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A theoretlcal and experlmental analysms 1s made of~7
the response of a unlformly loaded cantllever beam to a’

sudden release of«c@nstralntS5 Thls is an 1dea11zatlon of

t:‘the response of a rocket Vehlcleg subJected to a steady

gronnd w1nd to the sudden release of constralnts at
launchlngo | ‘ | o ,

Elementary beam theory predlcts that the flexural
v1bratlons resultlng from the sudden release ofxa unlform
‘cantllever beam - w1ll result in bendlng stresses that may
exceed the 1n1t1al statlc bendlng stressese The stress
magnlflcatlon wlll be large and 1s‘unbounded<for'an in=
,stantaneous release, 1f damplng ls not cons:.dered° The"
'stress magnlflcatlon is not so large fOL a delayed releaseg,f

oee, a release requlrlng a flnlte tlme for completlono ;,

Lhe experlmental results are 1n good agreement w1th

those predlcted by the theoryo A
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1. INTRODUCTION -

lel Basls for the Problem .
, Consider the launchlng of a rocket vehicle subJected
A ‘toja steady ground wind. If the effects of vortex sheddlng
_:are neglected and the rocket is eonstralned at its lower |
: end the rocket 1s subgected to a. steady lateral leadlngo.
}At launch _the constralnts are suddenly removed and the

| rocket experlences flexural v1brat10nsg There are 1ndlea;'
tlons that the bendlng moment s experlenced by the rocket

1 may be»dangereusly hlghe

l 2 Ideallzatlen of the Problem

Gon51der an 1dea11zed problem in which the rocket
is replaced by a unlform beam of 01rcular cross==sectlon9
subjected to a steady9 unlform lateral loadlngg and:con=

' stralned as a cantllevera The bendlng moment response of
n the beam subsequent to a sudden release @f constralnts w1ll

‘be studlede

4 l 3 Ex1st1ng,£1terature

The theoretlcal solutlon for the forced flexural
v1bratlons of a beam ls well knowno Reference 1 presents

a development of the theoretlcal solutlon@ A,reduced and

1



Somewhat modifiedvversion is presented in Appendix B. The “
‘”natural frequencles and mode shapes for the free v1brat10ns
" of beame w1th varlous end eondltlons have been. computed and
'tabuletedo Reference 2 gives a.typlcal tabulatlon for the
first five modes. |

A number of mathemetlcal analyses have been made of
the'reeponseiof beams te,lmeISLVe‘and.other forms,offrapld“
‘loading. Reference 3 presente‘a.eummafy‘end provides a good'
bibliography on the Subjecta‘ Howevers the writer does not
know of any publlcatlon regardlng the enalyels of the re=
1eponse of a- unlformly loaded cantllever beam to a sudden
release of- constralnts or of 8- comparlsen of theoretlcal end B

experlmental results of this application.

loé Scoge of the Problem 7

It can be expected that the rapldlty of release w1ll
Mhe#evan effect,on the-reeponee efythe beame_ Further, there
iwill be some delay inhereﬁt'in any mechenieal or electro=
mechanical release mechanleme ~The effects ef the time of . ~
.ectlon of the release mechanlem Wlll be considered.
. In the problem belng con51dered before releave the
maximum stresses occur in the cantllever beam at the con-

etralntsa When the constralnte are releaeed the stored

- etraln energy will be redletrlbuted throughout the beemo. It

can be expected that there Wlll be an’ 1ncreese in etress at

. some points along the beam. The ratio of the stresses



resalting from the dynamic loading (flexural*vibrations)”to
.ﬂthose resulting from the static loadlng in varlous portlons

of the beam will be 1nvest1gatedom f.

The amplltudes of v1bratlon 1n any structure tend toffjh'

.dlmlnlsh with tlme due to structural damplnge Aerodynamlc
forces also resist the motlon and w111 damp “the v1brat10nso:
‘@uantltatlve effects of damplng are not con31dered hereg"iw'

only the general qualltatlve effects are cons:.deredo -



2, THEORETICAL ANALYSIS -

2.1 Natural Mode Shapes and Frequencies

' The.fundamenta1-equations'for,the_forced flexural
motion of a slender beam are developed in Appégdix B as Welll,
as in .Sev»éral texts. In this devglopmeqt9 the bending de-

" flections in a béam are. ' “ E '
Wix,t) = 2 %n(x)%(s) (2.1)
where ff, is the n-th natural mode shape and q is a general-

n[_ized coor&inate giving the ampliﬁude'of the n-th mode aé a
function of time. - . »
For an unrestrained {free-free end) beam the natural

" mode shapes are given by
P (x) = cosh(B x) + cos(ﬁkx) - % (sinh(Byx) + sin(Gx)) (2.2)

- where o, and Oy are characteristic of the n-th mode.  Their

‘ ?alués.appear in-Table Ig,belewg,_Furthgr; @he natural free~

quencies are given'by  
wy = (’@g) (BI/) A | (2.3)

