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ABSTRACT

This thesis rigorously defines a linear control, 
problem in the framework of Tricotyledon Theory of System 
Design (TTSD), which leads the designer to an algorithm 
for solving the problem and which merges the classical and 
optimal control specifications on a mathematical basis. ■ 

Since TTSD is a new theory that aims at the 
designing of large scale systems which need interdisci­
plinary teams from all related fields, it is hoped that 
this thesis would serve as an introduction to TTSD to 
those from the control field participating in a large 
scale system design.



CHAPTER 1

INTRODUCTION

The field of systems control evolved just prior to • 
the second world warj its infant age could be characterized 
by unity feedback closed loop control (9), the frequency 
response methods of Nyquist (12) and Bode (4) and the .

< graphical root locus method of Evans (5)« At that stage,
the design work was done by trial and error. As the i960!s 
approached, the introduction of the concepts of control­
lability and observability by Kalman (6, 7), arid the 
emphasis on matrix algebra brought on the adolescence of 
the control field. The need for precision and optimization 
in the space age motivated the early maturity of the con­
trol field. The expansion of the old mathematics, for 
example (1, 2), the second method of Liapunov, along with 
the introduction of new ideas in mathematics, for example, 
the maximum principle of Pontryagin (in 13) and the 
dynamic programming technique by Bellman (in 3), have 
triggered the modern approach to the control field. The 
optimal control design to maximize or minimize a certain 
performance index is gradually gaining popularity.
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The early - stages of the control field could be 

described as arithmetic or algebraic. The mathematical 
tools used were nothing more than Laplace or Fourier trans­
forms and complex variables. The system under study was 
usually described by linear differential equations. The 
brute-force approach by the control engineers was despised 
by the mathematicians. Practical engineers and mathemati­
cians could not be reconciled. Those between, namely, 
engineers with mathematical concepts or mathematicians who 
tend to be practical, strained to close the gap. The 
harvest of this endeavor was the birth of system theory.

The gap has been closed somewhat, yet another 
drawback has not been overcome. The applications of the 
various aspects of system theory are too limited to their 
individual purposes. When it comes to an operative, 
large-scale project that interrelates two or more fields, 
a lack of communication is usually felt. The need for com­
munication among all professionals motivated the develop­
ment of a widely applicable, rather universal system design 
methodology, namely, the Tricotyledon Theory of System 
Design (abbreviated TTSD) (15/ 16). TTSD has been shown to 
be applicable to many fields (15, 16)j control systems are 
not exempted.

This paper not only attempts to demonstrate that 
TTSD indeed encompasses control systems, but also the
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design methodology of TTSD can be used to achieve an opti­
mal design of a control system so as to meet a given per­
formance criterion. A classical problem in control theory 
is attacked within the framework of the system design 
methodology based on the TTSD. The object is to demon- ■ 
strate the specializations necessary in the system design 
methodology in order that the optimal solution of the 
classical problem is also the optimal solution in the 
framework of system design methodology. The development 
of this paper is done at such a level that knowledge of 
TTSD and optimal control design is presumed. References 
provide the necessary background if needed. . The remainder 
of this chapter presents the problem in the form of a state 
variable model. The example is quoted directly from 
Schultz and MeIsa (14). The performance index is obtained 
by means of the model response (14). The given plant is 
to be controlled to meet a certain input-output criterion. 
It is assumed that the ordinary differential equation 
describing the dynamics of the plant is given. In Chapter 
2, the plant is modeled by TTSD, the desired input-output 
characteristic is. described. The plant is tested to see 
if it satisfies the input-output specifications. Chapter 3 
specifies the technology from which the components of the 
system to be built can be obtained. The remainder of the 
paper demonstrates the design methodology of TTSD to obtain 
an optimal design with respect to the performance index.
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The example presented tends to be straightforward since 
the objective is to demonstrate the methodology in a 
simple yet rewarding manner.

The Given Plant in the Form of a 
Differential Equation and a State 

Variable Model

3 2 -— |(t) + 7*-— |(t) + 10*!-£(t) = 10*u(t) + 
d t d t

The above differential equation describes the 
plant with all initial conditions zero, where y is the 
output function of the plant and u is the input function 
Taking Laplace transforms, the equation is:

s 3*Y( s ) + 7* s 2*Y( s ) + 10*s*Y(s) = 10*U(s) + 10*s*U(s).

In the frequency domain, the transfer function of the 
plant is given by:

Y(s) _ 10*(s+l)
U(s) s*(s+2)*(s+5)*

For a unitstep input function, U(s) = 1/s, then, in the 
frequency domain, the response is

Y(s) = 12hs±lj ,
s *(s+2)*(s+5)

or, in the time domain, the response is:
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y(t) = 0.3 + t - 8 .3*e 2* t + 0 .53*e"5*t, for all t > 0 .
oFor a unitramp input function, U(s) = 1/s , then in the 

frequency domain, the response is:

Y(s) - —g10*(s +1)
s *(s+2)*(s+5)

__ 0.31 , 0.3 , 1 , 0.417 0.107
'  ” s + ̂  + ̂  +

and the response in the time domain:

y(t) = 0.31 + 0.3*t + 0 .5*t2 + 0.4l7*e-2*t - 0 .107*e"5*t,

for all t > 0.
The state variable model of the plant can be 

obtained from Pig. 1 directly. Let:

= xi(sL

X3(s )*{!§} = X2(s),

10U(s)*Tf ^ T = ^(s)

Then, after some algebraic manipulations, the following 
set of equations is obtained:



s*X1(s) = Xg(s)

s * X 2 (s) = -2*X2(s) -4*X3(s) + 10*U(s)

s * X o  ( s ) = -5*Xo(s) + 10*U(s)

Taking inverse Laplace transforms, the following set of 
first order linear equations is obtained:

xft) = x2(t),

x2(t) = -2*x2(t), -4*x3 (t) + 10*u(t),

x,(t) = -5*x^(t) + 10*u(t)

where x(t) = |j— (t). Hence in matrix notation, 

x(t) = A*x(t) + B*u(t),

,Ty(t) = C x(t), where * is matrix multiplication.

x(t) = %o(t)

Xq(t)
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Fig. 1. Block Diagram Representation of the Plant

s + 5
io

Fig. 2. Configuration of the Optimal System



Figure 1 is a block diagram representation of the given 
plant3 it is an open-loop system.

Figure 2 gives the closed-loop representation.
The parameters K 1,kj^k^, and k^ are to be sought such 
that the closed loop system would resemble a first order 
system described by the equation 3*y(t) + y(t) = 0, with a 
time constant of 1/3 second.

The desired model response can be translated into 
a performance index (14),

PI(x,u) = P ((3*x1(t) + x 2 (t ))2 + u 2 (x ,t ))*dT . b
The optimal system with respect to the above performance 
index can be obtained by several optimization schemes; to 
name a few: the Hamilton-Jacobi procedure, the matrix 
Riccati equation, and the Kalman equation in the frequency 
domain. Schultz and MeIsa (14) have presented a detailed 
synthesis of the optimal system by the Kalman equation with 
the aid of the root locus method. In the remainder of this 
chapter, the optimal system will be found by matrix Riccati
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equation, and in the next chapter, an analysis by TTSD to 
obtain the same optimal system will be described.

In general, the performance is described by:

[* (xT*Q*x + uT*R*u)*dt, 
b

where R and Q are symmetric matrices, R is positive defi­
nite and Q is positive semi-definite. Then the matrix 
Riccati equation is:

P(t) + Q - P(t)BR_1BT B(t) + P(t)A + ATP(t) = O',

where the multiplication operator is omitted. A, B, and C 
are the matrices from the state variable model. The 
optimal solution is uQ(x,t) = - R ™ P (t)x (t) = -KT(t)x(t), 
where K is the matrix representing the feedback coefficients. 
Figure 2 is a single-input, single-output case where K is a 
three-dimensional vector. Note that the amplifying con­
stant K' is assumed to be 1 in the matrix Riccati equation . 
analysis. The only unknown for finding u q (x,t) is P(t) 
which is also a positive definite matrix. If t' is suffi­
ciently large, a steady solution for P(t), PQ= p (t)
is obtained. The steady state matrix Riccati equation is:

ATP0 + PqA - P0BR"1BTP0 + Q = 0.

The steady state equation is what is useful for this partic­
ular problem, where A, B,and C are obtained previously.
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"b 3 0"

Q = 3 1 0 >

0 0 0

as can be obtained from the equation,

xTQx = (3*x1 + x2)2, also R = R_1 = [1].

The computer analysis of this optimal control problem is 
illustrated in Appendix B. The steady state solution is:

1.37 0.54 -0.24
p = 0.54 0.22 1 O H H 9

-0.24 1 O H H -0.077

:T = [' 3.9 1.1 -0 .32] .

In the synthesis of this problem, there is an extra degree 
of freedom of choosing the parameters, K', k^, k^, and k^.
To achieve zero steady error, k^ is chosen to be unity and 
hence K' is set to be 3 and kT = [1.0, 0.367, -0.11] to give 
the same response.

The control aspect of the problem, both classical 
and modern, has been presented in quite some detail. Those 
that are familiar with TTSD but have not been exposed to 
the field of control may find the introduction helpful in 
understanding the following chapters; on the other hand, 
those who are familiar with the field of control but not
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with TTSD may find this introduction boring, their main 
difficulties lie ahead. Appendix A hopefully will clear 
the clouds over their heads.

It is seen that the modern or optimal control 
solution obtained through a performance index does not 
meet the classical specification of zero steady error to 
a unistep input function and classical solution does not 
minimize the performance index. It will be shown how TTSD 
could define the problem precisely and rigorously as a 
guide to a solution to solve the dilemma. The task begins 
in the next chapter.



CHAPTER 2

DESIGN METHODOLOGY

The Plant Modeled in TTSD 
In Chapter 1, the plant to be controlled was pre­

sented as a state variable model. Since the design proce­
dure is intended to be presented in TTSD, it is necessary 
that the plant be describable in TTSD. This is done as 
follows:

Let PLANT = (S,P,F,T,ct) be a system, where:

S = R3,

P = R,

F = {f: fe 3<(R++,P), J f (t)dteR for every s,t€R"*~̂ } ,
s

T = R"^, and for every feF, teT, xeS,
t

cj(f,t)(x) = exp(A*t )*x + J exp(A*(t-T ) )*B*f (T )*dT, where
o

0 1 0 " 0 X1
A = -d"iCXJ1o , B = 10 , x = X2

o 0 1 \U1 JLO x3

12
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or (x1,X2,x^), where appropriate, and exp(A*t) =

E : kel'H") , R++ is the set of non-negative real num-k *
bers. Define the output of PLANT such that if xeS, Q (x) = 
7r̂ (x) = x^. It is not difficult to show that PLANT indeed 
satisfies the conditions for a system (Appendix A); this 
has been done in Chapter 3 of Wymore (15).

Expanding the above equation, then
t

cj(f,t)(x) = exp (A*t)*x+J exp(A(t-T ) )*B*f (t )*dr ,o

0

0

1 ^ ~ 2‘*oxp(~2*t) “^o "1 2‘*oxp (-2*t) - y^-*exp (-5*t)

3exp(-2*t) - •j*exp(-2*t) + ̂ *exp(-5*t)

0 (-5*t)

*x

+  .ro

1 + ̂ *exp(2*(r-t)) - -j*exp(5*(T-t))

- —̂*oxp(2* (<f-1 ) ) + y—*exp(5* (t"t ) )

10*exp(5*(T-t))J

*f(T)*dT

Let unitstep =1, if t > 0;
=0, if t < 0, and 

unitramp = t, if t > 0;
=0, if t < 0, 

let x = 0, the zero vector, then q(unitstep,t)(0)



t + 0.33 - 0.833*exp(-2*t)4O.53*exp(-5*t)

-1 + •j*exp(-2*t)- ■j*exp(-5*t) , also

2 2*exp(-5*t)

ct(unitramp,t)(0)

0.5*t2+0.3*t-0.31+0.4l7*exp(- 2 * t )-0.107*exp(-5*t)1

the formal procedure of the design methodology can now be 
discussed. The system design methodology is defined (17) 
by a 6-tuple, P = (  S  > T  > a y ,£>), where 
5 is an input/output specification,
T  is a technology,
a€ MERIT0RDERINGSI0C0TYLED0N (S ),
3€ MERITORDERINGSTECHOTYLEDON (% ), 
ye MERITTRADEOFFORDERINGS { S  , T  , a, p),
P  c TESTPIANS (5 ,7 , y) •

The definitions of the above notations are defined in 
Appendix A; redundancy is avoided here. Each of the six 
entries will be developed along with the discussion.

