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CHAPTER 1

INTRODUCTION

In applications wheére the performance require-
ments of a servo Systémvpermit'the discontinous action
of a rélay; its virtue of high power-gain at low cost
~and weight provides a strong motivating factor for in-
corporation in control systems. Dynamic-advantages are
also. inherent in relay controlléd systems since they
utilize the full torque or forgingicapabiliﬁy at all
tiﬁes_which provides the maximum possible aceeleration
of the controlled variable.

;Alﬁ'the simplest system, the.sense of controll-
ing féfqﬁe or force is 6ontfolled by a relay whose
operation iS‘bésed on the magnitude(aﬁd sign of the
efroro Such. systems genepaliy havé‘a tendency to os=
eilléte at a magnitude and frequency dependent on dead
Spacegréystem dynamics; and rélay.gharaoteristicsa Com=
pensaﬁing networKS'which-make the réversal ofvcontrollé
ing torque or force a funétion'gf éame combination of
error &nd error Pate have beehhéropésed and. used as

s%ébiiizing devicess
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This error rate type of eompenéation is generally
referred to as an "optimim®, "anticipator™, or "predictor!
relay servo., A lead network in the feedbacﬁ path is the
simplest form of compensation. McDoﬂaid, (1) Hopkinsg(z)
and others (3s4) havé-pr@posed that the relay servo-
mechanism be modified by the substitution of é non-linear
network for the conventional linear lead hetwonkal-st@ut(S)'-
proposes a system wherein the sense of the torque 1s de-
termined by a comparison df the error and the sguare ofv
the error rate. Each of the above'techniques develops a
switching line or a to}que-reversél curve on ﬁhe phase
plane which results in improvéd performances
These investigations of error plus error rate
®optimum® type relay sefvoé have in séme cases shown
concern for the effects of relay time delay and hysﬁébm
esis. It appears from a review of the literature that
concera for the effects of.sﬁitdhing hystefesis'is"éither
ignbfed or treated as having equivélent effeet as relay
- throw time. This latter conclusion is partially true in
Ithat the inclusion of error féte from.first derivafiﬁé
feedbaék’deeé permit some capabiliﬁy to compensate for
relay hysteresis. The capabilitﬁ for total cancellations
éfpﬁheJdetrémental effects of fela&ihysterésis does not
egist’necessarily in rate feédback?but must be obtained

from' feedback derivatives of higher order.
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In the case of second order systems, the "dptﬁnumﬁ
torQue reversal curve passes through the ofigin of the H
representative phase pléneG 2Consequently the eon@ensating
effect of the error-error rate derived 6ptimum.swit¢hing )
curve becomes negligible for small valwes of error and
error rate. Since the effect of relay time delay on the
system is directly reiaﬁed téﬁerror rate, the ¥optimum"
torque reversal curve héndles this relay anomaly very
nicely. But since relay hysteresis E@Teets are'dependegt
on error as well as error rate, and the "optimumﬁvswitcﬁu
ing eurve héé negligiblé affect for small errors; the -
relay hysteresis cannot be totally compensated. o
© It can be generalij statedAthat if'sufficiéhﬁ o
dead zone is malntalned 1n a relay with tlme delay and
hyster651sg the system controlled by thls relay can be
at rest within this dead spacee The‘dead zone can be
méde smaller - still permitting the syétem to have an
equilibrium point m.by the addition of error rate to can-
cel the relay time delay; The minimum value of dead zone
will not be obbtained w1thout ‘either yhe elimination of
hyster631s or its eomplete cancellatlono
VThe second order relay controlled system studied
here can be at rest_inside é minimum‘dead'spaee'by the -
addition of error acceleration. It is shown that Ey a

proper choice of fifst and second derivative Feedbaek
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parameters, btotal elimination_of the effects of re}ay
time delay and hysteresis can be obtained. This eSSeN=
tially indicates that the characteristies of aVrélayg
as they affect a second order system, can be changed at
will by varying the first and second defivative_feedback
parameters.

Higher.order systems are likely tovrequire higher
order derivatives of the error if complete cancellation
of hysteresis is to be accomplished, This need not be
- the cése, however, if the syStem can be'séparated - as
it often can be in practical cases - to permit closing
a loop around the rela& and a second order portion of the
system with rate and acceleration feedback. This proce-
dure is identical to that of trying to develop negatiﬁe'
hyétéﬁesis to cancel the positive hysteresis inherent in
all electro-mechanical félaysa |

Describing function analysis (6) or a relay shows
that the consequence of the positive hysterésis is a
lagging phase angle. A'frequéncy analysié éf higher
order systems - where the application of a describing
function ié permissiblé_n'shdws that the hysteresis in
the relay has a destabiiizing ef foot. Series lead com=
pensation.is generally used, but it has been suvuggested (7)
that negative hysteresis compensation might be better since

series lead compensation accentuates moise.

3 .
2 oF
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The system studied here is of second order con-
sisting of an integration and a time constant; the relay
is assumeq to be a perfect ﬁwo posi%ion device: and the
loop is closed with unity feedbackes It is shown that thé
‘addition of a second derivative inner loop results in
system performance equivalent to that obtained ffom a
relay with hysteresis which is a funetion of systenm
velocity. The addition of rate feedback is seen to re-
sult in performance equivalent to that obtained from a
rélay with fixed hysteresis or a relay with fixed
hysteresis plus time delay. More importantly; the re-
verse,of'the above can be showﬁo An imperfect relay = with
hysteresis and time delay =‘can be made to perform as a
perfect relay be reversing the senéé of thé acceleration
an& rate feedback parameters.' Finaily, prerformance curves
of 1limit cycle period; maximum.vélociﬁy and amplitude are
developed with”the use of an IBM 650 digital computer
showing‘the affects of varying sense and magnitude of the
rate an&yacceleraﬁiOn feedbacklpéféﬁeterso »

gimulation of the system was accomplished on a
Reeves Electronic Analogue Computér° The results of'ﬁhis

analogue study are shown via photographs of resulting
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limit cycles. The effect of acceleration induced negative
hysteresis in a system with an imperfect relay is mosh

readily seen in the results of the simulation.