:The,nomenclatﬁre'used in eQuabiOns‘(Zol)_through -

. (203),is summarized belowo Any consistent set of units may

L



) be used for the phy51cal quantltles however9 for convenlenceg "

n the unlts @f such qnantltles are noted 1n terms of the 1nchu[fl‘5° ‘

"-.,poundasecond systemo

x =<dlstance along the axis of the beam9 inches. -
= lateral deflectlon of the beam9 inches.-
length of the beamg‘lncheso‘

= tlme, secondso

' B

‘modulus of elastlclty of ‘beam. materlal pqunas/5'i.
inch?. | ( ’ '
I = moment of 1nert1a of a cross=sectlon of the beam,wa

, ab@ut 1ts neutral ax1sg 1nch334 |
in,§?l 2 39.0‘o the mode’ numbero,

,a?# mass per unlt length of the beam9 pound=second2/ﬁ

tlnChz : | *
lQQn;=,natural frequency of the n=th mode,vradlans/
R secondo" ' | '\ | ‘
j&h =a characterlstlc numbero'
Bn'= a characterlstlc number.

¢ (x ‘= shape of the n-th natural modee,
Derlvatlves of ¢ w1th reSpect to B n¥ are denoted by_f,

?;prlme marksg thus

-

=
)
P

8
T
&



T
oot = ghy £

The functlonsg,¢ 5 have the property of orthogonalltye_,,-f

n
The tabulated values whlch w1ll be used in thls analy51s are

chosen so that

‘.”  4(¢;¢¥di*='Oa"9 mf#“n$‘
[ex =2

The characterlstlc numbers and natural mode shapes:
have- been tabulated for at least the first five modes. The .

"-values~appear1ng belqw were~@xtra@bed fromnreferencg 2. .

CTABLE I
~ Yalues of ‘og;,an.d B, 4

n l. ‘Q‘n‘ o bn-d

0.9825 0221 58 | 4.7300 408 |
1.0007 7731 1 | 7.8532 Ok6

0. 999?'66£5~Ol 110.9956 078
1 oooo 0145 0 .’lébl37i 655 .

0.9999 9993 73 ’17;é§87f596

- For n>59 o4 = = 1. o 6,£ (zn + 1) 7Y/2

The representatlve values of XAZ 1n Table II belows

. were chosen because they are close to the values used in the



- expérimental portion ofrthé‘étudy@[]

T&BLE II

Natural Mode Shapes and Derivatives

- First‘Modéfv

vFree»free,Beam

Z

g

| e R ) ¢1{?§-
0,00 | +2.00000 - 1.96500|  0.00000 0.00000
1 0.26 | - 0.27180 - 1.53085| :0.91124 | 1.01113
0.34 | = 0.77704 - 1.01735| - 1.261%1 |  0.8077k
0.50 | .- 1.21565 © 0.00000|  1.58815 |  0.00000
0.66° | = 0.7770L | 1.11735 1.26141 | - 0.80774
1.00 | 2.00000 | 1.98500|  ©0.00000 | 0.00000
:l§eCQnd,Mode'.‘
0.00 | -~ 2.00000 - | - 2.00155|  0,00000 | 0.00000 -
0.26 | - 1.21876. | = 0.56977 | © 1.472k5 0.30410
0.3, | - 1.28181 0.36246°]  1.4091k | - 0.51224
0.50 0.00000 - 1.37532 |  0.00000 | = 1.L5420
0.66 1.28181 0.36246 | = 1.40914 | - 0.51224
1,00 | - 2.00000 - 2.00155 | 0.00000 | ~ 0.00000




Third que,'

0,00 |  2.00000 1.99993]  0.00000 0.00000
0,26 | =/1.18165 0.62425. 1.29690 0.73833:
0s34 | = 0,24051 1,36606 . - -0,289L9 1.41222
0.50 | - 1.42238 0.00000 1.40600 |  0.00000 |
0.66 | = 0.24051 1.36606( 0.28949 1.41222
1.00 2,00000 1.99993 0.00000 0.00000

" Fourth Mc’dej
‘ S ‘ 7. : ot AR
%l g, g 5l 9
0.00 »42300000; 2,00000]  0,00000 ’o@ooOoo .
00,26 | = 032640 Lo34bh2 ) 0.377001 = 1.39515
0.34 |  1:09776 - 0.89319 1.08159 0,90972
0.50. | - 0,00000 141592 0.00000 1.41251 |
0066 = 1009776 0089319 1008-159 | 0690972 '
1.00 | = 2,00000 - 2,00000 0.00000 | 0.00000

- Fifth Mode

: . g .ﬂﬂ'.v . ‘”ﬂ*

A g | e e
0.00 | . 2.00000 | = 2,000@00_; o‘;oooo“o_: ©.0,00000
0.26 S 0.76897 - |- 1.18287 | = 0.74658 | = 1.20525
0o3L | . 131772 0.52341 | = 1.31208 0.51781
0.50 | = 1.41386 ~ . 0,00000 | - L1.41lL57. 0,00000
0.66 1.31772 0.52341 1 = 1.31208 | = 0.5178L
1.00 - 2,00000 2.00000 | 0.00000 - 0,00000




2.2 Bending Moment and Stress
From elementary beam theory, the bending moment, M,
at a cross-section of a beam is given by
M = EI(<OMW/&XN) .
Substituting the expression for w from equation (2.1),

M - EIE g (d20 /dx2)
=l n n

= EIS V nMA™ 29
Similarly, the maximum bending stress is given by
— = = “*x
< Mr/l (r/l)(EI)/‘.;__/anSrlen (2.5)

where r is the radius of the beam.
2.3 Pre-Release Static Deflections.

