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CHAPTER 1

If Bomeone were to oeat himself beside us before a game
In the stadium and tell us confidentially that the best half
back on our team could never run from one goal line to the
other even though he had a clear field before him, we would
*
laugh him to scorn; dr v;o might toll the person to watch the
aforesaid half after he gets the ball on the opening kick-off.
v/e might, though, suspect a trick and ask our Informer how he
got that way.

Supposing he then went on to say that the man

could not even move after he got the ball because before he
could reach the end of the field, he would have to traverse
half the distance, then half of the remaining part, and so
forth forever#

Laughing at the argument to cover our

embarrassment, we would probably say that his argument was
false because fact proved It so, Just as an ancient philos
opher is said to have done when he heard the same argument
as proposed by Zeno, the Eleatic.

This wise old fellow,

when told that the arguments of Zeno removed the possibility
of his reaching the door, stood up, strode to the door with
a determined step, muttering '*oolvitur ambulando,” ”l solve
the difficulty by walking to the door.”

This was ono of the

more unscientific methods of dozens of the greatest minds of
the world for two-thousand years or so to answer, fully the
paradoxes of Zeno.
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' Before reviewing the history of the discussions of these
great men, the Mstory, in fact, of the development of the
modern theory of limits in mathematics, it might be good to
look at the arguments themselves, arguments which in
themselves are of perennial interest.
Zeno’s first argument is called the Achilles, and It
runs like this:

Achilles, the swift-footed son of Thetis,

is matched for a race with the snail-like amphibian, the
tortoise.

Of course, in ouch an uneven contest we must give

the tortoise an advantage.
start.

Let us allow him ten meters

Suppose now that Achilles can run ten times faster

than the tortoise.
broadcasting.
gives us.

The gun!

The race Is on!

Zeno is

But listen to the amazing results that he

He says that when Achilles has rim the ten meters,

to the starting place of the tortoise, he finds the tortoise
one meter farther on,

When Achilles has covered this meter,

he finds the tortoise a decimeter In advance.

When he goes

that decimeter, he finds the tortoise a centimeter in ad
vance, and so forth forever.

Achilles, the swift of foot,

can never, therefore, catch the tortoise.
Zeno’s next argument is equally paradoxical.

It is the

one we had in the beginning, about the football player.

In

substance it is the same as the Achilles.
The third argument of Zeno is called the Arrow, which
in modern language might be called the Bullet or the Discus
or the Javelin or, if we were thinking
shot putters, we might call it the Shot.

of one of Uncle Sam’s
But If we were to

#
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be out around the target on a day when the university girls
were practicing the science of archery, we would still see
romance in the ancient name of Arrow.

Zeno says that the
#

arrow in its flight does not move because at any one Indi
visible Instant it must be in a definite place or position;
but anything occupying a definite place or position is not
In motion; therefore, the arrow does not move.

Heath gives

the argument from Brochard's interpretation as given in
Zeller* "it is strictly impossible' that the arrow can move
in the instant, supposed indivisible, for, if it changed its
position, the Instant would be at once divided. How the
moving object is, in the instant, either at root or in
motion; but as it is not in motion, it is at rest, and as,
by hypothesis, time is composed of nothing but instants, the
moving object is always at rest."
**********_***************************************************
(1) Zeller, History of Greek Philosophy, V.l, P. 599
**#***#**##**##**#**#**************%*****#*****#******«***##
The fourth argument, and the one about which critics do
not well agree, is the one called the Stade, or in the Latin,
Stadium.

The argument, put into modern terms might he cited

as follows:

Suppose there are three trains of ten cars

apiece, standing on parallel tracks.

Suppose now that,

while the one on the middle track remains standing, the two
on the outside tracks begin to move at equal velocities in
opposite directions.

Chat must we say about the movement of

the cars with respect to one another?

Any one car on one of

the moving trains passes twice as many cars on the other
moving train, in a given time, as it does on the stationary
train. In other words, if we label the trains as A, B, and
: '
'
X
C, A moves twice as fast with respect to C as it does with
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respect to B.

If ?/e assume now, for the sake of argument,

successive positions of the c rs correspond to points and
that the passage of one car on one of the movable trains
from one position to another requires an Instant, an in
divisible instant of time; then the passage, in the opposite
direction, of the corresponding car in the other movable
train also requires that same instant,

hence in the same

Instant one of the cars has moved twice as far with respect
to the other moving car as it did with respect to the cor
responding lmrovablg__pne on the middle track.

Therefore,

the passage from one point to another does not correspond to
the instant; because then one would be equal to its double.
The diagrams below will make this clear.

Upon hearing such arguments as these, if they can be
given the respectable name of arguments, we are inclined to
wonder how a man who was willing to propose such things to
an incredulous world could have been remembered so long in
the history of the vorld.

The arguments were, in the light

of natural certitude and the testimony of our senses, false,
Vhy, then, should their author be remembered?

Y-hen we pass

over the few details that we know about Zeno, we are still
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more surprised that such a man should have proposed such
arguments.

,

For we cannot help being impressed by the fact

that he v?as a great mind indeed, that such arguments were, on
the face of It, unworthy of him*
Elea, a town in Lucanla, In Italy, was an Important
center for a Greek mathematical school in the fifth century B.C*
This was the birthplace of the great Zeno,

He Joined the

Elastic school of philosophy, whose master at that time was
Parmenides, a man twenty-five years his senior*

Zeno shared

his interest in political life and, in fact, became his
favorite pupil,

.

when Zeno was forty years of age, he ac

companied his master to Athens where he resided for some time.
While there, he taught; and among his pupils he was privileged
to have the famous Pericles, of Greek historical fame•

Tra

dition has it that on his return to Elea he Joined a movement
to liberate the city from the hands of a tyrant, and after
the attempt had failed, Zeno was captured and put to the
torture.

The courage and fortitude with which he bore his

torments were such as to inspire admiration for centuries.

He

was executed In the year 435 B. C., having lived some sixty
years.

It is difficult to say what contributed most to his

fame, his youthful effort, the one hook, containing the
paradoxes, which he says, in the pages of Plato (1), was taken
4%**#****#%%***»%*****#*#*####*#*#****##*********#«%*%*#*&#***%
(1) Plato, 127, D
and published without M s consent; or the tribute which the
great Stagirito, the philosopher Aristotle pays to him when he
calls him "the discoverer of dialectic.”

In this latter field

#

he was a master; for his Ingenious intellect was supported
In wearing subtle arguments by an Indomitable fighting spirit
which made him come to the fore In defence of his master,
Parmenides, whose doctrine of unity had the whole Greek world
doubled with laughter.

Irked by such insult, Zeno came to

the fore with a set of arguments which some of the chief
talent of the world for two-thousand years struggled In vain
fully to answer.
The real meaning of these argument® will, then, be more
clear when we understand more fully what were the tenets of
Parmenides, the grandfather, as it were, of mechanician!, and
of his Eleatlc school.

i
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CHAPTER 11

The foundation otones upon nhlch Parmenides constructed
Ms

system v/ere his epistemological and metaphysical prin

ciple®,

From the former, namely, that perfect imaglnahillty

is identical with existence, he concluded that everything
existent is extended, or has dimensions because only such can
be imagined.

From the latter, namely, that no vacuum exists >■

but only being, he ultimately arrived at some interesting
conclusions.

If there is no vacuum in which bodies can move,

he must deny local motion; if there be no void by wtaloh
bodies can be separated, he must deny their plurality.
these he did.

And

Moreover, these hypothetical beings could not

differ by non-being nor by being because in that they agree.
Therefor®, M s universe Is a single, extended, and spherical
entity, spherical because he fantastically believed It to be
equally real in all directions.

But one of the moot interest

ing phases of his system is M s denial of the mutability of
this child of M s imagination, M s denial of change.
The dilemma of Parmenides is famous and interGating, an
argument seemingly unanswerable, yet whose conclusion is
obviously contrary to fact.

It is stated thus;

%hat corns Into being, does so either from something or <
from nothing.
But both alternatives are impossible.
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Therefore, nothing becomes, or comes Into being.
From these premises and conclusion he concluded that there
was no change i and from such a conclusion there follows
immediately a logical corollary:

Division of this one being

would be Impossible because division necessarily Implies
change.

And what is the general conclusion derived from all

this reasoning?

A denial of the validity of our senses as

sources of certitude because they invariably experience
change, multiplicity, motion, etc..
Another argument which influenced Zeno and the Eleatic
School in their denial of plurality was the fact that they
thought that plurality necessarily implied beings infinitely
small or, on the contrary, infinitely large.
would argue In this strain:

An Eleatic

If there Is a multiplicity of

beings, each of these must be truly one, that is to say,
indivisible Into other beings.

But to say that the being Is

one. Indivisible, is to say that It has no extension, that is,
devoid of magnitude, the final result of infinitely repeated
bisection.

But it is apparent that the addition of these zeros

to one another will never give us back the original magnitude;
therefore, there is no plurality of being.

On the ether hand,

these multiple beings must be infinitely large.

For let us

suppose that after we have carried our bisection to infinity,
the individual parts possess magnitude; since there is an
infinite number ©f them, the addition of one to the other will
eventually give us a being of Infinite size, which Is Im
possible,

Thus did Parmenides and his school reverse the

/
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proper process In establishing their school of philosophy;
they tried to conform fact to the fallacious conclusion# :Of,
their absurd reasoning.

