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ABSTRACT

The multiple solution autocorrelation unfolding problem is 

solved by choosing the positive, real solution which is statistically 

most likely. This most likely solution is shown to be the solution with 

maximum entropy. Different numerical methods of solving the problem on 

a computer are explored producing varying degrees of success. The 

numerical difficulties posed by this nonlinear problem are explored and 

a moderately successful computer algorithm is described. Results for 

various noisy and noise-free autocorrelations are presented, and the 

algorithm’s limitations, mainly excessive computer time and memory 

requirements, are discussed. Finally, suggestions for further study 

are presented.
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CHAPTER 1

INTRODUCTION

The autocorrelation of an N-point line object with radiance 

values {o^ 1 is given by2

' ill (1.1)
J ” 1# 2> a .., N«

Of considerable interest is the problem of finding the object radiance 

values {cu} based on autocorrelation data and appropriate constraints on 

the {o.I. The unconstrained problem cannot in general be solved, asr
there are 2̂ "^ different sets {o.} that satisfy the autocorrelation data

' 1  '

{R,}» Some multiplicity of solution can be removed by realizing that in
*l .■ ■ 

the cases of interest, the solution sets {ov} whfe^eoritainnegative or

complex elements must be ruled out. Still, some additional criteria for

selecting a unique solution must usually be chosen.

Motivation

A major example of where the autocorrelation unfolding problem 

arises is with Steller Speckle Interferometry (Dainty 1975). Data from

1. Throughout fhfs thesis.upper case subscripts refer to 
specific numbers and lower case subscripts refer to elements of a set.

2. The numbering of the discrete autocorrelation values in this 
paper is nonstandard so as to facilitate transfer of equations from 
Fortran code (where negative indices aren’t allowed). Note that the 
peak autocorrelation is denoted R^ rather than R- as is usually the 
ease. .

1



this type of interferometry is normally in the' form of the squared mod­

ulus of the image spectrum I(to), where m is a spectral frequency. The 

squared modulus of the object spectrum 0(aO is related to an average 
11 (to) | ̂ through the relation

<? I I (to) 12> = <|T(tu)|2>lo(to)|2
where < | r (to) 12> is the average squared modulus of the instantaneous 
transfer function. Steller Speckle Interferometry gains its advantage 

over normal imaging from the fact that < | t (to) ] > passes higher spatial 

frequency components (up to the diffraction limit) by defeating the 

blurring due to turbulent atmosphere. The actual object radiance dis­

tribution is not recovered, only the modulus of the object spectrum. It 

should be noted that the squared modulus of the object spectrum is the 

Fourier transform of the object autocorrelation. If the object is known

to be simple (e.g., a resolvable star or binary star) the object spectrum

is often sufficient to estimate critical object parameters (e.g., star 

diameter or binary star separation). In general, however, the phase of 

the object spectrum needs to be recovered, or (equivalently) the object 

autocorrelation must be unfolded to find the object. Most researchers 

have concentrated on directly recovering the phase of the object spec­

trum (Dainty 1975j Kno% 1976). This paper addresses the autocorrelation, 

unfolding problem. The phase of the object spectrum is actually recov­

ered, but only after the object itself is found,

Only a brief mention is made here of further examples of where

an appropriate autocorrelation unfolding may be desired:

1. determining a pupil function from its.optical transfer function.
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2, an g’bjeet from'its'Fraunhofer diffraction pattern,

3, recovering object information in power spectrum analysis,

4, determining an aperture from an autocorrelation with features 

favorable for coded-aperture imaging (Simpson and Barrett, in 

press)

This list is not intended to be exhaustive. Other applications probably 

exist. T

Theoretical Background 

How can an autocorrelation be unfolded when such an unfolding is

not, in general, unique? It would be desirable to select one solution

out of the set of permissible solutions to the autocorrelation unfolding 

that is a best or most likely solution in some sense.. Frieden (1972) 

outlines, a criterion of "maximum entropy" for selecting a most likely 

object distribution from all objects satisfying image data with a given 

point-spread function. The autocorrelation unfolding problem is not 

very different. The autocorrelated object should have the same statis­

tical properties as the imaged object. The only difference is the 

information known about the object.

Following Frieden, the unknown object is assumed to be an inco­

herent, planar radiance distribution. The object plane is subdivided 

into N-xM elemental pixels of length and width Ad where N is the number 

Of rows in the resulting object matrix and M is the number of columns. 

The object radiance at location (I,J) is given by ô j,,. Assume also that 

there is an allowed uncertainty ±Ao in each restored average radiation



value. Then each can be represented' as a multiple of Ao, viz:

QIJ 'p xIJAo Cl.2)
where is a pure number and Ao contains the unit, of radiance. Fur­

ther, let the total number of object, units X be given by

I xT, = X where X > i >  1. . (1. 3)
L M l  :

Nothing is known about the normalized object {x..} except for- -
its autocorrelation {R^j} (obtained from the object autocorrelation by 

2dividing by Ao ) and the fact that each element of the {x..} must be
11

positive and real. Assuming that the occurrence of one object unit Ao 

in a cell location (I,J) does not affect the possible location of any 

other object unit, the number of ways W that a typical normalized object

{x^j} can occur is

W = x~ '"x-v----—  • (1'4)xll* 12’ ’’’ NM’ .

This is simply the multinomial coefficient. (It is implicitly assumed 

that individual object units are indistinguishable.) The most likely 

set consistent with the autocorrelation {R.^} is that particular

consistent set which maximizes W. This is our logical premise.

It is more convenient, however, to maximize the natural loga­

rithm of W. Using Stirling's approximation .

ln(u!) = uln(u),

ln(W) becomes

N,M .
InCW) .= InCXO - T , I ln(xT '.) = C - ■ | ;XT,ln(xT j  . (1.5)

I,Je1 lJ 1,J==1 W  1J

where C is a constant that can be ignored in the maximizing process.



The spatial entropy H of the normalized' object {%. .} is defined

as

N.M
H = - 2 x ln(x ) . (1.6)

I,J=1 IJ IJ

The desired solution to the autocorrelation unfolding problem is that 

solution set {x^} that maximizes the entropy of the object. Note that 

each element of {x„} is automatically forced to be nonnegative and real 

by the maximum entropy criterion.

Thesis Organization 

The focus of the research presented in this paper was to 

develop a reasonably fast and accurate computer algorithm to find the 

Maximum Entropy Solution of the Autocorrelation Unfolding Problem 

(MESAUP). The resulting algorithm is not as fast or accurate as orig­

inally desired, but it should be sufficient to be of use in some 

applications; especially for line objects.

Chapter 2 outlines methods tried early in the research. Chapter 

3 details an attempt to better understand the difficulties encountered 

and characteristics discovered in Chapter 2. Chapter 4 details the 

final MESAUP computer algorithm, presents some examples of its applica­

tion and suggests ideas for further research.



CHAPTER 2

INITIAL ATTEMPTS

The development of the MESAUP computer algorithm at first went 

very slowly. The pitfalls were not at all obvious, and several dif­

ferent methods were attempted before a satisfactory approach was found. 

Each failure, however, provided new insight into the problem suggesting 

new tacks to follow. This chapter discusses the most significant 

methods attempted (in chronological order of development) before the 

present approach, was found. It is hoped that discussing the methods 

that failed- or didnlt work very well will give certain insight to the 

reader about the problem.

The early methods were developed in one-dimension for simplic­

ity, Extension to two-dimensions was performed after the first 

encouraging method was found, A discussion of considerations surround­

ing an extension to two-dimensions is included at the chronological 

point of its development.

Lagrange Multiplier Technique 

The research problem can be thought of as finding a maximum in 

entropy subject to a sot of constraints; the autocorrelation. Using

6
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the standard Lagrange -multiplier technique, the problem becomes for an 

N-point line object .

N
F({x. },{'X.» = H + T X_(RCt-RTt) = maximum. (2.1)

i 3 j=i J J J

In one-dimension, the entropy H is given by

H 5 -  ̂xTln(xT) (2.2)
1=1

and the calculated autocorrelation is defined as

' fRGj — - 2 ^ j+i J — 1, 2, N. (2.3)
1=1

The (RT.} are the target autocorrelation values (the dataI) and the (X.} ) 3
are the Lagrange multipliers. Taking the partials of Eq, 2.1 with

respect to each of the Xj and X̂  (I = 1,2,...,N) gives the following set

of 2N nonlinear equations in 2N unknowns

N-I+l I
3x = -[ln(x];) + 1] + I Xjxi+j-l + I Xjxi-j+l = 0 2̂-4^

I J=1 J=l.

for I = 1, 2,.,., N and

■ f  - RCj - R T j = 0 (2.5)
" I '

also for I f 1, 2, ..., N.

The Newton-Raphson technique was used in a computer algorithm

based on Eqs , 2.4; and ;2,5, ' The computer algorithm always •converged,' but

it did not always converge to the maximum entropy solution. It would, .

however, converge to any arbitrary solution of the autocorrelation

unfolding problem depending (not always predictably) on the initial



guess for the'{x.} and- {A.}! Apparently there are multiple maxima tox j -

Eq. 2.1.

The full §fgB&fiqa%@e ©f this behavior was not at first real­

ized, In keeping with a chronological presentation, a full discussion 

of the reason the Lagrange multiplier technique failed is postponed 

until Chapter 4 in the section Thoughts for Further Study. Suffice it 

to say for now that the reason for failure leads directly to an inter­

esting suggestion for modifying the Lagrange multiplier technique so 

that it should work on this problem.

Single Multiplier Technique 

The original rationale for the failure of the Lagrange multi­

plier technique was that the presence of a multiplier for each object 

point allowed too much flexibility. It was thought that a set of 

multipliers {A.} could be found such that any autocorrelation solution 

looked like a global maximum. This (incorrect) notion led to a refor­

mulation of the problem as

N
F({x. },a) - -H + a 7 (RC,-̂ RTT) = minimum (2.6)

1 J=1 J J

where the H, {RC.} and {RT.} are as defined previously in Eqs, 2.1 
J 3

through 2.3. Here the negative of the entropy is minimized at the same 

time the sum of the differences between the calculated autocorrelation 

and the target autocorrelation is minimized. The parameter o.controls 

the relative weight given to the autocorrelation term versus the entropy 

term.



