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ABSTRACT

A simple method has been proposed for performing work on the

. . long 6-pinch system where the plasma columms have a large ratio of

length to radius by using the external magnetic field as a pﬁmping
. device in order to squeeze the plasma radially Witﬁ a sﬁatial dependence
that is sinusoidal along the plasma célumn.

The method is studied by the use of the fluid approximation. In
order to simplify the s&lutioﬂ of the fluid equations, it will be
assumed that the temperatures of the electrons and ions in plasmalare
highly coupled so T = 'I'e = Tio By coupling the préssure.balance condi-
'tion at the surface of the plasma with the fluid approximation and usipg
a_perturbatidn anal&sis; an énalytical eéuation for work will be
obtained. This analytical eépression will be examined for different
cases and will be solved‘numerically;

‘Results for relative enefgy increase have been plotted for
different caées‘bf B. the ratio of plasma pressure to the external
magnetic pressure as a function of a unitless frequenty‘ . for

ke
s

is the mean free path and k is
mfp p mfp path P

different vélues'of.x _k ; where A
the-akial wave ﬁﬁmbér'of'the'pumping fields. These results of the
-relative énergy ingreaSé for optimum pum@ing frequencies are in quali-
- tative agreement with eipectations; The results obtained seem to

- support considerablythe utility of aéiél collisional heating in long

" linear magnetic fusion systems.



CHAPTER 1
INTRODUCTION

Conéider a long 6=-pinch systém where thevplasﬁa'qolumns havé a
large ratio ofrlength to ¥adius [Ref. 1}. Figure 1.1 illustrates the
long O-pinch of interest; A O-pinch is a device for producing a
controlled nuclear fusion reaction, in which plasma in a iqng skinny_
tube is confined by a magnetic field produced by current=carrying coils,
and is shockéhéatéd and compressed by pulses in. this fieldvto produce
the'high teﬁperatures'at ﬁhiéh‘fusionAreactions take place; the magnetic
field is then»sustaiﬁed'in order to maintain the plasma'confinemént. IIt
is known that usual radial shock heating requifes_rapidlj rising fields
(i.e;; high freéuénCy) and is; therefore, expensive. Héwever, loﬁér
frequency heating can be done by aiial.periodic radial compressional
pﬁmping whiéh:d:iveé'wavés'alqng thelaﬁcis° As a result, the heating
occurs whéen these aiial waves ate damped by thermal conductivity and
7visco$ity of'thé'éharged particles in a plasma. . Consequently, the
background plasma temperature will iﬁcrease until the necessary condi-
tions_for.the;therménucléar'reaction_(i;er,D;TIeaCtion) aré satisfied.
" The purpose of this thesis is to preéént an analytical -expression fér
work which can be done on the system as a resglt of locally adiabatic
radial coﬁpreséion$ giving'rise t§ é‘non;adiabatic axial behavior.

It;seéms that the'Process»depenﬂs on the pumping'period (Tp).
and the pumping wave length‘(xp)’in order to optimize.the heating. In

1
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Fig. 1.1 Axial Collisional Heating of Linear Magnetic Fusion System



order to simplify the analysis, it is assumed that the plasma behaves

as a fluid. Under this condition, the mean free paths of the ionized
particles'(mep) are small compared with the pumping 1§ngth, kpo In
addition, the plasma collision time (tc) isAsméll gompared with the
characteristic time [pumping time (tp)] for the‘f;uid approximation. In
order to simplify the solutionfof_thegfluid-equétiqns,'a'region is
considered ig which the pﬁmping period (Tp) is large compared with tﬁg
electron-ion equilibration time (Teq). As a result, one-temperature
fluid approﬁimation apélies to our calculatiom, that is T = Te = Ti° In.
this case, the heat generafed in the electrons as a consequence of
collisions with ioms CQe) cduld be renioved from the enérgy equat'ion-_° )

For clarity, suppose the'e#ternally imposgd magnetic field is
made to change as a function of timei(t) énd the axial length (Z) so .
that the radius of the plasma column is [Ref.:1] .

r = rb - ?1 siﬁ-[gzii cqsi{%ﬁgﬂ . (O<rl<r0)

T.
. P P

. i o L2mt .
"It is obvious to see when sin T =+ 1, the plasma is most compressed
' p

where Z = 0, A "ZAPQ <.y and decompressed where Z = AP/29 3AP/2’ N

P
' . . . 2Tt . L
and the 'situation reverses when sln:E~£ = = 1, .If the acoustic. transit
: : P
time:(kp/Cs)'between the maxima and minima of compression is of the

order of the pumping peried (TP)’ and if r §<AP,,then the radial

0
compression will be locally adiabatic but the wave motion along the
Z-axis can be made non-adiabatic (irreversible) by thermal conductivity

and viscosity, and the radial compression is adiabatic because there is



very little radial thermal conduction across the internal_magnefic
B=-field. In.addition, the radia1.Shocks do not form because the pumping
period (Tp) is so long compared to the-radial acoustic transit time
(r/CS)° ‘By‘linearizing the fluid and heat flow equations and under the
cOnditions mentioned above, a heating expression is obtained which is
second order in wave amplitude and proportionmal to the éineiof the phase
shift between pump and axial waves caused by dissipation. Numerical
evaluation of theranalytic‘resulf'shows the lérgest heating to occur

" near resonance between pump frequency and axial waves .

In Chapter 2 the fusion system and its requiremeﬁts are dis-
cussed, and it will be a brief review. In Chapter 3 simple analytical
expressions for ﬁork,and relative energy increase are derived by
‘introducing the'fluia equations, the pressure balance condition at~the
surface of the plasma, and the concept of the perturbation analysié to
the solution of the fluid equatioms. Imn addition, the many cases will
be discussed for the one—temperaﬁure radial fluid approximation (no
plasma motion along tthmagnetic field) and the one~temperature £luid
approximation. In Chapter 4 the numerical resﬁlts which are obtained
for relative energy igzrease will be discﬁssed as a funcﬁion of a unit-
less freQuencyA(i%%é, and the conclusion for this thesis will then be

discussed.



CHAPTER 2
FUSION SYSTEMS AND ITS REQUIREMENT

2.1 Introduction

The large amount of energy which can possibly be achiefed by
using an external magnetic field, in the near future can»be used to
raise a plasma to very high temperatures.iﬁ'order for the thermonuclear
reactions to occur in the system. Since the fuel of this reaction is
the héavy hydrogen in seawater, the realizatioﬁ of this goal means
achieving a limitless energy source whichrcan be. a very important aspect

 for future generations.

In oﬁdérvto initiate a therﬁonucléar reaction, it is necessary
to have two light' elements brought close enough together.for the short-
range attractive nuclear forces to overcome the electrostatic repulsion.
ihe cross .séction of many fusion reactions which ére known; and in the

literature, indicates that the easiest are to those including the heavy .

" isotope of hydrogen, deuterium and tritium. These reactiomns are [Ref. 2,

Bqs. (4.1), (4.2)]:

2. .2 w3 1
lD + 1D > lT (1301)_+ lH (3.03)
. (2.1)

2. .2 .3 S
1D + 1D -+ 2He (0.82) + ot (2.45)

‘and . : ;
2. .3 4 o1 x
%+ 1% et (3.52) + gt (24.06) -

5



6
The number in parenthesis shows the energy carried away by each of the
reaction product particles in Mev. The following reaction can take

place, but relatively slow [Ref., 2, Eq. (4.3)]:

2 3 4 _ 1
lD + 2He - 2He (3.67) + 1H (14.67)

Deutrium can be extracted cheaply from water, but tritium is
scarce and very radioactive. However, we could produce tritium from

lithium by a reaction involving a neutron [Ref. 2, Eq. (4.4)1:

.6 1 4 3
3L:L + On > 2He + 1: + 4.8 Mev

Thﬁs the neutrons which are produced by D-D and D-T reactions
could be used tqvgeneratetritimmin,a lithium.blanket surrounding the
reaction région. |

It is possiblelto‘use‘the chargedlreaction produets in a fusion
- reactor. If the ignitioh temperafures’can be achieved, these kinds of
reactions involving the chargéd reaction products are very desirable.
They are expressed as [Ref. 3, Eq. (9.5)1]:

D+ JHe + “He + p + 18.3 Mev |

D +‘6Li > 4He'+ 3He + 4,0 Mev
p+llB;-?-34‘He+8¢7Mev'

The number of reactions per unit time and volume between two
‘different nuclei, one with number density nll and the other with number

density ny, per unit volume is given by [Ref. 2, Eq. (4.5)]
< : 4 .

