the chrono1ogica1

point of its developmeﬁt,

Eagrange-Mﬁltiplier'Techniguei

The Tesearch prqblem'gan be thought of as finding a maximum in -

- . entrepy subject te a'set of constraints: the autocorrelatiom. Using



the standard Lagrange multiplier technique, the problem becomes for an

. N-point line object

FH&}JK?)EI&+5%aﬁm%QWﬁ = meximm. (2.1)
In onewdimension, the entrepy H is given by
N : ‘ _
H = - IzlxIln(xI) (2.2)

-and the calculated autocorrelation is defined as

: N » ,
RC4 E'IzlxIXN=J+I J =1, 2, ..., N. (2.3)

The'{RTﬁ}-are the target autocoxreiation.values (the data!) and the'{ij}
are the Lagrange multipliers. Taking the partials of Eq. 2.1 with
reépect to each of the.xI and AI (I = 1,2;,..,N) gives the following set

of 2N nonlinear equations in 2N unknowns.

oF ‘ o N—§+1 %
—— = —[ln(}() + 1] + A' X + }\ X = 0 ) (2.4)
BxI | I _ J21 JT+J-1 J=1_J I-J+1 :
for I =1, 2, .,., N and
S A ' 7
 §§& = .RCI - RTI = Q - (2°§)

aléo for Is1, 2, ..., N,

The Newten-Raphsen technique was used in a computer algorithm
base@ on Eqs, 2.4;apd;2;51 " The éomputer'glgeiithm'always-convergéd,ibUt
i?rdid net always céhvergé ththe maximum entropy selutiom. It would,
»*ﬁéweVer,‘coanrge'ta.any ambitrary solution’ of the autocorrelation

unfqlding’preblém-dépéndiﬁg>(hotAaIWays predictably) on the initial



guess for thei{xi} andiﬁiﬁ}g' Appé?ently there arée multiple maXima-to
Eq. 2.1.

The full significance ef this behavier was net at first real-
ized, In keeping with a chronological preséﬁfatién,'a full discussion
df the reason the Lagrange multiplier techniqué failed is postponed
until Chapter 4 in the section Thoughté for Furfher Study. Suffice it
to say for now that the reason-for failure 1eads'direct1y to an iﬁter-v
‘esting suggestion fer deiinng the Légrange multiplier technique so

that it should work on this problem.

Single Multiplier Technique

The eriéinal rationale for the failure of the Lagrange multi-
plier technique was that the presence of a multiplier for each objgct
point ailowed too-mﬁch»flexibility. It was thought that a set of
multipliershiaﬁ}_could be found such that any aqtocdrrelation solution
looked like a global maximum. This (incgrrect) notion led to a refor-

mulation of the problem as

o N
?({xi};u) = -H + o Z

(RC.-RT.) = minimum 0 (2.6)
J 3

J=1 :

where the H,'{RCj} andf{RTs} are as defined previously in Egs. 2.1

through 2.3. Here(the negative of the entropy is minimized at the same

time the sum of the differences between the calculated autocorrelation

. and the target autocbrrelation_is minimized. The parameter o. controls

the relative weight given to the autecorrelation term versus the entropy

term. -



The algarithm used to attempt solutien of Eq. 2.6 progressed
through the following steps:
1. Forﬁ a first guess object scene by selecting vélues‘frcm a
uniformly random probability distribution, normalized such that
RC,, = RTy (see Eq: 2,3).
2. For a small vélue of d, find the minimum of Eq. 2.6 by using
~the Newton-Raphson technique to find the zero of the gradient
with respect to the'{xi} of Eq.v2,6.
3. Using the result ffom the previoﬁs step as-a first guess object
scene and a larger value fof o, find the minimum of Eq. 2.6
;using the Newton-R;phson technique,

4, Repeat step 3 until
] ] '
(RC.-RT.)] < ¢ (2.7)
g1 I Y -

'.where e is a small number (ideally = N><10_4)°
The initial o and the rate of incfease of o were to be determined empir-
ically.. No ideal values were found, however.,

When'this algorithm converged, it did so Very'310w1y,:seemingly
to a maximum entropy solution more often than not. Howevér, it never
actually converged to an ideally émall £, and often it diverged. |
Lopking back at Eq; 2.6, it can.Be easily seen why this was seo, . The
function does not necessarily haveTé-miminum at an autocorrelétion'

~solution. - What the minimization actually accomplished'was-to maximize -

entropy and the negative of.tﬁe’suﬁfin’Eq. 2.6, The calculated and
'target @ﬁtocorrelation differences should be squared in the summation

to make the sum have minima (zeros) only at autocorrelatibn solutions.
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This realization led te the preblem reformulation
B N 2
F({x;},0) = -H + a ] (RC_~RT_ )" = minimum. (2.8)
i T JF
J=1 , .
Using the same algorithm as described for Eq. 2.6, this method was more
successful, However, it was still unstable in that sometimes the solu~
tien teﬁded to converge to the maximum entropy solution, but then

suddenly jumped so that the final convergence would be to a lower

entropy solution.

The Newton-Raphson minimization technique is based upon a

linearization of the function FC;) to be minimized. Let the normalized

object'{ki} be represented by the vector X = (xl, Xps s XN)T and

let the vector E(;) be the grédient vector of F(%)'(e,g; as in Eq. 2.8)

with respect to X. That is
.OF "9F OF T

("—9—'9 '9v9—"") e
3x1 sz - axN

The minimum of FC?) is found by solving for the zero of Ef%). Expanding

> > = -9 =
glx) =V F =

» EC?) into é Taylor series around a first guess object scene 3° and
keeping only the terms df degree 0 and 1 results in
EX) = g&) + ARG
where AC%O) ‘thenceforth aﬁbreviated as A) is the Hessian matrix whose

elements {a,.} are defined by
13 o
1J - BXISXJ
Solving this linear approximation of E(ij for zero gives the next guess
at the object scene which can be written as %= §°---A‘1§(§°), The

next guess is guaranteed to be a better guess at the zero of E(i) only
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if the Hessian matrix A is pesitive definite (and EG;) is mot too non-
linear),

Applying the Newten-Raphsen technique to the solution of Eq. 2.8
presents two problems., One is-that Eq. 2,8 is highly nonlinéar, espe- -
5 -

cially the term involving the squared difference (RC,,-RT Explicitly

N N)

writing this term to show its dependence on the'{xi}
- , N '
(RCN-RTN)2 = (Izlx§ - RTN)2
'Shows that terms to the fourth power in thé'{xi} are involved. The
other terms (RCJ-.RTJ)2 for 1< J < N involve 6n1y'terms-to the second
power in ﬁhe'{xi}. The Newton-~Raphson minimization technique should be
more accurate and stable if the (RCN-_RTN)2 term is somehow eliminated.
The‘other problem arises from the fact'that‘the Hessian matrix A is not
always positive definite. Again, thé minimization should be stabilized
if the Hessian matrix could be guaranteed to be positive definite,
Other.bad points can be noted about the form of Eq. 2.8. The
parameter o should multiply the entropy term H to more conveniently
change the relative importance of the entropy and autocorrelation terms.
- This way for a=0, the.unbiaséd autocorrelation unfolding pr@blem is
solved. Tt was also noted that for a=1, the entropy term and autocor-
‘relation term don't necessarily have edual importance. If Eq. 2,2>is

rewritten to include a scaling factor B

g | |
I x;In(x,/8) - o - (2.9)

H = -
‘ I=1

vhere B = exp(l.O)(RTN/N)% S (2.10)
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‘both terms will have equal impertance for g=1. This can be seen by

N .

1 L - L
noting that (RTNfN)é = (RO E'C%_X x%)2 or a type of average of
o : I=1

the normalized object scene values'{xi};» Let this average be denoted
by <x>. Simply using xIln(XI/<x>) would still not do the trick since
X; can be more or less than 1 making ln(xI/<x>) either positive or
negative., Dividing X; further by e = exp(1.0) temds to make all of the
>{ln[xi/(e<x>)]} negative making H be of the order and sign of RCN.
Combining all the above considerations led to the following
reformulation of the problem. Find
L N-1 , ,
F(X,0) = -aH + ) (RC,-RT,)“ = minimum (2.11)
J J
J=1
subject to the external constraint équation‘
RCN - RTN = 0 (2.12)
where H is defined by Eq. 2.9, the'{Rcﬁ} are as in Eq. 2.3, the'{RTj}

are the target autocorrelation values and a is a weighting parameter.

Modified Hessian Technique .

How to best effect the constraint Eq. 2.12 was the next subject
of considefatibn, It was‘thqught maximum stability wéuld be achieved .
if the cpnstraint could be effegted while simulténeously ensﬁfiﬁg a
positive definite Hessian. Dr.TR. S. Hefshel'(1§77)7sugge3ted sﬁch a
method. A constant is added to the diagonal of the Hessian matrix -
(used to compute the Newton-Raphson next estimate:td.the solution) in

. such a Way that the constraint Eq. 2.12 isAsatiSfied. Since the Hessian
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matrix based Qn'Eq; 2,11 is reaI; pesitive And Symmetéic; adding a large
enough éqnstant to its diagoﬁal ensures pesitive definiteness.

