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The problem of computational time delay due to online digital 
computers in the feedback loop of a discrete control system is 
analyzedo Two discrete step functions, calculated by the computer 

according to an optimal control law generated using dynamic programm

ing , are considered as. inputs to the system.

Two cases of time delay of the inputs are examined
(a) The inputs act on the system sequentially
(b) The delays accumulate until all the inputs are ready to - 

be applied for controlling the system.

The individual delays are assumed to be less than the sampling 

period. The two cases are compared with the ideal situation where no. 
time delay exists. The comparison is implemented by examining the 
quadratic return functions, a feature of dynamic programming, and a 

controlled experiment performed for the different cases on the digital 

computer, for which purpose appropriate computer programs have been 

developed.
Deadbeat response with delayed inputs is considered in a 

similar manner. Conclusions are drawn on the effects of such delays 

on second and third order systems, and the advantages and disadvantages 
of both the delays are elaborated.

Abstract

ix



INTRODUCTION AND ORGANIZATION

CHAPTER 1

1.1 Introduction

This chapter is divided into five sections. The first treats 
the application of digital computers to the implementation of complex 

control laws resulting from the state variable approach to the design

of control systems, and introduces the types of time delays considered 
in the thesis. The second section briefly discusses time lag control 

systems to give a correct perspective to the problem under considera
tion. The next section introduces the notation used throughout the 
work. The final sections include a statement of the problem and 
describes the organization of the thesis.

1.2 Digital Computers and Time Delays

The modern state Variable approach to the design of optimal 
control systems determines a control law which maximizes or minimizes 
certain performance criteria specified by the designer. One way of 

implementing the control law is to use a digital computer to generate 
a sequence of control inputs in accordance with the control law stored 

in the computer memory. A diagrammatic representation of a digital 
control system is shown in Fig. 1.1. The dynamic system9 called the 
plant or’process is represented as a system with a finite dimensional 

state; that is, it is characterized at any instant by a finite number 
of ordered real numbers * Each number gives the value of a state vari

able , All the state variables of the plant are assumed to be available
1
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Fig. 1.1 -- Schematic Diagram
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as necessary. These ideas are important since the derivations are 
in. the state variable formulation.

The number of inputs to the plant in Fig. 1.1 is less than or 
equal to the number of state variables. Sampling of the states of 

the system is done at discrete intervals of time, and the sampled 
data is the input to the digital computer. The digital computer uses 
the data to generate the optimal control signals. For the computa
tions to be made, the problem of finding the optimal controls by 
using the control law is reduced to a sequence of arithmetic prob- . 
lems whose solutions are programmed into the digital computer. A 

certain amount of time is needed to read the sampled data into the 
computer, execute the program and propagate the results. Thus, a 
time delay is involved in computing each component of a control 
vector. The computations are done sequentially by the computer.

There are two possible ways to apply control inputs to the 
system. The computed values can be applied immediately, as soon as 
each component of the control vector is computed,, or they can be 
stored until all the elements comprising the control vector are' 
computed. Each alternative has a computational delay associated 
with it. The object of the present work is to compare the two cases 

in various possible situations of time delay.
In the first alternative, the system input is considered as 

multiple scalar inputs, rather than a vector control input, the time



delays increasing progressively for each signal. This type of delay 
is called sequential delay and is shown in Fig. 1.2 for two step in

puts u-l and ug. The delay times, that is the differences between the 
sampling time and the times at which the optimal control inputs reach 
the system, are represented by and yg respectively. It is assumed • 
that the delays occur within one sampling period and that the computa
tional time is the same for each input.

In the second alternative, the inputs to the control system 
are considered as a vector control input. The time delay need not 

necessarily be the sum of the individual time delays of the scalar 
inputs in the sequential case. This type of delay is called the 

combined delay and is shown in Fig. 1.3 for a vector input u. It is 

assumed that this delay is less than or equal to one sampling period. 
The delay time in this case is represented by 6.

The ideal case illustrated in Fig. 1.4 is that in which no 
time delay is involved. This implies instantaneous computations., 
after the states of the plant have been sampled and is called no delay. 

It is assumed in all cases that except for the delays described above, 
no other time delay is present in the control system.

No delay serves as a basis for comparison of sequential and 
combined delays. The computational delays are imbedded in the general 

area of time lag control systems discussed briefly in the next section.

1.3 Time Lag Control Systems
A time lag system is defined as one in which a "time delay" 

exists at one or more positions in the system; that is, there exists



kT (k+l)T

One Sampling Interval

Initial
Control

Optimal
Control

Fig. 1.2-- Sequential Delay



(k+l)TkT

One Sampling Period

Initial
Control

i---

Optimal
Control

Fig. 1.3 -- Combined Delay



kT (k+l)T

One Sampling Period

Optimal
Control

Fig. 1.4 -- No Delay



8 ,

at least one component in the system whose reaction to a stimulus is 

not instantaneous hut starts a finite amount of time after the stimu
lus has been applied.

The mathematical theory developed embraces both physical and 
economic processes. A time lag control system is represented by a 
set of differential difference equations. The system is expressed in 
the state variable formulation. The differential-difference equations, 
for linear control systems with pure time delay are given by 

. n m
x(t) = E A. x (t-T.) + Z B. u (t-T.) (l.l)
- i=1 -1 - 1 j=i -J ̂  J .

where x and u are n x 1 and r x 1 state and input vectors respec
tively; A and B are n x n coefficient and n x r driving matrices 
respectively. The quantities T^ and Tj are fixed delay times.

Classical techniques for analysis of Eq. (l.l) by the method of Laplace 
Transform, (Bellman and Cooke, 1963) and the direct method of Liapunov 
(Razumikhin, i960; Kalman and Bertram, i960) exist. Kurtzveil (1963) 
and Koepcke (196U) have developed computational algorithms for synthe
sis of the optimal control law for control systems governed by Eq. (l.l). 
An extensive bibliography of the existing literature on time lag con
trol systems is found in the book by Oguztoreli (1966).

1.4 Notation -
In general, the state-space approach is represented in terms of 

vector-matrix notation. Vectors are denoted by lower case Roman letters 
with underline; x* Scalars are represented with lower case Roman 
letters without underline; p, q.



Matrices are designated by underlined upper case Roman or 
Greek letters; A, B , 0. The component vectors of a matrix are 

represented by lower case underlined Roman letters with single 
subscripts; ‘ A = [a^ \ * ... ja^]. Partitioning of matrices is
indicated by dashed lines.

Since sampled-data systems are being considered, the value
of a matrix or vector at any instant is denoted by using upper and
lower case Roman letters as functions of the particular matrix or

vector. For example, 'x(kT) is the value of x at the kth sampling
instant. For convenience it is written as x(k).

The inverse of a matrix is denoted by an exponent of (-l) for
the particular matrix; thus R ^ is the inverse of the matrix R . The
transpose of a matrix or vector is represented by the superscript T; 
m ,x is the transpose of vector x. The transpose of the inverse of a 

matrix is represented by an exponent of (-T) for the particular 

matrix.
■ The notation m x n denotes m rows and n columns. For a vec

tor, the dimension is n x 1; that is, n rows and one column.

1.5 Statement of the Problem
Since the optimal inputs to the plant are discrete, the 

closed-loop control system is characterized as a sampled-data system. 
Since the inputs are delayed in the computer and applied to the 
system a few milli-seconds after sampling, the effects of the optimal 
inputs of the previous sampling period are felt by the control system 
until the optimal inputs for the present sampling period has been
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computed. In essence, the value of the initial control represents an 
effective initial condition on the problem.

The continuous system is assumed to be linear, time invariant

and deterministic. The dynamics of the plant, without delayed inputs 

may be characterized by a set of differential equations expressed in 
the vector-matrix notation as

, , . . ' ''"'
x(t) = A x(t) + B u(t) (1.2)

The solution to Eq. 1.2 is of the form
t

x(t) = G_(t) x(0) + 2  (t-r) B u (T ) dT (1.3)
o

The first, term on the right hand side of Eq. (l.3) represents the 
homogeneous solution of Eq; (1.2) and the second term (convolution 

integral) represents the forced solution. The initial conditions on 

the plant are x(0).

■ A+ A2t2 ” A H 1
G.(t) 4  e— :4 I + At + + ••• = L  = rr-

1=0 1 *

■where G_(t) is the impulse response matrix of the plant and I_ is the 

identity matrix. ..
Since digital control is used on the plant, u(t) is piecewise 

constant for each sampling period T,

u(t) = u(kT) ; kT £ t <_ (k + l)f
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Over each sampling period, Eq_..(l.3) can be rewritten as
T

x(k + l) = G(t) x(k) + [G(t) G(-t ) B u(kT) dx]
o

This could be rewritten, for any arbitrary k, in the form

' x(k + l) = $ x(k) + E u(k) (1.5)

$ A  g (t )
T ■

E 4  /  G(T-t ) B dx
O

Equation (lo5) represents a system with no delayed inputs.

When time delays are present, Eq. (l.3) is modified and 
takes the form

The matrix D contains the effect of the initial control inputs. The 
block diagram of the control system considered is shown in Fig. (1.5) 

D_ and E are. defined individually for the cases of (a) sequential and 

(b) combined delays.