R =1y, .m0y, <0V



Here <CIVv> is the product of the relative velocity v with the (wvelocity
dependent) reaction cross sections (a) averaged over the velocity
distribution. The rate of released energy per unit time is given by

[Ref. 2, Eq. (4.7)]

PN - RQ
Where Q is the average nuclear energy released per reaction.

Values of <av> for the different reactions are shown as func-

tions of temperature in Fig. 2.1 [Ref. 4, pp. 201-2].

DD ol
f B
10 5 10 50 100
7 (keV) ———
Fig. 2.1 Thermonuclear Reaction Rates. — values of <av> for D-T, D-D

and p-fiH reactions for Maxwellian velocity distributions at
temperature T [Ref. 4].



The D-D curve is the sum .of the two reactions described by equations
(2.1). From Fig. 2.1, it is easily seen that the probability of a D-T
~ reaction at the lower temperature is higher and this reaction is more

desirable.

2.3 Ignition Temperatures
The power which is produced by the D~T reactions per unit volume

' (cm3) in each reaction is [Ref; 3]:
= nDnT <ov> W

where <0v> is the averaged cross sectiéh for a D-T reaction, and W is
the 17.6 Mev of emnergy which is released in éach reaction,‘~To maintain
the plasma temperature, this power must exceed that which is lost. When
" the electrons make elastic collisions with the ions, the radiation,
callgd Bremstrahlung? is emitted dué_fo the_accelerated electrons. The

~

Bremstrahlung poWér is given by [Ref. 3, Eq. (9.7)]:

P =5 x 107°% ZZ(KT)

b kev

P and'Pb are both funetions of nz, but Pr increases more rapildly than

Pb does with KT. In order to initiate the reaction, it is obvious that

b

temperature assuming that there is enough time to transfer the energy

P, would be equal to Pr’ and this.equality.will,give»us the ignition

from the produced ions to the other ions and the electrons by coulomb
collisions, so that all the temperature of the charged particles are .
equal. For éxampie, the ignition temperature for D-T reaction and D-D

reactioﬁ are about 4 Kev and 35 Kev, respectively [Ref. 3]. In



addition, the higher temperature is required for the high-Z reactions

of Eq. (2.2).

2.4 The Lawson Criterion

To produce more energy by fusion than is required to heat the
plasma and supply the radiation losses imposes a condition on plasma n
and confinement time (t*), as well as on the temperature. It turns out
that n and t* occur only in the product nT. This is called the Lawson
Criterion [Ref. 5],

The product of the density and the life time of the plasma (t*)
should exceed a value determined only by the temperature, the efficiency
of energy conversion (H), and the proportion of nuclear energy retained
in the plasma (K). Figure 2.2 below shows nt* versus the temperature
which satisfies the Lawson Criterion for the D-T, D-D and P - B*

reactions [Ref. 6],
17

DD

DT

1 10 100 100C
7 (keV) --———-
Fig. 2.2 Lawson Criterion. — values of ntc satisfying the Lawson
Criterion for D-T, D-D and p-B reactions with as

functions of temperature (n is total density of nuclei)
[Ref. 61].
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One can see from the above figure that thé minimum value of n-tc for the
D-T reaction is about 1014 scm._3 and occurs at a temperature of about
24 Rev. For the D-D and P—Bll reactioﬁs the minimum values are one
hundred tiﬁes greater and occur -at temperatures greatef than 100 Kev.
Thus the D-T reaction is a morevdesirable reaction, in the laboratory,
than any'other réacti0ns; it is more practigal. It is possible to lowér
these figures by combining beéms with plasmas, as by more sufficient

energy recovery, such as direct conversion to electricity.

2,5 'Magnetic ‘_C.o'ntainment

Charged particles move in a helical orﬁit around magnetic liﬁes
of fofce.'~AlthQUgh they are moving freely along the magnetic lines of
force; they are restrained from moving across them., Thus, the exerting
fiéld of pressure .at right angles to the lines of force are equal to
BZ/SW in order to balance the kinetic pressure of the plasma. Although
the very high temperatures are needed for #heimonuclear reactions to
take place at a ﬁseful rate;‘only the trelatively low dénSiﬁies'Cné10l7)
can be restrained in thiS'wayAﬁith available fields.(&IOSG). In order
to satisfy the Lawson Criterion; one needs long containmeﬁt‘times
(fé ~ pillisecbn& or 1qnger)Aer the thermbnucléar reaétions to take
place. 'Eut.it.turns out that the containment times are limited by -
diffusion of particles across thé magnetic field lines, and by the
~ growth of inétability;' Many -fusion éYstems are propoSed;.such as
[Refs. 2,3 1: | | |

| 1. Eiternal helical conductor: .Stellarators

9. TInternal plasma current: 'Tokaimaks
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3. Internal conductor: Multipoles
4, Internal particle beams: The Astron

5. Pinches

2.5.1 Pinches

The simplest fusion devices, which are proposed thus far, are
the pinches; There are two different geometriés: the Z-pinch and the
f~pinch (Fig. 2;3). In pinches, a plasma cérr&ing a current is confined
by the magnetic field which is produced By its own current. An increase
in current fofces the mégnetic field to become more demse as to compress
the plasma and to heat it. Therefore, the confinement and heating occur
'together;v In general, there are magnetic mirrors .at both ends of the
pinch 50 as to reduce the end losses. A O-pinch .shows a,rema;kablerl
degree of stability,'és can,be.seén‘from_Eig; '2;4 [Ref;f3; p. 306].
The circular fringes'indicate the constant density, howevér;.the plasma
does not miérate to the walls as.it decays [Ref. 3].. Thié observed
whenvthercollisioﬁ~rate is so0 ﬁigh that mirror confinement is mot
efficient; Thus, long-linear 6—pinches have been constructed to
increase the time of flight of ions to the ends. The long O-pinch
density is considered for our calculation, but the external'magnetic
- field around the plasma column véries sinusoidally with the condition
that the plasma columns of interest; have a large ratié of length to
radius. The éiternal magnetic field varies as a function of time and

direction and it is given by:

- Best = lBl!%(kZ—wt)

where k is the wave number and w is the frequency of the plane wave.
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Z - PINCH 6 - PINCH
Fig. 2.3 Pinch Configurations. — geometry of a z-pinch (left) and

a 6-pinch (right) [Ref. 3, 305].

COMPRESSION COIL

PLASMA
MAGNETIC LINES
LASER (
DIAGNOSTICS*™
Fig. 2.4 Diagram of a Linear 6-pinch. — the laser interferograms

below it show that the plasma decays in density with time but
remains stably confined [Ref. 3, p. 305].



-~ CHAPTER 3

ANALYTICAL METHODS FOR THE DERIVATION
OF THE THEORY OF AXTAL HEATING

© 3.1 'Int_roduction

The primary concept analyzed in the present work is the use of
ﬁhe equations of continuityg motion, and energy for later use. Imn this
chapter we will develop an eﬁpression for the work which is produced in
the long-linear 6-pinch (fusioﬁ system) by ﬁsiné the éxternal magnetic
field (due to the locally adiabatic fadial compressions). In developing
this eipresSion thé'use of pérturbatidn'analySis_and non-linear heating

theory (to calculate the PdV work) is used in our calculations.