Before release (t < 0), the beam is subjected to a
uniformly distributed load p per unit length and, at one end

a restraining shear force S and bending moment M.

Figure 2.1 Beam Before Release
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v It w1ll be convenlent to express the deformatlons of‘
'.ithe beam resultlng from this statlc 1oad1ng 1n terms of the
Mfree=free natural modeso The equatlon for the forced motlon
‘,oof the nmth modeg developed in Appendlx B, is . i ,»”
v'. o | - M'qn + M. avzq = Qn9:1~, (?;oﬁf .
where M is a generallzed mass given by _ V
) R =futfe, O en
‘and Qh s a generallzed forceo’ ThlS force is: equal to the

‘iv1rtual work done by the external forces 1n a v1rtual dlS°

: placement of the generallzed coordlnate q o

“5W/<5<1 5

R ‘SW ‘ “‘<'=-S¢ (o) = M(d@' /dX}(o) o+ pj ¢ d.x)
The 1ntegral above vanlsheso Therefore, , .
| Qﬂ = =-(S¢ (0) + MB ¢‘“(o)) (2.8)

| where 3 and M the shearlng force and bendlng moment on the

L end of the beamg have reSpectlve magnltudes of pﬂ and gpﬁz

- - since the beam;ls‘ln a static condltlon, qn Gy = 9
and ,‘4 | |
= %pﬂ 2¢ (O) + B z¢?(o}.){/(anv{n_)-,e S (2.9}

2 L Release Condltlons": "

At the tlme t =0, the constralnts are released and the
,shear and momenp{on,the end.of the beamigo to zex:oe If the .

~ constraints are released instantaneously, the time history .-
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can be represented by a sustained action plus a negative step

of both the shear and moment applied at t = O.

-5

(@ Shear Time History

-M

(b) Moment Time History

Figure 2.2 Instantaneous Release Time History

There will be some delay iIn the action of any electro

mechanical or mechanical release system. When delay is con-

sidered, i1t will be assumed that the time history can be

represented by a sustained action plus a negative ramp-plat

form of both the shear and moment applied at t = O.

(@ Shear Time History

(b) Moment Time History

Figure 2.3 Delayed Release Time History
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"2 5 ?ostaRelease Res»onse

The generallzed force for the negative- rampaplatform

‘functlon is

q t St (2.108)

- (8¢ (O) + MB. Q!ﬂ(o))(t/t 0.8

'where 6 is. the time to- completlon of. the relea,seQ- Obv:.ously,

1

-

“only equatlon (2 lOb) applles for the 11m1t1ng case bty =0

, (1nstantaneous release)

- The. response of the generallzed coordlnate q to the g

generallzed force ca,n be found 'bhrough ‘the use of I}uhamel‘? w

1ntegral°
| For”tl"-—-",o."._ o
q =-'T (S¢ (o) A+ MB W(o))/(MW )/’ sinw (t - Z)d’&’

- = (sng a(0) +MB ¢v(o,)/(Mw2) (1 - COSwW. t) (2. lla)“ B

A

g

't. 1’

SN

FOI" tl% 0,0

q;rlx\‘ '-".“(égn(‘d) '}’. Mﬁngﬂ(o‘) )’/(‘ﬁnén}l ~(g/ti)Sinafﬂ1'(§ il

, " f,Sﬁﬁ(o) %.MBﬁ¢ﬁ(o} {_t‘;[sin“’nt'} ‘ 5f
‘ ‘ ann ) , tl :

@Wnty -

(Z@llb)4



" For s,

13

=

ﬁor ty £0, t2 ty5.0
- s (o) +MB ¢" (o)
el {w
| + cosw(t - t )«éwu /s:x.nw(t mrdz'}
T S¢ (o) * P s?fﬁ(o){l + sing(c - t:) ='Smwt}-(2°ilc’) |
Mﬁv 5 , B ‘

The response of the generallzed coordinates is the sumv

q, = Es:.nw (t - ) - sine t]

1

- .of the responses to the sustalned shear and mom.ent and. to the
negat.lve step or x'ampuplatform functlon of shear and moment

 equations (2.8) and (2010)e

=03 .