>
.
Thu® the arguments of Zeno take on the appearance of a

line of reasoning directed to a definite purpose, the
defence of hio master.

But when we consider Tannery's re

construction of the arguments in the form of a dialogue, we
see that they were more than that, that they have a logical
sequence; they are a clever manipulation of four good cards
to block every exit of escape of the enemy.

Tannery claims

that Zeno did not deny motion but wished to show that it
was impossible under the conception of the Infinite division .
of space and tlme to a sum of Indivisible units, or points
and Instants.

In the first two arguments he assumes that

space and time are divisible to infinity, to an Infinite
aggregate of unextended units.

In the last two arguments

Zeno assumes that they are not infinitely divisible but
composed of indivisible extended elements.
of Zeno's arguments in general.

This is typical

Gomperez says of his argu

ments, "Zeno's rigor of thought is not always of true wfeight
and measure. His arguments frequently contain traces of two
points of view, each of which is defensible on its merits,
but is completely incompatible with the other. Zeno would
play off the one against the other; he would couple the con
ception ’of the finite with that of the infinite, of continu
ous space with discreet units of time, of continuous time
with discreet units of space." (1)
(1) Gomperez, Greek Thinkers,

v.

1, pn. 191-204

low for Tannery's reconstruction of the arguments, which
shows their logical sequence.(1)

According to Tannery, Zeno
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I d arguing against plurality but a special kind of plurality
advocated by the Pythagoreans#

According to the Pythagoreans,

a mathematical point is unity having position.

Tannery

interprets this definition as meaning that solids were made
up of the sum of such points, which is, of course, patently
false because a mathematical point is not unity In the realm
of extension but zero.

Hence Zeno, grasping this abstract

concept, leaps to the fray, opposing this idea of plurality
and defending his master's idea of unity.
Tannery*a reconstruction: (1)
soft**»*#**#
(1) Paul Tannery, Revue phllosophlque de la France et de
L*Stranger, X azmee, T. XX (1885), PP. 385-410
Paul Tannery, Science hellene, Paris, 1887, PP. 247-261,
The Pythagorean starts by asserting that a finite
quantity can be regarded as a sum of Indivisibles, the result
of infinite division#

.

Zeno says, In answer, that, this Is impossible because
If we proceed by continued bisection to divide a quantity, if
there is a last term, that last term is zero.

But the ad

dition of zero to zero will never give us our original
quantity; therefore, the theory is false.
The Pythagorean, foreseeing this answer, has his sub
sumption ready,

Xhy, he asks, may not the indivisible parts

have magnitude?
Zeno replies that if that were do , the addition of an
infinite number of these parts to one another would produce
a being of infinite size.

Therefore a finite quantity cannot
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be regarded as the sum of Indivisible parts.
In order to make this point forceful, Zeno advances his
first famous argument, the Dichotomy, the one involving in
finite bisection, in order to shorn that as long as space is
considered as a sum of an Infinite number of indivisible
parts, the result of continued bisection, that space cannot
be covered in finite time.
The adversary now appeals to Aristotle for help.

He

declares that he will not allow the bisection to be carried
to an actual but only to a potential infinity.

Then, since

the space is only potentially infinite, actually finite, it
can be covered in finite time,

.

Zeno, though surprised, has, nevertheless, an an#w#r to
this; it is his famous Achilles, an argument into which bi
section does not enter.
The adversary might have responded that nevertheless
the two arguments are fundamentally the same; and If he
could have proved them false, would have won the debate*
The Pythagorean, however, claims that he has admitted too
much.

He says that time and space are both divisible to the

same number of infinite parts, and hence why may not an
instant of time correspond to a point or position In space,
Zeno, delighted at this response, which gave him a
chance to launch into a new form of argument, now directs
the Arrow at his adversary.

If an Instant of time corre

sponds to a point of space, the arrow at any given instant
must be in a fixed position; but anything occupying a fixed

position at every Instant I d not in motion but at rest.
Hence the arrow does not move,
Zeno's opponent, fearing defeat, replies that he did not
mean each instant to correspond to a fixed point or position
of space but rather to the passage from one position to the
next.
Zeno now crushes his opponent by complacently laying
down his final card, the argument of the Stade,

An Instant

cannot correspond to the passage from one position to another
because it would make all motions equal.

The passage of A

from one position to another in one direction requires an
Instant; the passage of C from one position to another in the
opposite direction also requires an Instant; while B remains
In a fixed position.

Therefore A moves twice as fast with

respect to C as it does with respect to B.

Hence an Instant

cannot correspond to the passage from one position to another
else we wish to admit that one is equal to two.
Thus docs Tannery'a reconstruction raise the arguments
of Zeno from the childish prattle of a schoolboy to con
vincing arguments capable of puzzling both logician and
mathematician.
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CHAPTER III

It villi now be our duty to review briefly the answers
to the arguments from the earliest times down to our own day*
We will trace this history, which Is in reality the history
of the development of the modern theory of limits; and at the
end of the sketch we will see how Its development produced
for the first time a complete answer for the first two of the
arguments.

In the course of the history wo will bring In men

who have treated of Zeno very little if any at all; but they
are men who must be mentioned as contributing greatly toward
the final development of the theory of limits.
The first man to deal with the arguments was Aristotle.
Unlike many of the moderns who regard the arguments as well
nigh flawless In their force and vigor, Aristotle branded
them as fallacies, a name by which they were known for
centuries.

In spite of this appellation, however, Aristotle

devotes a great portion of his works to their discussion.

His

entire Physios is devoted to notions of motion, divisibility,
continuity, infinity, etc.; and he devoted the whole of the
sixth book to Zeno alone.

Aristotle Is the starting point for

all who follow in the discussion of Zeno.
It seems good, though, before storting a discussion of
Aristotle, to review briefly the teaching of the Atomists, a
Greek school of philosophy, of whom Leucippus and Democritus

were the chief exponents, and which flourished in the fifth
eentury before Christ.

It was also considered a school of

mathematics, its chief mathematician being Democritus.

These

men tried to save the facts which Parmenides and tils
colleagues hod denied.

In order to do this, they thought

that they could save also the philosophy of the Eleatles by
simply making one postulate, one change in the system.

They

would restate the metaphysical principle of Parmenides thus:
MBeing is, and so la non-being,"

Thus postulating a void,

would save plurality, for it would provide something by which
bodies could be separated.

It saved motion for it gave

something in which motion could take place.

In order to save

change, they said that Instead of there being but one elastic
body, there were millions of them, so minute as not to be
seen.

These unchangeable. Indivisible particles constitute

the universe, and change depends merely on their collocation.
In view of such teaching, it is not so difficult to
understand the paradox of Democritus.

He tells us to take a

cone and pass a plane through it parallel to the base and
infinitely near to the base.

Hon he asks us what v.c are to

say about the sizes of the two circles produced.

If they are

unequal in area, then the surface of the given cone ascends
by steps to its summit.

If they are equal, then the given

cone was not a cone at all hut a cylinder, which is contrary
to^hypotheses. (1)^
(1) Plutarch, de Comm. Not., V. IV, p. 1321.
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This would seen to be one of the first arguments, because It
seems to be an Implied argument, dealing with the Infinites
imal, in the history of the world.

It would seem to place

difficulties in the way of accepting the infinitesimal, says
Cajorl, (2) and indirectly favors only finite divisibility.
(2) Cajorl, American Mathematical Monthly, V. 22, p. 40
************ **# *****#********#*#******#**'%<WKHHH>* %**#*****#*»

Antiphon, another early (hreek mathematician, was of the
school of Sophists and lived around 420, B. C,.

He is one of

the rare mathematicians among the writers who tried to find
the area of a circle by considering it as the limit of a
regular inscribed polygon of an Infinite number of sides.
First he inscribed a square, or as some hold, an equilateral
triangle, then constructed on each side an Isosceles triangle,
etc..

This was called the method of e x h a u s t i o n I n It he

assumes that straight and curved lines ultimately coincide
and hence are reducible to the same elements. (1)
********* **»**********iHt **************************************

(1) Simplicius, Slmpllcll comment. In octo Arlstotolls
^ ^ p h y s i c a e auscultation!s llbros. ^ Venetll0,^1526,, Jr80^
Any discussion of the history of the arguments would be
sadly lacking without a good exposition of what Aristotle had
to say about them because he was the first to treat them, the
starting point for all who follow, a great Influence upon his
successors In this field.

Too, there are few answers to the

arguments as good as hio for two thousand years.

Certainly no

philosophical answer approximated his and few mathematical
answers for a long, long time*

%*

Aristotle, like Cantor, attempted to answer Zeno by
means of a continuums tot hlo, unlike that of Cantor, was an
, unwieldy tool for the purpose of mathematical usage.
Aristotle1s continuum was the sensuous, Imaglneable con
tinuum of the world of reality; It is essentially one in
being, Its parts being present only potentially, not actually.
Aristotle would define his continuum thus:

A continuum Is

an extended being whose parts are Joined by common limits,
or the parts of which have the same extreme limits.
Things which are extended, according to Aristotle, are
either separated from one another or are touching one
another, remaining, though, a collection of distinct beings;
or they are so joined that they no longer constitute several
beings but one being.
continuum.