-3%3 - Sxplanation of Theory

This section will deal with the theory that applies to our
:calculationo As noted in Chapter 2, the lqng—linéar e—pinch-is con-
sidered as a fusion device; énd the plasma columns in this fusion device
have a large ratio of length to radius [Ref. 1]. Because of fhis
~condition; noﬁ—adiabatic plasma flows can occur along the lgngthiof the
-plasma column as a result of locally,édiabatic'rédial compressi&ns,
For eﬁample; the‘éiternal mégﬁetic field changes as a function of time
t, and axial length Z. The radius of the plasma column is T =TIy~ Iy

" gin (2ﬂt/Tp) cos (ZﬂZ/ﬁg where O<r <r0° We assume that the plasma is

1
":radially, azimuthally homogeneous everywhére along the length of the
plasma column; therefore, there is no restriction on B, the ratio of

13



14

plasma to magnetic pressure. The maximum column radius r. can be close

0

to the tube radius, as we see from the expressions below:

.1 such that Z

2]

if sin (2mWt/T ) 0,A_ 2\ ..., the plasma
P T PP )

is most compressed.

if sin (Zﬂt/Tp) 1 such that Z

A /2,30 /2,..., the plasma
1 - P

is most uncompressed.

if sin (2ﬂt/Tp) - 1 such that Z Q,AP,ZAP,,.., the plasma
is most uncompressed.

- 1 .sueh that Z

if sin (2mt/T ) Al2,30 /2,..., the
P_. P s P/ 9 s

plasma is most compressed.

Suppose CS is the ion sound speed along the field linmes, if AP/CS = ‘I‘p

time between maxima and minima of compression is of the order of the

primary period and if r §<AP as we assumed before, then the radial

0
compressions will bé loéally adiabatic. As a result, the "sloshing"
motion along the column in the Z direction will be near XX resonance U;
. therefore of large amplitude;'and the heating due to.dissipati§é pro-
- cesses will be seen to be correspondingly maﬁcimized° . The process pri-
ﬁarily depends on TP and“xp in ofder to optimize the heating; i;e;, TP
would need to be decreaéed’(é: XP increased) as ‘the plasma is heated and
Cs’incréaSQS; There are-two'rénges of XP ané Tp with respect to the
elect;on thermal conductivity as follows:

a) Ii,xp>>? (the lengfh of the plasma cblpmn);,thén a simple

ohe»temperature"fiuid apprinﬁation applies.

2

b) If’xp<<L, and if thermal cenductibn is fast enough and Té>?teq

then the électron temperature may .remain independent of Z.

Thus, in this case, the electrons do not participate in the
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non-adiabatic heating but add to the pressure which must be
overcome in compressing the plasma columm.

¢y If APzL, the eiectrdns do participate in the non—adiabatic
heating; but there is some thermal conduction in Z; szteq (the
electron -~ ion energy equalization time) and a single temperature

model is inapplicable.

A full dynamic simulation is required to determine the axial
heating rate for the above cases. However, the case b) above can be
modified analytically and giVeé a reasonablg estimate of the effective-~
ness of the method and the scope of this thesis presents the analytical
model for the estimation of the axial heatihg rate along the plasma

column.

©'3.3 ‘Thermal 'Cond_IiCtiVity

The thermal conductivity which will be used in the fluid ‘equa-
tions for the electroms and ion heat fluxes parallél'and ferpendicular
to a magnetic fiel& can be éasily determined from Braginskii [Ref. 7]
and Spitzef'[R.ef° 81. It should be.noted that in»motion across a
magnetic field (w%>>1), a particle is displaced an order of the Larmor

radius rather than the usual mean free path [Ref. 7, p. 228]:

(wX)1~r~V/w
‘where
r = Larmor radius (cm)
V= Velo¢ity of electron and ion (cm/sec.)
w = the eyclotron frequency of electron as ion (sec.™™)
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Therefore, the thermal conductivity perpendicular to the direction of

- motion is given by [Ref. 7, p. 228]

Kl~nr2/T~nT/mw 2 (3.3.1)
where
n = no. density of eleectron or ion (#/cm3)
r = Larmor radius (cm)
- T = the electron or ion collision time (sec)
w = the cyclotron frequency of électron.or ion (secnl)

On the other hand, as a particle moves freely along the field, the

displacement of a particle is

(Ax), ~A_. ~VT

mfp
where
Amfp = the mean free path of electron or ion (cm)
V = the.velocity of electron or ion (cm/sec.)
T = the electron or ion collisioﬁ.time (sec.)

so that the thermal conductivity in the direction of motion is givey

by [Ref. 7, p. 28]

) _ .
K ufnkmfp /T ~nTT/m oo | (3.3.2)
where
n = no. density of electron or ion (#/Cm3)
. mep = the mean free path of électrcn or ion (cm)

T = the electron or ion collision time (sec.)
T = the temperature of electron or iomn (Ko)
m = the mass-of-électron or ion (gas)



K, /K, ~(wn)? >>1 | (3.3.3)
These estimates apply for both ions and electrons. It seems that K
is much greater than K_L for bogh electron and ion for strong plasma
(wt>>1). We assume that Te = Ti’ therefore, the electron thermal
conductivity in the direction of the field is greater than the ion

conductivity, and it is expressed as [Ref. 7]:

(m )%
Ky/Ky ~ |==| >1 , (3.3.4)
L e
where
mi = the ion mass (gm)
m, = the electron mass (gm)

On the other hand, the ion thermal conductivity is greater in the

transverse direction as follows [Ref. 7]:

Ke/Kl ~

s <<l (3.3.5)

We assume. that the motion of the waves inside the pinch is in
the direction of the field, therefore, Eq. (3.3.4) shows that the ion
thermal conductivity could be ignored with respect to the electron

thermal conductivity, and it can be expressed as:
K >> go" ‘ (3.3.6)
n .

In our calculation, whenever we use the thermal conductivity, this is
the electron thermal conductivity. As for a Lorentz gas (the ions are
treated as infinitely massive during collisions) the value of K is

[Ref. 8, Eq. (5.4)1

17
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' me ‘e Z lnA
5/2
= 4.67 x 107 glﬁA Séﬁ,'gzgglcm
where
k = Boltzman constant
T = the electron or the ion temperature (Ko)
Z = the no. of protonAor electron in the atom
1nA = Debye logarithm
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Values of In/\ (Debye Logarithm) for an electron and proton gas are given

by Spitzer [Ref. 8]. In our case, we assume lnA = 10. While £ (the

correction to the coefficient of conductivity in the presence of the

.seconddary electric field) is 0.40. TFor an actual gas K becomes [Ref. 8,

Eq. (5.45)]

K=10; K

Values of 6T and € are given by Spitzer [Ref. 8] for different values of

Z in Table 3.1.

Table 3.1 Values of'éT and €

7 1 24

16w

8 0.225  0.356  0.513  0.791  1.000

€ . 0.419 0.410 0.401 0.396  0.400

In our case Z = 1, therefore, the value of GT

is 0.225.
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3.4 Viscosity

.The viscosity of a plasma in a magnetic field is complicated
since it is a temsor quantity; but makiﬁg some bdsic -assumptions we
could make the viscosity of a plésma a sca;ar guantity along the
magnetic field which can be used in-our problem. It is easily shown
that tﬁis tensor vaniéhes if the plasma undergoes a uniform isotopic
éompression, that is to_say, this tensor vanishes if the voluﬁe element
of the plasma are not deformed. |

First assume that the velocity of an electron or ion is along
the Z-axis, and it has a derivativevin the same direction; the momentum
flux associéted with the'eléctrqn or ion velocity is of the same order

as in the absence of the field, and is given by:

I ~~n:EZZ
2z "3,
where n = viscosity along the field
avz . . N
T the plasma gradient along the field
zZ :

v

In addition, the viscous stress is expressed as:

( 3V,
F, = (3/32) mhgig'

Since the longitudinal momentum is freely transported along the magnetic

field.

. In contrast with the case of thermal conductivity, where the

electron conductivity is greater along the field (for wiTi>>1), when
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Te ~ Ti the ion viscosity is always much larger than the electron

viscosity [Ref. 7, p. 231]:

nt o~ =% n® ' ' 4 (3.4.1)

For this reason the viscosity of é plasmé is determined essen=-
tially by the ions.

