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ABSTRACT

This t h e s i s  p r e s e n t s  a m e th o d o lo g y  for o b ta in in g  th e  op tim al 

d e s ig n  c a p a c i ty  for s ed im en t  y ie ld  in m u lt ip u rp o se  r e s e r v o i r  d e s ig n .  A 

s to c h a s t i c  m odel i s  p r e s e n te d  for th e  p re d ic t io n  of s e d im e n t  y ie ld  in  a 

s e m i -a r id  w a te r s h e d  b a s e d  on ra in fa l l  d a ta  and w a te r s h e d  c h a r a c t e r i s ­

t i c s .  U n c e r ta in ty  s tem s  from e a c h  of th e  random  v a r i a b le s  u s e d  in the  

m o d e l ,  n am e ly ,  ra in fa l l  a m o u n t , s torm  d u ra t io n ,  ru n o ff ,  p e a k  flow  r a t e , 

and  num ber of e v e n ts  p e r  s e a s o n .

U sin g  th e  s to c h a s t i c  s ed im en t  y ie ld  m odel for N - s e a s o n s , a 

B ay e s ian  d e c i s io n  a n a ly s i s  is  c a r r ie d  ou t for a dam s i te  in  so u th e rn  

A rizona . E x ten s iv e  n u m erica l  a n a ly s e s  and  s im p lify in g  a s s u m p t io n s  a re  

m ade to  f a c i l i t a t e  f in d in g  th e  op tim a l s o lu t io n .  The..model h a s  a p p l i c a ­

t io n s  in th e  p la n n in g  of r e s e rv o i r s  and  dam s w here  th e  e f fe c t iv e  l i f e ­

tim e of th e  f a c i l i ty  m ay b e  e v a lu a te d  in te rm s of s to ra g e  c a p a c i ty  and  

of th e  e f fe c t s  of lan d  m anagem en t on th e  w a te r s h e d .  E x p erim en ta l  d a ta  

from th e  A tterbury  w a te r s h e d  are u s e d  to  c a l ib ra te  th e  m odel and  to  e v a l ­

u a te  u n c e r ta in t ie s  a s s o c i a t e d  w ith  our know ledge  of th e  p a ra m e te rs  of 

th e  jo in t  d i s t r ib u t io n  of r a in fa l l  and  s torm  d u ra t io n  u s e d  in c a lc u la t in g  

th e  sed im en t y ie ld  am oun t.



CHAPTER 1

THE EVENT-BASED SEDIMENT YIELD MODEL

This t h e s i s  w il l  be c o n c e rn e d  w ith  d e te rm in in g  th e  o p tim a l s iz e  

of a m u lt ip u rp o se  r e s e r v o i r  b a s e d  on th e  s e d im e n ta t io n  c h a r a c t e r i s t i c s  o f  

th e  w a te r s h e d  u p s t re a m  from th i s  r e s e r v o i r .  T h u s , th i s  p rob lem  is  a p ­

p ro a c h ed  in  th ree  s t a g e s .  M ore p r e c i s e l y ,  g iv e n  th e  r a in f a l l ,  s torm  d u ­

r a t io n ,  and eco n o m ic  c h a r a c t e r i s t i c s  of th e  w a te r s h e d  in  q u e s t i o n ,  th e  

d e c i s io n  to  be m ade i s  how  la rg e  sh o u ld  th e  r e s e rv o i r  be  d e s ig n e d  to a l ­

low  for th e  a c c u m u la t io n  of s ed im en t  o v e r  the  p ro je c te d  l i fe t im e  of th e  

p r o j e c t . The f i r s t  s ta g e  in v o lv e s  th e  d ev e lo p m en t o f a n  e v e n t - b a s e d  

s to c h a s t i c  m odel o f th e  s ed im en t  y ie ld  p r o c e s s . S e c o n d ,  th e  e x te n s io n  

of th is  m odel from a s in g le  ev en t  to  a s e a s o n a l  one an d  th e n  to  an  N -  

s e a s o n  m odel to o b ta in  th e  to ta l  e d im e n ta t io n  o v e r  an  N - y e a r  p e r io d  o r 

l i f e t im e .  F in a l ly ,  due to our u n c e r ta in  know ledge  a b o u t th e  p a ra m e te rs  

ti.and f> o f th e  b iy a r ia te  d i s t r ib u t io n  o f  r a in f a l l  and  s to rm  d u ra t io n ,  a 

B ay e s ian  a n a ly s i s  i s  c a r r ie d  ou t to  a s s e s s  the  u n c e r t a in t i e s  a s s o c i a t e d  

w ith  th e s e  v a r ia b le s  and  the  e f fe c t  on th e  d e c i s io n  v a r i a b l e .  This g o a l  

i s  a c h ie v e d  th rough  th e  u s e  of the  N - s e a s o n  m odel to g e th e r  w ith  the  

c o n c e p ts  of B ay e s ian  d e c i s io n  th e o ry  to  f ind  th e  o p tim a l d e s ig n  c a p a c i ty  

for s ed im en t  y i e ld .

In the  p la n n in g  and  d ev e lo p m en t  o f m u lt ip u rp o se  r e s e r v o i r s , i t  

i s  n e c e s s a r y  to  make an  a l lo c a t io n  o f s to ra g e  s p a c e  for s ed im en t  a c c u ­

m u la t io n .  This a c c u m u la t io n  a f f e c t s  th e  d e s ig n  o f  th e  dam in  th a t  i t

1 •



in f lu e n c e s  the  a c t iv e  s to ra g e  c a p a c i ty  r e q u i r e m e n ts , o u t le t  s i l l  e l e v a ­

t io n s  , r e c re a t io n a l  f a c i l i t i e s , and b a c k w a te r  c o n d i t io n s  (Borland and  

M il le r ,  1958). It is  ex trem e ly  im portan t th a t  s e d im e n ta t io n  be a c c u r a te ly  

e s t im a te d  a s  it  i s  a v e ry  e x p e n s iv e  p r o c e s s  to  rem ove th e  sed im en t  o n ce  

it  h a s  s e t t l e d  in to  th e  f a c i l i t y .

This work w il l  re ly  on the  th e o r e t i c a l  and  e m p ir ic a l  w orks of 

o th e r s ,  p a r t ic u la r ly  on Sed im ent r e s u l t s  by  W isc h m e ie r  (1959, 1960), 

W isc h m e ie r  and Smith (1960, 1965), and  W isc h m e ie r ,  S m ith , and U h lan d  

(1958), on B ay e s ian  d e c i s io n  th e o ry  by D av is  (1971), D a v i s ,  K is ie l ,  a n d  

D u c k s te in  (1972), Raiffa and  S c h la i fe r  (1961), De G roo t (1970), and  

F e l le r  (1966), and  on ra in fa l l  by  D u c k s te in ,  F o g e l ,  and  K is ie l  (1972).

B ackground of th e  Problem

A s e d im e n t  e v en t  is  d e f in ed  a s  th e  p ro d u c ts  of e ro s io n  from any  

ru n o f f -p ro d u c in g  s torm  over  a w a t e r s h e d . In o th e r  w o r d s , a  sed im en t  

ev en t  i s  of s u f f ic ie n t  in t e n s i ty  to  the  p o in t  th a t  runoff  o c c u r s . The in ­

d e p e n d e n t  v a r ia b le s  a re  r a in fa l l  am ount from th e  s torm  ( x i , in  i n c h e s ) ,  

th e  d u ra t io n  of the  s torm  over  tim e (x g , in h o u r s ) , and  th e  tim e of c o n ­

c e n tr a t io n  (a2 , in  hours). The tim e of c o n c e n tra t io n  i s  d e f in e d  a s  th e  

a v e ra g e  le n g th  of tim e i t  t a k e s  for the  p re c ip i ta t io n  to  r e a c h  th e  o u t le t  

o f th e  w a te r s h e d .  In  a d d i t io n  to  t h e s e  v a r i a b l e s ,  th e  m odel m ust ta k e  

in to  a c c o u n t  th e  in d iv id u a l  c h a r a c t e r i s t i c s  of the  w a te r s h e d  u n d e r  s tu d y .  

In  the  p a s t ,  a v a r ie ty  o f m ethods  h a v e  b e e n  u s e d  to  o b ta in  e s t im a te s  of 

s ed im en t  y i e ld .  Among o th e rs  (Task C om m ittee  on S e d im e n ta t io n ,  1973), 

th e re  a re  th e  a r e a - in c re m e n t  m ethod and  the  e m p ir ic a l  a r e a - r e d u c t io n  

m ethod (Borland and  M il le r ,  1958). The u n iv e r s a l  s o i l - l o s s  e q u a t io n



p ro p o se d  by W isc h m e ie r  e t  a l .  (1958) is  c u rre n t ly  b e in g  u s e d  by  th e  U . S .  

Soil C o n se rv a t io n  S e rv ic e .  All o f th e  work m en tio n ed  th u s  fa r  h a s  b e e n  

on a d e te r m in is t ic  l e v e l .  W o o lh is e r  and T odorovic  (1974) h av e  d e v e lo p e d  

a s to c h a s t i c  m odel of th e  sed im en t  y ie ld  p r o c e s s  w here  th e  to ta l  s e a s o n ­

a l  (yearly) s ed im en t  y ie ld  is  t r e a te d  a s  th e  sum of a random  num ber of 

random e v e n ts  ( v a r i a b le s ) , a s s u m e d  to  be m u tua lly  in d e p e n d e n t  and id e n ­

t i c a l ly  d i s t r i b u t e d . T heir  ap p ro ach  w il l  be u s e d  in p a r t  h e r e . A l i te ra tu re  

re v ie w  te n d s  to  show  th a t  th e re  is  no w id e ly  a c c e p te d  m ethod  of co m p u t­

ing sed im en t  y ie ld  in dam or r e s e rv o i r  d e s ig n  and th a t  th e re  are  no 

m ethods  th a t  t r e a t  th e  sed im en t  y ie ld  e s t im a t io n  p rob lem  in  a p r o b a b i l i s ­

t i c  f a s h io n  b a s e d  on th e  a c tu a l  in d e p e n d e n t  v a r ia b le s  in v o lv e d  and  th e  

in d iv id u a l  w a te r s h e d  c h a r a c t e r i s t i c s .

This  e x p o s i t io n  t a k e s  the  d e te rm in is t ic  m odel o f W isc h m e ie r  e t  

a l .  (1958) m odif ied  for in d iv id u a l  e v e n ts  a n d ,  u s in g  a jo in t  d is t r ib u t io n  

of r a in fa l l  (x%) and  storm  d u ra t io n  (x g ) , o b ta in s  th e  p ro b a b i l i ty  d e n s i ty  

fu n c t io n  (pdf) of s ed im en t  y ie ld  on a p e r  e v en t  b a s i s .  This m odel w as  

c h o s e n  b e c a u s e  i t  a c c o u n ts  for runoff  and  p e a k  flow  ra te  in te rm s of 

r a in fa l l  am ount and  storm  d u ra t io n  . It a l s o  a c c o u n ts  for th e  tim e of c o n ­

c e n t r a t io n ,  but r a th e r  th a n  c o n s id e r in g  i t  a  random  v a r i a b l e , a c o n s ta n t  

a v e rag e  v a lu e  i s  u s e d  in th i s  s tu d y .

The n ex t  s e c t io n  p r e s e n ts  th e  a c tu a l  d e r iv a t io n  of the  s e d im en t  

y ie ld  m o d e l .  Also p r e s e n te d  i s  an  i l lu s t r a t iv e  e x a m p le .