1l
an%-_- Sﬁn-(o‘) ka MBQ%Q(O) (= coswt), | (242‘&"_) )
n‘n

":AFor‘_tl Lo 0%g & €13

q = - ‘Sgn.(»‘?) f%’angﬁ(.o) " { 1-1% + sinwnt}. - (2.12p)
T o Bewz U b &ET |
For tl 74 0, t =%g3

qkﬂ S¢ (O) + MB ¢n(0) {Slﬂw (t - tl) - s:maﬁb } | (29120‘)

an 2. ety
I’c should be noted that the time dependent port.lon o.f

equa,tlon (2 1203 goes to = coswt as tl goes to Zero. This . =
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1*agrees with equatlon (2, lZa)

The time dependent portlon of equatlon (2 12c) can be

~expressed in a more convenlent forms

51nov(t - tl) - smnaﬁt

;An51n&4>t + ?’)y ";l' B (2015)  :e

o “nby
“where _ . .
A= Vz.(l.c‘éoswntl>xa(ggﬁgi); L (za3a)
ﬁlfand<‘7 ' -; ij‘f . d{ld “d,j id‘e, i -.“ -
Fn= arctan(sinawtl/(l~~ cosé;ti)) o ;  '(2-14b)»

‘Aﬁxhas been plotted for values ofau'to up to 101Y

(see Graph l9 Appendlx G)

2. 6 Magnlflcatlon of Stresses |

In ‘the pre=release condltlons,the bendlng moment at a
‘d~p01nt x along the beam 1s glven by

‘ .42 1 - /,4 2, | '-2»1.'
Mg ?_p ( (x )) - (2.15).

For the dynamlc response, the bendlng moment 1s glven

';by equatlon €2 L) Subetltutlng thezvalues fqrrqn frqm equae _

tions (2612).g1ves:ﬁ

My = EI n=1,’3 ¢1§1?(S¢n(o %Mﬁnﬁﬁz(q.))fn"(t) J(F.2),
_where ' _ e ' o
A
= 3l

9

R Toeen (o0



LR

fae) = - {(l - ’Sfj“’l}ct F0,08 %)
‘bfn(t')' = Ansiﬁ"(@ntﬂ‘-}-‘f"/n); (tl 7! 0, t = tq)

£
M = R gl

M Z’“¢ndx f/f“me° ol |
Rearranging and simplifying gives the following expression
. ’for Md ’ ' ‘ | '

‘= 25—2 B g e

,The ratio,of:the'dynamic behding’mOment7to thé static

-bending moment at a poigt x// is gi?en by
M

,__,Q : - {o %.&Lc.);
Mg K—» - (:7'2”2 = l {TE&Z% , (x/é)fn(t (217)

The maximumwstresses in‘the,outermGSt fiber55bf a beam

"areldirectly proportional ﬁg the bendihg‘mdment at the pointe
‘The stresses can be found by substltutlng the proper phy31cal 
quantltles 1nto RER .

| ' €= Mr)/Io ) ‘

,Therefofes.equation (é;i?) applles equally well to the ratlo
of maximum dynamictto statlc stresses, d/C{s |

A plot of the ratlo @f max1mum dynamlc (summation of |

.flve modes) to max1mum statlc stress versus x// and l 1

‘appears in Graph 2 (Appendlx G) The mlnlmum ‘value of the

ratio 1s—oneo
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2.7 DiScussiOn_g£ Theoretical fnalysis -

In the eXpression-for the dynamic bending moment

_‘Md ._.‘%pg?%”{zg 4 (0) % } ¢an(t)9. |

@5.£)4A

the terms in the series vary w1th n. The order of magnitude
of the quantltles can be establlsheda |

1.

P Bt (o) ¢n(x):
B, ~ . .
fn(t) ~ 1 t‘l ‘= O

/a2 6. > 0.
'fn(t)'N 1-/n s tvl > 0.

"I‘h'u;s.9 the order of magnltude of the terms of the series iss

(M ) ~ 1/n, - t, % 0Q

(Md)n N'l/nss tl > O-,o |

It maygbe~concluded that the bendlng moments resultlng from‘
an_insﬁantanéqus release; tl 0, may become very large and.“
may, inyfact; be unbouﬁdedg, For the case of a delayed
 releasé; the'bending:moments can.be'expected'torbé'smaller
~and arefbougdéda &h eXéminati6n5bf the ?esults‘Shown in"
Graph‘z bears this out. }It can be seen that the Stress mag; |
fnification cén become largezpafticularly near the initially -
_free ehd’eiuthe beam. -Fﬁrther; it- is evidént that a delayed
':release reduces the stress magnlflcatlono A éonsideraﬁionléf

“damping would serve to reduce the response furthero



3. .CONDUGT OF EXPERIMENT

3.1 Release Mechanism

It was neceSSary'to'select,orfdeviée a release mech~
‘anism that wouldsg _ : | | |
a. Restrain a beam in a cantilevered. position.
b. Be capéble of a,Suadén}releaéé (small value of
',co--Not 1mpart motion, translatory9 rotatlonal or
V1bratlona1$ to the beamg (‘ , _
!go ?rov1de unlform action through several trlalso
Tt was' de51rable that the constralnts be in the form
of pure moment and shearo However, 1f the release tlme~were‘
- such that the higher modes Would not be exclted measurably,
a palr of force constralnts close tovether would dupllcate
a moment and shear constraint satlsfactorllyc
The release mechanism chosen utilized two solenoids
parallel ered to a standard llO volt, 60 cycle sourceo The
"solen01ds are those used 1n the Maytag washlng machlnee_ |
jThese partlcular solenomds were ehosen because they have a
square plston actlon and they are sturdy enough to maintain
.'the beam in a cantllevered p051tlono

An alumlnum block 3 x 1 x O 750 1nches9 Wa s drllled RN

17 -
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through the center (©/32” diameter) and milled to cut through

the vertical diameter of the hole. The two halves of the
block were tapped and bolted to the pistons of the solenoids.

