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CHAPTER 1

IM ’RODUCTI OH

In  a p p l ic a t io n s  where th e  perform ance r e q u i r e ­

ments o f a servo system  perm it th e  d is c o n tin o u s  a c t io n  

of a r e la y ,  i t s  v i r tu e  o f h ig h  power g a in  a t  low c o s t 

and w eight p ro v id es  a s tro n g  m o tiv a tin g  f a c to r  f o r  i n ­

c o rp o ra tio n  in  c o n tro l  systems* Dynamic advan tages a re  

a ls o  in h e re n t in  r e la y  c o n tro l le d  system s s in c e  they  

u t i l i z e  the  f u l l  to rq u e  o r fo rc in g  c a p a b i l i ty  a t  a l l  

tim es which p ro v id es  th e  maximum-.pqssible a c c e le r a t io n  

of th e  c o n tro l le d  v a r ia b le *

In  th e  s im p le s t system , th e  sen se  o f c o n t r o l l ­

in g  to rq u e  or fo rc e  i s  c o n t ro l le d  by a re la y  whose 

o p e ra tio n  i s  based  on the  m agnitude and s ig n  o f th e  

error®  Such system s g e n e ra lly  have a tendency  to  o s­

c i l l a t e  a t  a m agnitude and frequency  dependent on dead 

sp ace , system  dynamics., and re lay , c h a r a c t e r i s t i c s  * Com­

p e n sa tin g  netw orks which make th e  r e v e r s a l  o f  c o n t r o l l ­

in g  to rq u e  or fo rc e  a fu n c tio n  of some com bination  of 

e r r o r  and e r r o r  r a te  have been proposed and used as 

s t a b i l i z in g  devices®



This e r r o r  r a te  type of com pensation is  g e n e ra lly  

r e f e r r e d  to  as an "optim a#'s, " a n t ic ip a to r " ^  o r " p r e d ic to r '9 

r e la y  s e rv o s A le a d  netw ork in  the  feedback p a th  is  th e  

s im p le s t form of com pensation,, McDonald# H opkins# ^ ^  

and. o th e rs  (3»W have proposed  t h a t  th e  r e la y  se rv o ­

mechanism be m od ified  by th e  s u b s t i tu t i o n  of a n o n - l in e a r  

netw ork fo r  the c o n v e n tio n a l l i n e a r  le a d  network® S to u t 

proposes a system  w herein  th e  sense o f th e  to rque is  de­

te rm ined  by a com parison o f th e  e r ro r  and th e  square of 

the e r r o r  r a t e  * Each of th e  above te c h n iq u es  develops a 

sw itch ing  l in e  o r a to rq u e  r e v e r s a l  curVe on th e  phase 

p lan e  which r e s u l t s  in  Improved performance®

These in v e s t ig a t io n s  o f  e r r o r  p lu s  e r r o r  r a t e  

"optimum" type r e la y  se rv o s have in  some cases  shown 

concern fo r  th e  e f f e c t s  of r e la y  tim e delay  and h y s te r ­

e s is  ® I t  appears from a rev iew  o f th e  l i t e r a t u r e  th a t  

concern fo r  the e f f e c ts  o f  sw itch in g  h y s te re s is  is  e i th e r  

ignored  o r t r e a te d  as having e q u iv a le n t e f f e c t  as re la y  

throw, t im e e This l a t t e r  co n c lu s io n  i s  p a r t i a l l y  tru e  in  

th a t  the  in c lu s io n  of e r r o r  r a t e  from  f i r s t  d e r iv a t iv e  

feedback does p erm it some c a p a b i l i ty  to  com pensate fo r  

r e la ^  h y ste resis® . The c a p a b i l i ty  fo r. t o t a l  c a n c e l la t io n s  

o f th e  d e tre m en ta l e f f e c t s  o f r e la y  h y s te r e s is  does h o t 

e x i s t  n e c e s s a r i ly  in  r a te  feedback bu t must be o b ta in ed  

from feedback d e r iv a t iv e s  of h ig h e r  order®



In  the ease  o f second, o rd e r system s$ th e  **optimum" 

to rq u e  r e v e r s a l  curve p asses  th ro u g h  the o r ig in  of the 

r e p r e s e n ta t iv e  phase p la n e „ C onsequently  th e  com pensating 

e f f e c t  o f th e  e r r o r - e r r o r  r a t e  d e r iv e d  optimum sw itc h in g  

curve becomes n e g l ig ib le  f o r  sm a ll .v a lu e s  o f  e r r o r  and 

e r r o r  ra te *  S ince th e  e f f e c t  of r e la y  tim e d e lay  on th e  

system  i s  d i r e c t l y  r e l a t e d  to  e r r o r  r a t e 9 the Sfoptimum” 

to rq u e  r e v e r s a l  curve h an d le s  th i s  r e la y  anomaly very  

n ic e ly * But s in c e  r e la y  h y s te r e s is  e f f e c t s  a re  dependent 

on e r r o r  as w e ll  as e r r o r  r a t e 9 and th e  ” optimum” sw itc h ­

ing curve has n e g l ig ib le  a f f e c t  f o r  sm all e r r o r s ,  the -1 

r e la y  h y s te r e s is  cannot be t o t a l l y  compensated®

I t  can be g e n e ra l ly  s t a t e d  th a t  i f  s u f f i c i e n t  

dead zone is  m a in ta in ed  in  a r e la y  w ith  tim e delay ' and 

h y s t e r e s i s ,  th e  system  c o n tro l le d  by th i s  r e la y  can be 

a t  r e s t  w ith in  th i s  dead space® The dead zone can be 

made sm a lle r  -  s t i l l  p e rm it tin g  th e  system  to  have an 

e q u il ib r iu m  p o in t -  by th e  a d d i t io n  of e r r o r  r a te  to  can­

c e l  the r e la y  time delay® The minimum value  o f  dead zone 

w i l l  n o t be o b ta in ed  w ith o u t e i t h e r  th e  e l im in a tio n  o f
. . . f

\

h y s te r e s i s  o r i t s  com plete can ce lla tio n ®

The second o rd e r  r e la y  c o n tro l le d  system  s tu d ie d  

h e re  can be a t  r e s t  in s id e  a minimum dead space by th e  

a d d i t io n  o f e r r o r  a c c e le r a t io n .  I t  i s  shown th a t  by a 

p ro p er cho ice  o f f i r s t  and second d e r iv a t iv e  feedback
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param eters^  t o t a l  e l im in a t io n  of th e  e f f e c t s  o f r e la y  

tim e d e lay  and h y s te r e s is  can foe obtained* This e s se n ­

t i a l l y  in d ic a te s  t h a t  th e  c h a r a c t e r i s t i c s  o f  a r e l a y @ 

as they  a f f e c t  a second o rd e r system* can foe changed a t  

w i l l  by v a ry in g  the f i r s t  and second d e r iv a t iv e  feedback  

param ete rs  *

H igher o rd e r system s a re  l i k e l y  to  r e q u ire  h ig h e r  

o rd e r d e r iv a t iv e s  o f the  e r r o r  i f  com plete c a n c e l la t io n  

o f  h y s te r e s i s  i s  to  foe accom plished* This need n o t foe 

the case* however* i f  th e  system  can foe se p a ra te d  -  as 

i t  o f te n  can foe in  p r a c t i c a l  cases  -  to  p erm it c lo s in g  

a loop  around the  r e la y  and a second o rd e r p o r t io n  of th e  

system  w ith  r a te  and a c c e le r a t io n  feedback® This p ro c e ­

dure i s  id e n t ic a l  to  th a t  o f t r y in g  to  develop  n e g a tiv e  

h y s te r e s is  to  c a n c e l th e  p o s i t iv e  h y s te re s is  in h e re n t in  

a l l  e le c tro -m e c h a n ic a l relays®

D escrib in g  fu n c tio n  a n a ly s is  of a r e la y  shows 

th a t  th e  consequence o f th e  p o s i t iv e  h y s te re s is  is  a 

lag g in g  phase angle® A frequency  a n a ly s is  o f  h ig h e r  

o rd er system s -  where th e  a p p l ic a t io n  o f a d e s c r ib in g  

fu n c tio n  is  p e rm is s ib le  -  shows th a t  th e  h y s te r e s is  in  

the r e la y  has a d e s ta b i l iz in g  e f fe c t*  S e r ie s  le a d  com­

p e n sa tio n  is  g e n e ra l ly  used* b u t i t  has been su g g ested  (7) 

th a t  n e g a tiv e  h y s te r e s is  com pensation might foe b e t t e r  s in c e , 