§*exp (- 2*t) + §cj*exp (-5*t) 

+ ^*exp(-5*t)

The system to' be controlled being defined in TTSD
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IQSPECIFICATION 
The objective of the design is described by , 

the input/output specification. For the given model, let 
IOSPECPLANT = (P, F, Q, G, p) be the input/output speci­
fication for the desired system, where 
P is the set of inputs of JOSPECPLANT, P = R,
F is the set of input functions of IOSPECPLANT consist­

ing of the two functions: unitstep and unitramp,
Q is the set of outputs of IOSPECPLANT, the output set

is the same as the input set, Q = R,
G = R4̂ ", R), is the set of output functions of

IOSPECPLANT,
p is the matching function of IOSPECPLANT such that if 

the input function is unitstep, the output function 
does not differ from the input function by 0 .05, and 
if the input function is the unitramp, the difference 
between the input value and the output value is less 
than 1.

The input/output specification defined here is quite dif­
ferent from those that are usually defined in the classical 
control field in which specifications such as time delay, 
time rise, peak response, etc. are usually given (11).
Only the zero steady state error is specified by the 
matching function. In the design methodology of TTSD the 
other specifications are taken care of in the course of
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defining a performance index or a figure of merit or, 
equivalently, a merit ordering. It also may seem unreason­
able that the input functions are only the unitstep and 
the unitramp, but for linear systems the response to the 
unitstep function determines the characteristics of the 
system. Besides, these two input functions well demon­
strate the methodology and, at the same time, avoid compli­
cation.

Satisfaction of the IQSPECPLANT 
Before the other entries of the design methodol­

ogy are developed, it would be interesting to know whether 
PLANT satisfies the IOSPECPLANT (see Appendix A for the 
definition of satisfaction). Previously, motion and output 
function of PLANT were defined; the solutions for the two 
input functions are now found.

Let the initial state of PLANT be Xq = (0, 0, 0),
then

C(a(f, t)(x0))

= (f > t ) ( X q ) ) ,

= t + 0.3 - 0.833*exp(-2*t) + 0.53*exp(-5*t), if f = 
unitstep;

= 0.5*t2 + 0.3*t-0.31 + 0.4l7*exp(-2*t) - 0.107*exp(-5*t),
if f = unitramp, 
where t > 0.
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|l-C(a(f, t)(x0))|

< 0 .05, if f = unitstep and teR(0 .87-5,0 .87+6 )
++for some small 6GR ,

|C(CT(f,t)(x0)) - t|
<1, if f = unitramp and 0 < t < 2.0 sec.

Apparently, PLANT satisfies(xq ,£ ,T) I0SPECPLANT where 
x0 = (0, 0, 0),
C(x)
= 7Tj(x), and 
T = R(0.87-6,0.87+6).

Although PLANT does satisfy((0, 0, 0, ) Ĉ  R(0.87-6,0.87+6 ))
I0SPECPLANT, it cannot be considered an optimal system.
The obvious reason is that the time set in which it satis­
fies 108PECPLANT is too small to be useful. That PLANT is 
less than optimal will become more obvious when the figure 
of merit or the merit ordering is defined.

Another System 
At this point, it would be interesting to define 

another system that satisfies 108PECPLANT. Let DUMYZ = 
(S,P,F,T,ct) be defined as:
8 = R,
P = R,
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F = ADMISSIBLESET(f f : there exists reR such that 

f = unitstep->r or f = unitramp-»r) ),
T = R++, and for every feF, xeS, teT, 
a (unitstep-*r, t ) (x)

— x,
a (unitramp->r, t) (x)

= x+t. Then 
a(f,0)(x)

= x, if f = unitstep-»r or f = unitramp-»r.
To prove that DUMYZ is a system, suppose f = 

unitstep-»r, 
seT, then 
a(f-»s,t)a(f,s)(x)

= a(f-s,t)(x),
= x,
= cr(f,s+t)(x). If f = unitramp-»r, then 

a(f-s,t)CT(f,s)(x)
= x+s +t,
= a(f,s+t) (x).

Suppose f, geF, teT, res(f,R[0, t))=res(g,R[0,t)), 
f / g, then f / unitramp-»r ^ g for all r. Hence f = 
unitstep-»r and g = unitstep-»s and hence 
CT(f,t)(x)

= x,
= a (g,t )(x). Then Z satisfies the conditions of a system
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(Appendix A). Then lOSPECPLANT is satisfied (0.96,(jU,R*H ') 
by DUMYZ. Although the time range that DUMTZ satisfies 
lOSPECPLANT is optimal, DUMTZ is still not desirable. The 
reasons will be obvious in the next chapter.



CHAPTER 3

■ TECHNOLOGY

In this chapter, the second entry of the 6-tuple 
design methodology is developed in detail. T  is a tech­
nology which contains the components of any systems.that 
are realizable. The components must also be systems. 
Technology is usually constrained by the clients1 requests, 
the hardware available and also the interests of the design 
engineers. In this development, it is assumed that the 
technology being considered contains systems having only a 
one-dimensional state, summers and attenuators. These are 
named and defined, respectively, as ISTATE, nSUMMER and 
KXATTENUATOR as follows:

ISTATE/a
In the linear system control field, a complicated 

system block diagram can be decomposed into elementary 
block diagram, containing only summers, attenuators and 
integrators or, equivalently, 1st order systems. It is in 
this spirit that the technology here is defined..

Figure 3 is a block diagram of a 1st order system, 
in state variable model; it is represented as 
x = -a*x + u, is the time constant, aeR*"3".cL

20
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U
i s t a t e / ol

1 4 --- - IN PU TPO
RTUSTATE/s -v a —

(a) (b)
Pig. 3• First Order System, a) in Block 

Diagram, b) in TTSD Technology

nsummer 
IMPOTPOvni MPUTPORT2
IwPUTPORTn

(b)
Fig. 4. Summer Representation, a) in Block 

Diagram, b) in TTSD Technology 
(nSummer)

Kxattcwuator

Fig. 5* Attenuator in TTSD Technology



22t
or, x(t) = exp(-a*t)*x(0) + J exp(a*(T-t))*u(T)*dr,

6
assuming the initial condition at time 0 is x(0). As it 
was done previously, this must be defined in TTSD for the 
development. Let ISTATE/a = (S,P,F,T,a) be a system where:

P = R,
P = {f: f€ p’(R++, P), I* f(T)dTeR for every s,t€R++},

S
++T = R , and for every feP, teT, xeS, 

o(f,t)(x)
t

= exp(-a*t)*x + J exp(a*(T-t))*f(T)*dT, where 0 < a < «.o
ISTATE/a thus defined is very similar to PLANT; 

that it is a system is again not difficult to prove.

nSUMMER
The second item on the list of the technology is 

the summer. Figure 4 is a block diagram representation. 
Let nSUMMER = (S, P,F,T,cr) be defined such that nSUMMER 
has n input ports, namely, INPUTP0RT1, INPUTP0RT2 . . . 
and INPUTPORTn, each of the n input ports accepts inputs 
from the set of real number, R,
S = Rn,
P = Rn,
F = ff: f6 } (̂R++, P), f(t )eP for every teR} ,
T = R++, and for every feF, tcT, xeS,
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ff(f,t)(x)

= x, if t = 0;
= f(t ), if t > 0, where f(t™) is the conventional nota­

tion for the value of the limit of the function
from the left.

Define the output function naddition of nSUMMER: for every 
xeS, naddition(x)
= S{xi : i€l[l,n]], if x = (x1,x2, ..., xn)€Rn .

That nSUMMER is a system has been proved by Wymore (15)•

KXATTENUATOR
The last item that is listed in the technology is 

the attenuator. Figure 5 is the block diagram for the 
attenuator. Let KXATTENUATOR = (S,P,F,T,ct) be a system, 
where 
S = R++,
P = R,
F = ff : f e R++, P), f (t~ )eP for every teR} ,
T = R++, and for every feF, teT, xeS,
a(f,t)(x)

= x, if t = 0;
= f(t~), if t > 0 .

Define the output function ^multiply of KXATTENUATOR: for 
every xeS,
Kmultiply (x)
= K*x, where KeR.
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Now, formally, the definition of the technology for this 
development is completed. Let PLANTTECHNOLOGY be the tech­
nology containing any system isomorphic to any system in 
the following set of systems:
{IS TATE/ a : 0 < a < oo}̂ J [nSUMMER: nel"H ", n <

{KXATTENUATOR: KeR'f+, K < «>} .

Buildability and Implementability 
After the technology is defined, buildability of 

a system in a technology can now be discussed. A system Z 
is said to be buildable in the technology T  if and only 
if there exists a coupling recipe K such that COMPONENTS- 
(K)cT and Z = RESULTANT(K). A system Z is said to be 
implementable in the technology T  if and only if there 
exists a system Z’ buildable in T  and a subsystem, z" 
of Z r such that Z is a homomorphic image of Z,f. Defini­
tions of coupling recipes, components, and resultants are 
given in Appendix A. To illustrate the definition of 
buildability, it is interesting to see if PLANT is 
implementable in PLANTTECHNOLOGY. The answer should be 
very obvious.

Figure 6 is an equivalent block diagram represen­
tation of the plant.
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Fig. 6. Equivalent Block Diagram Representation 
of the Plant

Figure 7 shows the coupling recipe and resultant 
of PLANT. Let PLANTCOUPLE = be the coupling recipe
of PLANT such that
j = {10XATTENUAT0R, ISTATE/5, 1STATE/2(1), lSTATE/2(2), 

-1XATTENUAT0R, 3SUMMER, 1STATE/0].
a is defined on ^ as such that: 
a(Z',Z")

= PORTISTATE/5, if Z'=lSTATE/5, Z"=10XATTENUAT0R;
= 1P0RT3SUMMER, if Z'=3SUMMER, Z"=lSTATE/5;
= P0RT-1XAT, if Z1=-IXATTENUATOR, Z"=1STATE/2(1);
= 2P0RT3SUMMER, if Z'=3SUMMER, ZIXATTENUATOR;
= 3PORT3SUMMER, if Z'=3SUMMER, Z"=lSTATE/2(2);
= P0RT2XAT(1), if Z1=lSTATE/2(1), Z"=lSTATE/5;
= PORTISTATE/O, if Z'=lSTATE/0, Z"=3SUMMER;
= none,

p(z',z")
= IQmultiply,
= U),

otherwise ;

if Z 1=10XATTENUAT0R, Z"=lSTATE/5; 
if Z'=1STATE/5, Z"=3SUMMER, or 
if Z'=lSTATE/5, Z"=1STATE/2(1), or
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if Z'=1STATE/2(1), ZM=-1XATTENUAT0R, or 
if Z r =1STATE/2(2), Z"=3Sim4ER;

= -Imultiply, if Z ’=-1XATTENUAT0R, Z"=38UMMER;
= 3addition, if Z1 =3SUMMER, Z,t=1STATE/0;
= cp, otherwise, where

u) is the identity function, cp is the null set and none is 
the alternate form of cp*