The algcî tlyn used' tg attempt solution of Eq, 2.6 progressed 

through the following steps:

1. Form a first guess object scene by selecting values from a 

uniformly random probability distribution, normalized such that 

RCn = RTn (see Eq. 2,3).

2. For a small value of a, find the minimum of Eq. 2.6 by using

the Newton-Raphson technique to find the zero of the gradient

with respect to the {x^} of Eq. 2.6.

3, Using the result from the previous step as a first guess object 

scene and a larger value for u, find the minimum of Eq. 2.6

.using the Newton-Raphson technique.

4, Repeat step 3 until .

N
| I (RC -RT )| < s (2.7)
J=1 J J

where e is a small number (ideally - NxlO”^).

The initial a and the rate of increase of a were to be determined empir­

ically. No ideal values were found, however.

When this algorithm converged, it did so very slowly, seemingly 

to a maximum entropy solution more often than not. However, it never 

actually converged to an ideally small e, and often it diverged.

Looking back at Eq, 2.6, it can be easily seen why this was so. The ' 

function does not necessarily have a miminum at an autocorrelation 

solution. What the minimization actually accomplished was to maximize 

entropy and the negative of the sum in Eq. 2.6. The calculated and 

target autocorrelation differences should be squared in the summation 

to make the sum have minima (zeros) only at autocorrelation solutions.
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This r^aliza&ien. led' to the preblem refospmulatien

N 2
F({x;},«) = "-’H * et: T (RC ^RT») s minimtim. (2.8)

1 JfI J J

Using the same algorithm as described for Eq, 2.6, this method was more 

successful. However, it was still unstable in that sometimes the solu­

tion tended to converge to the maximum entropy solution, but then 

suddenly jumped so that the final convergence would be to a lower 

entropy solution.

The Newton-Raphson minimization technique is based upon a

linearization of the function F(x) to be minimized. Let the normalized
-> Tobject {x^} be represented by the vector . x = (x̂ , Xg, . x̂ ) and

let the vector g(x) be the gradient vector of E(x) (e.g. as in Eq. 2.8)

with respect to x. That is

.?($) = V  ' ( % '

The minimum of F(x) is found by solving for the zero of g(x). Expanding

gCx) into a Taylor series around a first guess object scene x° and

keeping only the terms of degree 0 and 1 results in
g(x) = g(x°) + A(x°) (x-x°)

where A(x°) (henceforth abbreviated as A) is the Hessian matrix whose

elements {a.,} are defined by
_ 32F(x)1J -

BIJ ' 3x];3xJ

Solving this linear approximation of g(x) for zero gives the next guess 

at the object scene which can be written as x = x° - A""^g(x^), The 

next guess is guaranteed to be a better guess at the zero of g(x) only



11
if the Hessian matrix A is positive definite, (and F ($) is not too non­

linear) ,

Applying the Newton»Raphson technique to the solution of Eq. 2,8

presents two problems. One is that Eq. 2,8 is highly nonlinear, espe-
2cially the term involving the squared difference (RC^-RT^) . Explicitly 

writing this term to show its dependence on the {x^}

t - W 2 5 iTf xi - RV 2 1=1

shows that terms to the fourth power in the {x^} are involved. The
2other terms (RC^-RTj) for 1- < J < N involve only terms to the second

power in the {x^}. The Newton-Raphson minimization technique should be
2more accurate and stable if the (RC^-RT^) term is somehow eliminated. 

The other problem arises from the fact that the Hessian matrix A is not 

always positive definite. Again, the minimization should be stabilized 

if the Hessian matrix could be guaranteed to be positive definite.

Other bad points can be noted about the form of Eq. 2.8. The 

parameter a should multiply the entropy term H to more conveniently 

change the relative importance of the entropy and autocorrelation terms. 

This way for a=0, the unbiased autocorrelation unfolding problem is 

solved. It was also noted that for ct=l, the entropy term and autocor­

relation term don’t necessarily have equal importance. If Eq. 2.2 is 

rewritten to include a sealing factor 8
N •

H = - T x.ln(x./e) (2.9)
1=1 1 ' 1 ■

where . g 5 exp(1 .0)(RT^/N)^ (2.10)
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both terms will have equal importance for <3=1. This can be seen by

noting that (RT^/N)^ ~ (RC?f/N)'5 f (i J or a type of average of
1=1

the normalized object scene values {x^}. Let this average be denoted

by <x>. Simply using x^lnCx^/<x>) would still not do the trick since

Xj can be more or less than 1 making ln(x^/<x>) either positive or
negative. Dividing x^ further bye = exp(1.0) tends to make all of the

{ln[x^/(e<x>)]} negative making H be of the order and sign of RĈ .

Combining all the above considerations led to the following

reformulation of the problem. Find

^ . N-l .
F(XjoO = -aH + 7 (RC.-RTJ4 = minimum (2.11)

J=1 J J

subject to the external constraint equation

RCn - RTN = 0 (2.12)
where H is defined by Eq,. 2.9, the {RC.} are as in Eq. 2.3, the {RT.}3 J

are the target autocorrelation values and a is a weighting parameter.

Modified Hessian Technique 

How to best effect the constraint Eq. 2.12 was the next subject 

of consideration. It was thought maximum stability would be achieved 

if the constraint could be effected while simultaneously ensuring a 

positive definite Hessian. Dr. R. S. Hershel (1977) suggested such a 

method, A constant is added to the diagonal of the Hessian matrix 

(used to compute the Newton-Raphson next estimate to the solution) in 

such a way that the constraint Eq. 2.12 is satisfied. Since the Hessian



matrix based Q-n gq. 2ill is real, positive and symmetric, adding a large
enough constant to its diagonal ensures positive definiteness.

Using notation similar to the preceding section, but dropping

arguments, let the negative change in the normalized object values
•>needed to arrive at the next Newton-Raphson guess be given by Ax, or

Ax = A^^g . (2.13)

To include the constraint Eq. 2.12 define

B = (A + pi) (2.14)

where I is the identity matrix and p is an unknown scalar. Solve for 

the constrained Ax through

Ax. = B-1(g + px) (2.15)

where x is the first guess object scene. Define p by demanding con­

straint Eq. 2.12 be satisfied, viz

RTN = RCN >  f (xi-AxI)2 = |x~Ax|^
1=1

or using Eq. 2,15

RTN = |x - B-1g - B'^xlg (2.16)

(| « |2 denotes a vector 2-norm).
Since Eq. 2,16 depends on p implicitly through B as well as 

explicitly, p must be iteratively solved for. Assuming a first guess 

for p to find B~^g and B'^x, a new guess for p (p1) can be found explic­

itly by noting that
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The roots of the quadratic equation U(u1) are given by the well known 

formula

U ! = b ± (b2-c)^ (2.17)

where

b =

N :

’ B̂"^8) j] (B" Xx).

and

c =

. l o r 1*)*
i=i 1

N
jL^Xj-CB g) j] - rtn 

1=1
To help ensure that the Hessian matrix is positive definite, 

and to make the smallest possible departure from the straightforward 

NewtonnRaphson technique, the best choice for y' is the smallest posi­

tive root or, if both roots are negative, the largest root. The 

iteration for y is continued until |y'-y| < e or, alternatively, 

jRCjjnRTjj] < s where e is a small number.

As it turns out, it is not always possible to solve for y' by 

Eq, 2.17. When the first guess for x is substantially far away from an 

actual solution, it is quite often the case that c > b2. A functional 

algorithm uses a completely different approach to find y. Using two 

first guesses yo and y% (usually .0 and .1), a next guess for y is 
found through the equation

*' ' ■ ■' ■ C2-18)
where

P(y) = U (y) (] DetB ]q + Bias )
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(DetB denotes the determinant of B) , The optional value for Bias was 

empirically found to he 10 (since RT^ was always normalized to 10).
For q the optimal values were 0 and 1 depending on convergence behavior.

Logical statements were used to select the correct root.

The algorithm based on this method went through the following

steps:

1, Form a first guess object scene x by selecting values from a 

. uniformly random probability distribution (however, see two

paragraphs below), normalized such that RC^ = RT^„

2, For a =1.0 (or in some cases a larger value) find a solution 

for >  and the constrained Ax through Eq. 2.18 and Eq. 2,15 

respectively and form the next guess object scene x' = x - Ax.

3, Using the x' from the previous step as the first guess x and a

smaller a find p and the constrained Ax and form the next guess 

object scene x*.

4, Repeat step 3 until

N 2
SUMS = y (RC_ - RTt) < s (2.19)

J=1 J J

where e is a small number (ideally - NxlO-8).

The entropy weighting factor a was usually divided by 2 between each
step,: . ' ■ ■

This algorithm was quite stable on the line autocorrelations 

tested. The method converged to the maximum entropy solution, to an 

accuracy better than e = NxlO" in five out of seven cases. Only in 

one case (a 5 point object) did the method not converge to the maximum



entropy- solution, Instead, it converged to the solution with the second 

largest entropy.

The algorithm worked best when the first guess was a flat scene

normalized such that RC^ = RT̂ . The only problem with this starting 

guess was that the solutions stayed symmetric with every iteration. 

Since most objects are not symmetric, this is an undesirable effect.

To overcome this problem, when the algorithm stalled at a symmetric 

solution and SUMS > NxlO''6 (as in Eq. 2.19), the xy value of the esti­
mated line object was changed from symmetry in such a way as to 

minimize .SUMS, This was done by extracting the xj dependence foom 

Eq. 2,19 and using Newton’s method to find the minimum of SUMS with 

respect to xj.

relations. Would it work as well in the two-dimensional, case? First, 

though, how can a two-dimensional problem be set up? What is the func­

tional form of a discrete two-dimensional autocorrelation?