s e r ie s  le a d  com pensation a c c e n tu a te s  noise®



The system  s tu d ie d  h e re  i s  of second o rd er con­

s i s t i n g  o f an in te g r a t io n  and a tim e c o n s ta n t ; th e  r e la y  

i s  assumed to  be a p e r f e c t  two p o s i t io n  d ev ice j and the 

loop i s  c lo se d  w ith  u n ity  feedback® I t  i s  shown th a t  th e  

a d d i t io n  o f  a second d e r iv a t iv e  in n e r  loop  r e s u l t s  in  

system  perform ance eq u iv a le n t to  th a t  o b ta in ed  from a 

r e la y  w ith  h y s te r e s is  which i s  a fu n c tio n  of system  

v e lo c ity *  The a d d i t io n  o f r a te ,  feedback  i s  seen to  r e ­

s u l t  in  perform ance e q u iv a le n t to  th a t  o b ta in e d  from a 

r e la y  w ith  f ix e d  h y s te r e s is  o r a r e la y  w ith  f ix e d  

h y s te r e s i s  p lu s  tim e d e la y « More im p o r ta n tly , the  r e ­

v e rse  o f  th e  above can  be shown. An im p e rfe c t re la y  -  w ith  

h y s te r e s i s  and tim e d e lay  -  can be made to  perform  as a 

p e r f e c t  re la y  be r e v e r s in g  th e  sense of th e  a c c e le r a t io n  

and r a t e  feedback  param eters*  F in a l ly ,  perform ance curves 

of l im i t  cyc le  p e r io d , maximum v e lo c i ty  and am plitude a re  

developed w ith  th e  use of an IBM 65© d i g i t a l  com puter 

showing the  a f f e c t s  of v a ry in g  sense and m agnitude of th e  

r a t e  and a c c e le r a t io n  feedback  p a ra m e te rs .

S im u la tio n  of th e  system  was accom plished  on a 

Reeves E le c tro n ic  Analogue Computer® The r e s u l t s  of t h i s  

analogue s tudy  a re  shown v ia  photographs of r e s u l t i n g



l im i t  c y c le s 0 The e f f e c t  o f  a c c e le r a t io n  induced  n e g a tiv e  

h y s te r e s i s  in  a system  w ith  an im p e rfec t r e la y  i s  most 

r e a d i ly  seen in  th e  r e s u l t  s of th e  sim ulation®



CHAPTER 2 

SCOPE

The purpose of t h i s  s tu d y  i s  to  determ ine th e  

a f f e c t s  o f com binations of r a te  and a c c e le r a t io n  fe ed ­

back on the system  shown in  f ig u re  2®1» The a n a ly s is  i s  

done in  the tim e domain and on the  phase p lane and as 

such i s  co n s id e red  to  be an a n a ly s is  o f  t r a n s i e n t  response" 

to  a s te p  in p u t or th e  response to  an i n i t i a l  condition®  

The in te n t  is  to  show the e f f e c t  o f r a te  p lu s  a c c e le r a t io n  

feedback  on th e  l im it  cyc le  o f  th e  o u tp u t variab le®

Phase p lane a n a ly s is  te ch n iq u e s  a re  used  to  show 

th e  e x is te n c e  of a c o r r e la t io n  between tim e d e lay  and 

h y s te r e s i s  o f a r e la y  and r a te  and a c c e le r a t io n  feedback 

in  th e  system  shown in  F igu re  2*1®

C e rta in  n ecessa ry  c o n d itio n s  fo r  th e  e x is te n c e  of 

a l im i t  cy c le  fo r  com binations o f r a te  and a c c e le r a t io n  

feedback a re  developed in  c o n ju n c tio n  w ith  d e te rm in in g  

th e  n ec e ssa ry  eq u a tio n s  fo r  an i t e r a t i v e  s o lu t io n  of 

c h a r a c t e r i s t i c s  o f th e  l im i t  cy c le  f o r  use in  programm­

ing an IBM 6^0 d i g i t a l  computer®



All of the analysis and, -computation is accomplish­

ed after the system has been .norma]ized'. Consequently 

the results of the analysis and digital computation is 

presented in a non-dimensional form. 

The digital computer solutions are plott.ed to 

show period, amplitude, and maximum velocity of the limit 

cycle as.fUnctions of the parameters of rate and accelera­

tion feedback. 

Verification of analytical conclusions is obtained 

through simulation on a REAC (Reeves Electronic Analogue 
' 

Computer). 

Xt: '.± c 
RELAY 

fO:) _(__ X ... ~ - , 
S(~s+•) Jl'-

> 

Figure 2.1 

The relay is defined as follows: 

f(CJ -= +Fcr.) ,c.?:.o 2.1 

.fCc) = -Ecr-) ,e.e:.o 2.2 
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where: 

The ± notation in equation 2.3 and 2.4 denotes 

1-tC-r) and +tts) are equal to +c and +E/.s respectively 
! 

for E2 o , and -ecT') and-t(S) are equal to-E and -E/.s 
respectively for[~ o • This notation is used through­

out and it should be understood that the positive value 
I 

applies to positive error (if) and the negative value to 

~e ga~i ve error (-E. ) • . 



CHAPTER 3 

BASIC SYSTEM 

The concern here is to show the effects of adding 

acceleration feedback to the system shown in figure 2.1. 

Before doing this, however, it is desirable to develop 

equa.tions of the original system to serve as a foundation 

for the investigation of additional feedback functions. 

From figure 2.1 we can write 

Xes) 
~)C$) 

' 

and from equations 2.1 - 2.4 

K. 

Transforming to the time domain 

-~ \ 
X(i) = ±Kn( e + f -11 

• 

, 

The first derivative of equation 3.3 is 

-10-
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Equation 3.4 suggests a change in variable since 

it is evident that the maximum velocity achieved by the 

system has a value of KE. Therefore to permt t a gene,r•al-

ization we can write 

K~ == V.s 

• 

Because of previous definitions, notably the 

definition of the relay and the invariant characteris­

tics of the linear portion of the system, we can conclude 

that with the exception of initial conditions the output 

variable will always be defined by equation 3.6. The 

effect of initial conditions can be shown as follows: 

Referring to equation 3.1, re-write to 

• 

For zero initi~l .conditions this is equivalent 

to the following. 
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I.t' initial conditions )(0 and Vo are to be con­

sidered, the .following holds. 

')'[!<c:,{] = SXc.s) -X'o 3.10 

.j[X cil] = .5J..Xt.s)- Xo.s -Vo 3.11 

Combining eq11ations 3.9 - 3.11 we have 

1's~Xu) -'1'Xo.s-'1'Vo -t~Xt'} -X, ::~KSC~l](s'J 

&s~-r_s )Xt~) = [": K~C£~~) +'1'.s 'Xo ;.1'Vo -1-Xo 

X _ fi K':5C£)]c~) . f-S+I ~ ·~ 
~)- S (1\S+t) +-s (~.S-tt) Xo S('f\.stt) Vo 

The transform to the time domain results in 

and the .first derivative becomes 

3.12 
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It is desirable to generalize the problem £urther 

by no~alizing to non-dimensional equations. This will 

be done by the constant~ or the characteristic equation 

'Vs and "' • Therefore we can re-write equations 3.6, 

3•7, 3.15 and 3.16 in their normallized for:m. 

"Xc-~:) : ± ( e-fr-1-t-~ 
. . _of; . 

1fc~) =- ±(J-e ) 

--1;- I ). ;; -· ~ 
'1-Ct) = t(e t-t-( t~o-'tli\C:~IJ 

where, 

I 
) t:: -:;;: 

3.21 

Phase plane equations can be now written in the nor­

mallized form. Combining equations 3ol7 and 3.18 yields 

the phase plane equation for zero initial conditions. 

Thus by eliminating f: 1 ~ can be written as a function 

of velocity "l.f' • 
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In a similar manner the phase plane equation 

Where initial conditions exist, 

or, 

It is evident fro• a comparison of equations 

3.22 and 3.24 that they are similar except for an offset 

in the'?( and 1T axes by an amount equal to the initial 

conditions '?CO and -110• Consequently, the shape of the 

trajectory in the phase plane is independent of the 

initial conditions. 

A curve of equation 3.22 has been plotted and.. is 

shown in figure 3.1. The tabulated coordinate for the 

curve as calculated from the equation are shown in Table 

I below. 