Having defined PLANTCOUPLE, it must be shown that 
the resultant of PLAHTCOUPLE simulates PLANT. This implies 
that PLANT must be shown to be a homomorphic image of a 
subsystem of the resultant of PLANTCOUPLE. The formal 
definition of the resultant of a coupling recipe involves a 
coupling function (17). But since the configuration of 
PLANTCOUPLE involves only cascade coupling, the resultant 
can be obtained without the aid of the coupling function. 
Let RESULTANTPLANTCOUPLE = (S,P,F,T,ct) be defined as:
S = STATES(10XATTENUATOR) X STATES(ISTATE/5) X STATES"

(ISTATE/2(1)) X STATES(1STATE/2(2)) X STATES(-1XATTEN- 
UATOR) X STATES(3SUMMER) X STATES(ISTATE/0),

P = INPUTS(10XATTEMJATOR) X INPUTS(ISTATE/2(2)),
F = ff: fe JT(R++, P), such that f = projection( P0RT10XAT, 

P0RT1STATE/2(2))'g, for some 
geTOTALINPUTFUNCTIONS(PLANTCOUPLE)},

T = R'1-*', and for every feF, teT, (x1,x2,x^,x^,x^,x^,x^)eS, 
tt̂ (a (f, t) (x-|y9 *"̂ 49 9 ^5*  ̂̂
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= motionf 10XATTENUAT0R) (7r(P0RT10XAT) •f,t)(x1),
= a(t), if 1=1;
= niotion(lSTATE/5) (a,t)(x2),
= b(t), if 1=2;
= motion(lSTATE/2(l))(b,t)(x3),
= c(t), if 1=3;
= motion(1STATE/2(2)) (tt(PORT1STATE/2(2) )*f, t(x^),
= d(t), if 1=4;
= motion(-1XATTENUAT0R)(c,t)(x^),
= e(t), if 1=5;
= motion(3SUMMER)(b+e+d ,t)(x^),
= g(t), if 1=6;
= motion (IS TATE/O) (g,t) (x̂ ,),
= h(t), if 1=7.

The definition of motion of RESULTANTPLANTCOUPLE 
seems very lengthy; nevertheless, closed form expressions 
can be obtained by solving the equations. This will become 
clear when homomorphism is discussed. To show that PLANT 
is implementable in PLANTTECHNOLOGY, the lemmas in Appendix 
C are required.

Corresponding to the lemmas, let UCSTATES(SUBPLANT- 
COUPLE), such that
U = {(0,x3,0,x2-x3,0,(x3,0,x2-x3),x1):

x^eSTATES(ISTATE/O), x^eSTATES(1STATE/2(1)), 
x^eSTATES(ISTATE/5)}; and let 

SUBPLANTCOUPLE = (S’,P ’,F',T ’,a’) be defined as:
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S'= {x:ex STATES(RESULTANTPLANTCOUPLE), there exists some 

yeU, teT, geF, such that x=a(g,t)(y)},
Pr= INPUTS (RES ULTA1MTPLANTCOUPLE),
F'= [f: felNPUTFUNCTIONS(RESULTANTPLANTCOUPLE), and 

zerofunction = (P0RTlSTATE/2(2))*f, where 
zerofunction(t) = 0, for all teT},

Tr = TIMESCALE(RESULTANTPLANTCOUPLE), and for every feF, 
teT, xeS, 

u(f ,t) (x) = res(o'(f ,t) ,S).
By lemma 1, SUBPLANTCOUPLE is indeed a subsystem 

of RESULTANTPLANTCOUPLE. The last step is to show that 
PLANT is an homomorphic(p,u,8) image of SUBPLANTCOUPLE.
Let p =uu, if f elNPUTFUNCTIONS (SUBPLANTCOUPLE), |j(f) = 
7r(P0RT10XAT)-f, and if xeSTATES (SUBPLANTCOUPLE),
8 ( x )

= ( i r7 ( x ) ,  i r1 (Tr6 ( x ) ) + T r2 (Tr6 ( x ) ) + 7r3 (Tr6 ( x ) ) ,  ir2 ( x ) ) .

It must be shown that if geINPUTFUNCTIONS- 
(SUBPLANTCOUPLE), teTIMESCALE(SUBPLANTCOUPLE), and 
x = (0,x3,0,x2-x3,0, (x3,0,x2-x3),x1)eSTATES(SUBPLANTCOUPLE), 
6(motion(SUBPLANTCOUPLE)(g,t)(x ))
= motion(PLANT)(p(g),p(t))(9(x)),
= motion(PLANT)(f,t)(x^,x2,Xg), according to lemma 2, 

where p(g) = felNPUTFUNCTIONS(PLANT). The following compu­
tations will show the identity:
Let a denote motion(SUBPLANTCOUPLE), then



l ( c ( s , t ) ( x )

= f(f);
2(c(g't)(x))

t
= e x p ( - 5 * t ) + r  e x p ( - ( 5 * ( t - r ) ) * 1 0 * f ( T ) * d r  b
= Tr3 ( e ( c j ( g , t ) ( x ) ;

3 (cr ( g ,  t ) ( x ) )

t  t
= j* e x p ( - 2 *  ( t - T ) ) * ( e x p ( - 5 * T ) * X o + f  e x p ( - 5 * ( t - 6  ) ) * 1 0 *  b b

f ( 6 ) * d 6 ) * a T , 

t t  T
= f exp(-2*t-3*T)*Xo*dT+r exp(“2*(t-T))*f exp(-5*(T-6))*b J b b

1 0 * f ( 6 )*d6 *dT ,
t  t

= e x p ( - 2 * t ) * X o  f  e x p ( - 3 * T ) * d T+ e x p ( - 2 * t e x p ( 2 * T ) *
b b

f  e x p ( - 5 * ( T“ 6 ) ) * 1 0 * f ( 6 ) * d 6 * d r , b
-j I t

= exp (-2*t (-g- - 2'(exp(-3*t)) )+exp(-2*t)*r exp(-3*T’)*

f  e x p ( 5 5 ) * 1 0 * f ( 6 ) * d 6 * d T , b
= ^ * ( e x p ( - 2 * t ) - e x p ( - 5 * t )  ) * x ^ - f e x p ( - 2 * t  ) * (  [ -  ^ * e x p ( - 3 r ) *

T t t ,
f exp(56 )*10*f (6 )*d6 ] - f - •o*(exp(-*3*T ) )* exp(5*T)*b o b J
10*f(T)*dT), [integrating by parts] ,
■j*(exp(-2*t)-exp(-5*t) )*Xg4exp(-2*t)*(- -j*exp(-3*t)* 
t 1 t
f exp(5*T )*10*f (T )*dT + ̂ *j‘exp (2*T )*10*f (T )*dT ,
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1 i t= 2*(exP(-2*t)~exP(-5*t))- j f exp(-5(t-T))*10*f(r)*dT

+ y * f ©xp(-2*(t-T))*10*f(t )*dx) b
% % ( o ( g , t ) ( x ) )

= exp(-2*t)*(x2~Xg); 
ir5 ( a ( g , t ) ( x ) )

= Tr3 (CT(g,t")(x) j
i r1 ( ir6 ( a ( g , t ) ( x ) )

= Tr2 ( c j ( g , t ) ( x ) ) ;

%2 ( n g ( o ( g , t ) ( x ) )

= - Tr3(a(g,t")(x));
v 3 ( ir6 ( a ( g , t ) ( x ) )

=  Tr2|. ( C T ( g , t " ) ( x ) ) ;  

th e n  ir2 ( e ( a ( g , t ) ( x ) )

t
= e x p ( - 5 * t ) * X o + f  e x p ( - 5 * ( t - T ) ) * 1 0 * f ( T ) * d T -   ̂b

i i t3- * ( e x p ( -2* t  ) - e x p ( - 5 * t ) ) + o' J  e x p ( - 5 * ( t - T ) ) * 1 0 * f  ( T ) * d T -
o

i t
j  f  e x p ( - 2 * ( t - T ) ) * 1 0 * f  ( t  ) * d T+exp(-*2* t ) * ( x 2 -X2 ) , 

= e x p ( - 2 * t ) * x 2 + - j * ( e x p ( - 5 * t ) - e x p ( - 2 * t ) ) * x ^  +

4  f  e x p ( - 5 * ( t - T ) ) '* 1 0 * f  ( T ) * d T -  4 * r  e x p ( - 2 * ( t - T ) ) * 1 0 *b  ̂b
f  ( T ) * d T ;



32
Tr7(cr(g,t)(x))

t h
= x1+J (exp (-2*T )*x2 + •j*(exp(-5*T )-exp(-2*T )*x^ +

|* exp(-5(T”6 ) )*10*f (5 )*d6 - q'*(' exp (-2*(x~8 ) )*10* b  ̂b
f(6)*d6)*dT,

= + ̂ * (l_exP (”2*t) )*X2+( - Yo +y*Gxp(-2*t)- yg-*

exp(-5*t))*Xo + 4*(- -|*[exp(-5*T)*J exp(5*6)*10*f(§)*d6]b o
1 13 i+ -F-*[ exp(-5*T ) *^xp(5*T )*10*f (t)*dT ) - y*

([- -i*exp(-2T )*(* exp(2*6 )*10*f (6 )*d6] +
b o

t n
J 2*exp(-2*T)*exp(3*T)*10*f(T)dT), b

= Xj + y* (1-exp(-2*t;) )*x2 + (- yy + y*exp(-2*"fc) -

y^*exp(-5*t))*X2~ yy J exp(-5*(t-T))*10*f(x)*dx+
2, 6 t
Xs T 10*f(x)*dx 1 [ exp (-2*(t-x ) )*10*f (x )*dr -b b

■£j*f 10*f (x ) * dx >b
= X1 + ̂ (l-exp(-2*t ) )*X2 + (- yy + y*exp(-2*t) - yy*

t t
exp(-5*t))*Xg + f f(x)*dT + exp(-2*(t-x))*f(t )*dT ̂ b  ̂b
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8 t- ‘T*r exP (“5*(t-T ) )*f*(T )*dT ̂
J b

= TTo(8(c(g,t)(x))). Hence
G(a(g,t)(x))

= motion (PLANT) (|i(g)^t)(e(x))
= motion(PLANT) (f, t) , then by Lemma 2 of

Appendix C, PLANT is an homomorphic (p , , q ) image of 
SUBPLANTCOUPLE, and then PLANT is implement able in PLANT- 
TECHNOLOGY.

Recall, at the end of the last chapter, DUMYZ was 
a system that satisfies IOSPECPLANT, but it was not desir­
able. The reason is that DUMZ is not implementable in 
PLANTTECHNOLOGY thus defined. It is completely ruled out 
in the sense of implementability.

Thus far, the I/O specification, the technology of 
the plant, the concepts of satisfaction of I/O specifica­
tion buildability and implementability have been introduced, 
the groundwork of the system design methodology has been 
laid. The job ahead is to compare the systems that are 
picked and to consider the cost-benefit criteria. These 
will be discussed in the following chapters.



CHAPTER 4

IOCOTYLEDON AND TECHOTYLEDON

Out of the six - tuple of the design methodology, 
two have been defined. These two are the problem setting 
that involves both the client and the systems engineers. 
The rest of the design methodology tends to be technical 
in the sense that decisions must be made by experts par­
ticipating on an interdisciplinary team, in general. This 
latter part of the design methodology deals with orderings 
of systems that satisfy the I/O specifications, that are 
implementable in the defined technology, and that are 
within the intersection of the before-mentioned domains. 
The development of an algorithm for choosing a good system 
needs professional participation; it may be asking too 
much from the systems engineers alone who may not be as 
expert as those personnel who deal with the very field for 
their whole professional lives. This is the reason that 
an interdisciplinary team with personnel from all related 
fields is essential.