Sed im ent M odel

The u n iv e r s a l  s o i l - l o s s  e q u a t io n  m en tioned  e a r l i e r  h a s  p ro v id e d  

r e a s o n a b le  e s t im a te s  of s e d im e n ta t io n  in  th e  p a s t  and  w i l l  be the  c h o ic e



here  for th e  ra n d o m iz a t io n .  This e q u a t io n  a s  m od if ied  by  W il l ia m s  and  

H ahn (1973) g iv e s  th e  sed im en t y ie ld  on a p e r  ev en t  b a s i s .  It is  a fu n c ­

t io n  of w a te r s h e d  c h a r a c t e r i s t i c s  and  p r a c t i c e s  and runo ff  volum e and  

p e a k  f low  r a t e . As m en tio n ed  b e f o r e , an  ev en t  is  d e f in e d  h e re  a s  th e  

sed im en t p ro d u c ts  of a ru n o f f -p ro d u c in g  type  s to rm . S ince  th e  runoff 

volum e and  p e a k  flow  ra te  are  d i re c t  fu n c t io n s  of r a in fa l l  and s to rm  

d u ra t io n  x2 / th e s e  tw o random  v a r ia b le s  are of m ajor c o n c e r n . The m od­

i f ied  u n iv e r s a l  so i  1-loss e q u a t io n  i s :

Z = 9 5 (Q q p ) - 56K C P  (LS), to n s  (1)

w here  Z = s ed im en t  y ie ld  in to n s  ,

0  = runoff  vo lum e in a c r e - f e e t ,  

qp = p e a k  f low  ra te  in c f s ,

K = s o i l  e ro d ib i l i ty  f a c to r ,

C = c ropp ing -m ana 'gem en t f a c to r ,

P = e ro s io n  c o n tro l  p r a c t ic e  f a c to r ,

LS = s lo p e  le n g th  and  g ra d ie n t  f a c t o r .

V alues for K, C ,  P , and  LS may be c o m p u te d ,  u s in g  th e  a lg o r i th m s  

o u t l in e d  by  W il l ia m s  and Berndt (1972). T hese  a lg o r i th m s  m ake u s e  of 

a v a i la b le  d a ta  on s o i l  ty p e ,  to p o g ra p h ic  m a p s , and  o n - s i t e  e s t i m a te s .  

Due to  th e  form of th e  r a in fa l l  and d u ra t io n  d a ta  a v a i l a b l e , a c o n v e r s io n  

c o n s ta n t  (to be d e f in e d  la te r)  is  in tro d u ce d  to  c o n v er t  Z from to n s  to  

a c r e - f e e t  and  Q in  in c h e s  to  a c r e - f e e t .  The v a lu e s  o f Q and  qp are co m ­

p u te d  from the  Soil C o n se rv a t io n  S e rv ice  fo rm u las :



w h ere  Q = runoff volum e in  a c r e - i n c h e s  ,

x i  = e f fe c t iv e  r a in fa l l  in  in c h e s  (ra in fa ll  l e s s  a c o n s ta n t  i n i t i a l  
a b s t r a c t i o n ) ,

S = w a te r s h e d  in f i l t r a t io n  c o n s t a n t ,

and

(3)

w here

' c f s

A = d ra in a g e  a re a  of w a te r s h e d  in sq u are  m i l e s , 

a% = c o n s ta n t  ( .5 0 ) ,  

xg = s torm  d u ra t io n  in h o u r s ,

ag = tim e of c o n c e n t ra t io n  o f  s torm  in  hours  (a s su m ed  c o n s ta n t  
for a g iv e n  w a te r s h e d ) .

By s u b s t i tu t in g  E q s . 2 an d  3 in to  Eq. 1 and  d e f in in g  th e  c o n v e r s io n  c o n ­

s ta n t  a 0 a s :  ao  = 4 8 4 a 2 (6 4 0 ) /1 2 ,  w here  a re a  is  in  sq u a re  m i le s ,  we g e t

Z =
a~xo £ l

,56
W , a c r e - f e e t  (4)

(xl + S)2 ( a i x 2 + a2) 

w h ere  W  = 9 5 K C P  (L S)(2000)/(m ean  s ed im en t  d e n s i ty  x  4 .3 5 6  x 10^). To 

o b ta in  th e  d is t r ib u t io n  fu n c tio n  of s ed im en t  y ie ld ,  we n e e d  th e  jo in t  d i s ­

t r ib u t io n  of ra in fa l l  and  storm  d u ra t io n  f (x% , x g ) . Grove 111 (1971) h a s  

p ro p o se d  a b iv a r ia te  gamma p d f .  This d i s t r ib u t io n  p o s s e s s e s  m any of 

th e  p ro p e r t ie s  c o n s i s t e n t 'w i th  th e  em p ir ic a l  p ro p e r t ie s  of c e r ta in  s t o r m s . 

The d a ta  from the  A tterbury  E xperim en ta l  W a te r s h e d  w ere  u s e d  to  co n d u c t  

a Kolm ogorov-Sm irnov g o o d n e s s - o f - f i t  t e s t  on the  m arg in a l  d is t r ib u t io n s  

o f r a in fa l l  and  s to rm  d u r a t io n . The d is t r ib u t io n s  c o u ld  not be r e je c te d  a t  

th e  10% le v e l  o f s ig n i f i c a n c e ,  so th e  b iv a r ia te  gamma pdf w a s  a s s u m e d  

to  be  an  a c c e p ta b le  f i t  of th e  random  p ro p e r t ie s  of s to rm s o v e r  th e  A tte r­

bury  w a t e r s h e d . The p a ra m e te rs  of th i s  d i s t r ib u t io n  w ere  e s t im a te d  by



the  m ethod of maximum l ik e l ih o o d  of the  m arg ina l d i s t r i b u t i o n s . The 

b iv a r ia te  gamma pdf of ra in fa l l  am ount and  storm  d u ra t io n  is

( orb exp -bx% (1 -  exp -ax g )  if 0 -  X2 -  x% 
f ( x i , x 2) = {  „ 12 (5)

\ a $  exp -a x g  “ exp - b x j )  if 0 -  x ]  -  X2

w here  <2 , $  >  0 , 0 <  x i <  oo , and 0 <  x g <  oo .

G iven  n p a i r s  of r a in fa l l  and d u ra t io n  v a lu e s  (R ^D i) w ith  n j  

p a irs  su ch  th a t  a D ^ <  ^R j and n 2 p a i r s  su ch  th a t  > ^ R i  and n = n% +

n 2 , the  l ik e l ih o o d  v a lu e s  m ay be com puted  from

r n 2 £ 1
LIKELIH(ct, b) = rtn e x p D j  H (1 -  exp -ctDi)\

L j= l  i= l J
n l  £2

m n exp - b x~. Ri II (1 -  exp-J5Rj) (6)
L i= l  j= l

To o b ta in  Fe (Z), it  is  n e c e s s a r y  to  in te g ra te  the  jo in t  pdf in te rm s of the  

c o n d i t io n a l  and  m arg ina l d is t r ib u t io n s  .

roo
Fe (z< Z) = I P(z< Z x% = x) f (x%) dxi

Jo

'o

oo r a 0x i 4 1-56 , x , t
— ^ ]  W <  Z| X1 = x)f(X!) dx,

roo CXI 4
j0 P(x2 >  (X1 + s )2  -  d | x 1 = x ) f ( x 1) d x 1

where c = a0/ a j  (W/Z) and d ^ a g / a ; .  We also let

cx, 4
K x i ' z) = - ^ T ^ - d

and we have



rODpOO
F e (z <  Z) = / / f (x i  ,X2) d x 2 d x i  . (7)

Jo  ^ ( x i  ,Z)

S ince  ^(x% , Z) is  d e f in ed  o v e r  both  re g io n s  of Eg. 5, Eg. 7 m ust be 

b roken  in to  four s e p a ra te  r e g io n s .  F i g . 1 i l l u s t r a t e s  the  jo in t  pdf 

f (x% fXg) and the  sed im en t  fu n c tio n  ^x%  , Z ) . N o te  th a t  the  curve  is  d e ­

fined  on both  s id e s  of line  X2 = x i , so  the  reg io n  of in te g ra t io n  from 

Mx%, Z) to in f in i ty  m ust be p a r t i t io n e d  and  the boundary  p o in ts  xj* and  

X2** are  o b ta in e d  by so lv in g  the  e g u a t io n s  Mx} ,Z) = JL x i  and  / ' ( x i , Z)

= 0 , r e s p e c t iv e ly .  The r e s u l t in g  e x p re s s io n  is  th e n

r x l**r X1
F e (z< Z) = / / ^  ex p -^ )x i  (1 -  exp<^X2) d x 2 d x i

Jo Jo 

r x l ra~  X1
+ / / exp -Bxi (1 -  exp -tfx?) dxo dx i

J x i ^ J / ( x i , Z )

r * l *  r  CO
+ 1 exp -tirX2 (1 -  e x p - ^ x j )  d x 2 d x j

J d J l - x j

+ / r  aj?) exp -flfx2 (1 -  e x p -^ x i)  dx2 dxi .
Jxi* J ^ ( x i , Z)

It was not possib le  to obtain c losed form expressions for all of the above 

terms; however, the sim plest form obtained was

Fe (z<  Z) = 1 -  exp-j?>x;i*(£>xi* + !) + (! +ctd) (exp -fix}**  -  exp -^>xi*)

+ czc exp -p*}** + S) + 1) (2S -  J-) -  (xi** + S)2

- s 2 , 6 ‘ ^ 7 T ’

+ ac  exp -fixj*  + S) + 1)(-1- -  2S) + (xi* + S)
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* *x]

Figure  1. B ivaria te  gamma d is t r ib u t io n  of r a in fa l l  am ount and  
storm d u ra t io n

X| = ra in fa l l  am ount; xg = s torm  d u ra t io n .  N ote  th e  sed im en t  
y ie ld  fu n c t io n ,  ^ (x j  , Z ) .
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+ S2 (6 + ------------- )1 + ^ cS 3 (|5S + 4) expJSS
x j  + S -I

x%* + S
I E ?  * + s

+ S  [ ( x f  + S)k -  ( x i »  + S)k]
k= l L

+ fi[J~ * exp _^ ( X1 ' Z) dx l e x p (-o ^ (x i  ,2) -  ^ x j )  dx jJ  „ (8)

The p ro ced u re  to  com pute  F e (Z) is  to  f i r s t  c a lc u la te  th e  c o n s ta n t

c = ■ ( w / Z ) l / - 5 6 ,  th e n  to  c a lc u la te  th e  ro o ts  x j*  and  x o * * , to e v a lu -  
a l

a te  th e  c o n s ta n t  te rm s in  Eq. 8 , th e  s e r i e s  te rm , a n d ,  f in a l ly ,  th e  i n ­

te g ra l  t e r m s . C o n v erg en ce  of the  s e r i e s  term  to  20 d e c im a l  p la c e s  w a s  

o b ta in e d  w i th in  60 to  70 t e r m s . The two in te g ra ls  w ere  e v a lu a te d  u s in g  

S im p so n 's  ru le  in  w h ich  the  u p p e r  bound on the  a b so lu te  error b e tw e e n  

s u c c e s s iv e  i t e r a t io n s  w a s  a rb i t r a r i ly  p r e s e t  a t  10~8. The tw o in te g ra n d s  

a re  e x p o n e n t ia l ly  a sy m p to t ic  and  co n v erg e  so  ra p id ly  th a t  th e  c o n t r ib u ­

t io n  of th e i r  sum w a s  l e s s  th a n  10~3 .

D a ta  from the  A tterbury  w a te r s h e d  w ere  u s e d  to  com pute  E q . 8 . 