,., 
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Table I 

'1f ,.,. 'If ~ 'IT ~ 

+0.10 +0.000 +0.86 +1.107 -0.40 -O.Q64 

+0.20 +0.024 +0.88 +1.241 .o.5o -0.095 

+0.30 +0.057 +0.90 +1.403 -0.60 -0.130 

+0.40 +0.111 . +0.92 +1.606 -0.70 -0.170 

+0.50 +0.194 +0.94 +1.873 -0.80 -0.213 

+0.60 +0.317 +0.9€> +2.259 -0.90 -0.259 

+0.70 +0.504 +0.98 +2 .. 932 -1.00 -0 • .307 
,, +0;80 +0.810 -0.10 -0.005 -1.20 -0.412 

+0.82 +0.895 -0.20 -0.008 -1.40 -0.525 

·+0.84 +0.993 -0.30 -0.038 

Tabulation of the Equation 

'X= -,.;--~(1-,.ry 
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F igure  3 .1  

Norm alized Phase P lane T ra je c to ry



As n o ted  p rev io u sly #  th e  shape o f th e  phase p lane  

t r a j e c to r y  is  In d e p e n d e n t.of i n i t i a l  conditions©  I t  

shou ld  be f u r th e r  n o ted  th a t  because th e  re la y  i s  a 

sim ple o n -o ff  b i s ta b le  device^ th e  e r r o r  ( £ )  has no 

a f f e c t  on the shape o f th e  t r a j e c t o r y  o th e r th a n  in  i t s  

a b i l i t y  to  re v e rse  the  d i r e c t io n  o f to rq u e  o r  force©

This r e v e r s a l  causes a change in  s ig n  o f th e  s a tu ra te d  

v e lo c i ty  which shows up in  the  phase p lane  as th e  eq u iv a ­

le n t  o f a 18© degree r o t a t i o n  of th e  coord inates©

In  the  system  o f f ig u re  2*1 w ith  r e la y  c h a ra c ­

t e r i s t i c s  as d e fin e d  by eq u a tio n s  2 . 1  and 2 *2 , the phase 

p lane  r e p re s e n ta t io n  o f  a resp o n se  to. an i n i t i a l  co n d i­

t io n  o r s te p  in p u t would be a s e r ie s  o f  t r a j e c t o r i e s  o f ,  

f ig u re  3®1 a l t e r n a t in g  w ith  i t s  in v e rse  © The t r a n s i t i o n  

from  one t r a j e c to r y  to  th e  o th e r  i s  e s ta b l i s h e d  by th e  

fifsw itch in g  l in e *  o r  to rq u e  r e v e r s a l  l i n e ” d e fin ed -b y  -- 

the  re la y *  In  th i s  ease  th e  sw itc h in g  l in e  would b 6i a t  

'’X = 0  o r "X equal to  the  m agnitude of the  s te p  in p u t 

which co rresponds to  th e  e r r o r  b e in g  ze ro  a t  th a t  tim e 

due to u n ity  feedback . Thus the sw itch in g  l in e  i s  

o b v io u sly  dependent on the e r r o r  fu n c tio n  and on th e  

■ c h a r a c t e r i s t i c s  o f  the relay®



CHAPTER 4 
ACCELERATION FEEDBACK 

It is the intent now to modify the error func­

tion by adding acceleration reedback. The system now 

takes the form of that shown in figure 4.1. 

X,; 
Rel-Ay 

5-co K 
S("t'S+t) 

.. Xa aas~ 

+ 

Figure 4.1 
System With Acceleration Feedback Added 

The error signal now takes the form of 

where by differentiating equation 3o6 we obtain 

X ~-a .. (i\l.s) -~ 
2.(,}- 2. ~ e. • 

-18-

X 



where 

Normalizing by V.s~ 

)(~ 
<~ ~ V,'1' ~ 

ot~= -~ ) 

-19-

:r 
t = ""'. 

We can simplify the presentation by noting that 

the response to an initial condition is identical to a 
' 

response to a displacement step input except for a dis-
, ' 

placement of the point of zero error equal to the step 

input. Consequently~ the limit cycle of interest is the 

same for these two cond:t, tiona~ The discussion will hence­

forth be restricted to consideration of responses to 

initial errors• !herefore, 

and switching occurs for t = 0 , or 

Xcr) + X;t(,.) = o 
· XcT) ~-X:tcr) 
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The effects of acceleration feedback can be shown 

readily on the phase plane. Requirement for torque re­

versal are shown in equation 4.6 where the variables are 

shown as explicit functions of time. Transforming these 

variables to implicit functions of velocity <V) does not 

change the conditions where switching occurs. Therefore, 

defines switching on the ~hase plane or in normalized 

coordinates 

From equation 3.18 we can write 

-t-e :.J-"lr 

and since 

we can write 
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Therefore, combining equations 3.17, 4.8 and 4.10, the 

torque reversal occurs when 

On the phase plane, this condition occurs at 

the intersection of the curve defined by equation 3.17 

and the straight line defined by the negative of equa­

tion 4.10. 

The switching line for response to an initial 
• 

error is defined as 

and for the case of a step input of~t, the switching 

line becomes 

The limit cycle which develops when eX a has a value 

of -0.2 is shown in figure 4.2. This is a response to 

an initial displacement o.f'?(0 = -1.0 and it shows that 

the error is reduced to a limit cycle whose amplitude 

is approximately 0.2. 



A l im i t  eyele  w ith  th e  same valwe e f  i s  shows, 

in  f ig u re  3@%.@ Here the re sp o n se  Is  from  a very  sm all 

i n i t i a l  d isp lacem en t showing th a t  th e  e r r o r  in c re a s e s  t© 

the same l im i t  ey e le  as in  f ig u re  if.®3© We th e re fo r e  have 

a  s ta b le  l im i t  ey e le  e n e i r e l in g  th e  u n s ta b le  s in g u la r  

p o in t a t  the  o r i g i n ® ^ )
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F igure  U.*2 

S tab le  L im it Cycle W ith ^  =-0«2



P igure  4*3  

S ta b le  L im it Cycle W ith = -0*2
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S im u la tio n  of the  system  was accom plished fo r  

= -0 .2  on the REAC. The r e s u l t in g  l im i t  cycle  was 

photographed  and two m irro r  images of i t  are shown in  

f ig u re

F igure  

REAC S im u la tio n  

S ta b le  L im it Cycle W ith = -0 .2



CHAP'I'ER.5 

VELOCITY FEEDBACK 

This subject ·has been treated before as has been 

indicated in Chapter le However~ to preserve contin'lli.ity, 

and silaee velocity feedback will be ~dded to acceleration 

feedback late~9 the development of equations and phase 

plane presentErtion wilf be re.p.e-ated aldng the same line 

as in Ghapters 3 and 4· We ~eg.:tru first with the system 

shown in figure 5.1,. 

Xi 
fELAy 'See) I( X 

sc-rs-~-t) 

x, 
a.,s 

Figure 5.?1 

System W:fth Velocity Feedback Add·ed 
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All of the equations developed in Chapters 2 and 

3 apply to this case. We are therefore interested in 

showing the error function and the switching line for the 

case of velocity feedback. 

From Chapter 3, 

From Figure 5.1 we see that 

X, (T) :a., 'X Ci) :::a, V cT) 

( -~1\, X, cr) = fa, V.s 1-e 1 

In like manner as in Chapter 4 we say that 

ecr) :Xt.'cr) -X(T) -X. CT) 

but again we will consider the case of response to an 

initial condition such that we can let)((= o. Therefore, 

Ccr) ~ -Xcr) -X, CT) 5.4a 



and the point where switching occurs is when 

C(T) =-o -= -Xc-r) -X: c;), } 

Xc;)-=-X. c;) 

In viewing the situation on the phase plane we 

note that the requirement for torque reversal, or 

switching, is shown in equation 5·4 as explicit func­

tions of time. Transforming these variables to implici~ 

functions of velocity ( V ) does not change the conditions 

under which switching occ~rs. Therefore, 

Xcv) -=-X, cv) 

defines switching on the phase plane, and in normaliz~d 

coordinateso 

where 
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and since normalizing was done with v~~on the equation 

where 

-"f-) 
'ltiC-t) -: :to<, ( 1- e 1 

5.8 

5.10 

The condition of equation 5.6 appears on the 

phase plane as the intersection of the curve defined by 

and the straight line defined by 

5.11 

Consequently equation 5.11 is defined as the 

switching line for velocity feedback, when the response 

is to an initial error. The switching line for response 
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to a step input is defined similarly but is offset by 

the value of'X~ 1 thus 

The limit cycle which develops when o<1 has a 

value of -0.2 is shown in figure 5.2. This is a res­

pons.e to an initial displacement of'io = -1.0 and it 

shows that the error is reduced to a limit cycle whose 

amplitude is approximatel~ 0.3. 