This latter Aristotle would call hlo

Then he comes to divide his continue, Aristotle

has some enlightening definitions.

A permanent continuum

Is one whose parts exist simultaneously; that Is, for ex
ample, any natural body.

A fluent continuum

is one whose

parts do not exist simultaneously; such, for example, are
time and motion.

A perfect continuum is one which entirely

fills the space of Its extension, containing no gpps.

Am

Imperfect continuum, on the contrary. Is one which does not
entirely fill the space of Its extension.

A homogeneous

continuum Is one which is of the same material, density, etc.,
throughout,

A non-homogeneous continuum Is one which is of

different density, material, in various parts of its ex
tension.

Of particular interest to us is his definition of
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the flowing or fluent continuum.
About the divisibility of this continuum of M s ,

...

Aristotle says that it is potentially divisible to Infinity
but not actually.

In other words, it contains an infinite

number of potential parts but not an infinite number of
actual parts.

Aristotle rcould admit that continued bi

section of an extended being has no limit, that is, that It
\
can potentially be carried on to Infinity, but that it can
never be carried to actual infinity.

For no matter how long

that bisection is carried out, as long as the parts have ex
tension, more bisection Is possible; so If there were any
limit to that bisection, the individual parts mould have to
be without extension, they would have to be zero, in other
words, in the realm of extension, or mathematical points,
low Aristotle, in order to prove that an extended being can
not be made up of points says the following in the first
paragraph of his sixth book of the Physics, “For neither are
the extreme ends of points one (united), for the reason that,
of an indivisible, the one cannot be an extreme and the
other another part, nor are the extreme ends locally to
gether, since the indivisible can have no extreme,” The
The following diagram illustrates this point.

This saying of Aristotle's is almost equivalent to the proof
from Scholastic Philosophy, itself fundamentally Aristotelian,
which eliminates the possibility of a continuum*a being made
up of points:
From the addition of zero to zero, we can never arrive at
anything.
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But Indivisibles are zero In the order of extension.
Therefore from the addition of Indivisibles v?e can never
get anything In the order of extension.
But a continuum is extended.
Therefore a continuum Is not made up of indivisibles or
points.

Therefore according to Aristotle and the Scholastics,

things continuous are always divisible into parts that are
continuous, or extended, but not divisible to on actually in
finite aggregate.

It Is good for us to remember that

Aristotle considered time and motion as contlnua having the
same property.

Time, therefore, according to Aristotle, is

not made up of Indivisible 11nows’1 or Instants,
then Aristotle comes to the argument of Zeno, he brings
into play this continuum of his.

He says that the argument

of the Achilles assumes an untruth, namely, that finite space
cannot be traversed in anything but infinite time.

How space

and time ore finite and infinite, but in two different senses.
They are finite when we merely consider the distance between
their extremes; they are infinite if we consider the number
ef possible divisions between their extremes.

Comperes is

excellent on this point: “A quantity may be. divisible into
infinite parts, but It does not therefore cease to be a finite
quantity. Infinite divisibility and Infinite quantity are two
very different c o n c e p t i o n s , (1)
##*#####******#H&******####*#4:
**#******&********#%**
(1) Comperes, ibid.
# # * * * * * * # * % « * * % # % % # # # * * % # * # % # x i H HX}**#%*a**%*! HHt5*#**a*w%5**a#*

Aristotle's argument, summed up. therefore, would be this:
The competitors have merely to cover finite distances In finite
time; true, that finite distance and that finite time are both
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divisible to Infinity, but only potential Infinity not
actual infinity.

^

Therefore the competitors do not have to

cover an actually infinite space, nor do they have to do it
In an actually infinite time.

He answers the Dichotomy In

the same way because he says that it is no different funda
mentally from the Achilles, which is actually the case,
Aristotle answers the Arrow substantially in the same
manner as he did the Achilles and Dichotomy.

Space and time

are continue, hence divisible to merely potential infinity.
They are not made up of actual points or instants; hence we
cannot say that the arrow is at rest in the instant.

Motion, ^

as Is also time. Is a fluent continuum and Is not divided
until Interrupted.
The Stade Aristotle considers to be an apparent misunder
standing of relative motion, and as such, easily refuted*
Modern critics here differ with the Stagirltc, however,
because they are unwilling to admit that Zeno could have been
so ignorant of such an apparent protile
Cajorl sums up Aristotle1 s discussion with the follow
ing criticism:

Aristotle does not go quite far enough.

The

first two of the arguments involve the theory of limits, and
the main question here is whether a variable can reach Its
limit. Aristotle does not answer'this question.(1)
**********<*************** ************************ ************
(1) Cajorl, ibid., p. 42
*************************************************************
with the writings of Plato and Aristotle as their sources
of Information, later writers took up the discussion*

Early
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Greek geometers banished the Infinitesimal,
to Simplicius, denied Its existence,
(1)

(1)

Zeno, according
Later Greek mathe-

Simplicius, Physics, 30 a, quoted by Zeller, V. I, p. 615

matlclans excluded it by a postulate.

Thus did Euclid and

Archimedes, who were about contemporaneous with Aristotle in
the third century before Christ,

In his mechanical method of

weighing infinitesimal elements, Archimedes made use of in
finitesimals to suggest the truth of theorems but not to
furnish rigorous proofs,
Sextus Empiricus, the skeptic, a Greek who lived around
the second century after Christ, gives a paradox much like
that of Democritus,

He pictures a line rotating about one of

its end points, each point of the line generating a circle.
The circles, he says, are unequal in area, yet each must be
equal to the neighboring circle.

Concerning the Arrow, he

presents the argument in another form:

A thing either moves

in the place where it is or in the place where it is not; but
both are impossible, therefore, no motion.

He replies to

this argument by presenting another paradox equally hard to
fathom:

A man either dies when he Is alive or when he Is not

alive; therefore, he does not die at all because both alter
natives are Impossible.
Among the Romans Zeno attracted little attention.
Lucretius, who lived in the first century before Christ, used
notions of infinity in arguments concerning the atomic theory.
He said that we must assume the existence of indivisibles, not
points, or else each body would have an Infinite number of

parts and there -would he no difference between the largest
and the smallest object.
Zeno.

Cicero and Seneca merely mention
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CHAPTER IV

St. Aucuetlne (35i^ 3 0 ,

A. D.) x7Qa the onrlleet Church

father to dlacusa Zono'a argumento.

According to Cajorl he

accepted actual Infinity and recognized all finite positive
integers as an infinity of that type. (1)

Without reading

(1) St. Aunaetlno, De Clvltnte Dei, lib. XII, cap. 19.
very extensively in St. Augustine, it would bo hard to make
a proper judgment about his final decision on this point.

His

views changed with time, and he has been quoted In the past as
being an advocate on both sides of disputed points.

In

general, it is most difficult to make a critical textual
study of many of these men prominent in this ho story, one of
the more prominent obstacles being the lack of the original
writings, the sources.

*.e must, therefore, often roly on de

pendable secondary sources, ouch as the studies of the mathe
matical historian, Florlan Cajorl.
Orlgen of Alexandria, forerunner of Augustine, took a
determined stand against actual infinity.

Cantor admits

that his arguments are the most profound that ho ever en
countered against actual infinity.
Thomas Aquinas, the great writer of Scholasticism of
the thirteenth century, the greatest writer of them all,
repeated the arguments of Orlgen and Aristotle in their most
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complete form.

Ills continuum v/ao that of Aristotle; and no

continuum r/as created superior to It for mathematical pur
poses prior to the nineteenth century,
Roger Bacon (1214-1294) v;as the first of the early
English writers to deal with the subject.

He argued against

a continuum composed of indivisibles, not points.
argued against infinity.

He also

Ho said that if time were infinite,

the part would equal the whole, a deduction which ho con
sidered absurd, but which. In the light of modern knowledge
does not appear so absurd.
Duns Scotus, the opponent of Thomas Aquinas, was an
exponent of the views of Roger Bacon.

He and Aquinos,

however, took the same ground in teaching that there were in
the continuum actual indivisible points, but that the con
tinuum was In no way made up of points.
An annotator of the commentaries of Scotus, Frandsous
do Pltlglanls of Arezzo in Italy, in thq latter part of tho
sixteenth century, writes that he is willing to admit actual
infinity to answer the Dichotomy and the Achilles; but ho
fails to elaborate on tho subject.
For a hundred and fifty years, in tho fifteenth and
sixteenth centuries, wo find a vigorous discussion of limits
going on on all sides,

Cusanuo, a Gorman cardinal, (1401-

1465), seems to be one of the chief to give it its impetus.
He considered variability but could not apply it.

He pro

posed the notion of limit but could not pass to it correctly
He also considered the idea of the infinitesimal but could

not use them correctly in calculus.

He held that rules for

the finite lose their validity then applied to the infinite,
a statement which was a great step forward in the study of
the infinite.
The first in order of time after Cusanus was Benedetti,
a distinguished forerunner of Galileo.

In his treatise

published at Turin he held that the arrow, at any point in
its flight, does not cover finite distance, that it differs
from an arrow at rest only in that it has velocity, which
persists even in an infinitesimal time and space.

