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A B S T R A C T

A n u m b e r  of te c h n iq u e s  fo r  c i r c u m v e n t in g  th e  m a x im u m  

t im e  - s t e p  l im i t a t i o n  in  n u m e r i c a l  so lu t io n  of the  r e a c t o r  k in e t ic s  

e q u a t io n  a r e  s tu d ie d  an d  c r i t i c a l l y  c o m p a r e d .  T he  l im i t a t i o n s  of 

f in i t e - d i f f e r e n c e  te c h n iq u e s  a r e  d e m o n s t r a t e d  an d  the  im p r o v e d  

m e th o d s  of H a n se n ,  C ohen , A d le r ,  K e ep in ,  and  C o l lo c a t io n  a r e  d i s ­

c u s s e d .

F o r  c o m p a r i s o n  p u r p o s e s ,  the e x a m p le  s e l e c t e d  is  th a t  of 

a  s in u s o id a l  r e a c t i v i t y  in p u t  w ith  th e  a m p l i tu d e  and  p e r io d  of th e  s in e  

c u rv e  r e l a t e d  th ro u g h  th e  in h o u r  eq u a tio n ,  in  an  a t t e m p t  to  s im u la te  

a  n e g a t iv e  f e e d b a c k  s y s te m .

W hen g e n e r a t io n  t im e s  of 10**  ̂ s ec .  a r e  d i s c u s s e d ,  th e  p r o m p t  

ju m p  so lu t io n  is  u s e d  a s  a c r i t e r i o n  fo r  the  a c c u r a c y  of the  v a r io u s  

te c h n iq u e s .  A ll  m e th o d s  a r e  c o m p a r e d  a g a in s t  e a c h  o th e r ,  w ith  e m ­

p h a s i s  p la c e d  on c o n v e r g e n c e  a s  a fu n c t io n  of the  le n g th  of th e  t im e  

in te r v a l ,  ru n n in g  t im e  on the  d ig i ta l  c o m p u te r  (IBM 7072), and  a g r e e -  

m e n t  w ith  th e  p r o m p t - ju m p  so lu t io n  a t  a  g e n e r a t io n  t im e  of 10” s e c .

I t  is  c o n c lu d ed  th a t  th e  C o l lo c a t io n  a p p r o x im a t io n ,  w hen  c o n t r a s t e d  

w ith  th e  o th e r  m e th o d s  (a s  p r o g r a m m e d  h e re )  i s  the  m o s t  s u c c e s s f u l  

f o r m  of n u m e r i c a l  so lu t io n  fo r  the  e x a m p le  u sed .

viii



IN T RO D U C TIO N

K in e t ic  E q u a t io n s

S e v e r a l  t e c h n iq u e s  have  b e e n  d e v e lo p e d  to  so lv e  n u m e r i c a l l y  

the  p o i n t - r e a c t o r  k in e t i c s  e q u a t io n s  f o r  s low  p o w e r  t r a n s i e n t s .  T h e s e  

m e th o d s  a r e  a t t e m p t s  to o v e r c o m e  the in h e r e n t  d i f f ic u l ty  c a u s e d  by 

s h o r t  t im e  c o n s ta n ts  in the  k in e t ic s  e q u a t io n s .

The d i f f e r e n t i a l  e q u a t io n s  c o n s id e r e d  a r e

w h e re

dn
dt

dC
dt

X
3 ___n -
X

A c  

A c

n = neutron density

C ~ p r e c u r s o r  d e n s i ty

(3 = delayed-neutron fraction

A = delayed-neutron decay constant

J? = neutron generation time

P = reactivity (time-dependent)

Only one a v e r a g e  g ro u p  of d e lay e d  n e u t ro n s  is  r e p r e s e n t e d  h e r e  to c o n ­

s e r v e  IB M -7072  c o m p u te r  t im e .  H o w ev e r ,  the  one  g ro u p  a p p r o a c h  w il l  

be v a l id  in  d e m o n s t r a t in g  the  u s e f u ln e s s  of v a r io u s  n u m e r i c a l  a p p r o x i ­

m a t io n s .

1



2

C hoice  of R e a c t iv i ty  F u n c t io n

To s im u la te  a  r e a l i s t i c  s i tu a t io n ,  the  r e a c t i v i t y  is  t a k e n  to be

one c y c le  of a  s in u s o id a l  fu n c t io n  of t im e .  T h is  a r t i f i c i a l l y  s im u la t e s  a

r a m p  r e a c t i v i t y  in p u t  and  a fe e d b a c k  m e c h a n i s m  w h ic h  te n d s  to sh u t  th e

r e a c t o r  down. T he  t im e  s c a le  f o r  the  p o w e r  t r a n s i e n t  c r e a t e d  by  th e

■ 1s in u s o id a l  rfeactivity'-iS- ta k e n  a s 1

r  *  i -

t im e  b e tw e e n  h a lf  - m a x im u m  p o w e r  p o in ts  

m a x im u m  n e u t r o n  d e n s i ty  (pow er)  

e n e r g y  e v o lv ed

in i t ia l  i n v e r s e  p e r io d  due to a  r e a c t i v i t y  s te p  

T h is  r e s u l t  is  d e r iv e d  f o r  l a r g e  s te p  in p u ts  of r e a c t i v i t y ,  b u t  i s  ta k e n  a s  

the  q u a l i ta t iv e  b a s i s  f o r  s im u la t in g  a r e a l i s t i c  f e e d b a c k  m o d e l  by  a  

s in u s o id a l  in p u t  if th e  s e c o n d  q u a r t e r - c y c l e  of the  s in e  c u rv e  is  th o u g h t 

of a s  th e  shu tdow n  p o r t i o n  of the  r e s p o n s e  to a  s tep .  T he  a m p l i tu d e  of 

th e  sine- c u r v e  c o r r e s p o n d s  to the  m a g n i tu d e  of the  s te p  inpu t in  the  

fo llow ing  d i s c u s s io n .

The o n e - g r o u p  in h o u r  e q u a t io n  is

p o ( s t e p )  vu
u j  + X

F o r  s low  t r a n s i e n t s ,  if the  t e r m  in  ,.X  • is,»smal|L, „ttie i i ^ p u r  , r e l a t i o n , ..

~

w h e re

T  =

Atyx = 

E = 

uj =



is  a p p r o x im a te ly

3

0  0 (s te p )  = Q ^
v uu + A

By c h o o s in g  a  r e a c t i v i t y  s te p  s iz e ,  the  in i t i a l  i n v e r s e  p e r io d  uu of the  

s te p  t r a n s i e n t  c an  b e  d e t e r m in e d ,  th u s  d e te r m in in g  th e  t im e  s c a le  of 

th e  p o w e r  b u r s t  f r o m

'"v = i j r

T h is  l e a v e s  on ly  th e  p e r io d  o f  the s in u s o id a l  r e a c t i v i t y  u n d e t e r ­

m in e d ,  s in c e  i t s  a m p l i tu d e  is  ta k e n  to c o r r e s p o n d  to the  s iz e  of the  s tep .  

In  a n  a t t e m p t  to  c r e a t e  a  m e a n in g fu l  s im u la t io n ,  th e  t im e  s c a le  of th e  

p o w e r  t r a n s i e n t  i s  a l lo w e d  to  d e t e r m in e  the  p e r io d  of th e  s in u s o id a l  

r e a c t i v i t y  th ro u g h  the  r e l a t i o n

T  _ 4
2 uu

w h e re

T = h a lf  p e r io d  of th e  s in u s o id a l  in p u t

uu = in i t i a l  p e r io d  of p o w e r  t r a n s i e n t  a s  p r e d i c t e d  
by  th e  in h o u r  e q u a t io n  w ith  % — $> 0.

In o th e r  w o r d s ,  a  q u a r t e r  c y c le  of the  s in u s o id a l  r e a c t i v i t y  in p u t  is

2
ta k e n  to  be  th e  t im e  b e tw e e n  half  -  m a x im u m  p o w e r  p o in t s .  T h u s ,  the  

a m p l i tu d e  ( ^  Q) of the  r e a c t i v i t y  inpu t d e t e r m i n e s  the  p e r io d  of the  

r e a c t i v i t y  in p u t  th ro u g h  th e  in h o u r  e q u a t io n ,  t h e r e b y  s im u la t in g  a 

r e a l i s t i c ,  s e l f - l i m i t i n g  p o w e r  t r a n s i e n t .  F ig u r e  1 i l l u s t r a t e s  th e  

s i tu a t io n  and  A p p en d ix  A in d ic a te s  w h a t  r e a c t i v i t i e s  w e r e  a c tu a l ly  u s e d .
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TH E P R O M P T - J U M P  A P P R O X IM A T IO N  

D e r iv a t io n

S ince  only  s low  t r a n s i e n t s  a r e  c o n s id e r e d  h e r e ,  the  p r o m p t -  

ju m p  a p p r o x im a t io n  p r o v id e s  a s u i ta b le  a n a ly t i c a l  c h e c k  f o r  d ig i ta l  

c o m p u te r  r e s u l t s  w h en  X  is v e r y  s m a l l .  In th is  a p p ro x im a t io n ,  the  

k in e t ic  e q u a t io n s  a r e  in te g r a b le  fo r  a s in u s o id a l  r e a c t i v i t y  input.

T he  k in e t ic s  e q u a t io n s  a r e

k = P - ft n + X C

c  = e> n - A c
A

By so lv ing  fo r  the p r e c u r s o r  c o n c e n t r a t io n  in the  f i r s t  e q u a t io n  and s u b ­

s t i tu t in g  into the  s e c o n d  e q u a t io n  it is found th a t

£ n + (A A +@' P )h - (  P + A P )n = 0 .

M a th e m a t ic a l l y  the  p r o m p t  ju m p  a p p r o x im a t io n  is  the  l i m i t  as/C  —$> 0 

and  /In —& 0 in  the  l a s t  eq u a tio n .  The r e s u l t  is

( f t - e ) h  = ( e  + a P ) n .

R e a r r a n g in g ,

—  = £  + A ?
n ^  ^

and

^  e  + x e  d tf = c
5



6

S in u so id a l  R e a c t iv i ty

The r e a c t iv i t y  input is of the  f o r m  

( t  ) = p,, s in  -It— t

w h e re
p 6 = a m p l i tu d e

2T  = p e r io d .

S u b s t i tu t io n  y ie ld s

C* Po cos   ̂ + A s in  ^  t  d t
s in  IT

T

w h ic h  c a n  b e  in te g r a te d  to

L n —2-  = Lyv 5  ___________
no [ Q -  s in  J L - t  )

T . JL t
-A t + - i  A 0  f  s i n ” 1 (—̂ - )  - s in  ( ?o - P  s in  T  )

'TT' y  q*-- S  Q> P  - Po s in  - J L - t

T his  r e s u l t  is  the  p r o m p t - ju m p  so lu t io n  to  the  o n e - d e la y e d -  

g ro u p  k in e t ic s  e q u a t io n s  w ith  a s in u s o id a l  inpu t r e a c t i v i t y .  E x c e p t  fo r  

the  im m e d ia te  n e ig h b o rh o o d  of a  d is c o n t in u i ty  in ^   ̂ the  p r o m p t  ju m p  

so lu t io n  is v a l id  w hen^

p  - e  + a  f  )

A d ig i ta l  c o m p u te r  p r o g r a m  fo r  th is  so lu t io n  gave  the  r e s u l t s  

show n in F i g u r e s  2 and  3. In F ig u r e  2 and  in s u b s e q u e n t  f ig u r e s  the  

o r d in a te  s c a le  is  the p o w e r  r e l a t i v e  to the  in i t ia l  p o w e r .

In F ig u r e  3 the  p o w e r  is  s e e n  to  i n c r e a s e  w ith  a n  i n c r e a s e  in the 

le n g th  of the  r e a c t i v i t y  c y c le .  H o w ev e r ,  the  a m p l i tu d e  of the  s in e  w ave
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d e c r e a s e s  w ith  a n  i n c r e a s e  in  i ts  p e r io d  b e c a u s e  of the  r e l a t i o n s h ip s

.
UJ + A

2 UJ

= 8 Q>
0 8 + A T

In a s e l f - l i m i t i n g  s y s t e m  w ith  f ixed  r e a c t iv i t y  f e e d b a c k ,  s m a l l e r  r e a c t i v i t y

in p u ts  y ie ld  s m a l l e r  p e a k  p o w e r .  H e re  i t  m u s t  b e  c o n s id e r e d  th a t  e a c h

r e a c t iv i t y  inpu t is  s im u la t in g  a  d i f f e r e n t  fe e d b a c k  s y s te m .

S ince  th e  p r o m p t - ju m p  a p p r o x im a t io n  is  the  so lu t io n  in the  l i m i t

a s  yE 0, i t  is  e x p e c te d  th a t  th e  r e s u l t s  o b ta in e d  u s in g  i t  w ould  be  m o r e

n e a r l y  a c c u r a t e  fo r  s m a l l  X  . T h is  so lu t io n  w il l ,  in  f a c t ,  be  c o n s id e r e d

e x a c t  fo r  X  = 10 ^ s e c .  an d  a l l  o th e r  a p p r o a c h e s  w il l  be  c o m p a r e d  to i t  

0 -8
a t  X = 10 s e c .  T a b le  1 show s the  d a ta  o b ta in e d  f o r  the  p r o m p t - j u m p  

a p p r o x im a t io n  On the  IB M -7 0 7 2 .

T A B L E  1

DATA FO R P R O M P T  JU M P  SOLUTION

P e r i o d  of P e a k T im e  of
R e a c t iv i ty  Inpu t P o w e r P e a k  Pow ei

( se c o n d s ) ( r e l a t iv e ) (s e c o n d s )

100 6 1 .5 3 3 7 8 39. 1

300 95 .81981 137, 3

500 113 .4 6 0 2 6 237. 1

700 123 .8 2 4 7 0 337. 1



F I N I T E - D I F F E R E N C E  M ETH O D S 

L im i ta t io n s

F i n i t e - d i f f e r e n c e  m e th o d s  an d  r e l a t e d  m e th o d s  a r e  u n s u i ta b le  

w h en  th e  t im e  s c a le  fo r  th e  d y n a m ic  p r o c e s s  is  m a n y  o r d e r s  of m a g n i ­

tu d e  g r e a t e r  th a n  the  s m a l l e s t  c h a r a c t e r i s t i c  t im e  of th e  s y s te m .  In  

r e a c t o r  k in e t i c s  c a lc u la t io n s  w ith  s m a l l  r e a c t i v i t i e s ,  th e  t im e  s c a le  

m ig h t  b e  h u n d re d s  of s e c o n d s ,  w h ile  the  l im i t in g  c h a r a c t e r i s t i c  t im e  

(P-P) c a n  b e  a s  s m a l l  a s  10"^ s e c .  , r e q u i r i n g  a p r o h ib i t iv e ly  l a r g e  

n u m b e r  of t im e  s te p s .