A limit cycle with the same value o:f o< 1 1 is 

shown in figure 5.3. Here the response is from a very 

small initial displacement showing that the error in­

creases to the same limit cycle as in figure 5.2. We 

have therefore a stable limit cycle encircling the 

unstable singular point at the origin. 
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Figure 5 .2  

S tab le  L im it Cycle W ith o(, = -0 .2



F igure  5*3 

S ta b le  L im it Cycle W ith = -0*2
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S im u la tio n  was accom plished on the REAC fo r  a 

value o f ^  = - 0 .2 .  The r e s u l t in g  l im i t  cycle  was 

photographed and two m ir ro r  images are  shown in  f ig u re

F igure  $.lj.

S tab le  L im it C ycles With ex'/ = -0*2 

REAC S im u la tio n



CHAPTER 6 

ACCEERATIOH PLUS VELOCITY FEEDBACK

I t  was e s ta b l i s h e d  in  the  p rev io u s  two ch ap te rs  

th a t  th e  sw itc h in g  l in e  on the phase p lane  was d eterm in ­

ed by th e  feedback  o f the  in n e r  lo o p . I t  i s  o f  i n t e r e s t  

now to  in v e s t ig a te  th e  sw itch in g  l in e  when bo th  a c c e le ra ­

t io n  and v e lo c ity  feedback  a re  employed in  the  in n e r  loops® 

The system  under c o n s id e ra t io n  is  th a t  shown in  f ig u re

S(T$+i)
K X

Xg

X,
<51|-S ,<■

F igu re  6 o l

A c c e le ra tio n  P lus V e lo c ity  Feedback System

-31$--



Relay characteristics are the same as those 

defined in Chapter 2. The error fUnction is now 

-35-

To determine the basic equation for the phase 

plane switching line, we will as before set X"'CS) to zero 

by assuming a response to an initial error. Therefore, 

since switching occurs when the error is zero, we can 

write this condition as occurring when 

Xes) : -X 1 C~) ~Xt l~} 

Through identical processes previously establish­

ed we can with impunity write 

.• 

Xc;) =-X. C7) -X~ c-ry 

}{ct) = -I(, C+) -?~{t) 

/((11') = -"X (-v-)- ")(cM'v-) 

It has been previously show that, 

3.17 



~ct) = ±oi,[l-e-t:J, 
-'6 

~Ct) ~ -t-~~ e 

'Xt....r) ~ -'lj' + h (t ;"''T)) 

"!t("'r) .. ol,"".r ) 4 

3.22 

On the phase plane the condition of equation 6.3 

occurs at the intersection of the curve defined by equa­

tion 3.22 and the line defined by the sum of equations 

5.7 and 4ol0. Therefore, the switching line for the 

response to an initial error is defined as 

and for the case of a step displacement input of1{~ , 

the switching line becomes 
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Re-grouping terms in equation 6.4, we have 

6.6 

which shows an offset from zero displacement indepen-

dent of velocity which is equal to the parameter of the 

acceleration feedback term. It is this offset which 

leads to the conclusion that acceleration feedback in-

duces an effective hysteresis. 

The minus ,.;plus s ig~ in front of o<~ distinguishes 

between the conditions where the output variable j{ is 

acce~erating to a positive or negative saturation 

velocity respectively. We can then write two equations. 

The first establishes the switching line for positive 

saturation velocity, or positive torque (P.T.). 

and the second establishes the switching line for nega­

tive saturation velocity, or negative torque (N.T.). 

6.8 
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We can discuss either of the two equations and be 

free to state that whatever conclusions drawn for one are 

applicable to the other when the change in sign is taken 

into account. We chose then the equation for positive 

torque (P.T.) - equation 6.7 -, and assume negative values 

for o<1 and o<.;t. which independently yield a stable limit 

cycle as shown in chapters 4 and S. We then re-write the 

equation as 

It is of interest to show the effect of varying 

jo(1 I and/~/ , and in particular to 1e t these parameters take 

on the values of -0.2 and zero as in chapters 4 and 5. The 

plots of these switching lines are shown in figure 6.2. Of 

particular interest is the fact that the switching line be­

comes independent of velocity when the two parameters are 

equal. 



1f' t /,D 

fo<, 1 = I ola.l = o.a 
I o<,l = o.~ ~Jot,. I= o 

fo(,l: 0 , /ol,l:o.~ 

Figure 6.2 

Switching Lines For Positive Torque 

-39-

If /ola../ is held constant and /ol1 I allowed to vary, 

the switching line will always intersect the~ axis at 

'Y= l~a/ ~ and the line will rotate clockwise about this 

pivot as the ratio of~~~~ : /~A~ is increased. As long as 

o<, is constrained to be negative, the counter-clockwise 

bound of the rotation will be a line intersecting the ~ 

axis at +1.0, and the clockwise bound of the rotation will 

be the,')( axis. If ~I is allowed to become positive, the 

counter-clockwise bound becomes~ axis~ amounting to a 

full sweep of the four quadrants of the phase plane. 
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With, th e  observance of a change in  s ig n , i t  can be 

s a id  th a t  a s im ila r  s i t u a t i o n  e x i s t s  f o r .the  n e g a tiv e  

to rq u e  (N*T«) sw itch in g  line® Changing th e  s ig n  o f o ^  to  

a p o s i t iv e  v a lu e  has th e  e f f e c t  o f  s h i f t in g  th e  p iv o t 

p o in t  to  th e  o p p o s ite  h a l f  o f th e  phase p lan e  *

An i l l u s t r a t i o n  of p o s s ib le  p o s i t io n s  of th e  

sw itch in g  l in e  f o r  th e  v a r io u s  com binations of sense of 

th e  ^  and ©<0 p a ram ete rs  and f o r  p o s i t iv e  (P»T») or nega=» 

ti.ve (l.pfo) to rq u e  sw itch in g  i s  shown in  f ig u re s  6*3 and 

6 4 *  A. n e g a tiv e  i s  shown in  f ig u re  6o3 and a p o s i t iv e  

i s  shown in  f ig u re  .6 4 °

S ta b le  l im i t  c y c le s  a re  shown in  f ig u r e s  6 »£> and 

6 ®6 ® Both f ig u re s  a re  fo r  = -Q.®2 w h ile  f ig u re  6 4  i s  

fo r. o{) = and f ig u re  6 «6 i s  fo r  = -0  4 ®

The system  was Simula te d  on,,the REAC fo r  an 

v a lu e  of - 0 o2e F ig u re  6 «?a i s  a m ir ro r  image of th e  l im i t  

cyc le  photographed fo r  an ^  v a lu e  of -0 ,2 *  F ig u re  6*7b 

i s  a m irro r  image of th e  l im i t  cyc le  photographed  fo r  an 

value  of
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aT

C7

w

vs

F ig u re  6 .3  

S w itch ing  L ines For o(^ Z. 0
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F igu re 6*4  

S w itc h in g  L in es For oẐ  7  &
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—0 ^

Figure 
Limit Cycle For <X, — o^x



- - / .  0

F igure  6 .6  

L im it Cycle 

0
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F ig u re  6 .7  

L im it Cycles 

Q-) 0̂ 1 ~ “• 0* ^

REAC S im u la tio n



CHAPTER 7

CORRELATION OP ACCELERATION AND VELOCITY 
FEEDBACK TO RELAY HYSTERESIS AND 

TIME DELAY

7 ®1 H y s te re s is  t

C onsider the  system shown in  f ig u re  2©1 bu t th a t  

th e  r e la y  e x h ib i ts  sym raetrieal p o s i t iv e  h y s te r e s i s  as 

shown in  non-d im ensional c o o rd in a te s  in  f ig u re  7*1*1*

F ig u re  7*1*1 ■

Relay With P o s i t iv e  H y s te re s is

v

- 1̂ 6 *=



I f  we assume a ze ro  Inpu t but b eg in  w ith  an i n i t i a l  

d isp lacem en ts th e  e r r o r  fu n c tio n  w i l l  be th e  n e g a tiv e  of 

the d isp lacem en t fu n c tio n  and an in v e s t ig a t io n  of th e  r e ­

sponse of the  ou tpu t would be e q u iv a le n t to  th e  a n a ly s is  

of th e  e r ro ro  T h e re fo re ? th e  same phase p lane  eq u a tio n s  

apply  a s  b efo re  and the sw itch in g  l i n e  i s  u n iq u e ly  d e te r ­

mined by th e  r e la y  c h a r a c t e r i s t i c s o •

The r e s u l t a n t  phase p lan e  p r e s e n ta t io n  would be 

s im ila r  to  th a t  shown in  f ig u re . I t  w ould, in d eed ,

be e x a c t ly  equa l to  i t  i f  th e  h y s te r e s i s  o f th e  r e la y  