He would

admit, then, that the arrow, at an indivisible point of time,
is really at rest, except for Its quality of velocity.
Blaneanl of Bologna, in about 1615, tried to establish
the Incommensurability of two lines by supposing that a
common measure could not be applied to either of them; because
first it must be applied to half, then to half of that, etc..
He followed Zeno recklessly.
Galileo perhaps outshines all who went before him in his
treatment of the problem of the infinite. M Galileo approach
ed the problem of Infinite aggregates with a keenness of
vision and an originality which was not equalled before the
time of Dedekind and Georg Cantor,” (1) He hold, though, that
(1) Cajori, ibid., p. 78
the infinite is inconceivable to us as also is the last in
divisible.

He echoed the teaching of Cusanus when he said

that the attributes of greater and smaller do not apply when
said of the infinite.
numbers was infinite.

He admitted that the totality of

Gregory St. Vlneent gives the most important discussion
of Zeno at this time.

His work. Opus Geometricum Quadraturae

Circuit, published in 1647, proved to be a great influence on
those who were to follow in this history.

He was Influenced

by the scholastic idea of the continuum, but he permitted the
division to proceed to infinity.

He used unlimited section

in geometry to get a geometric series, a real infinite series.
He was the first to tell us the exact time and place in which
Achilles overtakes the tortoise; in fact, he was the very
first to apply such a series to the solution of the argument.
Among the many who approved of his method or referred to it
in their writings, we find Leibniz, Saver!en, and Forney.
Descartes in the seventeenth century treated the
Arohilles in much the same way as Gregory St. Vincent,

He,

though, looked upon actual infinity as a mysterious thing,
but not an Impossibility.

In the abstract ho seemed to accept

it, but in practice he seemed to deny it,
A prominent French physicist of the seventeenth century,
Gassendi, claimed that Zeno’s arguments needed no refutation
If w© accept not points but atoms, according to the teaching
of Epicurus of the Atomistic School of Greek philosophers.

In

order to explain the divergencies In the velocities of
different bodies moving over these indivisible elements, he
said that we could conceive of motion as being discontinuous,
only appearing to the senses as continuous.

Slower motion he

would conceive as a mixture of rest and motion.

It to interesting to note that the famous astrologer,
John Dee, denied that two lines of the same number of parts
must be of equal length. He says, "Our least magnitudes can
be divided into so many parts as the greatest. As, a line
of an Inch long may be divided Into as many parts, as may the
diameter of the whole world, from east to west; or any way
extended." (1)
C D Dee, preface to Billingsley's edition of Euclid, (1570)
Thomas Hobbes, the first Britisher after Scotus to take,
up explicitly the arguments of Zeno, lived in the latter
portion of the sixteenth and the first portion of the seven
teenth centuries.

He was a philosopher of some reputation,

but he does not throw much light on the arguments.
Infinite means indefinite.

Kith him,

He takes an agnostic stand toward

the infinite, and he ridiculed those who defended it.
An elaborately critical discussion of Zeno was published
in the Dictlonnalre hiotorlque et critique, publishod in 1696
by Pierre Bayle, the noted French skeptic philosopher.
denies that time is divisible to infinity.

He

He tries to show

that time is made up of a finite number of indivisibles, and
therefore that the Arrow can be answered.

He did, though,

admit that space could be divided to infinity, an actual in
finity •

Later, however, he seems to sneer at those who

advocate it.

He dwelt at length on the Stade.

Ills discus

sion, elaborate though it is, is not extremely enlightening.
His general attitude is that of a skeptic.

He never even

mentions the Important work of Gregory St. Vincent.
Leibniz, a groat mathematician of this same time, also

touched upon the Achilles In M e correspondence•

It Is

apparent, however, that his views on the fundamental conceps
involved changed with the years because he has been quoted .
as being in favor of an infinitesimal different from zero
and again as opposing It, in favor of divisibles and oppos
ing them.

He mentions Gregory St. Vincent and comments

favorable on his views.

Ho says that Gregory and Burcher

de Voider before him had rejected the axiom that the whole
is greater than its parts when applied to Infinity,
does not agree with them, calling their idea absurd.

Leibniz
This

same idea had found clear utterance by Galileo, and it was
repeated again In the eighteenth century by Johann Schultz.
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CHAPTER V

Little vjbb said In the eighteenth century about the
arguments, but there was trercndous activity concerning the
differential and Integral calculus, and consequently a further
development of the theory of limits.

But the progress was

such as not to throw much light on Infinite divisibility or
the ability of variables to reach their limits.
During this time Jacopo Facclolatl, an Italian philo
sopher and philologist, wrote on the Achilles, making an
assumption In accordance with which Achilles can never catch
the tortoise, namely, that Achilles as well as the tortoise
must stop at the points a, b, c, etc., along the route.

This

van not much of an advance.
Father Gerdll, of Turin, (1718-1802) a professor of
philosophy, quotes from an article by a French teacher of
mathematics, 1'abbe Deldler, who said that the conclusion of
Zeno's Achilles Is absurd except on two suppositions, namely:
1.

First that Achilles took an Infinite number of stops

to cover the first meter. In which case he never reached tils
goal,
2.
Ms

Secondly that when he had covered the first meter,

steps became ten times shorter, so that ho could never

catch the tortoise.
Father Gerdll*s comments on this are Interesting,

He accepts

29

the opinion, which has something to toe said for It; and he
offers a novelty of his own.

He says that If the tortoise

is given a lead of one meter, it must travel a distance x
before toeing overtaken, where x equals 1/9, toeing determined
toy the equation:

lOx * 1 f x.

This is correct,

Gerdll

avoided summing an infinite series; rather he determined
the value in one leap.

The number of terms of an infinite

progression has no last term, tout he refused to admit that
number of terms constituted an actual infinity.

His ar

guments against the actual infinite deeply Impressed Cauchy.
Johann Gottlieb Ealddn, professor of mathematics at
Marburg, Germany, In the late eighteenth century, offers a
singular comment on the arguments of Zeno,

He says that

Zeno's arguments are Invalid because he assumes the very
thing under discussion, namely, motion.
From this point on, in reviewing the history of the men
who discussed Zeno or assisted in the development in the
m o d e m theory of limits, we find that the multiplicity of
men is such that It becomes impossible to mention all or
dwell long on those whose discussions fail to throw much
light on the arguments or on the theory.
Newton, however, on account of his reputation as one
of the greatest mathematicians of history, must not fail to
gain mention.

He perceived that variables may reach their

limits, and after all, that question reaches to the very core
of the arguments of the Achilles and the Dichotomy,

30

Biohop Berkeley, of the early eighteenth century, a
great man in the field of philosophy,; tzhere his idealism
rocked the vjorld, v;ao familiar vith Zeno's argumentoj hut ho
did not discuss them critically.-

He did attack severely the

foundations of the calculus; and Minfinite divisibility,
because inapprehensible by our senses, is dismissed from his
philosophy as void of meaning or Involving contradictions." (1)

The Analyst, 1932, a publication of Berkeley on mathe
matics, gave rise to a spirited discussion involving Jurln,
Robins, and Berkeley himself.

The two former differed in

their interpretation of Newton,

Robins claimed that variables

do not reach their limits, but Jurln interpreted Newton as
meaning that they do.

To sum up their discussion relative to

the Achilles, Berkeley did not ask whether Achilles overcame
or hot; according to the teaching of Newton and Jurln, Achilles
did catch the tortoise. Just how is not clears and according
to Robins' teaching, he did not catch the tortoise but allowed
him to come tantalizlngly close,
Arthur Collier, 1713, an English divine and Idealist of
the early eighteenth century, tried to prove the non-existence
of the external world.

He is most interesting, not because

he discussed Zeno, but because he denied all motion, becoming
thereby a most ardent disciple of the ccndluelonB of Zeno,
Hume, another famous E n g i n e idealist, also delved a h l t ^
Into higher mathematics and concluded "that all the ideas of
quantity upon which mathematicians reason, are nothing but
particular, and such as are suggested by the senses aid

imagination and consequently, cannot foe infinitely diviGlble,0(l)
(1) Hum®, Eaeays Moral, Political, and Literary, London, 1898,
V, 11, p. 129
In tho latter fohlf of tho eighteenth century there nao
little discus^.on of Zeno in England,
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do, however, find in

an article by Charles Hutton the statement that the time can
easily bp computed when Achilles will not only have overtaken,
but actually passed the tortoise, a point well made.

Some of

the English mathematicians of this time held with Hewton that
variables could reach their limits, but occasionally there was
a dissenting voice regarding this point.

One of these mathe

maticians, Do Morgan, established the two convergent series,
one for the time, and one for the distance; but he Ignores the
crucial question about whether the limit is reached or not.
In another article he says that the variable is not to become <_^
equal to its limit, and hence his discussion lacks the uni
versality necessary to explain the Achilles,
On the continent, at this same time, we find the same
diversity of opinion on the proper definition of limit*

CHAPTER VI
In the nineteenth eentury v;e find the same diversity of
opinion on whether variables may or may not reach their limits*
Carnot, Cauchy, and Bolzano, Frenchmen, placed no restrictions
on that possibility.

In the United States we find such mathe

maticians as Davies, L'eech, Judson, IVood, and Newcomb divided
among themselves as to the same question.