Extension to Two Dimensions

Hershel’s method seemed to work fairly well on line autocor

Given a general two-dimensional image:

11 12 ° ° * DC,TM

^N1 XN2 ^NM
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the two-dimensional autocorrelation is given by- (showing symmetries 

explicitly):

R11 OQ’ R1 Ot-,1) R1M R1 (M+l) 00° R1 (2M-1)
D  0 6 0 P  D  t ?  e  0 o  p21 2(M-l) 2M 2(M+l) 2(2M-1)

R(N-1)1 ,0° R(N̂ 1) (M-l) R(N-1)M R(N-1) (M+l) R(N-1) (2M-1).
9°° RN(M-1) RNM RN(M-1) R%1

R(N-1) (2M-1) R(N-1) (M+l) R(N-1)M R(N-1) (M-l)"9 R(N-1)1

R2(2M-1) 999 R2(M+l) R2M R2(M-l) R21
R1 (2M-1) R1 (M+l) R1M R1 (M-l) R11 '

where
I LE 1 < I < N

Ry  E K=1 L=LS XKLX CN-I*K)(M-JH) x 5 j £ • (2.20)
LE is the lesser of M or J 
LS is the greater of 1 or J-M+l

Note that the autocorrelation is symmetric along lines drawn through 

the term. For M=l, Eq, 2.20 reduces to a one-dimensional autocor­

relation
I I 1

S  s F kIi- l L  ̂ I^CN+I+K) Of-J+L). F ^  VNT.BK--

for 1 < I < N .

This is identical to Eq, 2.3 with the replacements 1+-+-J and K+r+l.
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The problem Reformulated in twor-.dimensions becomes (cf» Eqs 2.9-

2.12)
N 2M-1

Ftfx..},a) = -aH + I I (RCtt-RTtt) = minimum (2.21) 
13 1=1 J=1 iJ

for J>M 
• I^N

where

and

N M
H = - I I x ln(x /B) (2.22)

1=1 J=1 iJ iJ

0 = exp (1.0) (RTm ,/NM)̂  (2 .23)m

subject to the constraint

rcn m  - r t n m = t2-2«
The {RT..} are the target autocorrelation values and the {RC..} are the IJ 3-3
calculated autocorrelation values as per Eq. 2.20.

To solve Eq. 2.21 it is necessary to find 

. 3F ({x^.} ,.a) 1 < P < N
= l i q i M V  t2-25’

For convenience in doing this define

X = ■' ̂ ll-* '’■’■’,-'XNlr'"x12*. X22>' XN2' *'*» X1M» X2M# " "  XNM')
or

^ — (̂ 2) X2S (2.26)
where the {x..) are the normalized object values. The conversion from

13 : ' , . ■ : 
double to single subscripts is affected by the assignment

[Nx(0-1) + P] ^>.(P,Q).

The vector $ (made up of elements {g }) then becomes a vector of length
pq

: . . . .

NxM subscripted in the same manner as x and is the gradient of F (Eq. 

2.21) with respect to x. The Hessian -matrix A is formed in the normal
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fashion and the .Newton^Raphson change in x to form the next best guess 

is given simply by x = A~^g, This is identical to Eq„ 2,13. In fact, 

Eqs. 2.14 through 2.18 can be used directly in the two-dimensional case 

with the minor replacements

N ~  N*M , RC,,.^ RC^, and RTN ̂  RT^ .

A computer algorithm (identical to the one-dimensional algorithm 

described earlier) was applied to three different two-dimensional auto­

correlations starting with a flat first, guess object normalized so that 

RCĵ m = RTm , As before, the entropy weighting factor a was relaxed from 

1,0 to 0.0, The results were mixed. The 4x4 case would not converge at 

all while the 2x3 and 3x3 cases did. A normalized random start (uniform 

distribution) was then tried, While this time the 4x4 and 2x3 cases 

converged to the maximum entropy solution, the 3x3 case would not con­

verge at all. When a normalized random start with a quasi-Normal . 

distribution"1 was used, all three cases converged to the maximum entropy 
solution. For s defined as

N 2M-.1
SUMS = I I (RCjj-RTjj)2 < s (2.27)

1=1 J=1 
for J>M

the 2x3 case converged to £-6x10  ̂ in twelve iterations and the 3x3
_ _

and 4x4 eases converged to £=5x10"" in seventeen iterations.

1. This probability distribution was obtained by picking each 
random number (for the object first guess) as the sum of three other
random numbers each having a uniform probability distribution.
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Practical Considerations 

It would be desirable to be able to find the maximum entropy 

solution for the unfolding of an arbitrarily sized autocorrelation. A 

practical technique should at the very least be able to unfold an auto­

correlation whose object is 32 pixels by 32 pixels.

Hie modified Hessian technique requires core storage for the

entire Hessian matrix (unless sophisticated tape access techniques are
2used). The words needed to store the Hessian go as (NxM) . It would

take four million octal words of core just to store the Hessian for a

32x32 object; This is eight times more Core storage than is available

in most large computer installations! Even if the core storage was

available, it would be prohibitively expensive to use. The largest

possible autocorrelation that;could normally be unfolded using the

modified Hessian technique would result in a 16x16 object scene. Such

a case would require 200 thousand octal words of core storage. The

maximum practical object size may even be further reduced by the time

requirements for this relatively complicated algorithm.

If the Hessian wasn’t needed, the core storage requirements
2would go as (NxM) rather (NxM) . In this case even a 64x64 object could 

be produced using well under 200 thousand words of core storage.
Some other technique is needed that doesn't explicitly depend 

on the Hessian matrix as does the modified Hessian technique. Such a 

technique could be developed using a Hessian as long as the Hessian is 

not explicitly involved in other than its normal Newton-Raphson role.

A suitable gradient technique could be substituted for the Newton- 

Raphson technique after a better formulation of the problem is found.
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Geometric Approaches 

Dr, W, E, Ferguson (1378) suggested two alternate ways to sat­

isfy the constraint

rS m  5 ]5li = ■  RTnm C2.28)
without modifying the Hessian matrix. Using the notation of Eqs. 2.21 

and 2.26, let x he the present estimate of the normalized object and let 

x? be a (hopefully) better estimate obtained by some technique (Newton- 

Raphson or a gradient technique). Define

3 E t  - X'

and write .

t = p$ . y

where y is chosen such that x^y=0. Then

. ■ §x:x
and

y = d - px ,

Now write

a = - y'x + y

wherevy' is chosen such that constraint Eq. 2.28 is satisfied. This is 

done by solving

RTĵ. x'TSi = S-JoT(x-J') = STX - 2xt3i * 3’T3'

since x y = 0. Then

NM
and

->T-> , -4-Th>- -&T-&"= x x  ̂2y *x x + y! zx x + y y

RT™ - a-n')23T3 * yTy

== 1 ±' {CRTNM-yTy)/(xT$)3r5.: (2.29)
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4-The next estimate x", constrained to satisfy Eq. 2,28, is then given by

x" H x-J' = x-ii'x-y = (1-p1 )x - y. (2.30)
4.T4.A real y1 cannot be found from Eq. 2.29 when RT^ < y y. This 

problem can be prevented by scaling d such that y y < RT^. In practice 

it proved optimum to do even more than that, scaling d such that y y <

CRT^/10), There is also a question in Eq. 2.29 of which root to take.

Again, in practice, the negative root proved to be the best choice.

(This caused pt to always lie in the range 0 i y' 1 1.)
' ̂Using the Newton-Raphson technique to compute x' and steps

similar to those in the algorithms outlined in the earlier sections,

the method worked excellently on line autocorrelations (two-dimensional

cases weren't tried). In all cases the algorithm converged to an e in

Eq. 2.27 (or Eq. 2.19) of less than TO-1'1* A normalized random start

with a quasi-Normal probability distribution was used and a was relaxed

from 1 down to 0. (The parameter a was divided by 2 between each step
— 6for a >' ,5 and by 4 for a .5 .5. When a decreased below 10~ a was set 

to 0.) All cases (3 pt. through 9 pt.) converged to the maximum entropy 

solution except for the 8 pt. case. The particular 8 pt. case used has 
64 unique positive real solutions where all the other cases were con­

structed to have four or less such solutions. Starting with a at 64

gave the object with the 13^  most entropy, while starting with a at
' / th '128 gave the object with the 4 most entropy. (The. first guess object 

used in these 8 pt. runs was random with a quasi-Normal distribution 
generated by adding ten uniformly random numbers, rather than three 

uniformly random numbers as)used in all1 other runs.) Two dimensional
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autocorrelations were not tried "because Dr, Ferguson suggested a seem­

ingly more promising approach, as detailed below.

Constraint Eq, 2.28 can be satisfied by realizing that all the 

solutions to Eq. 2.28 lie on a hyperspace sphere of radius /RT^. A 

suitably scaled gradient technique naturally follows from this realiza­

tion (all scaling problems are automatically taken care of), F(x,a) of 

Eq. 2.21 (or Eq. 2.11) decreases most rapidly in the direction -V F.
v-Let g E V F, The basic idea is to find a vector y, whose length is 

r = /rTĵ , which is perpendicular to x and in the same plane as x and 

g (see Fig. 2,1).

Realizing that

gives

■<xTg = r]g]2cos(^) (2.31a)

->T*>
cost*) =  ̂ • (2,31b)

r|g|2
One choice for y is

r ^ |g| 2Cos(i) ^
y = - — ------- { g +------ ™— -x > . (2.32)

|g|2sin(*)
Solving Eq. 2.32 for -g gives

Define

giving

= Ma<cos((|))x + sin(*)y> . (2.33)

w(6) = cos(8)x + sin(0)y (2.34)

wV(9) = = -sin(0)x + cos(0)y .

Then w f(0) = y ■ and .

rgTw ’(0) = -g y = r|g|2sin(*) > 0
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frojn geometric considerations (see Fig, 2,1). Since -g w f (0) > 0, as 9 

increases from 0 the vector w (9) moves in a direction that causes 
F (w(9),a) (Eq. 2.21) to decrease. If F(x,a) was linear, the best choice 

for 9 would be cj>. Since F (x,ct) is nonlinear, a conservative best 9 may 

be found by searching the interval [0,<j>].

-g

Fig. 2.1. Geometric Basis of Second Geometric Approach

A next object estimate x’ chosen as

x' = cos(9)x + sin(9)x (2.35)
p.).is constrained to stay on the surface defined by x' x!=RT^ (assuming 

T̂->x x=RT^m) . Note that 9 must be less than tt/2 if any of the elements of 

y are zero, since no element of x' can be negative. The angle 9 must be 

even smaller if any element of y is negative.

An algorithm based on this method and using the steps outlined 

earlier was tried using a normalized quasi-Normal random start and 

starting values for a ranging from 1 to 64. The algorithm did not con­

verge consistently to the maximum entropy solution. Whatever solution 

it eventually did converge to, the convergence was very slow. Even 

using a Newton-Raphson change in place of g did not improve convergence.