F i n i t e - D i f f e r e n c e  M ethod

W rit in g  th e  d y n a m ic s  e q u a t io n s  a s

dx = Ax + By
dt

= Cx + Dy 
d t

and  u s in g  th e  f o r w a r d  d i f f e r e n c e  to r e p r e s e n t  a d e r iv a t iv e

A Xn  + By
X n + 1 - Xn

Yn + 1 - Y n
C Xn + Dy

w h e r e  h i s  th e  i n t e r v a l  s iz e  t n +  ̂ - t  .

10
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The l a s t  f o r m  c a n  be  c o n v e n ie n t ly  p r o g r a m m e d  to g ive  r e a c t o r  p o w e r  

a s  a  fu n c t io n  of t im e  in r e s p o n s e  to a t im e - d e p e n d e n t  r e a c t iv i ty .

T h is  f in i te  d i f f e r e n c e  te c h n iq u e  w ill ,  h o w e v e r ,  be  the  m o s t  

s e n s i t iv e  to  the  f a s t  t im e  c o n s ta n ts  in  the  p r o b le m .  T he f a s t  t im e  c o n ­

s ta n ts  a p p e a r  in e x p o n en ts  su ch  a s

cK. t 1 = ^  ~ t 1
i

w h ic h  occur* in  f o r m a l  s o lu t io n s  a s  t e r m s  l ike

V  d t \
J t o

T he d e r iv a t io n  of su ch  in t e g r a l s  w il l  be  s e e n  in the  n e x t  sec t io n .

It is  the  g e n e r a t io n  t im e  ra n g in g  f r o m  10  ̂ to  10 ^ s e c . , 

th a t  c a u s e s  in s ta b i l i ty  in f in i te  d i f f e r e n c e  so lu t io n s  f o r  s m a l l  r e a c t i v i t i e s .  

T he  f in i te  d i f f e r e n c e  a p p r o a c h  c a n  be m a d e  s ta b le  if the  t im e  in te r v a l  in  

th e  c o m p u te r  p r o g r a m  is k e p t  s m a l l e r  th a n  the  t im e  c o n s ta n t .

A t  ^  i / o c  = i n  £  -  9  )■

To k e ep  th e  t im e  in te r v a l  th is  s m a l l  ( m i c r o s e c o n d s  in  s a m e  c a s e s )  w ould

r e q u i r e  e x c e s s iv e  c o m p u te r  t im e  f o r  t r a n s i e n t s  l a s t in g  s e v e r a l  m in u te s .

R e s u l t s  of c o m p u te r  so lu t io n s  u s in g  th e  d i r e c t  f in i te  d i f f e r e n c e

m e th o d  a r e  show n in  F i g u r e s  4 and  5. A s in u so id a l  r e a c t i v i t y  inpu t w ith

a 100 s e c .  p e r io d  w a s  u se d ,  and  c o m p le te  in s ta b i l i ty  w a s  n o ted  w h en  the

_ 5
g e n e r a t i o n  t im e  w a s  s m a l l e r  th a n  2 X 10 s e c .  a t  a  t im e  in t e r v a l  of 

0. 01 s e c .  I n s t a b i l i t i e s  in  the f o r m  of o s c i l l a t i o n s  b e g a n  show ing , a s  

in d ic a te d  in  F i g u r e  4, a t  a  g e n e r a t io n  t im e  of 10 s e c .  w ith  a t im e  i n t e r v a l
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F ig .  5. - -R u n n in g  T im e s  of F in i te  D if fe re n c e  A p p ro x im a tio n
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of 0 .5  s e c .  C o m p u te r  ru n n in g  t im e  a s  a fu n c t io n  of t im e  i n t e r v a l  is  

show n in  F i g u r e  5.

D i r e c t  f in i te  d i f f e r e n c e  l e a v e s  th e  e n t i r e  r a n g e  of g e n e r a t io n  

-5 - 8t im e  f r o m  10" to 10 u n m a n a g e a b le  u n le s s  the  t im e  in t e r v a l  is  

d e c r e a s e d  and  c o n s e q u e n t ly  the c o m p u te r  t im e  e x c e s s iv e ly  in c r e a s e d .  

T he r e s t  of th is  r e p o r t  c o n c e r n s  i t s e l f  w ith  a t t e m p ts  to im p r o v e  on the  

above  r e s u l t s .

R u n g e -K u t ta  M ethod

The n e x t  m e th o d  to be d i s c u s s e d  is  an  im p r o v e d  f in i te  d i f f e r ­

e n ce  te c h n iq u e  c a l l e d  the  f o u r t h - o r d e r  R u n g e -K u t ta  a p p ro x im a t io n .  ^

T h is  is  a s o m e w h a t  m o r e  s o p h is t i c a te d  a p p r o a c h  th a n  th e  p r e v io u s  one  

and  is  of i n t e r e s t  h e r e  if i t  c a n  s ig n i f ic a n t ly  ex ten d  th e  r a n g e  of u s e f u l ­

n e s s  of f in i te  d i f f e r e n c e  m e th o d s .  The a c tu a l  R u n g e -K u t ta  e q u a t io n s  

c a n  be  found in  the  r e f e r e n c e  c i te d  o r  in  any  s t a n d a r d  n u m e r i c a l  a n a ly s i s  

tex t .

D ig i ta l  c o m p u te r  r e s u l t s  a r e  show n in  F i g u r e s  6 7 .  .. T h ey

in d ic a te  th a t  the  R u n g e -K u t ta  a p p r o a c h  is  on ly  s l ig h t ly  m o r e  s ta b le  th a n  

d i r e c t  f in i te  d i f f e r e n c e ,  and  a t  the  e x p e n s e  of c o m p u te r  t im e .  C o m p u te r  

ru n n in g  t im e s  fo r  b o th  d i r e c t  f in i te  d i f f e r e n c e  and  R u n g e -K u t ta  m e th o d s  

a r e  in d ic a te d  in  T a b le s  2 and  3. The d a ta  f r o m  b o th  a p p r o a c h e s  tend  to 

in d ic a te  th a t  a l l  su c h  f in i te  d i f f e r e n c e  m e th o d s  w i l l  be  f r u s t r a t e d  by the  

l im i t in g  t im e  c o n s ta n t  X !{ (3- )*
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T A B L E  2

DATA FO R F IN IT E  D IF F E R E N C E  A PP R O X IM A T IO N  

R e a c t iv i ty  P e r io d  = 100 sec .

-55 X 1 0
G e n e ra t io n  
T im e  (Sec. ) 10~3 5 X 10“4 10“4

T im e  I n t e r -  
v a l  ( S e c . )

. 0001 * * * 4 8 .8 1 4 4 5  
39- 3 
47:13

. 001 4 9 .3 0 5 9 3  
39. 3 
5:15

. 01 4 9 .2 6 1 6 2  
39- 3 
1:05

54 .68717  
39. 2 
1:06

59.91751 
39. 1 
1:06

. 1 4 8 .3 4 3 7 6
3 9 .4
:41

. 2 4 7 .3 5 2 6 9  
3 9 .4  

*79. 0

. 3 4 6 .3 9 2 7 8  
39. 3 

*66 . 6

6 0 .6 4 2 2 5  
39. 1 

*60. 4

2 X 10"

**. 4 **. 3

t—»"O



T A B L E  2 - C on tinued

G e n e ra t io n  
T im e  (Sec. )

T im e  I n t e r -  
v a l  (Sec. )

— 3 — a. —4 —5 —5 ■ c
10 5 X 10 10 5 X 10 2 X 10 10 ^

.4 4 5 .4 6 4 7 2  
39. 6 

*62. 4

. 5 4 4 .5 3 2 0 6  
39. 5 

* * 6 0 .0

^ f o r m a t  o v e rf lo w  a t  t im e  in d ic a te d

* * fo r m a t  o v e rf lo w  and  o s c i l l a t i o n s  p r i o r  to o v e rf lo w

***In  th is  ta b le ,  and  o th e r s  w h e re  the  f o r m a t  is  s i m i l a r ,  the  d a ta  r e p r e s e n t s  r e l a t iv e  p e a k  p o w e r ,  
t im e  of p e a k  p o w e r ,  c o m p u te r  ru n n in g  t im e  in  o r d e r  shown.



T A B L E  3

G e n e ra t io n  
T im e  (Sec. )

T im e  I n t e r ­
v a l  (Sec. )

. 01

. 1 

. 2 

. 3

. 4

DATA FO R  R U N G E -K U T T A  SOLUTION

R e a c t iv i ty  P e r io d  = 1 0 0  Sec .

10'3 5 X 10"4 io "4 5 X 1 0 ' 5 2 X

***48 .88681  
39. 3 
2:28

54 .54376  
39. 2 
2:28

6 0 .0 0 1 5 7  
39. 1 
2:39

6 0 .7 5 7 7 8  
39. 1 
2:28

4 8 .8 8 9 8 8  
39. 3 
:44

4 8 .8 8 7 2 2
3 9 .4
:52

4 8 .8 8 5 5 8  
39. 3 

*67. 5

4 8 .8 7 6 3 7  
*6 0 . 0



T A B L E  3 - C ontinued

G e n e ra t io n  
T im e  (Sec. )

-3 5 X 10 -4 -4 5 X 1 0 2 X 10 - 5

T im e  I n t e r ­
v a l  ( S e c . )

. 5 50 .13141 
39. 5 

* * 5 6 .0

1. **10.0

10 -5

* f o r m a t  o v e rf lo w  a t  t im e  in d ic a te d

* * f o r m a t  ov e rf lo w  and o s c i l l a t i o n s  p r i o r  to o v e rf lo w

***In  th is  t a b l e , and  o th e r s  w h e re  th e  f o r m a t  is  s i m i l a r ,  the  d a ta  r e p r e s e n t s  r e l a t iv e  p e a k  p o w er ,  
t im e  of p e ak  p o w e r ,  c o m p u te r  ru n n in g  t im e  in  o r d e r  shown.

DOo



HANSEN'S M ETH O D

Q u a s i l i n e a r  E q u a t io n s

C o n s id e r  th e  f i r s t - o r d e r  in h o m o g e n e o u s  d i f f e r e n t i a l  e q u a t io n

QL + P (x )y  = Q(x) 
dx

w h ic h  c a n  be  w r i t t e n  a s

+ P (x  )y = [ p ( x  ) - P (x )]  y + Q(x). 
dx

T h is  l a s t  e q u a t io n  is  c a l l e d  11 q u a s i l i n e a r 1'and  m a y  be in t e g r a t e d  to y ie ld

.P ( x o ) (x-XD)
y(x) = y (x o )e

f x  - P ( x 0 ) ( x - x 1)
+ \  I C P ^ q) - P (x ')) y (x ')  + Q (x ') j  dx '

No new  d if f ic u l ty  is  in t r o d u c e d  if P  i s  a  fu n c t io n  of b o th  x  an d  y. In

t e r m s  of r e a c t o r  k in e t i c s  p a r a m e t e r s  th is  m a y  be  w r i t t e n  a s

n(t) = n ( to ) £ -  (t - t 0 )

+ \  ( 7 “  ^ to)  ̂ n{V) +Ac(t,)Jc  di

w h e r e  in  g e n e r a l  ^  (t) w ou ld  b e  a  fu n c t io n a l  of th e  r e a c t o r  p o w e r .  U s in g

th e  t r a n s f o r m a t i o n
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th e  s o lu t io n  b e c o m e s
- ft ~Q(%o).. h

n ( tQ + h) = n ( t0 ) C

l  ^ 7 "  [ f  ( t°  " P ^ o )]  n (to + '£ )

+ A c (t0 +T)j G
_ f t - f ( t o )

x (h - T ) M T .

H e re  n ( t0 ) i s  to  be  i n t e r p r e t e d  a s  th e  p o w e r  a t  the  b e g in n in g  

of a  t im e  s te p  h , n ( t0 f  h) a s  th e  p o w e r  a t  the  end  of the  t i m e  s tep ,  and  

P ( t 0 ) a s  the  r e a c t i v i t y  a t  the  b e g in n in g  of a  t im e  step* T h e r e  is  a

c o m p a n io n  e q u a t io n  fo r  p r e c u r s o r  d e n s i ty :

^  - A hc  (t0 + h) = c (t0 ) e

+
A  j o

r  h
\  n  (t0 + t  ) C
J  O

- A (h - T  )
d T  .

B o th  c a n  be  w r i t t e n  f o r  th e  s p e c ia l  c a s e  of c o n s ta n t  r e a c t i v i t y :

C (to + h) -  C ( tc

e -  e> i \ C h/ " h  +A
) o

- X h (3 ir h
+  T ) =

d L

•A(h - t )
d r .

H a n s e n 's  A p p ro x im a t io n

T he  H a n s e n  a p p r o a c h  3 s e t s

uv. T
n ( to +T) = n ( tQ) C

c ( t o +t ) = c ( t 0 )

w h e re  is  th e  a lg e b r a i c a l l y  l a r g e s t  r o o t  of the  in h o u r  e q u a t io n .

M ak ing  th e  s u b s t i t u t io n  g iv e s
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n ( t0 +h) = n (t  )C 1
, fh

+a c ( t 0 ) c  ” r —  ^  c ( t o ) e
< ? - 0 L

n(tQ +h) = n(tQ)e  ~~tr
<?-<?

+ \ C ( t Q) C ~ t r ~ h _ ( -1
e - 9

n ( t0 + h) = n ( t0 ) C “ c

+C(t0 ) Q ^ l C Z Z ~ 2 L
uj„ - f - 9 A

and

c ( t 0 + h) = c ( t 0 ) e
-Ah

+ n(tQ) e ^ h
-Ah

9
UJ + a

F o r  th e  m o r e  g e n e r a l  c a s e  of

P = P(t)

X

the  ab o v e  e q u a t io n s  c a n  be  u s e d  w i th  uJ0 d e t e r m in e d  f r o m  the  in h o u r  

e q u a t io n  f o r  a n  a p p r o p r i a t e  a v e r a g e  r e a c t i v i t y  in  e a c h  t im e  s tep .  In  

e a c h  in te r v a l

P = - j r -  ( P t y  > f ( t 0 + hj]

w a s  u s e d  to o b ta in  th e  d a ta  p r e s e n t e d  h e r e .