A, T, Bledsoe, In

1886, an American, holds that variables actually never reach
their limits, Cajorl comments on his opinion thus: "That a
teacher who had pondered so long upon the foundations of the
calculus as Bledsoe had done, could not think of examples of
variables reaching their limits is an Indication that the
application of the calculus to physics and mechanics did not
then revolve the careful attention it deserved." (1)
(1) Cajorl, VI, Ibid,
#*#%%*%#***%%*#%#************ %**%%***#
Cajorl, at the end of this lecture, then goes on to say,
"It Is with the theory of limits as with negative numbers and
Imaglnaries. In the eighteenth century It was felt that,
whether such numbers could exist In algebra, was a matter of
argument and demonstration; now It Is merely a matter of
assumption. The same Is true with the variables reaching
their limits. In modern theory it is not particularly a
question of argument, but rather of assumption. The variable
reaches its limit If we will that it shall; it does not reach
Its limit. If we w i n that It shall not. Our willing the one
thing or the other consists In assuming a continuum in which
the limit Is a value the variable can assume; our not willing
consists In not assuming. In the aggregate of values the
variable can take,_the value_of^the_llmlt." (2)
(2) Cajorl, ibid.
Cajorl her© means that It depends on the nature of the
sequence of values that we assume the variable to take whether
that variable reaches Its limit or not.

If the limit is a

member of the sequence of values that the variable can assume.

then the variable reaches Its limit; otherwise it does not.
la other words, if the upper bound coincides with the upper
limit of the sequence, then the variable assumes the value
of the limit.

An example of this latter would be a se

quence, every member of which is the same.

Another example

would be a sequence formed of the successive approximations
of a terminating decimal, e.g.
.3, .34, .347, .3479, .347926
Whether the variable In the case of the Achilles and
the Dichotomy can reach its limit depends on whether our
sequence of values contains this value or not.

According

to E, W. Hobson and Cajorl, if we h a w recourse to the
testimony of the senses for confirmation of our theory, we
find that Achilles, traveling at a fixed velocity, will
overtake the tortoise in a short time and actually pass him.
Sensuous phenomena, therefore, tell us that we should in
clude in the sequence the value of the limit in order to
allow our variable to reach the limit•
Among the Germans who discussed Zeno we find that Kant
had great influence, and the predominating note among them
seems to he a continual accentuation of the existence of con
tradictions in the problems of motion.
Zeno's dialectics seriously.

Kant himself took

He did not, however, contribute

much towards a clearer understanding of the arguments; but the
value of his work lies in the fact that he induced a much more
critical examination of the subject among his followers.

labBe, a German, published a monograph on Zeno In 1794,
a paper permeated with Kantian philosophy. (1) He discussed
#%%*#*%*%%*%**#****#*#*
(1) C, H. E, Lohse, Dies, de argument!s, Halle, 1794
*#****#****%%************************#***#***##*#*%#*******#*
the arguments except the Stade. He points out as Zeno’s
fundamental error a wrong conception of time and space.
These, he says, in accordance with his school of philosophy,
are not qualities that affect the senses; they are a priori
ideas.

An interesting thought we find in his treatise is

that no cannot consider time as being made up of points else
what happened in an instant would happen in no time at all.
Tills thought recalls Aristotle *s and the scholastic idea of
the Impossibility of a continuum’s being made up of points.
His definition of rest is most interesting; he calls it the
least velocity of succession.

And he says that we cannot

perceive bodies except as they are moving*
Hoffbauer, who heard Lohse present his dissertation on
Zeno for his degree* wrote an article on Zeno himself.

The

interesting thought in his discussion is this, that Zeno only
proves that the faster cannot overtake the slower when the
slower is still in advance.

This sounds perhaps like an

obvious or a silly observation, but it is most sound as we
shall see when we come to build up the infinite series in our
solution of the Achilles.
Oerling, a professor at the University of Uarburg, took
exception to the statements of Hoffbauer saying that Hoffbauer
argues in a circle when he accuses Zeno of so doing because he

mho has not proven the overtaking hao no right to speak of .
the time before or after such overtaking.

Recall that in the

first portion of this work v/e discussed a statement by V/aldin
to the effect that Zeno's arguments mere Irivalid because he
assumes the very thing under discussion.

Gerling comes to

Zeno's defence forty-three years later by saying that in his
opinion Zeno's arguments were indirect, that is, reductions
to absurdity and therefore valid.

Gerling continually harps

on the distinction between continuous and discrete quantity
in the constructive part of his work.

He admits infinite

divisibility of space and time; and he constructs two Infinite
progressions, one for the distance and one for the time of
running. Just as Gregory St. Vincent had done before him, with
the exception that Gerling used letters to denote the suc
cessive members while his predecessor had not.

Gerling did

not discuss the possibility of a variable's reaching its limit,
but he did solve the puzzle since his results do not conflict
with experience,
Hegel, a famous German philosopher, realized the speculatlve importance of Zeno's arguments, claiming that Zeno
had analyzed our conceptions of space and time and had point
ed out the contradictions existent therein.

In time and

space, he says, we find both discreteness and continuity com
bined, two contradictory conceptions; hence in motion, which
involves space and time, we are bound to find contradictions.
Little did he realize that one in the field of mathematics.

Georg Cantor, would eventually harmonize these two conceps
Into the modern continuum, a skillful blending of discrete
ness and continuity.

Hegel defended Aristotle’s distinction

between actual and potential Infinity.

In speaking of the

Dichotomy, he mays that the assumption of half a space is
Incorrect because there Is no half space since space Is con
tinuous.
movement.

Space cannot be halved; space only exists In
Motion, he says. Is connectivity; disintegration

Into parts Is Its opposite,
Herbert, a philosophical opponent of Hegel, since he ;
made Imaglnabllity his criterion of truth, had to throw out the
Infinite divisibility of space and time; and that meant that
he had to throw out the Infinite altogether.

It Is here that

we see the.baneful results of relying merely on Intuition or
on Imagination without the use of analysis In mathematics.

He

tried to explain motion by the concept of velocity; and per
ceiving contradictions in this system, he had recourse to a
rigid line, a sort of continuum.

This continuum of his had

great possibilities if it had been developed; but as it was
it Involved more difficulties than the arguments of Zeno
themselves,
Ueberweg, of the University of Kbnlgsberg, says that the
Achilles proves too little since it merely proves that the
:

tortoise cannot be overtaken within a definite series, and
then Jumps to the conclusion that the tortoise cannot be over
taken at any place or time.

This Is good criticism as we

shall see when we come to construct our series.

Duhrlng, In 1869, diacuoseo the argumento of Zeno and
offers his doctrine on infinity, He battles against the
actual existent infinity, but defines his infinity as a
variable. Increasing without limit but which at any moment has
a finite value.

Infinite divisibility with him means that we

can conceive of division as far as we choose without limit.
but that if wo conceive of this division carried out to an
actual infinity outside of our presentation of it, contra
dictions result.

Motion to him is something to whose ultl-

mate reasons we cannot arrive.
An exposition, published in 1867 by Loews, is referred
to by Knauer as the most acute and satisfactory explanation
yet offered. Loewe says, "The solution of the riddle appears
to us to lie in the knowledge that contradictions must arise
Inevitably, as soon as space, time, and motion are considered
at the same time from the stand-point of sensuous presentation
and of non-sensuous conceptual reasoning," (1) This is a most
#**#**%**m *********%*****#*****************%*** $:•axa**********
(1) J. H. Loewe, op. cit,, p. 32
Ylncenz Knauer, Die Hauptproblems der
ne
********** X* * * * * * * * * * * * * * * * * * * * * * * * * * *
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sage observation since one point of view Involves the use of
the imagination and the other the use of pure reason.

The

Imagination can follow division only to a limited degree, then
all beyond is the work of pure reason*

Loewe, however, seems

to hold to the old view, namely, that thought can recognize no
end to motion over an infinite number of divisions; hence the
contradictions must stand.
This last statement reflects the prevailing attitude of
all the German philosophers and mathematicians who discussed
the arguments and infinity since the time of Kant.

They

continually accentuate the existence of contradictions In
the Idea of motion.
Some Englishmen of the nineteenth century also came
under the Influence of Kantian philosophy "because we find an
article In the British Encyclopedia of the time and a dis
cussion by Sir 17111lam Hamilton showing this Influence.
Kill, the famous English Idealist, discusses Zeno but
offers In his solution of the Achilles nothing new.

Herbert

, Spencer discusses time and space In an Interesting fashion.
"Ultimate scientific Ideas, then," he days, "are all repre
sentative of realities that cannot be comprehended........
halve and again halve the rate of movement forever, yet
movement still exists: and the smallest movement is separated
by an impassable gap from no movement." (1) It Is most probr
************ ***4HHW»********&*****i;***&%******HHHH»*****%*-%*#*

i. Spencer, First Principles, Hew York, 1882, pp. 47-6?
***%# *******************
able that when Thomas Brown and Sir Killian Hamilton and
Spencer speak of the Incomprehensibility, the Inconceiv
ability of motion, of Infinite divisibility, they probably
,mean that such concepts or processes are unlmaglneable, that
they are beyond the pale of our sensual Intuitions,
It is most surprising that among the English authors who
discussed Zeno we should find two m m who have immortalized
themselves in fields far foreign to mathematics and even
philosophy, Do Qulncey and Coleridge.