CHAPTER 3

UNDERSTANDING THE PROBLEM

The algorithms of Chapter 2 were developed somewhat blindly.

No attempt was made to thoroughly analyze the problem beforehand. If 

the problem had been easier, a thorough analysis may not have been 

required in order to find a workable MESAUP computer algorithm. Since 

difficulties were encountered, this analysis proved to be necessary.

In an effort to better understand the problem, and possibly 

find simplifying considerations, line printer grey scale plots were 

made for various entropy weights a of a function similar to Eq. 2.21, 

but including the I=N, J=M term in the sum,

N 2M-1 7
F(x,a) = -aH + £ I (RGtt-RT ) (3.1)

1=1 J=1 ■ J
for J>M 
I^N

where

N M
H = - I I x ln(x /B) , (3,2)

1=1 J=1 U  J

B = exp(1.0)[RTNM/(NxM)]% (3,3)

and

I LE
rctt = ' I I %-x 1 < I < N
IJ K:l L^LS KL CN-I+K  ̂̂ -J+^  ; 1 < J < 2M-1 • (3'4)

LE is the lesser of M or J 
LS is the greater of 1 or J-M+l

• 25
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The {RT..> are the target autocorrelation values and the {x..} are thei]
normalized object values as before.

To keep the study as simple as possible, only autocorrelations 

resulting in three point line objects were considered. This allowed 

easy to make two-dimensional grey scale plots to be made of Eq„ 3.1.

For example, and x ^  could be varied along the two axes while x ^  

could be fixed by requiring that one of the autocorrelation constraints 

be satisfied. Only the particular autocorrelation mentioned below was 

studied extensively, but spot checks with other autocorrelations showed 

substantial similarity.

With x^^ fixed in terms of x ^  and x ^  so that RC^^=RT^g ,

grey scale plots where made of Eq. 3.1 for ranges of values of x̂  and

X2 (for the rest of this chapter, the first subsrcipt ’I1 will be
dropped wherever it would appear) . The autocorrelation, used.,

RT1 =1.5524, RT2 =6.5459 and RT^ = 10.0 (3.5)

has the possible solutions shown in Table 3.1. Solutions la and lb are 

the maximum entropy solutions.

TABLE 3.1

Solutions to the Autocorrelation in Eq. 3.5

Solution # *1 ' %2 "-JS3— H

la 1.1374 2.6160 1.3649 5.11274
lb 1.3649 2.6160 1.1374 5.11274
2a 0.9099 2.5023 1.7061 5.07883
2b 1.7061 2.5023 0.9099 5.07883
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Fig, 3.1 shgw-a two grey'' scale plots of different coarseness for 

ctri32. Here Eq, 3,1 forms a smooth bowl that a minimization technique 

such as Newton-Raphson should work on very easily. As seen in Fig. 3.2

for a=8, the bowl elongates somewhat. Fig. 3.3 shows that for a=1, the

topogra.phy becomes shaped more like a trough. Most minimization 

techniques would have trouble finding the minimum for such a topography, 

since successive iterations would tend to oscillate from wall to wall. 

Note, however, there is still only, one minimum, and this minimum is 

symmetric (x̂  = - 1,285, = 2.588). Two minima don’t appear until

a £ .03, but even then, these minima are totally equivalent since they 

are mirror images of each other. Four minima finally appear for o 5 

.002. Table 3.2 summarizes the results for all values of a plotted

(plus a=«°). Fig. 3,4 shows the topography for ct=0.

It would be invalid to generalize too much from plots of only 

one autocorrelation, but these plots do bring out two important points 

that can be confirmed for other autocorrelations. One point is that the 

maximum entropy solution tends to be the solution that lies closest to a 

symmetric best fit to the autocorrelation. In eight out of the ten 

linear test cases produced, the maximum entropy solution is the one 

closest to being symmetric. In the two cases where this isn’t true, the 

solution closest to being symmetric runs a very close second in entropy. 

The other point is the importance of solving the problem for a large 

entropy weighting factor a and then step by step finding solutions using 

progressively smaller values of a (using the solution from the last 

value of a as the first.guess) until a=0.
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Fig. 3.1. Topography of .. 
Eq. 3.1 for a = 32 with x3· set so 
that RC 3 : RT3. 

To the left 
for .5 ~ x 1 
2.8 in steps 

the grey scale plot is 
~ 2.5 and 1.8 ~ x2 ~ 
of .02. 

Above the grey scale plot is for 
1.675 s x1 < 1.775 and 1.950 ~ x2 
s 2.050 in steps of .002. 

The minimum lies i n the white area 
in either plot. 
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Fig. 3.2. Topography of 
Eq. 3.1 for a = 8 withlx3 set· so 
that RC.3 = RT 3 , 

To the .left the grey 
is for .5 s -x1 2.5 and ·1.8 
x2 S 2.8 in _steps of .02. 

Above the grey scale plot is for 
1.475 s x1 s 1 .. 575 and 2.275 'S 
x2 s 2.375 in steps of .002. 

The minimum lies in the white 
area in either plot. 
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Fig. 3.3. Topography of 
Eq. 3.1 fqr a~ - l . with· x3 set ·so 
that RC~ := RT3. · 

Te the left the gxey scale plot 
is for .5 ~ x1 < 2.5 and 1.8 < 
x2 < 2.8 in steps of .02. 

Above the grey scale plot is for 
1.225 $ x1 s 1.350 and 2.550 < 
x2 ~ 2.650 in steps of .002 . 

The ~inimum li~~- in the "{h:~te 
are~ in either ·plot. 
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Fig. 3.4. Topography of 
Eq. 3.1 for a = 0 with xs set so 
that RC3 .= RTj ~ 

The grey scale plot is for .5 s 
x1 ~ 2.5 and 1.8 ~ x2 ~ 2.8 in 
steps of .02. 

The minima lie in the white area. 



TABLE 3.2

Results From Grey Scale Plots with Set So That RG^ = RTg

■.
minima
X1

attained at 
x0 xT F(X,d)-Eq. 3.1 H-Eq. 3.2 SUMS-Eq. 2.27

,'CO
32
24
16
12

L
1.826
1.729
1.705
1.654
1.607

1.826
2.002
2.046
2,126
2.196

1.826
1.733*
1.705
1.657*
1.611*

~oo
-172.6
-128.9
-85.34
"63,64

5.477
5.464
5.456
5.437
5.415

3.186
2.232
2.020
1,653
1.345

N) 
 ̂
GN 
OO 1.529 

1.472 
1.401 
1.324 
1.285

2,309
2.383
2.467
2.550
2.588

1.527*
1.468*
1.397*
1.321*
1.285

-42.06
-31,37
-,20.78
-10.31
-5.137

5.367
5.325
5.267
5.196
5.158

8.710x10^1 
5.813x10"! 
2.906x10"1 
7.789x10-% 
2.078x10-%

. 5

.25
.125
.0625
.03125

1.266
1.255
1.253
1.249
1.249

2.608
2,616
2.620
2.624
2.624

1.263*
1.258*
1.251*
1.247*
1.247*

-2.563 
-1.280 
-6.398x10™} 
-3.198x10™} 
-1.599x10™1

5.136
5.127
5.122
5,118
5.188

4.701x10-3
1.398x10-3
4.675x10-4 
3.424x10"5
3.424x10-5

.015625 2.624
2.624

1.277,
1.218^ -7.994x10™% 5.117 1.100x10™5

.0078125 2.624
2.624 .

1.285, 
1.210 -3.997x10™% 5.116 4.578x10™6

.001
f1.180 
1.316 . 
0.916 
4.694

2.622
2.622
2.508
2.508

1.316,
1.180'
1.694,
0.916

-5.114x10"3 

-5.080xl0™3

5.115

5.080

1.080x10™6 

8.916xl0~7

0.0
f1.1374 
1.3649 
0.9099
4.7061

2.6160
2.6160
2.5023
2.5023

1.3649, 
1.1374' 
1.7061, 
0.9099

<10™7 

<10™ 7

5,1127

5.0788

<10™7 

<10™ 7

only because of the coarseness of the search from which this table was made(Ax«=.002).
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Algorithms based on these considerations worked very well for 

line autocorrelations, but not so well for two-dimensional cases. When 

the first guess object is flat (normalized so that RC^eRT^), the 

ensuing iterative solutions are all symmetric about lines through the 

center object point and stay symmetric unless somehow disturbed, even 

when a=0. This is because the autocorrelation has that same symmetry 

(making the gradient have that symmetry if the previous guess object 

is symmetric). Mathematically Eq. 3.1 has a saddle-point for a 5 .03 

at the symmetric best-fit solution.

This is a natural symmetry for a one-dimensional object, but 

not so natural for a two-dimensional object. Azimuthal or row-column 

(each row and column symmetric about its center) Symmetry would be more 

natural in the two-dimensional case. These symmetries can be forced, 

but at the price of increasing algorithm complexity and decreasing 

algorithm efficiency.

A problem common to the one- and two-dimensional cases is that 

the solution closest to symmetry may actually be much further from the 

best-fit symmetric solution to the autocorrelation than from another 

autocorrelation solution.

This poses a problem of stability in trying to find the most 

symmetric solution (hopefully the maximum entropy solution) from the 

symmetric best-fit starting point. This problem is further compounded 

by the previously noted fact that for a 5 .03 , the symmetric best fit 

object is a saddle-point.
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The saddle-point problem can be gotten around by adding noise to 

the best-fit object solution and iterating further towards an actual 

solution. The question remains, however, how much noise should be 

added? Too much noise could cause convergence to a solution which is 

not the one closest to symmetry, while too little noise could result in 

slow or no convergence (the solution could stay stuck near or on the 

saddle-point)

Most of the algorithms attempted in Chapter 2 have constrained

RC^m=RTnm at each iteration. Figs. 3.1 through 3.4 show the topography

for the case constrained to have RC. =RT_, for N=1 and M=3. What ifNM NM
these plots were done with chosen so that RC2=RT2 or RC^=RT^ rather 
than RCg=RT^? Figs, 3.5 through 3.8 and Table 3.3 (p. 43) depict the 

case for RC2=RT2 and Figs; 3.9 through 3.12 and Table 3.4 (p. 43) show 
the results for RC1=RT1.

