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ABSTRACT

The "resonant spectrophone" technique may prove to be 
very useful in the measurement of absorption coefficients of 
atmospheric aerosols and particulates. The particular choice 
of a resonant sample chamber deserves detailed consideration.

The mechanism by which modulated light energy ab­
sorbed by the particles becomes available as acoustic energy 
is studied, leading to a constraint placed on the modulation 
frequency. The theory of the cylindrical resonant sample 
chamber including energy loss mechanisms and coupling of the 
optical source is presented for the radial and longitudinal 
modes. The resulting expressions for the pressure response 
are examined in terms of their dependence on the geometrical 
parameters of the chamber.

Experiments are performed on the cylindrical chamber 
as well as the radial modes of an elliptical chamber. The 
results indicate that the chamber damping is in only quali­
tative agreement with the theory. However, the dependence on 
the geometrical parameters appears to be justified. The 
final choice of using longitudinal modes is based on a more- 
practical size of chamber and less stringent controls on the 
stability of the system. -
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CHAPTER 1

INTRODUCTION

In recent years a. great deal of interest has been 
generated in the use of an opto-acoustic technique for the 
measurement of concentrations of trace gases. A study by 
Kruezer (1971) showed that by optically exciting a trace gas 
specie with a narrow bandwidth source, corresponding to one 
of the vibrational-rotational absorption bands of the specie, 
in a cyclic manner a pressure wave is generated? the pressure 
amplitude being proportional to the trace gas concentration, 
in further studies Compton (1969) and Kamm (1973) have exam­
ined the possibility of coupling the pressure wave into a 
resonant mode of the sample chamber - The advantage is that 
the sample chamber acts as an acoustic amplifier to signals 
at the resonant frequency thus providing an effective gain 
to such signals.

It is thought that the "resonant spectrophone" tech­
nique can be extended and adapted to measure absorption of 
light energy by atmospheric aerosols and particulates. The 
amount and distribution of solar energy absorbed by aerosols 
is an important question in atmospheric science. Aerosol 
sizes of interest (0.01 - 10.0 microns) do not absorb in 
bands like gases. A narrow bandwidth optical source is not



essential. However, since there is interest in the wave­
length dependence of the absorption, the use of a white light 
source with broad band optical filters should be adequate.

 ̂ The fraction of energy absorbed by the aerosols per 
unit length is given by the volume absorption coefficient, a, 

hereafter referred to Simply as the absorption coefficient.
An important part of this study is to determine the condi­
tions under which the absorption coefficients can be measured 
directly. Under most circumstances the absorption coeffi­
cients are small (-10“7-10“ 8cm-1); thus the energy absorbed 
is small. In order to obtain the maximum possible signal 
under favorable experimental conditions, a proper choice of 
the resonant sample chamber is necessary. Two geometries 
chosen for study are the circular cylinder and the elliptical 
cylinder. The theory of the circular cylinder is presented 
for radial and longitudinal modes including energy damping 
mechanisms and optical source coupling. Comparisons based on 
experiment and theory allow for the optimum choice of the 
sample chamber, which can then be integrated into a complete 
"resonant spectrophone" system.



CHAPTER 2

THEORETICAL DISCUSSION

2,1 Description of Energy Transfer 
from Aerosol Particles

The analysis of the resonant spectrophone technique
necessarily begins with an understanding of the absorption of
light energy by the particles and the subsequent transfer of
this energy to the surrounding medium

Consider a light source having a plane parallel inten-
0)sity I , modulated at a frequency f = 2tt so that the intensity 

satisfies the relation,
I = ^I0 (1 + coswt) (2.1)

where Io is the maximum intensity at a point in space. If 
the volume absorption coefficient at a particular wavelength 
is ou , then the rate of energy absorbed per unit volume, Q, 

is a^I where I is assumed to be at the same wavelength X .
Since only the time varying part of I provides useful infor­
mation , the constant term in (2.1) can be neglected.

axlG
0 -  —o coscot  ( 2 . 2 )o ^

This result is valid for small absorption coefficients so 
that Io does not effectively change with distance.

It is necessary to determine the extent to which this 
absorbed energy becomes available in a source of acoustic
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energy. Therefore we determine the rate of heat transfer 
from one particle to the medium and then generalize by in­
cluding a distribution of particles.

Consider a spherical particle of radius a. We intro­
duce the Knudsen number, Kn, defined as the ratio of the 
molecular mean free path in air, £, to the radius of the 
particle. In the limit as Kn 0 the heat transfer problem 
becomes classical. The rate of heat transfer from a spheri­
cal particle of radius a for the classical case is given by,

Qc = 4iraxT’ (2.3)

Where % is the thermal conductivity of the medium. If the
absolute temperature of the particle is T and the temperature 
of the medium is Tq then T' = T - Tq . An expression is de­
rived (Fuchs and Sutugin, 1970, p. 64) for the rate of heat 
transfer in the kinetic transfer case, i.e., for large Kn 
(Kn is the order of 50 for a = 0.01 microns).