Among the writings of

the former we find the following most Interesting quotation:
"I had remarked to him (Coleridge) that the sophism, as It is
usually called, but the difficulty, as it should be called,
of Achilles and the tortoise, which had puzzled all the sages
of Greece, was, in fact, merely another form of the perplex
ity which besets decimal fractions; that, for example. If you
throw 2/3 Into a decimal form, it will never terminate, but be
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,6666666, etc., ad Infinitum,
'Yes,' Coleridge replied,
•the apparent absurdity in the Grecian problem arisen thus,—
because it assumes the infinite divisibility of space, but
drops out of vien the corresponding infinity of time.* There
mas a flash of lightning, Which illuminated a darkness that
had existed for twenty-three centuries.” (1) As a matter of
(1) De Qulncey, Talt's Magazine, Sept., 1834, p. 514
tact, Aristotle, the Greek Philosopher, seems to have said as
much as this sage Englishman about tv/enty-one or so centuries
previously.
Cajori says that a full explanation of Zeno's arguments
requires two admissions, namely, the existence of an actual
infinite aggregation and the idea of a connected and perfect
continuum.

The idea of a dense, perfect, and connected con

tinuum, as a useful and elegant mathematical tool, is some
thing without which we could hardly get along in modern mathe
matics; but the existence of an infinite aggregate in the
world of reality is something that is not necessarily to be
admitted.

It is totally unlike the pure mathematician to

demand the actual existence of anything that he may find help
ful in his field of endeavor,

when the pure mathematician

does so, he steps into dangerous territory; he enters the
realm of the scientist or of the philosopher.

His duty to

mathematics is to make his postulates, build up his system in
accord with these systematically chosen postulates, and leave
the existence or non-existence of his tools to the speculation
of philosophy or science.

The Cantorian continuum involves

an Infinite aggregate, but that does not mean that we must
postulate the actual existence of this aggregate.

Mathematical
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points, lines, planes, are all most useful instruments of the
mathematician; but not one of us ever saw such things walking,
even In a dream.

They &.mply do not exist in the world of

reality out side the mind, even though they have a foundation
in the world of reality,

Rather, therefore, than to arouse

the ire and indignation of philosophers and more conservative
mathematicians by a dogmatic affirmation of the existence of
the infinite aggregate, why not attribute to the Cantorlan
continuum the same kind of existence that we attribute to the
mathematical point, the mathematical line, and the mathemati
cal plane?

Let us say that the continuum is a thing of the

mind but that it has a firm, foundation in the world of
reality,

Let us make the continuum a postulate, the utility

of which Justifies Its postulation.

It produces good results,

results in conformity with known sensuous phenomena; there
fore we shall assume that its use is justifiable.

Listen to

E, W. Hobson, a man aptly fitted for decision on this point,
"in the most abstract branch of Science, Pure Mathematics, the
powers which the mind possesses, of idealization and general
ization, have been so extensively employed that conceptual
schemes have been erected which are not known to be applicable
to the description of any physical phenomena, although such
schemes could never have come Into being without an ultimate
starting point In physical perception," (1) Bertrand Russell
(1) Hobson, The Domain of Natural Science, p. 48
voices the same sentiments when he says, "I do not see any
reason to suppose that the points and instants which mathe
maticians Introduce in dealing with space and time are actually
physically existing entitles,..... " (2)
*:-•:s**** •• ^ x
•:>x
3
’Hr
(2) Russell, Scientific Method in Philosophy, p, 131
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Comparatively feu men In the history of the arguments
admitted unreservedly the existence of the actual Infinite,
and there uere many men of acute perception mho denied It,
In the nineteenth century, however, more men began to favor
such an existence,

'Tore famous among these were John Bolyai,

Bernard Bolzano, and the Immortal pair. Cantor and Dcdeklnd.
Welerstraas helped In the development of the continuum by
banishing all Infinitesimals which do not conform to the
Archlmedlan postulate, that Is, Infinitesimals considered as
constants smaller than any assignable number.

These men did

not write directly on the arguments, but they formulated the
theory on which two of them were ultimately solved.
The banlshoent of the Infinitesimal, which formerly had
been surrounded by an air of mysticism, and the development
of the Cantorlan continuum with its unique blending of dis
crete and continuous quantity were developments In m o d e m
mathematics that were looked upon by such men as E,

T.v,

Hobson,

Russell, and Whitehead as great strides toward great mathe
matical rigor.

But such a view was by no means universal;

it was still possible to.find those who championed the cause
of the infinitely small.

There were to be found those who

claimed that Cantor's continuum was not the only non-contra
dictory continuum.

Veronese, an Italian, proceeded to build

up a continuum made up of Infinitely small distances, and
this continuum took the name of the Veronese continuum.

As

far as is known the arguments of Zeno have never been treated

on tho basin of this continuum.

Even in our ovm America

there v/as a aioeenting voice in the person of C. S. Peirce,
who adhered to the old idea of the infinitesimal.
After the time of the introduction of Cantor's continuum,
v/e still find, therefore, a dissension regarding the argu
ments and the idea of infinity.

In 1882 du Bols-Reymond

published a book, which* although lacking the originality and
depth of Dedekind and Cantor, is interesting in its dis
cussion of the fundamental concepts of mathematics. (1)
(1) Paul du Bols-Reymond, Die Allg. Punctionen theorle,
Tubingen, 1082, p. 2
Paul du Bols-Reymond, op. cit., pp, 110, 111
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Regarding the idea of limit, he says that the difficulties
surrounding it are not mathematical in character but have
their roots in our conceptions.

He then goes on to say that

there are two classes of conceptions, those of the idealist
and those of the empiricist which have equal rights to serve
as fundamental views of the accurate scientist because
neither yields contradictions.

The imagineable and tho un-

imaglneable have equal rights to existence in the view of tho
Idealist; his is the transcendental attitude.

The idealist

will recognize the existence of a series, not all of the terms
of which are given.

The empiricist, on the other hand, bases

his scientific conclusions on sense-perception.
able is to him non-existent.

The unlmaglne-

He will take into account only

the members given in an infinite series.

He would have no part

in the continuum of cantor because it is beyond the reach of
the Imagination.

It is deplorable that de Bols-Reymond does

not criticise and choose for himself one of these views.
Vigorous discussion of Zeno started in France In 1885,
extended over a period of over ten years, and included a
large number of authors.

Just as the German authors immedi

ately following Kant had harped on the contradictions Involved
in the Idea of motion, so these French authors emphasized In
their solutions the postulate of the discontinuity of space
and time.

The discussions are noticeable lacking in refer

ences to the Cnntorlan continuum because at that time Ills ideas
were new and not fully developed.
One of these more interesting discussions of Zeno had as
its author a man by the name of Frontera who was a mathe
matician uninfluenced by the views of Cantor,

He says that

Zeno considered only space when he should have considered time
and velocity as well, that the sum of the infinite series,
y, 4, etc., cannot be Infinite, as Zeno claimed, but only
finite.

He wrote down the convergent series for the time In

volved, and he Insists that the velocities must be maintained
to the end.

This latter statement is most helpful in our

analysis of Zeno; because when we try to picture to ourselves
the race, we Invariably imagine the faster of the two compet
itors losing velocity so as to remain behind the slower.

This

is a trick of the imagination of which Zeno appears to have
taken full advantage.

V.e must remember that Achilles is

running ten times faster than the tortoise and that he main
tains that speed till the very instant of the overtaking.
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G» Mouret criticises Front era for allov.inr: the variable
to reach its limit without realising that right here the kernel
of the difficulty lies.

According to the former the Achilles

Is a real attack on the foundation® of convergent series and
#
the Infinitesimal calculus.
According to Couturet, the essence of Zeno's argument
consists In this, that Zeno thought Achilles had to go through
an Infinity of spaces before reaching his goal.

According to

Zeno any movement Involved an actual infinity of parts, some
thing which he argued to be an Impossibility.
In 1893 Noel contributed another article on the arguments,
an able discussion, but not eo valuable by reason of the fact
that its author does not always let it bo known what he Is
assuming and what he is logically proving.

The parts of the

path are all given, according to him, and we are not bound to
number them.

Cut these infinite parts do not affect the

nature of the motion over then; that Is, they do not affect a
division of the notion*
be actually divided,
but a becoming.

notion is continuous and henco cannot

notion is not a succession of positions

Noel did not favor discontinulty and could

not admit the existence of minimum space or time, and he took for
his reason for such denial the arguments of the Arrow and the
Stade.
That motion is a continuous thing, seems to us to be almost
self-evident.

If motion were discontinuous, there could be

pointed out a point on its path where the motion ceased.

Then

the motion from the beginning up to that point is a continuous
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motion.

If 'it la argued that even in that path there I d a

point of discontinuity, vzc can come back with the same argu
ment.

No crtter hou short the notion to the first point of

discontinuity, therefore, that motion must be continuous; and
we must remember that when we break the progress of a moving
body, we automatically stop that motion.

If we again start

the body In its notion, we begin a now notion*

It might be

argued, however, that the moving body appears at one point,
disappears, and appears at the next position in its notion.
Then we must admit, if the bodies are to be one and

the

aniMlation and subsequent creation of the same body.

came,

If the

bodies are not the same, we must admit anihllatlon of the old
and creation of a new body in the now position.

The absurdity

of calling on Omnipotence to explain the everyday phenomenon
of motion Is apparent in its absurdity.

If we postulate a

disappearance and appearance of the same body, we enter a sort
of mysterious spiritualistic course that violates the ordinary
appearances of cvcrday life.