The minima tend to be sharper in these cases for the same value 

of a. The minima for the RCg-RTg case track fairly closely with the 

RCgzRTg case, while the minima for the RC^=RT^ case don’t. The RC^=RT^ 

minima tend to lie closer to the actual symmetric best-fit solution at 

a given entropy weight o compared to the other cases.

This, of course, is just one particular autocorrelation, and 

details of the plots will vary with the autocorrelation values used. 

Nonetheless, a general conclusion can be made. The constraint 

RCnm'RT^ is nothing special. One might as well constrain any other 

autocorrelation value to get the same results. As a matter of fact, in 

the case plotted, it would be better to use the constraint RC^-RT^.



















TABLE 3,3

Results From Grey Seale Plots with Set So That RCgfRTg

, '

minima attained at 
x, x0 x„ F(x,a)-Eq. 3.1 H-Eq, 3.2 SUMS-Eq. 2.27

32

8

1

0

1.70

1.52

1.26

1.92 1.71* 

2,14 1.54* 

2,58 1.28*

-172.8 

-42,04 

-5,130

same as in TABLE 3.2 - -

5.467

5,401

5,149

2.084

1.169

l.SSlxlO"2

*xl̂ x3 only because of the coarseness of the search from which this table was made(Ax=.02),

TABLE 3,4

Results From Grey Scale Plots with x3 Set So That RC^yRT^

minima attained at
a *1 x„ X F(x,c0-Eq. 3.1 H-Eq. 3.2 SUMS-Eq. 2.27

32 1.24
-- J

2.48 1.25* -164.6 5.164 6.884x10"1

8 1.24 2.58 1.25* -40.98 5.132 7.059xl0"2

1 1.24 2.62 1.25* -5.116 5.118 1.232x10"3

0 same as in TABLE 3.2 - -

*x^Xg only because of the coarseness of the search from which this table was made(Ax==,Q2),
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In the general case, it seems there is no clear cut choice for which 

autocorrelation point to constrain, so.why constrain any point at all? 

Such a special constraint may add stability, but it is in general an 

unnecessary, time-consuming elaboration.



CHAPTER 4

THE FINAL MESAUP ALGORITHM

The studies of the autocorrelation of a three point line object 

in Chapter 3 did much to clarify certain points about the problem of 

finding the Maximum Entropy Solution to the Autocorrelation Unfolding 

Problem (MESAUP). The empirically discovered practice of starting the 

iterative solution process with a relatively large value of the entropy 

weighting factor a in Eq„ 3.1 and progressively decreasing it down to 

zero was found to be highly justified. However, the practice of sepa­

rately constraining RC^pRT^ was not justified by the same studies. 

(The original j ustification based on the high order of nonlinearity in 

this term seems not to be very important.) The discovery that the max­

imum entropy solution is usually the solution nearest to a symmetric 

best-fit to the autocorrelation being unfolded does not seem to have 

much practical merit. It is an interesting property, but since it is 

not always true, and because of problems encountered in solving for the 

actual autocorrelation solution from the symmetric best-fit starting 

point, this property is not of much help. In fact, the problem of there 

being a saddlepoint at the symmetric best-fit solution (for o=0). makes 

a symmetric solution something to be avoided (unless, of Course, the 

object is actually symmetric).
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Algorithm Description 

The final MESAUP algorithm presented, here incorporates all of 

the ideas discussed previously. Going through a series of stages, the 

algorithm attempts to find

N 2M-1 2
F (x, cO ;= -ctH + % % CRCtt-RT D = minimum (4.1)

1=1 J=1 iJ 10
for J>M 
I^N .

where H is the entropy (see Eq. 3.2) and the (RC..} are the calculated 

autocorrelation values (see Eq. 3.4). The (RT̂ .̂) are the target auto­

correlation, values and the (x^} are the normalized object values. The 

Newton^Raphson minimization technique is employed by the algorithm.

An outline of the algorithm, including elucidating comments,
follows:

1. Input autocorrelation data (the target autocorrelation {RT..)).

2. Normalize the input autocorrelation so that RT^=10. (This 

facilitates the setting of convergence criteria later in the 

algorithm. The value 10.is arbitrary.)

3. Generate a first guess object {x..} by selecting numbers front a
13 '

quasi-Normal probability distribution (<x>=3/2, o2=l). (A 

Normal probability distribution was chosen over a flat scene 

because of the problem of solutions staying stuck at a symmetric 

object scene. A uniformly random distribution was rejected 

because of its wild fluctuations.)

4. Normalize the first guess object {x^} such that RC^=RT^. 

(This provides a reasonable scaling for the object.)
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5. Using the first guess object from 4 and an entropy weighting

factor a ranging form 10 to 30 (or possibly more), find a better

object estimate using no more than 5 iterations of the Newton-

Raphson technique. Consider the Newton-Raphson technique to 

have converged if |v P ^ ^ ^ x l O -2. (The starting value for a 

generally can be taken to be 10, but in certain cases a lower 

entropy solution is found instead of the maximum entropy solu­

tion. Rerunning the computer program with a larger starting 

value for a can check this problem. Starting the program with

a too high value for a runs the risk of the solution stalling 

on ajfalse .sypaetric solution.)

6. Using the result from the previous iteration as the first guess

object and a value for a 10 times less than in the previous 

iteration (100 times less if previously a<l), find a better 

object estimate using no more than 5 iterations of the Newton- 

Raphson technique. Consider the Newton-Raphson technique to 

have converged if | V^F 12<NxMxl0‘"2. (The convergence criteria 

here and in step 5 is fairly loose to avoid going to the sym­

metric solution which is the actual solution at this point.)

7. Go to step 8 if a<l.IxlO""2 and the previous step ended in con­

vergence. Otherwise repeat step 6.

8. Using the result from the last pass through step 6 as the first 

guess object and a=lCT\ find a better object estimate using no 

more than 5 iterations of the Newton-Raphson technique.

Consider the Newton-Raphson technique to-have converged if
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|VxF)2« x a O " 3, If convergence occurs, or if

N 2M>1 n
SUMS = I I < NxMxlO"b (4.2)

Isl J-l 1J J'v 
' for J<M 

W

go to step ,11.

9. Using the result from the previous step as the first guess 

object and a value for a 100 times less than in the previous 

step, find a better object estimate using no more than 5 iter­

ations of the Newton-Raphson technique. Consider the Newton-
i i  - 3Raphson technique to have converged if |VxF|2<NxMxlO

10. If convergence occurred in the previous step or if SUMS< 

NxMxlO-6, go to step 11. Also, if okIO-7, go to step 11. 
Otherwise, repeat step 9.

11. Using the results from the last pass through step 8 or 9 as the 

first guess object and ct=0, find a better object estimate: using, 

no more than 10 iterations of the Newton-Raphson technique. 

Consider the Newton-Raphson technique to have converged if 

jy^NxMxlO-5 or SUMS<NxMxlO~6. Stop iterating also if the 

solution stalls.

12. Declare SUCCESSFUL CONVERGENCE if step 11 ended in convergence.

Using the steps listed above, several gradient techniques were 

attempted in place of the.-Newton-Raphson technique. If a gradient 

technique could be used, the storage problems associated with the 

Newton-Raphson Hessian matrix would be eliminated (as well as the time 

problems involved in .calculating it) and potentially much larger
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autocorrelations could be processed. However, none of the gradient

techniques tried proved to be sufficiently accurate.

Among the gradient techniques tried was the steepest descent

method where the change in the first object estimate to produce a new

(hopefully better) object estimate is given by

.  ' ..OifCx)".
'AX R "  7* , (4.3)

f FI o '

Also attempted was

f3F ' |32F )
d X j * '  ;

3.x _ 2
V  1  ,

where the {Ax^} are the elements of the object change vector Ax.

The latter method worked, somewhat better than the steepest 

descent method. Realizing the Eq. 4.4 method was equivalent to the 

Newton-Raphson method when all the off-diagonal elements of the Hessian 

matrix are set to zero, another method was suggested.

The method suggested was to leave as nonzero in the Hessian 

matrix only the diagonal and the super-(and sub-)diagonal. This proved 

to be almost identical in results as the Eq. 4.4 method. Adding more 

diagonals didn't improve matters, either;.. All off-diagonal elements of 

the Hessian matrix seem to be equally important in making the Newton- 

Raphson method converge so well.

A more complicated technique was also used with more, but not 

sufficient, success. This was a fortran subroutine entitled TCON 

furnished by Df. David Shanno(1978). Further work with subroutines of 

this type may eventually turn up a sufficiently accurate method.



50

Results o£ Application 

Several autocorrelations with known solutions were generated to 

be used as test cases for the MESAUP computer algorithm. Many of the 

test autocorrelations have unknown solutions with negative or imaginary 

object values, but all of the real, positive solutions are known.

Through varying the starting value for the entropy weighting 

factor a in step 5 of the algorithm, all test cases were made to con­

verge to the maximum entropy solution. A possible exception is the 

8 pixel by 8 pixel case which did not converge as defined in step 11 of 

the algorithm, Inspection of the output object scene shows, however, 

that it is closer in a sum of squares departure sense to the maximum 

entropy solution than to any other solution. Appendix A shows these 

results. Appendix B displays the program output for a particular 

4-point line object test case.

The behavior of the MESAUP algorithm in the presence of noise 

was also explored. Various levels, of signal dependent Gaussian noise 

were added to the target autocorrelations and the MESAUP computer algo­

rithm was applied to the resulting autocorrelations,

Appendix C shows the results for the three 4 pixel by 4 pixel 

test cases in Appendix A. The objects for these cases are quite dissim­

ilar, and it seems from these results that noise behavior is fairly 

object independent. Excellent results are obtained for up to 1% noise, 

Also in Appendix C is an 8 by 8 pixel case where the autocor­

relation is formed from an object consisting of two points. Before 

autecorrelating, the object is convolved with the diffraction limited
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point-’spread function' of a eipeular lens with a spread such that the 

point separation is one Rayleigh resolution length. For up to 2.5% 

noise, the two points are resolvable in the object obtained from 

applying the MESAUP program to the resulting autocorrelation. Appendix 

D shows for this case how the object estimate evolves through each stage 

of the MESAUP program; from the random first estimate object, to the 

final estimate object.