Qk = ‘tra2 ng vg (cv + %k)o^T' (2.4)

ng is the number density of molecules in the medium; vg is 
the average velocity of a molecule; cv is the heat capacity 
per molecule at constant volume for the medium and k is the 
Boltzman constant. the thermal accommodation coeffi­
cient, is a measure of whether a molecule colliding with the 
particle takes on the temperature of the particle (aT = i)
or some fraction of the temperature (aT < 1). The value of



depends on the nature of the particle and is not well 
known. We will use a value of = 1 which may overestimate 

in some instances. Fuchs and Sutugin (1970, p. 64) state 
that the thermal conductivity can be expressed as.

x = 0.5 e cv ng vg S. (2.5)

where e is a dimensionless coefficient whose value is 2.5 
for a monatomic gas and 1.9 for a diatomic gas. Making the 
substitution for ngvg in (2.4) yields,

(c + ^k)a . . .
Qk = —     4naxT' (2.6)2 E cv Kn

We desire to find a general expression for the rate 
of heat transfer, Q , applicable at all Knudsen numbers. 
Sherman's "universal" formula (Fuchs and Sutugin, 1970 , p.
65) is an expression for the heat transfer at any Knudsen 
number, which approaches the classical and kinetic results 
in the appropriate limits. Fuchs and Sutugin (1970, p. 66) 
indicate that comparison of Sherman's formula with experimen­
tal results of Takao show good agreement. Sherman's formula 
is,

Q = r r ^ r ° k (2-7)
Kn

c + kk vwhere = __________ It is immediately obvious from (2.7)
2 e cv



that for Kn large, Q -> Q^. To show the other limiting case, 
we substitute into (2.7) the value of from (2.6) in terms
of 3/ yielding

3«t
Q = Kn _______  4na%T' (2.8)

301m
1 +  ior

which after rearranging terms yields,

Q = -------    4na%T. (2.9)

1 +  ^

The second limiting case is now evident by setting 
Kn = 0 and comparing with (2.3) . The rate of energy transfer 
per particle can be found from (2.9) once T 1 is known.

In order to simplify this problem, we assume that 
the temperature within the particle is spatially isothermal. 
The rate of heat flow away from the particle is proportional 
to the thermal conductivity of the medium into which the heat 
is flowing, i.e., air. For the same particle the rate of 
heat flow within the particle is proportional to the thermal 
conductivity of the particle. For almost all materials the 
thermal conductivity of the particles is much greater than 
the thermal conductivity of air. Thus as heat is removed by 
the air with a correspondingly long time constant there is 
sufficient time for the heat within the particle to flow in 
such a way as to maintain the spatial uniformity.
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The absorption cross section for the particle at a 

particular wavelength is ou . The energy balance requires 
that the energy absorbed by the particle be either stores in 
the particle, transferred to the medium by conduction or 
radiated as black-body energy.

■-A-° cos cot = pcV d T ' + 1 4waxT' + 16tt a2anT 3t ' (2.10)
2 d t  n , Kn °

p is the density of the particle; c is the specific heat 
capacity of the particle; V is the volume of the particle, 
equal to Tfa3 for a sphere. The last term is the upper
limit to radiational loss with emissivity = 1, found by tak­
ing the black-body function and expanding it in a power 
series about the ambient temperature Tq , retaining only the 
first term for T 1 small. The second and third terms on the
right in (2.10) vary linearly with T 1. The ratio of the

Knradiative term to the conduction term is (1 + n-) 4aanT 3Uip p B o *
X

Taking = 1.0, 3 from (2.7) is for a diatomic gas, £ = 
0.5 microns, and room temperature (20 °C) , for a particle of 
10 micron radius the ratio is approximately 0.005 and de­
creases for smaller particles. Therefore radiational losses 
can be neglected and (2.10) is simplified.

aX^o dT' 1—  COSMt = PCV _  + ---- -- 47raxT' (2.11)
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The solution to the homogeneous equation is exponentially 
damped and approaches zero with a time constant the order of 
20 micro-seconds for a 1.0 micron radius particle. The char­
acteristic time is shorter for decreasing particle size. For 
the inhomogeneous equation a solution is assumed to be of the 
form,

T' = A coswt = B sinwt (2.12)
Substituting (2.12) into (2.11) yields the solution.

a I
T' (t) = ______ *_°____________________ cos (wt - 6) (2.13)

4Trax
Kn

2 -
+ (pcVco) 2

1 + a 6T

(1 +
where 6 = Tan” 1

Kn
aTe
4wa%

(pcVw)

The rate of energy transferred from the particles to the air 
can now be found by substituting (2.13) into (2.9). The 
result is obtained after rearrangement of terms.

Q “x Xo cos (o)t - 6) (2.14)
i + . PCVOJ, 2

(4wa%



Equation (2.14) represents the rate of energy transfer per 
particle to the atmosphere. If the number of particles per 
unit volume per unit increment of radius is n = n(a) and the 
limits on the distribution are a 1 and az' then the rate of 
energy transfer to the air per unit volume which represents 
the source of acoustic energy is

a2
W(t) n(a) Q (a, t) da (2.15)

Substituting in for Q(a,t) from (2.14) leads to the result

W(t) = n (a) o (a) I0

i + d + ^ )  a
2s

aT® 4TTaX

cos(mt - 6)da (2.16)
%

is shown to be, Atwater (1971, p. 1368)

aA n(a) ox (a) da (2.17)

If we substitute (2.17) into (2.2) and note that neither Io 
nor cos (cot) depend on a, then the expression for Qo becomes

Go (%) = n(a)ax (a) I
2. cos (wt) da (2.18)

In order for all the energy absorbed by the particles 
during a modulation period to be transferred to the atmosphere
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within the modulation period, thus becoming available as the 
acoustic source, it is necessary for (2,16) to equal (2„18) 
over the appropriate range of particle sizes. This requires 
the second term in the denominator of (2.16) to be much 
smaller than 1 which will also allow the phase angle to van­
ish. The only variable which we command is to. We assume 
the thermal accommodation coefficient to be 1.0 as before.
For a number of materials the product of p and c is very sim­
ilar and a value of pc = 0.5 cal cm-3 K~1 is typical. For a 
particle of 1.0 micron radius and a modulation frequency of 
f = 300 Hz approximately 2% of the energy absorbed is re­
turned to the air in a time longer than the modulation period 
so that it is lost from the acoustic source. The losses ap­
proach zero with decreasing particle size.