(a) Sequential Delays: - Let ^29 ° ° 6 * ^r loe the individual delays 
of the components of; the control vector u. The r x 1 vector control 
input is considered as r scalar inputs in this case as illustrated 
in Fig. 1.6.- The driving matrix B is partitioned into r vectors in 

order to treat the effects of each of the scalar inputs.

x(k + l) = $ x(k) + D u(k-l) + E u(k) (1.6)



u(k-l)Unit
Delay-

Unit
Delay

Fig. 1.5 -- Block Diagram of Sampled Data System
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kT (k+l)T

One Sampling Period

Initial
Control

Optimal
Control

Fig. 1.6 -- Sequential Delay (General)



Because of the sequential computation9 the delay for each input is 
different. The vectors comprising ID and E_ are also different. 
Emphasis is placed on the fact that9 instead of considering only 
one vector control input per sampling period9 the initial control 
inputs form a second set of vector inputs. Thus ID and E give the 
effects of the initial control and the optimal control respectively 
Here D and E are defined as

D = [4 ! : % : 4 ] ’ E = [%i : £1!

where
G(t-T) b. dr

and
T ■ , ■ v

e. = t G(t-T) b. dr 1 J —  -%

where i = 1 9 2 9 .* . 9 r .

The vector cl represents the effect of the .control inputs on the 

system during the time delay. The vector e_ represents the effect 

of control inputs after time delay for each scalar input.

(b) Combined Delay: Let 6 be the combined time delay as shown in
Fig. 1.7. The definitions of ID and E are similar to those in the 
case of no delay since all the components are integrated between

the same limits.
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kT (k+l)T

Initial
Control

One Sampling Period

Optimal
Control

— r

Fig. 1.7 -- Combined Delay (General)



The effects of initial control and optimal control on the 

system are taken into account in this case by defining D and E as 
follows

6
D = J* G(t-f) B dx 

o

■ /' ' T ' • " - ■
E = / G  (t-x) B dx 

6
A quadratic performance criterion J is chosen for optimization.

N ' „ ■ '
J = (x(k)^ Q x(k) + u(k-l)^ H u(k-1)

k=l

where H is the number of discrete stages into which the duration of 

the control interval has been divided, Q, is a symmetric n x n, 
positive-definite or semi-definite matrix and H is a symmetric r x r 
positive definite matrix.

1.5 Organization of Thesis

Chapter 2.is devoted to a brief introduction of the mathemati 
cal tool used for synthesizing the control law, namely dynamic pro

gramming . A collection of the basic ideas involved in dynamic pro
gramming is presented, and the approach is applied to a linear 

control system with discrete inputs.
The control law, for linear control systems with time delay 

is derived through the application of dynamic programming in ' 

Chapter 3.



The results of controlled experiments on the digital computer 

for second and third order systems, are presented in Chapter h. The 
return function, a feature of dynamic programming is plotted and 
used to compare the cases of sequential, combined and no delay.
Each type of delay is observed to have advantages over the other(s) 
for specific situations.

Chapter 5 presents the results of digital computer experi
ments in which deadbeat response conditions are enforced on the 
second and third order systems of Chapter 4. Again, the return 
function is used as a basis for comparison.

An appendix is included to show the flow diagram of the 
digital computer program and a listing of the program used on 

IBM 7072 digital computer.



CHAPTER 2

DYNAMIC PROGRAMMING

2.1 Introduction

Dynamic programming is an approach to optimization developed 
by Bellman (1957). Originally intended for economic processes 9 it 
has been applied to diverse fields including feedback control 
systems. (See Bellman9 196l). The process is characterized by 
a set of difference or differential equations in state variable rep

resentation. The dynamics of the control process over the control 
interval are interpreted as a series of transformations of the state 
along a trajectory9 caused by control inputs at each stage of the 

process; the duration of the control interval is divided into a 

finite or infinite number of discrete stages. This type of process, 

in which more than one decision to modify the control inputs is made 
is called a multi-stage decision process. An allowable number of 

decisions is assumed to be available at each stage. A sequence of 
decisions which is dependent on the current stage and current state 

of the process is called a policy or control law. If the sequence 
of decisions minimizes some performance criteria, it is called an 
optimal control law. Dynamic programming has been formulated for 

discrete processes to provide an algorithm suited to numerical 

solution on a digital computer•

18
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The following i&eas form the basis of.dynamic programming.
A return or criterion function is defined. This is a scalar function 
of the states and decisions which is used to evaluate the sequence 
of decisions that minimizes the function. In the problem considered, 
the minimum of the quadratic performance index is chosen as the 

return function.
Sometimes, it is profitable and simpler to consider a whole 

family of processes, of which the original process is a member and 
try to interconnect the properties of the neighboring process. This 
is invariant imbedding'and is incorporated in the structure of the 

solution by treating the initial conditions of the process and the 
number of stages as variables. Thus the original process with fixed 
initial states and fixed time is now imbedded in a family of similar 

processes. Invariant imbedding is the key to dynamic programming 

since it makes the principle of optimality possible. That principle 

is stated as follows:
"An optimal policy has the property that whatever the 
initial state and decision are, the remaining decisions 
must constitute an optimal policy with regard to the 

‘ state resulting from the first decision."
Using the principle of optimality cited above, the optimiza

tion of an N-stage process is viewed as the optimization of a single 

stage process plus the optimum cost of the remaining (N-l) stages, 
thus converting the multi-stage decision process into N single stage 

decision processes-. The optimization yields a control law which is
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a function of the initial state and the current stage of the process. 

The■solution is obtained by working backwards, stage by stage, from 
the terminal stage and then implementing the control law forward in 

time, in state space governed by the initial conditions of the 
process.

The return function is unique for each stage and is linked to 
the control law by recurrsive relationships such that the control law 
can be obtained from the return function. The control law is not 
unique since different laws that give the optimal solution for the 
same return could exist.

2.2 Procedure

The application of dynamic programming to digital control 
systems has been discussed by Tou (1963). A step by step explanation 

of the approach is undertaken for a digital control system with no , 
time delays. This system is characterized by Eq. (l.5) » Chapter 1;

x(k+1) = $_ x(k) + E u(k). (2.l)

The initial conditions on the process are given by the vector x(0). 

The performance criterion'chosen is the quadratic performance index 

given by
' N ■ ,/ '
J = [x(k)T Q x(k) + u(k-l)T H u(k-l)] (2.2)

k=l

A return function V is defined as follows:
N

V = min [ X  (x(k)T Q x(k) + u(k-l)T H u(k-l)}] (2.3)
u k=l
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One imbeds the problem by treating x(0) and $T as variables in Eq. (2.3) 
For a p-stage process,

P
V (x(0),p) = min [ 2 Z  (x(k)T Q x(k) + u(k-l)T H u(k-l)>] (2.U)

u(o) k=N-p+l

: /■ V ' ' " . ’ :■ . ■ , . ■ ■ ' ■ ■ '

u(p-l)

where p = 1, 2, U. The cost due to a p-stage process is regarded
as the cost due to the first stage plus the optimum cost of the re

maining (p-l) stages, by using the principle of optimality.

V(x(0),p) = min [x(l)T Q x (1) + u(0)T H u(0) + V(x(l),p-l)] (2.5) •
u(0)

Since the return function is quadratic in x, it is reasonable to make 

the assumption that .. >

V(x(0),p) = x(0)T P(p) x(0) (2.6)

and .

V(x(0),p-l) = x(l)T P(p-l) x(l) (2.7)

In Eqs. (2.6) and (2.7) , the P matrices are positive definite and 
symmetric making the two expressions quadratic in form. Combining 
Eqs. (2.6) and (2.7) with Eq. (2.l) one obtains the expression

x(0)^ P(p) x(0) = min [x(l)^ {Q + P(p-l)} x(l) + u(0)T II u(0)] (2.8)
u(0)



22

In order to simplify the formulation, let the matrix S_(p-1) "be 
defined as

8(p-1) = Q + P(p-l) . (2.9)

The expression"for x.(l) given "by Eq. (21) is combined with Eq. (2.8) 
and Eq. (2.9) is. made use of in obtaining the expression given below.

x(0)^ P(p) x(0) = min [{# x(0) + E.u(O) >T Ŝ (p-l) {$_ x(0) + E u(0)}
u(0)

+ u(0)T H u(0)] (2.10)

It should "be noted that the transpose of a product of two matrices is 

equal to the transpose of the individual matrices with the order re
versed; also the transpose operation, of the quantity inside 

brackets is associative. The expansion of Eq. (2.10) yields

x(0)T P(p) x(0) = min [x(0)T S(p-l) $ x(0) + 2u(0)T ET S(p-l) « x(0)
u(0)

; + u(0)T' {H + ET S(p-l) E> u(0>] (2.11)

For convenience in manipulating Eq. (2.11), one defines a matrix

R(p-l') = H + ET S(p-l) E ' (2.12)

It follows that
■ - ■■; . ; ■ . . ■

x(0)T P(p) x(0) = min [x(0)T $T S(p-l) x(0) + 2u(0)TET S(p-l) ^  x(0)
u(0)

+ u(0)T R(p-l) u(0)] (2.13)
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The right hand side of Eq. (2.13) is minimized hy setting the partial 
derivatives with respect to u_(0) to zero. Thus, one obtains the 
expression ,

2R(p-l) u(0) + 2 ET S(p-l) $ x (0) = 0

By solving the above equation, one obtains

. u(0) = -R(p-l)-1 ET S(p-l) $ x(0) (2.1U)

Equation (2.lk) is called the optimal control law. It should he 

noted from Eq. (2.l4)9 that u(0) is dependent on p 9 the number of 
stages. Eliminating u(0) in Eq. (2.13) yields

x(0)T P(p) x(0) = x(0)T [£T S(p-l) £ - £t S(p-1)T'ET S(p-l) *] x(0)

comparing coefficients of the quadratic form on both sides of the 
above equation yields

p(p) = S(p-l) £  - £t S(p-l)T E R(p-l)-1 ET S(p-l) £  (2.15)

P = 1, 2, ... , ET

The symmetric nature of the coefficient matrix of the return function 

should be noted in Eq. (2.15), as both the terms on the right hand 
side are quadratic in nature. Also, the assumption for the form of 

the return function is justified.

