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- ABSTRACT

A modern trend in design is to develop a system capabie of
being feturﬁed to normal operation fast after a failure oc¢curs. The
‘availability function analytically expresses this capability. This
thesis analyzes a possible analytical méthod for the deterﬁination of
the avaiiabilityq‘ The evaluation-of a S&Stemsaxéilability in time isv
'arstochastiC'process.lVIn particular, the renewal—process aﬁd the
Markov procesé are applied. Associated with the stochastic processes
is’the distribﬁtion of time for eacﬁ state. The éxponential distribu- -
‘tion gives no restriction for the availability calculation regérdless
of complexity of the system. . But the éim ofvthis study is to con-

_ sider non-exponential distributions inclﬁding thé normal, lognormal,
Weibull and gamma distributions; with emphasis on the gamma distribu-
tipn° , | » .
For the aﬁéilébility derivation the Laplace transforms and

the inverse Laplace transforms are used extensively.



CHAPTER 1

INTRODUCTION

During the past decade, the development of reliability and
availability has been rapid, caused by the development of large and
complex systems susceptible to failure and requiring restoration. The
reliability is defined as the probability that a system has operated
over the given interval without failure. To consider the benefit of
repair capability, the availability function is introduced. Usually
three aspects of availability are considered: (1) the availability A(t),
also known as an instantaneous availability, is the probability that
the system is operating at time t, (2) the interval availability,
defined as the expected fraction of a given interval of time (t*jt*)
that the system will be able to operate, or

A(t ,t ) =-—3— / A(t) dt @.1)
1 2 1 t.

(3) the steady state availability, or the expected fraction of time

in the long run that the system will be able to operate, or

A(oo) = lim A(t) @t.2)
t*»

Obviously, the goal is to find the instantaneous availability, A(t),
because the interval availability and steady state availability are

then easily determined using equations (1.1) and (1.2).



In general, thé_évailability'is a complex function which takes
into account the configuration of the'unitS'in the'system'and the under—
lying distributions for the times to failure and the times to repair
each unit.

.Throughout the literature the availabilit§ function is défived
assuming exponentiality. The'scoperof this study is to consider_ﬂ&n—
constant failure andvrepair rates. Chapter 2 is devoted to some
commonly used distributions: normal, lognormal, gamma, Weiﬁull, and the
approximation of an arbitrary distribution. We focus.our attention éﬁ
thé gamma distribution Because it has two convenient features: the
Laplace,transform in a very simple analytical forﬁ, and it represents
the distribution of summation of exponentially distribﬁted random varié
ables. The former Will-be obvious in Chapter 3 where we neéd the
Laplace transform of the times—to—failﬁre and of the times—to—repair
' distributions,to find the availability function. The latter enables
us to develop the Ma£kov model for a given system even when the dis-
tributions.for the times to failure and the times to fepair are.not

exponential.



CHAPTER 2

FAILURE AND REPAIR RATES

2,1' General‘Remarké

When détermining the availability function the stbchastic
- process, Z(t), will be used, andvthe two-state, semi~Markov process
.Will be applied. The two-state process is completely‘defined by the
distributions of the times to failure X and the times to repair Y.
The exponential is the most frequently used distributién. The reason
.for this is its very simple analyticai form, which gives no difficulty
in solving the systems of differéntial equations (Markov processes)
or Laplace.transforﬁs and inverse Laplace transforms (semi-Markov:
processes andvavailability functioné) in a general form. Regardless
of its simplicity many authors find the exponential distriﬁﬁtibn a
very convenient model to éxpress physiéal.behavior of complex systems.
Epstein (1958), and Barlow, Proschan and Huﬁter (1965, p; 18) give
thorough discussiéns of the exponential distribution, while Drenick
(1960) gives a éroof that the exponential is a good failure'law for
compléx equipment} This discussion is repeated‘here briefIy.

Consider a system consisting of many éomponents. Each cémpo~
nent has a failure distribution which is not necessarily exponential.