CHAPTER 2

'SCOPE

The purpose of this study is to determine the
affects of combinations of fate and acceleration feed-
back on the system shown in figuré 2¢1ls The analysis 1is
done in the time domain and»on the phase plane and as
such is considered to be an analysis of- transient responsé’
. to a step input or‘the response to an initial conditionﬁ»
The intent is to show the effect of rate plus acceleration
feedback on the limit eyele of the output variables

Phase plane analysis techniques are used té show

the existance of:a correlation between time delay and
hysteresis of a relay and rate and acceleration feedback
in the system shown in Figure 2¢15 |

Certain necessary conditions for the existance of
g limit cyele for combinations of rate and acceleration
feedback are developed in conjunction with determining
the necessary equations for an iterative solution of
('chéfa@teristics of the limit cycle for use in prog?amﬁm

ing an IBM 650 digital computers

T
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All of the analysis and computation is accomplish-
ed after the system has been normalized. Consequently
the results of the analysis and digital computation is
presented in a non-dimensional fofm.

The digital computer solutions are plotted to
show perlod, amplitude, and maximum velocity of the limit
cyclg as functions of the parameters of rate and accelera-
tionﬁfeedback.
_ Verification of analytical conclusions is obtained
through simulation on a RQAC (Reeves Electronie Analogue

Computer).

\ 4

X . < ¢ K X
J@ > RELAY S

Figure 2.1

The relay is defined as follows:

Fe :-'+Eal-,) s &20 2.1

feey=-£m@ %0 2.2



where:!
.tE(-r) -‘-'-‘i E 2@3
IECS) =t':s'€ 20}.1,

The + notation in equation 2.3 and 2.l denotes
*ECT) and +£E¢s) are equal to +E and +E/s respectively
for ézo s and =£() and—£¢s) are equal to -£ and -£/g
respectively for £<€ 0 . This notation is used through-
out and it should be undel:stood that the positive value
applies to positive error (t£ ) and the negative value to

negative error (-&).



CHAPTER 3
BASIC SYSTEM

The concern here is to show the effects of adding
acceleration feedback to the system shown in figure 2.1,
Before doing this, however, it is desirable to develop
equa’p,tions of the original system to serve as a foundation
for the investigation of additional feedback functionse

From figure 2,1 we can write

X . K |
:5(6)(5) S C7‘$+l) 3e1

and from equations 2.1 - 2.4

Xig = ——=
= 3e2
® SA(Ts+i)
Transforming to the time domain
T
Xm=¢krr(e + ,,-7%-/> . 3.3
The first derivative of equation 3.3 is
¢ + -Ty
X =Very=2kET(1=< ) 3,

-10-
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Equation 3.l suggests a change in variable since

it is evident that the maximum velocity achieved by the
system'has<a value of KE. Therefore to permit a general-

ization we can write
KE=\s 3.5
-7,
Xy =2 (™ Z2)) 346

Very = 2 V(1= 7). 3.7

Because of previous defiﬁitions, ﬁotably the
definition of the relay and the invariant characteris-
tics of the linear portion of the system, we can conclude
that with the exception of initial conditions the output
variable will always be defined by equation 3.6. The
effect of initial conditions can be shown as followss

Referring to equation 3.1, re-write to
TSQX&) +S Xcs) =1 KfCE)zs) . 3.8

For zero initial conditions this is equivalent

to the foilowing.
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If initial conditions X, and \/, are to be con-
sidered, the following holds,

j[:)'(cﬂ] = SXesy = Xo 3,10

J[)“(Cr)] = Sy = XoS -V, 3.11
Combining equations 3.9 - 3.1l we have

T3 Xesy ~THoS =TV +5Xe9) =X, =[':* Kféﬁ](s) 3.12

(7‘53+.5)X¢g = [ikécq"]@) + 7% +TV 4 Xo  3.13

Xeg = Exsay st X, +

T S(Msh) s s(rsh) scf\sﬂ)

The transform to the time domalin results in

X = \/{l‘(@ +q:-§ AT (= —%)

Vo 3.1

and the first derivative becomes

=T

-7
\/m =l‘\/.s(1~e/’)+\/,,c g 3416
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It is desirable to generalize the problem further
by normalizing to non-dimensional equations. This will
be done by the constants of the characteristic equation
\é and T . Therefore we can re-write equations 3.6,

3475 3,15 and 3,16 in their normallized forme.

-&
X = i'(C +t’-/) 3,17
.. e
Uty =i'<"e ) 3.18
¢ -4 |
Xy = (€ f—f—/) 1= f-fl) 3.19
-t -t
V) =-‘*—</‘¢ )+4)3€ 3.20
where,
X(r) "
Fo =GRy e T 22D
Ven Voer) T

Uy = Ve 3’%({):—\7—5— 3
Phase plane equations can be now written in the nor-
mallized form. Combining equations 3.17 and 3.18 yields
the phase plane equation for zero initial conditions.
Thus by eliminating é?,ﬁx can be written as a function

of veloclty U .

/)(:“4}’;/&(/-}'4)‘) | 3.22
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In 2 similar manner the phase plane equation
where initial conditions exist,

% 2o 3 D (1 349) +%0 405 + Lon (1-7)  3.23

ory

X, :—_(4)"-4)1,) ;:,ZA (17 -J-/Z«.(lwa) . 3.2l

It is evident from a comparison of equations
3+.22 and 3.24 that they are simi;ar except for an offset
in the X and 4~ axes by an amount equal to the initial
conditions 9¢ and 7. Consequently, the shape of the
trajectory in the phase plane is independent of the
initial conditions.

A curve of equation 3.22 has been plgtted and is
shown in figure 3.l. The tabulated coordinate for the
curve as calculated from the equation are shown in Table

I belowe
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Table I

2 e <2 x | v | X
+0.10 +0.000 +0.86 +1107 || =040 | -0,06L
+0420 | 40,02L || 40.88 | +l.241 || <0450 | -0.095
+0.30 | 40.057 || +0.90 | +1.403 || -0.60 | -0.130
+0.40 | 40.111 ||  +0.92 | +1.606 || -0.70 | -0.170
+0450 +0.194 +0.9L +1.873 || -0.80 | -0.213
+0.60 | +0.317 || +0.96 | +2.259 || -0.90 | -0.259
+0.,70 | +0.50L || +0.98 | +2.932 || -1.00 | -0.307
+0:80 | 40.810 || -0.10 | -0.005 ||-1.20 | -0.h12
+0.82 | +0.895 || -0.20 | -0.008 || -1.40 | -0.525
40,8 | +0.993 || -0.30 | -0.038

Tabulation of the Equation

el (1-)

X
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Figure 3.1

Normalized Phase Plane Trajectory
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As noted previbuslyg the shape of the phase plane
trajectory is independent of initial conditions. It
should be further noted that because the relay is a
simple on-off bistable device, +the error (&€ ) has no
affect on the shape of_fhe'trajectory other than in its
ability to reverse the direction of torque or forceo
‘This reversal caﬁseé a change in sign of the saturated
velocity which shows up in the phase ?lane as the equiva-

lent of a 180 degree rotation of the coordinates.