M ean  ra in fa l l  and storm  d u ra t io n  v a lu e s  w ere  a v a i l a b le  for in d iv id u a l  

ra in fa l l  e v e n ts  o v e r  a p e r io d  of 14 y e a r s . T hese  v a lu e s  w ere  u s e d  to  

com pute  the  m arg ina l maximum l ik e l ih o o d  e s t im a te s  o f  of and  jb. F ig .  2 

i l l u s t r a t e s  the  d is t r ib u t io n  fu n c tio n  o b ta in e d  from Eq. 8 for th e s e  p a r ­

t i c u la r  p a ra m e te r  v a l u e s . C o m p u ta t io n s  of 56 v a lu e s  co n su m e d  a p p ro x i­

m a te ly  10 to  15 s e c o n d s  of com pu te r  t im e ,  d e p en d in g  on  the  c o n v e rg en c e  

ra te  of th e  in te g ra t io n  ro u t in e .  The pdf o f s ed im en t  y ie ld  for a s in g le  

e v en t  w as  c a lc u la te d  from th e  v a lu e s  o f Fe (Z), u s in g  th e  d e f in i t io n  of



.75

F(Z)

.50

.25

100 150
S ed im en t Y ield  Z z a c r e - f e e t

F igure  2 . C um ula tive  d is t r ib u t io n  fu n c tio n  of s in g le  e v e n t ,  u s in g  the  maximum 
l ik e lih o o d  e s t im a to r s  of m arg ina l d is t r ib u t io n s  of ra in fa l l  and  storm du ra tion

o
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.16
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.08

.04

•  P ro b ab il i ty  d e n s i ty  fu n c tio n  of sed im en t y ie ld  for s ing le  e v e n t ,  
C h a r le s to n  w a te r s h e d ,  A tterbury r a in fa l l -d u r a t io n  d a ta

f (Z) = exp -  z  , A = .0 0 7 1 6 ,  r  = .60027
(r)

Approxim ated 2-p a ra m e te r  gamma p ro b a b i l i ty  d e n s i ty  function

M ean  s e a s o n a l  sed im en t y ie ld  = 8 3 .8  a c r e - f e e t  
100- y e a r  m ean sed im en t  y ie ld  = 1 0 4 ,7 9 4  a c r e - f e e t

-e—«-
50 u=83 .8  150 200 250

Sedim ent Y ield  Z, a c r e - f e e t

300

Figure  3 .  P ro b ab il i ty  d e n s i ty  fu n c tio n  of sed im en t y ie ld  for a s in g le  even t
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the  d e r iv a t iv e  (F ig . 3 ) . T h u s ,  i t  is  p o s s ib le  to  com pute  the  p ro b a b i l i ty  

of Z u n i t s  of s ed im en t g iv en  on ly  n p ie c e s  of d a ta  w h ich  are  u s e d  to  

e s t im a te  the  p a ra m e te rs  a  and J3. The m ean and v a r ia n c e  for th is  pdf 

may be c a lc u la te d  by u s in g  the  R ie m a n n -S t ie l je s  d e f in i t io n  of in te g r a ­

t io n .  The f i r s t  two m om ents of fe (Z) are d e f in ed  by

E(Z) = f  Z d F e (Z) =  X z [ ( F e (Z1+1) -  Fe (Z1)]

E [ (Z -u )2] = JZ2 dFe (Z) ^ l I z 2 [ F e (Zi+1) -  Fe (Zj)] -  [e (Z )J2 .

After com puting  the  m ean and v a r ia n c e  of fe (Z), the  p a ra m e te rs  of a tw o -  

p a ra m e te r  gamma d is t r ib u t io n  are  f i t  to  the  m ean and v a r i a n c e . The tw o -  

p a ra m e te r  gamma pdf is

fe(Z) = ^ £ e z ^ e x p ^ e Z  z  
i ue)

w ith

He = - I e  
Ae

r
e “ =6 r 2 = US.

AP2
Xq —_ Pe

F ig .  3 a l s o  show s the  e m p ir ic a l  pdf and  the  ap p ro x im a tio n  by the  gam rna- 

2 p d f ,  w ith  Ae = .0 0 7 1 6 ,  r e = .6 0 0 2 7 ,  and  >ie = 8 3 .8 0 0  a c r e - f e e t .

The n ex t s te p  w il l  be to  ex ten d  the  ev en t  pdf to  a s e a s o n a l  d i s ­

tr ib u t io n  and f in a l ly  to  a N - s e a s o n  m o d e l . This is  n e c e s s a r y  in o rder 

th a t  we may u s e  B ay e s ian  d e c i s io n  th e o ry ,  s in c e  the  d e c i s io n  b e in g  

made is  d e p e n d e n t  on the  number of s e a s o n s  to  be c o n s id e re d  in  the  

life tim e  of the  p r o j e c t .



After com puting  the  m ean and v a r ia n c e  of fe (Z), the  p a ra m e te rs  of a tw o -  

p a ram ete r  gamma d is t r ib u t io n  are  f i t  to  the  m ean and v a r i a n c e .  The tw o -  

p a ra m e te r  gamma pdf is

fe(Z) -  Xe
r e z r e - l  C~AZ

H U
0

w ith
Pe - re

A e 

2 _ re
Ae

"e =

Pe
<Te

F i g . 3 a l s o  show s th e  em p ir ic a l  pdf and  the  ap p ro x im a tio n  by the  gam m a- 

2 p d f ,  w ith  Xe = .0 0 7 1 6 ,  r e = .6 0 0 2 7 ,  and  p e = 8 3 ,8 0 0  a c r e - f e e t .

The n ex t s te p  w il l  be to  ex ten d  the  e v en t  pdf to  a s e a s o n a l  d i s ­

tr ib u tio n  and f in a l ly  to  a N - s e a s o n  m o d e l .  This is  n e c e s s a r y  in o rder 

th a t  we may u s e  B ay es ian  d e c is io n  th e o ry ,  s in c e  th e  d e c i s io n  be ing  

made is  d e p en d e n t  on th e  num ber of s e a s o n s  to  be c o n s id e re d  in the  l i f e ­

tim e of the  p r o j e c t .



CHAPTER 2

EXTENSION OF THE EVENT-BASED MODEL 
TO A SEASONAL SEDIMENT MODEL

H e r e , the  d is t r ib u t io n  com puted  in the  l a s t  c h a p te r  is  f i r s t  e x ­

te n d e d  to  a s e a s o n a l  p d f ,  th e n  to a pd f over  N s e a s o n s ,  w here  N is  th e  

l ife tim e  of th e  f a c i l i ty  u n d e r  c o n s id e r a t io n .

g a m m a -2 ,  th e  s e a s o n a l  d i s t r ib u t io n  of s ed im en t  y ie ld  m ay be d e f in ed  a s  

th e  sum of n m u tu a lly  in d e p e n d e n t  and  id e n t ic a l l y  d i s t r ib u te d  gam m a-2  

e v e n t s .  This pd f is  r e p re s e n te d  a s

b e r  of e v e n ts  p e r  s e a s o n  i s  a lw ay s  th e  sam e; i . e . , n i s  a f ixed  q u a n t i ty  

from s e a s o n  to  s e a s o n .  In o rder to  be more r e a l i s t i c ,  n sh o u ld  be t a k e n  

a s  a random  v a r i a b le .  T odorov ic  and  Y ev jev ich  (1969) and  D u c k s te in  e t  

a l .  (1972) h a v e  show n th a t  s e a s o n a l  r a in fa l l  e v e n ts  for m any  a r e a s , i n ­

c lu d in g  th e  A tterbury  w a te r s h e d ,  a re  d is t r ib u te d  in  a P o is s o n  f a s h io n .  

U s in g  th i s  r e s u l t ,  the  sum of n gamma-2, e v e n ts  d e f in e d  e a r l ie r  may be 

c o n v o lu te d  w ith  th e  P o is s o n  p ro b a b i l i ty  of n e v e n ts  o ccu r r in g  (F e lle r ,  

1966). T h u s , th e  s e a s o n a l  d is t r ib u t io n  b e co m es

S ince  th e  in d iv id u a l  s e d im e n t  e v e n ts  a re  h y p o th e s iz e d  to  be

(9)

w ith  u s = -H iL  and  6"s  ̂ = -4^%-. The c r i t i c a l  a s s u m p t io n . i s  th a t  th e  num - 
A e Aez

■(10)

14
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w h ere  n is  the  a v e rag e  num ber of s to rm s p e r  s e a s o n  (= 1 2 . 5  for C h a r l e s ­

to n  w a te r s h e d ) . The in d e x  s t a r t s  a t  z e ro  b e c a u s e  th e  gam m a fu n c tio n  in  

th e  d enom ina to r  is  u n d e f in e d  a t  k = 0 . It is  h e u r i s t i c a l ly  a s s u m e d  th a t  th e  

p ro b a b i l i ty  of zero  e v e n ts  is  ex trem e ly  s m a l l .

The s e a s o n a l  m ean  and v a r i a n c e , p s and  6 " ,  m ay be c a l c u ­

la te d  d i re c t ly  w ith o u t  know ing th e  p a ra m e te rs  of the  a c tu a l  s e a s o n a l  

d is t r ib u t io n  of f s (Z). Benjam in and  C o rn e ll  (1970) o u t l in e  th e  form ula for 

th e  m ean and  v a r ia n c e  of th e  pd f  o f  a sum of a random  num ber of random  

e v e n ts  m u tu a lly  in d e p en d e n t  and  id e n t ic a l ly  d is t r ib u te d  a s :

p s = E(n)E(Z)

6"s 2 = E(n) var(Z) + v a r(n )  E(Z)

The sam e  m ethod may be  u s e d  to  o b ta in  th e  m ean and v a r ia n c e  of th e  d i s ­

t r ib u t io n  of N s e a s o n s .  The f i r s t  two m om ents  of th is  p d f  a re :

PL = N °Ps

.(5']^2 = ]\j-. (5-„ 2
(1 1 )

The v a lu e  o b ta in e d  for i-s th e  d e s ig n  e s t im a te  on w h ich  th e  d e c i s io n  is  

m ade; i . e . , th e  vo lum e of s ed im en t  th a t  sh ou ld  be a l lo w e d  for in  d e s i g n ­

ing  the  r e s e rv o i r .

To i l lu s t r a t e  th e  a b o v e , d a ta  from A tterbury E x perim en ta l  W a te r ­

s h e d  is  u s e d .  Throughout th e  e x a m p le , th e  maximum l ik e l ih o o d  e s t im a te s  

of th e  m arg in a l  d i s t r ib u t io n s  a re  u s e d .

Exam ple: A tterbury  D a ta  A pplied  to  C h a r le s to n  W a t e r s h e d .

. or = 1 . 8 4  B = 2 . 5 8
K = 0 . 6 0  A = 1220 m i2
C = 0 . 8 0  a Q = 3 .83576  x 1010
P = 0 .1 0  a 1 = 0 . 5 0
LS = 0 . 5 0  a 2 = 6 .9 8 9
S = 2 . 5 0
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F ig .  2 i l l u s t r a t e s  th e  d is t r ib u t io n  fu n c t io n  for th e  e v e n t - b a s e d  c a s e . The 

so l id  l in e  on F ig .  3 sh o w s th e  pdf o b ta in e d  from F i g . 2 u s in g  th e  d e f in i ­

t io n  of d e r iv a t iv e .  The c r o s s e s  in d ic a te  th e  2-p a ra m e te r  gamma a p p ro x i­

m a tio n .  N ote  th e  ex trem ely  good fit  in th e  t a i l .  Both c u rv e s  ten d  to  

in f in i ty  a s  Z g o e s  to  z e r o , a l th o u g h  th e  d i f f e r e n c e s  b eco m e  s l ig h t ly  more 

p ro n o u n c e d .  S e v e ra l  c u rv e s  w ere c a lc u la te d  to  s u b s ta n t i a t e  th e  2 -  

p a ram ete r  gamma a p p ro x im a tio n .  The s e a s o n a l  m ean  and  v a r ia n c e  are  

}js = E(n)E(Z) = 1 , 050

S 's 2 = E(n) var(Z) + E(Z)2 var(n) = 2 3 4 ,0 0 0 ,  

and th e  l ife tim e  m ean  and v a r ia n c e  (for N = 100 y e a rs )  are 

p L = 100 p s = 1 0 5 ,0 0 0  

6 l 2 = 100 6"s 2 = 2 3 , 4 0 0 , 0 0 0 .

N ote  h e re  th a t  th e  c o e f f ic ie n t  of v a r ia t io n  (100 6/p.)  i s  a round  4 p e r c e n t . 

This f a c t  w il l  be of m ajor im portance  in th e  d e c i s io n  th e o ry  c h a p t e r s .

To su m m arize ,  a m odel for s ed im en t  y ie ld  h a s  b e e n  d e v e lo p e d ,  

w h ich  a c c o u n ts  for th e  p ro b a b i l i s t i c  n a tu re  of the  p r o c e s s  th rough  th e  

random  v a r i a b l e s - r a in f a l l  amount x j  and  storm  d u ra t io n  x g . The m odel 

h a s  b e e n  e x ten d e d  to  p rov ide  a m eans  of e s t im a t in g  th e  am ount of s e d i ­

m en ta t io n  f i r s t  on a s e a s o n a l  b a s i s ,  th e n  o v e r  a p e r io d  of N s e a s o n s .