The development here is done by a team of only 
one person with the help of the advisor. The criteria 
for orderings or comparison are chosen only for

34
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illustrative purposes; they might not necessarily be the 
best. The system that is to be picked will be optimal only 
with respect to the criteria chosen. The philosophy of 
choosing the best criteria is out of the scope of this 
development.

IOCOTYLEDON
In Chapter 2, IOSPECPLANT was defined,PLANT and 

DUMYZ were found to satisfy IOSPECPLANT in a small and an 
optimal time domain, respectively. It was mentioned that 
PLANT was by no means an optimal system. Other systems 
must be considered. But all other systems to be consid­
ered must be chosen from a cotyledon of systems that 
satisfy IOSPECPLANT with respect to an initial condition, 
an output function and a time set. This set of systems is 
called the IOCOTYLEDON in TTSD. Formally, define: 
IOCOTYLEDONPLANT 
= IOCOTYLEDON(IOSPECPLANT);
= {(Z,x,£,T): Z is a system and IOSPECPLANT is satisfied- 

(x,£,T) by Z).
The approach here is to choose a system and then test to 
see if it satisfies the IOSPECPLANT, and, if it does, the 
range of the time set is evaluated. Hopefully, the time 
set is the non-negative reals for the system that is final­
ized. The detail of picking a system will be presented
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after the TECHCHOTYLEDON and the orderings over the IOCO- 
TYLEDON and TECHOTYLEDON are defined.

TECHOTYLEDON 
At this moment, definitions are given without 

explanations. But illustrative examples will be shown to 
clarify the definitions. Again, define:
TECHOTYLEDONPLANT 
= TECHOTYLEDON(PLANT),
= f(K,Z): K is a coupling recipe, COMPONENTS(K)CZ PLANT- 

TECHNOLOGY, Z = RESULTANT(K)}.

MERITORDERINGSIOC OTYLEDO N(IS OPEC PLANT)
The orderings over IOCOTYLEDON and over TECHO­

TYLEDON are first defined. Then any system designed could 
be used to compare with PLANT3 the better one could be
kept as the reference system and the less desirable one
abandoned. An iterative search method could be used here 
based on the same principle as in some optimization schemes. 
meritorderinss IQS PEC PLANTS JZ (I0C0TYLED0EPIANT2, [0,1} ) 
such that if (Z,x,£,T), ( Z ' , x ' ',T")€I0C0TYLED0NPLANT, 
meritorderingsIOSPECPLANT((Zt,x ,,£,,T,),(Z,x ,£,T))
= 1, if T'SR(1.5,«)s T or if R(1.5,«)s T' and

R(1.5,oo)s T; and
if both Q (x) =0.63 and Q *(x1) = O.63 occur at
t, t f€R(0.25^0.5) where q and £ r are the output
functions of Z and Z ’, and
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x - motion(Z)(unitstep,t)(x), 
x '= motion(ZT)(unitstep,t')(xr)3 

= 0, otherwise.
The conditions of orderings are related to classi­

cal control specifications as follows:
T'c R(1.5,co)cz T implies that a better system must have a 
long range of time for satisfying IOSPECPLANT (zero steady 
state error), and the rise time must be smaller than 1.5 
seconds; the other condition indicates that the time con­
stant must be in the range of R(0.25,0.5)• Recall the 
ideal system is to follow a first-order system with time 
constant of 1/3 second. Since normally it is impossible 
to have an ideal system, some tolerance must be allowed.

0-63
Si
iVI£

T IM E

Pig. 8. Classical Control Specifications

MERITORDERINGSTECHOTYLEDON(PIARTTECHNOLOGY)
The definition here would involve experts from 

the field of optimal control and the client. When the
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client specifies the overall system, the experts could 
translate the specifications into a figure of merit that 
would describe the ideal system. Experiments can be per­
formed on systems actually built3 a performance index can 
be computed (17). Let Z be a system that is the resultant 
of a coupling recipe in TECHOTYLEDOEPLANT, x€STATES(Z), 
teTIMESCALE(Z), a=motion(Z), felEPUTPUTTCTIONS(Z), then 
define:
PIz(f,X,t)

t
= J ((3*ir(STATES(Zl;L)) (a (f j t  ) (x)) + ir(STATES(Z6)) (a (f , t  )  o

(x)))2 + (K*t(STATES(Z3))(a(f,T)(x)))2)*dT, where 
Z^, i=l,2,...,13 are the system components as shown 
in Pig. 9*

The motivation for the performance index defined on sys­
tems of the configuration of Pig. 9 is that from the merit- 
ordering over TECHOTYLEDONPLANT which will be defined 
later, only systems of this configuration will be consid­
ered good. From the performance index, a figure of merit 
is defined (17).
Let
figomPLANT(OPTIMALCOUPLEi)
= PIz(zerofunction,x,co), where 

Z=RESULTANT (OPTIMALCOUPLEi),
xeSTATES(Z), ^ 11 (x ) =: some fixed positive values.
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Pig. 9. Optimal Closed Loop Configuration



with the guide of figomPLANT, experts in the field of opti­
mal control realize that in order to have figomPLANT mini­
mum, the system must be in the configuration of Pig. 9, 
that is, all states of Z^, Zg, and Z-^ must be fed back
(8,14). Note that the figure of merit thus defined is
analogous to the quadratic performance index defined in 
the control field, hence Matrix Riccati equation is appli­
cable here. Hence define:

meritorderings TECHOTYLEDONe (TECHOTYLEDONPLANT^, {0,1}),
such that if (K,Z), (K1,Z’)€TECH0TYLED0NPLANT,

meritorderingsTECHOTYLEDONf(K,Z),(K',Z'))
= 1, if K r is in the configuration of OPTIMALCOUPLEi

as shown in Fig. 9, but K is not; or if both 
K and K* are in OPTIMALCOUPLEi form, but 
f igomPLANT(K' ) < f igomPLANT(K),

= 0, otherwise.

The meritordering over TECHOTYLEDONPLANT thus defined has 
ruled out the classical approach of adding a combination 
of ISTATE/a’s, or equivalently, compensators and unity 
feedback to control the plant as shown in Fig. 10, since 
OPTIMALCOUPLEi does not allow addition of ISTATE/a.



PUnt

Fig. 10. Classical Control with Compensation and Unity 
Feedback

r  CLOSE PL AMTV.

Fig. 11. Configuration for Search of Optimal System



CHAPTER 5

A PROPOSED DESIGN

Thus far, the criteria of comparisons of systems 
in the IOCOTYLEDON and the TECHOTYLEDON have been defined; 
there is still another criterion to be considered, namely, 
the trade-off criterion in the FEASIBILITYCOTYLEDON.
Systems which are in the intersection of the IOCOTYLEDON 
and the TECHOTYLEDON are compared by means of the trade-off 
criterion. But before doing so, it would be clearer to 
have a proposal of a design and have it compared in the 
IOCOTYLEDON and the TECHOTYLEDON.

Let the parameters K^, k^, and k ^  in
OPTIMALCOUPLEi be 3, -1, -O.367 and 0.107, respectively. 
Denote the coupling recipe by OPTIMALCOUPLEI, denote the 
resultant of OPTIMALCOUPLEI by RESULTANTCL0SEPLANT1 and 
denote its subsystem by SUBCL0SEPLANT1. Let 
CL0SEPLANT1=(S,P,F,T,ct) denote the system that is simu- 
lated(p ,ji, 0) by SUBCLOSEPLANTl for some p,p,0 which can 
be determined in a similar manner as was done in Chapter 3. 
Hence for every feF, xeS, teT, 
motion(CL0SEPLANT1)(f,t)(x)

t
= exp(AM*t)*x + j* exp (An* (t-r ) )*BM*f (t )*Ht , whereb 42
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0 1 0 "0 "

- 30 -13 -7.2 , B" = 30
30 -11 -8.2 30

It is readily seen that CLOSE PLANT 1 satisfies (x0T, £ !, T’ ) 
IOS PEC PLANT where = 0, T' = R(1.4,»), q (x ) = tt̂ x ) , 

hence
G'(c(f,t)(Xo'))

u t
= 7r1(exp(AM*t )*x + [ exp(AM*(t-T ) (T )*dT ), where ifb
f=unitstep, then 
|l-C'(a(f,t)(x0 '))|
= |1-(1-0.086*exp(-0.95*t)-1.25*exp(-2.89*t)+0.337*exp 

(10.96*t))]
< 0.05 for all teT' = R(1.32,m), and If 

f=unitramp,
C 1 (a (f .> t) (x0 ' ))
= t-0.493+0.095*@xp(-0.95*t)+O.43*exp(-2.89*t)-0.031*exp 

(-10.96*4)
|t-c,(a(f,t)(x0 '))|
= | 0 .493-0.095*exp(-0.93*t)-0 .43*exp(-2.89*t)-f0.031*exp 

(-10.96*t)|
< 1, for all teR’H \

Then it may be concluded that 
(CL0SEPLANT1, x^',;',T r)eI0C0TYLED0NPLANT.
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With the proposed design, comparisons can be made 

in IOCOTYLEDONPIANT and TECHOTYLEDONPIANT. The results are 
tabulated in Tables 1 and 2. Three systems are involved, 
namely: PLANT, DUMYZ and CL0SEPLANT1.

TABLE 1
Analysis of the Three Systems

Output PLANT CL0SEPLANT1 DUMYZ

0 .6] 0.57 sec. 0.48 sec. of sec.
0.95 O .87 sec. 1.32 sec. of sec.

Evidently satisfyingtime(PLANT) <= R(1.5,oo)c: satisfyingtime 
(CL0SEPLANT1) c= satisfyingtime(DUMYZ); 0+,0.57eR(0.25,0.5), 
and 0.48eR(0.25,0.5).

TABLE 2
Ordering of DUMYZ, PLANT and CL0SEPLANT1

MO10* MOTECO**
(PLANT, DUMYZ) 1 —

(PLANT, CL0SEPLANT1) 1 1
(DUMYZ, CL0SEPLANT1) 0 -

(DUMYZ, PLANT) 0 -

(CL0SEPLANT1, PLANT) 0 1
(CL0SEPLANT1, DUMYZ) 0 -

* MO10 = meritorderingsIOSPECPLANT 
** MOTECO = meritorderingsTECHOTYLEDON



The dashes in Table 2 indicate no comparison made since 
DUMTZ is not included in TECHOTYLEDONPLANT. In other 
words., the table simply says that PLANT and CL0SEPLANT1 
are equally good in the sense of implementation, but 
CLOSEPLANT1 is better than PLANT In satisfying IOSPECPLANT. 
Also CL0SEPLANT1 is better than DUMYZ in comparison with 
IOS PEC PLANT, but DUMYZ is ruled out in the sense of imple­
mentation.

The use of the two merit orderings has been demon­
strated; as it was mentioned before, there is yet another 
cotyledon and hence another ordering or comparison criter­
ion. This will be done in the next chapter.



CHAPTER 6

TRICOTYLEDON

The two cotyledons, namely, IOCOTYLEDONPLANT and 
TECHOTYLEDONPLANT have been defined; two systems that are 
both in IOCOTYLEDONPLANT and TECHOTYLEDONPLANT have been 
described. To complete the tricotyledon theory, the inter­
section of IOCOTYLEDONPLANT and TECHOTYLEDONPLANT must be 
defined; that would naturally introduce another comparison 
criterion. This is done as follows.