Suppose now that the velocity is chapging'in a direction
perpendicular to the ﬁagnetic fiéld. In this case momentum is tfans—
ferred across the magnetié field where a particle is displaced as an
order of Larmor radius (Ax~r); .The fqllowing relation, therefore, is

obtained [Ref. 7, p. 2317:

M 9
S (U)T) ‘>>l
n.L

i i
<< ¢
ﬂi ‘h

For this reason the momentum flux along the other directioms
perpendicular to the magnetic fiéld is generally negligible with respect
to the momentum flux along the field.

The viscosity of abfully iénizedwgas has been analyzed by
_ﬁraginskii [Ref. 7j, In the absence of a magnetic field thecoefficient

if viscosity is given by [Ref. 8, Eq. (5-54)

/2

1
3

0406 m 2(kT)°

n ==
_Z4e4 ln A
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TS/Z'A 1/2

= 2.2.1 x 107 — _Em
7 Ln A cm~sec .

where Ai is the dtomiec weight of the positive ions and T is in Kelvin.
The viscosity is due primarily to positive ions; viscous stresses are

due to electrons and are generally negligible.

3.5 The Equation of Continuity, Motion and Energy

- The three equations of fluid which are the equations of
continuity, momentum and energy can be written in cylindrical geometry
as follows [Ref. 9]:

. The continuity -equation is:

op , 1
r

d . ,1 -
St —3-; (prv) + 2 (pV ) o 3 (pv,) =0 | (3.5.1)

Z
The equation of motion including viscosity (n) along the

Z=axis is:

AL STkl SR T N
P 3t r 3 r 90 z 32 3z
' (3.5.2)
e [T,y
r Br Br r2 362 822
The enérgy equation is:
S o , Sy .
P 9\ PRT + M r or (rVr) + 97 rﬁBf”(rVr)
(3.5.3)
ov

Z 12
+ °§fz—= + r 5y (rKVT) + (KVT)
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In order to make the equation of fluid easier to solve, we will make
some basic assumptions (for our case). First, assume that there is no
motion in 8B-~direction (Veﬁ%)), as a result, the continuity equation is

written as:
3 13 - ‘
e T T 5 (erV) + 2 7 (V) =0 (3.5.4)

Second, assume that the fluid veiocity along the Z-axis does not vary
with radius and angle (Vz # £(r,0)). As a result, the equation of

motion is written as:

. ro
Vo ooy 2| e, lre Tz,
P ot Z dZ oZ n r or or
_ (3.5.5)

3%y |
. Z

s

az?

The temperature gradient in three dimension is

33T, L
VT = 3 37 Z + -

far
GIH
s>

"FOf gimplicity, we assume that there is just an axial heating rate
along the Z~direction, therefore, the fluid temperature does not vary
with radius and angle (T # £(r,6)). Using this assumption in Eq.
(3.5.3), the energy equation reduces to the following expression:
11 .
r d0r (er)

(3.5.6)
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It is frequently more convenient to use a single-fluid model
for the plasma. In. this case, the two equétions of'motion (for the ioms
and electrbns) are replaced by a single. equation of motion'for the
plasma as.a ﬁhole. In addition, the singléffluid hydrodynamic model is
very useful to deséribe the low frequency phenomena since it is valid
to neglect electron ihertia and to.assume.that the plasma remains
neutral; this does not mean zero space chargé in the plasma, but it
means that the space charge is small compared With the quantity en_, éo
that the difference Zni-ne can be neglected compared with n = n, -
Therefore, the elecﬁric for;e Fe = e(# ni—ne)ﬁ is neglected in the
equation of motion. We assume that all processes are slow so that the
equations of continuity for the electrons and ions for the conservation
of electric charge can be neglected, therefore, div J = 0. Also the
displacement of the electric field can be negiedted.in Maxwell's
equations (div §.=»0)‘bécau9e of the‘neutrality condition. However,
if the thefmal coupling betweén the elgctrons and ions is strong, the
relative temperature difference is small lTe— Til << T and one can use
the combined équa,tion9 writing Te'= Ti = T, In addition, the equation
of the fluid could be simplified further, if,wé use the linear theory
which imposes all the other ;érms with the second order as above will
vanish. |
' ‘Applying all the assumptions which ﬁe have made, and using the
results éf the conductivity and viscosity sections, the fluid equations

" for a plasma could be written as:
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3 109 93
F F TRCARIEE PR
¢ 2
ot Z ot 9z t 372
. v 2
dE) _ - (L3 .z e 2L
g 'atJ = - PRT I Tar (V) tp| tRa
o 3z°
where
nl = the ion viscosity along the magnetic field C—EE———
A cm-sec
K® = the electron thermal conductivity in the direction

of the field (erg/Sec-dez-cm)

_— o 0,
T T, =Ty (X~

P = the plasma pressure (erg/cms)

VZ = the motion of a plasma along the Z-axis (cm/sec)

the plasﬁa density (gm/cmB)

- P
The above equations are the most simplified relations which are

used in our calculation.

3.6 Solutioms to the Fluid 'Equations Using -
i " 'the Perturbation Theory

The fluid equations can_easily be solved by the»procédure of
lineraizatibn; Here the amplitude of oscillation is small, and the
terms containing higher powers of amplitude factors can be neglected.
We first.sepéfatébthe dependent vafiablés'into two ferms; an
"equilibrium" term indicated by-a-éubscript 0, and a "perturbation”

term indicated by a prime:
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©
I

3
]
=)
4
3

0 (3.6.1)

where the oscillating quantities are assumed to behave sinusoidally:

T ) i(kaWt)
p pl e ,
=T o1 (k2-25) (3.6.2)
o= r ei(kZ—Wt)
1

The fluid equations obtained from the last section are givey by:

dp _ 13 S DN
ot r or (prVr) 97 (pvz)
( N "2
av v . R
Z v o 2| __9B, i) 2 .
< P 3t Y, az] oz T oz (3:6.3)
S oV, | 2
dE| _ 13 2|, pe |3 T
1 p \dt) = - ReT | T3y (BV) + 57| + K )

For simplicity, assume that the radial motion [V(¥,t)] is proportional

to the radius by the following equation:

V(r,t) =V_(£) « - (0<r<xy) (3.6.4)
0 0 , ,
where
V. (p) = v e iWE
T T
0
ry = the plasma radius (cm)

Introducing Eq. (3.6.4) in the continuity equation, .we.get

Q

5., [ .
so=-2 {ro} Vro(t) 57 (PV,) - (3.6.5)
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Using the following relations
- 1
p=py+p

| Vro(t.) =V, + V' (3.6.6)

- in Eq. (3°6,5), the equation is written as:

{(po_ﬁ’ Do (Vv ’

-

v '.
,B(po-&-p ) 2
ot r.