Thus, the return function for the Nth stage of a N stage 
process is given by

V (x(0),N) = x(0)T P(N) x(0)



As noted previously9 the return function is unique and the control 
law could he computed from the return function by the recurrsive 
relationships developed.

The approach is implemented by making the return for a zero- 
stage process equal to zero. Then P is calculated for a one stage 

process using the recurrsive relationships of Eqs. (2.9)9 (2.12), 
(2.lU), and (2.1$). The updated value of P is used to calculate 
the next value until the N stages have been traversed. The control 

decisions are also obtained for each stage of. the process. The 
order of executing the, control law of the stages is reversed and used 
to control the process. The algorithm for implementing the control 

law is discussed further in'Chapter 3.



CHAPTER 3

DERIVATION OF OPTIMAL CONTROL LAW

3.1 Derivation
In this chapter, the optimal control law for the control 

system with time delays formulated in Chapter 1 is derived. Dynamic 
programming is used to synthesize the control law. The reader is 
advised to refer to the derivation in the previous chapter since the 
development parallels the derivation except for some factors which 
time delay introduces. .

The system equation is given by

x(k+l) = Ji x(k) '+ D u(k-l) + E u(k) (3.1)

and the performance index chosen in the quadratic performance index, 

given by
N

J = 2^ [x(k)T Q x(k) + u(k-l)T H u(k-l)] (3.2)
k=l

where J is a scalar, quantity,and N denotes the number of stages of 
the process. 1

A significant factor in the definition of the return function 

is that two control inputs are involved in one sampling period, namely 
the initial conditions on the control inputs u(k-l), and the optimal 

control, u(k). So, the optimal input of the previous sampling period 

serves as an initial condition for the next sampling period. Thus,

25



26

the return function is a function of the initial state and the 
initial control. Let x(o) and u(-l) denote the initial conditions 
on the state and control vectors respectively. As before, one can 
define the return function 

JH
V = min [2_ x(k)1 Q x(k) + u(k-l)T H u(k-l)] (3,3)

u k=l

using invariant imbedding by treating x(o), u(-1) and p, the number 
of stages, as variables

N
V(x(°), u(-l),p) -.min [ X  ' {x(k)T g x(k)T + u(k-l)T H u(k-l)}](3A)

u(0) k=N-p+l

u (p -1)
where p = 1, 2, N

As before, the return for a p-stage process may be considered as 
the return from a one stage process plus the optimum return of the 
remaining (p-l) stages; that is, one could express

N . . ' .
2 2  [x(k )T Q-x(k ) + u(k-l)T H u(k-l)] = 'Cx(l)T H x(l) 

k=N-p+l ■ '

+ u(0)T H u(0) + V(x(l), u(0), p-l)] (3.5)

Combining Eq. (3.5) with (3.4) and invoking the principle of 
optimality, one obtains .the result that

v(x(0), u(-l),p) = min [x(l)T Hx(l) + u(0)T H u(0) + V(x( 1),u(0),p-l)]
u(0)
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Since V is quadratic in x and u> V can "be written in the general form: 

V(x(0), u(-l),p) = (L x(0) + M u(-l)}T E(p) {L x(0) + M u(-l)} (3.6)

and

V(x(.0), u(-l)vp-l) = {L x(l) + M u(0)}T P(p-l) (L x(.l) + M u(l)j

(3.7)
Combining Eqs. (3.6) and (3.7) with Eq. (3.5) yields
f

{L x (0) + M u(-l)}T P(p) {L x (o ) + M u(-1)} = min [x(l)^ Q x(l)
u(0)

+ u(0)T H u(0) + [L x(l) + M u(0)}T P(p-l) (L x(l) + M u(0)}] (3.8)

Denoting the right hand side of Eq. (3.8) by the symbol E.H.S., 
expanding and regrouping terms leads to the result

R.H.S. = min [x(l)^ {Q + LT P(p-l)L} x(l) + u(0)T (H + MTP(p-l)M) u(0) 
u(°)

+ x(l)T LT P(p-l) M u(0) + u(0)T MT P(p-l) L x(l)J (3.9)

To simplify Eq. 3.9, S(p-l) and R(p-l) are defined as follows :

S(p-l) = Q + LT P(p-l) L (3.10)

and
■ ' R(p-l) = H + MT P(p-l) M  ̂ ' (3ill)

Eliminating x(l) from Eq. (3.9) by means of the recurrsive relation

ship of Eq. (3.1), and using Eqs. (3.10) and (3.1l) yields the
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equation

R.H.S. = rain [{_| x(0) + D u(-l) + E u(d)}T S(p-l) {$_ x(0)
“ (0)
. + D u(-l) + E u(0)} + u(0)T R(p-l) u(0)

+ {$ x(0) + D u(-l) + E u(0)}T LT P(p-1) M u(0)

+ u(0)T MT P(p-l) L x(0) + D u(-1) + E u(0)}] (3.12)

Expanding Eq. (3.12) and regrouping terras yields

R.H.S. = rain [{_$ x(o) + D u( -l)}^ S_(p-l) {_§ x(0) + D u( -1)} 
u(0)

+ u(0)T Y(p-l) u(0) + u(0)T Z(p-l) {$ x(0)

+ Du(-l)} + (_£ x(0) + D u(-l)}T Z(p-1) u(0)} (3.13)

where Y(p-l) and Z_(p-l) have been defined as follows :

Y(p-l) = ET S(p-1) E + R(p-l) + ET LT P(p-1) M + MT P(p-l) L E (3.l4) 
and ,
Z(p-l) = #  S(p-l) + if P(p-l) L . (3.15)

The minimization is carried out, as in the previous discussion, by 
equating the partial derivative of expression (3.13) with respect to 
u(0) to zero and. solving for u(0). In doing so, one obtains the 

equation

2Y(p-l) u(0) + 2Z(p-l) {$_ x(0) + D u(-r)} = 0 , (3.l6)
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Solving Eg.. (3• l6) for u(o) yields the result :

u(0) = -Y(p-l)-1 Z(p-l) {i x(0) + Du(-l3r (3.17)

= E(p-l) •{£ x(0) + D u(-l)} (3.18)

where F(p-l) = -YCp-l)-1 Z(p-l) (3.19)

Equation (3.17) is called the control law. The dependence of u(o) on 
p the number of stages should be noted. Comparing Eq. (3.17) with 
Eq. (2.14) in the last chapter, it could be noticed that u(o) is 
now a function of both x(o) and u(-l).

Eliminating u(0) from Expression (3.13), and rewriting yields 
the result:

{L x(o) + M u(-l)}T P(p) {L x(0) +Mu(-1)} = [{_§ x(o) + Du(-l)}T 

{S(p-l): - Z(p-1)T Y(p-l)-1 z(p-l)}{$ x(0) + n u(-l)}] (3.20)

Comparing the coefficients of the quadratic form on both sides of

(3.21) 

(3.22)

and

P(p-l) = S(p-l) - Z(p-1)T Y(p-l)-1 Z(p-1) (3.23)

It should be noted that both terms on the right hand side of Eq, (3•20) 
have quadratic terms, justifying the assumption for the form of the

Eq. (3.20) one can readily see that

L = <j>

M = D
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return function.

On substituting Eqs. (3.2l) and (3.22) in Eqs. (3.10), (3.11), 
(3.I5) and (3.16), one obtains the set of computational equations
shown below.
S_(p-l) = Q + P(p-l) _£ (3.24)

R(p-l) = H + DT P(p-1) D (3.25)

Y(p-l) = ET S(p-l) E + R(p-l) + E? £  P(p-1) D + DT P(p-l) $ E (3.26)

Z(p-1) = ET S(p-1) + DT P(p-1) 1 (3.2?)

u(0) = F(p-l) {# x(0) + D u(-l)} (3.28)

F(p-l) = -Y(p-l)-1 Z(p-1) (3.29)

and

R(p ) = [S(p-i) - z(P-i)T ^(p-i)-1 z(p-i)] (3.30)

The last three equations are included to complete .the set» It is 
interesting to note.that when D = 0, the computational equations 
correspond to that developed for. no delay„ One relevant observation 
is that P(p-l) for the case of no delay is equal to Jp P(p-l) of 

the present derivation« This is due to the general nature of the 
assumption of the return function. Thus, the return function for 

the Nth stage is

V{x(G), u(-l), N} = U  x(0) +• D u(-l)}; P(N) {£ x(o) + D u(-l)}
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It should also "be noted that P(p) is unique for each stage and serves 
as a basis for comparison of the types of delays. This comparison 
is valid if the initial control at the beginning of the control 
interval is zero, a-primary assumption made in this work.

3.2 Algorithm for Computing the Control Law
The implementation of the control law requires the following •

steps.

Step 1: The return from a zero stage process is zero. This
fact is used in the recurrsive relationships while finding S^O),
R(o), Y(0)> Z(o) in that order for a one stage process, using 
Eqns. (3.24), (3.25), (3.26) and (3.27). In the control law the 
matrix F is the Only part that changes with time and hence is 

computed using values of Y(o) and Z(o) using Eq. (3.2$). The co

efficient .matrix of the quadratic return function for a one step 
process P(l) is then computed using Eq. (3.30).