In the sYstem(of figure 2.1 with relay charac-
teristics as defined by equations 2.1 and 202,Vthe phase -
plane representation of a résponse to. an initial condi-
tion or step input Wou;d be a series éf trajectories of .
figure 361 alterﬁating with its inverse., The transition
from one trajectory to the other is‘éstablished by'the
"switehing line" or "torque reversal line" defined-by -
the relay. In this case the switching line would bg at
M = O or ‘X egual %o the magnitude of the step input
which corresponds to the error being zero at that %ime
due %o unity feedback. Thus the switching line is |
obviously dependent on the errer function and on the

-characteristics of the relay.



CHAPTER k4
ACCELERATION FEEDBACK

It 1s the Intent now to modify the error func-
tion by adding acceleration feedback. The system now
takes the form of that shown in figure L.l.

X < $© K X
3 > RE'LAY c S (‘1‘5‘“) >
Xa A3 5™ fe—4
Qe
Figure L.l

System With Acceleration Feedback Added

The error signal now takes the form of
where by differentlating equation 3.6 we obtain

)4-.2

i ' L -.é 'VT
X.zcﬁzaa (,,f"‘) é /ﬁ.

-18-
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Normallzing by V$'1”

¢

Y=t & , k.3
where | X2
TAEYT
a _ I .

We can simplify the presentation by noting that
the response to an initial condition 1is identical to a
response to a displacement step ;nput excgpt for a dis-
placement of the point of zero error equal to the step
input. Consequently, the limit cycle of interest is the
same for these two conditions, The discussion will hence-
forth be restricted to consideration of responses to

initial errorse, Therefore,

Een) ==Xer) =Ko (7) L5

and switching occurs for & = O, or

X +Xa@) =0
X =-Xa7)

o6
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The effects of acceleration feedback can be shown
readily on the phase plane. Requirement for torque ré-
versal are shown in equation lj.6 where the variables are
shown as explicit functions of time. Transforming these
variables to implicit functions of velocity (\/) does not

change the conditions where switching occurs, Therefore,

Xy == Xa(v) b7

defines switching on the phase plane or in normalized

coordinates
Ner) TR Lo
From equation 3.18 we can write
-t
E =/ lLe9
and since

Y =t (C;é) lye3

we can write

X = Xy (i‘l""ﬂ L4410
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Therefore, combining equations 3.17, 4.8 and L.10, the

torque reversal occurs when
XY= - o(?\(i""’) Lell

On the phase plane, this condition occurs at
the lintersection of the curve defined by equation 3417
and the straight line defined by the negative of equa-
tion L.10.

The switching 11n§ for response to an initial

error is defined as
’Ysa‘_ -da(il—'v‘) h..12

and for the case of & step input of);, the switching

line becomes
Ko = ’x,,‘-—o(& (i‘lv’U‘) Lol3

The limit cycle which develops whend{yhas a value
of -0e2 is shown in figure l.2. This is a response to
an initial displacement olf7°= -1l.0 and it shows that
the error is reduced to a limit cycle whose amplitude

is approximately 0.2
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A limit eycle with the same value of @{'g\ is shown
-in figure 3sli. Here the response is from a very small
imiti.al displacement showing that the error increases to |
the same limit cyele as in figure L3, We therefore have
a stablé limit eycle encircling the unstable singular

point at the origine(7)
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Figure U*2
Stable Limit Cycle With & =-0«2



Pigure 4*3
Stable Limit Cycle With = -0*2
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Simulation of the system was accomplished for
= -0.2 on the REAC. The resulting limit cycle was
photographed and two mirror images of it are shown in

figure

Figure
REAC Simulation
Stable Limit Cycle With =-0.2



CHAPTER 5
VELOCITY FEEDBACK

This subject-has beén treated before as has been

indicated in Chapter l. However, to preserve continuilty,

and since velocity feedback will be added %o acceleration

feedback 1ater9the development of equations and phase

plane presentétibn will be ngpagtéd aldng the same line

as in Chapters 3 and l.. We begin first with the systemb

shown in figure Sels

X¢

=

E o ] % K X
- Keeay SCrsn) |
Xi a,s |e

System With Velocity Feedback Added

-26-
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All of the equations developed in Chapters 2 and
3 apply to this case. We are therefore interested in
showing the error function and the switching line for the
case of velocity feedback.
From Chapter43,
.
X =2\ (€ ’4‘+--)

Very= 2V (1-e ’77\) 3.7
From Figure 5.1 w;e see that
Xy =a, Xen =a, Ven 5.1
Xien = *a,\s ( 1~ 7) 5.2
In like manner as in Chapter l we say that

Eer)=Xiey =Xeny - Xien) 5.3

but again we will consider the case of response to an

initial condition such that we can let)Q’= O. Therefore,

667') = “XCT) -Xi 7 S.ha
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and the point where switching occurs is when

e =0 = =X -Xicr),
x(ﬂ - “X« ) Selt

In viewing the situation on the phase plane we
note that the requirement for torque reversal, or
switching, is shown in equation 5.l as explicit func-
tions of time. Transforming these variables to implicit
functions of velocity (\/) does not change the conditions

under which switching occurse Therefore,

X(v) ==X V) 545

defines switching on the phase plane, and in normalized

coordinates,

’X('\f) :"x,(/u’\ 506

where

%(’U‘) = o(l/u- 507
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and since normalizing was done with\&ﬂ\on the equation

-7,
ch-r)=i‘ﬂ.\é(l-€ A\) 5e8

¢
¥ ) = T, (1-€ 5e9
Yitar) =,V 5o7

where
_ @

X, = 7—'5' 5.10

The condition of equation 5.6 appears on the

phase plane as the intersection of the curve defined by
Azear = b (1 747) 3.22
and the straight line defined by
xXs, = -, Sell
Consequently equgtion 5.1l is defined as the

switching line for velocity feedback, when the response
is to an initial error. The switching line for response
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to a step input is defined similarly but is offset by
the value of X, , thus