FEASIBILITYCOTYLEDONfIOCOTYLEDONPLANT, 
TECHOTYLEDONPLANT]

The heading denotes the cotyledon determined by 
IOCOTYLEDONPLANT and TECHOTYLEDONPLANT. Every entry in 
this cotyledon both satisfies IOCOTYLEDONPLANT and TECHO­
TYLEDONPLANT. Let this be named and defined as FEASIBILE- 
SYSTEMS
= f (Z,X, £,T,K,Z 1 , Z * , p , p., A ) %

(Z,x,C,T)€IOCOTYLEDONPLANT,
(K,Z’ )€ TECHOTYLEDONPLANT,
Z is simulated(Z,r,p ,p, 0) by Z '} , where the statement

that Z is simulated(Zn,p,p,0) by Z 1 implies that z ” is a
subsystem of Z 1 and Z is homomorphic(p,p,0) image of ZH.
It has been found that (PLANT,x0,£,T)eIOCOTYLEDONPLANT,

46
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PLANT is simulated (SUBPLANTCOUPLE, p , |j, 6 ) by RESULTANT- 
PLANTCOUPLE, where

e(x) = ^(x), T=R(0.87-6,0 .87+6), and
p 0 were defined previously.

Hence (PLANT,x0,C,T,PLANTCOUPLE,RESULTANTPLANTCOUPLE, 
SUBPLANTCOUPLE,p,p,0)€ FEASIBLESYSTEMS.
Also (CLOSEPLANTl,x0 ’,Q ,T)eIOCOTYLEDONPLANT, where

C  (x) = 7T1 (x),

T 1 = R++,
(OPTIMALCOUPLE1,RESULTANTCL0SEPLANT1)eTECHOTYLEDOUPLANT, 
CL0SEPLANT1 is simulated(SUBCLOSEPLANT1,pf,p',6T) by 
RESULTANTCLOSEPLANT1 for some p',p',e', and SUBCLOSE- 
PLANT1. Hence (CLOSEPLANTl,x0 1 ',T',OPTIMALCOUPLE1, 
RESULTANTCLOSEPLANT1,SUBCL0SEPLANT1,p',p',0')eFEASIBLE- 
SYSTEMS. Now there are two systems at hand that are both 
in FEASIBLESYSTEMS, the comparisons have been made in 
IOCOTYLEDONPLANT and TECHOTYLEDONPLANT, but these compar­
ison criteria are still not sufficient to give a final 
decision. The trade-off criterion comes into play at 
this stage; it is defined on FEASIBLESYSTEMS.

The Trade-off Merit Orderings 
Let u,veFEASIBLESYSTEMS, then define 

fexmerIO(u,v)
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= feasiMlityextension(meritorderingsIOSPECPLANT) (u, v),
= 1, if and only if
merit orderings IQS PEC PLANT (7r1 2  ̂^(u) ,Tr1 2  ̂1{.(V )) ~ 1*
Also define 
fexmerTECHfu,v)
= feasibilityextension(meritorderingsTECHOTYLEDON) (u,v)
= 1, if and only if
merit orderings TECHOTYLEDON ( ttv ^(u) ,7T̂  fi(v)) = !•
Note that fexmerlQ and fexmerTECH are essentially the same 
as meritorderingsIOSPECPLANT and meritorderingsTECHO­
TYLEDON, respectively (17). Only the domains of the func­
tions are changed. Then let 
tradeoffcriterion
= meritorderings(IOCOTYLEDONPIANT,TECHOTYLEDONPLANT, 

fexmerlQ,fexmerTECH),
= [y: ye ORDERINGS(PEAS TELESYSTEMS), y is consistent with 

fexmerlQ and fexmerTECH].
The requirement of consistency is best illustrated by 
Table 3• Z * and z" are the two systems to be compared.
The table illustrates the definition of consistency, namely, 
tradeoffcriterion is consistent with fexmerlQ and fexmerTECH 
if and only if for every (Z ’,Z M)e FEAS TELESYSTEMS 2,
(1) if fexmerIO(Z1 ,ZM) = 1 and fexmerTECH(Z', Ztr) = 1, then 

tradeoffcriterion(Z1,ZH) = 1 (cases 1,2,3,4),
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(2) if fexmerIO(Z",Z *) = 1 and fexmerTECH(Zn,Z1) = 1, but 
either fexmerlO(Z 1,ZM) = 0 or fexmerTECH(Z r,Zn) = 0, 
then tradeoffcriterionfZ*,ZU) = 0 (cases 5*6,7).

TABLE 3
Consistency of tradeoffcriterion

Case
10
(zT,z")*

10
(Z",Z')

TECH(Z',Z„)** TECH
(z",z')

trade
(z'

1 i 1 1 ■ 1 1
2 i 1 1 0 1
3 i 0 1 1 1
4 i 0 1 0 1
5 i 1 0 1 0
6 0 1 1 1 0
7 0 1 0 1 0
8 1 1 0 0 ?(0)
9 1 0 0 1 ?(0)
10 1 0 0 0 ?(0)
11 0 1 1 0 ?(0)
12 0 1 0 0 ?(0)
13 0 0 1 1 ?(0)
14 0 0 1 0 ?(0)
15 0 0 0 1 ?(0)
16 0 0 0 0 ?(0)

*I0(Z',Z") = fexmeriofz*,z”),
**TECH(Z',Z") = fexmerTECH(Z1,ZM),

***trade (Z ’ ,ZM ) = tradeoffcriterion(Z 1 , ZIT).
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Since it is hopted that the system will satisfy 

both classical specifications as shown by meritorderings- 
IQSPECPLANT and performance indices of optimal control as 
shown by meritorderingsTECHOTYLEDON, both concepts will be 
weighed equally heavy. One obvious and simple choice of 
tradeoffcriterion is the product of meritorderingsIOSPEC- 
PLANT and meritorderingsTECHOTYLEDON. Then define 
tradeoffcriterion
= merit orderingsIQS PEC PLANT * meritorderingsTECHOTYLEDON. 
Essentially, this says that considerations will be given 
only to systems with all states fed back as shown in 
Fig. 11, that satisfy 108PECPLANT. Cases 8 through 16 are 
then marked by (0). That the product of MERITORDERING-S 
(I0C0TYLED0N) * MERITORDERINGS(TECHOTYLEDON) gives a con­
sistent ordering has been proved by Wymore (16).

Solution to the Problem
The problem has now been rigorously defined in TTSD. 

tradeoffcriterion has led the designer to look into the 
desirable forms of the systems. The solution using classi­
cal control techniques done by Schultz and Melsa (14) satis­
fies tradeoffcriterion which decides it is optimal. Alter­
natively, since an efficient algorithm exists defined by 
meritorderingsTECHOTYLEDON, the optimal system with.respect 
to this ordering could be obtained by solving the Matrix 
Riccati equation as shown in Chapter 1. But the Matrix
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Rlccati solution is not optimal with respect to tradeoff- 
criterion,. since it does not even satisfy IOSPECPLANT. 
Fortunately, since from classical control, with an integra­
tor leading to the output, must be 1 to achieve zero 
steady state error, then by dividing the parameters k^, kg 
and kg by k^ and adding a 3XATTEMJATOR, the optimal system 
is obtained, which is just CL0SEPLANT1.

Concluding Remarks
It was pointed out that the design methodology of 

TTSD is defined by the 6-tuple. The first five of them 
have been discussed. The last entry will not be discussed 
here since it involves building the system. Computers, 
analog or digital may be used to test the system built.

The paper demonstrated, to some extent, TTSD, 
and its application to defining rigorously a design prob­
lem in control field. Essentially, three different repre- ■ 
sentations of the system have been presented, namely, the 
differential equation approach, the state variable model 
and the representation in TTSD. Those who are in the field 
of control may wonder why TTSD is used in a control system 
design problem, since so many jobs have been done without 
misunderstandings. It is very true in this regard. But 
the application of TTSD in the control field is only one 
of the many circumstances that TTSD is applicable (15,16). 
Using TTSD in the field of control is just like "killing



a mouse with a big cannon.v The usefulness of TTSD is best 
appreciated when it is applied to any large-scale system, 
for instance, social systems, health systems, etc. Besides, 
as it was mentioned earlier, the more areas that TTSD can 
be applied, the better is the need of communication satis­
fied. Even in this example, TTSD has achieved a modern 
control design to meet a classical control specification. 
This cannot be achieved by using Riccati's or other modern 
control methods. In addition to that, optimal control 
engineers often find it the most difficult to obtain a 
satisfactory performance index. It is believed that by 
TTSD, by the effort of an interdisciplinary team, a 
satisfactory performance index or merit ordering could be 
obtained. TTSD is only at its infant age, only the ground­
work has been laid. Some time, some day, when TTSD begins 
to mature, efficient algorithms will be developed for its 
various applications.



APPENDIX A

TTSD; DEFINITIONS

All the definitions in Appendix A are quoted 
directly from (17)• The definitions are arranged in alpha­
betical order.
Buildability

A system Z is buildable in the technology ']' if 
and only if there exists a coupling recipe K such that 
COMPONENTS (K)C T and Z=RESULTANT(K) .
Consistency of Orderings

Let A be a set not empty and let a ye ORDERINGS (A) . 
Then y is consistent with a and 3 if and only if: for 
a f be A
1) a(a,b)=p(a,b)=l imply y(a,b)=l;
2) a (b,a)=3(b,a)=l, and, a (a,b)=0 or 3(a,b)=0, imply

y (a, b ) =0.
Coupling Functions

Let C=(£,i,o) be a coupling recipe. A function k 
is a coupling function with respect to the coupling recipe
C if and only if:
1) keFUNCTIONS(RESULTANTINPUTFUNCTIONS(C) X RESULTANTSTAT- 

ESET(C), TOTALINPUTFUNCTIONS(C))j
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2) for every feR E S U L T A N T I N P U T F U N C T I O N S ( C ) , xeRESULTANTST- 
ATESET(C), teRESULTANTTIMESCALE(C), and VeTOTALINPUTP- 
ORTS(C):

((k(f,x))(t))(V)
=(f(t))(V) if VeTOTALUNOCCUPIEDPORTS(C)j
=((o(Z,Zf) ) ( ((motion(Z))((projection(INPUTPQRTS(Z)))*k(f,x), 
t))(x(STATES(Z)))))(V)

if V/TOTALUNOCCUPIEDPORTS(C), Vei (Z*,Z) for some 
Z,Z'eZ3

3) if g€TOTALINPUTFUNCTIONS(C), xeRESULTANTSTATESET(C), 
seRESULTANTTIMESCALE(C), and (g(t))(V)

=((o(Z,Z'))((motion(Z))((projection/INPUTPQRTS(Z))).g, 
t))(x(STATES(Z)))))(V) for every Vei(Z 1,Z), for every 
Z,Z * e and for every teRESULTANTIMESCALE(C)[o,s) if s>o, 
or for every teRESULTANTTIMESCALE(C)[s,o) if s<o, then 
(k( (2rojection(T0TALUN0CCUPIEDP0RTS(C))»g,x))(t)=g(t) for 
every
teRESULTANTTIMESCALE(C)[o,s) if s>o, or for every 
teRESULTANTTIMESCALE(C)[s,o) if s<o;
4) if f, geRESULTANTINPUTFUNCTIONS(C), seRESULTANTTIMES­

CALE (C), s>o, and restricjbion(f, RESULTANTIMESCALE(C) 
[o,s))
=restrietion(g,RESULTANTTIMESCALE(C)[o,s)), then 
restriction(k(f,x), RESULTANTTIMESCALE(C)[o,s)) 
=restriction(k(g,x), RESULTANTTIMESCALE(C)[o,s)).
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5) if f 3ge RESULTANTINPUTFUNCTIONS(C), sgRESULTANTTIMESSC- 

ALE(C), s<o, and restriction(f,RESULTANTTIMESCALE(C) 
[o,s))
=restrintion(g,RESULTANTTIMESCALE(C)[s,o)), then 
restriction(k(f,x), RESULTANTTIMESCALE(C)[s,o)). 