Under the above constraint placed on the modulation 
frequency, (2.2) is the acoustic source function indicating 
that the absorption coefficient can be measured directly. 
However only a fraction.of this energy will contribute, to 
the enhancement of a particular acoustic mode of the sampling 
chamber. The constraint placed on the modulation frequency 
noted above will affect the sample chamber geometry for a 
particular resonant mode. It is necessary, then, to deter­
mine how the coupling between the source and the resonant 
modes is affected by the chamber geometry in order to opti­
mize the system.
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2.2 Acoustically Resonant Sample Chamber
The transfer of energy to the medium as discussed in 

the previous section leads to an increase in the translational 
energy of the air molecules. This in turn results in a local 
pressure increase. Since the source is modulated, periodic 
pressure fluctuations exist which constitute the acoustic sig­
nal. Depending on the sample chamber geometry, there are 
several possibilities for obtaining a resonant situation. For 
example, for a long tube with a cylindrical cross section 
radial modes are excited if the source lies along the axis of 
symmetry. On the other hand if the source lies at one end of 
the tube longitudinal modes can be excited. Another type of 
radial mode is obtained with a chamber having an elliptical 
cross-section. The source lies along one focal line and using 
the focussing properties of the ellipse, the signal can be 
measured at the other focal line. These three resonant modes 
are shown in figure 1.

Prediction of the pressure response of the sample 
chamber to the modulated source requires the solution of the 
wave equation with the inclusion of forcing and damping func­
tions which act on the standing wave field. Solution for the 
elliptical geometry requires the wave equation expressed in 
elliptical coordinates. The complexity of the solution is 
beyond the scope of this study so that only radial modes in 
cylindrical geometry will be theoretically treated. Compari­
sons of the radial geometry with elliptical will be based on 
experimental results;



Longitudinal Mode

Radial Mode

Elliptical Mode

Fig. 1. Resonant Mode Configurations
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The description of the cylindrical chamber begins 

with the governing equations of the systems (Kamm, 1973, p. 
18). The fundamental equations are linearized by the pertur­
bation method where primed quantities are perturbations 
as referenced to the unperturbed state indicated by zeroes.

P A. v  ̂  = 0 
at °

9p

3v
Jt

3h
3t

3t

+ Vp" = Kq V "

i f -

+ P0Au" = 0

8u
at + Vp = Kq u

Continuity (2.19) 

Motion (2.20)

Po = PoRTo

Energy

Ideal gas
P + T

(2.21)

(2.22a)

(2.22b)
0 ^ 0  o

p is the density of the medium, V' is the bulk velocity of 
the molecules, P is the pressure, h is the specific enthalpy, 
Q is the energy source, R is the specific gas constant and T 
is the temperature Kq = PoC0 is a damping factor where it

qwill be shown the q is the quality factor "q" of the reso­
nance. The use of an equivalent body force proportional to 
the perturbation velocity to account for damping due to inter­
action of the wave with the chamber walls is indicated by 
Rayleigh (1945, sections 347-350).

Since the medium behaves as an ideal gas, the en­
thalpy can be replaced with

h = CpT" (2.23)
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Using (2.23) with (2.22) results in,

3h 9p^ 1 )p ̂ c2 9pp° It ?r = FI + 3̂  ' FT F (2-24)
where y = _P. an(̂  c 2 _ yRT is the adiabatic speed of sound

cv
squared.

A revised energy equation is obtained by substituting 
the result of ( 2 . 2 4 )  into ( 2 . 2 1 ) .

—  - C 2 = ( Y - l )  Q ( 2 . 2 5 )3t 3t

Following Compton ( 1 9 6 9 ,  p. 16) it is convenient to 
introduce a velocity potential cf> which defines the perturba­
tion velocity and pressure by v' = V<t> (2.26)

p'  = - Ko'f) + Pq —  ( 2 . 2 7 )91
The equation of motion ( 2 . 2 0 )  is identically satis­

fied by ( 2 . 2 6 )  and ( 2 . 2 7 ) .

Substituting ( 2 . 2 6 )  into ( 2 . 1 9 )  results in,

= -  P0 V2<I> ( 2 . 2 8 )dt

combining ( 2 .  27)  , ( 2 . 2 8 )  and ( 2 . 2 5 )  leads to the desired re­
sult.