Using notatien similar to the preceding section, but dropping
arguments, let the negative change in the normalized object values
needed to arrive at the next Newton-Raphson guess be given by Az, or

X = ATR . (2.13)
To include the constraint Eq. 2.12 define |
B o= (A +ul) | | (2.14)
-where I is the identity matrix.and ﬁ is an unknowﬁvscalar. Solve for
the constrained AX through |
| o= BNE e (2.15)
where X is the first guess object scene. Define u by demanding coﬁs

straint Eq. 2.12 be satisfied, viz

N ;
: 2 _ > 2
RTy = RCN = AI‘ZJ. (xp-ax)° = x-Ax | 2
or using Eq. 2.15
RT, = [X-37'% - B[ (2.16)

(] . ]2 denotes a vector 2-norm).
Since Eq. 2,16 depends on u implicitly through B_l, as well as
explicitly, y must be iteratively solved for. Assuming a first guess
for ﬁ to find Eflg and Bfli; a new guess for quﬁ') can be found explic-
itly by notingvthat . |
U@" = |X - B71g - w'eTx|3 —'RTN. =
W _

. ' ) N S
' I_ZJ[XfCB’_lE)IJz - RTy ”.,2“'121[3‘1‘(3-15)11 gB‘1§)i,—+ w12 7 3704 = o.

g =132 _
1=1 !
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The roots of the quadratic equation U(u') are given by the well known

formula ‘
. 1 _
u!t = b (b2-¢)* (2.17)
where N -
- - ) [x-(B71R) 1 (BT R,
. R
= N
] 3703
I=1
and N .
c = - .
N
-1 2
Izl(B x)I |

To help ensure that the Hessian matrix is pbéitiferdefinite,
and to make the smallest possible départure from fhe straightforward
NewtonﬁRéphson teéhnique, the Best choice for u' is the sméllest posi-
tive root or, if both roots are negative, the largest root. The
iteration for ﬁbis continued until ]u'-ﬁ[ < g or, aiternatively,

]RC nRT l < g where € is a small numnber . |

| As 1t turns out, it is not always p0351b1e to solve for u' by
Eq, 2,17.» When the first guess for'xAls substantlally far away from an
actual éolution, it is quite offén.the case that ¢ > b2, A functional
algorithm'uses a completely différent approach to find“u Using twé»
first guesses UO and ul Cusually 0 and A1), a next guess for u is

- found through the equatlon

CoPligdp - PGw
S 7 R T - e

where - -

PCﬁ).='U(ﬁ)tlDétB]q + Bias)
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(DetB denotes the detérminant of“ﬁ). The optimal value for Bias was

empirically found to be 10 (since RTN was always nonmalized to 10).

For q the optimal values were 0 and 1 depending on convergence»behavior.

Logical statements were used to select the correct root.

| ‘The algorithm baeed on this method went through the following

 steps: |

1, Form a first guess object scene X by selecting values from a
uniformly random probebiiity distribution'thowever, see two
paragraphs below), nornaiized such that RCN = RTN.

2, For o = 1.0 (or in some cases a larger value) find a solution
for n and the constrained AX through Eq. 2.18 and Eq. 2.15
respectively and form the next guess object scene X' =X - MX.

3. Using the z'.from the_preﬁious stepias:the finet guess X and a
smaller o find u and the constrained A?-and'fefm the next guess
object ecene X',

4, Repeat step>3 until

. , _ .

) (ﬁc& - RT

2
L J)'
J=1

SUMS < & (2.19)

where ¢ is a small number (ideally = Nx107%).
The entropy weighting fector & nas»usually divided. by 2 between each
. step.

This algorithm was quite stable on the.iine autocorrelations‘
- tested. The method converged to the maximum entropy solution to en
- accuracy better than E = leo S in five out of seven cases. Only in

Jone case (a 5. p01nt object) did- the method not converge to the maximum
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entropy solution, ,Ihstead, it comverged to the solution with the second
largest entropy. : »

The algdrithm worked beét when the first guess was a flat scene
normalized such that RCN = RTN. ‘The only problem with this starting
guess was that the solutions stayedvsymmétriC'ﬁith every iteration.
Since most objects are not syﬁmetric, this is an undesirable effect.

To overcome this problem, when the'algorithm stalled at a symmetric.
solution and SUMS‘S Nx107% (as in Eq. 2.19), the x1 value of the esti-
mated line object was changed frbm'symmetry in such a way as to
minimize .SUMS, This was done by exfracting the x; dependence foom

Eq. 2.19 and using Newton's method to find the minimum of SUMS with

respéct to X3,

‘Extension to Two Dimensions

'Hershel‘s“méthod seemed to work fairlyAweli:on line autocor=
relations. Would it work as well in the two—dimensional.case?. First,
though, how can aAtwo—dimensionél problem be setlup? What is the func-
tional form of a diScre£e tWo—dimensional autécofrelation?

Given a general two-dimensional imége:

“ X, X cae X

11 12 M

- Xo1 Xop 7t Fon

le JCNZ 000 XNM
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the two-dimensional autocerrelation is given by (showing symmetries
explicitly):

R o qo

11 Riem-) Baw Ry o7 Rigawen
Roy "t Rameny 0 Raw Ry 777 Ropameny
Rv-11 Ry e-n Roeom Roen s Revn e
Ryt T Ryw-1) Rym Rye-1 7" Bwa |
Reveny (-1 Bew-py o) Rew-mm Rew-ny -1y Rew-11
Roeam-1) 77 Ropusn) Romw  Ropmeny 77 Rog
Riem-1) 77 Ryowend Rv Ry 7 Rpg

-where :
I LE g 1<T<N
R.. = : Kope X . (2.20)
17 1 1hps KEORTHO M-04) g g g

LE is the lesser of M oxr J
LS is the greater of 1 or J-M+l

Note that the autocorrelation is symmetric along 1inesfdrawn through

the RNM term. For M=1, Eg, 2.20 reduces to a one-dimensional autocor-

relation : U .
. I % I
Ry & Reg B ) ) XprXopo o 31 T o) ENC Tene
R KZ;I [hg TR (N-THE) (4-741) K-;: K/XN-._-.I;.-&_K

for_'l.‘g'Ig‘N .

This isfidentical‘fo Eq, 2.3 Witﬁ-the:replaCements $«+Jf“and'.K§*I:
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The problem reformulated in two-dimensions becomes (e¢f, Eqs 2.9-

$2.12)

. N 2Z2M-1 5 ,
F({xij},a) = -oH +. ) _Z (RC;;-RT; )" = minimum (2.21)
, I=1 J=1
for J=M
I#N
where
H = - x. . In(x../8) (2.22)
, I=1 J=1 1J 1J »
and _
' L
g = exp(l,O)(RTNM/NM)2 (2.23)
- subject to the coanstraint
RCyqy - Ry = O | (2.24)

: The'{RTis} are the tdrget autocorrelation values and'the'{RCij} are the
calculated autocorrelation values as per Eq. 2.20.
To solve Eq. 2.21 it is necessary to find

.ABF({xij};aj .
gpg ~© CE =0 4

For convenience in doing this define -

N
M ©

o
IA LA

(2.25)

IAIA
o

X = Cxll’ Xo1s woee Xyre *pp0 x22?' e Xygar cees Xqys Xoys cees XNM)
or '
- T ) ,

'x = Cxl, xz,',,,, XNxM) (2f26)
where the'{xij}'are the normalized object values. The conversion from
“double to single subécripts is affeétedrby'thé,assignmenf

- [Nx(Q-1) + P] == (P,Q).

The vector g (made up of eleménté’{gpﬁ})_then‘becomes'a vector of length
- NxM subscfiptedvin the-same nanner as ?zand}ié the.gfadient of F'(Eqﬁ”‘

'2,21) with respect to'x, The Hessian matrix . A is formed in the normal. .
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fashion and theﬂNewtonQRaphson change in X to form the mext best guess
is giVén simply byr X = Ailg, This is identical to Eq. 2.13. In fact,
Eqs. 2.14 through 2,18 can be used directly in the two-dimensional case
with the minor replacements |

N <+ NQM s RCN;++ RCNM -and RTN > RTNM .

A computer algorithm (identical to- the one~dimensional algorithm
described earlier) was applied to three different two-diménsional auto-
correlations starting with a flat firsf(guess object nofmaliied so that
RCNM = RTNM’

1,0 to 0.0, The results were mixed. The 4%4 case would not converge at

As before, the entropy weighting factor a was relaxed from

all while the 2x3 and 3x3 cases did. A normalized random start (uniform
distribution) was then tried, While this time the 4x4 and 2x3 cases
converged to the maximum entropy solution, the 3x3 case would not con~

verge at all. When a normalized random start with a quasi-Normal '

1

distribution* was used, all three cases converged to the maximum entropy

solution. For e defined as

M .
'SUMS = 2 1 (RCp;-RT
I=1 J=1
for J>M
I#N -

IJ) (2.27)

the 2x3 Case'converged‘to em6x107" in twelve iterations and the 3x3

_and’ 4x4 ‘cases converged to e=5%1077 in seventeen iteratioms.

. 1. This prbbablllty distribution was obtained by plcklhgbeaCh-'
random number - (for the object first guess) as the sum of three other .
random numbers each having a uniform probability dlstrlbutlon. ‘
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Practical Considerations

It WOuid be desirable to be able to find the maximum entropy
solution for the unfolding of an arbitrarily sized autocorrelation. A
practical technique should at the vefy leasf be able to unfold an auto-
correlation whose object is 32 pixels by 32 éixels.

The ﬁbdified Hessian technique requires core storége for the
entire Hessian matrix Cunlesé sophisticated tape access techniques are
used). The words needed to store the Hessian go as‘(NXM)z. It would
take four million octal words of core just to .store the Hessian for a
32x32 objectg"This is eight times more core storage than is available
in most large,cqmputer-installations!, Eveﬁ if the core storage was
available, it would be prohibitively expensive'to uée; The largest
possiblerautocorrelation that.could normally be unfolded using the
modified Hessian technique would result in a 16x16 object scene; Such
a case would require 200 thousand octal words of core storage. The
maximum practical object size may even be further reduced by the time
requirementsrfor-this relativély complicated aigorithmm C

If the Hes;iah wasn't néeded; fhe core storage reqﬁirements
would go as (NxM) rather (NXM)Z. In this case even a 64x64 object could
be produced using well under 200 thousand words of core storage.