Coupling Recipes
A coupling recipe is a triple C=(.2,i,o) where:

1) 2. is a set not empty of systems such that for every 
Z,Z'g£:

TIMESCALE(Z) = TIMESCALE(Z1)j 
INPUT PORTS (Z ) INPUTPORTS(Z' ) = 0J

p2) i is a function defined on % such that for every 
Z,Z' , Z " e Z > i(Z,Z')C INPUTPORTS( Z ) , i(Z,Z') ( ~ \ ± { Z , Z )=^, 
if Z VZ", and INPUTPORTS(Z)~i(Z,Z' ): Z'e^, Ze^}^;
3) o is a function defined on % such that for every 
Z,Z'eZ, o(Z,Z1)gFUNCTIONS(STATES(Z), )(i(Z',Z)) if 
i(Z',Z)/ff; o(Z,Z')=jd if i(Z',Z)=ff.

If C=(Z;i;0) is a coupling recipe and ZgZ then 
the set of system components of C, the input port assign­
ments of C, the output function assignments of C, the set 
of input ports of Z designated as occupied by C, the set 
of input ports of Z left unoccupied by C, the set of 
states of the resultant determined by C, the total set of 
input ports managed by C, the total input determined by C, 
the set of total input functions determined by C, the set 
of unoccupied input ports of the resultant determined by C,



and the time scale of the resultant determined by C are 
denoted, respectively, COMPONENTS(C), inputports(C), 
outputs(C), OCCUPIEDPORTS(C), UNOCCUPIEDPORTS(C), RESULTA- 
NTSTATESET(0), TOTALINPUTPORTS(C),TOTALINPUT(C),TOTALINPU- 
TFUNCTIONS(C),TOTALUNOCCUPIEDPORTS(C),RESULTANTINPUTS(C), 
and RESULTANT!IMESCALE(C), and are defined, respectively, 
as follows:

COMPONENTS (C) 
inputports(C)=i; 
outputs(C)=o;
OCCUPIEDPORTS (Z, C) = |lfi(Z,Z' ) ;
UNOCCUPIEDPORTS(Z,C)=INPUTPORTS(Z) ~ 

OCCUPIEDPORTS(Z,C) ;
RESULTANTSTATESET(C)= X{STATES(Z1): Z'eZ}; 
TOTALINPUTPORTS(C)= INPUTPORTS(Z'): Z'eZ] 
TOTALINPUT(C)= XTOTALINPUTPORTS(C)j 
TOTALINPUTFUNCTIONS(C)

= ff: f€ FUNCTIONS(REALS,TOTALINPUT(C)),
(projection(INPUTPORTS(Z ’)))•feINPUTFUNCTIONS(Z ') for 
every Z ’e Z ] ;

TOTALUNOCCUPIEDPORTS 
= UNOCCUPIEDPORTS(Z1 ,C) : Z'eZ};

RESULTANTINPUTS 
= XTOTALUNOCCUPIEDPORTS(C)j

RESULTANTINPUTFUNCTIONS 
= ff:fGFUNCTIONS(REALS, RESULTANTINPUTS(C)),
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there exists geTOTALINPUTFUNCTIONS(C) such that 
f=(projection(TOTALUNOCCUPIEDPORTS(C)))'g] 

RESULTAINTTIMESCALE(C) =TIMESCALE(Z) .
The Feasibility Cotyledon

Let S he an input/output specification and let T  
be a technology. Then the feasibility cotyledon deter­
mined by 5 and T  is denoted FEASIBILITYC0TYLED0N(5 T̂) and 
is defined as follows:
fsa sibi lityc otyl ebon(5,T)
=f(Z,x,G,T,K,Z',Z" p,p,6):
(Z,x,G,T)cI0G0TYLED0N(5),
(K,Z1)€TECHOTYLEDON(y)> Z is simulated(ZM,p ,6) by Z’}.

Let u=(Z,x,G,T,K,Z',Z",p,n,8), ueFEASIBILITYCOTYL- 
ED0N(S,J),
then u is said to be an 5/T feasible solution and 
the satisfying system artifact of the feasible solution u, 
the satisfying initial state artifact of the feasible 
solution u,
the satisfying output function artifact of the feasible 
solution u,
the satisfying time scale artifact of the feasible solu­
tion u,
the blueprints in the feasible solution u, 
the system simulating model artifact of the feasible solu­
tion u,
the subsystem artifact of the feasible solution u,
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the time scale matching artifact of the feasible solu­
tion u,
the input-function matching artifact of the feasible solu­
tion u,
the state matching artifact of the feasible solution u, 
are denoted, respectively: SATISPYINGSYSTEM(u), satisfy- 
inginitialstate(u), satisfyingoutputfunction(u), SATISFYI­
NG! IMES GALE (u) , BLUEPRINTS(u), SYSTEMODEL(u), SUBSYSTEM(u), 
timescalematch(u), inputfunctionmatch(u), and statematch(u), 
and defined, respectively, as follows:
SATISFYINGS YSTEM(u ) = Z; 
satisfyinginitialstate(u) = x ;  

satis fyingout putfunct i on(u ) = q ;

SATISFYINGTIMESCALE(u ) = T;
BLUEPRINTS(u) = K;
SYSTEMODEL(u) = Z f;
SUBSYSTEM(u) = Z " ; 
timescalematch(u) = p; 
inputfunctionmatch (u ) = jj; and 
statematch(u) = 0.

Figures of Merit
If C is an input/output cotyledon and ueC, then 

the system coordinate of u is (projection(l))(u). If C 
is a technology cotyledon and ueC, then the system coordi­
nate of u is (projection(2))(u). If C is a feasibility
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cotyledon and ugC, then the system coordinates of u are 
(projection(l))(u), (projection(6))(u), and (projection 
(7))(u).

Let C be a cotyledon. Let Z be a set of systems 
(coordinates of C) defined as follows:
= RANGE(projection(1)) if C is an input/output cotyledon, 
= RANGE(projection(2)) if C is a technology cotyledon;

Z is any one of RANGE(projection(1)), RANGE(projection(6)) 
or RANGE(projection(7)) if 0 is a feasibility cotyledon.
Let E be a vector space. For every ZeZ , let index(Z) 
be a performance index for Z with values in VECTORS(E), 
and let flip(Z) be a finite probability distribution over 
SYSTEMEXPERIMENTS(Z). Then the figure of merit over C 
determined by index and flip is denoted figureofmerit(C, 
index,flip) and is defined as follows: If ueC, and if
Z=(projection(k))(u) where keINTEGERS such that Z = RANGE 
(projection(k)), then 
(figureofmerit(C,index,flip))(u)
=expectedvalue(index(Z),SYSTEMEXPERIMENTS(Z),flip(Z)).

Implementation
A system Z is implementable in a technology "f if 

and only if there exists a system Z’ buildable in the tech­
nology f  such that Z ’ simulates Z.
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Input/Output Specifications

An input/output specification is a 5-tuple:
5 =(P,F,Q,G,p) where:
P is a set not empty;
F FUNCTIONS(REALS,P), F/0;
Q is a set not empty;
G FUNCTIONS(REALS,Q) and G00;

If S =(P,F,Q,G,n) is an input/output specification, 
then: the set of inputs specified by S , the set of input 
functions specified by 5 , the set of outputs specified 
by 5 , the set of output functions specified by S , the 
function specified by 5 for matching input functions with 
subsets of output functions, are denoted, respectively, 
INPUTS(S), INPUTFUNCTIONS(S), OUTPUTS(S), OUTPUTFUNCTI- 
ONS(5 ), matchingfunction(s), and are defined, respec­
tively, as follows:
INPUTS (5) = P;
INPUTFUNCTIONS(S) = F;
OUTPUTS (S) = Q;
OUTPUTFUNCTIONS (5) = G; 
matchingfunction( S) = r\ •

The I/O Cotyledon
Let 5 be an input/output specification. Then the 

input/output cotyledon generated by 5 is denoted
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lOCOTYLEDON(S) and is defined as follows: IOCOTYLEDON(S)
= { ( Z , x , Q , T ) : Z is a system and S is satisfied(x,^,T) 
by Z} .

If s=(Z,x,Q , T ) , selOCOTYLEDON(S), then: s is said 
to be an assertion of the satisfaction of 5 , and the 
system satisfying artifact of the assertion s, the initial 
state artifact of the assertion s, the output function 
artifact of the assertion s, and the timescale artifact of 
the assertion s, are denoted, respectively: SATISFYINGSYS- 
TEM(s), satisfyinginitialstate(s), satisfyingoutputfuncti- 
on.(s), and SATISFYINGTIMESCALE(s), and defined, respec­
tively, as follows: SATISFYINGSYSTEM(x)=Z; satisfyinginit­
ialstate (s ) = x; satisfyingoutputfunction(s) = Qj SATISFY- 
INGTIMESCALE(s) = T.

Merit Orderings
Let S be an input/output specification and T be a 

technology. Then the set of merit orderings over the 
input/output cotyledon determined by 5, the set of merit 
orderings over the technology cotyledon determined by T , 
and the set of merit orderings over the feasibility cotyle­
don determined by S and T * are denoted, respectively, 
MERITORDERINGSIOCOTYLEDON(S),
MERITORDERINGSTECHOTYLEDON(T), and
MERITORDERINGSFEASIBILITYCOTYLEDON(S,T)^ and defined, 
respectively, as follows:
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MERITORDERINGSIOCOTYLEDON(S),
=ORDERINGS(lOCOTYLEDON(S)),
MERITORDERINGSTECHOTYLEDON(T),
=ORDERINGS(TECHOTYLEDON(T)), and 
MERIT0RDERINGSFEASIBILITYC0TYLED0N(5,T)
=ord e r i n g s(feasibi lityc otyl edon(s ,t ) ).

Orderings
Let A be a set. The set of orderings over A is 

denoted ORDERINGS(A) and is defined as follows: ORDERIN- 
GS (A)
=fa:a£FUNCTIONS(A2,{0,1}) such that for every aeA,beA, 
and ceA, &(a,a)=l, and, if a(a,b)=l and a.(b,c)=l, then 
a(a,c)=1}.

Performance Indices
If Z is a system, then a performance index for Z 

is any function defined on SYSTEMEXPERIMENTS(Z) with 
values in a non-empty set.

Projection, tt

If /I is a set not empty of sets not empty, then 
the Cartesian product of the sets in A is denotedXA and 
is defined as follows:
X A
= {x:xe FUNCTIONS (A, UA) ,x(Z)eA for every AeA} if A ZD f A,B} 
for some sets A and B, A^Bj
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= A if f\~ fA] for some set A.

If A is a set not empty of sets not empty and 
6 eSUBSETS (f{), B/0, then the projection of f\ on the sub­
space determined byJJ is denoted projection f̂t) and is 
defined as follows: 
i r (B )

=projection (3 )
= f (x,y) :xg XA , ye XB, y=restriction(x,B)} «

RANGE
If fgFUNCTIONS (A, B), then the range of f is 

denoted RANGE(f) and is defined as follows: RANGE(f) = 
fb:b€B, there exists aeA such that b=f(a)}.

Restriction
If A and B are sets not empty and feFUNCTIONS(A,B) 

and A 1oSUBSETS(A), then the restriction of f to A r is 
dnoted restrictionff,A*) and is defined as follows: 
restriction(f,A*)
= f(a,b):a€A’,beB,b=f(a)}.

Resultants
If C is a coupling recipe and k is a coupling func­

tion with respect to C, then the resultant of C is an 
assemblage denoted RESULTANT(C) and is defined as follows:
S TATES(RESULTANT(C))
=RESULTANTSTATESET(0);
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INPUTS(RESULTANT(C))
=RESULTANTINPUTS(C);
INPUTFUNCTIONS(RESULTANT(C))
=RESULTANTINPUTFUNCTIONS(C);
BEHAVIOR(RESULTANT(C))
=RANGE(motion(RESULTANT(C)));
TIMESCALE(RESULTANT(C))
=RESULTANTTIMESCALE(C);

if fGINPUTFUNCTIONS(RESULTANT(C)), 
tgTIMESCALE(RESULTANT(C)), and 
x gSTATES(RESULTANT(C)), then 

(((motion(RESULTANT(C)))(f,t))(x))(STATES(Z))
=((motion(Z))((projection(lNPUTPORTS(Z)))ok(f,x),t)) 

(x(STATES(Z))) for every ZgZ.
A coupling recipe is a system couple if and only 

if there exists a coupling function k with respect to C.