A component failure causes a system failure, and after each failure



occurs the component is immediately replaced. An unending sequence

of failures and replacements constitutes a random process called a
"renewal process." Drenick (1960) has proved that the time between
system failure tends to an exponential distribution as the complexity
of the system increases. However, the exponential time between system
failures is reached only after a sufficiently long time: when the sys-
tem consists of a mix of components of different ages, and when the
system is in statistical equilibrium.

As is well known, the exponential distribution has a property
that the component does not deteriorate with age. In other words, if
a component has not failed up to a time T, the probability of success
in its future for a mission t is the same as if the component were
quite new and had just been placed in use at time T. This property

can be expressed as:

ps (t*T) = ££f£frl1 = ~-xTT+t) = e"Xt (2 1)

or
Ps (t,T) = Pg(t). (2.2)
This property makes the exponential distribution rather unsuitable for
the repair time of the component, because it means that the time spent
on a repair in the past has no influence on the time which will be
spent for repair in the future. An exponential distribution, as
a one-parameter distribution, has a variance equal to its mean. The
repair times distribution is desired to have much more flexibility,
with a variance independent of the mean. Boivard and Zagor (1961),

Kline (1974), and many others, emphasize the lognormal distribution



for repair time. The lognormal distribution has most of the proba-
bility mass concentrated close to the mean repair time which is in
harmony with a physical behavior of repair time. But, some other
unimodal distributions such as the gamma, normal and Weibull have a
similar shape and might be chosen as an appropriate model. Before
choosing any of these distributions, the best approach is to apply the
K-S (or some other) goodness-of-fit test to see which of the com-
peting distributions fit the data best. Sometimes a suitable analyti-
cal form and mathematical feature is a reason for favoring a certain
distribution. This will be discussed later in this chapter.

The gamma, normal, lognormal and Weibull distributions are
appropriate models for the probability law of the time to failure.
Thus all of these distributions can be considered for both: proba-
bility law of time to failure and probability law of time to repair.

In contrast with the exponential distribution, which is one-
parameter distribution, the lognormal, normal, gamma and Weibull are
two or three parameter distributions. These parameters can always be
related to the mean value m” and the variance a*.. For practical pur-
poses the dimensionless parameter nt. = called the coefficient o
variation, is often used. For the exponential distribution the coeffi
cient of variation is 1. Muth (1967, p. 28) has stated that aging of
a component, as well as organization in a repair, would cause the dis-
tribution to be less dispersed about its mean value than the exponen-
tial. Thus we will be looking for distributions having coefficients

of variation less than 1.



A probability law of random variable” X can be defined as the

density function f (x), as the distribution function F (x), and as the

hazard function h” (x). The hazard function is knownunder thenames of
"force of mortality," "Mills' ratio," "intensity function," or "hazard
rate." Here we will refer to the hazard as the "failure rate" for time

to failure and use "repair rate" for the time to repair. Cox (1962,
Pp. 3-6) calls the hazard function the "age-specific failure rate"

k>®) 1, and defines it by equation

hv (x) = 1lim pr°b(x < X < x + Ax|?.<JJ (2.3)
X Ax-KH- Ax

Equation (2.3) can be rewritten as

(2.4)
X AxO+ Ax prob (x < X)

The first part of equation (2.4) represents the probability density
function £%(x) (Meyer, 1972, p. 73), and the denominator of the second
part of equation (2.4) is the cumulative distribution function

Fx(x < X) =1 - FX(X < x). Thus equation (2.4) becomes

fy (x)

vV x) = (2-5)

Taking the integral and making conversions yields

“H (X)
Fx (x) =1 - e (2.6)
where
X
H% (x) =/ hx (u)du (2.7)
1. In this section a positive and continuous random variable

X is considered.



Equations (2.5) and (2.6) relate f~(x), F~(%) and (x). Equations
(2.3) and (2.4) provide a physical interpretation of h”(x). It could
be stated as follows: If E is an event, then h” (x)Ax represents the
conditional probability that E will occur in interval (x,x+Ax) given
that E did not occur by x. Converting the random variable X to vari-
able time t, then event E becomes a "failure" or a "repair completed."”
The hazard function is a function of time t and its increasing magni-
tude indicates aging of the component. In other words, for any com-
ponent which deteriorates with age, the conditional probability that
failure occurs in interval (t,t+At) is higher than for any interval
before t.