H a n s e n 's  m e th o d  c i r c u m v e n t s  th e  p r o b l e m  of s h o r t  t im e  c o n ­

s t a n t s  by  p r e d i c t i n g  th a t  the  p o w e r  c u r v e  c a n  be r e a s o n a b ly  w e l l
ui„t

a p p r o x im a te d  by C in  e a c h  in t e r v a l  th u s  c r e a t i n g  a n  in te g r a b le  e x ­

p r e s s i o n .
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G e n e r a l iz in g  to m  d e la y e d  g ro u p s ,  th is  m e th o d  c a n  b e  f o r m u ­

la te d  a s  a  m a t r i x  eq u a tio n :

V (t0 + h) = G y; ( tQ)

C
C
1
2

Cm

le  V  h u>0 - e - o

*h
—J —  

^  -Aih
W. * A, l

e uU,_c -Am h
@m

■ •
a+03

z

“til f
e  a m

e
- x m h

The r e s u l t s  of p r o g r a m m i n g  th i s  a p p r o x im a t io n  f o r  a s in u s o id a l  

r e a c t i v i t y  inpu t a r e  show n g r a p h ic a l l y  in  F i g u r e s  8 an d  9. In  F ig u r e  8, 

p e a k  p o w e r  is  p lo t te d  a g a in s t  g e n e r a t io n  t im e  and  c o m p a r e d  to  th e  p r o m p t  

ju m p  so lu tio n .  T he  p r o m p t - ju m p  a p p r o x im a t io n  is ,  a s  m e n t io n e d ,  a good 

c r i t e r i o n  f o r  a c c u r a c y  w h e n i -----$. 10"®. F ig u r e  9 show s th e  c o n v e r g e n c e



P E A K  P O W E R
tA’

LOG GIMERA T/ON TI ME  
HAN SLATS METHOD

P R O M P T  J U M P

X

PEAK
P O W E R

(.RELATIVE)
5 5 : - X

TIME INTERVAL h * 0 . 1  SEC.  
REACTIVITY PERIOD = too SEC.

5 Q r

—i------------------ 1------------------- 1 i-------------------1-------------------1-
-  S '7 '6 ‘5  • - #  \ 5

LOG GENERATION TIME

F ig . 8. - - H a n s e n 's  A p p ro x im a tio n  fo r  V a rio u s  G e n e ra tio n  T im e s

Nin



PEAK
POWER

(RELATIVE)

PEAK POWER
cr&> •

T/WE INTER VAL 
HANSEN'S METHODPROMPT JUMP

REACTIVITY PERIOD
genera t/on  time >

TIME I NTERVAL  h CSEC.)

t  3 O 0 S E C  

I0'fsac.

F ig . 9 . - - C o n v erg en c e  of H a n se n 's  M ethod w ith  T im e  In te rv a l
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of H a n s e n 1 s t e c h n i q u e  a t  yl -  10 s ec .  and  c y c le  t i m e  2 T  = 300 s ec .  , 

and c o m p a r e s  it to the  p r o m p t ^ j u m p  so lu t ion .  The c o m p l e t e  s e t  of 

d a ta  inc lud ing  c o m p u t e r  ru n n in g  t i m e  and  s h o r t e r  g e n e r a t i o n  t i m e s  is  

p r e s e n t e d  in  T a b l e s  4 P 5 and  6 , w i th  c o m p u t e r  p r o g r a m m i n g  d e t a i l s  in  

A p p en d ix  A.
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T A B L E  4

R e a c t i v i t y  P e r i o d  = 100 s ec .  ; T i m e  I n c r e m e n t  = 0 .1  s ec .

H A N SEN 'S A P P R O X IM A T IO N  FO R  VARIOUS
G EN E R A T IO N  TIM ES

G e n e r a t i o n  
T i m e  

(Sec.  )

P e a k
P o w e r

(R e la t iv e )

T im e  of Running
P e a k  P o w e r  T i m e

(Sec.  )

-3

5 X 10 

, „ - 4

-4

i- 6

,-7

4 9 .2 3 0 6 1  

5 4 .6 5 1 2 8  

5 9 .8 7 9 0 0  

6 1 .2 0 3 3 2  

6 1 .3 3 9 2 2  

6 1 .3 5 2 7 6

39.4 1:01

3:9'. 2 1:02

39. 2 1:05

39. 2 1:00

3 9 .2 1:01

39. 2 1:00

39. 2 1:016 1 .3 5 4 0 5
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T A B L E  5

G e n e r a t i o n  T i m e  = 10”  ̂ s ec .

C O N V E R G E N C E O F H A N SEN 'S A P P R O X IM A T IO N
W ITH  TIM E IN C R E M E N T S

R e a c t i v i t y  
P e r i o d  
( s e c . ) 100 300 500 700

T im e
I n c r e m e n t  
( s e c .  )

0. 05 4 9 .3 0 0 4 2  
39- 35 
2:04

0 . 1 4 9 .2 3 0 6 1  
3 9 . 4  
1:01

0 . 2 4 9 .0 8 4 0 0  
3 9 . 4  
:31 ,

8 6 .6 1 8 0 5  
137. 6 
1:24

* 1 0 4 .8 4 4 2 2  
237. 4 
2:32

* 1 1 5 .4 4 5 8  
3 3 7 . 4  
3:34

0. 5 4 8 .6 0 4 0 0  
39. 5 
: 11

8 6 .4 9 8 3 9
138
:38

104 .78853  
237. 5 
:56

115 .4 1 4 9 6  
337. 5 
1:18

1 . 4 7 .8 5 7 1 5  
40 
:06

8 6 .3 0 1 1 5  
138 
: 17

104 .69371  
238 
:28

115. 35957
338
:39

2 . 8 5 .8 8 1 7 9  
138 
:08

1 0 4 .4 9 7 9 5  
238 
: 14

115. 24501 
338 
: 19

5. 8 4 .6 6 5 9 3
140
:03

103 .9 4 1 6 9
240
:05

114 .9 2 3 6 7  
340 
:08

^ P r o g r a m s  r u n  f o r  only  o n e - h a l f  the  r e a c t i v i t y  p e r i o d  ( s e e  A p p e n ­
d ix  A f o r  f u r t h e r  d i s c u s s i o n ) .
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- AG e n e r a t i o n  T i m e  = 10""° sec .

T A B L E  6

C O N V E R G E N C E O F H A N SEN 'S A P P R O X IM A T IO N
W ITH  TIM E IN C R E M E N T S

R e a c t i v i t y  
P e r i o d  
( s e c . ) 100 300 500 700

T i m e
I n c r e m e n t  
( s e c . )

0 . 05 6 1 .4 4 2 0 5  
39. 5 
2:01

0 . 1 6 1 .3 5 4 0 5  
39. 2 
1:01

0 . 2 6 1 .1 7 2 0 3  
39. 2 
:30

9 5 .7 2 6 1 0
1 3 7 .6
1:31

* 1 1 3 .4 0 5 8 7  
237. 4 
2:58

*123. 78166 
337. 2 
3:26

0. 5 6 0 .6 1 6 0 3  
39. 5 
: 12

95. 59420
138
:37

113 .3 4 6 3 0  
237. 5 
1:01

1 23 .75002  
337. 5 
1:26

1 . 95. 37435 
138 
: 18

113 .24303
238
: 3 1

123 .6 9 0 1 5
338
:42

2 . 9 4 .9 0 2 6 2
138
:09

113 .0 2 8 3 7  
238 
: 15

123 .56583  
338 
: 2 1

5. 9 3 .5 2 2 7 8
140
:04

1 1 2 .4 1 6 3 5  
240 
:06

1 2 3 .2 1 6 8 2
340
:09

❖ P r o g r a m s  r u n  f o r  only  o n e - h a l f  th e  r e a c t i v i t y  p e r i o d  (See A p p e n ­
dix  A f o r  f u r t h e r  d i s c u s s i o n ) .



M ETH O D S O F COHEN AND A D L E R

In t r o d u c t i o n

C o h e n ' s  m e th o d ,  the  b a s i s  of the  A IR EK  c o d e s ,  and  A d l e r ' s

7
m e th o d ,  m a y  b o th  be  d e r i v e d  f r o m  the  q u a s i l i n e a r  f o r m .  The v e r s i o n  

of C o h e n ' s  m e th o d  u s e d  h e r e  is h ighly  s im p l i f i e d ,  and  is  no t  r e p r e s e n t a ­

t ive  of the  a c c u r a c y  of the A IR E K  c o d e s .  H o w ev e r ,  the  s a m e  d e g r e e  of 

a p p r o x i m a t i o n  is  u s e d  h e r e  to s tudy  bo th  of t h e s e  m e t h o d s ,  a n d  A d l e r ' s  

m e th o d  i s  s ig n i f i c a n t ly  m o r e  a c c u r a t e  t h a n  C o h e n ’s m e t h o d  f o r  the  

s a m e  t i m e  s t ep  in  t h e  e x a m p l e s  s tud ied .  H ence  A d l e r ' s  m e th o d  w a s  

s tu d ie d  in  g r e a t e r  d e ta i l .

B o th  m e t h o d s  b e g in  w i th  the  q u a s i l i n e a r  f o r m  ( s e e  p r e v i o u s

sec t io n )

C o h e n ' s  M ethod

n( t0  + h) = n ( t0 ) £  h

d

~A(h - T  )
a t .

31
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The  v e r s i o n  of C o h e n ' s  t e ch n iq u e  u s e d  h e r e  m a k e s  the  a p p r o x i m a t i o n s  

+ ' t ' )  = f  ( a v e r a g e )  |h
°  a

h
n(t  + T )  = ir i(average) |

o
h

C(t0 + T )  = C( a v e r  age)  I
o

T h i s  is  s i m i l a r  to H a n s e n 1 s a p p r o a c h  in th a t  a  p a r t i c u l a r  f o r m  f o r  the  

p o w e r  in  a  t i m e  i n t e r v a l  is  a s s u m e d .  H o w ev e r ,  once  a n  in i t i a l  v a lu e  

f o r  the  p o w e r  a t  a  p a r t i c u l a r  t i m e  is  c h o se n ,  a n  i t e r a t i v e  p r o c e s s  t a k e s  

p l a c e  to m i n i m i z e  the  e r r o r .  The  c o n v e r g e n c e  c r i t e r i o n  is  of the  f o r m

------ >  . 99999 o r  -£ ( S i li i . . >  . 9 9 9 9 9
n ( x + 1 ) n(x)

d e p en d in g  on  the  r e l a t i v e  m a g n i tu d e  of n a t  s u c c e s s i v e  i t e r a t i o n s ,  w h e r e  

n = p o w e r  a t  t Q + h

t Q = t i m e  a t  th e .b eg in n in g  of a n  i n t e r v a l  

h = l e n g th  of i n t e r v a l  

x  = n u m b e r  of the  i t e r a t i o n  

F o r  the  f i r s t  c a l c u l a t i o n

n( a v e r a g e )  = n ( t 0 ).

F o r  the  sec o n d  i t  b e c o m e s

n ( a v e r a g e )  = [n ( 1 ) -f n ( t0 )] 

and  f o r  the  t h i r d

n ( a v e r a g e )  = [n(2 ) + n ( t0 )]
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E a c h  t i m e  a  new n (x )  i s  c a l c u l a t e d ,  a n d  th e n  a v e r a g e d  w i th  n ( t Q), u n t i l  

the  d e s i r e d  c o n v e r g e n c e  is  a c h ie v e d .

T h u s  C o h e n ' s  m e th o d ,  l ike  H a n s e n ' s ,  a l lo w s  d i r e c t  i n t e g r a t i o n  

of the  q u a s i l i n e a r  f o r m s  b y  a s s u m i n g  a  f o r m  f o r  n ( t0 + T ) ,  and  t h e r e b y  

c i r c u m v e n t s  the  t im e  i n t e r v a l  l i m i t a t i o n s .

T he  r e s u l t s  of th e  c o m p u t e r  p r o g r a m s  of C o h e n ' s  te ch n iq u e  a r e  

show n  in F i g u r e  10. T a b l e s  7, 8 , an d  9 p r e s e n t  a l l  the  d a t a  o b ta ined .

T A B L E  7

C O N V E R G E N C E  O F  C OHEN'S  A P P R O X IM A T IO N  
WITH TIME IN C R E M E N T S

^ R e a c t i v i t y  P e r i o d  = 100 sec .  ; G e n e r a t i o n  T i m e  = 10  ̂ s ec .
❖ ❖ Convergence  = .9 9 9 9 9

T i m e P e a k T i m e  of Running
Inc r  e m e  nt P o w e r P e a k  P o w e r T i m e

( s e c . ) ( r e l a t i v e ) ( s e c . )

0 . 1 49. 28295 3 9 .3 :58

0. 05 4 9 .3 4 7 3 8 39. 35 1:58

0 . 02 4 9 .3 6 2 9 8 39. 32 4:48

* P r o g r a m s  r u n  f o r  only  o n e - h a l f  th e  r e a c t i v i t y  p e r i o d  (See A p p e n ­
d ix  A).  **

** See  p a g e  32.



6 2 .-

PEAK
POWER 6 / .. 

C RELATIVE)

P R O M P T  JUMP

PEAK POWER

T/AIE INTERVAL 
COPEN'S METHOD

x REACTIVITY PERIOD - 100SEC. 
GENERATION TIME-- / O '8SEC. 
CONVERGENCE  ̂ . ? ? ? ? ?

60.

S t +

X

4-

0 . 0 0 !  0 0 1  O J
TIME INTERVAL h  (SEC. )

F ig .  10. - - C o n v e r g e n c e  of C o h e n ' s  T ech n iq u e  wi th  T im e  In te rv a l



T A B L E  8

* Re  a c t i v i t y  P e r i o d  = 100 s e c .  ; G e n e r a t i o n  T i m e  = 1 0 “ ® sec .
* * C o n v e r g e n c e  = . 9 9 9 9 9

C O N V E R G E N C E O F  C O H EN 'S A P P R O X IM A T IO N
W ITH  T IM E IN C R E M E N T S

T i m e
I n c r e m e n t

(sec.)