The s tu d y  w il l  now p ro c e ed  to  th e  d e c i s io n  th e o ry  a s p e c t s  of 

th e  sed im en t d e s ig n  p ro b lem . The n ex t  c h a p te r  w il l  p r e s e n t  th e  B a y e s ian  

d e c i s io n  m ethodo logy  in g e n e ra l  form be fo re  i t s  a p p l ic a t io n  to  th e  s e d i ­

m en ta t io n  problem  in C h a p te r  4 .



CHAPTER 3

MAKING THE OPTIMAL DECISION

D av is  e t  a l .  1972 h ave  a d a p te d  m ethodo logy  d e v e lo p e d  by 

Raiffa and S c h la i fe r  (1961) and H ow ard (1966) for f ind ing  o p tim al a l t e r ­

n a t iv e s  to  h y d ro lo g ic  d e s ig n  p rob lem s th rough  th e  u s e  o f B ay e s ian  d e c i ­

s io n  th e o ry .  The f i r s t  s te p  in th e  a p p l ic a t io n  of th is  th e o ry  is  the  

id e n t i f ic a t io n  of th e  g o a l;  th a t  i s , a t  th e  sam e tim e th e  d e c i s io n  to  be 

made and  i t s  a l t e r n a t i v e s , a ,  m ust be  d e f in e d .  N e x t ,  a g o a l  o r . lo s s  

fu n c tio n  L ( a , 0) m ust be c o n s t r u c te d  in  w h ich  th e  s t a t e  or u n c e r ta in  

v a r ia b le s  0 m us t be s e l e c t e d .  The s ta t e  v a r ia b le s  in  th i s  s tu d y  are  the  

u n c e r ta in  p a ra m e te rs  d. and f> of th e  jo in t  d is t r ib u t io n  of ra in fa l l  and 

storm  d u r a t io n , so th a t  th e  sym bol 0 is  a v e c to r  of th e  s t a t e  v a r ia b le s  

cC and b . To make th e  d e c i s io n ,  i t  is  n e c e s s a r y  (1) to  c a lc u la te  the  e x ­

p e c te d  v a lu e  of th e  g o a l  fu n c t io n  for e a c h  a l te rn a t iv e  and  (2) to  c h o o se  

an  a l te rn a t iv e  to m in im ize  th e  e x p e c te d  v a lu e  of th e  g o a l  fu n c t io n .  It 

th e n  rem a in s  to  e v a lu a te  th e  d e c i s io n  and  de te rm ine  th e  e x p e c te d  o p p o r­

tu n i ty  lo s s  due to  th e  u n c e r ta in  p a ra m e te rs  in the  p ro b le m . The c a l c u l a ­

t io n  of th e  e x p e c te d  v a lu e  of th e  g o a l - l o s s  fu n c tio n  for e a c h  a l te rn a t iv e  

i s  d e f in ed  a s  th e  r i s k  of th a t  a l t e r n a t i v e . G iven  th e  s t a t e  and d e c i s io n  

v a r i a b l e s ,  th e i r  r e s p e c t iv e  p d f ' s , and  th e  lo s s  fu n c t io n ,  th e  Bayes s o l u ­

t io n  is  o b ta in e d  by c h o o s in g  th e  a l te rn a t iv e  a* th a t  m in im ize s  the  r is k :

min (12)

17



N e x t ,  the  d e c i s io n  m ust be e v a lu a te d .  If th e  true v a lu e s  8% of 

th e  s t a t e  v a r ia b le s  w ere  know n, th e  a l te rn a t iv e  c h o s e n  a t  w ould  be  th e  

one th a t  m in im ized  the  lo s s  fu n c tio n  for @t:

L (a t ,6 t )  = m i n L ( a , 8 t ) .  - .
a

The d e c i s io n  h a s  b e e n  made to  u s e  th e  a l te rn a t iv e  a * ,  w h ic h  may be a 

nonop tim al c h o ic e .  In m aking  th is  s e l e c t i o n ,  an  o p p o r tu n i ty  lo s s  (OL) is  

su ffe red :

O L (a * ,e t ) = L ( a * ,9 t ) -  L(at ,9 t ) „

The v a lu e  of 9t is  not known bu t th e  pdf f(9) is  know n , so  an  e x p e c te d  

o p p o rtu n i ty  l o s s  (EOL) m ay be c a lc u la te d :

EOL(a) = I [ L (a * ,9) -  m in L (a ,9 ) l  f ( 8 ) d 9 .
J  L a  J

The e x p e c te d  o p p o rtu n i ty  lo s s  r e p r e s e n ts  th e  e x p e c te d  v a lu e  of p e r fe c t  

in fo rm ation  and  may be  u s e d  to  judge  th e  e f fe c t  of u n c e r ta in ty  as  em ­

b o d ied  in f(9) on th e  pe rfo rm ance  of th e  p r o je c t .  The pd f  f(9) is  known 

a s  th e  p o s te r io r  d i s t r ib u t io n .  It i s  c a l c u la te d  from B ayes  r u le ,  u s in g  

th e  l ik e l ih o o d  fu n c t io n  of th e  s t a t e  v a r i a b le s  LIKELIH (9) and  th e  p rio r  

d is t r ib u t io n  of th e  s t a t e  v a r i a b l e s ,  i . e . , PRIOR (8). The a c tu a l  e x p r e s ­

s io n  w h ich  y ie ld s  th e  p o s te r io r  d i s t r ib u t io n  w il l  be  g iv e n  l a t e r .

The n ex t  s te p  is  to  d e f in e  th e  lo s s  fu n c t io n ,  p r io r ,  and p o s t e ­

r io r  d is t r ib u t io n s  o f  th e  s t a t e  v a r i a b le s  in  th e  c o n te x t  o f  th e  sed im en t 

y ie ld  p ro b lem .

The lo s s  fu n c t io n  d e f in e d  by  J a c o b i  (1971) is  u s e d  for a s s e s s ­

ing  th e  e x p e c te d  v a lu e  o f a d d i t io n a l  in fo rm a t io n .  This p a r t i c u la r  ty p e  of
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lo s s  fu n c t io n , known as  th e  l in e a r  te rm in a l  o p p o rtu n i ty  l o s s  fu n c t io n ,  i s :

—  f  K0 (a -  Z) i f  a >  Z (overdesign )
" L (a,Z) =  ̂ _  (13)

KU(Z -  a) if  a <  Z (underdesign )  .

The fu n c tio n  p ro p o se d  by Jaco b i w a s  m odif ied  by a s c a l a r  am ount to  a c ­

coun t for th e  econom ic  l o s s e s  a s s o c i a t e d  w ith  d e c r e a s in g  w a te r  s to ra g e  

o ver  t im e .  This c o n s ta n t  is  em bedded  in c o n s ta n t s  Ku an d  K0 , w h ich  a re  

d e f in ed  l a t e r .

The p o s te r io r  pd f of 6 is  d e f in e d  by B ayes ru le  a s :

POST(8 Idata) = ■pM pRf»)UKEUp(gJJdat.aJ. , (14)
J '  [num erator] d9

H av ing  d e f in ed  th e  c r i t i c a l  e lem en ts  of th e  p roblem  i t  i s  now n e c e s s a r y  

to  c o n d u c t  th e  s e a rc h  for th e  op tim a l s o lu t io n .  This s te p  h a s  b e en  g r e a t ­

ly  s im p lif ie d  by th e  l in e a r i ty  p ro p e r ty  of th e  lo s s  fu n c t io n .  A ccord ing  to  

Raiffa  and  S c h la i fe r  (1961, p p .  1 9 5 -1 9 7 ) ,  by  ta k in g  p a r t i a l  e x p e c ta t io n s  

o ver  th e  d i s t r ib u t io n  on th e  d e c i s io n  v a r ia b le  and th e  l o s s  fu n c t io n ,  th e  

e x p re s s io n  w h ich  m us t b e  s o lv e d  r e p r e s e n t s  a cu m u la t iv e  d is t r ib u t io n  

o ver  th e  d e c i s io n  v a r i a b l e .  The e q u a t io n  to  be so lv e d  i s :  f ind  a* su c h  

th a t

r r a * ku
F(a*) = f(Z |9 )  POST (9 ida ta) dZdQ = - y  (15)

J9  Jo  Ku + K0

w here  Ku and K0 a re  d e f in e d  in Eq. 13 . As can  be s e e n  in  Eq. 13, th e  

lo s s  fu n c tio n  d e p e n d s  on th e  a l te rn a t iv e  c h o s e n ,  a ,  and  th e  a c tu a l  s t a t e  

o f n a tu re  Z. The v a r ia b le  Z i s  th e  d e c i s io n  v a r ia b le  in  th e  sed im en t  

y ie ld  p roblem  and  r e p r e s e n ts  th e  m ean  num ber o f a c r e - f e e t  of sed im en t  

of th e  pdf of s e d im e n ta t io n  for an N - y e a r  p e r io d .  This q u a n t i ty  is  a l s o
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e q u iv a le n t  to  th e  term  in  Eq. 11 „ W hile  th e  pdf f(Z10) c an  be com ­

p u ted  th rough  an e x te n s io n  of Eq. 9 ,  th e  u s e  of an  in d ic a to r  fu n c tio n  

g re a t ly  r e d u c e s  the  co m p u ta t io n  tim e re q u ire d  to  g e n e r a te  th e  pdf f ( Z j 0 ) . 

Returning to  Eg. 15, i t  c an  be  s e e n  th a t  POST(91data) and  f(Z (0) are 

known and Ku and  K0 are  d e f in ed ;  in te g ra t io n  of Eq. 15 is  c a r r ie d  out for 

e ac h  a* u n t i l  th e  v a lu e  KU/(K U + K0) i s  a c h ie v e d  w ith in  som e p r e s p e c i ­

f ie d  e rro r bound £ .  In o th e r  w o r d s , th e  p roblem  b e c o m e s :  f in d  a* su ch  

th a t

or

or

f  f  f (Z19) POST(9 | da ta)  dZ d9 
Jq  Jo

(16)

It now rem ain s  to  a p p ly  th e  above e q u a t io n  to  th e  s e d im e n t  y ie ld  p ro b ­

le m . The n e x t  c h a p te r  w i l l  c o n s i s t  m a in ly  o f th e  above  c o n c e p ts  a d a p te d  

to  th e  problem  w ith  b a s i c  n o ta t io n a l  c h a n g e s  a s  r e q u i r e d .



CHAPTER 4

ADAPTATION OF BAYESIAN METHODOLOGY 
TO THE SEDIMENTATION PROBLEM .

The p u rp o se  of th i s  c h a p te r  i s  to  ap p ly  th e  c o n c e p ts  p re s e n te d  

in  th e  l a s t  s e c t io n  to  the  sed im en t y ie ld  p ro b le m . After d e f in in g  th e  l o s s  

fu n c t io n  and  th e  d is t r ib u t io n s  in a B ay e s ian  fram ew ork , a d i s c u s s io n  of 

th e  v a r io u s  c o m p u ta t io n a l  p rob lem s and  s im p l i f ic a t io n  i s  u n d e r ta k e n  and  

an  a c tu a l  c a s e  s tu d y  is  p r e s e n te d .