The purpose of this study is to consider the functions which
have non-constant, increasing or decreasing hazard functions. A thor-
ough research on this subject is given by Barlow, Proschan, and
Hunter (1965, pp. 22-45) and Barlow, Marshall, and Proschan (1963) and
in references therein. Through this study we will focus attention on
the hazard functions of two-parameter distributions: gamma, normal,
lognormal and Weibull. A general model will also be discussed later
in this chapter.

As was mentioned before, the two-parameter distributions can
always be related to the mean value, m”, and the variance, O*. In
Figs. 1 and 2 the behavior of the hazard functions and the density
functions for the normal, Weibull, gamma and lognormal distribution
with the same mean m* = 1 and variance = 0.25 is given. It is
obvious from Fig. 1 that the hazard functions have increasing and

fairly close values up to time 2.0. But, from Fig. 2, it follows
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10
that most of the probability mass is concentrated in the interval
(0.2.0). The foregoing means that the large difference between the
hazard functions is in the tails of the distributions.

Further properties of the hazard functions follow from Figs.
3,4,5 and 6. The gamma and Weibull distributions have an increasing
h* ~(t) in the interval (0,00 for parameter g > 1. The normal dis-
tribution has an increasing h”(t) in the interval (0,°°) for all values
of its parameters y and a. The lognormal distribution has increasing
and decreasing h”(t) with the property.
lim h (t) —+ O (2.8)
o>
Muth (1967, p. 30) and Barlow, Proschan, and Hunter (1965, p. 13) con-
sider the property (2.8) of h*”(t) as a disadvantage, because it is not
consistent with the component aging characteristics. However, they
agree that the decreasing period is in the tail of the distribution
where only about 0.05 of all of the probability mass lies, and that
this could be neglected.
Now, additional properties of the normal, lognormal, Weibull,

and gamma distributions will be discussed.

2.2 The Normal Distribution
The normal or Gaussian distribution is the best known
statistical model. For a random variable N its probability density

function is
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N (t;p,a) = — exp [-
aa”T 2a (2.9)

a >0, - oo<p<oo; 0< t<O®

where a is a normalizing constant, |i is mean value and O is the stan-
dard deviation, or the location and the scale parameters, respectively.
But, replacing the random variable N by the random variable Z =

(t-y)/a gives the standardized normal density function

1 2

<pz) = -1 @7 77 (2.10)

/21
and the standardized cumulative distribution function
#(z) = A, an (2.11)
/21T
Equations (2.10) and (2.11]) are tabulated and can be used to evaluate
fN (t;y,a) and (t;y ,2a) for any parameters y and a.

A general form of the hazard function is shown by equation

(2.5). It is obvious that both the numerator and the denominator tend
to zero as t Thus, applying L'Hospital's rule, gives
—-f! (t)
lim h (t) = lim 7--/.\ (2.12)
t t-0> ~

where the prime denotes differentiation with respect to t. From
equation (2.9) it follows that
£'(t;p,0) = exp[- | (2.13)
aa /27r 2a
Substituting equations (2.13) and (2.9) into equation (2.12), we obtain

the limit value of the hazard function as
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lim h (t;p,a) *» (2.14)
0>

as shown in Fig. 5.
The moment-generating function (mgf) for the normal distribu-

tion (Meyer, 1972, p. 212) is defined as

12 2
M~ (z) = E (e ) = exp(zy + y o z ) (2.15)

A well-known property of the mgf is

M (n) (0) = E(Xn) (2.16)
that is, the n”* derivative of the M*(t) evaluated at z = 0 yields the
n * moments of the random variable X, E(Xn), about =zero. When apply-

ing property (2.16) to equation (2.15), we have the familiar results
E(N) = M*1) (0) = v (2.17)

and

2 £21 2 2
E(N ) = 0) =@ + vy (2.18)

In the same way, the higher moments of the variable N, E(Nn), could
be obtained.