’XS' = ’x"’ .d‘,‘)- S.]Z

The limit cycle which develops when &), has a
value of -0.2 is shown in figure 5.2. This is a res-
ponse to an initial displacement of¥p= -1s0 and it
shows that the error is reduced to a limit cycle whose
amplitude is approximately Oe3e

A limit cycle with the same value of X, , is
showq in figure 5.3. Here the reéponse is from a very
small initial displacement showing that the error in-
creases to the same limit cycle as in figure De2e We
have therefore a stable 1limit cycle encircling the

unstable singular point at the origin.
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Figure 5.2
Stable Limit Cycle With o, = -0.2



Figure 5%*3
Stable Limit Cycle With = -0*2
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Simulation was accomplished on the REAC for a
value o f* = -0.2. The resulting limit cycle was

photographed and two mirror images are shown in figure

Figure $.1j.
Stable Limit Cycles With ex/ = -0*2
REAC Simulation



CHAPTER 6
ACCLERATION PLUS VELOCITY FEEDBA CK

It was established in the previous btwo chapters
that the switching line on the phase plane'was determin-
ed by the feedback of the inner loop. It is of interest
now to investigate the SWitohing line when both accelera-:
tion and velocity feedback are employed in the inner loops.

The system under consideration is that shown in figure

6q1w

X: o € |- s |« X
% o Reear | osasy |

| @5 e

5 %85 &‘ ‘a

Figure 6.1

Acceleration Plus Velocity Feedback System

w3l
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Relay characteristics are the same as those

defined in Chapter 2. The error function is now
CC-CS) =X ¢s) =X (¢) -Xice) -Xa (s) 6.1

To determine the basic equation for the phase
plane switching line, we will as before set X?Cg to zero
by assuming a response to an initial error. Therefore,
since switching occurs ﬁhen the error is zero, we can

write thils condition as occurring when
Xesy = = Xic9-Yacs) 6.2

Through identical processes previously establish-

ed we can with impunity write

X ==X ) =Xam)
Xet) = =% &) -%() 6.3
Ay = =% () = ’)(a»('\r}

It has been previously show that,

Xn=3] € 1t ] a1
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Y ct) =io<[/‘e'tj; 5.9

Yalt) = 2 e’ 5 b3
Ay = =z A :;4;\) 3,22
Vi) =Sy & 5.7
M = oy (1) . .

On the phase plane the condition of equation 663
occurs at the intersection of the curve defined by equa-
tion 322 and the line defined by the sum of equations
5.7 and .10, Therefore, the switching line for the

response to an initial error is defined as
YVsia = -0l —ol, (£1-) 6.

and for the case of a step displacement input of %,

the switching line becomes

Wsia 2N KV g (Flar) 65
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Re-grouping terms in equation 6.l, we have
Nsa = F Xy — (A —lo) V™ 6.6

which shows an offset from zero displacement indepen-
dent of velocity which is equal to the parameter of the
acceleration feedback terme. It is this offset which
lead‘s to the conclusion that acceleration feedback in-
duces an effective hysteresis.

The minus -plus sign in front of K 2distinguishes
between the conditions where the output variable ’)( is
accel,erating to a positive or negétive saturation
velocity respectively. We can then write two equations,
The first establishes the switching line for positive

saturation velocity, or positive torque (PeTe)e
’)Cs.a = -o(a— (d,—o‘;;)*v}"b 6.7

and the second establishes the switching line for nega-

tive saturation velocity, or negative torque (N.T.).

s = +ola = (o), 6.8
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We can discuss elther of the two equations and be
free to state that whatever conclusions drawn for one are
applicable to the other when the change in sign is taken
into account. We chose then the equation for positive
torque (P.T.) - equation 6.7 -; and assume negative values
for X, and (X, which independently yield a stable limit
cycle as shown in chapters |} and 5. We then re-write the

equation as
g1y =H oo | + (1) =10} 6.0

' It is of interest to shoﬁ the effect of varying
ld.land[&&l, and in particular to let these parameters take
on the values of =-0.2 and zero as in chapters L and 5. The
plots of these switching lines are shown in figure 6.2. Of
particular interest 1s the fact that the switching line be-
comes independent of veloclty when the two parameters are

equal,
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Figure 6.2

Switching Lines For Positive Torque

If Io(al is held constant and Io(,l allowed to vary;
the switching line will alﬁays intersect the X axis at
¥= lda{ , and the line will rotate clockwise about this
pivot as the ratio of ‘da/ : 'o(a' is increased. As long as

o(| 1s constrained to be negative, the counter-clockwise
bound of the rotation will be a line intersecting the A~
axis at +1.~,,0; and the clockwise bound of the rotation will
‘be the” axis. If X, is allowed to become positive; the
counter-clockwise bound becomes~) axis, amounting to a

full sweep of the four quadrants of the phase plane.
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Wifh thé observance of a ehénge in sign; it can be
said that a siﬁilar'si%uation exists for the negative
torque (N.T.) switching line. Ghénging the sign ofc{g fo
,é positive value has the effect of shiftiﬁg the pivot
point to the opposité half gf the phase planeo
Aﬁ illustration of possible positions éf the
switehing line for the various combinations of sense of
the @< andc}% parameters‘and fdr;positive'(P;Ta) or nega-
tive_(E?To) torque switching is sﬁo@n in figurés'6@3 and
6;&; 'AinegativeC%b\is shown in figure 6.3 and 'a positive
@{g is shown in figure 6.li. |
_ Stable limit cycles are shown in figufes 6°§ and
6.6. Both figuresvafé forc%é\?-=0§2'while figure 6.5 is
for &) = oy and figure 6.6 is fOr:é%j = -0alto
- ‘JThe system was simukxted-gn;the.REAC for an @42
—vaiue of =0.2, Figure 6.72 is a mirror image of the limit
cycle photographed for an ¢, value of ~0,2. Figure 6.7b °
is a mirrorAimage of the limit cycle photographed for an
a%, value df =0 olfo
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Figure 6.3

Switching Lines For

o™ 7.0
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Figure 6%4
Switching Lines For oZ* 7 &
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Figure

Limit Cycle For <X,— o"x
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Figure 6.6
Limit Cycle

0



Figure 6.7
Limit Cycles
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REAC Simulation
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CHAPTER 7 -
CORRELATION OF ACCELERATION AND VELOCITY
FEEDBACK TO RELAY HYSTERESIS AND
' TIME DELAY
7.1l Hysteresis:
Consider the system shown in figure 2,1 but that
theé relay exhibits symmetrical positive hysteresis as

shown in non-dimensional coordinates in'figure Tslola

A\
v

'?%aq

— — — i s i e

Figure T.l.l
Relay With Positive Hysteresis

“hbe
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- If we assume a zero input but begin with an initial
displéeament; the error function will be the negative of
the dispiacemenﬁ function and an investigation of the re=
sponse of the output would be equivalent to the analysis
of the error. Therefors, the same phase plane equations
apply as before and the swit@hing line is uniquely deter-
-m@ned by the relay characteristies.-

‘Thé”resultant phase plane presentation would be
similar to that shown in figure 6.5. It would, indeed,
be exactly equal to it if the hysteresis of the relay
() ﬁere identically equal to —df, éf ~0{q0f figure 6.5.