0 . 1

0. 05

0 . 02

0. 01

0 .0 0 7 5

P e a k
P o w e r

( r e l a t i v e )

5 9 .2 7 9 1 6

6 0 .3 8 6 0 2

6 1 .0 6 4 9 5

6 1 . 2 8 9 6 2

6 1 .3 4 3 8 8

T i m e  of 
P e a k  P o w e r  

( s e c .)

39. 2 

39- 15 

39- 12 

39. 11 

39. 105

R unning
T i m e

:58 

1: 56 

4: 50 

9: 40 

12: 54

^ P r o g r a m s  r u n  f o r  only  o n e - h a l f  the  r e a c t i v i t y  p e r i o d  (See A p p e n ­
d ix  A).

**S ee p ag e  32.
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T A B L E  9

CO H E N 'S  A P P R O X IM A T IO N  F O R  VARIOUS 
G E N E R A T IO N  TIMES

^ R e a c t i v i t y  P e r i o d  = 100 s ec .  ; T i m e " I n c r e m e n t  = 0 . 1  s ec .  
^ C o n v e r g e n c e  = . 99999 *

m e r a t i o n P e a k T i m e  of R unn ing
T i m e P o w e r P e a k  P o w e r T i m e
( s e c . ) ( r e l a t i v e ) ( s e c . )

-3
10 4 9 .2 8 2 9 5 39. 3 :58

-4
10 5 9 .0 5 3 4 4 39. 2 1:00

-5
10 59 .2 7 9 1 3 39. 2 : 58

i o “ 6 5 9 .27916 39. 2 :58

1 0 " 7 5 9 .2 7 9 1 6 39- 2 :58
- 8

10 5 9 .2 7 9 1 6 39. 2 : 58

* P r o g r a m s  r u n  f o r  only  o n e - h a l f  th e  r e a c t i v i t y  p e r i o d  (See A p p e n ­
d ix  A).

** S ee  p ag e  32
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A d l e r ' s  M e thod

A d l e r  b e g i n s  w i th  th e  q u a s i l i n e a r  f o r m  and  i n t e g r a t e s  a n a l y t i ­

c a l l y  a s  f a r  a s  p o s s i b l e .  The  p r o c e d u r e  c a n  s t a r t  w i th

SiB + c<n = . + ocl n + AC
dt  X ^

w h e r e  c< w a s  c h o s e n  a s

<X =r e»-
A

and  w h e r e  fo is  s o m e  c o n s t a n t  r e a c t i v i t y  ( a v e r a g e  o r  in i t ia l ) ,  in the  

H a n s e n  and  C oh en  a p p r o a c h e s .  O th e r  p o s s i b l e  f o r m s  f o r  in c lude  

<X= O / J L  

<X= l / l

7The  l a t t e r  w a s  u s e d  by  A d l e r  in h is  p a p e r .  T h e n

<*-t
n = n Qe

U sing

+ ^ o fAW.-.Q. + gc] n ( f )  + A c ( t ' ) j c

c(t) = c 0e  "Xt + ^  n (t')c ‘ X(t"t J

-o<( t-t ' )

-At
the so lu t io n  is

n = ncP 1 + S0  ^ ( ■ ^ ~ r ™ ^ +ct) n ( t ' )  + A c 0e

+ J L § _ ( t ' n ( t " ) C " A(t , ' t " ) d t ' ? e ‘ °t(t“ t,) d t '  
A  ->0 3

The  l a s t  eq u a t io n  c a n  be r e a r r a n g e d  to

<*t
n = noe

+ A c = i l e

o((t-t ' )

t  ^  - At' - d t ,
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£  Jo ' o

At th is  p o in t  i n t e g r a t i o n  of the  t h i r d  t e r m  is  d i r e c t l y  p o s s i b l e  

and  a  p a r t i a l  i n t e g r a t i o n  of the  f o u r t h  t e r m  c an  be  u n d e r t a k e n  giv ing

- <^(t -t?)

n = n0C

+ ( t  .S i l ' l : .  „ n ( t ' ) e

> Co [ e - At - c " ^ ]+
=< - A

^ (3 f t  r
J  (°t - A) L " ( f )  [  C c ]  d t ' .

The t r a n s f o r m a t i o n s  

t - to = h 

t'  - t 0 = T  

d t '  = d T

w i l l  pu t  the e q u a t io n  in a f o r m  th a t  c a n  be  p r o g r a m m e d  in t i m e  s t e p s  

nh n on  the  d ig i t a l  c o m p u t e r  a s  w e r e  the  f in i te  d i f f e r e n c e  t e c h n i q u e s  and  

Cohen  1 s and  H a n s e n ’s m e th o d .

The  t e r m s  P ( f )  and  n ( t ’) b e c o m e  a v e r a g e  values* th ro u g h o u t  

e a c h  t i m e  i n c r e m e n t  and  a n  i t e r a t i o n  p r o c e s s  t a k e s  p l a c e  w i th  n a s  in 

the C ohen  a p p r o x i m a t i o n ,  unti l  a  s p e c i f i e d  c o n v e r g e n c e  c r i t e r i o n  is  

s a t i s f i e d .  The g r a p h  in F i g u r e  11 shows the  e f f e c t  of v a r i o u s  t i m e  i n c r e ­

m e n t s  in A d l e r ’s f o r m u l a t i o n  fo r  the  s a m e  r e a c t i v i t y  input.  A d l e r ’s 

t e ch n iq u e  w a s  fu l ly  t e s t e d  fo r  the e f f e c t  o f  v a r y i n g  c o n v e r g e n c e  r e q u i r e ­

m e n t s ,  and  the  r e s u l t s  a p p e a r  in  T a b l e s  10 « 18. A p p en d ix  A d i s c u s s e s  

s o m e  of the d e t a i l s  of the  d ig i t a l  p r o g r a m m i n g  of th i s  and  the o th e r  

t e c h n i q u e s .



PLAK p o w l rPROMPT JUMP
r/ME. /n t e r v a l  
A bLER'S ME-THOP

f t E A C T I V i r y  PE R 10 b-- 7 0 0  SEC.  
o e /JE RATION TIME = / O' 1 SEC, 
CONVERGENCE, - . ? 9 ? 9 ?

T I M E  I N T E R V A L  hCSEC. )

F ig . 11. - -C o n v e rg e n c e  of A d le r 's  A p p ro x im a tio n  w ith  T im e In te rv a l



T A B L E  10

^ R e a c t i v i t y  P e r i o d  = 100 sec .  ; G e n e r a t i o n  T i m e  = 10 ~ sec .

C O N V ER G EN C E O F A D L E R 'S  A PP R O X IM A T IO N
W ITH TIM E IN C R E M E N T S

T i m e
I n c r e m e n t  

( s e c . )

P e a k
P o w e r

( r e l a t i v e )

T i m e  of 
P e a k  P o w e r  

( s e c . )

Runn ing
T i m e

❖ ❖ Convergence  £ . 999

. 05 49. 36382 39. 35 2:04

. 1 4 9 .3 7 0 8 1 39. 3 1:02

. 2 49- 37100 39. 4 :30

. 5 49. 38556 39. 5 : 14

C o n v e r g e n c e  = . 9999

. 05 49. 36382 39. 35 2:04

. 1 4 9 .3 7 0 8 1 39. 3 1:02

. 2 49- 37133 39. 4 : 32

. 5 49. 38690 39. 5 : 14

C o n v e r g e n c e = .9 9 9 9 9

. 05 4 9 .3 6 3 8 2 39. 35 2:24

. 1 49. 37085 39. 3 1:06 .

. 2 49. 37140 39. 4 :36

. 5 4 9 .3 8 6 9 1 39. 5 : 14

% P r o g r a m s  ru n  fo r  on ly  o n e -h a lf  th e  r e a c t iv i ty  p e r io d  (See
A p p en d ix  A).

t.t? S ee  p ag e  32.
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T A B L E  11

C O N V ER G EN C E O F  A D L E R 'S  A P P R O X IM A T IO N
W ITH  TIM E IN C R E M E N T S

^ R e a c t i v i t y  P e r i o d  = 300 sec .  ; G e n e r a t i o n  T i m e  = 10  ̂ s e c .

T i m e
I n c r e m e n t

( s e c . )

P e a k
P o w e r

( r e l a t i v e )

T i m e  of 
P e a k  P o w e r

( s e c . )

Runn ing
T i m e

^ C o n v e r g e n c e = • 999

. i 8 6 .69631 137. 5 3:06

. 2 86 .70041 137. 4 1:34

. 5 8 6 .7 3 8 5 5 137. 5 : 36

1 . 8 6 .8 1 2 1 0 138 :20

C o n v e r g e n c e = . 9999

. 1 8 6 .69631 137 .5 3:04

. 2 86 .7 0 0 4 1 137. 4 1:34

. 5 8 6 .7 4 6 5 2 137. 5 :42

1 . 8 6 .8 2 0 1 4 138 :22

C o n v e r g e n c e = . 99999

. 1 8 6 .69631 137. 5 3:06

. 2 8 6 .7 0 0 5 5 137. 4 1:42

. 5 8 6 .7 4 6 6 3 137. 5 :44

1 . 8 6 .8 2 0 1 9 138 :22

^ P r o g r a m s  ru n  fo r  on ly  o n e -h a lf  th e  r e a c t iv i ty  p e r io d  (See
A p p en d ix  A ).

**S ee p a g e  32.
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^ R e a c t i v i t y  P e r i o d  = 500 s ec .  ; G e n e r a t i o n  T i m e  = 10“  ̂ s ec .

T A B L E  12

C O N V E R G E N C E O F A D L E R 'S  A P P R O X IM A T IO N
W ITH  TIM E IN C R E M E N T S

T i m e
I n c r e m e n t  

( s e c . )

P e a k
P o w e r

( r e l a t i v e )

T i m e  of 
P e a k  P o w e r  

( s e c . )

Runn ing
T i m e

** C o n v e r g e  nee = . 999

. 2 104 .8 7 9 0 4 237. 2 2:34

. 5 104 .90932 237. 5 1:02

1 . 104 .89938 238 :32

2 . 1 04 .62297 238 : 18

C o n v e r g e n c e  = . 9999

. 2 104 .8 7 9 0 4 2 3 7 .2 2:34

. 5 104 .91621 237. 5 1:08

1 . 1 04 .92786 238 :36

2 . 1 04 .63497 238 : 18

C o n v e r g e n c e = . 99999

. 05 104 .8 2 4 1 5 2 3 7 .2 5 10:20

. 1 1 04 .87759 237. 3 5:10

. 2 104 .87920 237. 2 2:50

. 5 104 .91673 237. 5 1:12

L 1 04 .92806 238 :36

2 . 1 04 .64010 238 : 18

^ P r o g r a m s  ru n  fo r  on ly  o n e -h a lf  the  r e a c t iv i ty  p e r io d  (See
A p p en d ix  A ).

**See p a g e  32.



43

T A B L E 13

C O N V E R G E N C E  O F  A D L E R 'S  A P P R O X IM A T IO N  
WITH TIME IN C R E M E N T S

^ R e a c t i v i t y  P e r i o d  = 700 sec .  ; G e n e r a t i o n  T i m e  = 10 
❖ ^C onvergence  = . 99999

• 3 sec .

T i m e
I n c r e m e n t  

( s e c . )

P e a k
P o w e r

( r e l a t i v e )

T i m e  of 
P e a k  P o w e r  

( s e c . )

Runn ing
T i m e

0 . 1 115 .45711 337. 2 *7:16

0 . 2 115 .45723 337. 2 *3:56

0. 5 1 15 .49206 337 .5 1:49

1 . 115. 46908 338 : 50

2 . 1 15 .05252 338 :26

5. 1 10 .74269 340 : 11

* P r o g r a m s  ru n  fo r  on ly  o n e -h a lf  the  r e a c t iv i ty  p e r io d  (See
A p p en d ix  A ).

** See p ag e  32.
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T A B L E  14

C O N V E R G E N C E O F A D L E R 'S  A PPR O X IM A T IO N
W ITH TIM E IN C R E M E N T

^ R e a c t i v i t y  P e r i o d  = 100 sec . l, G e n e r a t i o n  T i m e  = 10 sec .

T i m e
I n c r e m e n t  

( s e c .)

P e a k
P o w e r

( r e l a t i v e )

T i m e  of 
P e a k  P o w e r  

( s e c . )

Running
T i m e

^ C o n v e r g e n c e = • 999

. 5 6 1 .4 4 5 3 0 39. 5 : 13

. 2 6 1 .5 1 3 5 2 39. 2 :32

. 1 6 1 .5 2 7 4 9 39. 2 1:04

. 05 6 1 .5 2 2 4 2 39. 15 2:08

C o n v e r g e n c e  = . 9999

. 5 6 1 .4 4 6 4 9 39. 5 : 14

. 2 6 1 .5 1 7 3 9 39. 2 :34

. 1 6 1 .5 2 7 9 3 39. 2 1:05

. 05 6 1 .5 2 2 4 2 39. 15 2:08

C o n v e r g e n c e  = .9 9 9 9 9

. 5 6 1 . 4 4 6 6 0 39. 5 :15

. 2 6 1 .5 1 7 4 2 39. 2 :36

. 1 61. 52798 39. 2 1:10

. 05 6 1 .5 2 2 5 0 39. 15 2:30

. 02 6 1 . 5 1 3 4 9 39. 12 3:16

* P r o g r a m s  ru n  fo r  on ly  o n e -h a lf  th e  r e a c t iv i ty  p e r io d  (See
A p p en d ix  A)

* * S ee p ag e  33.