(h) were i d e n t i c a l l y  eq u a l to  — .©<[ 4. ©f f ig u re  6®5®

, The co n c lu s io n  from th is ,  com parison i s  th a t  th e

resp o n se  of t h i s  system  w ith  a ,.p e r fe c t  r e la y  ( f ig u re  2*1) 

can be made id e n t ic a l  to  a s im ila r  •-system  w ith  h y s te r e s is  

in  the r e la y  sim ply by d e v e lo p in g .th e  p ro p e r  amounts o f 

p o s i t iv e  v e lo c i ty  and p o s i t iv e  a c c e le r a t io n  feedback®

A second co n c lu s io n  can be drawn by comparing th e  

sw itch in g , l i n e s  fo r  p o s i t iv e  feedback  (< f̂e = = n e g a tiv e

v a lu e ) to  n e g a tiv e  feedback  ( = p o s i t iv e  v a lu e )*

' F ig u re  6 .3  shews th e  ease  f o r  p o s i t iv e  fe ed b ack , and i f  

we n o te  in  p a r t i c u l a r  th e  ea se  where "* ^  ^  we see

th a t  sw itch in g  or to rq u e  r e v e r s a l  i s  d is p la c e d  by an 

amount eq u a l to  th e  v a lu e  o f©{«, T h e re fo re , a system  

w ith  a p e r f e c t  r e la y  and w ith  p o s i t iv e  v e lo c i ty  p lu s



*•

p o s i t iv e  aecele  r a t io n  fe e d b a c k - is  e q u iv a le n t to  . a system  

w ith  p o s i t iv e  h y s te r e s i s  i n  th e  r e la y  i t s e l f *

A t h i r d  co n c lu s io n  a r i s e s  upon n o tin g  o p e ra tio n  

w ith  n e g a tiv e  feedback* F ig u re  6*%. shows th e  p o s i t io n s  of 

sw itch in g  l i n e s  fo r  n e g a tiv e  feedback* N oting s p e c i f i c a l l y  

th e  ease  where l t ; i s  seen  th e  sw itch in g  occurs

in  advance by ah amount eq u a l to  a :d isp lacem en t determ ined  

by the  value o f(X  ° A r e la y  e x h ib i t in g  t h i s  advance 

sw itch in g  c h a r a c te r i s t i c  would be one p o sse ss in g  n e g a tiv e  

h y s t e r e s i s » We th e re fo re  conclude, th a t  ' a system  w ith  a 

p e r f e c t  r e la y  and w ith  n e g a tiv e  v e lo c i ty  p lu s  n e g a tiv e  

a c c e le r a t io n  feedback  has p r o p e r t ie s  analogous to  a system  

w ith  n e g a tiv e  h y s te r e s i s  in  the  r e la y  i ts e lf®

P re s e n ta t io n  of th e  t r a j e c t o r y  on a phase p lane  

f o r  n e g a tiv e  h y s te r e s i s  i s  o f no value  s in c e  a s t a b l e ,  

f i n i t e ,  non-zero  l im i t  cycle  dees no t e x is t*  Wse o f 

n e g a tiv e  h y s te r e s i s  induced  b y ,n e g a tiv e  a c c e le r a t io n  and 

v e lo c i ty  feedback  can b e s t  be shown-; in  c o n ju n c tio n  w ith  a 

r e la y  which p o sse sse s  p o s i t iv e  h y s te r e s i s  *

F ig u re  7*1 *2 shows th e  l im i t  cy c le  caused  by a

re la y  w ith  a p o s i t iv e  h y s te r e s i s  value of h  = 0®h in  

non-d im ensional u n its *  F ig u re  7*1*3 shows th e  l im i t

cy c le  o f th e  same system  a f t e r  th e  a d d i t io n  of n e g a tiv e

a c c e le r a t io n  and n eg a tiv e  v e lo c i ty  feedback® T his l im i t



■ cy c le  could, have been reduced  t© ze ro  by l e t t i n g  &?( tak e  

on th e  v a lu e  of + G ) b u t  th e  p r e s e n ta t io n  would have been

© bseurred s in c e  the  l im i t  cyc le  approaches an i n f i n i t e

freq u en cy  a t zero am plitude*  T his tendency  to  an i n f i n i t e  

freq u en cy  can be e lim in a te d  on ly  b y 'l e t t i n g  th e  system  

come to  r e s t  w ith  the  in c lu s io n  o f a dead space@

In  th e  case  of f ig u re  6:>l,s^v:which i s  a re p re s e n ­

t a t i o n  o f phase p lane t r a j e c t o r i e s  f o r  th e  system  shown in

■ f ig u re  2*1 b u t w ith  r e la y  c h a r a c t e r i s t i c s  as shown in  

f ig u re  7 » l e l s zero e r ro r  occu rs f b r ^ =  0* Because of th e  

h y s te r e s i s  in  th e  r e l a y ,  to rq u e  r e v e r s a l  f o r  th e  t r a j e c to r y  

1 b eg in n in g  a t  ^6  = -1«Q does no t occur u n t i l  'X * 0 *l|.« The

a d d it io n  of n e g a tiv e  feedback  w h e r e = ci^  = i«3  causes 

zero  e r r o r  to  occur a t  ‘J? = - 0 .,3» Torque r e v e r s a l  occurs ...

f o r = h  + ( —©®3} or a t  ^  = +0*1* T his r e s u l t a n t

advanced sw itch in g  i s  shown in  f ig u re  7*1*3 as a com pari­

son to  th e  sw itch in g  shown in  f ig u re  7*1*2 where n e g a tiv e  

h y s te r e s i s  feedback  i s  no t employed * A ll to rq u e  r e v e r s a ls  

shown in  f ig u re  7*1*3 a re  m o d if ie d .in  l ik e  m anner»

I t  should  be no ted  th a t  the, r e la y  o p e ra te s  on th e  

e r r o r  and th e  e f f e c t  of e i t h e r  p o s i t iv e  or n e g a tiv e  

h y s te r e s i s  feedback  i s  to  p u t a s te p  o f f s e t  in to  th e  e r r o r  

fu n c tio n  a t  tim e o f. sw itc h in g . The sense and m agnitude o f 

th i s  s te p  o f f s e t  i s  d e term ined  by th e  sense and m agnitude
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F igu re  7*1*2 

Lim it Cycle Relay 

With P o s i t iv e  H y s te re s is  

h = Oelj.
i
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0.10,1

F ig u re  7*1.3 

L im it Cycle 

Relay With P o s i t iv e  H y s te re s is  

and N egative H y s te re s is  Feedback

h  = 0 .4
= 0 .3

°<1= 0.3
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7 »2 Time Delay

A ll  b i - s t a b l e  d ev ices  e x h ib i t  seme tim e de lay  in  

sw itch in g  from one mode to  th e  other® T his i s  p a r t i c u l a r ly  

t r u e  in  e le c tro m e c h a n ic a l r e la y s  due to  th e  tim e re q u ire d  

f o r  th e  c o n ta c ts  to  t r a v e l  from  one p o s i t io n  to  th e  ether® 

T his ty p e  o f d e lay  i s  g e n e ra l ly  no t sym m etrical,, bu t th e  

fo llo w in g  d is c u s s io n  w i l l  as  suite symmetry and th a t  th e  

timO delay  i s  independen t of th e  h y s te r e s i s  c h a r a c t e r i s t i c s  

o f the relay®  That i s  no t to  s a y , th a t  h y s te r e s i s  and tim e 

de lay  are  n e c e s s a r i ly  a t t r i b u t e d  t o ‘se p a ra te  and independen t 

causes but t h a t  the  e f f e c t s  o f  tim e delay  on system  p e r f o r ­

mance can be t r e a te d  in d ep en d en tly  o f th e  e f f e c t s  of 

h y s te re s is®  ■ , .