The only sensible conclusion,

therefore, is that motion is a continuous phenomenon.
Two other Frenchmen, around the end of the nineteenth or
at the very beginning of the twentieth century, became
champions of the discontinuity of space and time, Evcllin and
Lechalas.

The latter studied Cantor and was ready to admit

actual infinity when confined to abstract number, but he saw
contradictions in its realization.

Ho denied the possibility

of a real continuum, that is, a continuum in the world of
reality with absolute continuity between its component members;

I

46
and his natural conclusion vzao that therefore space and time
are discontinuous.

Both of those non v;avo discontinuity, as

if It v;ere a magic rand, over the argument of the Stade In
order to get one of the moving objects past the other without
ever meeting it.
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CHAPTER VII

'

At the beginning of the twentieth century the dis
cussion in France quieted dov/n to the extent of only t m
articles In the first decade#

The second of these, by

Dunan, saw the difficulties vanish if the space over which
the bodies travel be conceived as one and indivisible, with
out parts,

if by parts, he means actual parts, then he is

simply repeating what Aristotle had said in the fourth
century before Christ; and it seems most probable that this
is the correct interpretation when we are speaking of the
world of reality,
Bergson, famous in the world of philosophy, speaks
about Zeno and insists that we separate the movement from
the path over which the movement takes place, an extremely
helpful suggestion.

He says that the arguments gain their

subtlety from the fact that they make to coincide time and
movement and the path which underlies thee.

This underlying

path or lino is capable of subdivision, and Zeno has clever
ly induced us to apply the same property to time and motion.
In the Dichotomy ho supposes the body to be at rest, then he
proceeds to consider the infinite ouhdlvisions that must be
traversed.

In the Achilles we cannot place the same accusa

tion against Zeno because he really has the bodies moving in
that argument; but there is that same confusion of the path
with the movement,

We lose sight of the fact that the two

bodies are travelling with unequal velocities, velocities
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which perclot right through to the end.of the race; we lose
sight of this fact, as we said, and make the contestants con
form to a mental or imagined law of our own*

Bergson then

.goes on to say that in the Arrow and the Stade the same con
fusion of the path with the live motion and time is at the
root of the entire difficulty.

Regarding the Arrow, In a

later study of the arguments, Bergson makes the following
statement, "Motionless in each point of its course, it is
motionless during all the time of its moving. Yes, if we
suppose that the arrow can ever he In a point of its course.
Yes, again, if the arrow, which is moving, ever coincides
with a position, which is motionless. But the arrow never Is
in any point of its course. The most that we can say is that
it might be there. In this sense, that it passes there and
might stop there....... " (1) In another place he adds a
(1) H. Bergson, Creative Evolution, transl. by A, Mitchell,
London, 1911, pp, 325-327
truism when he says, ”A single movement is entirely, by the
hypothesis, a movement between two stops; if there are inter
mediate stops it is no longer a single movement." (2.)
(JL) Bergson, ibid.

x
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There have been many 'men who have discussed
views; but most notable, perhaps, is the great mathematical
philosopher, Bertrand Russell.

Speaking of the Bcrgsonlan

view, he writes, "Mathematics conceives change, even
uous change, as constituted by a series of states;
on the contrary, contends that no series of states can
sent what is contuous, and that in change a thing is
ask Russell a ^ ^ ^
(3) Russell, Philosophy of Bergson, The Konlot, July, 1912
question in defence of Bergson:

How do we know that mathe

matics, the science in Which reality has been idealized to
the nth degree, how do we know that this science correctly

49

explains change as change takes place In the world of fact?
True, mathematica, by Its methods of idealization, has been
able to help the natural sciences in search for explanations
and examinations of natural phenomena; but mathematics, pure
mathematics, should never soil its integrity by presuming to
claim that anything exists or is true In the world of reality
Just becausa it la mathematically true or mathematically
useful.
Thus we see that among the modern French authors the
Cantorlan continuum has failed to gain the consideration
that it deserves,
Russell, in his explanation of the Achilles, first gives
an explanation of infinite number and of the modern continuum;
and then he proceeds to give a version of the Achilles that
is unlike that of any other mathematician or philosopher in
the history of the arguments.

Aristotle had said that Zeno

based his argument on the contention that a line cannot be
divided into mathematical points.

Russell, on the other hand,

says that Zeno based his argument on the assertion that the
whole is greater than any of its parts.
support Russell.

History does not

Russell gives us the argument that Zeno

might have used but did not.

If Zeno had argued as Russell

said he did, his argument would have been easy to refute,
Russell’s discussion of the Arrow is most interesting
in that he, unlike practically all those who had gone before,
admitted Zeno’s conclusion that the arrow is at rest in the
Instant because wclerstrass had successfully banished the

■
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Infinitesimal, the Infinitesimal, namely, that did not con
form to the Archlmedian definition.

At the end of this

paper tie shall present our ovm views on this argument.
That a variable cannot reach its limit was still wide
ly held at the beginning of the present century.

But at

the present time, after the creation and study of the
Cantorlan theory of sets and of limit, the question as to
whether a variable can reach its limit or not is not one of
importance.

The nature of the sequence or of the variation

determines whether or not the limit is included among the

aEGrogate of values that the variable can assume.

:'odcrn

definitions are singularly free of the old-time idea of the
infinitesimal and the air of mysticism which often accom
panied it.
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CHAPTER VIII
Throughout the history of this paper we have made con
stant reference to the marvelously elegant Invention of
Georg Cantor In his mathematical continuum.

In the latter

pages we said that we would like to call it a production of
the idealistic mathematical mind with a firm foundation In
reality.

r,e shall now attempt to show how the mathematical

invention was made necessary to avoid contradiction and how
the mathematical continuum found a solid foundation in the
world of reality.
The first question to ask ourselves is this:

Is the

notion of the mathematical continuum drawn simply from ex
perience?

If this were so, then the sensations, the raw

data of experience, would be measurable.

At a very recent

era in the world's history the invention of Fechner'o law,
according to which the sensation is proportional to the
logarithm of the stimulus, would be- apt to make us believe
that these sensations are measurable.
?hen we come to Inspect more closely, though, the experi
ments by which this law was formulated, we find that we are
apt to conclude that sensations are not measurable,

re are all

familiar with the old practice of handing two objects to a
person and asking him which of them la the heavier.

V.hen sub

jected to the test ourselves, it Is easy to remember how
difficult It was often to make the proper decision.

A weight,

for example, of 16 ounces Is hardly distinguishable from one
of 17 ounces.

Let us lable the first A and the second B,

If
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V1Q n0T7 take a weight C of 18 ounces, v.c find that B cannot
bo dlstlngulahed from C but that A is easily distinguished
from C.

As far, therefore, as experience goes, the results

of our experiment night be expressed in the following
notation:
A=B,

B=C,

A<C

w M d i might be regarded as characteristic of the physical
continuum.

But there is here an evident discord with the

principle of contradiction, and to remove It the mathemati
cian has been forced to the Invention of the mathematical
continuum.

T.'e cannot bring ourselves to believe that two

things equal to a third are not equal to each other; there
fore, v/e are forced to derive the apparent conclusion that
A is not equal to B and that B is not equal to C, but that
the lack of minute perfection of our senses made us unable
to distinguish between them.

The mathematical continuum Is,

therefore, an invention of the mind; but it was impelled to
that invention by experience.
As for the actual creation of the mathematical continuum,
we must precede by two stages.

In the first stage it would be

sufficient in accounting for the facts to interpolate between

A and B a few terms, discrete terms.

Suppose that in order

to do this we have recourse to some instrument to supplement
the weakness of the senses.

A and B, formerly indistinguish

able, now become distinct; and it becomes possible to inter
calate a new term D between them, but distinguishable from
neither A nor B, etc..

Although we continue this process.

using more and more perfect methods of science, the results
of our experience

t;111

always carry the characteristics of the

physical continuum and Its apparent contradiction.
To escape this contradiction the only way left open Is to
Intercalate new terms between terms already distinguishable
and to carry on this process Indefinitely.

The only way in

which we can conceive of tills process* stopping In for us to
Imagine an Instrument so powerful as to resolve the physical
continuum Into discrete elements.

But It Is always the eye

that looks. Into the telescope, for example, and therefore the
Image observed must always retain all the characteristics of
the object unmagnlfled. In other words, of the physical
continuum.
Again, there seems to be no distinction between half of
the length of a line doubled under the microscope and the
whole line not under the microscope.
equal the part*

The whole seems to

Here appears another contradiction, or an

apparent contradiction. If the number of parts or terms is
taken to be finite.

The contradiction disappears, however,

when we take the number of terms to be Infinite.

For example,

there Is no intrinsic contradiction In taking the aggregate
of whole numbers to be similar to the aggregate of even
numbers, even though the latter Is only a part of the former.
Not only, however, on account of the fact that we wish
to avoid these contradictions, do we Invent the continuum of
an infinite number of terms.

iVe know from experience that wo

can add unity to a collection of units, and wo have the
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feeling that v:e could

ro

on forever adding unity to the ever

Inereaeinc collection of unite.