Step 2: The number of states of the process is increased by
one and F(2) and P(2) are computed using P(l) computed in the 
last step. . .

Step 3: Ihe iterations are continued until_F(N) has been
computed. Then the order of F(1), ..., F(E) is reversed to F(N),

.. . ., F(l) and used in the control law; this has to be done since 
the problem has been solved backwards in time from the terminal 

stage.
Step 4: With the use of the control law and the state equation

of Eq. (3.1), the control of the process is implemented.



32

3.3 Conclusions
The control law for systems with time delay has been developed 

and the implementation of the.control law has been given. Dynamic 
programming serves as a analysis tool for the comparison of the cases 
of sequential, combined and no delay. This is due to the fact that 

the return function is unique for each state; the quadratic form of 
the return function is plotted for the case's considered and is used 
as a basis of comparison in the next chapter.



CHAPTER 4

EXPERIMENTAL RESULTS

4.1 Introduction

The experimental results for second and third order systems 
with delayed inputs are presented in this chapter. The system 
equation is the same as Eq. (1.6), Chapter 1; and is given by

x(k+l) = x(k) + D u(k-l) + E u(k) (4.l)

The experiments are performed with the digital computer in the 
following manner. The control law derived in the last chapter,

Eq. (3.28), for an N-stage process is reversed in order as explained 
in the previous chapter, and the system as represented by Eq. (4.1) 
is simulated digitally using the optimal control signals computed 

according to the control law. The initial conditions on the control 
inputs are assumed to be zero, an important assumption in this work. 

The object of the control is to bring the system from a point in 
state space, representing the initial states of the plant, to the 
origin which is the equilibrium state in the state variable approach. 
The system could be an aircraft in flight, a spacecraft in orbit or 

some other dynamic system which must be controlled for a long period 
of time. Disturbances shift the system from its position of equili

brium. This represents the initial condition on the system. Control 
inputs are applied to bring the system back to the equilibrium

33
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position.

Since the return function is unique for each stage of the 

process, it is used as a basis for comparing the cases of sequential, 
combined, and no delay. The comparison is made by plotting the 
quadratic form of the return function in state space for a constant 
return; the shape of the resulting curve is an ellipse centered at 
the origin for a second order system, an ellipsoid for a third order 
system and so forth. As the return function is a function of the 
initial states of the system, the area enclosed by the curve gives 

an estimate of the set of initial states included for a constant 
return or less which satisfies the performance requirements. As the 
area' increases for. the same return, more states are included in

dicating a better system performance. This is the fundamental idea 
behind the comparison of the return functions.

The return function for the Nth stage of an N-stage process 
is given by

' V(x(0), u(-l), N) = {£ x(0) + D u(.l)T p (n ) [_£ x(o) + D u(-l)}. (4.2)

For convenience in plotting the quadratic form, a vector is 
defined as

X  = (I x(°) + D u(-l))

where n is the order of the system. The values of vector which are 

solutions to the Eq. (4.2), for a constant return, are plotted, 

see for example, Fig. 4.5. Since the results are similar for each



stage of the process, only the results for the Nth stage are 
presented here.

The following second order cases, in which there are two 
control signals are considered.
(a) The sum of the individual sequential delays is equal to the 
combined delay, as illustrated in Fig. 4.1.

(b) The first sequential delay is greater than (or equal to) the 
combined delay, as shown in Fig. 4.2.
(c) The combined delay is greater than an individual sequential 
delay but less than the sum as shown in Fig. 4.3.
■(d) The sequential delays in case (a) is reversed. A comparison 
of the optimal and suboptimal response for the second order examples 
is also made. A third order example with three control signals has 
been worked for cases (a) and (d).

In the comparison of optimal and suboptimal systems, the sys 
terns with delay are controlled according to the control law for no 
delay. The cost per stage, when the optimal control law for the 

delayed cases is used, is compared with the cost obtained by using 
the control law for no delay, which is suboptimal with respect to 

the delayed cases.
The object of experimenting with delayed systems is to 

observe the relative merits of each type of delay and thus to de
termine the situations in which each type of delayed input could be 
used to the best advantage. It should be realized that the best 

performance is achieved by a system with no time delay. This is due 

to the fact that the longer the system is optimally controlled
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(k+l)T
!

One Sampling Period _>

Yi' Y2
Sequential Delay

Combined Delay

Fig. 4.1 -- Case (a)



(k+l)TkT

One Sampling Period

Sequential Delay

Combined Delay

Fig. k .2 —  Case (b)
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kT (k+l)T

One Sampling Period

Sequential Delay

Combined Delay

Fig. 4.3 -- Case (c)
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during each sampling period, the better the chances are to satisfy 

the performance requirements for less cost of control. The importance 

of the study lies in the increasing use of digital computers and the. 
need to use them to best advantage.

Two examples of second order systems with two control inputs 
are presented followed by a third order example with three control 
inputs,

4.2 Example 1. :

The dynamics of the continuous plant are characterized by
the equation:

" 0 1 1 0"II-P

-2 -3
x(t) +

0 1

for two control inputs. The open loop pole locations are at -1 and 
-2 on the real axis of the s plane where s is a complex variable. 
The closed loop system is characterized by the difference equation:

x(k+l)
. 0.6005 
-0.4632

' 0.2326 
-0.0973

x(k) + D u(k-l) + E u(k)

where D and E are listed for all the eases considered in Table 4.4.

A four stage process is considered. The sampling period for all the 

cases is 1 second.
; The performance index is given by

J
N
2  [x(k)T
k=l

l

0

0”
1

'x(k) + 'u(k-l)T
1

0

0

1
u(k-l)



Table 4.4 -- Example 1 C"

Cases
Considered Sequential Delay- Combined Delay

X l = 0.2 Yg = 0 .4

D = 0.19975 0.05435 D =-0.03290 0.2210Q
E = ’'0.64310 0.14540 E =-0.36660 0.01l6c -

No Delay Remarks
(a)

(c)

(d)

Y1 = 0.4 Y2 = 0.8

D =f 0.38405 0.15165 
K ).10860 0.24740

E = f  0.44780 0.04810 Uo.29090 -0.01480
0.2 Yr 0.4

D and E same as 
case (a)

0 .4 Yr 0.2
0.38405 0.06580 -0.10860 0.14540

"0.44780 0.13339 -0.29090 0.08420

6 = 0 .4

0.38405 :o.10870
"0.44780

0.54356] 
0.221001

0.145400.011601 O .83185 0.19975] 
-0.39950 0.2326qj

0.2
1 0.19975 0.06580IrO. 03290 0.i484q
j” 0.63210 0.13395]1-0.3666 0.08420

6=0. 3

0.29280 0.033661_-o. 06720 0.19200J
""0.53900 0.16615]_-0.33230 o.o4o6oj

r 0.83185 0.19975 
(jO.39950 0.23260

D and E same 
as case (a)

0.4

D and E same as 
case (a)

D and E same 
as case (a)

Y^ and 
Yg are the 
sequential 
delays.

5 is the 
combined 
delay.

t repre- 
sents any 
time delay,

f-o



Case (a)

The sequential delays of the two control signals are 0.2 
seconds and 0 .4 seconds respectively. The combined delay is equal 
to 0 .4 seconds. The control law is generated by dynamic programming , 
and the system is simulated according to the control law of Eq. (3.18) 
The initial state is given by the vector col(10,10). The initial 
control inputs are assumed to be zero." The contour for a constant 

return of 20, is shown in Fig.,4 .5. The graph of the system res
ponse is shown in Fig. 4.6 . The system responses for the other 

cases are similar to Fig. 4 .6 and hence are not shown. Referring 
to Fig. 4 .5, it is observed that the size of the ellipse for the 
case of sequential delay is greater than that for the case of 
combined delay. This indicates that more initial states are in
cluded for systems with sequential delay for a constant return, thus 

assuring a better performance for this type of delayed input. Thus, 

systems with sequential delay have definite advantages over those with 
combined delay, when the combined delay is equal to sequential delay.

When the combined delay is greater than sequential delay, it 
is conceivable that the size of the ellipse for combined delay would 
become smaller, since the main effect of time delay is to reduce the 

time for actual control of the system during the sample period which 
in turn affects the performance of the system adversely. Hence the 

conclusions for this situation would be the same as in the last 
paragraph. It should be observed that no delay is the best case. 

Unfortunately since time delays are always present for computer







controlled systems, it is advantageous to decide the type-of' control 
input "best suited to the system "beforehand. It is concluded that 

sequentially delayed inputs should "be used if the situation being 
considered is known to occur. - The conclusions are reinforced by 
observing from Fig. k.6 that the response for sequentially delayed 
inputs is much closer to the ideal response than the response for 
inputs with combined delay. Referring to Fig. 4.5,.it is seen that 
the shapes of the curves for delays do not differ in a few places 
leading, to the conclusion that for a few initial states, systems 
with sequential or combined delays have the same performance for a 
constant return.

Case (b)
The sequential delays for the two control signals are 0.4 

and 0.8 seconds respectively. The combined delay is equal to 
0.2 seconds. The control law is generated by dynamic programming and 
the system is simulated with optimal control signals computed ac
cording to Eq. (3.18). The return function for the fourth stage 
of the process is considered and the contour for a constant return 

of 20, is shown in Fig. 4.7. '
Referring to the figure it can be seen that the ellipse for 

sequential delay nests- inside the ellipse for combined delay. Thus 
it is seen that for a cost of 20 or less, there are more initial 
states for systems with combined delay than those with sequential 
delay. This implies that combined delay gives a better performance 
than sequential delay for this case. This case is somewhat un
realistic but has been included for completeness. It is observed





from Fig. 4.7, as in the previous"case, that there are initial 
states common to both type of inputs for which the same performance 
is obtained,for a constant return.