The tre a tm e n t of th e  a f f e c t s  of r e la y  tim e , d e lay  

have been t r e a te d  b e fo re  bu t w i l l  b e  re p e a te d  here  f o r  

con tinu ity®  L et us c o n s id e r  the  .system o f f ig u re  2®1 and 

add tim e d e lay  to  th e  relay®  T h e - re s u lta n t  phase p lane 

p r e s e n ta t io n  i s  shown in  f ig u re  7«2®1® Note th e  s im i l a r i t y  

to  f ig u re  h®2®
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F igure  7 »2 el  

Lim it Cycle 

Relay With Time Delay



W ithout tim e d e l a y t h e  sw itch in g  l in e  would have 

been % = 0 ? and th e  f i r s t  to rq u e  r e v e r s a l  would have been 

a t  p o in t  A® Howevers because of the  tim e d e lay  a c tu a l  

sw itch in g  does no t occur u n t i l  p o in t  B i s  reached® S im ilar*  

l y 9 th e  second r e v e r s a l  would have o ccu rred  a t  p o in t 0 s 

b u t was d e lay ed  to  p o in t  B® The p ro c e s s  r e p e a ts  a t  p o in ts  

E and F and a d - in f  in itu rn  ®

An exam ination  of equa ti© nsf!,3 »19 and 3®20 y ie ld s  

th e  fo llo w in g :

- Q - e  -h^e 7.2*1
and s in c e

3*■20

combining eq u a tio n s  6®2@1 and 3 e20 g iv e s

£  -  -h
C 7.2 ,2

In  o th e r  words the  tim e between any two p o in ts  on 

th e  t r a j e c to r y  i s  eq u a l to  th e  change in  c o o rd in a te s , 

(no rm alized  c o o rd in a te s  and tim e ,)
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We could therefore first define time delay as 

being td , and combining equation 7.2.2 and the points on 

the trajectory of figure 7'.2 .1 note the following ex-

pression. 

td ::It' a- ILA -t ~ --'1l4 
= "Xc: -'I( b t -1f: - --cJb 
e, t.c., 

7.2.3 

These equations permit drawing a curve for the 

switching points as they are skewed by the time delay. 

However, a straight line is a good approximation to this 
• 

curve. The effect of the time delay is to skew the 

stra~ght line approximation of the switching curve from 

the vertical in the phase plane, and quite approximately 

the angle of skew is l;J.,..·t i4 in the clockwise direction. 

The skewed switching line drawing in figure 7.2.1 

is the same as that foro<, = -0.2 in the system of figure 

5 .1. The angle of this skew is f!i}::tw. -'o<_, • From the pre­

vious approximation we can say that time delay in the sys­

tem of figure 2.1 is quite approximately equal to the same 

magnitude of-o(1 in the system of figure 5.1. 

Compensation for time delay in this system can be 

readily accomplished with velocity feedback. Since time 

delay skews the switching line clockwise, we would want 

the addition of velocity feedback to skew the line counter­

clockWise. It is readily seen that a positive~. will do 
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t h i s  and i t s  m agnitude would be eq u a l to  th e  tim e d e la y , 

in  no rm alized  co o rd in a te s*   -

7*3' H y s te re s is  P lus Time D elay

I f  we combine h y s te r e s i s  of h  = 0*2 (norm alized) 

as shown in  f ig u re  7 * lo l w ith  a tim e delay  fy  =0*2 n o r ­

m alized  seconds and apply  th is -  to - th e  system  of f ig u re  2 « lj  

th e  r e s u l t  and phase p la n e  t r a j e c to r y  i s  t h a t  o f  f ig u re  

7*3*1* I t  shou ld  be n o ted  th a t  t h i s  i s  i d e n t i c a l  to  th e  

system o f f ig u re  6*1 w ith  an a c c e le r a t io n  feedback  p a ra ­

m eter = - 0 o2s and a v e lo c i ty  feedback  param ete r 0^

* —0 oi|» •
Compensation o f a r e la y  w ith  h y s te r e s is  and tim e 

de lay  would be accom plished  by. use of p o s i t iv e  a c c e le r a ­

t io n  and v e lo c i ty  feedback  p aram ete rs  ( Wg andof^ ) * In  th e  

case  o f  f ig u re  7 o3o ls com plete cane p i l a t i o n  would be o b ta in ­

ed by develop ing  equal and o p p o s ite  n e g a tiv e  h y s te r e s is  

and a n t ic ip a t io n  tim e w ith  param eters  o f  = 4-0®lj. and 

=40*2*
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F igure  7.3*1 

Lim it Cycle 

Relay W ith H y s te re s is  and Time Delay

h = 0 .2  

6  = 0 .2
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A system  o f  f ig u re  2 ?1 b a t w ith  r e la y  h y s te r e s i s  

©f the  ty p e  shown i n  f ig u re  7 was  s im u la ted  on th e  

BEAGa The r e s u l t in g  l im i t  cy c le  i s  shown As th e  o u te r  

l im i t  cy c le  of f ig u re  7e3o2»ae When n e g a tiv e  v e lo c i ty  

and n e g a tiv e  a c c e le r a t io n  f  eedback, were added the  r e s u l t  

was th e  sm a lle r  l i m i t  cycle o f f ig u re  7©3®2oa0

F ig u re  7»3®2@b shows t h e , l i # i t  cy c le  v an ish in g  to  

zero  when was s e t  to  +6 oO*? and r̂ t to  +0 015® The method 

of s im u la tio n  of h y s te r e s i s  in tro d h o o s  a O d  second lag® 

T his accoun ts fo r  th e  requ irem en t tha t, th e  value of ^  be 

g r e a te r  th an  th a t  o f  g (^by  th i s  amount to  cause the  l im i t  

cycle am plitude to  vanish,© The amount o f h y s te r e s i s  

s im u la ted  co rresponds v ery  w e ll to  th e  amount o f wsed 

to  e lim in a te  i t s  e f f e c t s  e I t  shou ld  be n o ted  th a t  w ith o u t 

any a c c e le r a t io n  feedbackp v e lo c i ty  feedback  by i t s e l f  

cou ld  no t cause th e  l im i t  cy c le  to  v an ish  re g a rd le s s  o f 

how la rg e  o(f was made©



F ig u re  7*3.2 

REAC S im u la tio n  

Relay H y s te re s is  With Time Delay 

and

Compensating P o s it iv e  and



CHAPTER 8 

REQUIREMENTS FOR THE EXISTANCE 

OF A LIMIT CYCLE 

The following is the development of some necessary 

conditions for the existance of a finite limit cycle for 

the. system shown in_ figure 6.1. From the preceding we can 

re-write and combine these equations. 

Positive Torque (P.T.): 
• 

8.1 

8.2 

Negative Torque (N.T.): 
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8.6 

.. 
In the above, it'o and "\To are the initial eondi tions 

at the start of a trajectory and ""'! and 'lr are the final 

values at the end of the'trajectory when switching occurs. 

A requirement for a finite limit·cycle is that 
' switching occur for all trajectories at some finite non-zero 

time. Since switching will occur only when'"")l+"')l1 ~= o, it 

is necessary to examine equation 8.3 for the ease of 

switching from positive to negative torque and equation 

8.6 for the case of switching from negative to positive 

torque. 

First we examine the ease for positive torque and 

re-write equation 8.3 thusly for convenience, 
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A plot of this equation could take any of the 3 general 

forms shown in figure 8.1, all depending on 4'pat t:;o 

Figure 8.1 

The case of figure 8.1a does not result in 

switching since the initial v&ue is sufficiently high 

such that the function never becomes zero. Figure 8.lb 

shows that as long as 'X.p is negative at t = 0, the function 

will pass through zero s'ince the system is being driven by 

positive torque toward positive velocity saturation and 

positive values of displacement. Therefore one requirement 
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which will result in switching under positive torque is 

that 

8.8 

or 

Swltching will also occur if the situation is 
• 

represented by figure 8.lc. It is necessary to determine 

Of -v'-'. tha~ the minimum occurs for a negative value ~ 

Therefore we set 

solve for t 

i:> -t 
Dp~ :::I 

8.10 

8.11 

8.12 
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Then by substituting in equation 8.7, if 

8.13 

switching will occur. Hence switching occurs if 

8.14 

and 

Requirements for switching while driving under 

negative torque are determined in a similar manner. The 

differences are that during negative torque trajectories 

we are searching for "'?C.f"Y, +'Y~ passing through zero from 

positive values to negative, or in lieu of this if~+'Y,~~~ 

starts with a negative value we search to see that the 

maximum is positive. The requirements for switching to 

occur are summarized as follows: 

POSITIVE TORQUE : 

Switching occurs if 
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or if 

8.14 

and 

The case where 

is indeterminate. 

NEGATIVE TORQUE: 

Switching occurs if 

or if 

8.18 
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and 

8.19 

The case where 

is indeterminate. 