1 92(f> . K0 9(j) Y-l x
-  V2(j) + ------ :-------- = -  (------- )  Q ( 2 . 2 9 )c2 9t2 poc2 9t pQc2
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This can be recognized as the wave equation with the

added damping term and the forcing term - ( 7 q
PoC= at Pc,c2

Substitution of K = —°— into (2.29) yields.
° q

9  ̂ + w 8(f) = _ y 1
c at2 T qc2 at p^cv = 4> — T  —  " (---- - ) Q (2.30)z ^ 4- - r. 2

The boundary conditions on the system are that at the 
chamber wall normal to the wave direction there is no fluid 
motion. In terms of the velocity potential (p,

= 0  at r = R radial modesdr (2.31)
— • = 0  at z = o,L longitudinal modes

For the first case, purely radial modes will be ex­
amined. In the most general case the source function, Q, will 
be a function of the radial distance, r , as well as time.
For a purely modulated source, Q(r,t) may be separated into,

Q(r,t) = W(r) e-iwt (2.32)

For ideal temporal coupling between the source and 
the acoustic wave, w must correspond to one of the resonant 
frequencies of the chamber. Since the time dependence of 
the velocity potential follows that of the source, cj) (r, t) 
may be expressed as,

<Kr,t) = ,2.33)
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Substituting (2.32) and (2.33) into the wave equation

(2.30) eliminates the time dependence.

V2f + k 2f = T.".1- W (2.34)
Poc2

where
k 2 = ^4 ( 1 + - ) c2 q

For radial symmetry in cylindrical coordinates the 
Laplacian operator is:

V2 =  I (r 5_  ) (2.35)r dr dr
A solution for f(r) is assumed to be a series of 

zeroth order Bessel functions corresponding to the purely 
radial modes.

f (r) = E Bn JQ (cx0 inr) (2.36)
n

Application of the first boundary condition (2.31)
defines the radial wavenumber a _ in terms of the zeroes,o , n

xo,n' of 

d J (x)° = -J (x) = 0, where a R = x . The resonant fre-dx i °'n o,n
quencies are then given by,

Wn " ao,nc (2.37)
A complete solution is available after the evalua­

tion of Bn . Combination of (2.35) , (2.36) with (2.34) and
simplification yields.



Bn can be determined by exploiting the orthogonality 
of the Bessel functions.

velocity potential can be uniquely determined for each reso­
nant mode. All that is left is to apply (2.27) to obtain the 
perturbation pressure response.

the chamber involves longitudinal modes. In this case the 
source is placed at one end so that the entire cross-section 
of the chamber is illuminated. Plane waves would then prop­
agate along this axis of symmetry.

We again seek solutions to (2.29) where the Lapla- 
cian operator for this case is

R 0 n^m 
R) n=m (2.39)

o

making the appropriate integration of (2.38) yield,

R
B 2 (y-1) q i W(r) J (a r)rdr o o , n (2.40)n w 2R2J0 2 (a0-nR)p0 o

Thus, once the energy distribution W(r) is known, the

(2.41)
q

A second method for coupling between the source and



The forcing function, in its general form, takes on 
both z and t dependence which for a purely modulated source 
is

Q(z,t) = (2.43)
In a similar manner the velocity potential can be

taken as,

Q(z,t) = g(z)e (2.44)

Substitution of (2.43) and (2.44) into the wave equa­
tion and cancelling out the time factor yields,

4 4  + ( ! 4 + ! 4 - i , g = H i -  Z (2.45)
dzz c c q p o c

A solution for g is assumed to be

g(z) = £ An cos kn z (2.46)

Application of the second boundary condition in
(2.31) defines the allowed wavenumbers.

kn — ^  n — 1 , 2 , 3 . . .  (2.47)
L

The allowed frequencies in terms of the k are w =n n
ckn . Substitution of the solution (2.46) into (2.45) pro­
vides the result.
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To solve for the An , multiply both sides of (2.48) 

by cos (k^z) and integrate over the length of the chamber 
from z=0 to z=L. Because of the orthgonality of cos k^z, 
the integral will be zero unless m=n. The constants are 
thus given by,

2 (y-l)q i
(i) L

Z(z) cos(knz)dz (2.49)
o

The solution is completely specified once the distri­
bution of energy is known. The perturbation pressure is 
again given by (2.41) with replacing and cos k^z re­

placing JQ (ao nr) in this case.

The distribution of the acoustic signal is now pre­
dictable once the damping properties of the system and the 
energy distribution of the source are known for the mode of 
interest.
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2.3 Energy Dissipation Mechanisms
The term Ko was introduced in the previous discus­

sion to account for the acoustic damping in the system. 
Various mechanisms which contribute to the damping are 
examined, leading to a total damping for each resonant 
system.

In order to more easily compare the individual loss 
mechanisms, H is introduced and defined as the ratio of the 
energy loss per cycle to the total standing wave energy.
The quality factor or "q" of the resonant peak is defined as
^2. To a good approximation the various losses are not 
coupled and the total H will just be the sum of the individ­
ual H values.

Thermal losses occur because of non-equilibrium con­
ditions that exist between neighboring regions of compression 
and rarefaction. Viscous losses are due to frictional 
dissipation of compressional motion. An expression for the 
attenuation factor for these mechanisms Morse and Ingard 
(1968, p. 277) is,

A = %(n + 1 Vi)—  (1 + _2L Y ~1 ) (2.50)
3 Poc cp n+£y

where the wavenumber k = 2 and y and y are the first and 
second coefficients of viscosity. At a frequency = 500Hz 
the value of the attenuation A - 1 x 10“7 cm"1. Over a dis­
tance of 50 cm corresponding to the distance between two
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reflections of the wave, the fractional energy loss is 
roughly 5 x 10 which will, be shown to be negligible com­
pared to other losses.