The conclusions for this case are that inputs with combined 

delay yields a better system performance. However, there exist a 
few initial states for a constant return where both types of delay 
yield the same result. , '-
Case (c)

The sequential delays are 0.2 seconds and 0.4 seconds, 
respectively. The combined delay is 0.3 seconds. A portion of the 
contour for a constant return of 20 is plotted in Fig. 4.8, from 
now on, since it suffices for comparing the delays.

The ellipse for the case of sequential delay encloses a 

greater area than combined delay indicating the presence of more 
initial states for a cost of 20 or less for systems with sequential 

delay. The existence of initial states common to both types of 
delayed inputs for a constant return is also observed.

So the conclusions for this case is the same as in case (a). 
This case is realistic and liable to occur more often than the others 

in practice.
Case (d)

The sequential delay is now 0.4 seconds and 0.2 seconds 

respectively. The combined delay stays the same as in case (a).

The contour for a constant return of 20 is plotted in Fig. 4.9.



'Sequent

m i r i t i  r





The conclusions for this case are the same as case (a) as 
it is observed that sequential delay contains more initial states than 

combined delay by using similar arguments as in the previous cases. 
However, it is observed, that by comparing Figs. 4.5 and 4.9 the 
difference between the two cases of delay is altered when the seq
uential delays are interchanged. This leads to the conclusion that 
system performance in the case of sequential delays depends on the 
actual sequence in which the control inputs are applied and that 
there is at least one sequence which produces the best results.

4,3 Example 2.
The dynamics of the continuous plant are characterized by 

the equation:

x(t)
0

-2
1
2

x(t) +
1 0

1
u(t)

for two control ■ inputs. The open loop pole locations are at -1 + jl, 
in the s plane. The closed loop system is characterized by the 
difference equation: ,

x(k+l)
0.641

-0.641

0.321
0

■ x(k) + D. u(k-l) + E u(k)

where D and E are listed for all the cases considered in Table 4.10, 
A four stage process is considered. The sampling period for all the 
cases is rr/4 seconds. The performance index is the same as in the 

last example; . •



Table 4.10 -- Example 2

Cases
Considered Sequential Delay Combined Delay No Delay Remarks

(a) y1 = tt/12, Y2 = n/6

D =fo.254 0.08437
[-O.O54 0 .3032^

E = [ 0.425 0.0947]
[-0.304 0.0177J

D = 

E =

6 = TT/6

"b.472o 0.0843 
-0.1678 0.3032

0.207 0.0947
-O.I892 0.0177

* 1
T = 0

D = "0 O'
|_0 0

E =[0.679 0.179]
[0.358 0.32lJ

Y1 and Y2 are
sequential
delays

6 is the Combined 
delay

t is any 
arbitrary time 
delay

(b) = rr/12, Y2 =

D and E same 
as in case 

(a)

D = 

E =

5 = rr/12

"0.254 0.027
-0.054 0.200
0.425 0.152
-0.304 0.121

T = 0

3 and E same 
as in case 

(a)

(c) y± = tt/12, y2 = n/6

D and E same 
as in case 

(a)

D = 

E =

6 = rr/8
' 0.3864 0.0502 
- .1004 0.2861
"0.2926 0.1288 
-0.2576 0 .034s

t = 0

D and E same 
as in case 

(a)

(a) Y1 = tt/6, Y2 = tt/12

D = [0.472 0.027
[-0.1687 0.200

E =[0.207 0.152
[-0.1892 0.121

6 = n/6

D and E same 
as in case 

(a)

T = 0

D and E same 
as in case 

(a)

o
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Case (a)

The sequential delays are equal to rr/12 seconds and tt/4 
seconds respectively. The combined delay is equal to rr/6 seconds.
The control law is generated by dynamic programming as given by 
Eq. (3.18) and the system is simulated with optimal control signals 
computed according to the control law. The system response is shown 
in Fig. 4.12. The system response of all the other cases is not 

shown since they are similar.
The contour plotted for a constant return of 20 is shown 

in Fig.. 4.11. By considering the sizes of the ellipses, which in 

turn indicate the set of initial states from which the origin can 
be reached for a maximum cost of 20 or less, and making the compari
sons in the same way as in Example 1, it is concluded that sequentially 

delayed inputs give a better system performance compared to inputs 
with combined delay. This conclusion is supported by referring to 

the system response in Fig. 4.12 and noting that the response from 
sequentially delayed inputs is closer to the ideal response than 
inputs with combined delay.

When the combined delay is greater than sequential delay, 

the discussion in case (a). Example 1, for this situation applies 
and the conclusions are the same as in the previous paragraph. It 
is also observed that some initial states on the boundary of the 
ellipse are common to both types of delay leading to the conclusion 
that some initial states exist for a constant return where both 

types of delay give the same performance.







The sequential delays are the same as in case (a). The 
combined delay is tr/12 seconds. The contour plotted for a constant 
return of 20 is shown in Fig. 4.13. ,

It can be seen that the ellipses of sequential and combined 
delay are almost identical. This is due to the fact that the 
limiting case, when the combined delay is equal to the first sequen
tial delay, has been considered. In this situation, inputs with 

either type of delay present gives the same system performance.
Case (c)

The sequential delays are the same as in case (a). The 
combined delay is equal to tt/8 seconds. The contour plotted for a 
constant return of 20 is shown in Fig. 4.l4.

The ellipse for the case of sequential delay encloses a 
greater area than combined delay indicating the presence of more 
initial states for a return of 20 or less for the systems with 
sequential delay. The existence of initial states common to both 

types of delayed inputs for a constant return is observed.
So the conclusions for this case is the same as in case (a). 

This case is more realistic and liable to occur more often than the 

others in practice.
Case (d)

The sequential delays are n/6 seconds and rr/12 seconds 
respectively. The combined delay is the same as in case (a). The 

contour plotted for a constant return of 20 is shown in Fig. 4.1$.
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The conclusions for this case are the same as case (a), that 
sequential.delay, is better than combined delay, as it is observed 
that sequential delay contains more initial states than combined 

delay. However, it is observed by comparing Figs. 4.11 and 4.15 
that the difference between the two cases of delay is altered when 
the sequential delays are interchanged. This leads to the conclusion 
that system performance in the case of sequential,delays depends on 
the actual sequence in which the control inputs are applied and that ; 
there is at least one sequence which produces the best results.

4.4 Optimal and Suboptimal Control
• , ' • ' '• ■ ' . 'The comparison between optimal and suboptimal control is made

for case (a) of both the second order examples. The suboptimal re

sults are obtained by simulating the delayed system with the control 
law, developed for no delay; that is, D = 0 in the recurrsive re
lationships developed on page 30. The initial conditions on the 

state and control are the same as in case (a) of Examples 1 and 2.
The cost of optimal and suboptimal control for a four stage process 
is evaluated for the two cases of time delay. The results are tab
ulated in Table 4.l6. Comparing the costs stage by stage, it is seen 

that the optimal control of the delayed system costs less than the 
suboptimal control by a small difference. This small difference is 
due to the value of the delays being small compared to the sampling 
period. As the delays increase, the time for optimization in a 
sampling period correspondingly decreases, and the difference between 
optimal and suboptimal control becomes more pronounced, thus,



Table k . lG -- Optimal and Sub-Optimal Control

Problem
Considered

Type of 
Delay

RETURN FUNCTION
Stage 1 Stage 2 Stage 3 Stage 4 Remarks

Example 1 Sequential 65.166860 66.110735 66.155106 66.164853 Optimal
case a

Combined 78.23771^ 82.379707 82.476669 82.494658
Control
Law

Sequential 65.500671 68.695502 68.722970 68.731644 Sub-
Combined 79.806606 83.106040 83.247439 83.250381

Optimal Con
trol Law

Example 2 Sequential 107.613590 124.572322 125.543274 126.030789 Optimal
case a

Combined 128.664633 151.237489 152.516647 152.945661
Control
Law

Sequential 108.771363 125.715653 126.586951 126.913900 Sub-Opti-
Combined 137.336002 156.482734 158.668541 159.271971

mal Control 
Law
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favouring the optimization for the delayed cases.

4.5 Example 3.

The dynamics of the continuous plant are characterized by 
the equation:

u(t)

for three control inputs. The open loop pole locations are at -3,
-1 t j2 in the s plane. The closed loop system is characterized by 
the difference equation

-3 1 0 1  0 0
x(t) = 1 0 -1 x(t) + 0 1 0

-I1 6 -2_ _o 0 1

x(k+l)

O.I87862 
-0 .023842 
0.641707

-0.092493 

-0.501529
-0.211704

-O.O6865I
0.028420
-O.06865I

x(k) + D u(k-l)+E u(k)

where D and E are listed for the cases considered in Table 4.17. The 
sampling period for cases (a) and (d) is n/4 seconds. The performance 

index is given by

u(k-l)]

Case (a)
The sequential delays are tt/12 seconds, rr/4 seconds, and 

rr/3 seconds respectively. The combined delay is tt/3 seconds.

k '
1 0 0 ~1 0 ' O1

J = 21 [x(k) 
k=l .

0 1 0 x(k) + u(k-l)-*- 0 1 0

h
!