F i r s t ,  th e  c o n s ta n t s  Ku and  K0 are  d e f in ed  in o rde r  to  i l l u s t r a t e  

c o m p le te ly  th e  e lem en ts  of th e  lo s s  fu n c t io n .  The (a) te rm  is  the  a l t e r ­

n a t iv e  c h o se n  and  th e  Z term  is  th e  s t a t e  o f na tu re  or a c tu a l  am ount of 

s e d im e n ta t io n  over  th e  l i fe t im e  of th e  p r o j e c t . T h ese  q u a n t i t i e s  a p p e a r  

in  th e  d e f in i t io n  of th e  g e n e ra l  l o s s  fu n c t io n  in Eq. 13 . N a tu ra l ly ,  th e  

d e c i s io n  m aker w ould  l ik e  to  c h o o se  a = Z, but th is  i s  w here  u n c e r ta in ty  

a r i s e s .  The c o n s ta n t  te rm s  in  th e  lo s s  fu n c tio n  are:

Kc = P - K i ( l  + i)n -  Kws

w here  P = p ro p o r t io n a l i ty  fa c to r  b e tw e e n  to ta l  s e d im e n t  lo ad  and  s u s ­
p en d ed  lo a d  ( = 1 .1 )

Kq = u n i t  c o s t  o f c o n s t ru c t io n  (= 15 0 $ /a c r e - f t )

i = in te r e s t  r a te  of borrow ed  d o l la r s  (4. 78%)

n = y e a r s  b e tw e e n  com m encem ent of loan  and  s t a r t  of r e s e rv o i r  
o p e ra t io n  (= 10 y r ) .

Kw s = w a te r  s to ra g e  v a lu e  (= 5 3 $ /a c r e - f t )

and
21
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( T T ^ d  + K w s
(17)

Kg = u n i t  c o s t  for rem ova l o f s ed im en t  (1 7 0 0 $ /a c re - f t )  

r = i n te r e s t  r a te  for d is c o u n t in g  (=4„ 78%)

M = c o n s ta n t  tim e in te rv a l  b e tw e e n  rem o v a ls  (25 y r ) .

The d e f in i t io n  of th e  p o s te r io r  d i s t r ib u t io n  is  d i f f ic u l t  in  th a t

th e  p ro p e rty  of " n a tu ra l  c o n ju g a te s "  i s  not p r e s e n t  h e re ;  th a t  i s ,  th e  

p o s te r io r  and p rio r  d i s t r ib u t io n s  are no t of th e  sam e  f a m i ly . I t  is  th u s  

n e c e s s a r y  to in te g ra te  th e  d en o m in a to r  o f Eq. 14 ev ery tim e  th e  pdf is  u p ­

d a te d .  Also p r e s e n t  h e re  is  th e  p rob lem  th a t  th e  form of th e  pdf of th e  

p r io r  d is t r ib u t io n  i s  no t k n o w n . As a  c o n s e q u e n c e , i t  is  a s s u m e d  th a t  

no p rio r  know ledge  of th e  d a ta  e x i s t s . In e f f e c t ,  we a re  a s su m in g  th a t  

th e  p r io r  pdf is  a uniform  d is t r ib u t io n .  There i s  a c o n f l ic t  h e re  s in c e  

th e re  is  no g u a ra n te e  th a t  th e  v a r i a b le s  range  over  a f in i te  in t e r v a l .  A 

n u m erica l  s im p l i f ic a t io n  to  b e  i l lu s t r a t e d  la te r  w a s  u s e d  to  re d u c e  th e  

in te rv a l  to  a f in i te  range  w here  a uniform  d is t r ib u t io n  i s  d e f in e d .  B a s i ­

c a l l y  th is  w as  a c h ie v e d  by re s t r ic t in g ,  th e  re g io n s  o f in te g ra t io n  in E q s . 

14 and 15 to  an a re a  of m o s t  d e n s e  l ik e l ih o o d s .  In o th e r  w o r d s , i n s t e a d  

of in te g ra t in g  over  th e  e n t i re  s p a c e ,  in te g ra t io n  is  p e rfo rm ed  on ly  o v e r  

th e  m ost l ik e ly  a re a  in

R ep lac ing  th e  p o s te r io r  d i s t r ib u t io n  in  Eq. 15 by i t s  more e x p l ic i t

POST (ct,^! da ta )  =  1 -£ IP L I H

1 • LIKELIH(a,£ | d a ta )  da d#
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r e p r e s e n t a t i o n , th e  p rob lem  b e co m e s :  f ind  a* su c h  th a t  
. = » *

Ku 
Ku Kq

(18)

For n o ta t io n a l  p u rp o s e s  d e f in ed :

C J^LIKELIH dec d p . (19)

At th i s  p o in t ,  th e  d e te rm in a t io n  of the form of th e  pdf f(Zja,J3) 

h a s  not b e e n  p u r s u e d . H o w ev e r ,  i t  w a s  found th a t  i t  w a s  not n e c e s s a r y  

to  com pute  th e  p d f ,  s in c e  an  in d ic a to r  fu n c tio n  s im p l i f ic a t io n  w a s  in t r o ­

du ced  b a s e d  on a r e s u l t  o b ta in e d  in  th e  s e c t io n  on d e v e lo p m en t  of th e  

sed im en t y ie ld  m odel w h ich  e l im in a te d  th e  n e c e s s i t y  of h a v in g  to  c a l c u ­

la te  th e  e x p l ic i t  p r o b a b i l i t i e s . This s im p l i f ic a t io n  w i l l  b e  ex p lo red  l a t e r .  

S ince  f (Z | c(,f>) d e p e n d s  on ol and  J3, e a c h  tim e th e  v a lu e s  oc and fi are  

c h an g e d  in  th e  n u m e r ic a l  in te g ra t io n  o f Eg. 18, a new  p d f  o f Z m ust be  

c a l c u l a t e d .  This d i f f ic u l ty  may be  overcom e q u ite  r e a d i ly  as  show n in 

th e  n e x t  s e c t io n  w h ere  th e  s im p l i f ic a t io n s  m en tio n ed  h e re  a re  i l lu s t r a t e d  

in  g re a te r  d e t a i l .

f  f(Z Itfsb)  L IK E L IH «&  jda ta )  dZ dc( dp  
iff Ja  J o  _________________ _____________

jT  j"  LIKELIH(c<,J3 jd a ta )  dridff



CHAPTER 5

NUMERICAL CONSIDERATIONS ASSOCIATED 
WITH THE COMPUTATION OF EQUATION 18

S ince  th e  v a lu e s  cc and J3 may ta k e  on a p o s s ib l e  range  from 

zero  to  i n f i n i ty , Eq. 18 b e c o m e s :  f ind  a* su ch  th a t

F (a*) = —  f00 f f  f(Zl c(,$) LIKELIH(a',^) I da ta )dZ  dadfr -  —
c  Jo Jo Jo Ku -  Ko

^  e.

There are tw o m ajor m ethods  of n u m e r ic a l  s im p l i f ic a t io n :

1. R e s t r ic t  a  and  J3 to  a f in i te  a re a  to  upho ld  th e  uniform  p rio r  a s ­

sum ption  and to  red u ce  th e  re g io n s  of in te g r a t io n .

2 . ,  U s e  l in e a r  r e g r e s s io n  to  o b ta in  th e  r e la t io n s h ip  b e tw e e n  Z and  

a  and  J5, s in c e  Z h ad  to  b e  r e c a lc u la te d  ev e ry  tim e d  or J5 

c h a n g e d  in th e  n u m erica l  in te g ra t io n  r o u t i n e . T hen , an  i n d i c a ­

to r  fu n c t io n  i s  u s e d  to  avo id  th e  c o m p u ta t io n  of th e  pdf 

f (Z I Gt,J5) every  tim e ct or £  ch an g e  .

In the  f i r s t  s im p l i f ic a t io n ,  th e  in f in i te  re g io n s  of in te g ra t io n  w ere r e ­

s t r i c te d  to  th e  m ost l ik e ly  a re a  in te rm s of the  l ik e l ih o o d  fu n c t io n .  This 

te c h n iq u e  h a s  b e e n  u s e d  s u c c e s s f u l ly  by  Y ak o w itz ,  D u c k s te in ,  and 

K is ie l  (1974). This a re a  w a s  o b ta in e d  by r e p e a te d ly  e v a lu a t in g  the  l i k e ­

lihood  fu n c tio n  (Eq. 6) over  a c o a r s e  g rid  and  d e f in in g  th e  a re a  a s  sh o w n  

in  F ig .  4 .  The r e c ta n g u la r  b o u n d a r ie s  w ere  a rb i t ra r i ly  f i t  a s  sh o w n , due  

to  th e  s im ple  forms a s s o c i a t e d  w ith  th e  s t ra ig h t  l i n e s .  From F i g . 4 ,

24
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Figure  4 .  L ike lihood  map of a  and  #  

G rid  s iz e  = 0 . 0 5 .
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th e  p a ra m e te rs  cjf and  J3 ra n g e  over  th e  fo llow ing  re g io n s :

.4 3 2 4 ^  + .2932  — & — .4324B + 1 .4 9 3 2

1 .7 5  ^  3 .6 0  (20)

So now th e  re g io n s  of in te g ra t io n  are  much more c o m p a t ib le  w ith  the  u n i ­

form d is t r ib u t io n  a s s u m p t io n .

The In d ic a to r  F u n c tio n  

The d i s c u s s io n  of th e  s e c o n d  s e t  o f n u m erica l  s im p l i f ic a t io n s  

i s  som ew hat more in v o lv e d .  S ince  f(Z!ct,b) m ust be c a lc u la te d  e v e ry -  

tim e d  and  J3 ch an g e  in  th e  n u m erica l  in te g ra t io n ,  an in d ic a to r  fu n c tio n  

is  in tro d u ce d  to avo id  th i s  c a l c u l a t i o n .  ,

The b a s i s  for u s in g  th i s  s p e c ia l  fu n c tio n  is  th e  f a c t  th a t  th e  c o ­

e f f ic ie n t  of v a r ia t io n  found e a r l i e r  is  s m a l l ,  w h ich  in d ic a t e s  a h ig h ly  

p e a k e d  d i s t r ib u t io n .  In f a c t ,  to  u s e  th e  in d ic a to r  fu n c t io n ,  i t  i s  a s s u m e d  

th a t  th e re  is  a sp ik e  abou t Z som ew here  in or out of th e  in te rv a l  CO,a*] . 

If th e  pdf f(Z( l i e s  w ith in  th e  re g io n  C0,a*Z) , th e  a s s u m p t io n  th a t  i t  

i s  a sp ik e  in d ic a te s  th a t  s in c e  it is  a p d f ,  th e  v a lu e  of th e  in te g ra l  m u s t  

be one (Fig. 5). If th e  v a lu e  of Z is  o u ts id e  th e  in te rv a l  C0,a*3 , th e n  

i t  is  a s s u m e d  th e  e n t i re  pdf l i e s  o u ts id e  th e  in te rv a l  and  th e  in te g ra t io n  

from zero  to  a* y ie ld s  a zero  (Fig. 6). T h u s ,  in th e  n u m e r ic a l  in te g r a ­

t io n  of Eg. 18, e a c h  tim e a  or J3 c h a n g e s  v a lu e ,  th e  in n e r  in te g ra l  o v e r  Z 

is  e i th e r  a zero  or a one  ra th e r  th a n  a s p e c i f ic  p ro b a b i l i ty .  S ince  th i s  

pd f d o e s  d ep en d  on d  and  J3, h o w e v e r ,  a  r e la t io n s h ip  b e tw e e n  # ,  J3, and  

Z is  n e e d e d  so th a t  a Z v a lu e  may be c a lc u la te d  ra p id ly  from th e  a  and  J3 

v a lu e s  to  be u s e d  in th e  in d ic a to r  fu n c t io n .  The m a th e m a t ic a l  form of 

th e  in d ic a to r  fu n c tio n  i s :



f ( z K £ )

o z a*

Z — a :
F igure  5 . In d ic a to r  fu n c tio n  I(Z £q # a *j ] a  ,fi) =

f ( Z ) a , y

Z0 a*

Figure 6 . Indicator function I(Z [q , a*J =

1 for a ll

0 for a ll
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0 if  Z =  a*

1 i f  Z ^  a*

Once th e  r e la t io n s h ip  b e tw e e n  ct, J5, and  Z is  found , Eq„ 18 i s  re d u c ed  

from a t r ip le  in te g ra t io n  to  a doub le  in te g ra t io n ,  w h ic h  r e p r e s e n t s  an  

a p p re c ia b le  s a v in g s  in  com puting  t i m e .