Coil springs were attached to the pistons of each of
the solenoids to hold them in a closed position while the
beam was suspended. A tension of 1j pounds was found to be
necessary on each spring when the mechanism was in a closed
position.

The mechanism was tilted at the proper angle to place
the beam 1In a horizontal position when constrained. In
effect, the beam is supported at two points as shown in

Figure 3.1.

to
mo/e.no/c/

to amy// /

Figure 3.1 Release Mechanism
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3 2 Beem Seleetlon

A four=foot length of %=1nch dlameter alumlnum rod was

~ chosen. The welght of the rod was small enough to permlt the ‘~""

euee of the release mechanlsm selected and the flexural rigi--

dlty was 1ow enough to- prev1de easily measurable stralnsg.'

The 91rcular crOSSesectlon was: favorable for a sudden releese'*fb

since any lateral motlon of the mechenlsm tends to move,the"
,conetralnlng elements away. from. the bee.m°

: " The dlmen31ons and Welght of the rod were measured
carefullyo, The values are shown in Appendlx A, Symbols and
| gggggc The modulus of elaet1c1ty was found from the fundaaj

mental frequency of the rod in the cantllevered p051t10no-7'

3.3 Stress Measurement

SR~4 streln gages were afflxed to the rod at flve

point504 The x[é ratloe of these polnts ares.

a.. Q°o~251+9
b. 0.2482.
g 0.3365.
d. 0.5016.

e. O. 6‘6740 |
Point a was useful only -as an 1nd1cator of release tlmeg
the effects of flexural v1brat10n are negllglble thls close
to the end of the rod° The remalnlng four p01ntsg b through

' [P ere referred to as p01nte 1 through 4 respeetlvelyo
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The strain gages were connected through a General
Electric strain gage amplifier to an oscilloscope. Lead
wires from the strain gages were varnished coil-winding wire
of the smallest gage that could be obtained locally.

The total weight of the five strain gages plus two
lead wires was found to be less than 0.1 percent of the
weight of the rod. The effects of this small difference on
the loading of the rod are ignored.

The release mechanism was mounted so that the rod was
72 inches from the floor when suspended. Continuous strain
gage readings were taken from immediately before release
through release and free fall. The readings were repeated
several times at each of the four points. The traces were
recorded by the use of a Polaroid camera on an oscilloscope

mount. A typical trace appears below.

Figure 3.2 Typical Photographic Trace
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There is a. dlstortlon of two percent over the width
', of the photograph due to camera astlgmatlsmg &ddlbl@nally9
the camera does not record the full W1dth of the grid.
_There'ls»a time blank of O. 025 seconds from the right edge
‘l to the left edge of the photograph (beam travel is from R
1eft to. rlght) |

The solen01d plstons do not begln to move 1mmed1ately
w1th the c1031ng of the SWltCho There is a reactlon to the
1n1t1al,power surge that;;s ev1dent in the first minor
‘éhanges innthe"traéefQf the‘oscillQS¢0pefbeamq. Time. zero
'has'been.takeﬁ«as the beginning,of the first major change‘
1n,p051t10n rather than the 1n1t1al reactlon to the _power

'surgea .

‘304. Estimation of Release Time
'PVA‘meanszwas~devi$¢d_to'déte}ﬁiﬁeidireétlyfthe;time
histbry of the'movement of a solenbid piStonp;JAs\shcwn in
'_Flgure 3o 39 a straln gage was flxed to a thln bar. & pointr
ZCOntact was added to ‘the free end of the bar- and the other
end was placed in a v1se9, In the pre-release condltlon,-
the bar was in a deflected p051t10n with its point. in.con=
E tact with a protru51on on the solen01d piston. The relatlon
-Abetween plston position apd,measured strain in the‘bar was

'detefmined éxperiMentaliy@"
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£ strain page

Figure 3*3 System for Determining Release Time

The maximum possible release time iIs the time required
for the piston to move a distance equal to the radius of tne
beam. This time, determined to be 0.085 seconds, is a bound-
ing value of the release time.

It was not possible to determine directly the piston
displacement required for completion of release. The time
history of the strain at the point x// = 0.0254 was studied.
Replacement of the actual strain-time curve by an equivalent

ramp results in an effective release time of 0.014 seconds,

as shown i1n the figure below.

7/me (Je-conc/&)

Figure 3*4 Strain-Time History at lp = 0.0254



k. COMPARISON OF THEORETICAL AND EXPERIMENTAL RESULTS

4 l Beam Suspen31on.