45

^ R e a c t i v i t y  P e r i o d  = 300 s e c  ; G e n e r a t i o n  T i m e  = 10 ^ sec

T A B L E  15

C O N V ER G EN C E O F  A D L E R 'S  A PP R O X IM A T IO N
W ITH  T IM E IN C R E M E N T

T i m e P e a k T i m e  of Runn ing
I n c r e m e n t P o w e r P e a k  P o w e r T i m e

( s e c . ) ( r e l a t i v e ) ( s e c . )

^ C o n v e r g e n c e = . 999

i . 9 5 .6 0 2 4 4 138 :20

. 5 9 5 .7 4 3 1 7 137. 5 : 38

. 2 9 5 .7 9 8 5 5 137. 4 1:36

. 1 95. 80855 137. 4 3:12

C o n v e r g e n c e  = . 9999

1 . 95. 61131 138 :22

. 5 95. 76404 137. 5 :43

.•2 9 5 .7 9 9 5 0 137. 4 1:39

. 1 9 5 .8 0 8 5 5 1 3 7 .4 - - ~

C o n v e r g e n c e  = .9 9 9 9 9

1 . 9 5 .6 1 1 6 3 138 :22

. 5 95 .7 6 4 2 1 1 3 7 .5 :54

. 2 ■ 9 5 .7 9 9 9 2 137. 4 1:48

. 1 9 5 .8 0 8 7 4 1 3 7 .4 3:21

* P r o g r a m s  ru n  fo r  on ly  o n e -h a lf  th e  r e a c t iv i ty  p e r io d  (See
A p p en d ix  A)

** S ee p ag e  32.
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T A B L E  16

C O N V E R G E N C E  O F  A D L E R 'S  A P P R O X IM A T IO N  
W ITH  TIM E IN C R E M E N T

^ R e a c t i v i t y  P e r i o d  = 500 s e c .  : G e n e r a t i o n  T i m e  = 10~® s e c .

T i m e P e a k T i m e  of R unn ing
I n c r e m e n t P o w e r P e a k  P o w e r T i m e

( se c .  ) ( r e l a t i v e ) ( s e c . )

❖ ❖ Convergence  = . 999

2 . 112 .42492 238 : 18

1 . 113 .16851 238 :33

. 5 113 .37093 237. 5 1:04

. 2 1 13 .42622 237. 5 2:40

C o n v e r g e n c e  = . 9 9 9 9

2 . 1 12 .43835 238 :18

1 . 113 .19711 238 :37

. 5 1 13 .38704 237. 5 1:10

. 2 113 .42622 237. 2 2:40

C o n v e r g e n c e  = . 9 9 9 9 9

2 . 112 .44626 238 : 19

1 . 113 .1 9 7 2 5 238 : 37

. 5 1 13 .38747 237. 5 1:13

. 2 113 .42727 2 3 7 .2 2:58

* P r o g r a m s  ru n  fo r  on ly  o n e -h a lf  th e  r e a c t iv i ty  p e r io d  (See
A p p en d ix  A)

* * See p ag e  32.
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Q
^ R e a c t i v i t y  P e r i o d  = 700 sec .  ; G e n e r a t i o n  T im e  = 10"* s e c .

T A B L E  17

C O N V E R G E N C E O F A D L E R 'S  A P P R O X IM A T IO N
W ITH  TIM E IN C R E M E N T

^❖ C onvergence = .9 9 9 9 9

T im e P e a k T i m e  of R unn ing
I n c r e m e n t P o w e r P e a k  P o w e r T i m e

( s e c . ) ( r e l a t i v e ) ( s e c . )

. 1 123 .79086 337. 1 *7:42

. 2 1 2 3 .7 7 8 2 4 337. 2 *4:08

. 5 1 23 .73867 337. 5 1:42

1 . 1 23 .52596 338 : 51

2 . 122 .67681 338 :27

5. 1 16 .94429 340 : 12

* P r o g r a m s  r u n  fo r  o n ly  one - h a lf  th e  r e a c t iv i ty  p e r io d  (See
A p p en d ix  A ).

** S ee  p ag e  32.
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A D L E R 'S  A P P R O X IM A T IO N  F O R  VARIOUS 
G E N E R A T IO N  TIMES **

T A B L E  18

^ R e a c t i v i t y  P e r i o d  = 100 s e c .  ; T i m e  I n c r e m e n t  = 0 . 1  s e c .
. ^ ^ C o n v e r g e n c e  = .99999

G e n e r a t i o n P e a k T i m e  of Runn ing
T i m e P o w e r P e a k  P o w e r T i m e
( s e c . ) ( r e l a t i v e ) ( s e c . )

10-3 4 9 .3 7 0 8 5 39. 3 *1:06

-45 X 10 5 4 .8 1 1 0 2 39. 2 *] :08

10-4 6 0 .0 5 4 5 8 3 9 .2 * 1:10

-5
10 6 1 .3 7 8 2 0 39. 1 * 1:10

1 0 - 6 6 1 .5 1 3 1 4 3 9 .2 * 1:10

1 0 " 7 6 1 .5 2 6 6 1 39. 2 * 1:10

i o - 8 6 1 .5 2 7 9 8 39. 2 1:10

** See  p a g e  32,

* P r o g r a m s  r u n  fo r  on ly  o n e -h a lf  th e  r e a c t iv i ty  p e r io d  (See
A p p en d ix  A).



C O L L O C A T IO N  M ETH O D

8 9The C o l lo c a t i o n  Tech n iq u e  ' 7 is  a n o t h e r  a p p r o x i m a t i o n  a long  

the  l ine  of t h o s e  a l r e a d y  d i s c u s s e d .  The  po in t  of the  m e th o d  is  b e s t  

u n d e r s t o o d  if i t  is  b e g u n  w i th  the  V d l t e r r a  type  i n t e g r a l  e q u a t io n  p r e ­

v io u s ly  d e r i v e d  f r o m  the  q u a s i l i n e a r  f o r m .  The  g e n e r a l  f o r m  of the  

V o l t e r r a  i n t e g r a l  e q u a t io n  is

f h
x  (t0 + h) = x ( t0 ) + ^ K(tQ, T  ) X  ( to + ' 'i ) d'X

o

an d  is  th e  type  of e q u a t io n  u s e d  in  the  A d l e r  a p p r o x i m a t i o n .

The  C o l lo c a t i o n  Tech n iq u e  c o n s i s t s  of l e t t in g

x  (t0 + Tr) = g ( t )  = x (t0 ) [  i + A j T + a 2 I t1* ]

w h e r e

x ( tQ + T )  => n (t0 + Tr ).

The i n t e g r a l  e q u a t i o n  b e c o m e s

g(h)  = x ( t 0 ) + C K (t0 , X ) g (T) d T + E,
/o

and  E is the  i n h e r e n t  e r r o r .

T h e n

x ( t Q) (1 + A j  h + A 2 h2 )

= x(tQ) + x ( t Q) ( h K (to ; r )  [ l + A j T  + A 2 r 2 l  d-u + E.
Jo
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T he  e r r o r  c a n  be  w r i t t e n  a s

E  = ^ A 1h + A 2 h 2 - ^ K ( t o | l ; )  [ l + A 11T + A 2 ^ 2 ] d T j x ( t o )
o

Since  the  a s s u m e d  f o r m  f o r  the  p o w e r  t r a c e  in the  t i m e  i n t e r v a l  is 

p a r a b o l i c ,  it c o n ta i n s  two u n d e t e r m i n e d  p a r a m e t e r s  and  A . T h e s e  

a r e  d e t e r m i n e d  by f o r c i n g  the  e r r o r  to  be  z e r o  in the  m id d le  and  a t  

the end  of the  t i m e  s tep .  T h i s  g iv e s  

E (A ̂  , Ag , t Q , —~— ) — 0 

E (Aj , A 2 , t Q, h) = 0

and p r o v i d e s  two e q u a t io n s  to so lve  f o r  A^ and  A ^ . Thus  the  f o r m  of 

the  p o w e r  t r a c e  is  a  known fun c t io n  w h ic h  c a n  be  s u b s t i t u t e d  into a n  

i n t e g r a l  eq u a t io n  su c h  a s  d e r i v e d  b y  A d l e r ,  t h e r e b y  av o id in g  the t i m e  

c o n s t a n t  d i f f icu l ty .  F i g u r e  12 is  a g r a p h  showing  the  c o n v e r g e n c e  of 

the  m e th o d  w i th  d e c r e a s i n g  t i m e  s t e p s  f o r  a sp e c i f i c  r e a c t i v i t y .  The 

c o m p le t e  d a t a  o b ta in e d  u s in g  C o l lo c a t io n  is p r e s e n t e d  in  T a b l e s  19-21.
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C O L L O C A T IO N  FO R  VARIOUS G E N E R A T IO N  TIMES 

R e a c t i v i t y  P e r i o d  = 100 s ec .  ; T i m e  I n c r e m e n t  =. 0. 1 sec .

T A B L E  19

G e n e r a t i o n P e a k
T i m e P o w e r
( s e c . ) ( r e l a t i v e )

10-3 4 9 .3 7 1 9 8

-45 x 1 0 54 .81343

10-4 60 .0 9 1 9 1

IQ 'S 6 1 .4 0 2 0 4

i o ' 5 61. 52494

ID -? 6 1 .5 3 4 6 0

1 0 - 8 6 1 .5 6 4 8 9

T i m e  of Running
P e a k  P o w e r  

( s e c . )
T i m e

39. 3 1:40

39. 2 1:40

39. 2 1:41

39. 2 1:39

39. 2 1:36

39. 2 1:36

39. 1 1:36
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C O N V E R G E N C E  O F  C O LLO C A TIO N  W ITH 
TIME IN C R E M E N T S

-3
G e n e r a t i o n  T i m e  = 1 0  sec .

T A B L E  20

R e a c t i v i t y  
P e r i o d  
( s e c . ) 100 300 500 700

T i m e
I n c r e m e n t  
( s e c . )

0. 05 49. 37961 
39. 35 
3:27

0 . 1 49. 37198 
39. 3 
1:40

0 . 2 4 9 .3 6 4 9 3  
39- 4 
:50

8 6 .7 0 3 7 6
1 3 7 .4
2:30

* 1 0 4 .8 9 1 1 7  
237. 2 
4:10

* 1 1 5 .4 7 6 3 3  
3 3 7 .2  
5:50

0 . 5 49. 38228 
39. 5 
:20

8 6 .7 3 2 2 0  
137. 5 

' h O l

104 .90671  
237. 5 
1:40

1 1 5 .4 8 7 7 2
337. 5
2:21

1 . 8 6 .7 9 6 8 6
138
:30

104 .9 4 0 0 7
237
:51

115 .5 0 9 5 8  
337 
1:10

2 . 8 6 .8 9 4 2 4
138
:15

1 0 4 .9 9 4 8 7
238
:25

1 1 5 .5 4 3 3 3
338
:36

5. 1 0 5 .0 4 2 4 7
240
: I 0

1 1 5 .5 8 1 2 9
340
:14

* P r o g r a m s  ru n  fo r  on ly  o n e -h a lf  th e  r e a c t iv i ty  p e r io d  (s e e  A p p en ­
d ix  A fo r  f u r th e r  d is c u s s io n ) .
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C O N V E R G E N C E  O F  C O L L O C A T IO N  W ITH 
T IM E IN C R E M E N T S

T A B L E  21

G e n e r a t i o n  T i m e  = 10 -8 se c .

R e a c t i v i t y
P e r i o d
( s e c . ) 50 150 250 350

T i m e
I n c r e m e n t  
( s e c . )

0 . 05 6 1 .4 7 3 4 0  
39. 15 
3:20

0 . 1 61. 56489 
39. 1 
1:36

0 . 2 6 1 . 6 2 9 0 2  
39. 2 
:49

95. 84471 
137. 4 
2:25

* 1 1 3 .4 6 7 6 5  
237. 2 
4:00

*123. 82056 
3 3 7 .2  
5:48

0 . 5 6 1 .7 7 5 8 6  
39. 2 
:19

95. 88692 
137. 5 
:58

113 .48812  
237. 5 
1:38

1 23 ,83659  
337 
2 : 1 6

1 . 95. 94360
138
:30

113 .51796
237
:48

1 23 .85537  
337 
1:08

2 . 9 6 .0 4 2 7 8  
138 
: 14

1 13 .57297
238
:25

1 2 3 .8 8 9 3 0
338
:34

5. 1 13 .62422
240
:09

123 .9 3 0 1 4
340
:13

* P r o g r a m s  ru n  f o r  on ly  o n e -h a lf  th e  r e a c t iv i ty  p e r io d  (s e e  A p p en ­
d ix  A fo r  f u r th e r  d is c u s s io n ) .



K E E P IN 'S  M ETH O D

The f in a l  a p p r o x i m a t i o n  c o n s i d e r e d  h e r e  is  t h a t  of K eep in ,  

w h ic h  is b a s e d  on a L a p l a c e  t r a n s f o r m  of the  k in e t i c  eq u a t io n .  I n t e ­

g r a t i n g  the  p r e c u r s o r  e q u a t i o n

y ie ld s

C = —5 — n - A C

c  = c o e  " A t  + - L  ^ n ( f ) e "  A ( t _ t ) d f .

I n t e g r a t i n g  by  p a r t s  g iv e s  

C = ( A C ® n0 i e " A t + - 1 -O X

o  r 1 . . . . . » - A ( t - t ' )

l  Jo

w h ic h  c a n  be  s u b s t i t u t e d  into 

r e s u l t i n g  in

^ n ( t ' ) C

n + A c

(? (3n = —1_ n -  ——
X X -/o

^  n ( t ' )C
- A ( t - t 1)

+ < A c o -  ~ r  n=, c
• At

r e s u l t

R e w r i t i n g  th i s  and  tak ing  the  L a p la c e  t r a n s f o r m  g iv e s  the

At,i L ( n )  = L( f  n) - 0 L  (n) L  (6 * )

+ ( A i c 0 - 0 no ) m ) Xt

55
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w h ic h  c a n  be  r e d u c e d  to

/ ( s N - n 0 ) = L ( P n )  -  ^  s N - n 0
s + X

+ X / C Q - 0 n n 

s + A

Solv ing f  o r  N g iv e s

N = _^o_ + 1 .
s s ( i + P J

D efine

G(s)

+A

1
s( ^  +

w h ic h  in  th e  t i m e  d o m a i n  is

-  c* t

w h e r e

G(t) = a 2 + A 2 e

a +

A
7 "  X +  (3 /2

A 2 =
1 P / 7

t  ” 0 7 7  '

Thus

L(pn) +
A i  C0 - 0 m

s + A

s + A

N = f o  + G(s) ^ L ( p n )  + AdL2ar_2n_  
s (  s + A

and  in  th e  t i m e  d o m a i n
-t

n(t)  = nu + ^ G ( t - t ' )  S ( f )

w h e r e  S ( t l) r e p l a c e s  the  b r a c k e t e d  t e r m  in  the  p r e v i o u s  equa t ion .  Note  

t h a t  G(s) i s  the  z e r o  p o w e r  t r a n s f e r  fu n c t io n  an d  G(t) i s  the  i m p u l s e

r e s p o n s e .