Coded-aperture imaging was mentioned in the introduction as a 

possible apnlication of a MESAUP computer algorithm. In coded-aperture 

imaging, desirable apertures are one-zero apertures whose autocorrela­

tions have a large central spike and a uniform skirt. l>,2.;-4 and 7- - 

point linear arrays can be analytically derived that have these fea­

tures , but other methods must be used for.larger linear apertures and 

for two-dimensional apertures.

If the MESAUP computer algorithm is to be useful in finding 

unknown apertures, it should certainly converge to the known apertures 

for the 4- and 7-point cases. Table 4.1 lists the results for. these 

cases. The maximum entropy solutions.turn out to be quite different 

from the one-zero apertures desired. It seems the MESAUP computer 

algorithm is not applicable to coded-anerture imaging where one-zero 

apertures are desired. Probably one-zero apertures are a case of low 

entropy, which violates the basis of MESAUP.

The ME3AUP computer program has certain limitations that should 

be mentioned here, One is that computer core memory requirements 

become prohibitive for an autocorrelation producing an object larger



TABLE 4.1

Application of MESAUP to Finding Apertures for Codedr-Aperture Imaging

4^Point Aperture

Desired Autocorrelation; R1 = R0 = R„ = 1 and R. = 3l z o 4
Known One-Zero Aperture Producing x. through x. = 1, 1, 0, 1
Desired Autocorrelation; Entropy(unsealed) p 0

Aperture Found by MESAUP: x̂  through x. = ,682, ,534, ,318, 1.466
Entropy(unsealed) f .3997

7^Point Aperture

Desired Autocorrelation: R1 = R̂  p R̂  = R̂  = R^ p R6 = 1 and Ry = 4
Known One-Zero Aperture Producing x, through xy = 1, 1, 0, 0, 1, 0, 1
Desired Autocorrelation: Entropy(unsealed) p 0
Aperture Found by MESAUP; x^ through x_ f .585, ,560, .486, .367,

.220, ,073, 1,709
Entropy(unsealed) = ,9660
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than 13 pixels by 13 pixels (if all storage is done in core memory), .

The other is that computer time requirements increase.very rapidly with

autocorrelation size. The biggest contributor to the time requirements

for objects of this size is the computation of.the Hessian matrix, whose
2

time requirements go as (NxM) . These limitations are summarized in 

Tables 4.2 and 4.3 for the University of Arizona CDC Cyber 175 computer.

Thoughts For Further Study 

. Decreasing the limitations imposed by computer core memory and 

processing time requirements is an obvious area for future study.

Finding a sufficiently accurate gradient technique would certainly 

reduce these limitations, greatly. Also, investigation of different 

approaches to' the - problem ̂ could pre.duce* an' algorithm4 that say be .more 
amenable to gradient techniques.

The very first method tried in this study, the Lagrange multi­

plier technique, could possibly be modified to produce a workable 

algorithm. This realization comes directly out of an analysis of why 

the Lagrange multiplier technique failed in the first attempt. For 

convenience, the method is restated here.

Considering for simplicity autocorrelations resulting from 

N-point line objects, the standard Lagrange multiplier technique 

is to solve

vF({x.},U.}) = H + / At(RCt-RT ) = maximum. (4.5)X X T - J J u
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TABLE 4.2

Computer Time Requirements of the MESAUP Program

ect Size(pixels) Computer Time Required*(sec.)

4x4 0.956

5x5 2.836

8x8 27.26

10x10 82

12x12 196

13x13 290

14x14 414

16X16 792

*Computer time required is based on 30 iterations.(a maximum 
number). For easy ..cases,:,-usually less than 15 iterations, are, needed.. 
Time required for objects larger than 8x8 is estimated from the formula

Computer Time Required = a(P)^
where P is the number of pixels in a side dimension of the object, 
a = 0.00118 and b = 4.84.



55

TABLE 4.3

Computer Memory Requirements of the MESAUP Program

Object Size(pixels) Computer Memory Required*(Octal Words)

4x4 32333

5x5 33234

8x8 43220

10x10 60747

12x12 107537

13x13 126317

14x14 152077

16x16 240107

*130000 Octal Words is the largest computer memory normally 
available to users of the University of Arizona computer system (June 
1978). .



The entropy H is given by

VH = _ I xTln(x ) (4.6)
1=1 ■ 1

and the calculated autocorrelation is defined as

N
RCj = I XIXN-J+I J = 1, 2, N. (4.7)Ir’l

The {jRT.} are the target autocorrelation values and the {X.} are the ■ 1 ' 1
Lagrange multipliers. The normalized object scene is represented by 

the {x̂ }, Taking the partials of Eq, 4.5 with respect to each of the 

variables gives the following set of 2N nonlinear equations in 2N 

unknowns

,P N-I+l I
^ -  = -[InfXj) + 1] + xjxi+j_i + ^ ^ i - j + l  0 4̂,8')

for I = 1, 2, ..., N and:

= RC_ - RT_ = 0 (4.9)
3XI 1 1

also for I = 1, 2, ..., N, .

It was seen empirically that an algorithm based on solving Eqs.

4.8 and 4.9 converged to any arbitrary solution of the autocorrelation

unfolding problem depending (not always predictably) on the initial

guess for the {x^} and {X^}. If the first guess for the {x^} was close

to a particular autocorrelation solution, the algorithm would converge

to that solution. Can this behavior be accounted for by a closer look

at Eqs. 4.5 through 4.9?

When near any autocorrelation solution the partials in Eq, 4.9

will be very small, resulting in virtually no movement in the {X^}
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(relatively speaking). Since entropy is a slowly varying function, when 

the {Â ) are of order unity or larger, Eo, 4.5 is dominated by the auto­

correlation differences sum. Movement of the } can then only occur 

in a direction that continues to keep each term in the autocorrelation 

differences sum small.

In the test cases'tried, it was seen that all of the Lagrange

multipliers {^} never became smaller than the order of unity. Often
26they became quite large, in some cases as large as 10 . This being the

case, and since the autocorrelation solutions are discrete, once the 

{x^} are near an autocorrelation solution, they cannot leave that 

solution.

It might seem that if the Lagrange multipliers were started out

at zero, the entropy term might dominated long enough for the solution

to migrate to a high entropy region. However, for an arbitrary first

guess object scene, the autocorrelation differences are generally quite

large resulting in a. rapid growth of each Â . By the second iteration,

the autocorrelation differences sum will dominate.
How can the discreteness problem be circumvented? Consider a

simple autocorrelation which unfolds into a two point line object,
2 2Noting that RC^ = x^x^ and RC^ = x^ + , the solution space can be

plotted in two dimensions. Fig. 4,1 shows the particular case where 

RT1 = 4.0 and RT2 = 10,0.

The constraint RCgpRTg *s satisfied on a circle of radius /RT^.

Not all of the circle is allowed because of the further constraint that

each object value in the set {x^} must be positive, This restricts all
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4

3
Autocorrelation

Solutions

2

1

1 2 4

Fig. 4.4. Solution space for a 2-point autocorrelation. - 
In the case plotted, RT^ = 4.0 and RT  ̂= 10.0,
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solutions to the' quadrant where and x̂ . are positive, The constraint 

RC^fRT^ is satisfied on the positive quadrant portion of an equilateral 

hyperbola. If the autocorrelation has at least one real, positive 

solution, the two curves will intersect at one or two points (if the 

intersection is at one point , we must have x^=x,p.

Consider now an autocorrelation which unfolds into a three point 

line object. Noting that
2 2 2

RC^ - x-[_x3> + X2X3' an<̂  RC3 = xi + x2 + x3
the surfaces on which each, separate autocorrelation constraint is .

satisfied can be identified. The constraint RC^RT^ is satisfied on a

sphere of radiuh Vrt". Net all of the sphere is allowed, for as noted

earlier, all solutions must lie in the octant where x̂ ., Xg, and x^ are

positive. The constraint RCg^RTg is satisfied on a surface joining a

hyperbola in the plane x^-0 and a hyperbola in the plane x^-O while the

constraint RC^RT^ is satisfied on a surface formed by a projection of a

hyperbola out of the X2=0 plane.
Unless there are no real, positive solutions to the autocor:- . 

relation, the three aforementioned surfaces will intersect in some 

manner. If there is more than one autocorrelation solution , pairs of 

surfaces must intersect along lines. All three surfaces together 

intersect at discrete points for, as noted earlier, solutions to an 

autocorrelation are discrete.

1, ..If there is only one real, positive solution, any positively 
constrained mihifliization technique: should be.■ able to.:find.: it. This,.is 
a-trivial case, for problems in finding the maximum entropy solution 
occur only when there is a choice to be made.
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Note here that if one autocorrelation constraint is ignored in 

either the two or three point object ease, the remaining autocorrelation 

constraints are satisfied along a line. It can be similarly shown that 

for any sized object*.when one autocorrelation constraint is ignored, 

the remaining, autocorrelation constraints are satisfied along a line.

Even further, if two constraints are. ignored, the remaining constraints 

are satisfied on a surface, etc.

The Lagrange multiplier technique can maximize a function subject 

to constraints that are satisfied along a,line. It certainly should, be 

able to maximize entropy while satisfying all but one of the autocor­

relation constraints. If for each successive iteration, the solution 

stays along that line, the autocorrelation difference sum will never be 

of much effect in Eq. 4.5, and the entropy term will finally dominate 

until the maximum entropy point along the line is found. Using as a 

first object estimate the solution resulting from ignoring one (or more) 

autocorrelation constraint> the Lagrange multiplier technique should, 

in its full form, converge quite easily to the maximum entropy solution.

Due to a lack of time, this technique was net implemented in a 

computer algorithm. It is hoped that another researcher will attempt 

it in the near future.

Concluding Remarks

Entropy can provide a criterion for selecting which object, out 

of a set of objects, is most likely to have produced a particular auto­

correlation. Designing a computer algorithm that would find the maximum
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entropy (most likely) object out of all objects that could have produced 

a given autocorrelation has been the focus- of this study.

After exploring many dead-end techniques, a workable computer 

algorithm has been developed to achieve this goal. However, the algor- 

rithm is limited in the size of the autocorrelations it can unfold. 

Further studies are needed into ways of relaxing these limitations.