L - The conclusion from this comparison is that the
résponsefof this system with a&perﬁéet relay (figure 2.,1)
can be . made identical t6 a similar:system with hysteresis
in the;reléy simply by developing- the proper amounts of
ppsitiVe velocity and positive'aeceieration feedbacke

A sécond conclusion can be;drawn'by comparing the
switching lines for positive feedback (of; = @QZ= negati#e
value) to negative feedback ( c<,==.éét= pésitive value) s
Figur§ 6.3 shows the case forvppsiiive feedback, and if
We ﬁéfé in particular the case whefé @ﬁ =oly £ 0 we see
-Vtgaﬁ switching or torque reversal ig displaced by an
amount equal to the value ofc%; Thgrefore; a system

with a perfect relay and with positive velocity plus
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positive accelsration feedback»is equivalent to  a system

with. posiﬁive hysteresis in the relay itself.

A third conclusion arises upon noting operation
With negatiVé feedback. Figure 6.); ‘shows the positions of
switching 1inés for negative feedback, Noting specifically
‘the case where o} =oly 20, it=1s.seen the switching occurs
in advaﬁce by anhamount‘equal to at@isplaceﬁent determined
by the value of ¢{ o A relay exhibiting this advance
switching characteristic would be one possessing negative
hysteresiso We therefore conclude that 'a system with a |
perfect relay and with negativevveléoity plus negative
accelefation feedback has propgftigs analogouévto a system
with negative hysteresis in the relay itself,

Presentation of thevtrajectory on a phase plane
fér négative hysteresis is of no value since a stable,
finite, non-zero 1imit eyele dges_ngt existe. Use of
negative hysteresis induced byymegé@ive acceleration and
veloeity feedback can best be éﬁowﬁ?in conjunction with a
relay which podsesses positive]hyStéresisa |

Figure 7.1.2 shows the 1limit cycle caused by a
relay with a positive hysteresis'vaiue of h = Q. in
non-dimensional units. Figure 7.l.3 shows the limit
cycle of the same system after the addition of mnegative

acceleraﬁion and negative veloecity feedbaék; This limit



| | b9
reyele could have been reduced to~zePo by ketting e take
.on. the vealue of %Oaug'but the breséﬁtatiqn would have been
4®bscurredisince the 1limit cyecle appfeaqhes an infinite
‘freqﬂeﬁcy at zero amplitudeg This ‘tendenecy t6 an infinite
frequency can be eliminated only'byéletting the system
come to rest with the inciusionﬁofba dead space.
' | In the case of figure 6s1.2 /which is a represen=-
tation of'phase plane trajecﬁorigs;for the system shown in
‘figure 2.1 but with relay chafagteristios as shewn in
figure T.l.l, zero error oceurs forP{= 0. Because of the
hysteresis in the relay, torque reversal for the trajectory
‘beginning at Y = =1,0 does not oceur until X = 0.L. The
‘addition of negative feedback where-of, = oly = 0.3 causes
zero error'to occur at ) = ~0.3 ;Tgrque reversal occurs .
for <) =h + (-0,3) or at ¢ = +0.1. This resultent
advanced switchlng is shown in. flgure 7ole3 as a compari=
son to the switchlng shown in figure 7ele2 where negative
hyster631s feedback is not employed. All torque reversals
shown in figure Te.l.3 are m@&ifiédfin like mannere.

| ' It ‘should be noted that.the-relay operates on the
érror and the effect of either p@sitive or negative
hysteresis feedback is to put a step offset inté the error
function at time of.sw1tchingo- The sgg§e>gnd magnitude of
this step offset is determined by,tkmzs@nge»and magnitude

of é(' = 0(3\.0



Figure 7*1*2
Limit Cycle Relay
With Positive Hysteresis
h = Odl.

i
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Figure 7%1.3

Limit Cycle
Relay With Positive Hysteresis
and Negative Hysteresis Feedback

h 0.4

0.3
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7.2 Time Delay

‘A1l bi-stable devices exhlblt some time delay in
switchlng from one mode to the othercv This is particularly
true in electromeghanlcal relays due to the time,requlred
for the contaets to travel from one position 6 thgiéthere
This typé of delay is generally nbt symmetricélf bu£ the
follow1ng discussion will assume symmetry and that the
time delay is 1ndependent of the hysteresis characterlstlcs
.Qfdthe_relay@ That is not to sayﬂt@at hysteresis‘and time
délay afe necessarily attnibutéd[tp‘separate and independent
causes but that the e@fects of time’ delay on_sjspemdperforw
ﬁanéé éaﬁ be treated ;ndependeﬂﬁly'bf the effeé%é éf “
‘hystere31s® |
e 'The treatment of the affects of relay tlme delay
have been treated before (8) but will'be repeated here for
eontlnuitye Let us consider the system of figure 2.1 and
~add. time delay to the relay. The resultant phase plane
kpresentati@n is shown in figure T7.2.l. Note the similarity

to figure 5.2,
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Figure 7»2el
Limit Cycle
Relay With Time Delay
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Without time delay, the switcehing line would have
been % = 0, and the first torque reversal would have been
at point A. However, becausefof the time delay actual
switéhing does not occur until point B is reached., Similar-
"ly; the second reversal Would have occurred at point C;
but was deldyed to point D. The process repeats at points
E and F and ad-infinitum. |

An examination of equations, 3®19 and 3,20 ylelds

the follow1ng°

L
=—(- zf+/u-'e )%%Mf«;—ir .24
ahd'since
-& : ./{7 o
s =€ 4+ | 3,20

combining equations 6.2.1 and 3.20 gives

t= (k- + (zu—;,u;)

7a2e2
t = ARt D

In other words'the‘time between any two points on
the trajectory is equal to the change in coordinates.