T h is  l a s t  e q u a t io n ,  w h ic h  is  e a s i l y  g e n e r a l i z e d  to s e v e r a l  

g ro u p s  of d e la y e d  n e u t r o n s ,  f o r m s  the  b a s i s  of K e e p in 's  R TS code . ^  

H o w ev e r ,  th e  t r e a t m e n t  of th e  i n t e g r a l  in th e  R TS code  d o e s  no t  c i r c u m  

v e n t  the  t i m e - s t e p  l im i t a t i o n .  T h e r e f o r e ,  th e  fo llow ing  a l t e r n a t iv e  

p r o c e d u r e  w a s  e m p lo y e d .  L e t

y = n(t) 

nh = t  

y (o )=  n(o)

th e n

y( n h ) = y (o )

+ ( h G (nh - t ' )  S ( t ' )  d t '
-)o
rlh

+\ G ( n h - f )  S ( t ' )  d t '
J h

• ( nh
+ \  G (n h - t ')  S ( f )  d t '

J(n-l)h

P r o c e e d in g  a s  in  the  p r e v io u s  c a s e s ,  a  f o r m  is  a s s u m e d  f o r  

S(t'); m a k in g  th e  e q u a t io n  in te g r a b le  and  e l im in a t in g  th e  t im e  c o n s ta n t  

d if f icu l ty .  L e t t in g  S = S = S ( a v e ra g e ) ,  w h e re

S ( a v e ra g e )  = a v e r a g e  v a lu e  in  th e  t im e  in t e r v a l  

r e s u l t s  in  a n  a p p r o x im a t io n  s i m i l a r  to A d l e r ' s  and  C o h e n 's  w h ic h  c a n  

in  a  l ik e  m a n n e r  be  i t e r a t e d  u n t i l  a  c o n v e r g e n c e  c r i t e r i o n  is  m e t .  T h e
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n _  z-mh

y(nh) ~  y(o) + ^  \  G( n h -V ) d t '
m =  1 (m -l)h

and  w h en  G(t) is  r e p l a c e d  by th e  t im e  fu n c t io n  it  r e p r e s e n t s  and  i n t e ­

g r a t e d  th e  r e s u l t  is

y(nh) s' y(o) + V" S m  [A jh  + Ag C  ( 1 - C  ) 1

F o r  c o n v e n ie n c e ,  th i s  w i l l  be  c a l l e d  the  e x a c t  K e e p in  e q u a t io n .

A h igh ly  s im p l i f ie d  a p p r o x im a t io n  r e s u l t s  if  is  s m a l l .

<X h »  1

o4 = A + X

C “ " h << 1

^-«<(n-m )h <<1

m  = n»

U sing  th e s e  a p p r o x im a t io n s ,  

y(nh) = y(o)
n _

+ A j h  S m  + Ag S n  __
m =  1

fo r  s m a l l  ^  . T h is  w i l l  be  c a l l e d  the  a p p r o x im a te  K e e p in  eq u a t io n .  T he  

r e s u l t s  of the  a p p r o x im a te  K e e p in  e q u a t io n  a p p e a r  in  F i g u r e  130 T he  

c o m p le te  s e t  of d a ta  is  show n in  T a b le  22. F o r  f u r t h e r  d e ta i l s ,  see  

A p p en d ix  A.

T h en

w hen

T h en

and

un le  s s
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KEEPIN'S APPROXIMATE 
METHOD

REACTIVIT/  PERIOD-- 100SEC. 
GENERATION TIME

X

s?X — I-------------------------------------------------------------------------------------------1 -

0. 0/  o . l
T / M E  /MTERVAL h (szc. )

F ig . 13. - - C o n v e r g e n c e  of K e e p in 's  A p p ro x im a te  M ethod 
w ith  T im e  In te rv a l
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T A B L E  22

D A TA  FO R  K E E P IN 'S  A PP R O X IM A T IO N  

R e a c t iv i ty  P e r i o d  = 100 s e c .

T im e  P e a k  T im e  of R u n n in g .
I n c r e m e n t  P o w e r  P e a k  P o w e r  T im e

( s e c .  ) ( r e l a t iv e )  ( s e c . )

G e n e r a t io n  T im e  
= 10” ® s e c .

* (E x a c t  K eep in )

*»Qne I t e r a t i o n  0 .1  4 6 .7 7 3 4 8  3 9 .5  7:36

^ C o n v e r g e n c e
= .9 9 9 9 9  0 .1  4 6 .7 7 3 5 0  3 9 .5  7:37

G e n e r a t io n  T im e  
= 10”° s ec .

(A p p ro x im a te
K eep in )  * **

**O ne I t e r a t i o n 0. 1 3 4 .5 6 7 0 8 39. 2 :49

C o n v e rg e n c e  
= .9 9 9 9 9 0. 01 60. 80332 39. 11 8:50

0. 02 6 0 .7 0 1 7 7 39. 12

0. 05 6 0 .4 1 1 2 9 39. 15 1:51

0. 1 5 9 .4 5 5 4 2 39. 2 :55

* See  p a g e  58.

** See  p a g e  32.



CONCLUSIONS

The s p i r i t  of the  te c h n iq u e s  d i s c u s s e d  h e re  l i e s  in  r e p r e s e n t ­

ing the  s lo w ly -v a ry in g  f a c to r  in s id e  a n  i n te g r a l  by a n  a s s u m e d  know n 

fu n c tio n ,  in s te a d  of u s in g  a s t a n d a r d  toam -erical: i n t e g r a t i o n  f o r m u la

fo r  the  c o m p le te  in te g r a l .  F o r  e x a m p le ,  c o n s id e r :
-h _ ^

Kh) F  (to + /t e) e  d ^

F ( t^  + T : ) s low ly  v a ry in g  p o r t i o n  of in te g ra n d

(b -  (3 i— g o r  o r

1(h) = i n te g r a l  d e r iv e d  f r o m  q u a s i - l i n e a r  f o r m s  o r  f r o m  
L a p la c e  t r a n s f o r m  of k in e t ic s  e q u a t io n s .

Now if

F ( t o 4 -^ )  = F ( t Q) ( 1 - f A L  + B l  + C T T  . . .  . )

the  i n te g r a l  c a n  be  e v a lu a te d ,  5 t h e r e b y  e l im in a t in g  the  f a s t  t r a n s i e n t  

d if f icu l ty  c a u s e d  by  C

In the  m e th o d s  of C ohen  and  A d le r ,  on ly  the  f i r s t  t e r m  w as  

u s e d  h e r e ,  to g e th e r  w ith  i t e r a t i o n s  to im p ro v e  the  p r e d ic t io n .  T h is  

w a s  a l s o  u s e d  in  K e e p in 1 s m e th o d  a s  m o d if ie d  h e re ;  the  o r ig in a l  RTS 

code  i t s e l f  is  s e v e r e ly  l im i te d  by  the  t i m e - c o n s t a n t  d if f icu l ty .  The 

C o l lo c a t io n  m e th o d  u s e s  t h r e e  t e r m s  of the  s e r i e s ,  w i th  th e  c o e f f ic ie n ts  

e v a lu a te d  by  r e q u i r i n g  an  in te g r a l  e q u a t io n  to be  s a t i s f i e d  a t  two p o in ts
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in  e a c h  t im e  in te r v a l .  H a n s e n 's  m e th o d  i s  e s s e n t i a l l y  th e  s a m e ,  u s in g  

a n  a s s u m e d  e x p o n e n t ia l  f o r  F  in s te a d  of a p o ly n o m ia l .

T he  g r a p h  p r e s e n t e d  in  F ig u r e  10 show s th a t  th e  C o h en  m e th o d ,  

w h ile  c o n v e rg in g  s t ro n g ly  on  th e  p r o m p t  ju m p  so lu tio n ,  r e q u i r e s  a  p a r ­

t i c u l a r l y  s m a l l  t im e  i n c r e m e n t  to  a c h ie v e  c o n v e r g e n c e .  S ince  su ch  a  

s m a l l  i n t e r v a l  r e q u i r e s  e x c e s s iv e  c o m p u te r  ru n n in g  t im e ,  th is  a p p r o a c h  

w il l  n o t  be  g iv e n  any  f u r t h e r  c o n s id e r a t io n .  T he  p ro b a b le  r e a s o n  f o r  

th e  n e c e s s i t y  of su c h  s m a l l  t im e  i n c r e m e n t s  i s  th a t  C o h e n 's  a p p r o x i ­

m a t io n  w o r k s  d i r e c t l y  o n  th e  b a s ic  i n t e g r a l  f o r m s  d e r iv e d  f r o m  the  

q u a s i l i n e a r  d i f f e r e n t i a l  e q u a t io n s .  T h e s e  f o r m s  c o n ta in  b o th  n ( t0 +'t* ) 

and  C (t0 + ' t ' ) ,  and  b o th  t e r m s  have  to b e  a p p r o x im a te d  in  the  t im e  

in te r v a l .

A d l e r ' s  f u r t h e r  i n t e g r a t i o n  of th e  e q u a t io n s  e l i m in a t e s  the  

C (tQ + 1: ) t e r m  n e c e s s i t a t i n g  th e  u s e  of a n  a p p r o x im a te  f o r m  fo r  on ly  

n ( t0 + T ) .

Due to i t s  s y n th e s i s  th ro u g h  L a p la c e  t r a n s f o r m ,  the  K e e p in  

f o r m u la t io n  a l s o  p ro v e d  to be  u n w ie ld y  w ith  r e s p e c t  to c o m p u te r  t im e  

( s e e  T a b le  22 f o r  s p e c if ic  ru n n in g  t im e s ) .  The K e e p in  e q u a tio n ,  a s  

d e r iv e d  e a r l i e r ,  r e q u i r e s  a  c o m p le te ly  new c a lc u la t io n  f o r  r e a c t o r  

p o w e r  a t  e a c h  p o in t  in t im e .  A ll  th e  o th e r  m e th o d s  c o u ld  be  h a n d led  

by r e c u r r e n c e  r e l a t i o n s :

n (1) = n"(o) + A n !
0
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n (2 )  = n ( l )  + A n )
1

. ,3
n (3 )  = n(2) + A n  )

2

w h e re  n(x) is  the  p o w e r  a t  t im e  " x " . K e e p in 's  te c h n iq u e  r e q u i r e s  

c o m p le te  r e c a l c u l a t i o n  a t  e a c h  p o in t  in  t im e .  F r o m  the  K eep  in  e q u a t io n

I1,r -c<(0) h ~ h "t
n ( l )  = h(0) + Pn

y
A 1h + A 2 e (1-. e  ) J

£X
|i r - « ( l ) h

n(2) = n(0) +
o l A l h +  A 2 0 ( i - e  )J

cK.

I2 -c<(0)h ^  h. -i
+ ?n |1 Va , h + A 2 6 ( i - e  )J

1 cK

| i r -<x(2)h
n(3) = n(0) + pn JA h + A 2 C ( i - e  )J

0
2 - cx.( 1 )h /= -i

+ PJB [ A jh  + A 2 C ( 1 - C  ) ]
1

3 -<x.(0)h , „  - « h  -i
+■ pn j^Aj, h + A 2 C ( 1 - C  ) j .

2

A s c a n  be  s e e n ,  n(3) i s  n o t  r e l a t e d  to n(2) in  a n y  c o n v e n ie n t  

w ay  b y  th e  K e e p in  a p p ro a c h .  In  th e  A d le r  m e th o d ,  f o r  e x a m p l e , on ly  

the  A  n is  c o m p u te d  a t  e a c h  s te p  an d  th e n  ad d ed  to  th e  p o w e r  c o m p u te d  

f o r  th e  p r e v io u s  t im e  s te p .  T h e r e f o r e ,  K e e p in 's  e q u a t io n s ,  a long  w i th  

C o h e n 's  w i l l  no t b e  g iv e n  f u r t h e r  c o n s id e r a t i o n  h e r e .

T he  t h r e e  a p p r o a c h e s  le f t  a r e  A d l e r ' s ,  C o l lo c a t io n  and  H a n s e n 's  

T he  r e s u l t s  o b ta in e d  f o r  th e  t h r e e  m e th o d s  a r e  c o m p a r e d  in  F i g u r e s  14-

17.
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T he  g r a p h s ,  and  a l l  the  d a ta  o b ta in e d ,  s e e m  to in d ic a te  th a t

the  C o l lo c a t io n  m e th o d  c o n v e r g e s  m o s t  r a p id ly  and  g iv e s  th e  b e s t

n -8r e s u l t s  w h e n  c o m p a r e d  to th e  p r o m p t  ju m p  s o lu t io n  f o r  Xj* 10 s e c .  

F ig u r e  17 show s th a t  C o l lo c a t io n  ta k e s  s l ig h t ly  lo n g e r  to  r u n  th a n  the  

o t h e r s  f o r  th e  s a m e  A t .  H o w ev e r ,  C o l lo c a t io n  i s  c l o s e r  to th e  p r o m p t  

ju m p  w ith  a t im e  i n c r e m e n t  of 0 .5  s e c .  th a n  a r e  H a n s e n 's  and  A d l e r ' s  

m e th o d s  w ith  an  i n t e r v a l  le n g th  of 0. 2 s e c .  fo r  r e a c t i v i t y  p e r i o d s  of 

500 and  700 s e c .  Only  A d l e r ' s  m e th o d  is  m o r e  a c c u r a t e  f o r  an y  of the  

r e a c t i v i t y  in p u ts  c o n s id e r e d  h e r e  ( r e a c t i v i t y  p e r i o d  of 100 s e c .  ).

H a n s e n 's  m e th o d  is  no t a c u rv e  f i t t in g  p r o c e s s  in  the  s a m e  

s e n s e  th a t  th e  o th e r  a p p r o x im a t io n s  a r e .  I t  is  an  e x p o n e n t ia l  f i t  b a s e d  

on the  in h o u r  e q u a t io n  and  c a n n o t  b e  e x p e c te d  to  b e  a s  a c c u r a t e  a s  the  

C o l lo c a t io n  c u r v e  f i t t in g  p r o c e s s .

The A d le r  a p p r o a c h  u s e s  only  th e  f i r s t  t e r m  of th e  p o w e r  s e r i e s  

e x p a n s io n  f o r  n  ( t0 +T"). It p r o v e s  to be th e  m o s t  s e n s i t iv e  to th e  l e n g th  

of the  t im e  in t e r v a l  a s  s e e n  in  F i g u r e s  15 and  16. C o llo c a t io n ,  on the  

o th e r  hand, is  l e a s t  s e n s i t iv e  to  th e  i n t e r v a l  s iz e  a s  s e e n  in  the  s a m e  

g r a p h s .  A p p e n d ic e s  B th ro u g h  H show  e x a m p le s  of ty p ic a l  c o m p u te r  

p r o g r a m s  u s e d  to g a th e r  the  d a ta  p r e s e n t e d  in  T a b le s  1 - 22.