‘ The expre551on for the generallzed forces; Qn, 1n
:the statlc cond1t10n9 equatlon (2 8)3 was developed for con=
straints in. the form of pure moment and shearo The. experla"
mental portlon of thls study was. conducted with the beam, 1n;v
- its suspended state9 cqnstralned by a pair of forces close “
togetherq Equatlon (2 8)9 when adjusted to reflect the |
actual c:oms’c:r"alzl.n’cs,9 becomes _ N -:  - B
= (Biffp(o) = Roffale)) 1)
‘where A is the distance between the constraintsq_ This.equéaﬂ
‘ tioﬁ can be put in the farm |

O = (By - R2)¢ (o) = Rz(¢n(“) gn(O))-

- 80,(0) - Rpald, (o) ¢ (1,\))/&@-
»In the llmlt as.Asapproaches zero9 the later expr6551on
‘approaches“ | -
= S¢ (O) - M(d¢ /d:x (o) o
This expre551on for Qng statlc, is the same as that in equam'
tion (2 8), |
The values of Qn from. equatlon (2. 8) and from equa-

tlon (4 1), determ;ned for the physical properties of the

23



‘rodggareetabulated belovrfor‘com.pa;.:risono

| "TABLE IV
Gomparlson of Generallzed Forces
(pounds) .
n{Q (Eq(zge))“ %, (.’Eq%gl).),‘
1| o.6s05 | 0.6379
2 | 1.4080 | - 1.4083
3] 23616 | 2.1627
b 2.9165 | 2.9163
5 | 3.6715 | 3.6713

The maximum dif ference 5.0 4 percent within the accuracy

- of plottlng and measurement? o

- 492‘ Freeueneies and Amplitudes of Vibration

| Graph 3, Appendlx €, is.a plot of stress versus time
ﬁcomparlng the experlmental results Wlth the theoretlcal
7.solut1gne¢“3~plot.;s.made for each of the four points
deseribed»inisectiOn 3;363.The'theorepicalvplot is limited

- to a summation ofvthe ﬁirSt-three5modes'for points 1l and 2

';”Vand to the flrst tw0 m@des for p01nt fou,r® 'Point three is -

located almost ‘at the p01nt of zero. amplltude for modes two"

and four, Nothing more'than a trace of the fourth mode

appears in the experimental resu1te'at‘peints 1 and 2 and -



- of the thlrd mode at pelnt 40 The fourth and. flfth modes o
“were not 1ncluded in the theoretlcal plotm Thelr amplltudee
are small and they would have compllcated the. comparlson |
w1thout addlng anythlng to 1t°} - »
» | The elementary theory of beam v1bratlons predlcted
q'lthe frequencles found- experlmentally w1th1n the errors of f
| measuremente i | |
A Agreement of the stress magnltudes between the theore
etlcal and experlmental results 13 Very good w1th one excepm'
‘l‘tlone The observed amplltude ef the second mode is greater
than the predlcted value at po;nts two ‘and fourg ‘This is

attrlbuted to the dlfference between the theoretlcal and

- experlmental release tlme hlStOFYo‘f

tlh 3 Stress Magnlflcatlon

| The theoretlcal solutlon predlcts and the exper:n.mezrz;tv==

a ‘al results verlfy a stress magnlflcatlon over most of the l“
;i-length of the beamo- It should be noted that the :Lnltla.l |
;freactlon 1s the most severeo ~Later reactlonS'may-exceed the '

statlc stress but they never achleve the amplltude of the

‘e 1n1t1al reactlon@ A curve connectlng the results for the

- four p01nts on the beam 1s 1ncluded 1n Graph 20, Thls curve
‘does not follow the form of the theoretlcal curves, probably f'
because of a comblnatlon of the effects of structurel dampm .

: 1ng and the- actlen ef the release mechanlsme‘f‘:



5. CQNGLUSIO:NS

| Elementary beam theory predlcts that the bendlng
:stresses resultlng from the sudden release of a- unlformly |
ileaded cantllever beam may exceed the bendlng stresses due
::to the statlc loadlngo For an 1nstantaneous release9 the
magnlflcatlon will be large and if damplng is no% cen31d= B
ered, '1svunbounded®. For a delayed release, the magnlflca=
;tlon is reduced belQW'that in® the 1nstantaneous casee‘
| Thus, a delayed release would be” de51rable,1f,1t were
: necessary to llmlt the stresseso | (
o The experlmental results relnforce this conclu31oﬁo

>The experlmental results were in good agreement w1th those

»f.predlcted by the theoryo
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1'.Appendix.&,
‘. SYMBOLS AND UNITS

<The nomenclature,uséd is summarized’bélqwo,,Thefunits
- used for the physicaliqﬁantities afe.iﬁ-terms of ﬁhe inch~,

Apouhdmsecond‘SYStem?

| Sumbols and Units  Dxperimental Values
d = diameter of éircular: ’ - . 0.252 in. . |

| .crOss%seétion;;iﬁqheSG‘ T o | -

B %_ﬁodulué,of eiastiéitY‘dffbeam o lOc460-x lOé'lb/inzg
materi,al',v,pourids/inchzo |

fmoment_éf inertia of a cross . 1.9796 x 10=% spk,

0

section of a beam about its
» neutral axis; inchesﬁo | |
":,44#-1eﬁgth.5ffbeam;'in¢hesoj  47.850 in.
M = beﬁding\momenﬁ ét é cross section

 of thekbeam;'in¢h;pdundse?
| Ma= bending mpment'due to‘dynamic

loading (vibrations).

8

M =;bending,moment;dué7to static

loading.