Some other technique is needed that doesn't‘explicitly depend
,on'the’HesSianfmatrix as dbesvthezmodified Hessian technique._ Such a
techhique Coﬁid'beideveloped'using’a,Hessian as long as the Hessian is
not explicitiy iﬁVolvéd in other tﬁan'its normal Newtbn-ﬁéﬁhson role.
A suitablé_gfadient,technique_couid E§_substifuted'fdr thé.NeWth-'

Raphson téhhhique after a better formulation of the problem is found.
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Geometric Approaches -
Dr. W, E, Ferguson (1978) suggested two alternate ways to sat-
isfy thevconstraiht .
e >12 >T »
RCyq Ix] XX = RTyy, (2.28)

without modifying the Hessian matrix. Using the notation of Egs. 2.21

and 2.26; let ; be the present estimate of the normalized object and let
X' be a" (hopefully) better estimate obtained by some technique (Newton-

Raphson or a gradient technique). Define

- >
d = x-X'
and write
L ->
d = ux + y
where ;_is chosen such that §T§=O. Then
W= +T=
XX
and
y = d-1x,
Now write
o >
d = u'x o+ y

where p' is chosen such that constraint Eq. 2.28 is satisfied. This is

done by solving

Mgs B = GANTED < ¥ - AT 3T
- T >T> 2T T
XX - 20'X X + u' XX+ Yy

-u

“since %T? = 0. Then ‘
RTy, = (-u)Z %+ 373
and |
>T> —>-T-+

“ﬁé‘_=f”1'ii{(RT -y y)/ (x (2.29j
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N . o . n , . o
The next estimate X", constrained to satisfy Eq. 2.28, is then given by

;n = ;_3! = ;_u '-;_; = Cl—‘p ');)(‘ - Sf*, (2. 30)

A real ﬁ‘ cannot be found from Eq. 2.29 when RTNM-< ;T;. This

problem can be prevented by scaling 3vsucﬁ that ;T§ < RT In praétice

NM®
it proved optimum to do even more than that, scaling d such that ;T§ <
(RTNM/lO), There is also a question in Eq. 2.29 of which root to take.
. Again, in practice, the negative root.préved to be the best choicé;
(This caused ﬁ‘-to always lie in the range 0 < ut £ 1.)

Using the Newton—Raphson technique to compute X' and steps
similar to those in the algorithms’outlined in the earlier sections,
the method worked excelléntly on line autocorrelations (two—dimensioﬁal
cases wereﬂ't tried). ‘In all cases the algorithm converged to an € in
Eq. 2.27 (or Eq. 2.19) of less than‘lonll. A normalized random start
 with a quasi-Normal probabiiity distribution was uéed and o was relaxed
from 1 down to 0. (The parameter o Was divided by 2 between each step
for o » .5 and by 4 for @ = .5. When o decreased belo‘wlo"6 o was set
to 0.) All cases (3 pt. through 9 pt.) Converged to the'maXimum entropy
solutionlexéept for thé 8 pt. case. Thé ﬁarticuiar-S?pf. case usédihas
64 ﬁnique poéitive real sdlutiﬁns where all the other cases were.con—
. structed to have~four or less such solutions. Sfafting with o at 64
f‘gaﬁe the object withrthe>13th most éntropy, while starting with u;ét
128 gave the oEject ﬁitﬁ.theb4th‘most entropy. '(The,fifst guess 6Bféct
used in these 8 pt. runs was random with é quasi-Normal diétribution

- generated by adding ten unifdimly random numbers, rather than three

- uniformly random numbers-as:used in-all: other runs.) : Two-dimensional
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autecorrelations were net'tried'because'ﬁm. Femguson.suggested a seem-
ingly more promising approach as detalled below.

Constraint Eq 2.28 can be satlsfled by reallzlng that all the
solutions,to Eq. 2.28 1ie on a hyperspace sphere of radius VﬁT&ﬁ:_ A
suitably scaled gradiént technique néturally follows from this realiza-
tion (all scaling problems are automatically taken care of), F(%,a),of
Eq. 2{21 (or Eq. Z;ll)-decreases‘mdst rapidly in-the'direction--ng;
Let g V F, The basic idea is to find a Vector-;,“whose length is
E: /ﬁTﬁﬁ; which is perpendicular to_;-and in the same plane as X and

T
g (see Fig, 2.1).

Realizing that

7!§T§ = r]§]2c05(¢) : (2.31a)
~ gives | | |
~ T : :
cos(9) = - B, | (2.31b)
rgl, ' .
One choice for y is- -
, 7 T N |'g|scos (9) N '
y = - 5———{ g+ —%1. (2.32)
’__lg]zsln(t#) : - T
Solving_Eq.>2.32 fof eE-gives o ‘
. > , _ ‘
ﬁE = l%izicos(¢)x + sin{$)y} .. (2.33)
Define
7 we) = cos(é)§ + sin(0)y - (2.34)
giving -
' o "d*Le ' N ' '+
wi'{s) .= g.') = -sin{(8)x ~+ cqs(e)y :

Then w'(0) =y and

->T—>-

g w! ) -§T§ = .?l?lésinC¢)7 >
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frojn geometric considerations (see Fig, 2,1). Since -gwf(@© > 0, as 9
increases from 0 the vector w (99 moves 1in a direction that causes
FWw(9),a) (Eg. 2.21) to decrease. If F(x,a) was linear, the best choice
for 9 would be Jd» Since F (x,ct) is nonlinear, a conservative best 9 may

be found by searching the interval [0 ,<.

-9

Fig. 2.1. Geometric Basis of Second Geometric Approach

A next object estimate x’ chosen as
X' = cos(9)x + sin(9)x (2.35)
is constrained to stay on the surface defined by x'p§!=RT”\ (assuming
gpgéRTAm). Note that 9 must be less than tt/2 if any of the elements of
y are zero, since no element of x' can be negative. The angle 9 must be
even smaller if any element of y is negative.

An algorithm based on this method and using the steps outlined
earlier was tried using a normalized quasi-Normal random start and
starting values for a ranging from 1 to 64. The algorithm did not con-
verge consistently to the maximum entropy solution. Whatever solution

it eventually did converge to, the convergence was very slow. Even

using a Newton-Raphson change in place of g did not improve convergence.



' CHAPTER 3

UNDERSTANDING THE PROBLEM

The algorithms of Chapter 2 were developed somewhat blindly,.
No attempt was made to thoroughly analyze the problem beforehand., If
the problem had been easier, a thorough analysis may not have beeﬁ L
required in order to find a workable MESAUP computer,algorithﬁ. Since
difficulties weie encountered, this analysis proved to be necessary.

In an effort to better understand the problem, and possibly
find simplifying‘considerations, line printer grey scale plots were
made for‘varioué,entropy weights d of a function similar to Eq. 2.21,

but including the I=N, J=M term in the sum,

F(X,a) = -aH + § 2%-1(RC _RT. )2 (3.1)
B =1 g=1. - W -
for J>M
T#N
where
N M: : |
T ﬂlzl JEi#IJln(XIJ/B)-’ | | 5.2
B = exp(1.0) [RTy,/ (w1 ' C(3.3)
and I
RCIJ.»= E { "LE-XKLXEN;I+K)(M;54L} s1 ? = (3.4)
KRl LALs VTR 1 e T < M-t -

LE is the lesser of M or J. :
LS is the greater of 1 or J-M+l

5
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Thei{RTij}‘are thé target'aufocorrelation'values and thef{xigl ar§ the -
normalized objectrvalues as before.

To keep the study as simple as possible, only autocorrelations
resulting in three poiﬁt line objécts were considered. This alloWed.
easy to make two-dimensional grey scale pldté to Be made of Eqg. 3.1.
Fér example, X414 and X159 could be varied along the two axes while.-x13
cbuld‘be fixed by~requiring'that bne of the aﬁtocorrelaﬁion constraints
be satisfied. Only the particular autocorrelation mentioned below was
studied extensively, but spot ;hecks with ofher autocorrelations showed
substantial similarity.

1 5 SO that .RC13=RT-13 ,

grey scale plots where made of Eq. 3.1 for rangesrof values of xi and

X, (for the rest of this chapter, the first subsrcipt '1' will be-

With xl3 fixed in terms of X 1 and xl

dropped wherever it would appear). The autocorrelation used.

RT, = 1.5524, RT, = 6.5459 and RT, =

has the possible solutions shown in Table 3.1. Solutions la and 1b are

10.0 (3.5)
the maximum entropyfsolutidhs.