A P P E N D IC E S

CO M PU T IN G  D E T A IL S  AND C O M P U T E R  PR O G RAM S

A P P E N D IX  A 

CO M PU TIN G  D ET A ILS

In  a l l  c a s e s  th e  one g ro u p ,  s o u r c e - f r e e  r e a c t o r  k in e t ic  eq u a  

t io n s  w e re  p r o g r a m m e d  u s in g  a c c e p te d  v a lu e s  fo r  th e  p a r a m e t e r s :

0  = .0 0 7 9  

A = .0 7 7  s e c ” 1 

£  -  10-3  __ 1 0 "8 s e c .

S e v e r a l  r e a c t i v i t y  in p u ts  w e re  c o n s id e r e d .  A ll w e r e  s in u s o id a l  w ith  

th e i r  m a g n i tu d e s  and  p e r io d s  b e in g  r e l a t e d  in  the  m a n n e r  d e s c r ib e d  

in  the  In t ro d u c t io n :

Po
(3 uu

+A
T _  = _ i .
2 UU

C hoosing  th e  le n g th  of a t r a n s i e n t  (by s e le c t in g  T ) i t s  p e r io d  c a n  be  

found w ith  the  above  r e l a t i o n s h ip s .  The fo llow ing  r e a c t i v i t i e s  w e re  

s e le c te d :
T fo
50 . 0053

150 . 0032
250. . 0023
3 50 . 0018
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The v a r i a b l e  T  is  the  ha lf  p e r io d  of the  s in u so id a l  input. In 

so m e  c a s e s ,  in  a n  e f f o r t  to  c o n s e r v e  c o m p u te r  t im e ,  p r o g r a m s  w e re  

r u n  f o r  only  ha lf  a r e a c t i v i t y  c y c le .  The ru n n in g  t im e s  f o r  th e s e  p r o ­

g r a m s  w e re  d oub led  on the  a s s u m p t io n  th a t  the  co m p u tin g  t im e  w ould 

i n c r e a s e  by a f a c to r  of two if an  e n t i r e  c y c le  w e re  ru n .  T h is  w as 

d e m o n s t r a t e d  fo r  a few  c a s e s .  T h o se  c a s e s  r u n  fo r  on ly  ha lf  the  

r e a c t i v i t y  c y c le  a r e  in d ic a te d  by  an  a s t e r i s k  (*) in  the  d a ta  t a b l e s .

The t im e s  p r e s e n t e d  in  the  t a b le s  r e p r e s e n t  c o m p u tin g  t im e  

p lu s  t im e  to  p u t  c o m p u te d  v a lu e s  in  ta p e  s to r a g e .  T h ey  do no t in c lu d e  

the  t im e  to p r i n t  out the  d a ta  o r  the  t im e  to c o m p ile  th e  p r o g r a m .  

C om p u tin g  t i m e s  a r e ,  of c o u r s e ,  r e l e v a n t  only to the  U n iv e r s i ty  of 

A r iz o n a  IB M -7 0 7 2 .

Two o th e r  v e r y  r e c e n t  a p p r o a c h e s  w e re  n o ted  a f t e r  th is  s tudy

w as  c o m p le te d .  T he  f i r s t ,  ^  a s  y e t  u n p u b lish e d ,  a p p e a r s  to be an

im p r o v e m e n t  on the  R u n g e -K u t ta  m e th o d ,  b u t  d e ta i l s  w e re  no t a v a i l a b le

12a t  the  t im e  of w r i t in g .  The sec o n d  is  r e l a t e d  to  H a n s e n ’s m e th o d ,  b u t  

u s e s  r a t i o n a l  m a t r i x  fu n c t io n s  to a p p r o x im a te  the  e x p o n e n t ia l  m a t r i x  

w hich  e x p r e s s e s  the s ta te  v a r i a b l e s  a t  any  t im e  in  t e r m s  of t h e i r  v a lu e s

a t  a n  e a r l i e r  t im e .
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A P P E N D IX  B -K-

C O M P U T E R  PR O G R A M  USED FO R  
D IR E C T  F IN IT E  D IF F E R E N C E

- '

SUBROUTINE I F " :  (LOCX)
DIMENSION T ( 3)
[MASK. = 0 ;:o ;C vlLOC
T r f'P i  -  r 
P D 7 = n e

A XU 8 0 , TEMP]
A ' ZA 1 4-0
A 5 T1 j J
A XZA at  , t
A . Z.A2 ti v
A ZAI 9 9 9 2 ( 2 , 5 )

A1 + 1
A A 1 9 9 9 7

'A M SM 9 9 9  I
A ATI RDT
A PC I MASK
A TP 2 5 , ROT
A 3CB 2 , *
A TLF 2 5

XZA 8 0 , LOCX
A CAN 8 0 , RDT
A Xt TEMPI

RETURN
END

CALL TIMr ( IT)  
PRINT 2' , II
FOR" AT ( I X 110)
X = i
D = SO»
A or; a .r . 07?
0 T . ^ 7 9
C = e . * P /  ( 8 . . A: •DA k 'J
LC = . OU0v7
T =
RUX 1 .
RUXC - 1 .
CRUX =
DO 12 J = 1 » U>vu
n o  13 K = 3 > 1 0
T = T+X
P HO = C <■c I N F ( 3 . 1  4 1 6 A  * { T - X > >
POk = X* ( ( RHO-i7 * /EL • NUX-t -W:: -\ »<RUX )4-PUX
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CCV. = X ( 3 /  L E * R U X -  A Mn A * C R U X ) +CKCX 
CRUX = cow 
kux = row 

13 CONTINUE
PRINT 3 ,  T * POU, CO V, ‘RHO> EE 

3 FORMAT ( 5 F 2 V . 5  j 
1 ?. CONTINUE

CALL T W I J J V  
PRINT 30♦ JJ 

30 FORMAT ( I X 110)
STOP
END



A P P E N D IX  C

C O M P U T E R  PR O G R A M  USED FO R 
R U N G E -K U T T A  A P P R O X IM A T IO N

SUB ̂ CU T I M t: T I V, E (LOCK) 
Cl ME MS! 7 ( 3 )
!V^SiC r OOvCC<1000
TEMPI = 
RpT=n.

0

A XU 8 0 , TEMP1
A 7AI + 0

ST 1 6 0
A XZA 8 0 , T

* ' ZA2 80
ZA1 9992(2,51

A A 1 + 1
A A1 99V?
A MSN 9991

ST 1 RDT
A PC IMASK
A TP 2 5 , ROT
A RCB 2 , *
A TLF 7 5
A XZA rO,LCCX
A CAN 8 0 , ROT
A

RCTURN
ENC

XL 3 0 , TEMPI

CALL TIME ( II)
PRINT 70 ♦ II 

?Q FfPVLAT (I XT 10!
AVRA -  . 0 ? 7  
B = •0079 
P = SO.
PP - 3 .1414/P  
C - B> 3 . / ( 8 • > ' .>DA»P )
EC % . o c n c r
x -- . 0 1
I = 0.
p r  vi * o.
RUX - 1.
(TUX = 0/(12*4X04)
OC 1 I = 1 ,1(00
o o  ? n  ^ i , i / i
r  = T+x
RllO = C * 6 1 Nr ( pp> ( T~;<) )
PMA = CXMhF(PP*(  T - X / 2 .  ) )

jCv
o ■ ■ n>
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Y = (B/ETF* RU X -  A iAD.A ̂  C R U X ) X
ZZ -  { ( RH A- B) / [ E* ( RUX+ Z/ 2 . )+ AVr A* ( CRHX+ Y/ 2 . ) ) *X 
YY = % B/CE* ( RUX-i 2 / 2  • )-AMl)A* ( CRf 'X + Y/2 . ) )*X  
ZZ7 = ( ( RHA -B ) /  EE* < R'ti X+7.Z /  ? • H Af: DA * ( C R UX + Y Y / 2 . ) ) *  X
Y YY = (B/FF* (RUX+ZZ/Z, >-AMD A  ̂f C •! *X + W / ? . ))«X 
ZZZ/"= ((RH&-h)/LE*(RU*+ZZZ)+A'<DA-:(CRl'X+YYY))*X 
YYYv = (9/EE*(RUX+ZZZ)»A^DA*(CYUY+YYY))*X 
A -  ( Z +? . *7 Z +2 .* Z ZZ +Z ZZZ ) / 6 .
A A" - (Y+2.*YY + 2.*YYY + YYYY)/6.
PCW = pnw -i-A
ru x = row
CRUX = CRUX+AA

2 CONTINUE
PRINT 3 ♦ T • PUV.S A» RHO

3 FORMAT ( 4 F 2 1 . 5 )
1 CONTINUE

CALL TIMF ( J J )
PRINT 3 " ,  JJ 

30 FORMAT { 1 X H  ,  }
STOP
END

RHB = C*S[NF(PP*T)



* A ,.
A P P E N D IX  D

C O M P U T E R  PR O G R A M  USED FO R  
HANSEN'S A P P R O A C H

DIMENSION -1(3)
I M ASK = 0000Ova ) ( j 0  
TEMPI = 0

•
A XU BO* TEMPI
/ ZA1 + V

« A 511 8u
%  / . A XZA BO, T

A ■ ■ ZA2 BO
7M 9 " 9 2 ( : , 5 )

A A3 + 1
A A 1 9992
A MSN 9991
A ST 1 R DT
A PC MASK
A
A e c u

? 5 , R D T 
2 , >

A TLF 25
A X ? A 80.LOCX
A * CAN 8 0 , ROT
A XL 8 0 , TEMPI

• ’’ RETURN
END

CALL TIME ( 1 i
PRINT 2 0 , I

20 FORMAT ( 1 X I I j )
- AMD A = .077

)

*

r < V

V
• '

-

: •

5 = .0079 
FF. =• .0005 
A = . 1  
P - 50.
C r 8.  / ( 3 .>.P7 7*p )*-0
T = 0 .
RV’XO i .
Cf-UXO = 8 /  { f»AMD'A)
DEL r. z.*P/A
JERK « DEL 
DO I I = 1 , JERK 
T -  T + A
RHO = C / 2 . * ( S I N ' ( 3 . l 4 1 6 / P * T ) + S l N E l 0 . 1 4 l 6 / P t ( T ^ A  ) ) )
X = (RHO-B) / E l

70 PAR - ( -PhO/E E4a,‘-.DA4 f. / 1F. + SC R T F ( ( R) 'CV L E-AOT A-fe/EE )**2 + 4 . * 
1 AMP A# R HO /t. E 3 ) / ( -2 . ) 

prp -  { Ek*PAR)
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4 PO =RUX0*EXPEF i X*A ) *» CRUXU'« ( fXPt.F ( Pt.̂ Â }«L'XpCr (X*A ) ) * AM 
1DA/ ( PE: P- X)

8 CRUXO=CRUXC *h XPtF ( -AMDA+A 5 -f-RUXO* ( LXPt r (P E R * A ) -&XPLF ( -A 
1MDA*A)) *%/FF*l./ ( PER+ANCA)

RUXO » PO , ' - '•
P^lNT 3♦ Ti PC « A » P» PER » FE 

3 FORMAT (A F13.3)

. 76

. } CONTINUE
CALL TIME' ( J)
POINT 3 0 » J

30 fop‘a at ( i x  n r ) •’
STOP
end

*♦ •>.
■ '

• :
,  . 1 -

f

*

,

V
•

1

< • ■ -



A P P E N D IX  E. /

u
C O M P U T E R  PR O G R A M  USED FOR 

C O H E N 'S  M ETH O D

SUBROUTINE TIME (LuCX) 
DIMENSION T O )
I MASK = OC'JuC, ICG'C
TEMPI = 
POT = 0 *

n

A XU e r , tempi
. , - > ZA1 + u

. :• • • . / ... '/A ST 1 8U
•1 ;• ' A X7A E v » T

A ZAP 60
. ' A Z A 1 9992(2 ,5)

. .,v’ A A) n .
A A ] 9997
A ■ • - ’ MSN 9991

; A ST I ROT
A . PC I MASK

vf / : ' A TR 2 5 , ROT ’
i- • . - A. • BOB 2,*

A ILF 25
A XZA ae,LOcx

* - A FAN 8L t ROT
. A -  ! A XL 8 0, TEMPI
', • 
'" •. • #

RETURN
END ■

. CALl TI ME ( I )
PRINT 20» I 

20 FORMAT (1X110) 
DIMENSION PCW{2)
EF = .OOOoOLOl
P  -  5 0 .
A •••DA = .07?
P = .0079
P P  . r- ? ,  1 6 1  A / P
pHO * n>f‘ . /  ( p . + P*AHUA )
T) I .‘T N S I ON " P ( 2 )
R R U  ) = . 0 1
RP(2 ) .= . 0 0 7 5  
DO 14 <X " 1»2 
T = 0 .
X = R 9 ( K K' )
RUXO = } ,
"'X :: 1.
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cp'.'x-  = r "kuxvv (rr- -̂Â DA >
C P U X  -  f R f . ' X O  
G B 3  =  f  X P f r  < - /  M O .A -^ X  )
DEL = PXX 
JERK = PEL 
DO ICQ I = 1,J(=RK 
T = T + X
A = RMCXSIMF( P P * { T~X))
ZZ - R H C * ( S I K r ( P P 4 T ) + $ I N F ( P P > ( T - X ) ) ) / 2 .