Another source of energy loss in free space is the 
effect of vibrational relaxation. On gaining equilibrium 
due to the heating that takes place locally during compres­
sion, the individual molecules are forced into higher 
vibrational states. After compression has passed some of 
the energy remains in these states. Through inter-molecular 
collisions, this energy is transferred to other parts of the 
wave in a characteristic vibrational relaxation time. Kamm 
'(1973) indicates that at a frequency of 4000 Hz., the H value 
is an order of magnitude less than, losses due to the inter­
action of the wave with the chamber walls. At a frequency 
of 300 Hz. the relaxation losses would be even less signifi­
cant.

In a closed chamber, losses are due to the inter­
actions of the apoustic wave with the chamber walls. Viscous 
and thermal losses at the wall are generally the dominant ' 
effect in the total damping of the system. Thermal losses 
result from the non-adiabatic interaction of the acoustic 
wave with the walls. Viscous losses occur at boundaries 
where there is a velocity shear, i.e., where the wave motion 
has a tangential component at a boundary. The following 
analysis will assume perfect cylindrical geometry. In fact.
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certain irregularities such as the presence of the microphone 
may add substantially to the total damping.

We will consider the radial modes first. For purely 
radial motion only the end plates would contribute to viscous 
losses. It is interesting to note that for radial motion in 
the elliptical cavity, viscous losses would also occur at the 
radial boundary since in general the wave is incident at an 
angle other than 90° to the boundary. This may be an impor­
tant point in comparing these two geometries. Thermal losses 
occur at all boundaries. Expressions are provided (Morse and 
Ingard, 1968, pp. 291-292) for the power losses per unit area 
corresponding to thermal and viscous boundary losses respec­
tively.

Lbh = “dh 1 P'max I" (2-51)4 p0 C

where d^ is the thermal boundary layer thickness given by.

dh = ( — ?x ) h (2.52)
PoWCp

and | P ,max | is the magnitude of the time independent part 
of the perturbation pressure.

Lbv = < ^ - > 2 dv I P'max I2 (2-53)
0) 4po c

where is the tangential wave number at the boundary and dv 
is the viscous boundary layer thickness defined by,



d,„ = ( 2|J )V
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(2.54)
Poa)

y being the viscosity of the medium. From (2.41) it is evi­
dent that,

P 'max = PmaxJo (ao,nr) (2l55)
In order to obtain the total power loss from the two

mechanisms, it is necessary to integrate the losses per unit
area over the appropriate surface areas.

fL
Thermal Loss Pbh

f 2 TT
o -Vzl

4p c o
I" “dh p2maxJo 2(ao,nR) Rd6 dz

2tt R
.r l. “dh p2max Jo2 (a0 rdrd8 4p0c '

This results in the final expression,

Y-l
bh 2p0c‘ wd^ p 2m=vJ 2 (a_ _R) ttR2 (1+—)h max o ,n R (2.57)

Viscous Loss P, = 2bv

2 tt

o

R
k c
( _ )  2 ( w

4P0 C
 ) d p2 J 22 v ^max o

(a© nr) rdrd© (2.58)

For the case of the radial waves, the tangential 

wavenumber, kt , at the ends is just the radial wavenumber 
a0 ,n . This results in.



The total power loss, is the sum of the thermal
and viscous losses. We are interested in the total energy

P,loss per cycle, E, , which is equal to _  where 2'rrf = w.

Eb = ^ 4  p2max Jo 2 <ao,nR> + (y-1) dh (!+") ] (2 .60)~l ̂ ~
TT R' 2o Pp c v 4 4 R

We now need the total standing wave energy E^. The 
acoustic wave energy density is given by [4] p. 258.

w = 2 ---— —  (2.61)1 1 ^
2 p0c2

Ê _ is obtained by integrating w over the entire cham­
ber volume, the result being,

Et = 4 ^ T p2max Jo 2 (“o,nR) <2 -62>

The damping parameter H is just the ratio of E^ to

Ef

H = [dv + (y-l)dh (1 + -)] (2.63)
L + 4 R

Substituting in for d^ and d^ and noting that w can 
be expressed in terms of R, we obtain the desired expression
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It remains to show the relationship of H to the damp­

ing factor q used in the wave equation. To do this we wish 
to determine the response of the system once the energy 
source has been removed. The equation for a purely damped 
wave is,

1 d 2(f> , 0) 3(f)
—  — I  =  V2<f) + ------ —- = 0 (2.65)
c 2 dt2 c2q 9t

Since H is the fractional energy dissipation per 
cycle and the energy of the acoustic wave is proportional to 
the pressure squared or the velocity potential squared, we 
assume a solution of the form,

H
(- - + 27ri)ft

cf>(r,t) = A i J0 (ot0znr)e 2 (2.66)
Substituting the solution into the damped wave equa­

tion yields,

( - + 27rif) 2 + w2 + + f- = 0  (2.67)

Noting that w = 2Trf and neglecting terms of second 
order in H and i we obtain the desired result,

<3 = 1^ (2.68)

Thus the damping factor used to obtain the pressure 
distribution is identically the quality factor of the reso­
nance .
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In order to examine how q varies as a function of the 

chamber parameters L and R, for radial modes, we will assume 
that the damping is due only to thermal and viscous losses 
at the boundaries. From (2.64) and (2.68) we can write

1 1
q “ r  + c; (r  + ^ >  (2-69)

where

c = _Xli —

2 (ycp/x) 2

Over a temperature range from -40°C to +30°C the 
value of c^ is very nearly constant and equal to 0.47. For 
simplicity of analysis we take c2 = h.