APPENDIX A

APPLICATION OF THE MESAUP COMPUTER PROGRAM TO TEST CASES

SnPeirit Case

Target Autocorrelation: RT^=1„5524» RT2=6.5459 and RT^IO.O.
Number of Real, Positive Solutions: 2

Final Object Estimate from MESAUP:

Entropy Rank of Final Obj ect Estimate

10 1

' Appoint Cases
■ 1 . ■■■■■ — :—

Target Autocorrelation

RTa through RT4 f 0,30, .3,31, 12.50, 19.62

Number of Real, Positive Solutions: 4

Final Object Estimate from MESAUP

Startihg q

10

Fntropy Rank of Final Object Estimate

3

20 1

30 1

Target Autocorrelation

RT1 through RT4 = 0,24, 2,42, 8.67, 13,34

Number of. Real,. Positive Solutions: 4

1, See step 5 of algorithm description in Chapter 4,
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Final Object Estimate ftem MESAW?

Starting et 'Entropy Rank 'of'Final Object Estimate

10 2

20 2

30 1

8-Point Case

Target Autocorrelation:

RT1 through RT^ = 0.006048, 0.13018, 1.2151, 6».5199., 22.488, 52.807.

RTy through RTg = 87.172, 102,85.

Number of Real, Positive Solutions: 64

Final Object Estimate from MESAUP:

'Starting a Entropy Rank of Final Object Estimate

10. >38

30 >38

50 38

70 15

100 1

OnPoint Case

Target Autocorrelation;

RT2 through RTg - 54, 45, 306, 195, 708, 345, 1326, 695, 1868

Number of Real, Positive Solutions: 4

Final Object Estimate from MESAUP;

' Starting a Entropy Rank Of Final Object Estimate

' 10 . 1



64

! Gase

Target Autocorrelation:

RTj through RT13 = 2, 4, 8, 11, 14, 30, 35, 48, 55, 65, 107, 95, 105, .

RT14 through RT16 = 109, 115, 158.

Number of Real, Positive Solutions: 2

Final Object Estimate from MESAUP:

Starting a Entropy Rank of Final Object Estimate

10 ' 1

4 by 4 Pixel Cases

Target Autocorrelation:

RT1;1 through RT17 = 1, .3, 4, 4, 3,1, 0.

RT21 through RT27 = 2, 8, 13, 12, 10, 6, 1

RT31 through RT37 = 3, 12, 25, 25, 13, 8, 2

RT41 through RT44 = 3, 12, 28, 43

Number of Real, Positive Solutions: 2.

Final Object Estimate from MESAUP:

Starting a Entropy Rank of Final Obj ect Estimate

10 1

50 1

Target Autocorrelation:‘ '

RTn  through RT17 s 0,36, . 1,44, '2,00, • 3V64-, /2,98, i.40, 0,24..

RT21 through RT27 f= .1,20, 4,08:, 8.23, 10,80, 9.45, 5.38, 1,18

RT31 through RT37 f 2,47, 8,08, 15,13,119,30,: 15:25,"9.06, 2.39

RT41 through RT44 s .2,96, 10,34, 18.69, 24.66
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Number of Real, Pesitive Saltitiemg; 2

Final Object Estimate from MESAUP:

Starting a Entropy'Rank of Final Object Estimate

10 1

30 1

Target Autocorrelation:

RT!11 through RT17 f 0.10, 0.63, 1.65, 2.60, 2.22, 1.17, 0.27

RT21 through RT27 = 0,53, 3.11, 7.61, 11.34, 9.21, 4.65, 0.99

RT31 through RT37 = 1.37, 7.55, 17.26, 24.35, 18.92, 9.15, 1.86

RT41 through RT44 = 2.08, 10.82, 23.41, 31.51

Number of Real, Positive Solutions: 2

Final Object Estimate from MESAUP:

Starting q Entropy Rank of Final Object Estimate

10 1

30 1

50 1

5 by 5. Pixel Cases 

(Target; autocorrelation too: big to conveniently list.) 

Number of Real, Positive Solutions: 4

Final Object Estimate from MESAUP:

Starting « Entropy Ranh of Final Qbject Estimate

10 Did not converge-. Estimate closest "
to Entepy Rank 1 0bj ect.

30 1
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8 by 8 Pixel Case 

(Target autocorrelation too big to conveniently list.) 

Number of Real, Positive Solutions: 4

Final Object Estimate from MESAUP:

muu.LCQm
8LL I.LL4L 
muUQU.LG 
miJHUL . 9 
!B8He tH 
mpHuu.va

Starting a: 10

Entropy = 20.1798

(did not converge)

The Four Real, Positive Solutions

.UP*8Lill.«L,ue
9LMIIULLIB

TU'h.
ilRWL. LM 
eeaatvnei

Entropy Rank 1

Entropy = 20,2177

Departure From MESAUP Final 
Object Estimate1 = 0,4558

■®NL986® 
IUI.UUUUI8 
mui.wqsLa 
mL.GAL 9 
au.L, 8
IlfiliL, A
#mm&9UArn

Entropy Rank 2

Entropy = 20.1077

Departure From MESAUP Final 
Object Estimate = 1.6866

1. This departure is defined as the sum of the squares of the 
object values differences at each pixel in the scaled (RT^=10) scene.
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ami!u..ui#
GU.LLLL3
RUUHHL.baeiiMu, u aeuL u 
agmaLULB 
aaasmwm*

Entropy Rank 3

Entropy = 20.0837

Departure From MESAUP Final 
Object Estimate = 0.7075

aSUt.l'hUH
9AI.UUHU3
9U.VWU.U
HU.I.U..Uaitil. • u 
aBRUL .9 
gaeihufflna

Entropy Rank 4

Entropy = 20.0608

Departure From MESAUP Final 
Object Estimate = 1.2274



APPENDIX B
I

EXAMPLE OF OUTPUT FROM THE MESAUP COMPUTER PROGRAM

On the following pages is reproduced the line printer output 

from the MESAUP computer program for a particular autocorrelation which 

unfolds into a 4-point line object. Except for some abbreviations, the 

output should be fairly self-explanatory, especially if the steps in the 

algorithm description in Chapter 4 are reviewed.

The abbreviations are defined below:

N is tne number of rows in the object scene.

M is the number of columns in the object scene,

PS1, PS2, IC, PN and ZERO are not used here. These parameters 

only apply if the target autocorrelation is to be generated from a given 

object.

SW = 0 means that the target autocorrelation is inputed as data 

(SW = 1 would mean that the target autocorrelation is to be generated 

from given object data).

ALPHA is the starting values of a (see step 5 in the algorithm 

description),

AL2 is the value of a in step 8 of the algorithm,

DIVA is: the factor by which a is divided between steps in the

algorithm (except when c^l where the factor by which a is divided is

(DIVA A ,
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RNM is the'value to w h i c h ' ( e f  the target autocorrelation) 

is normalized in step 2 of the algorithm.

NRF is the number of random variables (uniform distribution) 

added together to produce one pixel value in the first guess object.

ITMAX is the number of iterations allowed per each application 

of the Newton-Raphson minimization technique (when. os=0, ITMAX is 

doubled).

IP ;= 0 means no_ grey scale pictures are printed of the first 

guess object and the object estimates after each application of the 

Newton-Raphson technique (IP s= 1 means the pictures are produced).

PMAX is the maximum value to which the grey scale pictures are 

stretched (the minimum value is assumed to be zero).



N1 1 MS a P 3 1 ■ 0 PS2« 0

SW« 0 ice 0 PNe 0 , ZERO" 0.

ALPHA# 3,00W0E+01 AL2# 1.00W0E-04 DIVA" l,0000E+02 RNM" 1.0000E+01

U M A X "  5 E" 1.P00OE.Q2 IP" 0 PH AX ■ 0,

t h e NOISELESS AUTOCORRELATION t a r g e t  a r r a y  isi

R( 1, 1 t h r u  4)1 2,40006-01 2,4200E+00 8.6700E+00 1^33406+01

THE NORMALIZED AUTOCORRELATION TARGET ARRAY ISI

R ( 1# 1 THRU 0)| l,7991E-0t 1.814IE+00 A.4993E+00 1.0000E+01

THE NORMALIZED FIRST GUESS ODJECT DATA ISI

X( 1, 1 THRU 4)1 2.3934E+O0 7,82556-01 1,31246+00 1.39186+00

THE ENTROPY OF THE ABOVE OBJECT DATA ISI 5.6603386+00

FOR THE FOLLOWING ITERATIONS ALPHA # 3,000006+01

ITERATION n u *h e r 01 ENTROPY # 5,860346+00 SUMS a 1,891016+01 AND GN a 3,64936+01

ITERATION NUMBER 11 ENTROPY « 6,266116+00 SUMS a 1,300536+01 AND GN a 1,10926+01

i t e r a t i o n  n u m b e r 21 ENTROPY a 6,298496+00 SUMS a 1.119646+01 AND GN a 3.39556+00

ITERATION n u m b e r 31 ENTROPY a 6,284186+00 SUMS a 1,047596+01 AND GN a 1.13676+00

i t e r a t i o n  n u m b e r 41 ENTROPY a 6,277436+00 SUMS a 1,024036+01 AND GN a 4,17306-01

NO CONVERGENCE

ITERATION n u m b e r 5| ENTROPY a 6,275046+00 SUMS a 1,016396+01 AND GN 9 1,74056-01

THE o b j e c t  e s t i m a t e FROM THE LAST ITERATION ISI

X( 1, 1 THRU 4)1 1,31876+00 1,61826+00 1 ,60386 + 00 1 ,30416 + 00

NRF# 3



FOR THE FOLLOWING ITERATIONS ALPHA « 3.00000E+00

i t e r a t i o n  n u m b e r 01 ENTROPY ■ 6,275W4E+00 SUMS ■ 1.01639E+01 AND GN a 7,25505+00