(Normalized coordinates and time o)
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We could therefore first define time delay as
being tg ; and combining equation 7.2.2 and the points on
the trajectory of figure 7.2.1 note the following ex-

pressione.
Za="Xg=Yat V-3
= /XC —/XD +’U2‘1}5 7243
ct.c.

These equations permit drawing a curve for the
switching points as they are skewed by the time delay.
However; a straight line 1is a good approximation.to this
curve. The effect of the time delay is tp skew the
strajight line approximation of the switching curve from
the vertical in the phase plane, and quite approximately
the angle of skew isiaﬂqﬁ; in the clockwise direction.

The skewed switching line drawing in figure 7.2.1
is the same asg that for Oﬂ = =0.2 in the system of figure
5.l. The angle of this skew i1s@:=f. &, + From the pre-
vious approximation we can say that time delay in the sys-
tem of figure 2.1 is qulte approximately equal to the same
magnitude of-a} in the system of figure 5.l.

Compensation for time delay in this system can be
readily accomplished with velocity feedback. Since time
delay skews the switching line clockwise, we would want
the addition of veloclity feedback to skew the line counter-
clockwise. It is readily seen that a positive &, will do



-
this and its magnitude would be equal to the time delay,

in normalized coordinatess

743+ Hysteresis Plus Time Delay |
 If we combine hysteresis of h = 0.2 (normalized)

as shown in figure 7.l.l with a time delay Zy =0.2 nor-
malized seconds and apply this'towfhe system of figure 2.1,
the result and phése plane trajectory is that of figure
7.3+l It should be noted thawb thts is identical to the
system of»figﬁre 6.1 with an acceleration feedback para-
‘meter O3 = 0.2, and a velocity feedback parameter
= -0olt | |

| Compensation of a relay with hysteresis and time
delay would be accomplished by use of positive accelera-
tion and velocity feedback parameters (e andely ). In the
case of figure 7;3;1; complete cancellation would be oftainw
ed by developing equal and opposite negative hysteresis
and anticipation time with parameters of o{, = ;Oeﬁ and

ofa =40 e2.'o
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Figure 7.3*1
Limit Cycle
Relay With Hysteresis and Time Delay
h = 0.2
6 = 0.2
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A system of figure 2,1 but with relay hysteresis
of the type shown in figure Tolol -was simulated on the
REAC. The resulting limit cYclewis”shown’és:the outer
1imit cycle of figure 75302¢é@k When negative velocity
and negative acceleration feedback wére added the result
was the smaller 1limit cycle of figure 703;2§ao‘

Figure 7e3.2eb shows the;lggit cycle vanishing to
‘ero when oly was set to +0.05 andief, to +0.15s The method
of .simulation of hysteresis introduces a 0.l second lag.
This accounts for the requirement- that the value'ofiﬁﬁ be
gre;ter than that of ofy by this.ambunt.to cause the limit
cyele amplitude to vanish. The amq?ﬁf of hysteresis
simulated corresponds very Well;ﬁﬁémthe smount of ofs used
to eliminate its effects. aIt ShOuid be noted that without
any acceleration feedback, velocity feedback by itself
could not cause the limit cycle to vanish regardless of

how large of, was madeo



Figure 7%*3.2
REAC Simulation
Relay Hysteresis With Time Delay
and

Compensating Positive and



CHAPTER 8
REQUIREMENTS FOR THE EXISTANCE
OF A LIMIT CYCLE

The following is the development of some necessary
con@itions for the existance of a finite 1limit cycle for
the system shown in figure 6.l. From the preceding we can
re-write and combine these equationse.

Positive Torque (PeT.):

- - -t
7(:{&‘#*6 } +{’)‘o+4’%""3¢ } 8.1

W = {u] = 1mo7) (93] i .

Fotop, 4y = ot G- ("""M"J'H"S} s

Negative Torque (N.T.):
-t -t
= ={ 196 Y sforomine "

-60 -
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Y+ == {’(o} + é’ C1+a%) ("‘"JA)} C..é 8.5

iy, 4y = { («om)-l'(l-elb}+{("’“’°)("°"*°‘4\}5¢"t 8.6

In the abové; “Xp and 4Jp are the initial conditions
at the start of a trajectory and 7Y and 4~ are the final
values at the end of the' trajectory when switching occurse.

A requirement for a finite limit cycle is that
“swiﬁching occur for all trajectories at some finite non-zero
timev. Since switching will occur only when<f+ -y, = O; it
is necessary to examine equation 8.3 for the case of
switching from positive to negative torque and equation
8.6 for the case of switching from negative to ﬁositive
torque.

First we examine the case for positive torque and

re-write equation 8.3 thusly for convenience,

-t
“xp = Ap+8pe 4T 8.7
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A plot of this equation could take any of the 3 general
forms shown in figure 8.1, all depending on “¥pat t=0

r¥p a M :

AP+BP

> —— T

Ap'rBP 4 /

Mxp

Ap+Bp ‘K\\\ s

v

Figure 8.1

The case of figure 8.,la does not result in
switching since the initial vd ue 1s sufficlently high
such that the function never becomes zero. Figure 8.1b
shows that as long as 7‘P is negative at t = 0; the function
will pass through zero since the system is being driven by
positive torque toward positive veloclity saturation and

positive values of displacement. Therefore one requirement
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which will result in switching under positive torque is
that

Apt8Bp <L 0 848

fumn)-(-0) + §0- (i Lo o

Switching will also occur if the situation is
represented by figure 8.lc. It is necessary to determine
‘ ' i
that the minimum occurs for a negative value of Xp .