TABLE 3.1

Solutions to the Autocorrelation in Eq. 3.5

“Selution # o Xl——- _ X ) XS—-—- ) HY
la 1.1374  2.6160 1.3649  5.11274
1b 1.3649 = 2.6160 1.1374 5.11274
2a 0.9099 2.5023 1.7061 5.07883

2 ~1.7061 - 2.5023 0.9099 - 5.07883
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Fig; 3;1'Shows‘twcférey"scale pleﬁg of different cearseness for
0=32. Here Eq. 3.1 forms 2 smooth bowl that a minimization technique
such as Newton-Raphsen should workﬂon very easily; As seen in Fig. 3.2
for a=8, the bowl elongates soméwhat. Fig; 3.3 shows that for o=1, the
topography becomes shaped more like a trough. Most minimizétion |
techniques woild have trouble finding the minimum for such a topography,
since successive iterations weuld tend to oscillate from wall to>ﬁall.'
- Note, however, there is still only one minimum,  and this minimum is

symmetric Cxl =X, = 1,285, x, = 2.588). Two minima don't appear until

2 2

a & ,03, but even then, these minima are totglly equivalent since they
are mirror images of each other. Four minima finally appear for o &
.002. Table 3.2 summarizes the results for all values of o plotted
'(plu5'§=w),- Fig. 3,4 shows the topography for a=0. 7
It would be invalid to generalize too-much from plots of only
one autocorrelation, but these plots do bring out two important points
that can be confirmed for other autocorrelations. One point is that the
‘maximum entropy solution tends to be the solution that lies closest to a
symmetric best fit to the‘autocorrelétion. In'eight out of the ten
ilinear test cases'produced, the maximum entropy solution is the omne
closest to being symmetric. In the two cases where this isn't true, the
solution closest to béing symmetric runs a very close second in entropy.
The other point is the importance of solving the problem,fqr a large
- entropy weighting factor d and then step by step finding;solutibns ﬁsing
- progressively smallgr vélues of o (using the solution from'tﬁe 1ast‘

'Value of o as the first guess) until a=0,
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The minimum lies in the white area
in either plot.
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Fig. 3.3. Topography of
Eq. 3.1 for o = 1 with x3 set so

To the left the grey scale plet
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TABLE 3.2

" ‘'Results From Greéy Scale Plots with XS‘ ‘Set 'Se That RC, = RT

3 3

minima attained at

o ‘ v TN - ‘ _
_,av ‘_X1_m - 32__ Xz | -F(x,a) Eg. 3.1 | H-Eq. 3.2 SUMS-Eq . 2.27
‘o 1,826  1.826  1.826 o . 5.477 3.186
32 1,729 2.002 1.733% - -172.6 5,464 2.232
24 : 1,705 2.046 1,705 -128.9 5.456 2.020
16 . 1.654 . 2,126 - 1.657% -85.34 5.437 © 1.653
12 - 1.607 2.196 1.611% 63,64 5.415 1.345 o
8 1.529 2,309 1.527% -42.06 5.367 8.710%10~7
6 1,472 2.383 - 1,468% -31.37. 5.325 5.813x1073
4 - 1.401 2,467 1.397* -20.78 5.267 2.906x1071
2 1.324 2,550 1,321% . -10.31 ‘ 5.196 7.789x10~2
1 1,285 2.588 1,285 -5.137 5.158 2.078x1072
.5 1,266 2.608 1.263% -2.563 5,136 4.701x10-3
.25 . 1.255 2.616 1.258% o -1.280 5.127 1.398x10~3
- .125 1,253 2,620 . 1,251% -6.398x10_i 5.122 ~ 4.675x107"
L0625 - 1.249 2,624 . 1.247% ~3.198x10”; 5,118 3.424%107°
,03125 1.249 2.624 1.247* - -1.599x10 5.188 3.424x1075
1,218 2,624 1.277 N | ' _ -5
- . 1.210 2.624 1.285, | 2 | -6
| ,0078125 {1'285 2,624 1.210} -3.997x10 5.116 4.578310 _
T 1,180 2.622 1.316 \ o 03 . T mapin6
o0 ‘:{1.516 2622 i 180 -5.114x10 5.115 1.080x10
: -10.916 2.508 1.694 i3 ‘ -7
11.694 > 508 0 016} -5.080x10 5.080 . 8.916x10
| 1.1374  2.6160  1.3649, =7 , o -7
00 1.3649  2.6160  1.1374° - <10 5.1127 <10
e 10,9099  2.5023 1.7061, -7 . : -7
1.7061  2.5023  0.9099 s 05,0788 <10

'5Xi¢x3.0n1y because of the coarseness of the search from which this table was.made(Ax#.OOZ).

ze
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Algorithms based on these considerations worked very well for
line autocorrelations, but not so well for two-dimensional cases. When

the first guess object is flat (normalized so that RC =RTNM), the

NM
ensuing iterative solﬁtions are all symmetric about lines through the
center object point and stay symmetric unless somehow disturbed, even
wﬁen a=0. This is because the autocorrelation has that same symmétry :
(making the gradient have that symmetry if the previous guess object
is symmétric). Mathematiéally Eq. 3.1 has a saddle—poihtrfor a S .03
at thé symmetric best-fit solution.

This is a natural symmetry for a one-dimensional.object, but
not so natural for a two-dimensional object. Azimuthal or row-column
(each row and column symmetric about its éenter) symmetry would be more
natural in the two-dimensional case. Thesersymmétries can be forced,
but at the priée of increasing algdrithm compiexity and decreasing
algorithm efficiency.

A problem common to the one- and two-dimensional cases is that

the solution closest to symmetry may actually be much further from the

best-fit symmetric solution to the autocorrelation than from another

" autocorrelation solution.

Thié poses a problem of stability in trying to fiﬁd the most
symﬁetric solution (hopefully the ﬁaximum entropy soiution) from the
symmetri¢‘best—fit starting point. ‘This problem is furthQTVCOmpoundedv
by the ffeviously noted fact that for: o S ;03;, the sYﬁméffic best fit

object is a saddle-point.
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The saddle-point problem can be gotten around by adding noise to
the beet—fit object solution'ahd iterating further towards an actual
'solution. The question feméins, however,-how much noise should be
added? Too much noise could cause convergence to a solution which is
not the one closest to symmetry, while too little noise could result in
slow or no convergence (the solution could stay stuck near or on the
'saddle-point);‘

Most of the algoritth;attempted in Chapter 2 have constrained
RC,,,=RT, = at each iteration. Figs. 3.1 through 3.4 show the topography

NM "NM

for the case constrained to have RCNM NM for N=1 and M=3 What if

these plots were done with Xz chosen so- that RC —RT or RC1=RT1 rather

than RC3=RT3? Figs. 3.5 through 3.8 and Table 3.3 (p. 43) depict the

case for R€2=RT2’and Figs: 3.9 through 3:12-and Table 3.4 (?. 43) show
the results for RC,=RT; .

The minima tend to be sharper in these cases for the same value
of o. The minima for the RCé=RT2 case track fairly closely with the

RC3=R’T3 case, while the minimarfor the RC1=RT1 case don't. The RCl.—-_-RT1
‘minima tend to lie closer to the actual symmetric best-fit solution at
a given entropy weight & compared to the other4cases. :

" This, of course, is just one particular autooorrelation, and
details of the,plots Willrvary with the autocorrelationlvalues used..
'Nonetheless,va general conclusion can be ﬁade. The'coﬁstraiﬁt
' RCNM=RTNM is nothing,special. One mightvas well constrain any other

‘autocorrelation value to get the same results. As a matter of fact in

'the case plotted, it would be better to use the constralnt RCl—RT1



























TABLE 3.3

Resgits From Grey Scale Plots with x Set So That_RCZFRTz“

minima attained at

o | X X, Xy F(X,0)-Eq. 3.1 H-Eq, 3.2 SUMS-Eq. 2,27
32 S 170 192 1.71% 172.8 5.467 2,084
s 12 2,14 1,54 42,04 | 5,401 1.169

1 1.26 2,58 1,28+ -5,130 5,149 1.881x1072

-0 '- -—;'-71::,'.'\'-"rtr-—m.—':‘n'—'smneaSinTABLES.zw"—-wnr:-—-:-v--mv—-_--‘--»

*x1¢x3'on1y because of the coarseness of the search from which this table was made (Ax=,02),

TABLE 3.4

Results From Grey Scale Plots with x, Set Se That RC,=sRT;

minima attained at

o a Xy Xy Xg Ftijaj-ﬁq. 3,1  H-Eq. 3.2 SUMS-Eq. 2.27
52 1.24. 248 1.25%  -164.6 5.164 6.884x10" !
8 - 1,24 2,58 1.25% -40,98 5,132 7.059x1072
1 124 2062 1.5k -5.116 5.1 1.232x10°°

o mmetmrcm------sameas INTABLE 3.2 - - oo - o m--m o - oo

*xlfxg only because of the coarseness of the search from which this table was made (Ax=,02),

3%
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In the'genéral case, it seéems there is no clear cut choice for which
autocorrelation point to comstrain, so.why constrain any point at all?
Such a special constraint may add ;tability; but it is in general an

unnecessary, time-consuming elaboration.



CHAPTER 4
THE FINAL MESAUP ALGORITHM

The studies of the autocorrelation of a three point line object
in Chapter 3 did much to clarify certain points about the problem of
finding the Maximum Eﬁtropy Solution to the Autocerrelation ypfolding.
VvByoblem (MESAUP). Tﬁe empirically discovered practice of starting the
iterative solution process with a relatively iarge value of the entropy
weighting facter o in qu 3.1 and progressively decreasing it down to
zero was found to Be highly jusfified. However, the préctice of sepa-
rately constraining —RCNM=RTNM was not justified by the same studies.
(The original juétification based on thé high order of'nonlinearity in
this terﬁ'seemslnot to be verf important.) The discevery that'the max-
imum entropy solution is usuéliy the solution nearest to a symﬁetric
best-fit to the autocorrelation beiﬁg unfolded does not seem to have
much pracfical merit."It is an intereéting propérty, but since it is
~not always true, and because of problems encountered in selving for the
actuél autocorrelation solution f?om the symmetric best-fit starting
point; this property is'notqu'much.helpﬁ.'ln fact, the problem of there
being a’saddlepoint'at the symmetric best-fit selution (for a=0) makes
a symmetric selution stething ta_be avoided (unless, ofICOufse,'the -

object is actually symmetric).