Satisfaction
An input/output specification S is satisfied 

(x,,£,T) by an assemblage Z if and only if:
1) xgSTATES(Z)3
2) INPUTS(Z) = INPUTS(5)3
3) INPUTFUNCTIONS(Z)3  INPUTFUNCTIONS(5)3
4) ^FUNCTIONS (STATES (Z), OUTPUTS (S));
5) TCTIMESCALE(Z), T/03
6) for every feINPUTFUNCTIONS(S)» there exists



gg((matchingfunction(5))(f)) such that for every teT, 
C(((motlon(Z))(f,t))(x))=g(t).

Subsystems
Let Z and Z 1 be systems. Then Z is a subsystem 

of Z 1 if and only if:
STATES(Z) C  STATES(Z1);
INPUTS(Z) C  INPUTS(Z')3
INPUTFUNCTIONS(Z)C INPUTFUNCTIONS(Z ');
TIMESCALE(Z)d TIMESCALE(Z1);
and for every feINPUTFUNCTIONS(Z) and
t€ TIMESCALE( Z ) ;
(motion(Z))(f,t)
=restriction((motion(Z’))(f,t),STATES(Z)).

System Design
A system design project is a 6-tuple P=(S^T»cx^p* 

y,p) where 5 is an input/output specification;
~f is a technology; 
aeMERITORDERINGSIOCOTYLEDON(S);
3 gmeritorderincstechotyledon(t); 
YGMERITTRADE0FF0RDERINCS(5,T,a,3)3 
j)GTESTPLANS(S,T,Y) •

The input/output specification of the system design 
project p, the technology of the system design project p , 
the input/output merit ordering of the system design 
project p , the technology merit ordering of the system
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design projectP, the feasibility merit trade off ordering 
of the system design project P , the test plan of the system 
design project p, and the set of end items of the system 
design project p, are denoted, respectively: IOSPEC(p), 
TECHNOLOGY(p), IOMO(p), TECHMO(P), TRADEOFFMO(p), TESTP- 
LAN(p), and ENDITEMS(p), and are defined, respectively, 
as follows:
IOSPEC(p) = S ;
TECHNOLOGY(p) =T,
IOMO(p) = aj 
TECHMO(p) = p;
TBADEOFFMO(p) = y;
TESTPIAN(p) = p  ;

ENDITEMS(p)
R R= f(u,Z ,outcome(u,Z ,systemtests(p))):

(u,Z"R)e (setinverse(systemtests (p))) ({ueM:
MePARTITIONS(FEASIBILITYCOTYLEDON(S.T), testdecision-
framework( p)))}Xf(projection(6))(u) is an adequate model
for ZR} X  i_s acceptable] ) ] .

System Homomorphisms
Let Z and Z ’ be assemblages, Z=(S,P,F,T,ct) and 

Z=(S ’ ,Pl ,F‘ ,T' ,ct) • Then Z is the homomorphic (p ,, 0) 
image of Z* if and only if:

1) p eFUNCTIONS(T 1,onto,T);
2) ^FUNCTIONS(F1 ,onto,F)
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such that for every f, geF' , and re REALS, u. (segmentation- 
(f,g) )=segmentation(u (f), (j (g)) and u (translation(f, r)) 
=translation(u(f),o(r))j

3) 0€FUNCTIONS(S1,onto,S) such that for every 
feF’, teT', and xeS’, 8(c'(f,t)(x))=u(u(f),p(t))(8(x)).

A system Z is an homomorphic image of a system Z1 
if and only if there exist p,\i, and 0 such that Z is the 
homomorphic (p , ja, 8 ) image of Z ' .

System Simulations
A system Z ' simulates(ZM,p 0) a system Z if and 

only if ZM is a subsystem of Z 1 and Z is an homomorphic- 
(p,p,0) image of ZM.

A system Z 1 simulates a system Z if and only if 
there exist Zn, p and 0 such that Z is simulated(Z", p, 
p,8) by Z ‘.

Systems
A system is an assemblage Z=(S, P,F,T,cr) such that:
1) a(f,o)= identity(S) for every feF;
2) q(translation(f,s),t)»q(f,s+t) for every feF, 

s, teT such that s+teT;
3) q(f,r)= q(g,r) for every f, geF and reREAIS if 

restriction(f,T[o,r)) = restriction(g,T[o,r)) when r>0,
or if restriction(f,T[r,o)) = restriction(g,Tfr,o))
when r<0.

Let the set of all systems be denoted SYSTEMS.
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Let P be a set not empty; let f,geFUNCTIONS(REALS, 
P); let re REALS. Then: the translation of the function f 
by the amount r is denoted translation(f,r) and is defined 
as follows: translationff,r) = f(t,y):(t,y)eREALS X  P, 
y=f(r+t)}; the segmentation of the functions f and g is 
denoted segmentation(f,g) and is defined as follows: segme- 
ntation(f,g) = {f,g)==f (t,y):(t,y)eNEGATIVEREALS X  P, y=f (t)} 
l̂ J f (t,y) : (t,y)eNONNEGATIVEREAIS X P, y=g(t)} .

A set F is an admissible set of input functions 
with values in P if and only if Fc: FUNCTIONS(REALS,P);
F/0; if f,gef, and reREALS, then translation(f,r)eF and 
segmentation(f,g)eF.

The set of all admissible sets of input functions 
with values in P is denoted ADMISSIBLES(P).

Let GeFUNCTIONS(REALS,P), G^0. Then the smallest 
admissible set of input functions with values in P that 
contains G is denoted ADMISSIBLESET(G) and is defined as 
follows:
ADMISSIBLESET(G) = OfF:FeADMISSIBLES (P) ,F OG} .

Systems - Assemblages
An assemblage is a 5-tuple, Z=(S, P,F,T,<j) where:
1) S is a set not empty;
2) P is a set not empty;
3) FeADMISSIBLES(P);



4) TCREALS and OeT;
5) aePUNCTIONS(F X  T,FUNCTIONS(S,S)).
If Z is an assemblage and Z=(S,P,F,T,cr), then the 

states of Z, the inputs of Z, the set of input ports of Z, 
the set of input functions of Z, the set of state transi­
tions of Z, the time scale of Z, the state transition 
function of Z and the set of system experiments on Z are 
denoted, respectively, STATES(Z), INPUTS(Z), INPUTPORTS(Z), 
INPUTFUNCTIONS(Z), BEHAVTOR(Z), TIMESCALE(Z), motion(Z) 
and SYSTEMEXPERIMENTS(Z), and are defined, respectively, 
as follows:

STATES(Z)=S;
INPUTS(Z)=P;
INPUTPORTS(Z)

=1 if P= X  I for some set I not empty of sets not empty;
= {\lfli) :i€l} if p= )(,{&(i):iGl} for some index set I and 
indexing function $;

INPUTFUNCTIONS(Z)=F;
BEHAVIOR(Z)=RANGE(a);
TIMESCALE(Z)=T;
motion(Z)=q;
SYSTEMEXPERIMENTS(Z)=F X S X T.

If f€F, teT, and xeS, then the state of the assem­
blage Z at time t given the input function f and the 
initial state x is (q(f,t))(x).
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If f€F and x e S , then the state trajectory of Z 

determined by f and x is denoted statetrajectoryfZ,f,x) 
and is defined as follows:
statetrajectory(Z,f,x) = f(t,y):(t,y)eT)(S,y=(c(f,t))(x)].

An output function for Z is any £ € FUNCTIONS(S,Q) 
where Q is any set not empty.

If f€F, xeS and ^eFUNCTIONS(S,Q), then the output 
trajectory of Z determined by and x is denoted outpu-
ttrajectory(Z,(,f,x) and is defined as follows: outputtra-
jectory(Z,e,f,x)
= c«statetrajectory(Z,f,x).

Let the set of all assemblages be denoted ASSEM­
BLAGES .

Technology
A technology is a set T  not empty of systems, 

closed under isomorphism, that is, if Zej" and Z ' is iso­
morphic to Z, then Z’cT.

The Technology Cotyledon
If T  is a technology, then the technology cotyle­

don determined by is denoted TECH0TYLED0N(T) and is 
defined as follows: TECHOTYLEDON(T)
={(K,Z): K is a coupling recipe, COMPONENTS(K)C-T , Z is 
a system,
Z=RESULTANT(K)}.
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If b=(K,Z), beTECHOTYLEDON(T), then b is said to 

be a buildability assertion and the blueprints for the 
buildability assertion b and the model for the buildabil­
ity assertion b are denoted, respectively, BLUEPRINTS(b) 
and SYSTEMODEL(b), and defined, respectively, as follows: 
BLUEPRINTS(b)=K;
SYSTEMODEL(b)=Z.

The Tradeoff Merit Orderings
Let S be an input/output specification; let T  be 

a technology; let a be a merit ordering over lOCOTYLEDON(S); 
let 3 be a merit ordering over TECHOTYLEDON(j). Then the 
feasibility extension of a and the feasibility extension 
of 3 are denoted, respectively, feaibilityextension(q), 
and feasibilityextensionfg), and are defined, respectively, 
as follows: if u,veFEASIBILITYCOTYLEDON(S ,T) then
(feasibilityextensionfq))(u,v)
=1 if and only if q (pro jectionf f 1,2,3,4-) ) )(u),
(projection/f1,2,3,4}))(v)) = 1;
(feasibilityextension(B))(u,v)
=1 if and only if 3((proj^ction(f5,6}))(u),
(projection((5,6}))(v))=1.

The set of merit tradeoff orderings over FEASIBILI- 
TYCOTYLEDON(S/T*) determined by q and 3 is denoted 
MERITRADEOFFORDERINGS( a .>3 ) and is defined as follows:
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MERITRADEOFFOKDERINGS (S ,T,a»p )
={y:yeORDERINGS(FEASIBILITYCOTYLEDON(S,T)> Y Is consistent 
with feasibilityextensionfg) and feasibilityextensionfb •



APPENDIX B*

A MATRIX RICCATI PROGRAM
PROGRAM RICATI(INPUT, OUTPUT)

C RICCATI EQUATION PROGRAM (RICATI)
DIMENSION A(10»ld),3(10,10),C(1Q,10),R(10,1O)»Q(1O,10),

♦ K (10,10) ,U(10,10) ,NAMc(5) ,F (10,10) ,E(1Q,1Q) ,
» G(10,10),-t(10,10),S(10,10),GG(10,10)
REAL K
INTEGER OPTION,3LANK
DATA ICC,IFF,3LANK,ISS/1HC,1HF,1H ,1HS/

1000 FORMAT (1H1,5 X ,37HOPTIMAL CONTROL/KALMAN FILTER PROGRAM/)
1001 FORMAT (5A4.3I2)
1002 FORMAT (6X,25HPROBLEM IDENTIFICATION = ,5A4)
1003 FORMAT (1H0,5X,13H THE A MATRIX/)
1004 FORMAT (1H0,bX,2 4H THE 3 MATRIX TRANSPOSED/)
1005 FORMAT(1H0,5X,13H THE C MATRIX/)
1006 FORMAT (dF10.3)
1007 FORMAT (A1,9X,2F10.3,I 3)
10 0 3 FORMAT(1H0,45(1H*))
1009 FORMAT (H U ,5X , 21H*** FILTER OPTION ***/)
1010 FORMAT (1H0,5X,22H*** CONTROL OPTION * * * / )
1011 FORMAT(6(1PE20.3))
1012 FORMAT(1H0,5X,13H THE R MATRIX/)
1U13 FORMAT(1H0,5X,13H THE Q MATRIX/)
1014 FORMAT(1H0,5X,13H INITIAL CONDITIONS/)
1015 FORMAT(HO,5X,8H TIME = ,1°£20.3/6X,5HGAINS)
1016 FORMAT(1H0,5X,21HSTEA0Y STATE SOLUTION//