1= generalized mass of the n-th mode,
s | (GL WAS Tbh mases

,27_ O



- Symbols and Units

b@{jﬁ/¢¢ ¢ dx = 0, ‘; ’n‘# m,
./“1  n1='mQ
= 1, 25 3, g‘o o = any iﬁtéger;
a subscript‘used tb'ihdicate
" the order of the mode of
vibrationo~ |
: ;=’unif6rm lateral load per |
‘ ?unit'length; pQunds/inéhg
“qn= geheralized.COOPdinate?
a functlon of to ,
Q= ‘/'ﬁﬁ dx = generallzed force S
" of the nath modeg, ‘ |

= radius of cross sé¢€ion; ’
| inches.- | = |
Ry2 = forces of feaction.ofrtwon
: p01nt constralntsg poundsg

.

shearlng force, poundso

= time, seeondsg

tq
~’wx= lgﬁeraidéfléétion‘bf beam*axis)vﬂ‘-
inches,
W = welght ef beams poundso, |
| X = dlstance along longltudlnal axis

of beams :anheso

release reaction time, seconds.

28

Experimental Values

5.0225 x 107 1b/in.

v 00126 ino

R, = 7.4260 lb.

R, = 7.6663 1b.

Oeollﬁr SeCie

0,24031 1b.



§ymbols and Unlts.

dlstance perpendlcular to longl=
tudlnal axis (undeflected)s_
,1nches@

- Z(x t) general forclng ;E‘unc‘c.lono

c(n = a parameter occurring 1n the

expression for»the‘characeu’
B terietie.funetiensg
3 =-the charaeteristie number;
| related to the- frequencyg.’

(.Un‘

A= dlstance between the two»polnt -

constralnts, 1ncheso

e = mass per unit length of the

beamy poundaseeondg/lnchzo
¢n(x) = characteristic functlen |

- descrlblng the n=th mode’ a
_ _ shape@ '. |
' 0%1 B VEEZ;; = natural frequency
R of nmth mc;de9 radlans/seconda

29

§xperimental Values -

(See Section 2.1)

(See Section 2.1)

10,750 in.

112977 x 10751b-

secz/inzg

(See Sectibp 2.1)

RS RV R R =

“n (rad/sec)
122
336

659

1090

1628



Appendix B

DEVELOPMENT OF THE EQUATIONS OF

LATERAL VIBRATION

B.1 Free Vibrations of Beams.

The development that appears below iIs essentially the

same as that in reference 1, pages 331-333e

Figure B.1

Consider a free body diagram of a segment of a beam
as shown in Figure B.l. The lateral deflection is w, the
bending moment at any cross section is M, the shearing
force i1s S, and the distributed load per unit length is p.
The direction of the axes and the positive directions of
bending moments and shearing forces are as shown.

The differential equation of the bending deflec-

tions is

E1( 9B/ 5 x2) = M, @G.D

30
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where E is the modulus of elasticity;‘l is the cross-
_Sectional momént of inertia and thé,prOdggt EI is the flex-
B ural rlgldltyo el T - | o
A con31deratlon of the equllbrlum of the beam segment .
fileads to . P N ‘ a o
| | (a/ax) (ma?w/axz)f‘;aﬁ/asc =-s8  (B.2)
(6% /ox) (BE1w/fox®) = «=aS/&x =p  (B.3)
Applylng D?Alembert“s pr1n01ple9 the inertia force
'per unlt length is given by ’
e b= owStufpr?, (B
}where/z1s the mass of ‘the beam per unlt lengtho | | -
| Subst;tutlngAequatlpn {(B.4) for p into equatidn
@BGB); thé,general'eqﬁaﬁion‘fqr thé.frée vibration éf'the
abeam becomes : o H _ »
| (aszx (?I«a w%ax ‘/oa wﬁat N - (B.5)
Thls is the wellmknown BernoulllmEuler equatlon@ . -
In the partlcular case of a unlform beamg BT is

. constant along the length of the beam and equatlon (B.5) be=

 comes oL
w EI&AMM%X4~ + u It o= 0,
o "T, RURRIRE .
ohwjoxk + az(agwfatz) ='O; - B (B.6)
in which - DU

2 = o/ (BI)
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B. 2 Normal Modes of Vlbratlon' : .

When a beam. performe a normal mode of v1bratlon9 the
gedeflectlon at. any locatlon varles harmonlcally with time’ and
can be represented as followss

W = ¢(A608wt + 351nwt)v' . -(B 7):e‘
.where ¢ is a funetlon of the coordlnate x and represents the
| shape of the normal mode under eons:.deratlon9 & is the
natural'frequency correspondlng-to.the.partlcular mode shape@‘ -

‘eSubstltutlng equatlon {B.7 )‘inﬁovequationQCBoé)g»We'obtain,

hﬁﬁax - ac02¢ = Oo . T . :(Bos)rv
By using the notation A '
8P = w 2/(z1). = k‘+ IR B 9)