O0 0 O' 1



Table 4.17 -- Example 3

Cases
Considered Sequential Delay Combined Delay

Y1 = tt/1 2  } 7^= n/6, = TT/3
D = ro. 27074 0.20910 0.01874

0.07160 0.57018 -.31967
-0.46350 1.66800 -.22444

E = 0̂.15293 .12611 -.00935
.24924 .08150 -.00117
.03982 .52985 -.00763

Yi = "/6, y2 = tt/3, Y3 = tt/1 2

D = -0.38376 0.34325 0.01537
0.15241 0.68386 -0.07l60

j0.64118 2.40194 -0.01453

E = -0.03991 -0.08033 0.01879
0.16843 -0.03217 -0.31967
0.21750 -0.20402 -0.22443

6 = n/3
D = -0.43371 .34325 .01879!

-.31967:0.33540 .68386
- .50604 2.40190 -.22440|

E = .01003 -.00803 -.00935?
- .01455 -.03470 -.00117

.08231 -.20400 -.00726

6 = tt/3

C and E same 
as in case (a)



Table 4.17 -- Example 3 Continued

No Delay

0 0 0 T = 0 Yv  y2, are the
0 0 0 sequential delays
0 0 0-j

(-0.42367 .33520 .009431 6 is the combined

■32085 .65170 -.32080 delay

L-. 42367 2.19790 -.23210
t = any time delay

Remarks
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Since the system is third order, the contour for a constant return 
of 20, is an ellipsoid which is plotted in Figs. 4.18, 4.19 and 4.20 
for adequate representation.

Referring to Figs. 4,18, 4.19 and 4.20, it can he seen that- 
the curve for combined delay nests inside the curve for sequential 
delay. Thus, fdr a return of 20 or less. Systems with sequential 

delay include more initial states than those with combined delay and 
hence gives a better performance than combined delay. From Fig. 4.18, 
it is observed that there are a few initial states on the boundary 
of the curves common to both types of delays. For these initial 
states, both types of delayed inputs yield the same system performances.

For the combined delay greater than the total sequential de

lay, the comments fdr this situation made in Example, 1, case (a) 
is true here also. So in conclusion, systems with sequential delay 

are better than those with combined delay when combined delay is 
equal to or greater than the total sequential delay. However, there 
exist a few initial states for the constant return where both types 
of delays have the same advantages.
Case (d)

The sequential delays are tt/3 seconds, rr/6 seconds, rr/12
seconds respectively. The combined delay is tt/3 seconds. The
contour is plotted for a constant return of 20; The graph of y'g 

■ , ' ■< ' ' 
vs y^ is shown in Fig. 4.21. The graphs of yg vs yg and yj vs y^
are not shown for this case Since they are similar to Fig. 4.21 and

lead to the same conclusions.
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Referring to Fig. 4.21, it can be seen that all the initial 
states for systems with combined delay are included in the systems 
with sequential delay, for a constant return of 20 or less. Hence, 
sequential delay gives a better performance even after interchang
ing the delays. Comparing Figs. 4.18 and 4.21, it is seen that the 
difference between sequential and combined delays is altered. This 

leads to the conclusion that system performance in the case of 
sequential delays depends on the actual sequence in which the control 
inputs are applied and that there is at least one sequence which 
produces the best results. The sequential delays were changed to 

tt/6 seconds, n/3 seconds, tt/12 seconds, the graphs of which are not 
included here and the results obtained confirmed the above conclusion.

4.6 Summary

The effect of sequential and combined time delays on system 
performance has been compared by plotting the quadratic form of the 
return function for a constant return, for second and third order 
examples, with two and three control inputs respectively. The study 
is made by considering the various situations in which the delay 
could occur and evaluating their effects in the system performance.

When combined delay is equal to the total sequential delay, 
it is found that sequentially delayed inputs give a better perfor
mance than the other type of delay. The same conclusions are valid 

when the combined delay becomes greater than sequential delay. When 
the sequential delays are interchanged, for the first case, it is 

found that sequentially delayed inputs are better but the difference
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in performance between the types of delays is altered. This leads 
to the conclusion that the performance depends on the actual sequence 
of inputs and that there is at least one sequence which produces the 
best results.

When the combined delay occurs between two sequential delays, 
the systems with sequential delay perform better than combined delay. 

This is a realistic case more likely to occur in practice.
An unrealistic case, when the combined delay is less than or 

equal to the first sequential delay is considered for completeness.
It is found for this case that inputs with combined delay yield a 
better performance. Inputs with no.delay are confirmed to be the 

best alternative.
The optimization of the system with delayed inputs is justified 

by comparing the costs of optimal and suboptimal control stage by stage.



CHAPTER 5 

DEADBEAT RESPONSE

5.1 Experimental Result's

In this chapter, the deadbeat response of a system with com
putational delay is considered. The experiments are basically the 

same as those in the last chapter. The objectives here, however is 
to reach the origin in a finite number of samples. This type of 
response is called deadbeat response. Kalman and Bertram have shown 
that the minimum number of samples needed for a.scalar input to force 
the system from its initial state to the origin is equal to the order 
of the system.

With more than one input, the number of samples for deadbeat 
response depends upon the number of inputs. For the second order 

system with two control inputs and third order system with three 
control inputs considered in this work, deadbeat response can be 
achieved in one sample. Since necessary conditions are imposed on 
the last sample, the return for that stage cannot be optimized in the 
general framework of ’the computational algorithm developed in Chapter 

3. For a N-stage process the return for (N-l) stages is optimized 
using the return from the last sample as the initial return of the 

process. The return for the last sample is computed, in the following 
manner. A single stage process is considered.



The system is characterized, as before, by the equation 

x(k+l) = _£ x(k) + D u(k-l) + E 'u(k) (5.1)

The performance index is given by

N ' : . ' '' '■ . ' '
•J = [x(k)T Q x(k) + u(k-l)T H u(k-l)] (5.2)

k=l

for a one stage process, the system equation becomes ,

. x(l) = f x(0) + D u(-l) + E u(0) (5.3)

and - ..
•J = x(l)T Q x(l) + u(0)T H u(0) ($.4)

The return function V for a one stage process is defined,

V = x(i)T & x(i)- + u(d)T a u(0) ■. . ■ • (5.5)

For deadbeat response, the condition to be satisfied is

x(1) = 0 (5*6)

Making use of Eq. (5.6) in Eq. (5.3) and solving for u(o), 
one obtains the result:

u(0) = -E-l x(0) + D u ( - 1)} (5.7)

For simplicity, E is assumed to be nonsingular. This existence of 
the inverse of a matrix is not a necessary condition for deadbeat 
response. The interested reader is asked to refer to the paper by
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Kalman and Bertram (1959) for further discussion on the subject. ' '
Eq. (5.7) is the control law for a one stage process. Combining 
Eqs. (5.5) nnd (5•7) yields the result:

V = {$ x(°) + D u(-l)}T (E"T H E " 1) {£ 'x(0) + D u( -1)} (5.8)

Observing that V is a function of x(0) and u(-1), recalling Eq. (3.6), 
Chapter 3 for the assumed quadratic form of the return function, and 
equating coefficients on both sides of Eq. (5.8), it can be seen that

■p(i) =  e -t H E-1 . (5.9)

The value of P(l) as determined from Eq. (5«9) is used in 
the computational equations, listed on page 30, to find the optimal 
control law for the remaining (N-l) stages. The order of using the 
control law, to implement the optimal control, is reversed, the value 
of the control for the last stage being computed using Eq. (5.7)•
Except for this slight modification, the procedure for the digital 
experiments is the same as in Chapter 4. In displaying the results, 
the curves obtained by plotting the values of the solution to the ■ 

quadratic Eq. (4.2) for a constant return, is compared. The curves 
for the Nth stage has been drawn, since all the other stages lead 

to the same conclusions. '
Cases (a), (b), and (c) of Chapter 4 have been considered 

here for the second order examples with-- two control inputs and case (a) 
has been worked for the third order example with three control inputs.
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•Example 1>

The system equations and performance index are the same as 
in Example 1, Chapter 4. The sampling period is 1 second for all the 
cases. A two stage process is considered. The initial state is 

vector col [5.5]• The initial control is zero.
Case (a)

The sequential delays are 0.2 second and 0.4 seconds respec
tively . The combined delay is 0.4 seconds. The contour for a constant 
return of 20 is plotted in Fig. 5;1. The deadbeat response of the 
system is shown in Fig, 5.2. Since the responses for the other cases 
are similar, only case (a) has been illustrated.

Referring to Fig. 5°1, and comparing the curves for the 
delays, it is observed that systems with sequential and combined 

delay have initial states which are not common from Which the origin 

is accessible for a constant return of 20 or less. Depending on 

whether the initial states are inside the common region, where both 
types of delay yield the same advantages as far as system performance 
is concerned or outside the region, where the advantage lies with 
the favoured delay, a firm conclusion cannot be drawn in this case 
except if the enclosed areas of the curves for the delays are equal. 

Then the performance of the system is the same for both types of 
■ delay. .

Case (b)

The sequential delays are 0.4 seconds and 0.8 seconds res

pectively. The combined delay is 0.2 seconds. The contour for a
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constant return of 20 is plotted in Fig. 5.3.

Referring to the figure, it can be observed that inputs with 
combined delay have a better performance compared to inputs with 
sequential delay. Since the curve for sequential delay is inside the 
curve for combined delay. This implies that there are more initial 
states for systems with combined delay than those with sequential 
delay. The conclusion is that inputs with combined delay give a 
better performance than sequentially delayed inputs. Incidentally, 

from Fig. 5»3, the effect of increasing time delays on performance 
of the system can clearly be seen, as sequential delays are almost 
equal to the sampling period in this case. -

The sequential delays are the same as in case (a). The com
bined delay is 0.3 seconds. The contour for a constant return of 20 
is plotted in Fig. 5A-

It is observed, in this case that combined delay encloses a 
greater area then sequential delay. Hence, systems with combined 
delay have more initial states than those with sequential delay. 
Therefore, the system performance is improved with combined delay in
puts and the.conclusion is that this type of delayed input should be 
used in this situation.