45
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Algorithm Descriptien-

The final MESAUP algorithm presented here incorporates all of
the ideas discussed ﬁrevidugly. Goinglthrough a series ofvstages; the
algorithm attempts to find

5 . N 2M-1 2
Fx,a) = -oH +. Z.” Z [RCIJ—RTIJ) = minimum 4.1
I=1 J=1 _
for J>M
CIAN
where H isrthé entropy {see Eq. 302) and the‘{RCij} are the calculated
autocorrelation values (see Eq. 3.4), The'{RTij} are the target auto-
correlatibn;yalues and thé~{xij} are the normalized object values. Tﬁe
. Newton~Raphsen minimization technique is émplqyed by the algorithm,
An qutline éf fha'algcrithm; including eluéidatihg comﬁeﬁts;“4
follows: | | | |
1. Input autocorrelation data (the target autocorrelatien'{RTij}).
2, Ndrmalize the-input autocorrelation so that R,-TNM=10° (This
facilitétes the setting of éonVérgenée criteria iatef in the
algorithm. The value 10 is arbiffary.j
3. Generate a first guess object'{xij}gbyselectingvnumbers from;a

quasi-Normal probability distribuﬁién (<x>=3/2, czﬁlj; (A

Nermal ?robaBility distributioﬁ was- chosen over a flat scene

becaus§~efthe problem bf—soluﬁigns:staying stuck at a symmetric

éﬁféct sééﬁe; A uniféfﬁlf ranaom'distriﬁution waé réjected :

_because of its wild fluétuations.)

4. Norma}ize the first gueSs»object'{xij}>such that' RC =Ry

(This providesua reasdhable=scaling for'the object.)
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Using the first guess object from 4 and an entropy weighting

factor o ranging form iO'to_SO‘(or possibly'more), find a better

object estimate using no more than 5 iterations of the Newton-
Raphson technique. Consider the Newton-Raphson technique to

have converged if ]VXF]2<NXMX1O"2, (The starting value for o

generally can be taken to be 10, but in certain cases a lower

éntropy solution is found instead of the maximum éntropy éolu—
tiomn. rRérunninglthe computer program with a iarger starting
value for o can check'this-problem. Starting the pregram with
a toe High value for &;ruhs the risk of the solution stalling
en a falsegsymmetrié sélﬁtion,)

Using the result from the preVious iteratien as the first guess

object and a value for o 10 times less than in the previous

iteration (100 times less if previously dslj, find a better

object estimate using no more thanvsﬁitgratiens of the Newton- -

Raphsbn_techniqﬁe.' Considér the Newton-Raphson technique to
haveicoﬁverge&‘if [VXF|2<N§MXIO-2. (The cbn?ergence~criteria
here and in step 5 is fairly loose to avoid going to the sym-
metric solution which is the actual solution at this point.)

Go to step 8 if w<1.1x1072 and the previous step ended in con-

- vergence. Otherwise repeat step 6.

Using the result from the last pass through step 6 as the first

guéss object and q=10-§, find a better object estimate using'no

more than 5 iterations of the Newton-Raphsen technique.

Consider the NewtonaRaphSQn’tEehniqug>t@‘have converged if
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[VXF]2<NxMX1O?3, If cenvergence accurs, or if

rir 2%1 i
Y 7RG, -RT, )
121 g=1 W14
 for J<M

I#N

i

SUMS < Max107% . (4.2)

- go to step .11,

)

Using the result from the p?evious step as the first guess
object and a value for o 100 times less than in the'previbus
step, find a better object estimate using no more than 5 iter-
ations of the Newtbn—Raphson technique.  Consider the Newton- -
Raphson technique to have converged if'lVXE[2§NxMXIO_3.
10. 1If convergence cccurred in the previous step or if SUMS<

N%MXIO-S,‘go»tO‘step'll.' Also, if a<10™7, go to step 11,

: Othe?wise, repeat step S.

A1, Using_the results from the last pass through step 8 or 9 as the
first guess object and &=0,:find a bettef object eéfiméte:using
no more than 10 iterations of thelNewton;Raphson teéhnique.
CQnsider'the.NeWton~Raphson fechnique to have converged if
]#XF}2<NxMx10“6 or SUMS<NxMx107°. Stop-iteraﬁing also if the
sglution.stalls. '

12, Declare SUCCESSFUL CONVERGENCE if step 11 ended in convergence.

Using the steps listed above,'seyeral grédient techniques were
éttémpted in place Qf'tﬁe;NeWton+Raph$0n'techhique; If a.grédient
téchniqué'could-be ﬁsed?lthe storagé prob1ems associated with the
NéwteﬁsRaphson Hessian matrix would bé eliminated;(as welluas the time

‘_preﬁiems invgl#ed'in:calcuiating,it)wand‘petentially much 1Q¢ger
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autecorrelaﬁiens'could he precéSSed? ﬁowever; nene of the gradient
: techniqueé_tried proved te be sufficiently accurate.
A&bng the gradient techniques'tried wasifhe steepest descent
method where the change in the first object estimate to produce a new
: (hof)-efullyvvbette.r-) object estimate is éiiren by

|7 Fl5

(4.3)

Also attempted was

(4.4)

where thew{Axi} are the elgﬁents of the object change veétor"A?,

The latter method worked somewhat better than the sfeepest
descent meﬁhod, ‘Realizing the Eq.‘4;4 methéd-was:equivalent_to the
Newton-Raphson methed when éll the fo—diagonal elements of the Hessian
matrixAére set to iero, another method was spggeste&.Av |

The method sgggestedﬂﬁas to leave as.nonzero in the Hessian
- matrix only the diégonal and the super—(and‘sub-)diagonal, ThisAprovéd
to be almost identical in results as the Eq, 4.4 methodgi Adding more |

diagenals didn't improve matters, either. All off-diagonal elements of

the Hessian matrix seem to be equally important in making the Newfon-ﬁ ,

Raphsen method éonverge so well.

A'ﬁore complicated technique was also used With‘more, but net
,§uffiéieﬁt5 success. This’was a fOrtran'subroutine entitlea TCON
furnished by Dz, Davi& Shanne (1978) . Fﬁrthgr work ﬁith sﬁbfoutinés of

this type may eventuaily turn.up a sufficiently accurate method.



ResﬁltS”éf‘Appliéation

‘Several autocorrelations with knewn soiutieﬁs were generated to
be used as test cases for the MESAUP computér algorithm. Many of the
test autocorrelations have unknown solutions with negative ér imaginary
object values, but all of the real, positive selutions are known.

Thréugh varying the sfafting value for the entropy weighting
factor o in step 5 of the algorithm, all test cases were méde to con-
verge to the maximum entropy édlution. A possible exception is the
8 pixel by 8 pixel case”which did not converge as defined in step 11 of
the algorithm, Inspection of the output objegt scene shoWs, howgﬁer,
that it is closer in a sum of squares departure sénse-to thevmaximum
entrepy solution than to any ether solution. Appendix A shows these
results. AppendixrB displays thé program output for a particular
4-point line objecf test case.

| The behavior of the MESAUP algorithm iﬁ the presence of noise

was a}so‘explore@i’7Y§?iops }evgls_of signal @epquent gaussigh noise
were added to the targét autocorrelations and- the MESAUP computer algo-
rithm was applied to the fresulti}ng autocérrelafiénso

Appendix C‘Shoﬁs the results for the thréé 4 pixel by 4 pixel
test cases in Appendix A. The objects fbr these cases are quite dissim-
ilar, and it seems from these résults that neise behavior is fairly.
object independent. Excellent results ave obtained for up te 1% noise,

Alsg in Appéndix'c.is an 8 by 8 pixel casé where»the autogorQ
relation is formed from an 6bject cohsisting of twéApoints: Before

autecorrelating, the object is conveolved with the diffraction limited
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‘point-spread functien of a eircular leﬁé with é spread such that the
point sepavation is ome Rayleigh résolutien length. For up to 2.5%
noise, the two points are resolvable in the object obtained from
applying the MESAUP program to the resultiﬁg autocorrelation. Appendixv
D shows for this case how the.object estimate evolves'thmeugh each stage
of the MESAUP program;  from the randombfirst estimate ocbject, to the
final esfimafe object. |

deed;éperture-imaging was mehtionéd in the introduction as a
possiblé application of a MESAUP computer algorithm. In goaednapefture
iméging;gdesiraﬁle apertures>a:e one-zéfo apertufes whose autacorrela—
tions have a large central spike and a uniform skirt. 1,.27-4 and 7=
point linear arrays can be analytically derived that have these feaQ
tures, but other methods must fe used fér.larger linear apertures and
. for two-dimensional apertures. |

If the MESAUP computer algorithm is to be useful in finding
unknown épertures, it should certainlyucqnverge to fhe,known'apertureS'
for the A—“and 7-p6int cases, Table?i.l 1ists the results for these
cases. The maximuﬁ,énfropyiéblutiﬁns_turn out to be QQite different
from the one-zero apertures desiréd. It seéms the MESAUP cdmputér -
algorifhm is not applicable to coded—averture'imaging wheré_ghe;zéro
éper€u£es aiewdeéiiéa. ‘Probébly one-zero apertures are a case of low
- entropy, which violates the basis of MESAUP.

fhe MESAﬁP.comvuter prégram h&SVCErtain limitations that should
be meﬁfionéd here, One is that computer core memory: réquiremeﬁts

" become prohibitive fer an autocorrelation producing an ebject larger



TABLE 4.1

ApP;ication of MESAUP to Finding Apertures for CodgdvApertqre Imaging

4-Point Aperture

Desired Autocorrelation; R1‘= R, = Ry =1 and R4v=_3

Known One-Zero A?erture Producing - x, through x, = 1, 1, 0,-1

Desired Autocorrelation: ‘ Entrepy (unscaled) = 0

Aperture Found by MESAUP:. - - © x, through x, = ,682, .534, ,318, 1.466

Entropy (unscaled) = 3997

7-Paint Aperture

| Des;red Autocorre1at1on: . | Rl = R2 = R3 = R4'= Rsvf R6 = 1 and ,R7
Known'OneaZBro Aperture Producing - X, through x = i, 1,0, 0, 1, 0,1
Desired Autocorrelation: Entropy (unscaled) = 0

-Aperture_Found by MESAUP: Xy through X, = ,585; ,560, .486, ,367,

.220, ,073, 1,709
Entropy (unscaled) = ,9660

- zs
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than 13 pixels by 13 pixels (if all storaéé ié dene in core memory).
The other 1s that computer time requirements increase very rapidly with
autocorrelation size, The biggest ceﬁtributar to the time requirements
for objects of this size is the compﬁtafion of . the Hessian matrix, whoée
time requirements gb.as (NXM)Z. These limiﬁétions are sﬁmmarized.in

Tables 4.2 and 4.3 for the University of Arizona CDC Cyber 175 computer.