1 a 3R^ + l _
q 2L 2R% (2.70)

2LR^q ^ ----  (2.71)
3R+L

The energy losses from the longitudinal modes can be 
found in a similar manner. Noting that in this case viscous 
losses take place along the side wall, (2.51) and (2.52) can
be integrated over the appropriate areas where,

p 'max = Pmax cos kn 2 (2.72)



The results are,

ttR (y-l)wd PThermal loss P = ------------“---  [1 + _ ]  (2.73)
2 p 0= 2 R

ttR Lwd p
Viscous loss P, = —      (2.74)d v  4 p c 2ro

The tangential wave number kt used in the viscous 
loss is just the longitudinal wavenumber kn . The total power 
loss, P^ is the sum of the thermal and viscous loss. The 
total energy loss per cycle then is P /f where 2Trf = w.

Eb = ^ R2p2max. [ d —  + (Y-l) dh (1 + — ) ] (2.75)
p^c2 2R 2R

The total acoustic energy in the system is again de­
termined by integrating the energy density (2.61) using (2.72) 
over the entire chamber volume.

E, = "R L P2max . (2.76)
4p c2 o

The damping parameter H is the ratio of to Et
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Substituting in for and d^ and expressing w in 

terms of L leads to the final result.

“ ■ O ' c 1 l2-78’

In terms of the chamber parameters,

— oc H oc ——  + c2 ( —jr + —— ) (2.79)q 2R I/* 2R

where is the same value as used in the radial mode case.

- « (2.80) 
q 2L^ 4R

4RL^ (2.81) 
2R+3L

The dependence of the q values on the chamber param­
eters are used with (2.41) for each mode case, once the 
energy distribution is known, to determine how the pressure 
depends on the chamber parameters.



2.4 Optical Coupling 
Consideration is given now to how the spatial dis­

tribution of the optical source relates to the pressure 
distribution. As has been shown in section 2.1, equation 
(2.2) gives the acoustic source. I0 is the intensity of the 
optical source which is assumed to be parallel with a total
power Pq . We want to determine how the pressure depends on
PQ and finally on the chamber parameters.

We first consider the radial modes. The optical 
source is incident along the axis of symmetry of the chamber. 
We take the intensity to be constant across the beam diameter 
so that in (2.32) W(r) is given by,

al0 0<r<bW (r) = —    (2.82)2
0 r>b

Where b is the radius of the beam cross section.
We can now determine the B , from (2.40). Howevern 1 s

since we are interested only in the first order mode, only Bj
P

need be considered. Note also that I0 = ___ .
irb

In terms of the variable parameters (q, R, PQ , b)
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After simplifying the result of the integration 

noting that

V, -

qPo X0 bBi -   y Ji ( — ) (2.84)
o , i

R

From the series representation of J 1 for b<<R

x b x bJ ( _o.xi—  ) = . 9.r}—  , therefore,
R 2R

qPB ! cc  o (2.85)
2

This last assumption of b<<R maximizes B which 
ultimately helps to maximize p 1. It is evident from (2.41) 
that for q 2>>l,

qpp 1 oc Bio) oc __— (2.86)
2R

Substituting in the dependence of q from (2.71) 
yields the result,

BP
p ' “ 7 5 ^  (2-87)

Since we are constrained in our use of the modulation 
frequency, R is a fixed quantity. Equation (2.87) is thus 
maximized for L>>R leading to the final result,
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p' ^ — £ (2.88)

Next we consider the case of longitudinal modes. In 
this case the optical source is incident from the side and is 
confined to a small volume at one end. The beam has a rec­
tangular cross section of width d and height 2R so that the 
beam fills up the cross sectional area of the chamber. The 
source function z is given by,

(XIZ(z) =  ° 0<z<d (2.89)
2

= 0 z>d

In terms of the power in the beam Io =- o
2Rd

Again
we consider only the first order mode so that w = . sub-L
stituting in for Z(z) in (2.49) results in

d
Al - 1 dRw cos (.TT̂ --) dz (2.90)

After simplifying the result.

qP sin o
7TZ

RW 7T d (2.91)



Again for q 2 >>1 the pressure is given by

(2.92)R

Substituting in for q from (2.81) yields

(2.93)
2R+3L

In this case the modulation frequency fixes L. The 
maximum value of p ' occurs for R<<L.

3I/S
If we now include any proportionality constants in 

(2.87) and (2.94) that are not the same in both equations, 
we can ultimately compare the magnitude of the pressure of 
each mode. Thus (2.88) becomes

4Po (2.94)

1 Po (2.95)
(ttx

and (2.94) becomes



CHAPTER 3

OPTIMIZATION OF CHAMBER DESIGN

3.1 Experimental Confirmation of Chamber 
Resonance and Damping Properties

In this section we make use of the various resonant 
situations discussed in the previous chapter to determine 
how well the resonance and damping properties can be pre­
dicted by the theory.