The R e g re s s io n  R e la t io n sh ip  

The n ex t  o b v io u s  q u e s t io n  i s  how  c an  th e  v a lu e s  of Z be c a l ­

c u la te d  q u ic k ly  from th e  ch an g in g  a  and  ^  v a l u e s . As th e  n u m erica l  i n ­

te g ra t io n  p ro ced u re  u s e d  here  w a s  S im p so n 's  r u le ,  th e  j3 v a lu e  i s  h e ld  

c o n s ta n t  w h ile  the  in te g ra t io n  t a k e s  p la c e  o v e r  th e  v a r ia b le  #  and th e n  

Z; th e n  J3 is  in c re m en ted  and  th e  p r o c e s s  is  r e p e a te d  u n t i l  a l l  th e  l im its  

a re  r e a c h e d .  S in ce  it t a k e s  10 s e c o n d s  of com puter  tim e  to  c a lc u la te  a 

s in g le  Z v a lu e  from an  p a i r ,  if  400 in te g ra t io n  p o in ts  a re  u s e d  by

th e  S im pson ro u tin e  (and th i s  i s  c o n s e r v a t iv e ) ,  th e  e v a lu a t io n  of Eq. 18 

t a k e s  a t  l e a s t  4 ,0 0 0  s e c o n d s  or 66 m in u te s  of com pu te r  tim e for e a c h  a* 

v a lu e  u s e d  in th e  s e a rc h ;  th e n  m any i t e r a t io n s  may be  n e c e s s a r y .  S in ce  

s u c h  a co m p u ta t io n  i s  e c o n o m ic a l ly  i n f e a s ib l e ,  th e  fo l lo w in g  s im p l i f ic a ­

t io n  i s  in t ro d u c e d .  A s e t  of 20 p o in ts  i s  e x t ra c te d  from th e  l ik e l ih o o d  

map (c irc le s  on F ig .  4); t h i s  s e t  is  f e l t  to  be  a r e p r e s e n ta t iv e  sam p le  of 

th e  re g io n .  In th is  m anner th e  a c tu a l  c a lc u la t io n  of th e  Z v a lu e s  a s s o ­

c ia t e d  w ith  th e  20 p a i r s  c o n su m es  a to ta l  of 200 s e c o n d s .  From th i s  

p o in t ,  a s te p w is e  l in e a r  r e g r e s s io n  program  w a s  u s e d  to  o b ta in  th e  c o ­

e f f ic ie n ts  of th e  l e a s t  s q u a r e s  p o ly n o m ia l  th rough  th e  r e g io n .  The form 

of th e  p o ly n o m ia l  i s :
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Z = p u (Qf,J3) = • a 0 •(JZ + a j  ^  + a 2 + 93  ̂ +

a4<zJ3 + 3 5  . (21)

T h u s , in the  program  to  e v a lu a te  Eq„ 18 a s  or and  fi c h a n g e , th e  v a lu e  of 

Z is  c a lc u la te d  u s in g  Eq. 21 and  an  in d ic a to r  fu n c t io n  su b ro u t in e  m ak es  

th e  t e s t  on th e  p o s i t io n  of Z r e la t iv e  to  ( 0 , a*] and  re tu rn s  e i th e r  a z e ro  

or a o n e . It is  n e c e s s a r y  to  c h e c k  th e  sm o o th n e ss  of Eq. 21 p rio r  to  

u s in g  i t  to  in su re  th a t  th e  po ly n o m ia l  w il l  a c c u ra te ly  r e p r e s e n t  th e  r e l a ­

t i o n s h ip .  The c o n s ta n t  C w a s  e v a lu a te d  in 9 s e c o n d s ,  u s in g  th e  Sim p­

s o n 's  ru le  program  m en tio n ed  a b o v e . This program  a l lo w s  th e  u s e r  to  ■ 

p re s c r ib e  th e  a b s o lu te  erro r b e tw ee n  s u c c e s s iv e  i t e r a t io n s  o f the  in t e ­

g ra t io n .  The c a lc u la t io n  of C u t i l i z e s  an  error bound of 1 0 ~ 3 c

The above s im p l i f ic a t io n s  re d u c e d  Eq. 18 to  th e  fo llow ing  e x ­

p re s s io n :  find  a* su ch  th a t  t

In th e  a c tu a l  program  w h ich  perform ed th e  s e a rc h  for a * , th e  fo llow ing  

s t r a te g y  w a s  u t i l i z e d :

(2 2 )

If  F (a i *) -  - - ■ <  f ,  s to p ;
u + ^o

= d -  <E, s e t  a p n  =
a-j*(l +d) if d <  0 

a * (1 -  d) if  d >  0

(23)
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To s u m m a r iz e , the  s t e p s  of a g e n e ra l  p u rp o se  a lgo rithm  are  d e ­

f in ed  to  p rov ide  g u id e l in e s  for th e  u s e  o f th i s  m e th o d o lo g y  for m u lt ip u r­

p o s e  r e s e rv o i r  d e s ig n  w ith  r e s p e c t  to  s e d im e n ta t io n .  The c a s e  s tu d y  

fo llow ing  th is  o u t l in e  is  an  i l lu s t r a t io n  of bo th  th e  m eth o d o lo g y  and  th e  

th e o ry .  The a lgo rithm  c o n s i s t s  of n ine  s p e c i f i c  s t e p s :

1. D efine  the  w a te r s h e d  c o n s ta n ts  Kz C , P ,  LS, d ra in a g e  a re a  A,

in f i l t r a t io n  c o n s ta n t  S , a i  , a2 , and  the  m ean  sed im en t  d e n s i t y .

C a lc u la te  W  = 95 K C P  (LS) 2 0 0 0 /(m ea n  s e d im e n t  d e n s i ty  x  

4 .3 5 6  x 104) and  a Q = 4 84A 2 ( 6 4 0 ) / l 2 .

2 . Com pute th e  l ik e l ih o o d  map o v e r  ct and J5 to  d e te rm in e  th e  in ­

t e g ra t io n  re g io n s  . .

3 . E x trac t  a r e p r e s e n ta t iv e  sam p le  of p o in ts  from th e  r e g io n .

4 .  C a lc u l te  the  N - y e a r  l i fe t im e  m ean s  for e a c h  o f  th e s e  p o i n t s .

5 .  F it  a p o ly n o m ia lp u (af,J3) to  th e s e  p o in t s .

6 .  CheckPu(<z,J5) to  in su re  sm o o th n e ss  over th e  in te g ra t io n  r e ­

g io n s .

7 .  D efine  th e  l in e a r  te rm in a l  lo s s  fu n c tio n  and  th e  v a lu e s  of i t s

a s s o c i a t e d  p a ra m e te rs  Ku and  K0 .

8 .  Set a* and  c a lc u la te

i rf>2 -  , ,
F(a*) = -£ -■ / / K^Co a*l d '# )  LIKELIH W  data) da d#c JfoJaiW ,aJ|

9 .  S ea rch  for a* u n d e r  the  s t r a te g y  o u t l in e d  in  Eg. 23 u n t i l  

F(a*) -  KU/(K U + K0 )<  C , th e n  s to p .

C e r ta in  s t e p s  w ould  req u ire  more co m p u ta t io n  if a  d i f f e re n t  w a te r s h e d  

w ere  b e in g  ex am ined ; h o w e v e r ,  th is  e x tra  w ork w ould  be  of a m inim al 

n a t u r e .



CHAPTER 6

CASE STUDY— CHARLESTON DAM SITE

The C h a r le s to n  Dam s i te  i s  ap p ro x im a te ly  24 m ile s  sou th  of 

B en so n , A rizona , on th e  San Pedro R iver.  This a re a  w a s  re c o g n iz e d  as  

a  dam s i t e  a s  e a r ly  a s  1909 (S ch w alen ,  1961). H o w ev e r ,  s in c e  th e  i n ­

s t ig a t io n  of th e  f i r s t  C e n t ra l  A rizona P ro jec t  Report in  1941 , th e  dam h a s  

b e e n  aw a it in g  c o n s t ru c t io n  in  c o n ju n c t io n  w ith  th e  T u cso n  A queduct to  

p rov ide  a d d i t io n a l  w a te r  r e s o u rc e s  to  th e  c i ty  of T u c s o n ,  A rizona , and 

to  h e lp  re d u c e  th e  rap id  d e p le t io n  of th e  g ro u n d w ate r  su p p ly  now  ta k in g  

p l a c e .  The o r ig in a l  dam d e s ig n  a l lo w s  for 2 3 8 ,0 0 0  a c r e - f e e t  of w a te r  

b e lo w  the  s p i l lw a y  c r e s t .  Of t h i s ,  1 1 6 ,0 0 0  a c r e - f e e t  a re  a l lo te d  for 

f lood  p ro te c t io n .

As a b a s i s  for c o m p a r iso n ,  th e  r e s u l t s  of th e  s tu d y  made by  

S ch w a len  (1961) w i l l  be u s e d  to  e v a lu a te  th e  e x p e c te d  am ount of s e d i ­

m en ta t io n  over  th e  l i fe t im e  of th e  p r o je c t .  S ch w a len  e s t im a te d  th e  u s e ­

fu l life  of th e  p ro je c t  a t  200 y e a r s  b a s e d  on an a n n u a l  e s t im a te  of 630 

a c r e - f e e t ,  u s in g  a s u sp e n d e d  sed im en t  d e n s i ty  of 70 p o u n d s  p e r  c u b ic  

fo o t .  The m ethod c o n s i s t e d  of ta k in g  a c tu a l  m e a su re m e n ts  o f the  s e d i ­

ment a t  th e  dam s i te  and o b ta in in g  sed im en t  y ie ld  in  to n s  p e r  day  for 

e a c h  day  in  th e  3 -m on th  sum m er ra in y  s e a s o n .  Almost a l l  of th e  s e d i ­

m ent d e p o s i t e d  in the  p ro p o se d  r e s e rv o i r  w ou ld  o c cu r  du ring  th i s  t im e .  

The d ra in ag e  in to  th e  f a c i l i ty  com es  from th e  C h a r le s to n  w a te r s h e d  w ith  

an  a re a  o f 1 ,220  sq u a re  m i l e s .

3.1



Since  ra in fa l l  and  storm  d u ra t io n  d a ta  are n o t  a v a i l a b le  for th e  

C h a r le s to n  w a te r s h e d  on a p e r  ev en t  b a s i s , d a ta  from th e  A tterbury  Ex­

p e r im e n ta l  W a te r s h e d  a re  u s e d .  This is  ju s t i f i e d  on th e  g rounds  th a t  

r a in fa l l  and  d u ra t io n  c h a r a c t e r i s t i c s  of th e  c o n v e c t iv e  s to rm s o ccu rr in g  

o v e r  bo th  w a te r s h e d s  w ere  th e  sam e (M . M . F o g e l ,  S choo l for R enew ab le  

N a tu a l  R e s o u rc e s ,  U n iv e r s i ty  of A rizo n a ,  p e r s o n a l  com m un. , 1974).

This c a s e  s tu d y  w i l l  fo l lo w  th e  a lgorithm  o u t l in e d  in th e  l a s t  

c h a p te r .  At e a c h  s t e p ,  th e  c o m p u ta t io n a l  d i f f ic u l t i e s  and  program s w il l  

be d i s c u s s e d  a s  th e y  a r i s e .

S tep  1. D e f in i t io n  of W a te r s h e d  C o n s ta n t s  

For th e  C h a r le s to n  Dam s i t e ,  th e  v a lu e s  of K, C ,  P ,  and LS 

w ere  e s t im a te d  by  a h y d ro lo g is t  r a th e r  th a n  u s in g  th e  a lg o r i th m s  p ro ­

p o s e d  by W il l ia m s  and  H ahn (1973). The a c c u ra c y  of th e  e s t im a te s  w as  

c o n s id e re d  to  be of m inim al im portance  s in c e  th e  p u rp o s e  o f th e  s tu d y  

is  th e  d e f in i t io n  of a m e th o d .