Thoughts For Further Study

. Decreasing the limitations_imposed by computer core memory and
processing time requirements is an 6bvious area for future'study;
Finding a sufficiently accﬁrate-gradiént tecﬁﬁique'would certaiﬁly-
reduce these 1imitapieﬁ5.great1y. Also, investigation ofrdifferent,
approaches to' the preblem could produce-an:algerithm: that may be:more
amenable to gradient techniques.

The very first method tried in this study, the Lagrange multi-
pliér technique, could possibly be modified to produce‘g workable
“algerithm. This realization comes directly out of an analysis of why
the‘Légrangé multiplier technique failed in the first attempt. For
convenience, the method is réstated here.

Considgring for simplicity autocorrelations resulting from
N-point line objects, the sfahdard Lagrange multiplier technique
ié“to solve | |
N.

H+ ]
J=

AJ(RCJ—RTJ) = maximum. “{4.5)

F({xi}giki})
o : 1



54

TABLE 4,2

Computer Time Requiiemeﬁts of the MESAUP Program

Object Size{pixels) - Coméuter Time Regquired*{sec.)
4x4 0.956 |
5x5 : 2.836
- 8%8 | 27.26
- 10%10 - 82
o12x12 _ Ny 196
13x13 i | | 290
14x14 414
16%16 - 792

*Computer time required is based on 30 iterations. (2 maximum
number). For easy.cases, usually less than 15 iterations.are. needed.
Time required for objects larger than 8x8 is estlmated from the formula

Computer Time Requlred = - a(P)
where P is the number of pixels in a side dimension of. the’ object
= 0.00118 and b = 4,84, :



TABLE 4.3

- Computer Memory Requirements of the MESAUP Program

Object Sizg(pixels) Cbmputer_Memory Required* (Octal Words)

4x4 : : 32333

5x5 o ' 33234

- 8%8 . 43220

10x10 | 60747

12x12 S 107537

13%13 ' . 126317

14x14 - 152077

16%16 . ‘ 240107

*130000. Octal Words is the largest computer memory narmally
available to users of the University of Arizona computer system (June
1978). . _ ‘ S
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The entropy H is given by
H o= - ) xIn(x) - | (4.6)
and the calculated autocorrelation is defined as
RC; = . ] xx J =1, 2, ..., N. BN N

The‘{RTs} are the target autocorrelation values and the'{Ai} are the
Lagrange multipliers, Th¢ normalized object scene is'represented by
mthez{xi}; _Téking the pérfiais of Eq. 4.5 with respect to each of the

variablesvgives the fellewing set of 2N nomnlinear equations in 2N

unknowns
- ' N—§+1 %
L = L[In{x,) + 1] + Ao g F ) AXe . 0 (4.8)
axI 1 321 J I+T-1 J=1 J T-J+1 :
for I =1, 2, ., N and
aF _ } = o

| also for I =1, 2, ..., N.

It was seen empirically that an algorithm based on solving Egs.
4.8 and 4.9 converged to any arbitrary solution of the autocorrelation
unfolding problem depending (not always predictably) on the initial
guess for the.{xi}>and'iki}.’vlf the first guess'for>the'{xi} was clgse
to a particular autocorrelation solution, the algotifhm would converge
- to that solution. Cén this”Behavior be accounted for by a cleser look
at Egqs. 4.5 throﬁgh 4.97? |

When near any autocorrelation solution the partials in Eq,‘4.9 ,

- will be very small,ﬁfesultingrin virtually no movement infthe'{ii}
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(relatively speaking); Since entropy ié a slowly varying function, when
the'{Ai}vare of order ﬁﬂity—or larger; Ea; 4;5'is dominatéd by the auto-
correlatiéﬁ differences sum, Moeovement of the'{ki} can ﬁhen enly occur
in a direction that continues to keep each term in the autocorrelation
differenceé sum small.
| in the test cases‘triéd; it kas Séen“fﬁéf ail-of'fhé Laérange
multipliers'{%i} never became smaller than the order of unity. Oéten
they became quite large; in.some cases as lafge as 1026; This being tﬁe
case, and since the autaqorrelation solutions are discrete, once the
f'{xi} are near an autocorrelation solution, they cannot leave that
solution. |
It might seem that if the Lagrange multipligrs weié startegrout
at zere, the entropy'term might-dominated'long enough for the solution
to migrate to a high'éntrepy region;' However; for an éfbitfary first
_guesS-abject'Scene, the autocorrélation differences are generally quite

large resulting in'a.rapid growth of each A By the second iteration,

I°
the autocorrelation. differences sum will dominate,
How can the discreteness problem be circumvented?  Consider a

simple autocorrelation which unfolds into a two point line object,

2 2

»Nating that RCl = XX, and RC2 =Xyt X, the solution space can be

plotted in two dimensions. Fig. 4.1 shows the particular case where

RT, ='4.0 and RT2 = 10,0.

1 . . .
The constraint RCZFRTZ is satisfied on a circle of radius VRTZ,
Not all of the circle is allowed because of the further constraint that

_each object value in the set'{xi} must be pesitive, This westricts all .



Fig.

4.4.

Autocorrelation
Solutions

Solution space for a 2-point autocorrelation.

In the case plotted, RT* = 4.0 and RT" = 10.0,

58
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solutions to the quadrant where x, énd xz:are'positive, The constraint"
RC :RT is satisfied on the positive quadrant portlov of an equllateral
hyperbola, If the autocorrelation has at least one real, p031t1ve
solution, the two curves will intersect at one or two points (if the
intersection is at one point, we must have x1=x2).

Consider now an autocoerrelation which unfolds into a three point
line object. Noting that | |
2

= X RC = X + X + X o+ <2
1~ X% = XXy T XpXe £y 7 X3

the surfaces on which each separate autocorrelation constraint is.

RC and RC

o2
37"
satisfied can be identified. The constraint RC3=RT3 is satisfied on a
sphere of radiuS~¢RT3. Not all of the sphere is allowed, for as noted
earlier, all solutions mﬁSt lie in the octant where Xl’ X5s andvx3 are

positive., The constraint RC,=RT, is satisfied on a surface joining a

2 72

,hypérbola in the ﬁlape-xi=0 and a.hyperbqla in the plahe x3=0 while the
constraint RCléRTl is satisfied»an a«sﬁrfaceﬁformed by a projection of 2
- hyperbola out of the x2=0 plané; |

Unless there are no real, positive solutioms to the autocor=
relation, the three afofementioned surfaces will intersect in some
manner. If there is mere than one autocorrelation solutionl, pairs of
surfaces must intgrsect along lines. All three surfaces together
intersect af discrete points'fcr, as noted éarlier, solutions to an

autocorrelation are discrete.

. I thgre ig only ome real, 9051t1ve solution, any p051t1vely
constrained minimization technlque should be:able to- flnd it. ~This is
a trivial case, for preblems in finding the maximum entropy solutlon
occur only when there is a choice to be made. :



.60

Note here that if one autecorrelation constraint is ignered in
either the twe or three point object case, the remaining autecorrelation
constrainfs.are satisfied along a line. It can be similariy shown that
- for any sized object,;whcn one autocorrelation‘constraint is ignored,
the remcining,autOCorrelation constraints are satisfied along a line.
Even further, if two constraints are ignored, the remaining constrcints
are satisfied on a surface, etc.

" The Lagrange multiplier technique can maximize a function subject
to constraints that are satlsfled along a.line. It certalnly should be
able to maximize entropy whlle satlsfylngvnll but one of the autecor- -
relation constraints. If for each successive iteration, the solution
', stays along that iiné, thecautocorrelation difference sum will never be
of much effect in Eq. 4.5, and the entropy term will finally dominate
until the maximum entropy pOint along the line is found. 'Using as. a
first o?ject estimate the solution resulting'from_ignoring one {or more)
autocorrélation consnraint- the.Légranoe multiplicr technique should

in its full form, converge qulte ea51ly to the maximum entmopy solutlon,'

Due to a lack of tlme, “this technlque was not 1mp1emented in a
computer algerithm. It is hoped that another researcher will attempt

it in the near future.

'Concluding‘Remarks

Entropy can prOV1de a criterion for selecting whlch object, out
~of a set of objects, is most 11kely to have produced a particular auto-

correlation. D3510n1ng a computer algorlthm that would find the maximum -
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entreopy (most likely) ebject.Qut”ef éli ebjéctS'ﬁhat could have pro&uced
a given’autocorreiatien has'been_the focus of this study.

'After exploring many'deéd;end techniques, é workable computer
algorithm has been:devéloped to achieve this.goaiq However, thé-algof
rithm is limited in the size of the autocorielationé it can unfold.

Further studies are needed into ways of relaxing these limitations.