* 6X,6H GAINS/)
1017 FORMAT ( 1H0,5X,13H THE P MATRIX/)
100 READ 1001,(NAME(I),1=1,5),N,M,L

PRINT 1000
PRINT 1032,(NAME(I),1=1,5)
PRINT 1008 
PRINT 1003 
DO 110 1=1,N
READ 1006 , ( A ( I , J) ,J = 1,N)

110 PRINT 1011, (A (I,J) ,J = 1,N)
PRINT 1004 
DO 120 1=1,M
READ 1006,(3(J ,I),J=1,N)

* This program is from Melsa and Jones (10) with
some modifications.
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120 PRINT 1011,(j(J,I),J=i,N)

PRINT 100 5 
DO 130 1=1,L
READ 1006, (3 ( 1 ,J) ,J = 1,N)

130 PRINT 1011,(3(1,J),J=1,N)
150 READ 1G0Z,OPTION,TltT2,NPT 

PRINT 1000
IF(OPTIDN.ED.BLANK) GO TO 100 
IF(OPTIONeED»IC3) 30 TO 300 
IF (OPTION .E d . 153) STOP 
PRINT 1009 
NR = L 
NQ=M
DO 230 1=1,N 
DO 210 3=1,L 

210 Ed,J) =3(0,I)
DO 220 0=1,M 

220 0(1,0)=3(1,0)
DO 230 0=1,N 

230 F(I,0)=A(I,0)
DO 320 0=1,L 

320 D (1 ,0)=3(0,I)
GO TO 400 

300 PRINT 1010 
NR=M 
NQ=N
DO 330 1=1,N 
DO 310 0=1,M 

310 E(I,0)=B(I,0)
DO 330 0=1,N 

330 F(I,0)=A(0,I)
400 PRINT 1012

DO 410 1=1,NR
READ 1006,(R(I,0),0=1,NR>

410 PRINT 1011,(R(I,J),0=1,NR)
PRINT 1313
DO 420 1=1,Nd
READ 1006,(0(1,0),0=1,NQ)

420 PRINT 1011,(3(1,0),0=1,NO)
DO 11 1=1, NR 
DO 11 0=1, NR 

11 H(I,J)=R(I,0)
CALL MATRIX(10,NR,NR,2,H,NR,DET,0,0,0) 
DO 440 1=1,NR 
DO 440 0=1,N 
R(I,0)=0.0 
DO 440 11=1,NR 

440 Rll,0)=R(I,J)+H(I,II) *E(0,II)
IF(OPTION.E3,ICC) GO TO 500 
DO 450 1=1,N 
DO 450 0=1,NQ 
G(1,0)=0.0



DO 450 11=1,NQ 
45 0 G(I,J)=j(I,J)+0(1,11)*Q(11» J) 

DO 460 1=1,N 
DO 460 J=1,N 
U ( I ,J)=0 .0 
DO 460 11=1,NQ 

460 Q{I,J)=Q(I,J)+G(l,II)*D(JfII) 
500 IF (NPT.51.0) GO TO 530 

DO 520 1=1,N 
DO 510 J = 1,N .

510 G(I,J)=0.0 
520 G(1,1)=0.1 

EPS=0.01 
10=0.5 
GO TO 570 

530 PRINT 1014
DO 540 1=1,N
READ 10 0 6,(3(1,J),J=i,N)

540 PRINT 1011, (G(I,J),J=1,N> 
PRINT .10 0 8 
TIME= A3 3 (T2-T1)
PTS=200.0*TIME 
XX = NPT 
XX =PTS/XX 
IO = XX 
01 = 10
YY=A3S(XX-DI)
IF (YY.3T.0.Q5) 10=10+1 
IT = P T S 
EPS=0.005 
TIME=T1
IF(OPTION.E3.ICC) TIME=T2 
PRINT 1015,TIME 
DO 560 1=1,NR 
DO 550 J = 1,N 
K (I,J )=0 . 0 
DO 550 11=1,N 

550 K(I,J)=<(I,J)+R(I,II)*G(II,J) 
560 PRINT 1011,(K(I,J),J=1,N)
570 LC=0 

ICH=ID 
575 DO 530 1=1,NR 

DO 530 J = 1, N 
K(I ,J)=0 . 0 
DO 53 0 11 = 1 ,N 

580 K(I,J)=<(I,J)+R(I,II)*G(1I,J)
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DO 590 1=1,N 
DO 590 J=1,N 
H ( I,J)=0. 0 
DO 590 11=1,NR 

590 H(I,J)=H(I,J)+£(I,II)*K(II,J)
DO 610 1=1,N 
DO 610 J = 1, N 
U(I, J) = 0 d v  J)
DO 60 0 11 = 1,N

600 U(I,J)=D(I,JH-F(I,II)*G(II,J)+G<I,II>*F(J,II>-G(I,II>* 
* H (II,J)

610 S(I,J)=G(I,J)+Q(I»J)*EPS 
IF(NPT•L£•0) GO TO 640 
LC = LC+1
IF(LC.LT.ICH) GO TO 625
ICH=ICHfID
ALC=LC
T=ALC*£PS
TIME=T1+T
IF (OPTION.EO.ICC) TIME=T2-T 
PRINT 1017 
DO 615 1=1,N 

615 PRINT 1011, (G(I,J),J=1,N)
PRINT 1015,TIME 
DO 620 1=1,NR 

620 PRINT 1011,(K(I,J),J=1,N)
IF (LC.GE.IT) GO TO 150 

625 DO 630 1=1,N 
00 630 J=1,N 

630 G(I,J)=5(I,J)
GO TO 575 

640 5UM=0.0
DO 650 1=1,N 
DO 650 J=1,N 
SUM=SUM+ABS(0(I,J))
GG(I,J)=G(I,J)

650 G (I ,J)=S(I , J)
IF (SUM.GT.0.0001) GO TO 575 
PRINT 1017 
DO 670 1=1,N 

670 PRINT 1011, <GG(I,J) ,J=1,N>
PRINT 1016 
DO 660 1=1,NR 

660 PRINT 1011, (K( I,J) ,J = 1,N)
GO TO 150 
END



OPTIMAL CONTROL/KALMAN FILTER PROGRAM 

PROBLEM IDENTIFICATION = CL3SEP-ANT1 SOLUTION

****

* * * * * * * * * * * * * * * * * * * * * * *

THE A MATRIX

0. l.OOOOOOOOEf00 0
0. -2.0000UU0 0E+00 -4
0. 0. -5

THE B MATRIX TRANSPOSED

0. 1.OOOOOOOOE+Ol 1

THE C MATRIX

1•Q 0 0 0 0 0 0 0 E + 0 0 0 . 0

* * + CONTROL OPTION ***

THE R MATRIX

l.OQOOOOOOE+OO

THE Q MATRIX

9. 0 0000 000E + 00 3 . 0000 030OEf00 0
3.00000000E+00 1.00000000E+00 0
0. 0. 0
THE P MATRIX

1.36989231Ef00 5. 3910 IS 06E-01 -2
5.3910160SE-01 2.18572213E-01 -1
■2.39101946E-0I -1.08849542E-01 7

STEADY STATE SOLUTION

. U 00 00 00 0E + 0 0 

.OOOOOOOOE+OO

.OOOOOOOOE+Ol

.39101946E-01 

.08340542E-01 

. 68200173E-0 2

GAINS

2.99999661E+00 1.09722S71E+00 -3.20295248E-01



10/22/7j UNIV. OF ARIZONA 3.4 LVL 355-H R.O 14.59 
19.34.36.SJ CH0LE3Z FROM 10/22/73
19. 3 4. 3 7.JOuCARO-CHOLEE,3N4152112 ,CM5000 0,T10.
Id.34.37.FTN.
19.34.49. 3.773 CP SECONDS COMPILATION TIME
19 . 34.49.LGO.
19.36.10. 363753 CM REQUIRED FOR LOADING.
19.36.11. STOP
19.36.11. 1.140 CP SECONDS EXECUTION TIME
19.36.11.DISPOSE,OUTPUT,*P2=CWN.
19.36.11.0M R (4700,5200)
19.36.11.QMP-ARG OUTSIDE FL
19.36.12.IP 00000012 BLOCKS, FILE INPUT , DC 00
19.36.12. COS T= $.05
19.36.12.OP 00000039 BLOCKS, FILE OUTPUT , DC 42
19.36.12. COST= 3.09 ST= 00 F0RM = WN COPIES=01
15.36.12.CP 7.317 SEC. 3.121 ADJ.
19.36.12.10 6.363 SEC. .954 ADJ.
19.36.12.CM 126.103 KWS. 1.538 ADJ.
19.36.13.SS 5.616
19.36.13.COST 3.72/TOTAL 3.58/SS 3.14/UR
19.36.13.EJ END OF JOB, *+, MAX CM JSED= 440008



APPENDIX C*

TWO LEMMAS

Lemma 1:
Let Z=(S, P,F,T,a) be a system such that Tc:R’H ' 

and T is an additive semigroup, let Ucz S. Assume that 
P=VxW where V=W=R and C0€7r(W)*F where Co(t)=0 for all 
teR. Then let Z*=(S*, P^,F*,T*,a*) be defined as fol­
lows :
S*=fx: xeS, there exists some yeU, seT*, geF* such that 

x=a(g,s)(y)},

P*=P,
F*=ff: feF,7r(W)»f=C0) ,
T*=T, and if feF*, teT*, xeS*,
o*(f,t)=res (cr(f,t),S*).
Then Z* is a subsystem of Z.
Proof: The points worth mentioning are:
1. To show that a*(f,t)e JT(S*,S*);

if XES*, then there exists yeU, geF*,
s e t *, such that x =ct(g , s)(y). Then, if
feF*,teT*,

* The lemmas in this appendix originated from 
the work of Dr. Wymore.
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a*(f,t)(x)
=a*(f,t)(a(g,s)(y));
=CT(f,t)a(g,s)(y)j
=ct (((g-s )/f )--S,S+t) (y), hence
CT*(f,t)(x) is reachable from y .

2. F*eADMISSIBLES(P*) which follows through easily.

Lemma 2 :
Let Z and Z* be defined as in Lemma 1. Let 

Z0=(S0,P0,F0,T0,a0) be a system where 
T = Tq,
7r( V)<,F*=Fo, let
0€ p(S"x‘,onto,So), |a€ p(F*,FQ) such that
l_1(f )=7r(V) ef for every feF*. Furthermore suppose that for 
every feF*, teT* and xeU, there is a 0 such that
0 (c7*(f ,t) (x) )=aQ(p(f) ,t) (0 (x)) . Then ZQ is an homomorphic-
(w,p,0) image of Z*.

Proof: The only thing that is needed to prove is that
p.(f—»s) =(j.(f)-*s) p(f/g)=p(f)/p(g) and that for every 
yeS*, teF*, teT*, 
e(a*(f,t)(y))=CT0(u(f),t)(6(y)).
Since yeS*, there exists xeu and geF*, 
seT*, such that y=a*(g,s)(x). Then 
0(a*(f,t)(y))
=0(a*(f,t)CT*(g,s)(x))
=8(c*(( (g-*s)/f )--s,s+t) (x));
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=CT0(n(((g-s)/f)--s),s+t)(9(x)), [by assumption since 
xe u and ((g-̂ s )/f )-»seF*] ;

(d(g)-s)A i ( f ) )— s,s+t) (0 (x )) );
=Co(p(f),t)co(u(g),s)(8(x));
=Co(u(f),t)8(cr*(g,s)(x)), by assumption;
=aQ (p(f),t)e(y).
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