S o i l - e r o d ib i l i ty  fa c to r  

C ro p p in g -m an a g em en t  fa c to r  

E ros ion  c o n tro l  p ra c t ic e  fa c to r  

S lope  le n g th  and  g ra d ie n t  fa c to r  

In f i l t ra t io n  c o n s ta n t  

P eak  f low  e q u a t io n  c o n s ta n t  

Time o f  c o n c e n t ra t io n  c o n s ta n t  

C o n v e rs io n  c o n s ta n t  

C om bined  c o n s ta n t

K = 0 .6 0

C = 0 . 8 0

P = 0 . 1 0

LS = 0 .5 0

S = 2 .5 0  .

a% = 0 .5 0

a 2 = 6 .9 8 9

a 0 = 3 .8 3 5 7 6  x  1010

W  = 1 .4 9 5 4 7  x  10-3



Step  2 .  C o m p u ta t io n  o f  th e  L ike lihood  M ap 

U s in g  Eq. 6 and th e  A tterbury  d a t a ,  th e  l ik e l ih o o d  map of th e  

p a ra m e te rs  a  and J3 w a s  c a l c u l a t e d .  As c an  be s e e n  on F ig .  4 ,  th e  b o u n ­

d a r ie s  of th e  m ost d e n s e  s e c t io n  of th e  l ik e l ih o o d  map are  w e l l  d e f in e d .  

This f igure  a l s o  sh o w s  th e  p a ra l le lo g ram  boun d ary  s e c t io n  a round  th e  

in te g ra t io n  re g io n .  This d i s t a n c e  b e tw e e n  e a c h  l ik e l ih o o d  v a lu e  is  e x ­

a c t ly  0 . 0 5 ,  and th e  c o rn e rs  of the  p a ra l le lo g ram  d e f in e  l in e s  show n on 

the  g ra p h .  T hese  l in e s  d e te rm in e  the  in n e r  l im its  of th e  in te g ra t io n  o v e r  

(X. L ik e w is e ,  th e  top  and  bottom  of th e  p a ra l le lo g ram  d e f in e  th e  l im its  

ov e r  J3. The l im its  of in te g ra t io n  are e q u iv a le n t  to  th o s e  in Eq. 20 .

S tep s  3 to  6 . Sam ple P o in ts  from 
L ike lihood  Region

The c i r c le d  p o in ts  in F i g . 4 r e p re s e n t  th e  d a ta  v a lu e s  u s e d  in 

com puting  the  po ly n o m ia l  for th e  in d ic a to r  fu n c t io n .  For e a c h  a  and J5 

v a lu e  c i r c l e d ,  th e  l i fe t im e  m ean  s e d im e n ta t io n  is  c a l c u l a t e d .  T hese  

v a lu e s  are  show n in  Table  1 . After th e  p o in ts  and m e an s  a re  u s e d  to  

com pute  th e  p o ly n o m ia lp u (ci,fl) , th e  p o lynom ia l is  e v a lu a te d  to  in su re  

th a t  th e  fu n c tio n  is  sm o o th .  Table  1 a l s o  show s th e  c a l c u l a t e d  p o ly ­

nom ia l v a l u e s .  The c a l c u la te d  p o ly n o m ia l  i s :

Z = p u (ti,B) = . 2 2 4 a -  27.430J3 + A 9 7 a 2 + 3 . 796£ 2 

-  .298&JS + 5 6 .3 5 8 .

S tep  7 . D e f in i t io n  of L oss  F u n c tio n  

The lo s s  fu n c t io n  a s  d e f in e d  in Eq. 13 for th e  v a lu e s  g iv en  in 

Eq. 17 b eco m e s :
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T able  1. D a ta  p o in ts  for r e g r e s s io n  100- y e a r  m ean s e d im e n ta t io n  a s  a 
fu n c tio n  of of and  fi

P o lynom ia l f i t  a l s o  g iv e n .

c( ft ZL   Puto/ff)

1 .6 0 1 .7 5 2 0 .5 9 3  x  1 0 4 2 0 ,0 0 9

1 .6 5 1 .8 5 1 8 .7 7 3 1 8 .6 0 0

1 .5 0 2 .1 0 1 4 .9 8 3 1 5 .3 3 5

1 .7 5 2 .0 5 1 5 .7 6 9 1 6 .0 0 5

1 .5 5 2 .7 0 9 .5 4 8 9 ,5 4 2

1 .7 0 2 .5 5  . 1 0 .6 4 8 1 0 .7 5 2

1 .8 4 2 .5 8 1 0 .4 7 9 1 0 .5 0 0

1 .8 5 2 .2 0 1 3 ,9 6 8 1 4 .2 4 9

1 .8 5 3 .0 0 7 .8 8 2 7 ,6 6 5

1 .9 5 2 .4 5 1 1 .5 4 8 11 ,701

2 .0 3 .3 5 6 .3 8 0 6 ,3 0 6

2 .0 5 2 .7 0 9 .6 6 1 9 .6 0 6

2 .1 0  : 2 .1 0 1 5 .2 5 5 1 5 .5 1 9

2 .1 5 2 .9 5 8 .2 2 6 7 ,9 7 5

2 .2 0 3 .1 0 7 .5 2 9 7 .2 1 7

2 .3 0 2 .5 5 1 0 .8 2 8 1 0 .9 0 3

2 .3 5 3 .4 0 6 .2 3 1 6 .2 0 9

2 .4 5 3 .6 0 5 .3 8 9 5 .9 0 7

2 .5 0 3 .0 8 .0 2 9 7 .7 8 6

2 .5 5 2 .7 0 9 .8 0 2 9 .7 6 9

2 .6 0 3 .3 5 6 .4 4 4 6 .3 8 4



_  [ 2 1 0 .1 9  (a - Z )  if  a > Z  (overdesign)
L (a , Z) = /  _  _

[ 8 8 8 .8 9  (Z -  a) if  a <  Z (u n d e rd es ig n );

i . e . ,  1^ = 8 8 8 .8 9  and Kq = 2 1 0 .1 9  and  KU/(K U -f K0) = 0 .8 0 8 7 .

S tep  8 .  C a lc u la t io n  of F(a*)

The v a lu e  of C is  th e  q u a n t i ty  d e f in ed  in E q . 19 . U s in g  Sim p­

s o n 's  r u l e , th is  v a lu e  w a s  found to  b e : C = 5 .2 2 6 6  x  10- ^ .  The error 

bound C, w a s  ta k e n  to  be 1 0 ~ 3 . The in i t i a l  e s t im a te  of a*  w a s  ta k e n  to  

be 5 . 0 .  '

S tep  9 .  F ind ing  th e  So lu tion  

The optimum p o in t  a t  w h ich  th e  s e a rc h  s to p p e d  w a s  0 .8 0 8 7 .

The co m p u ta t io n  of th e  optimum a l te rn a t iv e  re q u ired  41 s e c o n d s  of com ­

p u te r  t im e  and th e  r e s u l t s  w ere  p r in te d  ou t a t  e ac h  i t e r a t i o n .  F iv e , i t e r ­

a t io n s  of a* w ere  re q u ire d  b e fo re  th e  optimum w as  r e a c h e d .  U s in g  th e  

m ethod  of S ch w alen  (1961), h is  e s t im a te  w ou ld  y ie ld  6 3 ,0 0 0  a c r e - f e e t  

o v e r  a 1 0 0 -y e a r  p e r io d .  The optimum c a l c u l a t e d  b y  th e  B ay e s ian  m ethod  

i s  a b o u t tw ic e  th a t  v a lu e  a t  1 2 7 ,5 7 0  a c r e - f e e t . The d i f f e r e n c e  is  s i g ­

n i f ic a n t  in  th a t  th e  B ay e s ian  e s t im a te  r e f l e c t s  th e  eco n o m ic  c h a r a c te r ­

i s t i c s  of th e  p r o c e s s .

As a c h e c k ,  th e  e x p e c te d  o p p o rtu n i ty  lo s s  (EOL) i s  c a lc u la te d  

to  a s s u r e  th a t  th e  th e o ry  is  c o r r e c t .  The e x p e c te d  o p p o rtu n i ty  lo s s  i s  

c a lc u la te d  from th e  fo llow ing  e x p re s s io n :

r? )2 r « 2 ^ )  —

EOL(a) = / L (a,Z ) LIKELIH(a,£> (da ta ) d«dJ3. (24)

The in te g ra t io n  i s  c a r r ie d  ou t o v e r  a l l  v a lu e s  o f th e  optim um  a* for
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d if fe ren t  a l t e r n a t i v e s , a .  F ig .  7 i l l u s t r a t e s  th e  curve  g e n e r a te d  by r e ­

p e a te d ly  so lv in g  Eq. 24 . The optimum p o in t  found by  th i s  m ethod  w as

1 2 7 .0 0 0  a c r e - f e e t ,  w h ich  co m p ares  a c c u r a te ly  w ith  th e  v a lu e  found by  

th e  s e a rc h  m e th o d . This a d d i t io n a l  e v id e n c e  re in fo rc e s  th e  c o n c lu s io n  

th a t  th e  e s t im a te  a c c o rd in g  to  S c h w a le n 's  (1961) m ethod  may be too  lo w . 

The m ean of th e  1 0 0 -y e a r  pdf w a s  c a l c u la te d  u s in g  th e  maximum l i k e l i ­

hood e s t im a te s  of th e  p a ra m e te rs  a  and  p .  This v a lu e  w a s  found to  be

1 0 4 .0 0 0  a c r e - f e e t .  The m ean  w a s  a l s o  c a l c u la te d  u s in g  n u m erica l  i n t e ­

g ra t io n .  This e x p re s s io n  w a s :

The v a lu e  of th is  e x p re s s io n  w a s  1 0 6 ,0 0 0  a c r e - f e e t .  This in d ic a te s  th a t  

th e  e s t im a te  o b ta in e d  w h ich  ig n o re s  th e  u n c e r ta in ty  in  th e  p ro c e s s  is  

c o n s e r v a t iv e .

(Z | a  ,p) LIKELIH(tf,£> | d a ta )  da  d£
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a (x 103 a c re - f e e t )

F igure 7 . E xpec ted  op p o rtu n i ty  lo s s  for a l te rn a t iv e  a



CHAPTER 7

DISCUSSION AND CONCLUSIONS

The p ro p o se d  m ethod  and  m odel h av e  s e v e ra l  s h o r tc o m in g s . 

F i r s t ,  th e  B ay e s ian  a p p ro a ch  u t i l i z e s  a l in e a r  lo s s  fu n c t io n  w h e n ,  in  

f a c t ,  th e  l o s s e s  may b e a r  no re s e m b la n c e  to  l in e a r i ty .  Due to  some o f 

th e  s im p l i f ic a t io n s ,  th e  op tim al s o lu t io n  m ay b e  in a c c u r a t e .  The u s e  o f  

th e  in d ic a to r  fu n c t io n  may not h ave  b e e n  v a l id .  It c an  be show n th a t  th e  

pdf of th e  1 0 0 -y e a r  d is t r ib u t io n  of s ed im en t  a p p ro a c h e s  th e  norm al d i s ­

t r ib u t io n  in  th e  l im it (G u p ta , 1973); i t  m ight have  b e e n  b e t t e r  to  s u b s t i ­

tu te  a norm al d i s t r ib u t io n  in s t e a d  of th e  in d ic a to r  fu n c t io n .  To do so  

w ould  h ave  com pounded  th e  n u m erica l  p ro b le m s .  The a s s u m p t io n  th a t  

th e  p r io r  d i s t r ib u t io n  on th e  s ta t e  v a r ia b le s  is  uniform  m ay no t h av e  b e e n  

e n t i r e ly  c o r r e c t . O ne of th e  more d if f ic u l t  p rob lem s w ith  th e  m odel i t ­

s e l f  is  th e  la c k  of d a t a . Only 33 e v e n ts  w ere  a v a i l a b le  from w h ich  to  

o b ta in  th e  e s t im a te s  of a  and J3. As th e  num ber of d a ta  p o in ts  w a s  s m a l l ,  

th e  maximum l ik e l ih o o d  e s t im a te s  of th e  p a ra m e te rs  for th e  jo in t  d i s t r i ­

b u t io n  of r a in fa l l  and d u ra t io n ,  a  and  }3, cou ld  hot be o b ta in e d  due to  

th e  n o n co n v e rg en c e  of th e  maximum l ik e l ih o o d -e s t im a t in g  e q u a t io n s  .