ITERATION NUMBER 11 ENTROPY ■ 5,902916+00 SUMS a 4,45716E+00 AND GN a 6,24185+00

ITERATION NUMBER ENTROPY • 5,34763E+00 SUMS a 8,335565-01 AND GN a 1.5154E+00

ITERATION n u m b e r  31 
FAC « ,R95271?773(>976

ENTROPY ■ 5.28704E+00 SUMS a 6,109645-01 AND GN a 2.19565-01

ITERATION NUMBER 41 
FAC " .9952327736976

ENTROPY • S.2BI64E+00 SUMS a 5,678415-01 AND GN a 2,75215-01

NO c o n v e r g e n c e

ITERATION NUMBER 5: ENTROPY ■ S,26469E+00 SUMS a 5.46845E-01 AND GN a 2,9274E-0i

ThE OBJECT ESTIMATE FROM THE LAST ITERATION 151
X ( 1, I t h r u  4)1 6.2905E -01 2.4350E+00 1 ,7506E + 00 5 , 3983E -01

FOR THE FOLLOWING ITERATIONS ALPHA ■ 3.00000E-01

ITERATION NUMBER 01 ENTROPY ■ 5.28469E+20 SUMS a 5,468455-01 AND GN a 3,97385+00

i t e r a t i o n  n u m b e r 11 ENTROPY a 4.92500E+00 SUMS a 5,535165-03 AND GN a 5.6294E-01

ITERATION NUMBER 2: ENTROPY a 4,944345+00 SUMS a 6.34375E-03 AND GN a 1^74535-02

THE OBJECT ESTIMATE FROM THE LAST ITERATION is:
xc i, i thru 4): 5.6976E -01 2.5605E+00 1.7189E+00 3.4583E -01

FOR THE FOLLOWING ITERATIONS ALPHA a 3.00000E-03

ITERATION n u m b e r 01 ENTROPY a 4,944345+00 SUMS a 6,343755-03 AND GN a 5.5239E-01

ITERATION NUMBER 11 ENTROPY a 4.68597E+00 SUMS a 1 •108225-03 AND GN a 2,19615-02

THE OBJECT ESTIMATE FROM THE LAST ITERATION IS:

X( 1, 1 Th r u  U)l 5,M79E-01 2.54T5E + 90 1.7541E + 00 3*. 1183Ef01



FCR The FOLLOWING ITERATIONS ALPHA » I.9M000E.04

ITERATION NUMRER PI ENTROPY ■ 4.86597E+00 SUMS ■ 1.1BS22E.05 AND GN •
FAC • ,5821)6774*277
ITERATION NUMhER II ENTROPY • *,885l2E+00 SUMS ■ 4.64504E-06 AND GN ■
FAC ■ ,37676*1*78406
ITERATION NUMHER ?l ENTROPY * 4,8UA'/8E + 00 SUMS ■ 3,23280E"06 AND GN ■
FAC • ,*918951123*29

ITERATION NUMRER 31 ENTROPY ■ 4.8O*37E+00 SUMS ■ 1,B3926E*06 AND GN ■

ITERATION NUMBER *< ENTROPY a 4,883826+00 SUMS a 4.22576E-07 AND GN a

ITERATION NUMBER 51 ENTROPY a 4.88398E+00 SUMS a 1.15493E-08 AND GN a

The OBJECT ESTIMATE FROM THE LAST ITERATION 181

X( 1, I THRU 4)I 5.2287E-01 2.512AE+90 1.8149E+00 3.4429E*01

FOR THE FOLLOWING ITERATIONS ALPHA a 0,

ITERATION NUMBER 0| ENTROPY a 4,68398E+09 SUMS ■ 1.15493E-08 AND GN

THE OBJECT ESTIMATE FROM THE LAST ITERATION 181

X( 1, 1 THRU 4)1 5.2267E-91 2.5128E+00 1.8149E+00 3.44296*01

FINAL CALCULATED AUTOCORRELATION VALUES ARE I

R( I, 1 THRU 4)1 t,8002E-0t 1,61416+00 6,49936+00 1^0000E+01

SUCCESSFUL CONVERGENCE

The UMNORMALIZEO FINAL OBJECT ESTIMATE ISl

X( t, I THRU 4)1 6,03916-01 2,90226 + 00 2,09626+00 3',9765E-01

2,0940E*02

2.06856-02

1.82486-02

1.46696-02 

7*, 5637E-03 

1.12456-04

2,03886*04



APPENDIX C

APPLICATION OF THE MESAUP COMPUTER PROGRAM TO NOISY AUTOCORRELATIONS

Effects of noise on the convergence of the MESAUP computer 

program are listed.here for three 4 by 4 pixel cases and one 8 by 8 

pixel case.

4 by 4 pixel Cases

(See Appendix A for all the values of the test autocorrelations 

used here. Just, the RT^ values are listed below,).

Case 1; RT^ = 24.66

Noise Starting u
Final Value of 

' SUMS (Eq. 4.2)
Comments on Final 
Object Estimate

0 10 2.0xl0"7 

2.0x10"8

(Maximum. Entropy- Soiutioh#ES)- 
iSuccessful Convergence(SC) to

0 30 :3 Significant Digits(SD)

.01 10 1,5x10"7 SC to non-MES

,01 30 2.0x10"5 MBS SC to 2 SD

,1 30 9.5x10"6 MBS SC to 2 SD

1 30 or 50 . 8,2x10"4 MBS to 1 SD

2.5 50 3.1x10"3 similar shape to MBS

5 50 6.3X10“3 similar shape to MBS

10 50 2.0xl0"2 similar shape to MBS
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Case-2;' W m  * 43 '

Final Value of Comments on Final
Noise Starting u SUMS (Eq.'4.2) Object Estimate

0 10 2.5xl0*7 MBS SC to 3 SD

Q 50 3.0xl0~7 MBS SC to 3 SD

.01 50 2.3x10-6 MBS SC to 3 SD

.1 50 l.SxlO"5 MBS to 2 SD .

1 50 9‘.8xl0*4" MBS to 2 SD .

2.5 50 5.3X10:^ MBS to 1 SD

5 50 2.2X10"2 ..MBS to 1 SD

10 50

Case 3: s®

S.gxlQ"2

31.5.1

similar shape to MBS

Noise Starting a
Final Value of 
SUMS (Eq.: 4.2)

Comments on Final 
Object Estimate

0 50 1.6x10"5 SC to MBS

.01 50 1.6x10"5 SC to MBS

.1 50 1.9xl0"5 SC to MBS

. 1 50 3.6x10"4 SC to-MES

2.5 50 1.9xl0"3 similar shape to MBS

5 50 6.1x10"3 similar shape to MBS

10 50 2.0x10"% not recognizable
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8 by 8 Pixel Case 

The noiseless target autocorrelation for this test case is 

fo med from an object consisting of two points. Before autocorrelating, 

the object is convolved with the diffraction limited point-spread 

function of a circular lens with a spread such that the point separation 

is one Rayleigh resolution length. Cases from 0% to 10% noise are 

shown with starting a of 30.

Bsnqegtin 
s8ss*as»a aft* 9**8 
***88*88 
aamKaaR* 

9888 
899***98 
819*9888

Original Object

88989888
18ALH898
bmji. Lifiae

Blurred Object
8BII. L988 
81HLH888 
88898918

8899*1198 
8899*888 
9999. 88
3*9'B , 98 Final Object Estimate from
8a*HVJt.lB8 MESAUP for 0% Noise
81.19. 98 
981*..98 
88989-588



11* M i l l
amm -TBsiaa
14 i mil*
BU L6S11
90, urn***
19 i.'iaxsa
*4 L$*a*
i « h fiia*

Final Object Estimate from
MESAUP for 1% Noise

IB* aa&a*
**m W9RR1
84. L 51*88
»9
XE',
19
19 l.$**8
aiiti43398

Final Object Estimate from 
MESAUP for 2.5% Noise

umaam
51U I.$91*8 Final Object Estimate from
ifc H 11*18 MESAUP for 5% Noisein umaia 
8H LUlll 
ipueiima

880**8**
*U U8881 
*4 ill***
• id 48**8 Final Object Estimate from
8b Uffff8ft MESAUP for 10% Noise
*a i,|ti**8
889*8*88
1**8*888



APPENDIX D

OBJECT ESTIMATE EVOLUTION IN MESAUP

The object estimate evolution in the MESAUP computer program is 

demonstrated here using the target autocorrelation generated in Appendix 

C.

ism Lfosaa
Object From Which the Target 
Autocorrelation is Formed

831. Lii1i$in 

aaavssdB

ijtm 3h '.IH01 Gi Random First Guess Object
HIt,iH(f:bA-11 $ (Normal Probability Distribution)
$ fn Q if. I) ii :r. %

m m ;.i i; p
m ;n ,c ii Hi f ,-fi rn
flis ii ii m 
in ii * * *  u  ,t< m

in y m t. in n, -o in
After 5 Iterations with a = 30

77
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a ,3.1 ic % 4 m a

40 After 5 Iterations with a = 3
R&9%UL&8
4:5'V844 0%

manggnsa
saggmmam
MBMKL.Wa
doom ua „33:1 fill ,#;g After 5 Iterations with ct = .3
aaamui.g# 
83%mL,B3 
mgavguma

m84,xma(#9
aawBMuwa 
»sa&. bs
a*aiii*i After 5 Iterations with a = .003
anwwL.mm
RBGJ, e« 
aaawfHiDg

30(15191433

ufl After 5 Iterations with a f 10~4
MJOULG* is ^ so identical to the«* in. u« picture after iterations with

a = 10-6 and a , 0)
aaan-Bfinia



LIST OF REFERENCES

Dainty, J.C. ’’Steller Speckle InterferometryTopics in Applied 
Physics, Vol. 9. Springer-Verlag, 1975.

Ferguson, Warren E., Jr. Assist. Prof., Dept, of Mathematics, U. of 
Arizona, private communications (1978),

Frieden, B. Roy. "Restoring with Maximum Likelihood and Maximum 
Entropy,” J. Opt. Soc. Am. 62:4 p. 511 (1972).

Hershel, Ronald S. Assist. Prof., Optical Sciences Center, U. of 
Arizona, private communication (1977).

Knox, Keith T. "Image Retrieval from Astronomical Speckle Patterns,"
J. Opt. Soc. .Am. 66_:11 p. 1236 (1976).

Shanno, David F. Prof., Dept, of Management Information Systems, U. of 
Arizona, private communication (1978).

Simpson, R.G. and H.H. Barrett. "Coded Aperture Imaging," Imaging in 
Diagnostic Medicine, S. Nudelman ed. Plenum Pub. Corp. (in 
press).

79



2 7 6 4