The mgf may be used, also, to show the reproductive properties
of the normal distribution (Meyer, 1972, p. 217). This property is
formulated in the following way: Suppose that and are inde-

pendent random variables with the normal distributions N(y*,a”)

2 2
and respectively. Let the random variable N be defined as
N = + N, then N is also normally distributed with E(N) =
2 N(y,a ) - is the denotation for the normal distribution

with the parameters y and a.



We can complete the reproductive property as

n ? 1/2
y , (Z a) 1 (2 .20)
11 i=1l 1

£f (tyy,a) = £ [t;

N s

1
for n independent random variables N*.

One of the most importantresults of mathematical statistics
is the central limit theorem, whichisbased on thenormal distribu-
tion. This theorem may be stated as follows: Let X*, X*, ...» X*
be a sequence of any n independent random variables with E(X ) = y*

2
and V(Xi) = i=1, 2, ..., n, and let X =X* + X* + ... + X

l4

then, for sufficiently large n, X is approximately normally distributed

n 2 n 2
with y= Z y.and o = Z a..

i=1 1 1=1 1
The estimation of normal distribution parameters is given in Hahn and

Shapiro (1967, p. 74).

2.3 The Lognormal Distribution
For the lognormal distribution, L denotes a random variable
and t is the same specific value of the random variable L. Then the
lognormal density function is
£f (t;y,a) - exp {- (log B -} ,t>0 (2.21)
tavirr 2a
If N denotes a normal random variable, then the transformation L = e

produces the lognormal variable. From this transformation follows a



18

a relationship between the lognormal and the normal, or the stan-

dardized normal, density functions

fL (t;u,a) = -"(K*£_E=E) (2.22)

and distribution functions

FL (t;y,cr) (2.23)

where #(") and $(") denote the standardized normal density and the

cumulative distribution functions, respectively.

From equation (2.15) and transformation L = e” it follows that
the moment of L is
v vm 1 2 »
E(L ) = E[e ] = exp(ky + * ka ) (2.24)

and the first and second moments are
1 2
E(L) = m" = exp(y + — a )

and (2.25)

E(L2) = exp{2(]] + a2)}

o 2
The variance is V(L) = E(L ) - (E(L)} which gives

V(L) = 02

e2y {e2a - ea } (2.26)

The ratio of equation (2.25) and (2.26) gives

nL = {exp(a2) - 1}1/2 (2.27)

where ri* denotes the coefficient of variation.
It was already stated that the limit value of the lognormal
hazard function is =zero. The proof follows from equations (2.21) and

(2.12), whence



It is clear that

lim h (t;y,a) =0 (2.29)
=%
The lognormal distribution has a reproductive property. The

central limit theorem states that a product of independent and
identically distributed random variables approaches a lognormal dis-

tribution. This is proven in Aitchison and Brown (1957, pp. 9-14).

2.4 The Weibull Distribution
Weibull proposed this distribution to represent the yield
strength of steel, but it has been widelyexplored and applied in many
other fields. Let W denote a Weibull random variable.Its density

function is

B t G-1 ta
fw (t;B,n) =+ (™) expC-C*} (2.30)

and its distribution and hazard functions are

Fw (t;g,n) =1 - exp{-(i)B} (2.31)
and
t 8-1
A“(tsB.n) = ?7y (2.32)
A graph of the hazard function isshown onFig. 4. It may be
seen that h” is an increasing function ininterval (0, ) for a shape

parameter 3 > 1.
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The moment of W could be obtained using the exponential dis-

tribution with a random variable X

From equations (2.30) and

The k*% power of W is

and

Because X has an exponential distribution,

E(xk/e)
Thus
and

Var (W)
or

where

Fx(t) = 1 - e-t (2.33)
(2.33)
i-1 1/3
W= () X (2.34)
0
Wk = () k Xk/B (2.35)

E(Wk) = () E(Xk/*) (2.36)

E(°) is determined from

=/ tk/g e-t dt = r(1 + |[) (2.37)
««T, . ;P <=H'«>
<B>
E(W) = niy = nfd + %)
(2.39)
,r@ +|) G+

(n)

nu = [-———— g- T - i]1/2 (2.40)

(r(l +1)j

denotes the coefficient of wvariation.