17 06 = 0 .
10 C F Er/lE-A)

5 POW ( 1 ) = M 'X 0 * D b +  ( R'JX* ( ZZ-A ) /L E + A % D A * trL X  ) *C* I 1 
P(«X - (^UXO+PCV: ( 1 ) ) / ? .
fF1 .!X«CRUX0*6 B6 1-b/  ( r»:*AKDM *PUX*( 1 . -***  )
CR U X = (CP0 X+CRUX 0 ) / 2 •
POW< 2 ) = RyXO*#B+ ( RUX* ( ZZ-A ) / E r -f - MpA^CKUX ) ( 2

- RUX = (RUXO+POw( 2 ) ) / 2 - 
CRUX = CRUXO*bciL+b/ (Lc*AMUA)*RUX* l 1 .-P.-ju)
CPUA - CRUX
CRUX - tCRUX>CRUX3)/2„
lF(ROd(11-ROW(2))  6 , 0 , 4

6 IF(ROW( 1) /POW(2}-.999 99) 0,8,3
4 IF <POW ( ?. } /POW ( 1 ) - .9 9999 ) 9,8,8
0 PRINT 3, T, POW( ? ) ,  POW(l), CRUX, ZZ, C
? FORMAT (6F19.3)

RL'Xn - P n \. f 2 )
RUX - POW( 2  )
CRUXC ~ CRUA 

v CRUX = CPUA 
100 CONTINUE

CM t TIME (J) .
PRINT 30* J

3C FORMAT fIX 110)
14 CONTINUE 

STOP 
END.



A P P E N D IX  F

C O M P U T E R  PR O G R A M  USED FO R  
A D L E R 'S  M ETH O D

SUP ROUT I «NE TI>,E (LCCX)
0 IME NS!DM 1(3)
1 MASK = OCOvjulCCO
TEMPI = 0

RETURN
END

CALL TIMF (I)
PRINT 2 0 ,  I 

2t FORMAT ( I X r i O )
E = .1 
EE = •00003 
AMRA = .077 
X = .1
3 = .0079  
P = 5 0 .  
pp = 3 . 1 4 1 A/P 
DIMENSION POW t 2)
RHC -  a,*-8 . /  (8 .+P*AMDA > 
K = 2
DO 31 J J  = 1 ,K 
EE = FF*E 
T = 0.
PUXO = ] .
CRUXO = R / ( FFffUDA)

ROT-0
A
A
A
A
A
A
A
A
A
A
A
A
A
A
A
4
A

XV 6 0 , TEMPJ 
7 A I +0 
ST: 60
XZA 6C,T 
ZA2 8U
ZA1 9 9 9 2 ( 2 , 5  )
A1 4-1
A1 9992
MSM 9991 
ST1 ROT 
PC I MASK 
TR 2 5 , ROT 
BCS 2 , *
TLF 2 5 
X7A 80,L0CX 
FAN 8 0 ,  ROT 
XL 8 0 , TEMPI
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in. ■ 80

. Ri.'X - 1 .
DEL  ̂ r / x
JERK « DEL
Q.0 10 1 - 1 > JERK
T = T>X
A = ( T~RHO^ S1 *F i P P * i 7 -X H ) /  C"f 
ZZ = 3.

14 o n  = fxpef ( - a:.da* x )
.a p B = (S lN F( PP *T) +S rNF (PP *( T-X ) ) ) / ? .

50PO'An  ) =RUXO XZZ + KHO* (Par,-5 Thr (PP* ( T-x ) ) ) *PUX/t FE*A) * ( ] . -  
" 1Z7 ) +fRl '*0* A MO A /  < A~A*vDA ) *(Rn-ZZ ) +AMDA*% /  ( FF* ( A-AMD A ) ) '*R

2UX*( 1 . /AMD.* -OB/AMD4 + ZZ/A- l .  /.A }
RUX - (ROXO+PDW( 1 ) ? /2*

55CPCVM2 ) =RUXO*ZZ+RH<j* (DBD-SI Af i PP* (T-X)) MRL'X/( Et>A ) * ( ! . -  
17 7 1 +C%UXC*AMDA/ ( A-Af'OA)* ( 31.-77. )+AMDA*0/(fF>f A-AMDA ) )*R"

. ? U X ̂  U , /  A MD A -BeV A '1,1̂  -f- 7 Z /  a -1 . /  A )
RUX = (RUXO>PpH( 2 ) ) / 2 .
I F (POW( 1 ) -POW(2) )  6 , 6 , 4  

6 IF(POW.U ) / P 0 J ( 2 ) - . 9 9 V 9 y ) 5 , 6 , 8  
4 IF (POW (2 ) /PUV:.( 1 ) - .  9 9999) 5 , 8 , 8  
8 PRINT 3,  T, POW ( 2 ) ,  PO-a (1) » A , GBR, CRUXO 

. . 3 FORMAT f6019 .5 )
kUXO - Po%(7;
CRUXO = CRUXO*bB-H)/FL:*RUX* () . / AMDA-B8/AMDA )
RUX = P0VM7)

:R e ^ RT i Nu r
CALL TIME ( J)

• 3 d >  J
3 0 FORMAT ( IX UG)
31 CONTINUE ;

STOP
END



X

x»
x: -

•,v.
• ' • ' /

r
A P P E N D IX  G

• .1

-

C O M P U T E R  PR O G R A M  USED FOR T H E  
C O LLO C A TIO N  A P P R O X IM A T IO N

i
>

SUBROUT IMF.: TU-'F ILOCX)

vV
DIMENSION 7(3)

/  : K

;
A

' A

i.
a
A

'  A

IMASK = OiiOvOLTvuC 
TEMPI = C 
RPT =0•

■ ' A
.. ’• A

A

-

- ; . A 
A \ v

RETURN

XU 6 0 , TEMPI 
ZA1 +Q 
ST1 80 
X? A 8 0 , T 
Z A 2 8 0
ZAl: 9 9 9 2 ( 2 , 5 )

4 1
£ 1 9992
MSN 9991 
SIX -ROT 
PC ! MASK.
TR 2 5 , RDF 
BCD 2 , *
ILF 25 
XZA 8 0 , LOCK 
RAN 8 C , R 0 r  
XL "80, TEMPI

• >

EKT

CALL TIME ( I ) 
PRINT 2 0 ,  I 

20 FORMAT U X l l O )  
EE = •0.01

•y ■ P = . 0 0 7 9

-

■ 5 : %'

= , 0 7 7
X = .2 
P = 2 5 0 .
P P ' -  3 . 1 4 1 6 / P  
C = 8 . * B / ( 8 .  + A%DA-*P)

13 T = o ,
RUX = 1 .
CRUX - R/ ( FF#AMDA)
DEL -  P/X 
JERK = DEL 
DC 1 I =- 1 , JERK.
T = T + X
P'HC =r C * r ! N F ( ( T - X ) * P P )

: - * • • - • Mr-'

■

:
>

V ,

■ >■

:T it ... *' - .

; -
<

•

1 ’'
V • '

>&

>
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RHB = C> ( 5 i iXf ( ( T - a / 2 . ) *PP ) + S I N P ( ( T - X ) *  PP ) l / 2 .
BT3 = (O-RliO ) /Lr:
Y = EXPEF(~AKUA*X)

4 VY -  EXPEF( - # e * X )
28 D = -R UX *X+R U X * ( ( RHA -  k HC)/Ffe~A MD/' * G/ (EF* ( G E -  A MO A ) ) ) < ( ( P. n 

1 * X - 1 . ) / 3 B * * 2 + Y Y / ( B B + * 2 1 ) +RUXWDA
2 * B / ( F r * (  )' ) *(  ( AMDA*X-l . ) / ( A%Df **2  t +v / f AMD***? )  *

DD = -PMX* ( X**? )+P.UX* ( t RHA-RHO) / r F - A ' T A t n / ( F F * (  BB^a>OA ) ) 
l ) * ( ( ( b n * > ' 2 ) * ( X * * 2 ) - 2 . ) / (
2 >~2 ,*YY/  ( 3 9 * * 3 )  I +RUX /  ( FF* ( BgrAMDA ) )* t (AMOA**?** 
3* * 2 - 2 . *  AMOA*X + 2 • ) /  ( AMDA**3 ) -  ? • * Y /  ( Af'0A**3 ) )
"!j DD= ( -RUX + RUX*YY+€E*AduA*CkUX /  ( 8 -R HO—A M D A * F 0) K ( Y-YY ) +p 
IVX*( (RHA-RHO)/E£-AMOA*B/( Ei*(BG-ANGA) J )
2* ( 2 . / RP- YY/ 5 G)  +&UX * AMDA* ? /  l FF* (PD-AMHA ) )* (1 . /AMOA-Y/A.Y 
3DA ) )

RHA-RHB
XX = X / 2 .
X = XX
Y = E X PF F ( -  A Hi) A* X )

6 YY ~ EXPFF ( -G'b* X )
29 0=-RUX*X+PUX*( ( RHA-RFC ) /FF-AX'DA ' P / f  FF* ( PB-AMDA I ) ) *( (PP 

l * X - l . ) / 4 ? * * 2 + Y Y / ( 8 % * * 2 ) ) +RUX K-AMDA
2 * 9 / (Ft*  (Pr-AMDA) V* ( (A%OA*X-l • ) /  ( aMDA">*2 ) > v / ( AMO A * *2 ) ) 

GG--RU.X* ( X* *2 ) +KUX* ( ( RMA-RHO) /E!;~AMDA*b/ ( EE1* ( B2-AMOA ) }
1 )  * ( ( ( 8 9 * * 2 ) * ( X * * 2 ) - 2 . ) / ( F O * v 3
2 )  ~ 2 . * Y Y / ( 8 8 * * 3 )  )+kUX*AMD**8/(EC* CJO-AML'A) )»(  (AMDA**2fX 
3** 2 - 2  . *A'-1DA*X+2 • ) / ( AMD A** 3 ) - 2 .  *Y/ ( AMDA**3 ) I ’ •

6GG= ( -RUX+RUX*YY + LE*A%DA*CRUX/ ( B-PHO-AMDA*Ff: ) * ( Y-YY ) +H 
1UX*( (RHA-k’HO)/FE-A.MOA*B/(FT* ("B-AMOA ) ) )
>* ( 1 . /BB-YY/BB ) +KUX*AAOA*e/( FE* (BB-Af'DA ) > * (.1 • /  AHPA-Y /  '.M 
3D A ) )

A & ( ( - 0 0 0 ) *GG-OD*( -GCG) ) / ( 0 * 0 0 - 0 0 * 0 )
. A a » ( D * ( - G 0 G J - ( - D D 0 ) * 0 ) / ( D * 9 C , - f T * 0 )

< -  XX*2.
P.OW = RUX*( 1 . + Aj*X+Aa*X**2 )
PRINT 3 ,  T.» PO’# ,  RHA* Dt DO 

3 FORMAT (5F2 . 5 )
Z a X *AVDA
CRl X *- C R t »X > E XP FF ( -  Z ) h F / f  £ * R UX * ( ] • /  A PDA + A * ( * /  AM 0 A— 1 • /  A 

1MUA* *Z ) 4- A A .
2* ( X x*2/AMDA-2.*X/A 104**2 + 2 . /AMpA**3)+FXI rT {  ? * ( - 1 . 7  AM
3 DA* A/ A M DA * « 2 -  2 . * A * /  A M D A * %3 ' )

Pux = POP
1 CCMTIMUF

CALL T fMF ( J?
Pn I NT 3 n » J 

3 0 FORMAT ( I XI 10)
STOP
END



A P P E N D IX  H

,>

C O M P U T E R  PR O G R A M  USED FO R  
K E E P I N ’S M ETHOD

SUBROUTINE TIME fLOCX) 
DIMENSION TO)
I MASK - OOCOu0 j 000

r<T*r̂: , TEMPI =

A ~
RDT=0.

XU af *TEMPI
A 2AJ + V
A ST i 30
A XZA 8 0*1
A ZA2 30

a • • : s  \ ) A Z A 1 9992(2,3
A A 2 + 1

, A A] 9992
- \ A MSM 99 9 1

A, STI RDT
A PC I MASK
A TR 23,PDT
A ■ ' • BCE 2,"

'f , . A TLF 2.5
A;; A XZA SO ,LOCX
. W> . , . A E AN e c , rpi

A
RETURN

XL SO,TEMPI

END

call  r  r <r  ( I I )  .
PRINT 20, I I 

?n FORMAT (IX 110)
DIMENSION RHA( 1 0 0 0 )  
DIMENSION 2 ( 1 0 DO) 
DIMENSION PUX( 1 , 0 0 )  
DIMENSION POWvvCM
RL'XO = 1 .
B = .0079
ANDA = , 0
EE = .001
P = 50.
C = E . * B / ( 8 . + A M D A * P j  
PP = 3.1416/P  
V 3 . 1
A = AMDA/ ( FE*(AMDA+L/FC) ) 
A A = R /  f r f ( a ?•«DA*FE f P ) ) 
AAA * AMpA+t/EE
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DC 1 KK $= 1,1C Ov 
T = T + X

kux( i ) = i .  
&UX4 = 1 .

9 HA (KK)ttC/?..*(5 INF t {t->.) ^PP } +5 I • .F CT̂ rP ) )
IF v T- 1 0 . 4  4 , 7 , 7  

4 7 ( KV) = rXPf f ( - ( T-X > * AA A )
.

7 ZfKK) = 0 .
1 CONTINUE 
• ZZ = EXPEFt-AAA*X)

.D = 0 .
DO  ̂ LLL - 1 , 1 0 0 0
D -  D+X 
JF.T.K = LLL 
WO = 0 .
DO 2 K = 1,JF%K 
L = J r ° K - K
WOP -  Rl.iX ( A ) *R>IA ( K) *(  A*x+AA/^AA*7(ut*(  1 ) )
WO = WO 4-WOP 

2 CONTINUE
POW. = RUXO+WO
kUX .( K ) = ( POW + RUXA ) /  /. .

1 5 PC W W ( J. ) a P uW - WuP f r< UX (K )* K H A(Kf*( A * X + AA/ \ A/ *Z( L) *( l . - f

PxUX ( K ) a (POWW( 1 ) 4-KUXA ) /2«
POvTW { 2 ) a PvW-WOP + RUX ( K ) *KHA ( K) * (  A*X+AA/AAA «•/ ( L ) > ( 1 .  -Z  

1 Z 5 )
R V X (< )  = ( POwk( 2 )+RUXA} / 2 .
I r ( POW f l ) -POWK ( 2) 1 1 2 , 1 7 , 1 4

1.? IF( PCL7W { 1 } /POW& (.7 )~ .99°9^ ) 1^,13 , t?
14 J  F ( POV/w ( 7 ) ZPCWW ( l ) - . P  99990  1 5 , 3 7 , 1 1

'
PUX f I ) e. ‘PCwWt2)
RUXA = POWW( 2)
PRINT 3 , D , PGWVJ ( 2 )

3 FOR;CAT ( 7 F 7 0 . 5 )
5 CONTINUE

Call t ivf u m  
PRINT 30, III 

30 FORMAT (1X110)

1Z ) )

STOP
FNP
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