1t ‘can. be shown that 51n kx, cos kxp 31nh‘kx and eoeh kx o
wzll be solutions of equatlon (B 8). The general. solution
e:of this equation w1ll be ’H'  o o
g = 0151n kx -+ Gzcos kx & GBSlnh kx % Gécosh kxgx "(B lO)ﬁ'
~in which Gy, ng Gj_and Gh are constants to be determlned in
a partieﬁlar,case-frgm the~cond1tlons at the ends of the,v
:'Vbeame Applications of'ﬁhe'four:endﬁor‘beqndary eonditibnst
permit the’determinatiOnIOf the relative magnitudes of the
arbltrary constants of the .general solutlon (B. 10) and the
'T:frequency equatlon in k or w. The modes of natural vibra- 1
’tlon and thelr frequenc1es w1ll then be es‘c;a,bl:x_shec}.,c By

super1mpos1ng all p0331ble normal v1brat10ns, the. general
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‘expression for free. lateral'vibrations ‘becomes

2¢ (A coswt -%- B 51nw 'b) : (Bell) |
n"l , L SR

Bs 3 Forced Vlbratlons |

o It 1s convenlent to express the forced motlon of a
beam as a superp031tlon of the motlon in the normal modes
_ ¢n9 each hav1ng an amplltude q s referred to as a ‘general- ‘i
ized coordinate. | |

W"an¢n9 R 7 (B.12)
n=1

L where ¢n is a functlon of" x and qn is. a function of to;

The dlfferentlal equatlon for. forced vibrations is
(az/axz)(EIa w/axz) va%ycézw/atz Z, . (B. 13)
: there-z 1s a’ functlon=of-x»and tq Substltutlng the value
}for w from equatlon (B 12) 1nto thls expre351on, ‘we. obtaln
! (EIgg") e +,«2¢nqn =z | (Bo14).
_where the prlmes 1ndlcate derlvatlves w1th respect to x and.
the dots 1ndlcate derlvatlves w1th respect to te -
From the homogeneous portlon of equation (B l@) by
| 'eseparatlon of varlablesg we'” get |
, “%r |
o (EI¢“ v =,uw2 oFo =00
Maklng use of the 1ater 1dent1ty9 equatlon (B 14) can be
wrltten in the form | | '

oD

an n¢n +/bﬂ_ ¢nq11 =T . ‘

ﬂzl

Multlplylng both 31des by ¢m and 1ntegrat1ng w1th respeot to:
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x from zero,toj7gives ”

, g{,wnqnozwg #0x #2 Z““%ﬁm@ = [ Zﬁmdxf’ (B15)

The functions representing the normal modes of vibra-
tion are orthogonal. .The.values of ¢ as tabulated in |

‘various references are chosen to m.veD for a unlform beamﬂ :
/de .

/¢w¢dx.=f
° n m. .

e
]

M.

&ll values of the summatlon reduce o zero when n is not

*equal to m. For n equal to ma,Equatlon.(BolE) beeomes

L Z Y4 Z
| wiqm [f“’%%dx + qmio/fl/“ ¢§1dx = ['Z;Z}mdx
or o . -

.o’

ﬁmqm + ﬁnlwliqm = Qm 8 ' : ) . ( B ° 16 )
where ‘ : :
‘ﬁﬁj?4£%¢§dx*= éeneraliZed‘massge

@m ﬁZr 4¢ dx = generallzed force..

© Be 4 Assumptlons ana Thelr Effects

The expre851ons for bendlng moments and stresses'
resultlng from flexural vibration developed in the precedlng
sections are. based on the usual assumptlons of elementary ‘

-"beam theoryon These assumptlons have proven valld for most

1eng1neer1ng appllcatlonsa They‘areg;
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2o :The defleotlons are smallg
‘gg -The effect of shearlng force 1s negllﬁlbleQ'
<:ceejThe effeot of rotary 1nert1a 1s negllglbleo_
-One of the two 1mpllcatlons of small deflectlons is
: that the sloPes are smalle, The bendlng-momentfat a cross
n,sectlon on the beam is then proportlonal to the radlus of

"curvature at ‘that p01ntg

The second 1mpllcation of'small deflections is that

the stresses are below the elastlc llmlt and that no. plastic

' L_fdeformatlon occurs9 the materlal obeys Hooke?s Lawo If the

- be vallde

.etresses exceed the elastlo llmlt the energy losses w1ll be B

‘hlgh and the predloted mode shapes and frequenoles w1ll not

Gorrectlons for shearlng foroe and rotary 1nert1a of
i,elements of the beam become 1mportant in studylng the modes
of_hlgher frequenolesp At the hlgher frequenoles-the beam .
'is-di?ided<by%nodallcross¢sectioneiinto comparaﬁiveiy short:
feportlonse"” b/‘ | . . :<  B 1 o ‘ o
The assumptlons llsted above are. well w1th1n the

A‘accuraoles of thls study and no correctlons have been made

: egfor plaetlc deformatlon9 shearlng force69 or rotary 1nert1a° e



- Appendix C

GRAPHICAL REPRESENTATIONS
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STRESS MAGNIFICATION

tXdte* S/ERSUS X/E. AND QJ, T,

<r/d

=/0
experiment
Uf,t, =00-t
0.70 0.S0 0.90 /.00
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GRAPH 3

COMPARISON OF THEORY WITH EXPERIMENT
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