APPENDIX A
APPLICATION OF THE MESAUP COMPUTER PROGRAM TO TEST CASES

" 3-Point Case

Targef Autocerrelation: RT1=1.5524, RT2=6,5459'and RT3=10,0,
Numbeiiof Real, Pesitive Solutibns: 2 |
Final Object Estimafe.from MESAUP:
‘ ' 'Sta:{‘-ﬁi?‘lg &l ~ Entropy '.Rank ‘0of Final Object Estimate
10 | 1 |
"4@?Qint'ca$¢57
‘ TargetiAﬁcharrelation:
RT, throﬁgh_RT4 = 0.30, 3,31, 12,50, 19.62
Number -of Real, Poéitive Solutions: 4
I Fiﬁal Oﬁject Estimate from MESAUP: |
z Start‘ing ot ' Entrepy Ra.nk of Flna].@bject 'Estimate
10 ) 3
20 | 1

30 ' 1
_ Target Autecorrelation:
RT, through RT, = ‘0,24, 2,42, ~8,67,T.;3;34.

Number:QfLReaia.PQSitive Solutions: 4

ﬁifly-_See'Steﬁ’S Of’%igeﬁithm"déscriptién in Chapter 4,

2
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Final Object Estimate  frem MESAUP:

';Stirfiﬂg_& "Entrqpy'Rank'of'Pinal'ObjeCt Estimate
10 | - 2
20 2
30 ' E 1

85P0int‘Case

Target Autocorrelation:

RT, through RT '0,006048, 0.13018, 1,2151, 6.5199, 22.488, 52.807.

6
RT7 through RT8

87.172, 102,85,
Number of Real, Positive Solutions: 64

Final Object Estimate from MESAUP:

: sﬁérfing o : '»Enﬁropngank'ef‘Figal Object Estimate
10 | o >38
30 | >38
50. , 38
70 | ‘ 15
100 1 ’

"Qanint'Case
Target Autec@rrelatioh:‘
RT, through RTy = 54, 45, 306, 195, 708, 345, 1326, 695, 1868
~ Number of Real, Positive Selutiems: 4

Final Object Estimate from MESAUP;

‘usﬁamtihg o : EhtropyﬁRaﬁk‘ef'Finél’Object Estimate
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T 16-Peint Case

Target Autocorrelation:

RT, through RT,, = 2, 4, 8, 11, 14, 30, 35, 48, 55, 65, 107, 95, 105. .

13

RT14 through RTié = 109, 115, 158.

Number of Real, Positive Solutions: 2

Final Object Estimate from MESAUP :

Starting a - Entropy Rank*of'Finél‘Object‘Esfimate

10. 1

4 by 4 Pixel Cases

Target Autocorrelation:

RT, through RT,, = 1, 3, 4, 4, 3,1,0
RT); through RT,, = 2, 8, 13, 12, 10, 6, 1

| RT,, through RT,, = 3, 12, 25, 25, 13, 8, 2
RT41 through RT44 = 3,12, 28? 43

Number of Real, Positive Solutioms: 2

- Final Object Estimate from MESAUP:

Starting o Entropy Rank of Final Object Estimate
10 » |
50 | . 1

Target Autocorrelation:’

0,36, 1,44, °2:90,. 3:64, ~2.98, 1.40, 0,24.

RT, 4 thr@ughVRT17 ]
RT;, thremgh RT;, = 2.47, 8,08, 15.13,219.30, 15,25, °9.06,"2.39

i

RT,; through RT,, '—: 2,96; 10,34, 18,69, 24.66
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Number'af'Reai, Positive Selﬁtions: 2
Final Object Estimate from MESAUP:

Starting o "Eﬁtropy Rank of Final Object Estimate

10 : ’ 1

30 , 1

Target Autocprrelation:

bl

RT11 th?ough RT1

RT21 through RT2

. 0.10, 0.63, 1.65, 2.60, 2.22, 1.17, 0.27

7 0,53, 3.11, 7.61, 11.34, .9.21, 4.65, 0.99

1.37, 7.55, 17.26, 24.35, 18.92, 9.15, 1.86

RT31 through RT37

RT 1 through RT

4 44
Number of Real, Positive Solutions:_ 2

2.08, 10.82, 23.41, 31.51

Final Object Estimate from MESAUP:

Starting'd , Entrapy‘Rank'qf‘Fina1 iject'ESﬁimate
.10 - 1
30 | | - 1
50 - 1

5 by 5 Pixel Cases -
(Target. autocorrelation too:big to conveniently list.)
Number of Real, Positive Solutions: 4

Final Object Estimate from MESAUP:

‘Starting o Entropy Rank of Final Qbject Estimate
.10 ~ Did net converge: EStimate clesest-

te Entepy Rank 1 Object.

30 ' 1



8 by 8 Pixel Case
(Target autocorrelation too big to conveniently list.)
Number of Real, Positive Solutions: 4

Final Object Estimate from MESAUP:

muu . LCOm Starting a: 10

8LL I.LL4L
muUQU.LG Entropy = 20.1798
miJHUL .9
!B8He # (did not converge)

mpHuu.va

The Four Real, Positive Solutions

.UP*

. Entro Rank 1
8Li1l.«, ue Y
SLMIIULLIB Entropy = 20,2177
?U h. Departure From MESAUP Final
11RWL. LM Object Estimatel = 0,4558
eeaatvnel
EENLO986® Entropy Rank 2
IUI.UUUUI8
mui.wgsLa Entropy = 20.1077
mL.GAL 9
au.lL, 8 Departure From MESAUP Final
T1filit, A Object Estimate = 1.6866
#mm& OUATrn

1. This departure is defined as the sum of the squares of the
object values differences at each pixel in the scaled (RT"=10) scene.



ami'u..uif
GU.LLLL3
RUQHHL.b
ae1iMu, u
aeul u

agmaLULB
aaasmwm*

asSut.1'hUH
9AT.UUHU3
9U.VWU.U
HU:I.U..U
aitil. « v
aBRUL .9
gaeihufflna
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Entropy Rank 3
Entropy = 20.0837

Departure From MESAUP Final
Object Estimate = 0.7075

Entropy Rank 4
Entropy = 20.0608

Departure From MESAUP Final
Object Estimate = 1.2274



APPENDIX B

EXAMPLE OF OUTPUT FROM THE MESAUP COMPUTER PROGRAM

On fhe’fallowiﬁg ?;ges is reproducéd the liﬁe printer output
from the MESAUP cemputer.pxogram for a particular autocorrelation which:
unfolds into a_4—point linevobject. Except for some abbreviatiﬁns, ﬁhe
output should be fairly self-explanatory, especially if the steps in the
algorithm description in Chapter 4 are reviewed.

Thebabbre&iations are defined below:

N is tne number~6f rows in the object scene.

’M is the number of columns.in the object scene,

P81, PS2, IC, PN and ZERO aie}ﬁot used here.v These parameters
‘only apply if the.target’autocorielatien is to be genérated from a given
abject. |

SW = 0 means that the target autocorrelation is inputed as data
(8w =1 wbui&‘mean that the target:éutdcorrelation is to 3e generated
 from given object data).

ALPHA is the stamtlng values of o (see step 5 in the algorlthm
descrlptlon)

AL2 is the value of ¢ @ in step 8 of the algorithm.

DIVA is the factor by whlch a is- d1v1ded between steps in the
aloorlthm (except when a>1 where the factor by which a is divided is

[DIVA)Z)
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“RNM is the value tc whi¢h'RTNM (of the target autocérrelatibn)
is normalized in step 2 of the algerithm:

NRF is the.number of random vaﬁiébles {uniform distribution)r
added together to produce one pixel value in thé first gues$ bbject..

ITMAX is the number of iterations allowed per each appliéation
of the ﬁewton—Raphson minimization technique. (whemn o=0, ITMAX is
doubled). ' |

IP = 0 means no grey scale pictﬁres are printed of the fifst'
guess object and the object estimates after each application of the
Newton-Raphsoﬁ technique (IP = i.means the picturés are produced).

VPMAX is the méximum value to which the grey scale piCtufes are

stretched (the minimum value is assumed te be zero).
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N1 1 Ms a P31m 0 PS2« 0

SW« 0 ice 0 PNe 0, ZERO" 0.

ALPHA# 3,00W0E+01 AL2# 1.00WO0E-04 DIVA" 1,0000E+02
UMAX™" 5 E" 1.PO00OE.Q2 ip" 0 PHAX B O,

THE NOISELESS AUTOCORRELATION TARGET ARRAY ISI

R( 1, 1 rTEHRU 4)1 2,40006-01 2,4200E+00 8.6700E+00

THE NORMALIZED AUTOCORRELATION TARGET ARRAY ISI

RNM"

1733406+01

R( 1# 1 THRU 0) | 1,7991E-0t 1.814IE+00 A.4993E+00 1.0000E+01
THE NORMALIZED FIRST GUESS ODJECT DATA ISI
X( 1, 1 THRU 4)1 2.3934E+00 7,82556-01 1,31246+00 1.39186+00

THE ENTROPY OF THE ABOVE OBJECT DATA ISI 5.6603386+00

FOR THE FOLLOWING ITERATIONS ALPHA # 3,000006+01

ITERATION NU*HER 01 ENTROPY # 5,860346+00 SUMS a 1,891016+01
ITERATION NUMBER 11 ENTROPY « 6,266116+00 SUMS a 1,300536+01
ITERATION NUMBER 21 ENTROPY a 6,298496+00 SUMS a 1.119646+01
ITERATION NUMBER 31 ENTROPY a 6,284186+00 SUMS a 1,047596+01
ITERATION NUMBER 41 ENTROPY a 6,277436+00 SUMS a 1,024036+01
NO CONVERGENCE