Therefore we set

R s
’)(P=/-?Pf =0 8.10
solve for t
ch—tgl 8.11

f-:‘A Bp ) Ep 22 8.12



Then by substituting in equation 8.7, if

p=hp+l +a Bp £ 0 8.13

switching will occur. Hence switching occurs if

{ (- (-4 +0Q3 70 8.1L

{(%mr,)-(l—el)} + *A();dfb) 2l (1-4345) 20 8,15

Requirements for switching while driving under
negative torque are determined in a similar manner. The
différences are that during negative torque trajectories
we are searching for -~X+2g 4-x passing through zero from
positive values to negative, or in lieu of this ifx#%+7%Q
starts with a negative value we search to see that the
maximum is positive. The requirements for switching to
occur are summarized as follows:

POSITIVE TORQUE:

Switching occurs if

| { (Kot 5) -(; -A.)} + { ( l'/x)z,)(I—o(ﬁdQ} L0 849



or if

and

{C”‘D*""th-('-dbj +1 + Lo (172) 4 (1-0y 4l2) £ 0

f (1-273) (1 '-d(rh’(g)} 70

The case where

{ (’Xo-/’U‘o)"(/-ol)} + { (1-3) ( |=d ‘.H;S} =0

is indeterminatee.

or if

NEGATIVE TORQUE:

Switching occurs if

g (%Wo)-t(l-o(h} + { 1-3)(1- & ,44:)} 70

{ (-1-v5) ( ;-.x,wa)} Lo
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81l

815

8416

8417

8.18



and
et 1G] =1 +h ) Gt [} 20
The case where

{(%wm(/-db} + { (~1-y) (/-a.w,-h} =0

is indeterminate.

66~

8419

8420



.CHAPTER 9
DEVELOPMENT OF DESIGN CURVES

It is desired to determine:maximum.veloCity;
smplitude and period of the limit eyclé for various
) and A3 . The précess requires a cyclical solu-
tion of sir equationss 3;19;'3q20;'8@3 and 8060 The
procedure is as follows, o .
Given any set of initial ngditions which cause
’tﬁe system to drive to a positive saturation velocity
under positive torque (PoT.). Solvé‘first for the time
taken to reach a switehinglline whieh corresponds to
K+ + = 0. Therefére; solve for t in equation 8@3;
and using this t snd the initlal conditions, solve for
Aand - in the P.T. equations of 3®;9'and‘3;20; These
last two Sbluﬁions provide initial.conditions for solving
t in the negative tordﬁé N.T. equation 8.6, A solutién
of the N.T. portions of equations-319 and 3-207yieid;
values for’x,and4f“whlch beccme 1n1t1a1 condltlons for
equatlon 8e¢3. Thus one cycle 1s completeda |
. These equatlons are showng rearranged and 1n the

proper cycllcal order as equatlons 9 1 through 9aée

b7~
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Positive Torque (P.T.):

‘ "tn-a
(I—'U;.R)(/ "a(,-fda)ﬁ + i‘y\-,‘ = (l —o(b- (’Xn-;\""u:- ) 9.1
<t
Ky = ("‘"’:\-3) C  +Eno) +Hn-a tVnaa | 9.2
’ ~Eny
’U:\-l :'(/U:—D._I)C "” 93

i

Negative Torque (N.T.):

| <t
("WR—D (-dtds) € "=ty == (Fauy w;.)- (1-<)) 9l
’Yn‘-"("fw-.)ﬁ- “"‘tn o+ + | 9.5
i
v = (ler)e = 9.6

The cyclical solution of these equations was pro-
grammed on an IBM 650 _digital computer for varlious values
of O’(, and 0(3 e The so]'.ut‘ion for each combination of &
and 0(9\ was begun under positive torque for initial con-
ditions¥n.g = -1.0 andWVn.5 = 0. Since it was previously
shown that the initial condition has no effect on the final
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1limit cycle, no generality is lost by beginning the cycli-
cal solutions at any specific set of initial conditions.

A cycle of solutions is defined as solution of
eQuations 9.1 through 9.6 in that order. These cycles were
repeated until a ‘éh agreed with a fh.,,‘ to within 0.0170.
The cycling was then stopped for that particular set of oﬁ
and;c(a o In no case were more than six cycles required.

' Since the 1imitvcycle is symmetrical, the last
solution for t 1s the half period of the limit cycle to
within the accuracy stated. As can be observed on the
phase plane, the last A solved is the maximum velocity of
the limit cycle to within the accuracy stated. The solu-
tion for the amplitude requires a different set of equa-
tions.,

It is noted by observation of the phase plane that
the maximum value of “¥ occurs forA = O , and that this
value is symmetric about the A/ axis. We should be able
to take equation 3.20, set AS to zero, solve for t and
then solve for¥a.g, in equation 3,19 with this value of t.

Therefore for positive torque,

-t -t
K= é-"}'t +/K°7Ar3 -"Ge 3.19

Univ. of Arizona Library
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-t -t
V=/-€ tug =0 9.7
-t /
6 = [-4}'0 908

Z= A (1-) 9.9
Substituting in equation 3.19 we have
Krmax =%+f‘)3 ‘Ivé» (’""fo) 9410

Similarly for the condition of negative torque

-% -t
K2=CH| =€ K |G- €

3.19
& ~&
v==/te e 50 9.11
<t
€ = 1+ 9.12

t= M (I-WB) 9413

Substituting in equation 3.19 we have

Vo T Yot 4y (121 9.14






CHAPTER 10
'SUMMARY AND CONCLUSIONS

Time domain and phase plane analysis shows that
induced positive hysteresis effects are obtainable in a
second order System by the use of positive acesleration
.feédback; When positive acéeleration feedback is used in
cOnjqnction with an equal amoun£ 9f1positive velocity
feedback a step offset is devplapgd'in‘the error function
~ which actuates'the relay. Thév:ésﬁlting effeet is similar
to that obtained for positive hyétéresis in the relay it-
self., These conclusions from the analysis were confirmed

via. simulation on a Reeves Eleetronic Analogue Computer.

Because the step offset can be obtained with
positive feedback of the first and second derivatives
resulting in positive hysteresis effecfs; an immediafe
implication asserts itself that a step offSet could be
obtained with negabive feedback of the first and second

derivatives with a resulting negative hysteresis effecto.