(@}

(3.6.7)

n

_§___ g ‘!. ° ¥
~ 57 [(po+p ) o (Yt ")

In equilibrium, when the external magnetic'field is not applied on the
system, there is no motion in the radial and the Z-axis. This means

op

vV,. =0, V. =0, andA——9-= 0. In addition, the time derivative (3/0t)

Z0 a0 ot
of the perturbed terms‘canrbe replaced by - iw and the gradient by ik

where

W the\freQuency of the plasma wave (secil)

k = the wave number of the plasma motion (cm_l)

w and k ére the same as wp (the pumping frequency) and.gp (the pumping 
wave length), but for simplicity, the subscript p has been droped in
this chapter. Because 6f the linearity, the following terms approach
Zero,
¥ ? s .
o} Va 0

p sz 1. 0



Thus Eq. (3.6.7) becomes

o
- dwp' == 2 |=—| V' - (ik py) V'
0

In additiom, the perturbed velocity in the radial direction is-

expressed as:

27

(3.6.8)

(3.6.9)

Now, we dintroduce Eq. (3.6.9) in Eq. (3.6.8), the following relation

can be obtained:

[Po]

LA, — v “v
wp 2 rOJ(w) r +koo 7

(3.6.10)

It is easier to work with the dimensionless equations, therefore,

the relative perturbed continuity equation could be written as:

UM ) R 4 v,
DO ro 0

Consider now the equation of motion,

2
| Lav
where - - |
P = the plasma pressure (erg/cmB)
=RpT
R = the gas constant (erg/gm. )

(3.6.11)

(3.6.12)

Applying the perturbation anaiysis of Eq. (3.6.12), we obtain the

following expression,
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My Lo 3Vz'] 3 o
. ¥ ° ermi—— 1 o . = o 6 — Ve ¢ 5
(og#0") * |5 + 7, * 55 = w [(ogton = (1#TD)]
) (3.6.13)
1|3
e | —5 (V1)
52

Using the linear theory and rearranging, the following result is

obtained:
s . v t » .
(—iwpo+k2nﬁ) o VZ' = - (ikRpon) °[§' +-€%} (3.6.13a)
0 0
The relative perturbed momentum equation is:
L1
2 mn w o (s Y .
K°RT, 070 o) {Po

We now .consider the energy equation which is written as

3

follows:
| - | - ey 2
dE} _ J1a N a2t . Leld7T | ,
P {dt) = = (RPT) T 5t (rVr) + 57 + K'Lazz J (3.6.15)
where
E = Cv T (erg)

CV = the specific heat at constant volume (erg/gm. Ko)

Introducing Eq. (3.6.4) in Eqb‘(3;6.15),'the following equation is

obtained:
daT B V-""o(t) v, e 3%T
o) Cv [EE) = = RPT rd | + 55 + K" g;g-' (3.6.16)

 Applying the linear thedry of Eq. (3.6.16), we obtain the following

expression,
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| 2RepTy 2 e
- Vo a | —— ° v 1 3 L . ]
(mCVpO)T = Va (1kRpOTO)VZ _ (kK™ ) T
‘ (3.6.17)
wﬁere
V' =~ iwr’
a
ot
(iwpC. - k%K) - [z = - (2iwRp.) -+ |E-
Py I [T' L08Ry, T
, 0 10
(3.6.18)
. . li_ ‘e ¥
+ (1prO) [w) VZ
The relative perturbed energy equation is written as follows:
{ .. 2 e
_C_V_+-lk_K, B A Y LA PR R (3.6.19)
R RWP Tl T Tl Wiz

All the perturbed fluid equations which ére dimensionless can

be written as follows:

Y r

-ﬁ:_z(:j_’,,_,[}ijavv

i
2 in, w (1) 1y ' .
J . 2(1) " R T [—E.J 'VZ ' = -’tir— + -g— (3 s 6 ..20)
KRT, P00 ' & 0
( 2.e
L \R pro _TO ‘ :rOJ wj 2

We now want to find the relations between the relative per-
turbed temperature and the relative perturbed density as a funection of

the relative perturbed radius.



30

For simplicity, we define

| i
( w? ) Ty
X= g i T
K°RT, oo |
9 e (3.6.21)
C k™K
Y=Y i
R ' Rwp
. v o
The new set of equations can be written as follows:
’ [ r \ (
[P -4 f} v, (3.6.22a)
po ro \
¢ (X) —.} V. ' = [——- + ] - (3.6.22b)
wj 'z T P :
0 0
(T* r' k
(Y) |=| =-2 |=—| + {—J v, ' (3.6.22¢)
L_ TO Ty wj Z

Combining Eq. (3.6.22a) with Eq. (3.6.22b) and the result for the

t

relative perturbed density is given as:.

D |2 - -2 1—] +[T—] (3.6.23)
[po] [ro fol

Similarly, combining Eq. (3.6.22a) with Eq. (3.6.22c), the following

result is obtained:

(YXE%% =

Eﬂi » ~ (3.6.24)
0 .

Poj

From Eq. (3.6.23) and Eq.(3.6.24), we obtain the following equation,

L)) IR
m-?fl)bJ—lzm)LJ_ ~(3.6.25)
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Upon substitution of Eq. (3.6.24) into Eq. (3.6.25), we obtain the
following expression,

1 ) L (x)
iy )l

E:J ' (3.6.26)

%o

where X and Y are complex number. As can be seen, Eq. (3.6.25) and

Eq. (3.6.26) indicate the direct relationship between both the relative
perturbed piasma densify and temperature as a function of the relative
perturbed plasma radius which is inhibited as a result of locally
adiabatic radial compressions. |

‘3.7 Solution to the Pressure Balance Using
- the Perturbation Theory

Consider now the long-linear 6-pinch system, and the external
magnetic field imposed outside*the‘system which are made to change as
a function of time and axial length. Assume that there is also present -
a uniform axial ﬁagnetic field inside the plasﬁa and>the céndition of

a presure balance at the surface of the plasma that requires, thetrefore,

Pekt ='Ppll.‘as.;mau + Pint . (3.7.1)
where
Péxt = the external magnetic_preSsﬁre (erg/gmgj
P = the plasma pressure (erg/cm3)
plasma t '
7 Pint = the internal magnetic pressure (erg/cmB)

The external magnetic pressure is given by the following expression: .

N '!;_ 2 .
Pext'“'{SﬁJ Bext 3 (3.7.2)
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where
Bext = the external magnetic field (gauss)

In addition, the internal magnetic ‘pressure is,

, =1 , ;
Pint ~ 87 (Bint) (357.3)
whetre »
Qint
Bine = 2 0STry) (3.7.4)
e~
i
Qint = the intermal flux in plasma [(erg-—cm) *]

When the internal magnetic pressure is known, the internal flux can be
obtained as:

- L, L2 o
®int (8m) (Pint) (ﬂr_) (O<r<r0) (3.7.5)

Applying the perturbation analysis in the external magnetic pressure,

one can obtain the following expression,

1 S
' = o— . Ty Lo
Pexto ™t Pext ~ Em (BO_+ BY) : (3.7.6)
' Using the linear‘theory in Eq. (3.7.6), the following expressions are

obtained:

PextO = &7 BO (unperturbed external magnetic pressure)

P 1

1 o -
T e B'} (pert , .
ext { ] [?0 . ] (Per;urbed external magnetic

4m pressure) (3.7.7)
Similarly, the following expression for the internal magnetic pressure
is true (as long as the internal magnetic flux is kept constant in

a plasma): ' , ‘ 5 . _
! = {l_J . ®1nt0 o —d ? (3.7.8)

¥
ﬂro 2 1+2£~

PintO'f Pint
= X
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2 4
For simplicity if X = ;E*-, then the following relation is true:

0
) 1 gk - 4 e st
1+X T '
when X<<1, similarly,
{ 2 ) )2 :
——%;T» =1-4 ﬁ§~ +12 (2. (3.7.9)
= {0 o)
*o

Using the linear theory and Eq. (3.7.9), therefore, Eq. (3.7.8) can be

separated as follows:

o, 1
Pinto = L%%) . | Antd (unperturbed internal magnetic
h v ey pressure) » ' (3.7.10a)
' = om o .0 ..r-._'. A 4 ° V . B
Pint v 4 (PintO) [ ] (perturbed internal magnetic

Y0] pressure) (3.7.10b)

Using the same perturbation procedure in the plasma pressure, we get:
. + P ' = + g ! o/ e
_PplaO Ppla R(pOTQ | fo T + Top ) (3.7.11)

Similarly, Eq. (3.7.11) can be separated as:

P . = Rp.T.  (unperturbed plasma pressure)
.| pao 0°0 ' o L (3.7.12)
) |, {p" e |
P. '"=P o ==l + || (perturbed plasma pressure)
s =7 (] ) 0

The condition of the perturbed or the unperturbed pressure

balance at the surface of the plasma that requires, therefore,
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2
[ . (1 int
PextO = RQOTO + kg;J - 2 (3.7.13a)
{0 0
P '=P °.‘T!:- + 14 (p y . |2 (3.7.13b)
| ext plal T, Po - int0 T, T ‘
One can define B as:
P 1a0 ’
g = Egl*__ . (3.7.14)
ext0
therefore,
‘ P, .,
o 1.p=-20t0 - ~ (3.7.15)

ext0
Upoﬁ substitution of Eq. (3.7.15) into Eq. (3.7.10b), the relation

below is obtained:

1 V= 1 -R) o e_r_'.
P, ' =~ 4-B) - P_ {fo} (3.7.16)

Hence from the substitution of Eq. (3.7.14) and Eq. (3,7.16)_into

Eq. (3.7.13b), the relative external perturbed pressure can be expressed

as:
P = B ° _:IT- o A - 4(1_5) ° ;—— (3«7»17)
ext0 o Po - 0) -

3.8 ‘Relation Between the Relative Perturbed Radius

"'and the External Pressure

The three equations which were obtained in the previous sections,

are as follows:
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p .
1 v , ' :
( [X - ; - l] E)— = Z(X) lr:— (3'0,8«1)
0 0
' , | .
SO A [z”_;_ (3.8.2)
y 0 y L 0 :
== = B Ef-+ ] - 4(I-R) =~ o . . (3.8.3)
L ext0 o Po o,
where
1
% = wzv + :muw
szIo ReoTo
¢ ik’k®
=_l+ !
YR RWP,

. Oné could see the relative perturbed temperature, density, and external
maghetic pressﬁré are all related to the relative perturbed radius.
Therefore, from substitution of Eq. (3.8.1) and Eq. (3.8.2) into

“Eq. (3.8.3), we obtain:

N AN , ) '
1_j.ext ={=2+%x°8B {i%f] - 4(1=B)) [.L.J (3.8.4)
ext0 =y ("o
Define d as:
. _ . . . 1 _ _ . -
.a==29ex°8 l}_-iy—_xy—y?-l:' 4(1-B) (3.8.5)

Eq. (3.8.4) can then be written as:

P!

PextO

Xt = (@) {L] . (3.8.6)
ol _ .
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o should be defined as a complex number since x and y are complex
numbers, Moreover, Eg. (3.8.6) is a very useful relation for defining

how much work is donme on the system. « being a complex number, P’

ext
and r' are phase dependent as follows:
v = i(kZ-wt + 0 )

(P exct !Pll e P (3.8.7)

'_Lr' = |r,| T(KEUEF ) (3.8.8)

Upon substitution of Eq. (3.8.7) and Eq. (3.8.8) in Eq. (3.8.6), we

obtain:

. o {1z
'ex? [ﬁ(ep-er{] = {;BJ ° 'Ipll ° PextO : (3.8.9)

where 0 is a complex number, therefore, _

a=e +6 | . (3.8.10)
where € and § are related to the electron conductivity and the iom
viscosgity. In exponential form o is

. 1 : -

o= (2 + 67 - exp itan T (8/0) (3.8.11)
(epser) and {rll can be expressed by the following expressions:

8,8, = tan"t (8/e) (3.8.12)
=1

el =l e = 1217 ) (3-8.19
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In fact, B' is known from the initial condition, and‘lalzcan be
calculated from Eq. (3.8.5). Equation (3.8.12) and.Eq, (3.8.13) are
very important because the difference of the phase angle (ep-e) and the
magnitude of the perturbed radius (rl) could be directly calculated
~from-the complex number 0, where the values ofV(ep—e) and ]rll will ber
used for the calculation of work which is done on the system as a result
of locally a&iabatic radial compressions. In other words, thé electron
conductivity and ion viscosity in oue—temperature.fluid_apprdximation
have exhibited the change of the phase angle between the extermal
perturbed pressure.and the perturbed radius (GP—GI) which imposes work

will be done on the system by the locally adiabatic radial compression.

..................

Our interest in systems of fusion have a large“fatio of length
to radius; because of this condition, non-adiabatic plasma flows can
occur along the length of plaéma as a result of locally adiabatic radial
compressions. However, the acoustic tramsit time.(lb/cs)‘between the
maximum and minimum of compression is ofi:the order of the pumpingiperiod

Q
adiabatic but the resulting "sloshing" back and forth along the Z-axis

(TP), and if r-§<AP, then the radial compressions will be locally

will be nonadiabatic because of the wave damped by the electron thermal
conductivity and the ion viscesity (and thus irreversible), and heating
will occur.

The change of work is expressed as follows:

AW=="P s AV R (3.9.1)
ext A _
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where
= external magnetic pressure (erg/cmB)

P
A = ﬂrz AZ
v

If one applies the perturbation analysis in Eq. (3.9.1), then the .

P AVY and P AV . i 1
ext0 extOAV 2 terms are zero because of the integration over a

cycle. Thus this equation will be

Mg = - Pl AV (3.9.2)

where

! = sin (k Z) ¢ sin (w -6
P 12 (p)« (pp)

1

Upon integration of Eq. (3.9.2) over ome cycle of the plasma column, the

v' =v, sin (k_Z) ° sin (w_t-6
(k 2) (0 £-6.)
“work on the system is found to be
_ T T
‘W= =2Tr,° p,° W_| dr’ °'j sin(w t-6 ) sin(w_t-~0 )dt
| oplpJ. | sin(ut-8) sin(o £~0)

° j sin“(k Z)dZ |

-

which includes only the leading correction to AV, After expanding the

sine and cosine and using the relation below,

' . 2 I S S
I (sin"ax) dx = > ¥~ %z sin 2ax

the work on the system is:

= —j-:. o -] o o VQ L3 1 o
W= o+ 5 Wro P wp Ty T L sin (ep er)
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where

|
it

lé?l (sec)
P

L

the length of the plasma column (cm)

Thus the work is:
W = nr .| | cLe sin (8 ~6) . (3.9.3)
01 1 _ , P T
-Where (results from the previous sections)
o =€+ i

0 ~6_ = tan T (8/€)

P
_ NN -
U LI IV LI GO
P, =P = () (B.°B")
17 Fexer T S Po
,'PéXtO (8ﬂ> (B )

The gquantity sin (Gpwﬁr) must be positive if work is to be domne on the
system,> If the total internal plasma energy is
= (3/2) PplaO (wrg)ﬂ(L), then the relative energy increase is

- expressed as follows:

= @D ol ™ (r gy 1D <Ppla0>“lo(Pexto>‘1°sin<ep—er>

(3.9.4)

GE

The work which is initiated by>the resulting "sloshing" back
and forth along the Z-axis is obtained by the locally adiabatic radial

compressions (dissipative energy is neglected along the radial
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direction). Likewise, one can say that the electron thermal conduc-
tivity and the ion viscosity cause a phase shift between the external
perturbed pressure and the perturbed plasma radius (GP—Gr)'Which gives |
‘us the work on the system. Mbreover; Eq. (3.9.3) and Eq. (3.9.4) which
are derived theoretically by using the linear theory, are used in our
numeiical calculatioﬁ.

3.10 Considerdtions. of Differernt Cdses
ip OnéATemperature'Radial‘FluidepprOXimation

In this section, we assume that there is a radial motion, and
the plasma freezes along the magnetic field (VZ=O) when the phase
velocity approaches infinity; -this means C%)Vé could be neglected.

Therefore, Eq. (3.6.11) becomes

Rl .o [ELJ - | ~(3.10.1)

o t
Based on our assumption aboVe; the momentum equation along the magnetic
field is’trivial; this means that there will be no dissipation of
energy due to the ion viscosity;. In addition, the relative perturbed

equation [Eq. (3.6.19] is written as follows:

ik%B)

¢ o . .
\ T' Hr'y :
D ol s ) = e 2: o (301002)
R .R@p0 TO] [ro]
where
1
R y=1

and Y = 5/3 is the adiabaticity index for the monatomic gas. Equation

(3.10.2) could be rewritten as:
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2Ke.