The fa c t  th a t  th e  a c tu a l  d a ta  from th e  C h a r le s to n  w a te r s h e d  w as  no t u s e d  

may a l s o  h a v e  c a u s e d  som e v a r ia t io n .  The e lem en ts  o f th e  u n iv e r s a l  

s b i l - l o s s  e q u a t io n  w ere  d e s ig n e d  for sm all  w a t e r s h e d s , c e r ta in ly  s m a l le r  

th a n  th e  C h a r le s to n  w a te r s h e d .  The random  v a r ia b le  of tim e of c o n c e n ­

t r a t io n ,  3 2 , p ro b ab ly  sh ou ld  no t h a v e  b e e n  c o n s t a n t . The e s t im a t io n  of

38
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th e  w a te r s h e d  c o n s ta n t s  in  th e  e q u a t io n  i s  a l s o  s u b je c t  to  a g re a t  d e a l  

of v a r i a t i o n ,

The a p p l ic a t io n  of th is  ty p e  of a n a ly s i s  to  a p r o c e s s  in w h ich  

in d iv id u a l  e v e n ts  d is t r ib u te d  in  a gamma fa s h io n  and  w here  an  a cc u m u ­

la t io n  of som e q u a n t i ty  i s  in v o lv ed  sh o u ld  be  s o u g h t . There may be b a c ­

t e r io lo g ic a l  p o p u la t io n  grow th  p rob lem s in w h ich  th e re  a re  a c c u m u la t io n s  

d is t r ib u te d  in  a gamma fa s h io n  w here  th e  ev en t  w ou ld  be a rep ro d u c t iv e  

c y c l e .  It w ould  be a n a tu ra l  e x te n s io n  of th i s  work to  a n a ly z e  th e  s e n ­

s i t iv i ty  of th e  o p tim a l so lu t io n  to  p h y s ic a l  p a r a m e te r s , s u c h  a s  th e  

w a te r s h e d  c o n s ta n t s ,o r  eco n o m ic  o n e s ,  su c h  a s  in t e r e s t  r a t e s  and  tim e 

b e tw e e n  lo an  and r e s e rv o i r  o p e r a t io n , e t c .  O ther B ay e s ian  q u a n t i t i e s ,  

su c h  a s  th e  v a lu e  of p e r fe c t  in fo rm ation  or th e  e x p e c te d  n e t  g a in  of s a m ­

p l in g ,  co u ld  be  co m p u te d .  As an a l te rn a t iv e  ap p ro a ch  to  g e n e ra t in g  th e  

e v e n t - b a s e d  d i s t r ib u t io n  from th e  c o n d i t io n a l  and  m a rg in a l  d i s t r i b u t i o n s , 

th e  t ra n s fo rm a tio n  d e f in e d  by  Eg. 4 of random  v a r ia b le s  m ay a c tu a l ly  be 

perform ed to  s e e  if  th e  pdf is  in d e e d  g a m m a . There a re  n u m erica l  d i f f i ­

c u l t i e s  a s s o c i a t e d  w ith  th is  a p p r o a c h , bu t i t  w ould  p ro v id e  a v a l id  c h e c k  

of th e  gam m a-2  ap p ro x im a tio n  a s s u m p tio n  in  th a t  th e  sam e  r e s u l t s  sh o u ld  

be  e x p e c te d .

The ap p ro a ch  ta k e n  in th i s  t h e s i s  i s  b a s e d  on e m p ir ic a l  and  

h e u r i s t i c  c o n s id e r a t io n s .  It w a s  fe l t  t h a t  th e  m odel d e v e lo p e d  he re  

r e p r e s e n t s  n a tu re  more a c c u r a te ly  in m ak ing  an o p tim a l c h o ic e  th a n  m any  

o th e r  to o ls  o f  the  r e s e rv o i r  d e s ig n e r .  N ot on ly  d o e s  it  r e p re s e n t  n a tu r e ,  

b u t  it a l s o  t a k e s  in to  a c c o u n t  th e  eco n o m ic  c o n s id e ra t io n s  in v o lv e d ,  

w h ic h ,  for e x a m p le ,  th e  m ethod  of S c h w a len  (1961) d o e s  n o t .



In c o n c lu s io n ,  th e  fo llow ing  p o in ts  h a v e  b e e n .d e m o n s t ra te d :

For th e  A tterbury  E x perim en ta l  W a te r s h e d ,  a b iv a r ia te  gamma 

d is t r ib u t io n  cou ld  not be r e j e c te d  for the  jo in t  p d f  of r a in fa l l  

d e p th  x j  and  storm  d u ra t io n  xg of th e  s to rm s o b s e r v e d  over  th a t  

a r e a .

The pdf of s ed im en t  y ie ld  for an  in d iv id u a l  s to rm  is  a p p ro x im a te ­

ly  d is t r ib u te d  a s  a 2-p a ra m e te r  gamma p d f .

S ince  s to rm s w ere  found to  a rr ive  in  a Po ls  so n  m an n e r ,  th e  

m ean  and  v a r ia n c e  of s ed im en t y ie ld  for N s e a s o n s  c a n  be ,found 

w ith o u t  a c tu a l ly  d e te rm in in g  th e  p d f  i t s e l f .

R e s tr ic t in g  th e  re g io n s  o f in te g ra t io n  to  th e  m os t l ik e ly  v a lu e s  

p roved  to  b e  a g re a t  he lp  in  re d u c in g  com pute r t i m e s .  Any lo s s  

o f a c c u ra c y  w a s  f e l t  to  be  m in im al in te rm s  of com pu te r  tim e 

s a v i n g s .

The a s s u m p t io n  th a t  th e  d is t r ib u t io n  of Z is  h ig h ly  p e a k e d  m ay 

be ju s t i f i e d  due  to  th e  low  c o e f f ic ie n t  of v a r ia t io n  of the  p d f .  

F u r th e rm o re , th e  v a r ia n c e  d e c r e a s e s  a s  more d a ta  are  o b ta in e d  

w ith  t i m e .

The u s e  o f a l in e a r  r e g r e s s io n  m odel to  r e l a t e  th e  l i fe t im e  m ean  

and  th e  r a in fa l l -d u r a t io n  p a r a m e te r s , c( and J3,. w a s  found to  be  

a c c e p ta b le  b e c a u s e  of th e  low  r e s id u a l  sum s of s q u a r e s .  A ls o ,  

th e  error b e tw e e n  th e  e s t im a te  w ith  th e  l a r g e s t  d e v ia t io n  and  

th e  t ru e  v a lu e  w a s  ap p ro x im a te ly  2 p e r c e n t .

The op tim a l d e s ig n  sed im en t c a p a c i ty  for th e  C h a r le s to n  Dam is  

ap p ro x im a te ly  1 2 7 ,5 7 0  a c r e - f e e t  in  a 1 0 0 -y e a r  p e r io d ;  th a t  i s ,  

1 2 7 ,5 7 0  a c r e - f e e t  sh o u ld  be a l lo te d  to  s e d im e n ta t io n  o v e r  th a t
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tim e  in  o rde r  that" flood  p ro te c t io n  w ould  no t be d im in ish e d  d u r­

ing th e  p ro je c t  l ife tim e  „ An e s t im a te  of 1 2 7 ,0 0 0  a c r e - f e e t  w a s  

o b ta in e d  a s  th e  optimum d e s i g n , u s in g  th e  e x p e c te d  o p p o rtu n i ty  

lo s s  m e th o d .  This e s t im a te  s e rv e d  to  v e r ify  th e  th e o ry  p r e ­

s e n te d  h e r e .  T h u s ,  th e  tw o e s t im a te s  in d ic a te  th a t  th e  s e d i ­

m e n ta t io n  a l lo c a t io n  sh ou ld  be g re a te r  th a n  p re v io u s ly  th o u g h t .  

The c a lc u la t io n  of the  m ean s  w ith  u n c e r ta in ty  and  w ith o u t  u n ­

c e r ta in ty  a l s o  su p p o r ts  th i s  h y p o th e s i s .



N OTATION'

A d ra in a g e  a re a  of w a te r sh e d  (square  m iles)

a a l t e rn a t iv e  a c t io n  or d e c i s io n  (may a l s o  be u s e d  to  r e p r e ­
s e n t  s e t  of a l l  p o s s ib le  d e c is io n s )

a* o p t io n a l  d e c is io n

a G c o n v e rs io n  c o n s ta n t  (484A2 (6 4 0 ) / l2 )

a% c o n s ta n t  (=0.40)

32 m ean tim e of c o n c e n t ra t io n  of s torm  in h o u rs

C c ro p p in g -m a n a g em e n t  fa c to r

K s o i l  e ro d ib i l i ty  fac to r

KU ,K0 . c o e f f ic ie n t s  of l in e a r  lo s s  fu n c t io n

LS s lo p e  le n g th  and  g ra d ie n t  fa c to r

n m ean num ber of e v e n ts  p e r  s e a s o n

P e ro s io n  co n tro l  p ra c t ic e  fa c to r

Q runoff volum e in in c h e s

qp p e a k  flow  ra te  in c fs

S w a te r s h e d  in f i l t r a t io n  c o n s ta n t

x f  random  v a r ia b le  of r a in fa l l  am ount in in c h e s  (R)

X2 random  v a r ia b le  of s torm  d u ra t io n  in h o u rs  (D)

Z s e d im e n t  y ie ld  am ount in a c r e - f e e t

^B ayes B ayes e s t im a te  o f m ean  sed im en t  y ie ld  for th e  l ife t im e
d is t r ib u t io n

oc p a ra m e te r  of f(xq ,xg)

J3 p a ra m e te r  of f(x} ,X2)
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<r error bound  on o p tim iz in g  s e a rc h  a c c u ra c y

X e ,-r p a ra m e te rs  o f 2 -p a ra m e te r  gamma pdf f e (Z)

IXq i G q^ m ean  and  v a r ia n c e  o f  s in g le  ev en t  d i s t r ib u t io n  fe (Z)

P s 'd ' s ^  m ean  and v a r ia n c e  of s e a s o n a l  d is t r ib u t io n  f s (Z)

Pil(=Z),6"l2 m ean  and  v a r ia n c e  o f l ife tim e  d i s t r ib u t io n  f (Z)a, f i )

p u (^,^>) l e a s t  s q u a re s  r e g r e s s io n  line  for Z

9= < a , j 3 >  s t a t e  v a r ia b le  v e c to r

f(x% ,xg) jo in t  b iv a r ia te  gam m a p d f  of r a in fa l l  am oun t and s to rm
d u ra t io n

f e (Z) p ro b a b i l i ty  d e n s i ty  fu n c t io n  of s e d im e n t  y ie ld  Z for a
s in g le  e v e n t

F e (Z) c u m u la t iv e  d i s t r ib u t io n  fu n c t io n  of s e d im e n t  y ie ld  Z for
a s in g le  e v en t

f s (Z) p ro b a b i l i ty  d e n s i t y  fu n c t io n  of s e d im e n t  y ie ld  Z for a
s in g le  s e a s o n

f(Zl <X,p) l i fe t im e  p ro b a b i l i ty  d e n s i t y  fu n c tio n  of s ed im en t  y ie ld  Z

F(Z< a * ) ,F (a * )  c u m u la tiv e  d is t r ib u t io n  of d e c i s io n  v a r ia b le  Z

LIKELIH(q,’/#) l ik e l ih o o d  fu n c t io n  of p a ra m e te rs  an d  b ,  p a ra m e te rs  o f  
th e  jo in t  pdf o f r a in fa l l  and  d u ra t io n

L (a ,6 )  e co n o m ic  lo s s  or g o a l  fu n c t io n  for a l te rn a t iv e  a ,  d e ­
p e n d in g  on s ta te  v a r ia b le  9

EOL(a) e x p e c te d  o p p o rtu n i ty  lo s s  for a l t e rn a t iv e  a

PRIOR (8) p r io r  pd f o f  s t a t e  v a r ia b le  9

POST(9 I da ta) , f ( 9 ) ,
POST(er,ft I da ta) p o s te r io r  d i s t r ib u t io n  of s ta t e  v a r ia b le s  

I(Z[0 # a *)l tf/ft) in d ic a to r  fu n c t io n  for f (Z |a , f t )  abou t Z
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