Example 2.

The system equations and performance indices, are the same as 
in section 4 A  of chapter A. The sampling period is rr/4 seconds . A 

two stage process is considered. The initial state is vector col [5A O • 

The initial control is zero. •.
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Case (a)

The sequential delays are rr/6 seconds and rr/l2 seconds. The 
combined delay is rr/6 seconds. The contour for a constant return of 

20 is plotted in Fig,. '5.5*
The curve for no delay is shown only for this case and remains 

the same for all the cases. The simulation results are graphed in 
Fig. 5•6. In the other cases, this is not included since they are 
similar, j ■

Referring to Fig. 5-5^ and comparing the curves for the delays, 
it is observed that there is a set of initial states in the case of 
systems with combined delay which are not common. So, in the common 
region, both types of delays yield the same system performance. Out

side this region, systems with combined delays are better than those 
with sequential delay. So, a firm conclusion cannot be drawn for 
this case. ' However, the areas may be the same, denoting the same 
set of initial states for the system for both types of delays, in 
which case, either type of delayed input can be used. The best per

formance is given by inputs with no delay as seen in Fig. 5-5*
Case (b)

The sequential delays are fr/12 and rr/6 seconds respectively.

The combined delay is tt/12 seconds. The contour for a constant 

return of 20 is shown in Fig. 5*7*
It is seen from Fig. 5*7, that all the initial states of 

systems with sequential delay for a cost of 20 or less, are a sub
set of the initial states of systems with combined delay. Thus, it 

is concluded.that inputs with combined delay give a better system '
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performance compared to sequentially delayed inputs.
Case (c)

The sequential delays are the same as in case (a). .The com
bined delay is tt/8 seconds. The contour for a constant return of 20 
is shown in Fig. 5.8 .

■ Referring to Fig. '5.8, it is seen that the situation is 
similar to that in case (a) and hence the conclusions are the same 
as in case (a).

Example _3.

The system equations and performance indices are the same as 
in Example 3, Chapter b. A three stage process is considered. The 
sampling period is rr/k seconds .
Case (a)

.The sequential delays are rr/12 seconds, rr/6 seconds and tt/3 
seconds respectively. The contour of the ellipsoid is shown in 

Figs. 5.9, 5.10, and 5*11 for a constant return of 20.
Referring to the Fig. 5.9; it is observed that the situation 

is the same as in Example 1, Case (a), hence the conclusions are the 
same.

5.2 Summary '
The deadbeat response for systems with computational delay 

is examined. Sequential and combined delay are compared, in a manner 

similar to examples in Chapter h . Second and third order examples 
with two and three control for inputs have been worked for different 
situations. The delays can occur in a sampling period.









When combined delay is equal to sequential delay, it is ob

served, that the performance depends on the system being considered. 

There is no clear-cut distinction between the delays. The same con
clusion is reached when the combined delay occurs between sequential 
delays. However, a difference between the delays is seen in the 
unrealistic case when combined delay is less than the first sequential 
delay. The combined delay gives a better performance for this case.

Wo delay is confirmed to be the ideal case. The effect of 
increasing time delays is observed to reduce the performance further.



CHAPTER 6

CONCLUSIONS AND FUTURE RESEARCH

6.1 Conclusions- ..
The effect of computational delay on control systems is ex

amined. Sequential and combined delays, two ways of delaying the 
inputs, are compared by plotting the quadratic form of the return 
function which gives a set of initial states for a constant return. 
The time delays are varied so that (a) the total sequential delay is 
equal to the combined delay; (b) combined delay is less than or equal 
to sequential delay; (c) combined delay occurs between two sequential 
delays; (d) the control inputs are interchanged.

For cases (a) and (c), the conclusion, is drawn from second 
and third.order examples that sequentially delayed inputs yield a 
better performance than inputs with combined delay. Another interest 
ing feature is that the performance for sequentially delayed inputs 
is altered., by interchanging the sequential delays. This leads to 
the conclusion that the performance depends on the actual sequence 

of inputs and that there exists at least one sequence which gives, 
the best results for sequentially delayed inputs. For case (b), 
inputs with combined delay yield a better performance. However, 
this case is unrealistic as it is inconceivable to compute the vector 

valued control in the time it takes to compute a scalar control 
signal, which is sequential delay. Case (c) is realistic and more 
likely to occur in practice.

. 89
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For cases (a), (b), (c), deadbeat response is achieved and 

the comparison of the return functions is made for sequential and 

combined delays. It is found in cases (a) and (c) that either 

type of delay can be employed since no explicit conclusion can be 
made because it depends on the system considered. For case (b), .
systems. with combined delay achieve a better performance than those 
with combined delay.

Since case (b) is not likely to occur in practice, sequential

ly delayed inputs should be used to control systems with a digital 
computer. The comparison of optimal and suboptimal control shows 
that optimization of systems with delay gives a better performance 
then systems where optimization has been done with the assumption 
that no delay is present. Hence the type of delayed input should 
be decided and then optimized for this input.

6.2 Areas of Future Research
An insight into the effects caused due to the digital computer 

and the efficient utilization of time is important in the study of 
digital control systems, It is hoped that this thesis is helpful 
in achieving the objective.

Further work needs to be done in developing analytical tech

niques to analyze computational delays in digital computers. It has 
been observed that at least one sequence of inputs exists where sequen- - 

tial delay yields the best results. A sensitivity study would prove 

helpful in understanding the effects of sequential delays better.

Another area that needs investigating is the stability of systems



to inputs with sequential or combined delay since time delays affect 
system stability. A particular form of the quadratic performance 
index has been chosen in this work. It might prove interesting to 
see if generalized performance indices lead to the same conclusions 
as drawn in the previous section.



APPENDIX A

■ The flow charts for generating the control lav, the digital 
simulation'of the systems is included in the appendix together with 

the actual listing of the programs in Fortran II, as run on the 
IBM 7072 digital computer.

92
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START

READ D
5  &  E,

MM = 0

Legend
N = Order of system 
M = Number of stages
NN Number of control 

inputs

LIST SET 
OF COMPUTA
TIONAL 
EQUATIONS

(CALL MATRIX INVASION SUBROUTINg)

= State transition 
matrix

D and E - Control matrices
Q and H = Matrices from

performance index

P = Coefficient matrix of 
quadratic form of the 
return function

PRINT
p,F

F = Coefficient matrix of 
the control law

MM - M

STOP

Fig. A-l Flow Chart for Dynamic Programming



START

READ $, D

MM + 1

LIST STATE 
EQUATIONS 
AND CONTROL 
LAW

PRINT

MM - M

STOP
Fig. A -2 Flow Chart for Simulation
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SUBROUTINE SIMEQ(A»C »KC,A INV»Q)
SUBROUTINE 5 IMEO(A *C *KC*A INV,0)
DIMENSION A(10»lO),B(10,10)»C(l0),Q(lO),AINV(10tl0) 
DO 1 I=1»KC 
DO 1 J=1 * KC 
IF(I-J)4,5,4 
AINV( I , J ) =1.
GO TO 1 A INV( I,J)=0.
B ( I , J ) = A ( I , J )
DO 2 1=1,KC 
0(1)=0(1)DO 20 1=1 ♦ KC
IF(B (K , I ) )10,11,10K=K + 1
I F (K-KC)9,9,51 
IF( I-K) 12,14,51 
DO 13 M=1,KC 
TFMPI=AINV(I,M )
A INV(I,M)=AINV(K,M)
A INV(K ♦ M)= TEMPI 
TEMP=B(I,M)
B(K,M)=TEMP 
TEMP =Q( I )
0(I)=Q(K)
Q (K )= TEMP 
Q ( I )=0( I ) /B ( I , I )
T EMP = B( 1,1)
DO 15 M=1,KC
AINV(I,M)=AINV(I,M)/TEMP 
B( I ,M)=B( I ,M)/TEMP 
DO 17 M=1*KC 
IF(M-I ) 18,17,18 
IF(B(M, I ) >19,17,19 
Q (M )= Q (M )- B (M ,I)*Q(I)
TEMP=B(M,I)
DO 16 N = 1 ,KC
AINV(M,N)=AINV(M,N)-AINV( I ,N)*TEMP
B(M,N)=B(M,N)-B(I,N)*TEMP
CONTINUE
CONTINUE
RETURN
PRINT 52,I,K,K0
FORMAT(8H0 ERROR,5X,2HI = I 2 *5X,2HK=I 2 *5X,3HKC = I 2)
RETURN
END
SUBROUTINE SYMEC(Z,M)
SUBROUTINE SYMEC(Z,M)
DIMENSION SZ(10,10),Z(10*10)
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200]
2002
200?
2004
20052006
20072008 
2011 
201220132014 
201 5 2017