.CHAPTER 9 

DEVELOPMENT OF DESIGN CURVES

I t  i s  d e s ire d  to  determ im e maximma v e l o c i t y , 

am plitude and p e r io d  of the  l im i t  c y c le  fo r  v a r io u s  

of, and cxf  ̂ a The p ro cess  r e q u ir e s  a c y c l ic a l  s o lu ­

t io n  of s ix  e q u a tio n s | 3*19, 3*.20, 8*3 and 8 .6* The 

procedure  is  as fo llow so

Given any se t' o f i n i t i a l  c o n d itio n s  w hich cause 

th e  system  to  d riv e  to  a p o s i t iv e  s a tu r a t io n  v e lo c i ty  

under p o s i t iv e  to rq u e  (P « T .)* Solve f i r s t  fo r  th e  tim e 

tak en  to  re a c h  a sw itch ing  l in e  which co rresp o n d s to

+ "Xa= Co T h e re fo re , so lve fo r  t  in  e q u a tio n  8@3, 

and u s in g  th i s  t  and th e  i n i t i a l  c o n d itio n s , so lv e  fo r  

*y&n&"Vila the  P*T* e q u a tio n s  o f 3*19 and 3*20* These 

l a s t  two s o lu t io n s  p rov ide  i n i t i a l  ..conditions fo r  so lv in g  

t  in  the  n e g a tiv e  to rque  N®T« eq u a tio n  8*6. A s o lu t io n  

o f th e  NeT* p o r t io n s  of e q u a tio n s -3iai9 and 3*20 y ie ld  

v a lu e s  f o r 30 andu/"w hich become i n i t i a l  c o n d itio n s  fo r  

eq u a tio n  8*3* Thus one cyc le  i s  completed®

These eq u a tio n s  a re  shown, r e a r ra n g e d , and in  th e  

p roper c y c l ic a l  o rd er as  eq u a tio n s  9*1 th rough  9*6®
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Positive Torque (P.T.): 

Negative Torque (N .T.): 

(-1--.r..-~ (I-~,+cJ.a.) e ~t .._ t ~ -=- ( 7., -1 MT.,-0- (1 - .£ ~ 
-t~ 

"Y~ =- (1~-~ e - t,. 't')lo +1JO -f I 

The cyclical solution of these equations was pro­

grammed on an IBM 650 digital computer for various values 

of o<, and o<~ • The solution for each combination of D(1 

and o<~ was begun under positive torque for initial con­

ditions~~-~ = -1.0 and~n-~ = a. Since it was previously 

shown that the initial condition has no effect on the final 
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limit cycle, no generality is lost by beginning the cycli­

cal solutions at any specific set of initial conditions. 

A cycle of solutions is defined as solution of 

equations 9.1 through 9.6 in that order. 

repeated until a i.""' agreed with a i "'+I 

These cycles were 

to within 0 .olio• 

The cycling was then stopped for that particular set of ~~ 

and;o(~ • In no case were more than six cycles required. 

Since the limit cycle is symmetrical, the last 

solution for t is the half period of the limit cycle to 

within the accuracy stated. As can be observed on the 
• 

phase plane~ the last ~ solved is the maximum velocity of 

the ~imit cycle to within the accuracy stated. The solu­

tion for the amplitude requires a different set of equa-

It is noted by observation of the phase plane that 

the maximum value of -/... occurs for4= 0 , and that this 

value is symmetric about the ~ axis. We should be able 

to take equation 3.20, set~ to zero, solve for t and 

then solve for?t~a,c in equation 3.19 with this value of t. 

Therefore for positive torque, 

3.19 

Univ. of Arizona Library 



-t: _-t-
1)"-:. 1- e +A.JD~ = o 

_t;. J 

e = ,_""'0 

Substituting in equation 3.19 we have 

Similarly for the condition of negative torque 

-'t J 
e = 'Mii> 

Substituting in equation 3.19 we have 
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9.11 

9.12 





CHAPTER 10 

SUMMARY AID CONCLUSIONS 

Time domain and phase p lane  a n a ly s is  shows th a t  

induced  p o s i t iv e  h y s te r e s is  e f f e c t s  are o b ta in a b le  in  a 

second o rd e r system  by th e  use  of p o s i t iv e  a c c e le r a t io n  

feed b a c k e When p o s i t iv e  a c c e le r a t io n  feedback  i s  used  in  

c o n ju n c tio n  w ith  an equal am ount. of p o s i t iv e  v e lo c i ty  

feedback  a s te p  o f f s e t  i s  developed  in  the  e r r o r  fu n c tio n  

which a c tu a te s  th e  r e l a y , The r e s u l t in g  e f f e c t  i s  s im ila r  

to  th a t  o b ta in ed  fo r  p o s i t iv e  h y s te r e s i s  in  the  r e la y  i t ­

s e l f  0 These co n c lu s io n s  from th e  a n a ly s is  were confirm ed 

v ia  s im u la tio n  on a Reeves E le c tro n ic  Analogue Computer®

Because th e  s te p  o f f s e t  can be o b ta in ed  w ith  

p o s i t iv e  feedback  of the f i r s t  and second d e r iv a t iv e s  

r e s u l t in g  in  p o s i t iv e  h y s te r e s is  e f f e c t s ^  an im m ediate 

im p lic a t io n  a s s e r t s  i t s e l f  th a t  a s te p  o f f s e t  cou ld  be 

o b ta in ed  w ith  n e g a tiv e  feedback  of th e  f i r s t  and second 

d e r iv a t iv e s  w ith  a r e s u l t in g  n e g a tiv e  h y s te r e s i s  e ffec t®



= 7 3 “

T his c o n c e p t ' of n eg a tiv e  induced  h y s te r e s is  was shown v ia  

phase p lan e  a n a ly s is  and proven w ith  analogue s im u la tio n *  

The e f f e c t s :o f  r e la y  tim e delay  have been i n v e s t i ­

g a ted  in  th e  p as t*  I t  was shown h ere  th a t  s im ila r  e f f e c t s  

can be o b ta in ed  w ith  p o s i t iv e  v e lo c i ty  feedback* P rev io u s 

works have shown th a t  r e la y  servo  perform ance can be im­

proved by th e  use  o f  n e g a tiv e  v e lo c i ty  feedback  as ev id en c­

ed by th e  d ec reased  am plitude of th e  l i m i t  c y c le « REA.C 

s im u la tio n  du ring  t h i s  s tu d y  showed th a t  i f  th e  r e la y  con­

ta in e d  h y s te r e s is  t h a t  the  l im i t  cyc le  rem ained f i n i t e  and 

non-zero  re g a rd le s s  of how much n e g a tiv e  v e lo c i ty  feedback  

was u sed , b u t i f  n eg a tiv e  a c c e le r a t io n  feedback  were added, 

the  l im i t  cyc le  cou ld  be made to  vanish*

I t  has been shown in  tim e domain and phase p lane 

a n a ly s is  th a t  a system  w ith  a p e r f e c t  r e la y  can be made to  

perfo rm  l ik e  a system  w ith  a r e la y  of any com bination  of 

p o s i t iv e  or n e g a tiv e  h y s te r e s is  an d ,tim e d e lay  o r  a n t i c i ­

p a t io n  by the  use of f i r s t  and second d e r iv a t iv e  feedback* 

A lthough th i s  stu d y  d id  n o t d ig r e s s , to  an a ly ze  perform ance 

o f a system  w ith  a r e la y  p o sse ss in g  h y s te r e s i s  and tim e 

d e la y , REAO s im u la tio n  shewed th a t  a s im ila r  co n c lu s io n  f o r  

a system  using  th i s  type  e f  an im p e rfec t r e la y  can very  

l i k e l y  be drawn*
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D ata o b ta in ed  from an IBM 650 d i g i t a l  eom puter i s  

p lo t t e d  in ' Appendix A shdwin l im i t  cy c le  a m p litu d e9 m axi­

mum v e lo c i ty  and h a l f  p e r io d  as fu n c tio n s  of th e  no rm alized  

a c c e le r a t io n  feedback  param ete r 0*/^ ® F a m ilie s  o f  th e se  

cu rves a re  shown fo r  v a r io u s  no rm alized  v e lo c i ty  feedback  

p aram eters  ® These cu rv es a re  fo r  s ta b le  l im i t  cycles*  

and co n seq u en tly  they  are  fo r  the  mpst p a r t  fo r  p o s i t iv e  

feedback  )» ;.:v1

These cu rves can be used  d i r e c t l y  to  develop any

d e s ire d  l im i t  cy c le  f o r  a system  u s in g  a p e r f e c t  r e la y  0 

Of more im p o rtan t use i s  th a t  o f  m inim izing o r e l im in a tin g  

a l im i t  cyc le  of a system  u sing  an im p e rfec t r e la y  w ith  

h y s te r e s i s  and tim e d e la y » A lthough th e  m a jo r i ty  of th e  

c u rv e s -a re  fo r  p o s i t iv e  feedback  which i s  n e c e ssa ry  fo r  

a s ta b le  l im i t  cycle* re v e rs in g  ..the-, sense  of th e se  p a ra ­

m eters  r e s u l t s  in  n eg a tiv e  h y s te r e s i s  and a n tic ip a tio n ®  

T h ere fo re  i f  a system  w ith  an im p e rfe c t r e la y  has a s ta b le  

l im i t  cycle* i t s  p ro p e r t ie s ,  o f ; am plitude* period*  and m axi­

mum v e lo c i ty  can be compared to. th e . curves and a d e te rm in a ­

t io n  of p aram ete rs  which would y ie ld  a s im i la r  l im i t  cy c le

w ith  a p e r f e c t  r e la y  can be es tim a ted ,, Use o f th e se

p aram eters  bu t of o p p o site  s ig n  w i l l  r e s u l t  in  a r e d u c t io n  

or e l im in a tio n  of the  l im i t  cy c le  i n  th e  system  w ith  the 

im p e rfec t r e l a y .