) L o (3.10.3)
gl o

ik
1+

prCV
Besides, the relative external perturbed pressure [Eq. (3.7.17)] can be

expressed as:

P [ 2 T AR - ) .
lsegt =8 %}_+.%%  - 4(1-B) %-_ (3.10.4)
ext0 0 0 o)
where
P
g = —pial
PextO

Upon substitution of Eq. (3,10.1) and Eq. (3.10.3) into Eq. (3.10.4), we

obtain the relation as follows: -

P e ,' -
EXt _ _ (4u2p) + —2BOED) o gx! - (3.10.5)
P , 2. e |r
ext0 . kKK 0 :
1+1
wCVp-
0
For Vz = 0, o can be expressed as:
o=~ (4=2p) + 2BOED (3.10.6)
2 e :
: . kK ' '
1 +'1¢C
v°0

The phase difference between the external magnetic pressure is given by

Eq. (3.8.12) and the magnitude of the perturbed radius is

CaY
lr l = P - o r_ - ° (IOL!)
! extl © 70 " Py -
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Hence, the work done per one cycle and the negative energy increase are

expressed as:

W= wzrleextll 7] L sin (8 -6) (3.10.7)
3E _ 1Yo (e _la . b 2o > Tt g4 -
T @D Uab T (R DT (R0 e st (856

. -1 : ‘

(P sr0’ (3.10.8)

In fact, this work is just derived for the radial motion if the plasma
freezes along the magnetic field (VZ = 0).

Consider now the extreme cases as follows:

k%

a)y if

e .

'<<1, then ¢ can be written as:

oLy
o = {(4-2B) + 28(y-1)}
For this case d is a real number, therefore, 6p~6r = 0. Thus

there is no work done on the system.

: 1%k .
b) if >>1, -then o can be expressed as:
wpC
0V
O & e (4=28) m;fgi—(y—_é-)——
- k'K /prCVY

Cif |Im(a) | << lRé(d)[, then there will be very little work done

on the system which is true in most cases.

k%

c) if

= 1, then the wotk will be done on the system and
YevPo '

this will be the region of interest.
It seems that work depends upon the magnitude of the umitless

e
k“K , : : o '
nm:nbez‘:-mp c in the plasma for the radial motion if the plasma freezes
ov
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along the magnetic field; when there will be no dissipation of energy

due to the ion viscosity.

3.11 Considerdtions of Different Cases

in ‘One-Temperature Fluid Approximation

Before considering and analyzing different cases in oﬁe—,
temperature fluid approximation, one should obtain a very simple
relation for a complex number ¢.. The equation of perturbed motion which

was obtained in the previous sections Eq. (3.6.20) is written as:

L i) - -
| 2‘9 + i e [—1-:;} V) = —%— + %‘ (3.11.1)
K°RT, P00 of ("o :
Eq. (3.11.1) can be rearranged as:
[ ‘9 4 . -
kmn Y2 | E A ,
1+ 1= (K v, = {-EJ ° 50—-1 . S—+-%— _ (3.11.2)
Po ) [ ¢ -\ 0 o o
where
¥ = 7 1
pl pr + Pz
P
and 3£'= 2:; ]
0 0
' .
%z . [_15} v
p_o Aw Z

p; and 80 are defined as above because of the simplicityvto the

calculation. Equaﬁion (3.11.2) can be rearranged as follows:

iun” a2 (ogll ey Pl g
- R () 1 R 4 B S ) ~(3.11.3)
0 o) o Po Yo
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If we combine

csO =Y E;
p! oy
and L=0o-2 f—
Po 0

. rl TY
2 E ez
P r.. . T.. .
Z . 0 — 0 . (3.11.4)
pO iwong ] W 2
-3 T ke Y
-0 s0}

In addition, the relétive'perturbed balance pressure equation is
expressed as:
P' . » . r' -
est _ _ (4-28) || +B Tt (3.11.5)
Pext-O 0

The relative perturbed energy equation, which was derived previously,

is:

2.e . . -
C ik"K CoY - : .
\4 i T fr! k| o _
5 [_To] 5 [.._r } + [w] vy (3.11.6)

In faet, Eq. (3.11.6) can be rewritten as:

TS o . oz o ' . ,
l + wc Tr__ ] ? ('Ynl) rr———— + m—ci (3 o,llu 7)
Po®Cy] o Pro  Po

For simplicity, let

fion %
' 1] W
A=l = o e |l y
» PO, kcsO'
_kZKﬁ
B=14+141 e
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Combining Eq. (3.11.4) and Eq. (3.11.7), one obtains

p' - 4
Z -
5= - (D/C) -63-'- (3.11.8)
0 0 ' '
and o
v D) B -
= (1-D/C) S - (3.11.9)
0 Po
where we let .
< y=1
C=1+-%
R Y ot
D=%"*2B

Upon substitution of Eq. (3.11.8) and Eq. (3.11.9) into Egq. (3.11.5),

the relative external perturbed magnetic .pressure can be written as:

y 1

25 = {28(0/C-) —'(-4-28)}‘[5—'} (3.11.10)
r
ext0 : 0 A
where we let o
e -‘iﬁl'
F= (1 D/C) [ .B;J
Assime o can be expressed as:
o = 2B(D/C-F) - (4=28) | (3.11.11)

Thus

Pt : N
EXE _ (5) - {;r__]

L o)
o defined from Eq. (3.8.5) is exactly the same as 0. which is defined

from Eq. (3.11.11).

- Consider the cases when the ion viscosity approaches zero. For

16 A - .Awn;"-_
, and L = 1 Km, then P = .043
-0

which is much smaller than unity, is negligible in our calculation. As

example, if T= 5 Kev, n = 5 x 10
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a result, there will be very little energy dissipation due to the ion

viscosity, and the calculated work on relative energy increase is based

on the electron thermal conductivity and the radial expansions and

compressions assuming process is not adiabatic axially. In addition,

we pointed out that the ion radial viscoisty can be neglected in our '

calculation in a very strong plasma (wt>>1).

The extreme cases will be discussed as follows:

W
2

a) If

<<, then A = Fzx0, and D/C = 1. o can be expressed

s .
as o £.4(B~1) which shows that o is a real number, therefore,

GP—Gr = 0. Thus, there is no work done on the system.

w12 o
b) If |—2-|" y 21, then A =0, D/CE1+—2—, and F & -1. «
: kcso . v-1 ,
can be expressed as:
J
' 1 k_K./p0°C wl B
o = 2 2+ + i - (4-2R] 3.11.12)
| 8 =) i (4-28) (3.11.12)
Let 8= .5 and 38 = 5/3, o is
92-.e
s%+1(3/2) . F-LE%—}
Po®™y
Now we consider Ehe following cases:
‘ k%KE .
1) If -t <<1, then o = 1/2. As a result, there is no
Py
work done on the system by the external magnetlc field.
, klﬁ, kX .
2y 1If >>1, then o = 1(3/2) , as a result,

0“Cy pC T

sin (6p=6r) = 1, As can be seen, the wotk is proportional

to the inverse of ]dl, if ldl_ﬁw, then w % 0.

k&K | 5
3) If (3)7—*~ﬂ 2 1, then sin (6 -0 ) = — . As a result,
PGy p 2 .

there ﬁill/be'ﬁork done on the wystem. '

)
c) If e B
s0
as:

~->>1, then D = 0, C =1, and F i.X:l. o can be expressed
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_l' .
o = =28 “’Lz_é - (4=-2B) (3.11.13)
KK
_l+i

oSyt

Consider now the following cases:
K%K
- PhCy
(ep-er> = 0. As a result, there is no work done on the

1) If <<1, then o is a real number, therefore, sin

system.
sz y . -
2) 1If >>1, then o es expressed as:
- p.wC .
0"V N _
oz 28 |2 TD b4 0py (3.11.14)

e .
szn/powCV
one can see that the'imaginary part approaches zero. Thus,
very little work is done on the system by the external

magnetic field.
: Ak'zlﬁ
3) If —
pOwCV
the system.

1, we have the maximum Wpfk that can be done on

ite

It seems the demand of work depends upon the magnitude of the

5 kX, W
unitless number 'C m and-kC
Ply - s0

approximation. Furthermore, the numerical results for work will be

.in the plasma for one-temperature fluid

discussed in the next chapter.