21

63
64
65 
6 6

1

2

DO 1 I=1>M 
DO ] J=1» M 5 7 ( I , J ) = 0SZ( I * J)=SZ( I,J)+Z(I,J)+Z(J,I)Z(I,J)=0.5*SZ( I * J)CONTINUERETURN
END
MAIN PROGRAM
THIS PROGRAM IS A SOLUTION TO MATRIX RICATTI EQUATION 
FOR DISCRETE SYSTEMS WITH TIME DELAY.
FORMAT(3A5,A4,I2,I2,I2,F10.7)FORMAT(6F10.0)FORMAT( 1H1,3A5 »A4)FORMAT( 16HOORDER OF SYSTEM I 2)FORMAT( 13HONO OF STAGES I 2)
FORMAT(7H STAGE-12)FORMAT(34HOCONSTANT COMPONENT OF CONTROL LAW)FORMAT( 1P4E17.7)FORMAT( 16H0RETURN FUNCTION//)
FORMAT(21H0ELEMENTS OF D MATRIX//)FORMAT(36H NOTE-PROBLEM WITHOUT TIME DELAY 0=0/) 
FORMAT(21H0ELEMENTS OF F MATRIX//)
FORMAT(15HONO OF CONTROLS!2 >
FORMAT(11HCPHI MATRIX)
DIMENSION PHI(10,10),D(10,10),E(10,10),0(10,10) DIMENSION CONST(10,10),V(10,10),C(10),T(10),H(1C,10) DIMENSION S(10,10) ,R(10,1C) , Z(10,1C) ,Y(10,10) DIMENSION NAME(4) ,X(10,10),VO(10,10),YINV(10,10)
READ 2001 ,80,(NAME( I),1=1,4) ,N,LKM,NN , ERRM READ 2002,(0(1),1=1,NN)READ 2002,(T( I) , 1 = 1 ,NN>
DO 63 I=1,NREAD 2002 ,(PHI( I,J) ,J=1 ,N)DO 64 I=1 *N
READ 2002,(D( I *J),J=1,NN)DO 65 1=1,N
READ 2002,(E(I,J),J=1,NN)DO 66 1=1,NREAD 2002,(Q(I,J),J=1,N)
DO 1 I=1,NN
READ 2002 , (H< I,J) , J=1*NN)DO 2 1=1,N DO 2 J=1»N V( I , J ) =0 
MKK = 0PRINT 2003,(NAME(I),1=1,4)
PRINT 2004,N 
PRINT 2015,NN PRINT 2005 ,LKM 
PRINT 2017
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no I=i ♦ N

34 PRINT )8» (PHI (I ,J),J = 1 ,N)
n DINT 301?DO 32 %=1,N

3? P RI N' T ?Uv8,(D(I,J),J=l,NN)PP T MT ?v13 
n ̂ t r1 * * * 5 * * 8 t ? 11 ] 4 
pn ?? I=1 ,N

33 PRINT ? C 8 » ( E ( I > J ) > J = 1 * N N )
‘' K K = M K. K + 1 ________
DO 51 I=1,NDO 51 J=1»M51 S(I,J)=U(I,J)
DO 57 1=1,NN DO 5 7 J = 1 * NN

5 7 R( l,J) = H( I,J)
%? 1=1,N DO t;? J=1 ,N

D-D  ̂? | i—l , N---- — ----------------—no NM=1,N
52 5(I,J)=S(I,J)+PHI(LL,I )*V(LL,M,")*PHI (MM, J )00 5 R I = 1 , N M

DO 5 8 J = 1 * N N 
DO 58 LL = 1,NDO 8 8 1 , fcl_______ ____ :___________ _

58 R(I,j)=k(I,J)+D(LL,I)*V(LL,MM)*D(MM,J)DO 3 1 = 1,NN
3 Z ( I , J ) = 0

DO 45 1 = 1,NNno 4 8 J = 1 , N-- _____-------- -—
no 48 LL=1,N

5̂ 7( I,J)=Z( I ,J)+F(LL , I )*S(LL,J )DO 5 4 I — -1 -, (\i ÎI——~ — —- ■ — — ----—
DO 56 J = 1 *N 
DO 5 6 L L = 1,N--- no 86 M.M= 1 , N___________________ _________

5 6 Z( I,J)= Z(I,J)+D(LL,I)*V(LL,MM)*PHI (MM,J)DO 5 3 I=1 ,NNDO 8 8 J = I ,N N--------------------
53 Y ( I ,J)= R( I,J )DO 84 1=1, MM

8 ĵ — i «► fvi rJ 1.. ----------- - -------- —— ■ — —
DO 84 LL=],N DO 84 MM=1,N54 Y ( I , J ) = Y ( I ,J)+C(LL , I 1JLSOLL »KM ).*£ (MM, J )
DO 25 I =1 ,NN
DO 25 J = 1,NM- DO- ? 5— LL=LL,-N------------------------_______DO 25 MM =1,N 
DO 25 LM =1,N

2 5 Y ( I , J ) = Y ( I j. J.X-+.E-LL L., i JJLEHi_.LMM,.L L ) LM) -_D..( L.M , J )



4-n ( LL » I )*V(LL, M,V ) *PH T ( ♦ L M
CALI. F T f-TQ ( Y,C, M N- , Y I MV , T ) no a 1 = 1* M
• ! F) V_J | * • Nj
X ( I , J ) = u no O I = 1 ,MNnn o J=1 * M 
roN'FT ( i ,j)=c DO 4A I=1 ♦MM [) O A A J = 1 » N
no 4f, LL = 1,N
CONST ( I »J)=-YINV( I ,LL)*Z ( LL > J ) -f CON ST ( I »J )
i i "7 T T ^
nn 7 j=i,Nnn -7 LI. = 1 »NM
r>0 7 / / = i * ,\t m
X(I,J)=Z(LL,I)*YINV(LL,KK)*Z(KK,J)+X(I,J) CONTINUE 
D"0  ̂ J — 1 * t\
no R J=1,N V(I»J)=S(I,J)-X(I,J)
CALL SY. ' , EC( V, N)P̂ Î T 2006,MKK pnImj 2007

*7 t — ̂ - * m . --11 ■———— i — . i. ....   
Pp T MT 2009, (CONST( I,J) ,J = 1,N) 
nnIMT 2011
pn ip I —] ,N
PRINT 2008,(V( I,J) ,J =1,N)PUNCH 2uu3,(NAME(I),1=1,4)
P UA! C H '?'>'■>*?>, M K — -- -—»—DO 4 8 1=1 » NNPUNCH 2vu8,(CuNuT(I,J),J=1,N)
DO 3 5 1=1 * N —— --------------
PUNCH 2008,(V(I,J),J=1,M)
IF(mkK-LKM)15,15,22
no 40 I=1,N nn a n J = l,N
PRP ] = ABSF ( 1 .o-v ( I * J IV-VO ( I , J) )VO(I,J)=V(I,J)
ERROR=MAXF(ERR 1,ERROR)
I F ( cdpoR-ER RF". >22,22,5-0-------GO TO 21 STOP
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DIGITAL SIMULATIONPUNCHED DATA CARDS FROM DYNAMIC PROGRAMMING CONST(I,J) WITH ORDER OF THE STAGES INVERTED. DIMENSION E(10,10),D(10,10),PHI(10,]n),Ul(10),U(in) 
DIMENSION XI(10)
DIMENSION X(10 ) ♦ CONST(10,10) ,NAME(4 ) ♦ PH ID(10) »EU( 10) FORMAT(3A5,A4♦I 2,I 2 * I 2)FORMAT(7E1U.0)
FORMAT(14H0INITIAL STATE/)FORMAT(4E17.7)
FORMAT(16H0INITIAL CONTROL/)FORMAT( 1P4E17.7)
FORMAT( 10H0STAGE NO-,12)
FORMAT(16H0STATE OF SYSTEM)FORMAT(16H0ORDER OF SYSTEM I 2)FORMAT(15HONO OF CONTROLS I 2)FORMAT(1H0,3A5,A4)
FORMAT(18HOCONTROL PER STAGE 12)READ 100,25,(NAME( I ) , I =1 ♦ 4) *N,M,NN MM = 0DO 1 1=1,N
READ 101, (PHI ( I ,J) ,J=1*N)DO 2 I=1,NREAD 101, (D<I,J),J=1,NN)
nn 3 1=1,N _________________
READ 101 , (F( I ,J) , J=1,NM)
READ 101,(X(K),K=1,N)
READ 101, (UKK) ,K = 1,NN)_______PRINT 112, (NAME( I ) ,1 = 1,4)PRINT 110,N 
PRINT 1 11 , NN 
PRINT 103PRINT 104,(X( I ) , I =1 ,N)
PRINT 105PRINT 104, (U1( I ) , 1 = 1,NN)
MM =MM+1 
DO 5 1=1,NNREAD 107,(CONST(I,J),J=1,N)DO 8 K = 1,N XI(K ) =0 
PHID(K)=0 
DO 11 I=1 ,N DO 10 J = 1 * N
PHID( I )=PHID( I )4PHI(I,J)* X(J)DO 11 J =1,NN
PHID(I )=PHID( I )+D( I,J)*U1(J)DO 12 K=1,NN U ( K ) = 0 
DO 12 1=1,NU(K)=U(K) +CONST(K,I)*PHID( I )
DO 13 I=1,NEU ( I ) = 0 _______ _
DO 14 K = 1,NN



1 A F U ( T ) = F U ( I ) + E ( I » K. ) * U { K )
1? XI ( I )=X1 ( I )+PHID( I)+FU( T )

P0 IN' T 1 08 V1M
PRINT 1U7»(XI(K) ,K = 1*N) 
PRINT 1 13
PR I N'T ] W  » ( U ( I ) , I = 1 ,,\!N )

C TRANSFER data
nn I= 1 * N

2 A X ( I ) = X ] ( I ) — — ——  ------ *DO ?7 1=1 ♦NIN 
-27 HI( I )=U( I )

If (m m -m )1b »15 i 20 
25 STOP

FN’D
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