Although v.e have never had

occasion to do ao, re feel that r.e can count indefinitely,
that we have an unlimited power of doing no.
We shall define, therefore, a mathematical continuum of
the first order to be every•aggregate of terms formed accord
ing to the same law as the scale of commensurable numbers.
When, however, we Interpolate new terms, incommensurable
terms, we obtain a continuum of the second order.

It will

now be our duty to explain the need and formation of this
latter continuum, the invention of which becano necessary to
explain certain difficulties.
When we try to imagine a line, we find that we cannot
do so without representing It as having a certain breadth.
Two such lines of the imagination, if they cross, cannot but
have a common part. The pure geometer, though, goes a bit
further.

He tries to obtain the concept of a line without

such breadth and of a point devoid of extension.

He does this

by representing the line as the limit towards which the con

stantly narrowing band tends and the point ao the limit of an
over decreasing area.

Cur two lines, then, when they Inter

sect, will always have a common area; and it is this area
that the geometer calls the point.
But suppose we consider lines as being continua of the
first order, that Is, having only points whose coordinates
are rational numbers.

Right away there would appear a con

tradiction if we were to agree to the existence of straight
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lines and circles,

Supnoee, for example, that ve admit as

real only those points having rational numbers for coordi
nates,

If v;e then inscribe a circle In a square, the diago

nal of the square mill not intersect the circle because the
coordinates of their intersection are irrational.

But if v/e are to postulate some of these incommensurable
numbers, me must postulate all of them to make our con
tinuum complete.
Suppose v/e imagine a straight line divided into two
parts,

I say imagine; in that event they will appear to us

as narrow bands as before.

These bands touch one another

since there is to be no interval between them.

As the bands

grow more and more narrow, we shall always admit the in
tuitive truth that there is a point in common between the two
rays.

This approaches somewhat the conception of Dedekind,

in ?/hlch an irrational number is looked upon as the common
boundary between two classes of rational numbers.
the origin of the continuum of the second order.

p

Such is x

Without going Into detail regarding the more complex,
detailed characteristics of the mathematical continuum, we
have gone through this intuitive process to show the need for
a pure mathematical continuum, free from such intuition.

Ve

have tried to show how the creation of the mathematical con
tinuum is justified by the contradictions apparent in the
physical continuum; and we have tried to show how the mathe
matical continuum ha#e its foundation in the world of
reality even though a masterpiece of the human mind.
This continuum of ours, however, once formed, does not
rely on intuition but upon the notion of number and order.
It Includes the aggregate of rational numbers, integral and
fractional, positive and negative; we then extended our con
tinuum till it included irrational numbers because we found
by experience that their postulation became necessary.
There is one property of this continuum, among others,
which bears particular attention, and that is its density or
connectedness.

Though it appears to be made up of distinct

units, nevertheless it also has a continuity of its own,

’
.Ye

can hardly speak of two consecutive points because between
any two it is always possible to Interpolate an infinity of
others, no matter how close together our two points be
chosen.

This property makes the arithmetic continuum par

ticularly adaptable to the measure of spatial and temporal
magnitude, the kind of magnitude that we have before us in
the arguments of Zeno.

When

ve

v;loh to define a point on our continuum,

vie

have refuge in the Dedekind "cut," a mo at unique mathematical
artifice.

If the number IS a rational number, then v;e can

consider it as dividing the aggregate of rational numbers into
two parts, an upper set S, and a lower set S^, every number
of the upper set being larger than any number of the lower
set.

The number n may be considered as belonging to the

upper or to the lower set.

If it belongs to the upper set,

it is then the least number of that set; and the lover net has
no greatest number.

The reason for this latter statement is

that always we can interpolate between n and any number of the
lower set an infinity of other numbers, all of the lower set.
If, on the other hand, n belongs to the lover set, it is the
greatest number of that set and the upper set has no least
number.
Another "cut," though, is possible.

Supposing that we

cut the aggregate of rational numbers into two sets, as before.

Let one contain all the positive numbers whose squares ore
greater than two; let the other contain all the positive num
bers whose squares are less then two, Here we have two sets,
just as in the former example, but the upper set has no least
and the lover has no greatest value. A cut of this typo de
fines an irrational number, in this case the square root of two
Every irrational number, therefore, can be represented by a
point in accordance with the Cantor-Dedekind postulate, a most
valuable step in mathematical progress.

Belov; are Dome example□ of the "cut" In v.hlch v.c alwayo

have txvo sequences, the upper and the lower.

The fact is

that in every measurement there arc always two ouch se
quences whose extension depends on the perfection of the
instruments used in the measurement.

e.6.

L.
R#

2 , 2 .6 , 2 .
3, 2.7, *

Another example, the expression of 1/3 in decimal form:
L.
ft.

* S: M

m

The two sequences which define pi (tt), the irrational, arc:
L.
R.

• ?:i: ?:S:

•#

!:

* *

Finally the classical example of an Irrational, the square
root of two:
R.

1 , 1 .4 , 1 .4 1 ,^ 1 .4 1 4 , 1 .4 1 4 2 ,. . . j . . . 1.4143, 1 .4 1 5 ,^ 1 .4 2 , 1 .5 , 2

..
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f Shortly ago v:e said that the mathematical continuum v;aa
v;ell adapted to the measurement of spatial and temporal macnitude.

Let us nov; apply It to the solution of the Achilles

and the Dichotomy, the first two of the arguments of Zeno.
First let ue glance at a table which shows us graphically
what happens in the race between Achilles and the tortoise,

both with respect to the time and the distance between them:

Sec. Achilles Tortoise
0

0

At

A C

10

10
1

r.

10

11

1
*1

2

11

11.1

3

11.1

1 1 .1 1

.1
.01
e vU JL

4

1 1 .1 1

1 1 .1 1 1

.001
.0001

5

1 1 .1 1 1

1 1 .1 1 1 1

.0001

From this table it is easy to see how meaningless is the ex
pression, ”Achilles will liSVER

tortoise."

The

column entitled dclta-t (<ns) shows us that the overtaking is
evidently going to take place in a very, very short time.
The column headed delta-s (^c)

us that the distance

between the competitors is getting smaller with rapidity.
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Now lot us work out mathematically juot where the over
taking takes place:
Prom algebra the sum of any geometric progression,
SM= a 4-ar 4...............+ ar^"'
(l-r)s = a 4-ar + ar+
/t‘
-sr—

/H.

- a- or
, ApcZCl.
1-r

If r<l and n — ^ <*»
i-r

In the Achilles our series for the distance is the
following:
S^= 1 1 1/10 4. 1/10%. 1/10%.. •

li» ^

l £ M l A o l l . _ l _ 0-_ 10/9= 1 1/9 m=t=ra

lAo
{::i

The overtaking, therefore, takes place 1 l/9 meters from
the storting place of the tortoise.

The series for the time,

in the cose of the Achilles, is exactly the same.

The over

taking, therefore, takes place 1 i /9 seconds after the start
ing signal.

It is easy to see from the last result that the

overtaking takes place rapidly.

Our results in both cases

agree with the results of experience, and this is thv. fact
that makes our postulation of the mathematical continuum
Justifiable.
In the case of the Dichotomy we have a distance series,
and we could have a time series if the rote of travel wore
given.

The pro

lira

so is
£U=

& +

^

t* ***

s«-

t?ri-t&n

■»*...
t-

-i,

r

v;ith regard to the Arrow, there will probably be a
word to cay ao long as non live; but we like to fall back
upon Aristotle, not because he Is Aristotle* but because hlo
view Is reasonable and cost likely in accord with fact.

Such

a statement to the effect, nancly, that Scholasticism used to
or does take the view of Aristotle just because it is the
view of Aristotle is absurd.

Scholasticism clings to the

latest data afforded by science, watching with careful eye
the proofs for latest theories.

V.hcn finally the modern

scientist has at last established his theory without the
least shadow of doubt. Scholasticism makes use of the new in
formation, the new ideas, in its own development and growth.
But Just as in all sciences, men have recourse to the
opinions of the greatest in that field when a point of dis
pute arises, so do the scholastics have refuge in the views
of such men as Aristotle, Thomas Aquinas, Scotuo, Suarez, and
other#.

But back to the Arrow, it seems to us that Aristotle
was right when he said that neither time nor space were dis
crete quantities, but that they were continuous quantities.
It is possible to divide space and time but not to an actual

which are hardly separable.

Then there is the syllogistic

proof in the beginning of this paper, to the effect that a
continuum cannot be made up of points; and space and time
appear to us to be of the most perfect continua of the
physical v/orld.

Space, therefore, is not made up of points;

and time is not made of corresponding instants, unextended
time elements.

Hence, in the case of the Arrow it is Im

possible to say that at any one Instant the arrow is in this
place or that; it is always engaged in passing from its
starting place to its final goal.

If the arrow is stopped

in its flight, then it is no longer moving towards its goal.
Regarding the Stado, we still feel that Aristotle was
fundamentally right when he said that the problem is re
ducible to that of relative motion*

Granting that an Instant

corresponds to a passage from one point to another in space,
that means that A moves one point with respect to B and two
with respect to C in one and the same Instant.

make one equal to its double?
moving in the same instant,

But does this

Hardly, because C is also
uhat is it hut relative motion?

But we will not grant that space and time are made up of
points or Instants, and hence wo hold that it is not proper

to speak of continua, such as they, as Zeno does in his
famous argument, They are continua; therefore not made up of
points; divisible, but not to an actual infinite number of
parts.
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