-T2
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This concept of negative induced hysteresis was shown via
phase plane analysis and proven Wifﬁbanalogae simulation,
o The effects of relay time delay have been investi-
- gated in the pasta It was shouwm here that similar effects
can be obtained with posgitive velocity feedback. Previous
works have shown that relay servo performance canlbe im-
proved by the ﬁse of negative velocity feedback as evidenc-
ed by the.deereased amplitude of:the limit cycle; REAC
simulation during this study showed that if the relay con-
tained hysteresis that the limit cycle remained finite and
non-=zero regardless of how much negative vélocity feedback
was used; but if negative acceleration feedback were added,
“the limit eycle could be made to vanishe
Tt has been shown in time QOmain'an&’phase plane
analysis that a gystem with a‘perfegt relay can be made to
perform like a sysﬁem with a'relayuof any ecombination of
positive or negative hysteresig and}tim@ delay or antici-
pation by the use of first-and second derivative feedbacke
Although this study did not digresshto analyze performance
of a|system‘w1th'a relay p@ssessingﬁhysteresis and time
delay, REAC simulation showadﬁ%hat a similar conelusion for
a system using this type @f an imperfect relay can very

likely be drawn.
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Data obtained from an IBM 650 digital computer is
plotted in' Appendix A showin 1imit cycle amplitude; maxi-
mum velocity and half period as functions of the normalized
aeéeleration_feedbaék parémeter @(a@ Pamilies of these
curves are‘shown for various normalized veloecity feedback
parameters é(ﬁo These curves are for stable limit cycles,
and consequently they are for ﬁhé:ﬁést part for positive
feedback ( @(g) @(a L0 ),

These curves can be used directly to develop any
desired limit cycle for a system using a perfect relay.
0f more important use is that of migimizing or eliminating
a limit cycle of a system using an;imperfect relay with
hysteresis and time delay. Alfhbugh'the ma jority of the
curves -are for positive feedbaekjﬁﬁieh is necessary for
a stable 1limit c¢ycle, reversing,thejsense of these para-
meters results in negative hysteP631s and anticipation,
Thereforeé if a system with an 1mperfect Pelay has a stable
1imit eyecle, 1ts prapertles.cf:amplgtudey period, and maxi-
mum velocity can be compared tQAthe:curves and a determina-
tion of parameters which would yieid a similar 1limit cycle
with a perfect relay can be estimated., TUse of these
parameters but of opposite sign will result in a reduction
or elimination of the limit eycle iﬁ the system with the

imperfect relay.



=75=
Excellent correlation of the properties of thé
1imit cycle as defined by the design curves has been
established by a graphical phase plane solution and on

the REAC simulation.



CHAPTER 11
SUGGESTIONS FOR FURTHER STUDY

11,1 Higher Order Systems
Indications are that the step offset in the error

fuﬁétion de#eloped by equal amounts of first and second
derivatives will not occur for systems of higher order
than the second. It appears that ﬁighér derivatives
would be required. It would be desirable to know these‘
reqairemehts in detail, |

‘ If first and second deriﬁative feedback can be
closed about a second order portion - immediately f011@Ww
ing the relay - of a higher order system, the total system
performance ls likely to be improved by induced negative
‘hysteresis. It is suggested that a'sﬁudy of this type of

compengation would-be of benefits

'11.2 Frequency Analysis

| Non=linearities in higher order systems are mofa
readily handled with the describing function technique.
It would be desirable to determine. the éffecﬁ of induced
negative hysteresis on phase and gain margins to facilitate
use of this eoncept for frequency Pesponse methods of |
analysis and synth@siso- |

=T =
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- 11s3 Adaptive Servo

Use of velocity and acceleration feedback in a
contactor servo can result in a limit cycle whose pfopern
ties are dependent on the véloeity and acceleration feed=-
back parameteré and system gain and time constant. It is
suggested that a measurement of one or more properties of
the 1imit eyele plus the knowledge of the velocityﬁéﬁdxa
aceceleration feedbéak parameters might permit a détefﬁiﬁam
‘tion of the system gain and time constant. In control |
Systéms where gain and time constant vary appréciably
%broﬁghout the control P@gﬁﬁé;>kn@ﬁledge bf ﬁhésé prépern
ties as they vary could-bé'ﬁseé_tg gdapt the servo to pfe“ -
serve a constant performance figﬁﬁe of merit. It is sug-
gésted that an adapting ﬁééhnique_might be devslopéd‘
ﬁﬁiiiZimg measured 1imit cycle propefties and the ﬁéieci%y
éﬁd adéeleration feedbéak'pafametergAto vary siéﬁém éaiﬁ'
ov’tﬁeﬁ%g ;eﬁg&'valﬁeiﬁy'ama éé@éiération feedbé§k pafa%
météfé themselves, . ’ o o
1lel. Response to Noise

It has been suggested that‘ﬁegaﬁive hysteregisfémmm
pensation might be less suSGep%ibieﬁto noise[than series

lead'ﬁeﬁworks which are ofter used to ilmprove pérféfmance
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degraded by positive relay hysteresis. It is suggested

that this thought be investigated.



APPENDIX A

DESIGN CURVES

Figures AL, A2; and A3 are curves of the cyclical
solutions of equations develaped'in Chapter 9. They are;
respectively half period, ampliﬁude; and-maximﬁm velocity
plottéd against the acceleration feedback parametefﬁﬁé for
various values of the velo@itj f¢edback.parameterA@@g.o

There were very few casésthePe*a 1limit cyecle
existed for negative values oﬁA@%a,o Consequently; no
attempt was made to include these values 1Iin the desigﬁ
curves.o - _

It shoﬁld be noted that these curves are normaliz-
ed, and conversion to an actual system will require use of

the normalizing quantities shown in Chapter 3.
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APPENDIX B
ANALOGUE STIMULATION

The systems disaussed in.ﬁhe text were simulated
on a type ClOi Reeves Electronic Analogue Computer. Noré
malized system time was equated to real time on the com-
puter. |

_ Figufes Bl, B29 BB;‘and'Bh*are functional schema=
tics of the simulation of hysﬁeresis; perfect relay, sys-
tem with perfect relay and positive hysteresis feedback,
and system with positive hysteresis relay and negative
hysteresis feedback respecﬁivélyo

The method of_hyster35154simu1§ﬁion results in
posi tive hysﬁeresis and a first order lag whose time con-
stant is set by the gain of “the loop. The gain of this
loop is 10, and the resuitantftime_eonstant is 0.1 secénds;
The time constant of the system is 1,0 second, and since
‘this differs from the time-éonstant‘of the lag by the order
of one magnitude, it 1is assumed that the quality of the
simulation is adequate.

The output of the simula ted relay was set at 100
volts, and since this works into a first order log simula-
tion whose gain is unity, the mormalized saturation velo=-
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city is GOnseqﬁéntly scaled to 100 volts. The gain of the
integrator is also unity, and therefore the displacement
variableﬁglalsb has thé same seale factor. |

The photographs of 1imit cycles wefe obtained by
placing the oubtput vaﬁiableﬁ% on the horizontal deflection
plates of a cathode ray QSCilioéque while the oubput
variable ) was placed on the”véftical deflection rlatese.
Photographs were takenvwith_a Poloroid Land Camera, and
since the camera views the scope face through a mirror, the

photographs.ére mirror images of the 1limit cycles.
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