We first consider the radial modes. For the lowest 
order resonant frequency f = 300 Hz, eq. (2.37) indicates
that R = 70 cm. Since this makes for a very large chamber, 
a more convenient size was chosen for testing purposes. The 
cylindrical chamber thus used had a radius R = 5.08 cm and 
length L = 15.24 cm. At a temperature of 20°C the lowest 
resonant frequency given by eg. (2.37) is f = 4110 Hz. In 
order to make a closer comparison with the cylindrical cham­
ber, the elliptical chamber was designed with a semi-major 
axis of 5.08 cm, a length of 16.70 cm and an eccentricity of 
0.5. This eccentricity places the focal lines midway between 
the center and the wall.

It was first necessary to have a method of exciting 
the modes, which is similar to the ultimate use of an optical 
source. The method chosen is the thermophone technique (see 
Arnold and Crandall, 1917, and Wente, 1928, for a more
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detailed description). The technique involves driving a thin 
strip of metal foil with an alternating current. Periodic 
heating and cooling takes place in the foil, the heat being 
transferred to the surrounding air thus generating a pressure 
wave. It turns out that for pure alternating current, heat­
ing takes place during each half cycle and the frequency 
of the applied source must be one-half that of the desired 
resonance. The particular foil used was a nickel foil of 
thickness 1.9 microns. Even though the foil is flat, if its 
size is kept small with respect to the radial dimension of 
the chamber, it approximates a radial source. For the ellip­
tical case it was placed along one of the focal lines. The 
same strip was used in testing both chambers.

The pressure wave is detected by a TE Electret con­
denser microphone model 533b developed by Thermo-Electron 
Corporation. The microphone has a flat response over a 
frequency range of 50-16,000 Hz with a sensitivity of 1 m 
volt per ybar. The miniature size (.711 cm x .711 cm x .406 
cm) is an advantage in minimizing effects due to the presence 
of the microphone. In order to accurately measure the signal 
in the presence of noise, a P. A. R. model HR-8 lock-in am­
plifier was used.

Using this system the lowest order radial mode of the 
cylindrical chamber was measured to be f = 4175 Hz. Com­
parison with the theoretical value shows agreement within 2%.
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Since the resonant frequency is temperature dependent through 
the speed of sound, the difference is probably due to inexact 
knowledge of the temperature inside the chamber.

Where f2 and f ̂ are the frequencies on either side of the

peak, fQ , where the acoustic power falls to one-half of the 
value at the peak. Since the acoustic power varies as the 
square of the pressure amplitude, the half power frequencies 
occur where the pressure amplitude falls to 0.707 the value 
at the peak.

mechanical vibrating spring model having a damping factor 
associated with it and being driven in one of the resonant 
modes. The complete result of the model giving the ratio of 
the signal amplitude at any frequency to that at the peak 
for the application to a high q bank pass electronic filter 
is (Graeme, Tobey, and Huelsman, 1971, p. 286).

The q of the resonance can be determined from measure­
ment by

foq (3.1)f2 f

This equation, (3.1), is based on the resonance of a

(3.2)

where S = ico.
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H (S) 
«o

1 f 
A 8 fo
A    ( 3 . 3 )
° [ (l-(f-)2 + (- |

fo 9 fo

The procedure then was to determine peak signal and 
peak frequency by varying the frequency of the signal source 
until a maximum signal was obtained. The frequency was meas­
ured by a Hewlett-Packard model 5300 A frequency meter which 
can be read to ±0.1 Hz. The signal source frequency was 
then varied until the half power points were reached on each 
side of the peak. Using (3.1) the experimental value of q
was found to be q = 600+60. The uncertainty is due toex.
uncertainties in the signal values as well as the frequencies 
Using (2.64) with R=5.08 cm and L = 15.24 cm, the theoretical 
value of q is found to be q ^  = 1408. Evidently mechanisms 
other than thermal and viscous losses at walls are important 
or the particular model used is incorrect.

Measurements were also made on the strongest ellipti­
cal resonance in the elliptical chamber. The resonant fre­
quency was determined to be fQ = 7566 Hz. The q determined 
in the same way as above from (3.1) is q ^  = 630+60.

For the case of the longitudinal modes, it was con­
venient to design a chamber to more closely fit the specifi­
cations of Chapter 2. The length L=55 cm and the radius 
R=2.5 cm. From (2.47) the lowest order resonant frequency at 
20°C is given by F0 = 3 12 Hz.
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A different method was used to excite the longitudi­

nal modes. . A speaker was placed external to the chamber, 
oriented so that its face was normal to the long axis of the 
chamber. In this way the energy is coupled into the chamber 
through the end wall. Thus the source is confined to a small 
volume at one end which would also be the case using an 
optical source.

The lowest order frequency was measured to be fo =
315 Hz. Comparison with the theoretical value of 312 Hz 
indicates agreement within 1%. Using (3.1) as before the 
experimental q was determined to be q ^  = 61+2. Use of 
(2.78) with the size parameters given above gives•the theoret­
ical g to be q.^ = 172. Again the agreement between experi­
mental and theoretical values is not good. Figure 2 shows a 
curve of (3.3) with a q = 61 plotted with the experimental 
points of the resonance profile. The agreement is very good 
near the peak and begins to deviate slightly further away 
from the peak on the right hand side. Figure 2 thus indicates 
that the model used to determine the experimental q values is 
not the reason for the lack of agreement with the theory.