ITERATION NUMBER 5] ENTROPY a 6,275046+00 SUMS a 1,016396+01

THE oBJECT ESTIMATE FROM THE LAST ITERATION ISI

X( 1, 1 THRU 4)1 1,31876+00 1,61826+00 1,60386+00

AND

AND

AND

AND

AND

AND

1,30416+00

GN

GN

GN

GN

GN

GN

1.0000E+01

3,64936+01

1,10926+01

3.39556+00

1.13676+00

4,17306-01

1,74056-01

NRF#

3



FOR THE FOLLOWING ITERATIONS
ITERATION NUMBER 01 ENTROPY
ITERATION NUMBER 11 ENTROPY
ITERATION NUMBER ENTROPY
ITERATION NUMBER 31 ENTROPY
FAC « ,R95271?773(>976
ITERATION NUMBER 41 ENTROPY
FAC " .9952327736976

NO CONVERGENCE

ITERATION NUMBER 5: ENTROPY

ThE OBJECT ESTIMATE FROM THE

X ( 1, I THRU 4)1 6.2905E

FOR THE FOLLOWING ITERATIONS
ITERATION NUMBER 01 ENTROPY

ITERATION NUMBER 11 ENTROPY

ITERATION NUMBER 2: ENTROPY
THE OBJECT ESTIMATE FROM THE
xc 1, 1 thru 4): 5.6976E
FOR THE FOLLOWING ITERATIONS
ITERATION NUMBER 01 ENTROPY
ITERATION NUMBER 1] ENTROPY
THE OBJECT ESTIMATE FROM THE
X( 1,

1 THRU U)1l

5,M79E-

ALPHA «
B 5,275W4E+00
B 5,902916+00
* 5,34763E+00

B 5.28704E+00

* S.2BI64E+00

B S,26469E+00
LAST ITERATION

-01 2.4350E+00

ALPHA W

B 5.28469E+20
a 4.92500E+00
a 4,944345+400
LAST ITERATION
-01 2.5605E+00

ALPHA a
a 4,944345+00
a 4.68597E+00
LAST

ITERATION

01 2.54T5E +90

3.00000E+00

SUMS H

SUMS
SUMS

SUMS

SUMS

SUMS

151

1,7506E +00

3.00000E-01

SUMS
SUMS
SUMS

is:

1.7189E+00

3.00000E-03

SUMS

SUMS

IS:

1.7541E+00

a

a

a

a

a

a

1.01639E+01 AND
4,45716E+00 AND
8,335565-01 AND
6,109645-01 AND
5,678415-01 AND
5.46845E-01 AND

5,3983E-01

5,468455-01 AND

5,535165-03 AND
6.34375E-03 AND

3.4583E -01

6,343755-03 AND

1108225-03 AND

3*.1183Ef01

GN

GN

GN

GN

GN

GN

GN

GN

GN

GN

GN

a

a

a

a

a

7,25505+00

6,24185+00

1.5154E+00

2.19565-01

2,75215-01

2,9274E-01

3,97385+00

5.6294E-01

1774535-02

5.5239E-01

2,19615-02



FCR THE FOLLOWING ITERATIONS ALPHA »

ITERATION NUMRER
FAC « ,5821)6774%277

PI ENTROPY W 4.86597E+00

ITERATION NUMhER
FAC B ,37676*1*78406

IT ENTROPY *,88512E+00

ITERATION NUMHER ?1 ENTROPY * 4,8UA"'/8E +00

FAC =« ,*918951123*29

ITERATION NUMRER 31 ENTROPY W 4.80*37E+00
ITERATION NUMBER *< ENTROPY a 4,883826+00
ITERATION NUMBER 51 ENTROPY a 4.88398E+00
THE OBJECT ESTIMATE FROM THE LAST ITERATION
X( 1, I THRU 4)1I 5.2287E-01 2.512AE+90

FOR THE FOLLOWING ITERATIONS ALPHA a 0,

ITERATION NUMBER 0| ENTROPY a 4,68398E+09

THE OBJECT ESTIMATE FROM THE LAST ITERATION

X( 1, 1THRU 4)1 5.2267E-91 2.5128E+00

FINAL CALCULATED AUTOCORRELATION VALUES ARE I

R( I, 1THRU 4)1 t,8002E-0t 1,61416+00

SUCCESSFUL CONVERGENCE

Toe UMNORMALIZEO FINAL OBJECT ESTIMATE ISl

X( t, ITHRU 4)1 6,03916-01 2,90226+00

I.9MO00OE.0O4

SUMS N 1.1BS22E.05 AND
SUMS B 4.64504E-06 AND
SUMS B 3,23280E"06 AND
SUMS W 1,B3926E*06 AND
SUMS a 4.22576E-07 AND
SUMS a 1.15493E-08 AND
181

1.8149E+00 3.4429E*01

SUMS W 1.15493E-08 AND
181

1.8149E+00 3.44296*01

6,49936+00

1~0000E+01

2,09626+00 3',9765E-01

GN

GN N

GN

GN H

GN a

GN a

GN

2,0940E*02

2.06856-02

1.82486-02

1.46696-02
7, 5637E-03

1.12456-04

2,03886*04



APPENDIX C
APPLICATION OF THE MESAUP COMPUTER PROGRAM TO NOISY AUTOCORRELATIONS

Effects of noise on the convergence of the MESAUP computer
program are listed here for three 4 by 4 pixel cases and one 8 by 8

pixel case.

‘4 by ‘4 Pixel Cases

L
(See Appendix A for all the values of the test autocorrelations

used here. Just the RTNM values are listed below.)

Case 1; RT = 24.66

NM
- o E Final Value of Comments on Final
"% Noise ~ ‘Starting o 'SUMS (Eq. 4.2) 'Object ‘Estimate
0 10 2.0x10"7 ' {Maximum Entropy- Selition(MES)
8 - tSucecessful Convergence(SC) to
0 - 30 B 2.,0x107 3 Significant Digits(SD)
.01 10 1,5%x1077 SC to non-MES
o1 30 2.0x107% MES SC to 2 SD
1 30 9.5x107° MES SC to 2 SD
1 30 or 50 | 8,2x10™" MES to 1 SD .
2.5 - 50.- 3.1x10"° similar- shape te MES
5 50 - 6.3x107° similar shape to MES
10 50 o 2.0x107% ‘'similar shape to MES
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Case 2; RT,. = 43

NM
- . Final Value of Comments on Final
% Noise "Starting 9 " SUMS  (Eq. 4.2) " Object Estimate
0 10 2.5x1077  MES SC to 3 SD
0 50 3.0%1077  MES SC to 3 SD
.01 50 2.3%x107° MES SC to 3 SD-
1 50 1.8x107° - MES to 2 SD
1 | 50  ousxioTt MES to 2 .SD .
2.5 50 5.3%107° MES to 1 SD
5 50 2.2x10°% MES to-1 SD
10 ' 50 8.9x1077 similar Shaperto MES

Case 3: RT,,, = 31.51

NM
) o Final Value of Comments on Final
% Noise  ‘Starting o SUMS " (Eq .. 4;2)‘ ‘ijeCtjEstimate

o 50 C Trext0mS SC te MES

.01 50 o 1;§xio'5  SC€ to MES
1 E § 50 _1.9><‘10‘5 - SC.to MES
1 50 - 3.ex107" . SC toMES

2.5 .50 1.9x107° similar shape te MES

5 | 50 6.1x10"° similar shape to MES

100 T s0 2,0x107% - mnot recognizable
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8 by 8 Pixel Case
The noiseless target autocorrelation for this test case is
fo med from an object consisting of two points. Before autocorrelating,
the object is convolved with the diffraction limited point-spread
function of a circular lens with a spread such that the point separation
is one Rayleigh resolution length. Cases from 0% to 10% noise are

shown with starting a of 30.

Bsngegtin
s8ss*as»a
aft* 9**8
***88*88
aamKaaR™*

9888
899***x98
819*9888

Original Object

88989888
18ALHB98
BMJI. Lifiae

Blurred Object

8BIT. L988
81HLH888
88898918

8899*1198

8899+%888

9999. 88

3*9B, 98 Final Object Estimate from
8a*HVJt.1R8 MESAUP for 0% Noise

81.19. 98

981*..98

88989-588
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**m WORR1
84. 1,51*88
»9

XE',

19

19 1.$**8
aiiti43398

umaam
SIU I.891+*8
ifc H11*18
1n umala
8H LUl1l1l
ipueiima

880 **xg**
*U U8881
x4 {11***
eid 48**8
8b ULfff8ft
*a i, [ti**8
889*8+*88
1**8*888

Final Object Estimate from
MESAUP for 1% Noise

Final Object Estimate from
MESAUP for 2.5% Noise

Final Object Estimate from
MESAUP for 5% Noise

Final Object Estimate from
MESAUP for 10% Noise



APPENDIX D
OBJECT ESTIMATE EVOLUTION IN MESAUP

The object estimate evolution in the MESAUP computer program is

demonstrated here using the target autocorrelation generated in Appendix

C.

ism Lfosaa

Object From Which the Target

Autocorrelation is Formed
831. LiiliSin

aaavssdB

v 3H 'HIG Random First Guess Object

HIt,iH(fbA S (Normal Probability Distribution)
SO LN S

mm ;iip
mmn cit £;fm
flis i fim
inii *** u T<m _ ,
After 5 Iterations with a = 30

Ty MmTIn-on
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MBMKL .Wa

doom ua
33:1f , #9

aaamui.gf
83%mL, B3
mgavguma

m84, xma (#9
aawBMuwa
»sa&. bs
a*aiii*i

anwwL .mm

RBGJ, e«
aaawfHiDg

30(15191433

ufl

MJOULG*
«* in. u«

aaan-Bfinia
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After 5 Iterations with a = 3

After 5 Iterations with & = .3

After 5 Iterations with a = .003

After 5 Iterations with a r 10~4

is ”~ so identical to the
picture after iterations with

a = 10-6 and a , 0
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