'3;12'}Conclusion

In this chapter simple analytical expressions were derived for
work (W ) which is done on the system as a result 6f logally adi&batic
radial compressioné and the relative~énergy incfeaSe £3%£, In édditiog,
the different cases (of wotrk) fér one;temperature fluid radial approx-

imation and one-temperature fluid approximation were discussed.



CHAPTER 4
DISCUSSIONS AND RESULTS

"4;1"Introduction

The purpose of this chapter is to explore and to evaluate the
heating rate in linear magnetic fﬁison systems caused by the radial
compressions due to an external magnetic field. In the previous chapter
an eguation was derived for thé heatiné rate. In this chapter the
numerical results which were obtained for the heating rate Will‘be
discussed and applied. A sméll code was written to evaluate the
analytical ekpression for relative energy-increaSe Eg. (3.9.4). Further-
more, follbwing the éondition that the mean free path is small compared
to the charaCtefistic>length; in this case:(xp/2ﬂ);:the fluid equations
can be applied with the addition of electron. thermal coﬁductivity.and

ion viscosity.

4.2 The Resonance Region

Before anything is said about the numerical results for the
relativeVEngrgy per cycle as a function of the unitless frequency
CE%—D,-one should consider the resonance region which is important for

our calculations. In order to identify the resonance region, consider

B3 o : 16 -3, . wni |
the case typical when T= 5 Kevand n=5x 107" cm 73 then;i—f»= 043
' o 0

which is much smaller than unity, is negligible in our calculation. As

a resuit, there is very little energy dissipation due to the ion vis-
cosity. The relative energy increase is caused by the electron thermal

48
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conductivity and locally adiabatic radial expansions and compressions.

As mentioned previously, when Viscosity is negligible and thermal

conduction is small (p<<l, see below), resonance is reached near =1

w
| kcso
for B<<1l, and the relative energy increase per cycle has its largest

. value. The region near resonance is, therefore, very important.

Consider now the relative energy increase as a function of

E%- for different values of the parameter P which occurs in Eq. (4.3.3)
s
and is defined as:.
k. K=
p o I | (4.3.1)
 pOCst ’

In order to relate the electron mean free path or ion mean free path

to P, the following expressions from Spitzer [Ref. 8] are used:

- 1.896 x 107 —
e 2
Z ni

(cm)

>
i

- A2 :
. Ai =1.89 x 10" T {cm)
» ZénJ '
i
where ~ :
T = the plasma temperature (K°)
ni = the jon number density (cmys)
and
L a0s w108 I e
| im—eoneme | £ ° X ————————— >
PoCCs z(1+2)n
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e
..K
The relation between ——%é——-and the mean free path for Z = 1 is,
o ' 0v's
therefore,
—_— = (47.62) A 4.3,
5gC.C. ( ) nfp (4.3.2)

Consequently, P can be expreéssed as:

= (47.62) - kP ° Amfp (4f3‘3)
where
k) = 2
P
'kP = the pumping wave length

Values of the relative energy increase per cycle have been
, ealculated as a functioniof w/kCS for different values of P. These
results are:plotted for different values of P, starting with Eiga 4,1
with the different cerves'labelednwith their values of Ak instead of P,
through the use of Eq.'(‘4.3..,3)° |

| From Fig 4, i for Ak<<1, oﬁe sees that the relative'energy
- increase around the resomnance regions has the hlghest values, and ( )'
e approaches .96, as it was expected, "When £ = ,1 the maximum relative
energies vary between’l'to 8 for differeﬁt vlaues of kp Amfp° In
addition, notice that when B inecreases, the peak will be shifted to the
lower values of ( )9 as is expected, see Figs. 4.1, 4.2, 4.3, 4.4
4,5. Furthermore, When inc_reasess the relative energy also
iricreases at the resonance. Freﬁ thé’engineering standpoint, a reason-
able value for I:SPB/PB which can be indicated on the figures,iis 1/3 in

order not to let the plasma reach to the walls.
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For example, the examples below will supﬁort the theory of
axiai collisional heating in linear magnetic fusion system and show how
our work can be used to estimate design parameters for a linear magnetic

fusion reactor.

Example 1:
In this example, the maximum relative eﬁergy is evaluated per

cycle as a function of an optimum pumping frequency (wP) when B = .1,

6

T =500 ev, and n = 5 x lOl cm_3. Under these conditions, A

A .‘mfpkp 18
2.1 x 10D3, Then from Eq. (4.3.3), P = 0.1 and Fig. 4. 1 shows that
the maximum (SE/E)/CGPB/PB)Z';.S-occurS'Wheﬁ'E%— = ,97. From

: s
Eq. (4.3.3), the pumping wave length is 3.8 x 104 cm. The optimum
- frequency for exhibiting the maximum relative energy on the system by

the locally adiabatic compression is, therefore.

w = .97 k_<°C
P P s
or
w, = 4.52 % 10° (sec™)
GPB .
If = 1/3, then the maximum relative energy increase, SE/E, for the
B '

optimum frequency is 0.89. That is, the energy increases by a factor

of 1.89 per cycle.

- Example 2:
Iﬁ this example, the maximum relative energy is evaluated per
eycle at the optimum pumping frequency (wp) when B = .5, T = 5 Kev,
3

and n>= 5% 101'6 cm . Under these conditions, if kp (the wave number

‘of pumping wave) is kept the same number as in Example 1
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(1.64 x 107" en 1), then A, k= .21 and from Eq. (4.3.3) = 10.0.

Figure 4.1 shows that the maximum (SE/E)/(SPB/PB)2 = 70 occurs when
W
kg

s

maximum relative energy on the system by the locally adiabatic compres—

= 0.63.  From Eq. (4.3.3), the pumping frequeney for exhibiting the

"sion is therefore,

w .63 sk = C
P p - 8
or

9.28 x 10° (sec™)

w
P

P

If B 1/3, then the maximum relative energy increase for the optimum

Fp

pumping frequency is 7.77. That,is; the energy increases by a factor
~of 8.77 per cycle.
- Comparing the results of the-exampleé éb0ve, the following

results are obtianed:

1. Frequency (wb) inérEaSes'for same Ap (the pumping wave length)

with increasing the plasma températufe _(T)°
2. The maiimuﬁ relative energy'increase with B.
3. Energy increase in-both eiamples is sufficiently large to be

useful .



CHAPTER 5
CONCLUSION

A simple method was proposed for performing work on the long
O-pinch system. In this system the plasma columms have a’large ratio
of length to radius. By using the eéternal magnetic field as a pumping
device it is possible to squeeze the plasma radially with a spatial
dependence that is sinusoidal along the plasma column.

The fluid équations were used to .describe the plasma dynamics .
under the condition that the'témperatures of the electrons and ions in
‘plasma are highly coupled. ‘By'coﬁpling the pressure balance condition
at the surface of the plaémé with ‘the fluid equations.an& using a
perturbation anaiysis; an analytical eﬁpression for the relative energy
increase was obtained, and it was,eQamined for different vélues of B
numerically. £ is definéd as the ratio of plasma~pressﬁre to the
external magnetic presSure: |

Values of the magimum relative energy for two different optimum
pumping frequencies (corresﬁonding to two different temperatures and
values of B) were Obtained; and the results compared to'e'ach.other°
The primary conclusion is that the pumping frequency (wP) increases
with the plésma temperéture aﬁd also the maﬁimuﬁ relative energy
‘increases with B, for é givén'ip (the pumping wave lqngth);. The
pumping frequency correspondé to thefresbﬁancé':egionq- The main results
obtained is that eneréy incréase is suffiéiently large to be useful.
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The results obtained are in qﬁalitative.agreement With out
anticipations. As a result; it is possible that the background plaéma
temperature could be increased unitl the necessary conditions for fhe
thermonhuclear reactions (i;e.; D-T reaction) are satisfied. The
- results obtained seem to s@ppoft the utility of axial collisional

heating in long linear magnetic fusion systems.
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