E x c e lle n t c © rre la tio n  of th e  p r o p e r t ie s  of th e  

l im i t  cyc le  as  d e fin ed  by th e  d es ig n  cu rves has been 

e s ta b l i s h e d  by a g ra p h ic a l  phase p lan e  s o lu t io n  and on 

th e  EEA..G s im u la tio n  e
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SUGGEST!OHS FOR FURTHER STUDY

1 1 el H igher Order Systems

In d ic a t io n s  a re  th a t  th e  s te p  o f f s e t  In  th e  e r r o r  

fu n c tio n  developed  by equal amounts of f i r s t  and second 

d e r iv a t iv e s  w i l l  no t occur fo r  system s of h ig h e r  o rder 

th an  th e  second* I t  appears t h a t  h ig h e r d e r iv a t iv e s

would be req u ire d *  I t  would be d e s ira b le  to  know th e se

req u irem en ts  in  d e ta i l*

I f  f i r s t  and second d e r iv a t iv e  feed b ack  can be 

c lo sed  about a second o rd e r p o r t io n  -  im m ediately  fo llo w ­

in g  the  r e la y  -  o f a h ig h e r o rd er sy stem , th e  t o t a l  system  

perform ance i s  l i k e ly  to  be improved by induced  n e g a tiv e  

h y s te re s is *  I t  i s  su g g ested  t h a t  a study of t h i s  type of

com pensation would be of b e n e f i t*

11*2 Frequency A n aly sis  '

H o rn - lin e a r ltle s  in  h ig h e r  o rder system s are  more 

r e a d i ly  han d led  w ith  th e  d e s c r ib in g  " fu n c tio n  technique*

I t  would be d e s ira b le  to  d e te rm in e .th e  e f f e c t  of induced 

n e g a tiv e  h y s te r e s is  on phase an d  g a in  m argins to  f a c i l i t a t e  

use of t h i s  concep t f o r  frequency  re sp o n se  methods of 

a n a ly s is  and sy n th e s is -*



H o 3 A daptive Serve

Use ©f v e lo c i ty  and a c c e le r a t io n  feed b ack  in  a 

c o n ta c to r  se rvo  can r e s u l t  i n  a l im i t  cy c le  whose proper™ 

t i e s  a re  dependent on th e  v e lo c i ty  and a c c e le r a t io n  f e e d ­

back p aram ete rs  and system  g a in  and tim e constant®  I t  i s  

su g g ested  th a t  a measurement of one o r more p ro p e r t ie s  o f  

the l im i t  cy c le  p lus th e  knowledge of th e  v e lo c i ty  a n d ' 

a c c e le r a t io n  feedback param ete rs  m ight p e rm it a d e te rm in a ­

t io n  of th e  system  g a in  and tim e co n s ta n t 0 I n  c o n tro l  

system s where g a in  and tim e c o n s ta n t vary a p p re c ia b ly  

th ro u g h o u t th e  c o n tro l  regim e p. knowledge of th e  se  p ro p e r­

t i e s  as they  vary  could  be used  tp  adap t the  se rvo  to  p r e ­

se rv e  a c o n s ta n t perform ance f ig u re  o f  m e r i t . I t  i s  sug­

g e s te d  th a t  an ad ap tin g  techn ique m igh t be developed  

u t i l i z i n g  m easured l im i t  cyc le  . prohbi6t i e s  and th e  v e lo c ity  

and a c c e le r a t io n  feedback  p a ram ete rs  to  v ary  system  g a in  

or th e  g j v e lo c i ty 'a n d  a c c e le r a t io n  feedback  p a ra ­

m eters  them selves e .

l l  J l  - Response to  Hols@; . . .  x . - v- ■ :

I t  h a s  been su g g ested  t h a t  n e g a tiv e  h y s te r e s is  o,om- 

p p n sa tlo n  m ight be l e s s  s u s c e p tib le  to  n o is e  th a n  s e r ie s  

le a d  netw orks which a re  ©ftsi- u sed  to  improve perform ance



degraded by p o s i t iv e  r e la y  h y s t e r e s i s » I t  i  

th a t  t h i s  th o u g h t be in v estig a ted ®

- 7 8

su g g ested
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DESIGN CURVES

F ig u re s  A l9 A29 and A3 a re  curves of th e  c y c l ic a l  

s o lu t io n s  of eq u a tio n s  developed in  C hapter 9 ® They a r e 9' 

r e s p e c t iv e ly  h a l f  p e r io d , am p litu d e , and maximum v e lo c i ty  

p lo t t e d  a g a in s t  the  a c c e le r a t io n  feedback  p a ra m e te r© ^  f o r  

v a r io u s  v a lu e s  of the  v e lo c i ty  feedback  param ete r ©C|. 0 

There were v ery  few cases .w h ere  a l im i t  cyc le  

e x is te d , fo r  n e g a tiv e  v a lu es of. 6^ . .«  C onsequen tly , no 

atteiti.pt was made to  in c lu d e  th e s e  v a lu e s  in  th e  des ig n  

curves @ :-

I t  should be n o ted  th a t  th e s e  curves are  n o rm a liz ­

ed , and co n v e rs io n  to  an a c tu a l  system w i l l  r e q u ire  use o f 

th e  n o rm aliz in g  q u a n t i t ie s  shown in  C hapter 3«

<=XA *=*
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APPENDIX B 

ANALOGUE SIMIJLATI ON

The system s d iseus.sed  in  th e  t e x t  were s im u la ted  

on a type ClOl Beeves E le c tro n ic  Analogue Oomputer« Nor­

m alized  system  tim e was equated  to  r e a l  tim e on th e  com­

p u te r  &

F ig u re s  B l, B2«, B3s and Bl|_ a re  fu n c t io n a l  schema­

t i c s  of th e  s im u la tio n  of hg rsteresls>  p e r f e c t  r e l a y ,  sy s ­

tem w ith  p e r f e c t  r e l a y  and p o s i t iv e  h y s te r e s is  feed b ack , 

and system  w ith  p o s i t iv e  h y s te r e s i s  r e la y  and n e g a tiv e  

h y s te r e s i s  feed b ack  r e s p e c t iv e ly «

The method of h y s te r e s i s  • s im u la t io n  r e s u l t s  in  

p o s i t iv e  h y s te r e s i s  and a f i r s t  o rd e r la g  whose time, con­

s ta n t  i s  s e t  by th e  g a in  of th e  lo o p „ The g a in  o f  t h i s  

loop  i s  1 0 , and th e  r e s u l t a n t :tim e c o n s ta n t i s  0*1 seconds o 

The tim e co n s tan t of th e  sy s tem -is  1*0 second , and s in c e  

th i s  d i f f e r s  from  th e  tim e co n s tan t, of th e  la g  by the  o rd e r  

o f one m agnitude, i t  I s  assumed th a t  th e  q u a l i ty  of th e  

s im u la tio n  is  a d e q u a te »

The o u tp u t of the  simula te d  r e la y  was s e t  a t  100 

v o l t s ,  and s in c e  th i s  works in to  a f i r s t  o rd er lo g  s im u la­

t io n  whose g a in  i s  u n i ty ,  th e  n o rm alized  s a tu r a t io n  v e lo -

—IB—
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e i iy  i s  co n seq u en tly  s c a le d  to  100  -volts.# The g a in  of th e  

in te g r a to r  i s  a ls o  u n i ty s and th e re fo r e  th e  d isp lacem en t 

v a r ia b le  a ls o  has th e  same s e a ls  'f a c to r#

The photographs of l im i t  .cy c les  were o b ta in ed  by 

p la c in g  th e  ou tpu t v a r i a b l e ^  op the  h o r iz o n ta l  d e f le c t io n  

p la te s  of a cathode ra y  o s c il lo s c o p e  w h ile  th e  ou tpu t 

v a r ia b le  'V* was p la ce d  on th e  v e r t i c a l  d e f le c t io n  p la te s #  

Shot©graphs were tak en  w ith  a P o la ro id  Land Camera, and 

s in c e  th e  camera views the  scope face  th ro u g h  a m ir ro r s. th e  

photographs a re  m ir ro r  images of th e  l im i t  cycles®
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