The measured q value in each case seems to be predict­
able only in a qualitative sense.. However the degree of 
agreement is similar for the longitudinal and radial mode, in 
spite of differences.in chamber sizes. Thus the use of the 
results of section 2.3 in predicting the pressure response as 
a function of the chamber parameters seems to be reasonable.
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3.2 Comparison of Chambers 

In this section we intend to use the results of the 
previous sections to finally determine which resonant mode, 
and hence which chamber design, allows for the optimum re­
sponse of the entire system.

Comparison of the cylindrical with the elliptical 
radial resonances indicates that the values of the q are 
quite similar. In addition, the measured output signal for 
the same input in both cases was very nearly the same. There 
is no overriding reason for choosing to use the elliptical 
geometry rather than the cylindrical. Due to the comparative 
case in which the cylindrical geometry can be theoretically 
predicted, it would be preferred in this respect. We origi­
nally thought that, because of the focussing properties of 
the ellipse, the measured signal would be stronger; however, 
this is not evident. There are no readily obvious reasons 
for this occurrence.

We assume, as concluded in section (3.1), that the q 
dependence on the chamber parameters developed in Chapter 2 
is valid. The maximum pressure response, under the assump­
tion of a small geometrical size of the optical source com­
pared with the chamber size, is given by (2.95) and (2.96) 
and reproduced here.

Longitudinal mode p' = ( % ^P°
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Radial mode 7TX0,1
1 (3.5)

where xo,l 3.832.

In both cases it was also taken that L>>R. The chamber using 
longitudinal modes has R=2.5 cm L = 55 cm at a frequency of 
312 Hz. The radial mode chamber would require R = 67 cm for 
a similar resonant frequency. Thus for L>>R a length of at 
least 670 cm would be required. Equations (3.4) and (3.5) 
indicate that the pressure response is very similar, within 
a factor of 2. There are no compelling reasons from a purely 
signal strength point of view for choosing one mode over the 
other.

size. The radial chamber, being very large, would be diffi­
cult to build accurately. For most construction materials 
it would be extremely heavy making its usefulness in field 
experiments limited.

the longitudinal chamber comes from an examination of the 
q's. The actual q of the longitudinal chamber was given in 
section (3.1) as 61. Substituting the size parameters for 
the radial chamber into (2.64) yields a theoretical q of 
about 8000. A more realistic q in an actual chamber might 
be 2000. Figure 2 shows that as the signal frequency moves 
off resonance the amplitude decreases. In the longitudinal

The longitudinal chamber has a much more convenient

A much more compelling reason for choosing to use
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case for amplitude deviations of ± 2%, figure 2 indicates 
that for fQ =. 312 Hz the frequency deviation is ± 0.5 Hz. 
Since the q of the radial chamber is a factor of 30 greater, 
then the allowed frequency deviation at the 2% level is more 
like ± .02 Hz. One cause of the signal frequency drifting 
away from resonance would be drift in the chopping system 
which modulates the optical beam. A chopping system stable 
to ± 0.5 Hz is not difficult to achieve, but trying to cor­
rect for instability of ± .02 Hz, though it may be possible, 
would add to the complexity. The resonant frequency itself 
varies with temperature through the speed of sound.

fo = (3.6)

The ± 0.5 Hz criteria corresponds to a temperature 
stability of ± 0.9°K at 20°C. For the radial chamber the 
± 0.02 Hz criteria corresponds to temperature fluctuations of 
± 0.03°K at 20°C .

It is obvious that, in addition to not providing any 
greater signal response, the radial chamber does place very 
stringent stability requirements on the system. We conclude 
that, in keeping with desire to have the system as simple 
and flexible as possible, the longitudinal modes should be 
used.

There is no compelling reason for choosing a modula­
tion frequency of 312 Hz. However we desire to have as large 
a frequency as possible within the constraints in section 2.1
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so as to have as large a pressure signal as possible. Given
the frequency of. 312 Hz, this fixes the length to be L = 55
cm. R is chosen to be 2.5 cm in line with I>>K to maximize
the pressure response. The width, d, of the optical source
must be small so that sin (M) = ( E d ). For agreement within

L L
1% must be no greater than 4.4 cm.



CHAPTER 4

CONCLUDING REMARKS

The study presented here Is only a part of a broader 
project to design a practical system for measuring aerosol 
absorption. Using the longitudinal mode with an optical 
source distributed as given in (2.89) , a measurement of the 
pressure response, p ', coupled with the use of (2.41) for 
longitudinal modes, is sufficient to determine a. The value 
of q used should be the experimentally determined value.

One area of further concern is to determine the power 
needed from the optical source. Useful measurements require 
that a be measurable to 10 -10 cm , The limiting factor
for signal measurement is the noise level in the band width 
of the look-in amplifier. Therefore study must be done on 
the various noise factors contributing to the problem in 
order to minimize the required optical power as much as 
possible. It is also noted that the power Pp, used in this 
study is the power delivered to the particles in the chamber.

It is also necessary to determine the extent to 
which the analysis in section (2.1) is valid. For this a 
known physical properties Equation (2.17) can then be used to 
calculate a and comparisons made with measured values.
Samples should be used at a variety of particle sizes.
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Other aspects of the system such as getting the 

samples in and out of the chamber and coupling the optical 
source into the source region which could include a multiple 
pass arrangement to effectively increase the power of the 
source should, also be considered.

In all these considerations where possible we must 
attempt to keep the system as uncomplicated as possible 
Since an overly complex system would tend to be too limited 
in its usefulness.
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