21
It is well known that the Weibull distribution with parameter
3 =1 represents the exponential distribution, and with 3 =2 the

Rayleigh distribution.

2.5 The Gamma Distribution
The family of gamma distributions is one of the best known and
most thoroughly explored. It may be the appropriate model for the
system time-to-failure and time-to-repair distributions. Further, it
plays an important role in statistical queueing theory and in Bayesian
analyses as a prior model to describe initial uncertainty concerning
the rate of occurrence of some process.
The gamma function, denoted by F, is defined as
F(p) = J xP e X dx for p > 0 (2.41)
o

while the density function for the gamma random wvariable G is

fG (t;a ,X) = t""l e"Xt for X, a > 0 (2.42)

where & is the shape parameter and X is the scale parameter. The
effect of X can be seen from the relation

fG (t;a,X) = XfG (Xt;a,l) (2.43)

From equation (2.42) the cumulative distribution function is

FG (t;a,X) = /  xa-le"Xx dx (2.44)

The integral of equation (2.44) is tabulated and known as the incom-
plete gamma function (Pearson, 1957). In most of our applications the

parameter a will take an integer value n, where n =1,2,....
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Then the gamma distribution, equation (2.44), may be expressed in

terms of the Poisson distribution (Meyer, 1972, p. 135) as

n—-1 -At., k
F (t;a=n,A) =1 - I -
G k=0 *
or (2.45)
FG (t;a=n,A) =1 - e Xt{l 4At + — + ... + (n-i) »

It is seen from equation (2.42) that the exponential distribution is a
special case at the gamma distribution when a = 1. Furthermore, the

sum of exponential variables is the gamma variable. This prop-

erty will be used in Chapter 4, and therefore is derived here.

Suppose that T* and T* are independent, continuous random
variables with density functions g and h, respectively. The joint
density function is

f(tl,t2) = g(tl)h(t2) (2.46)

Let T = T* + T2, then T2 = T - T* and equation (2.46) becomes

£(t,tl) = g(tl)h(t-tl1) (2.47)

The density function at T is obtained by integrating f£(t,t*) from

- o to W with respect to t*
@©
f(t) =/ g(tl)h(t-tl)dtl (2.48)
The above integral is often called the convolution integral of g and
h, and is usually written as g*h. Now taking T* and T2 as exponen-

tially distributed with parameters A* and X2, respectively, equation

(2.4 8) becomes



whose solution is

e ) (2.50)

When taking X = X* = X*, integral (2.48) becomes
0 -Xt -X(t-t-)
£(t) = / Xe Xe dt» (2.51)

o

with the solution
f(t) = X2t e *t, £t > 0 (2.52)

This is a gamma distribution with parameters X and a = 2. The inte-
gral of equation (2.52) is the cumulative gamma distribution function

-Xt
FG (t;2;X) =1 - e U+Xt} (2.53)

Now comparing equations (2.53) and (2.45) we conclude that the gamma
distribution is the sum of n independent, exponentially distributed
random variables. Further, applying the central limit theorem, it
follows that the limit distribution of equation (2.45) is the normal
distribution when n > hence the gamma distribution (2.44) tends
to normality as a °°,  Papoulis (1957) states a central limit
theorem for the sum of positive random variables, in which the 1limit
distribution is a gamma distribution, or the distribution of arbi-
trary positive random variables has as an approximation the gamma
distribution.

Now consider the gamma hazard function. A few curves of this

function are shown in Fig. 3 for different values of a parameter.
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It is seen that the gamma hazard function is increasing in interval
(0,00), and the limit value for t 0 is X. To prove this, we can

apply equations (2.42) and (2.12) and obtain

£G (1:;Ct;X) = -(a-1)ta 1
£fG (t;a;X) ta-1 ;

and finally

lim h (t;a,X) = X (2.55)
K> &

In the same way, when applying equation (2.50), instead of (2.42),

with equation (2.12) gives

7 (*2-\) t
- f () = 6 (2.56)
f(t) -(X_-X )t
1 --e
whose limit value depends on the value of > A

then the exponential terms of equation (2.56) tend to zero and the
result is A*. If (A*-A") < 0, applying L1lHospital’s rule yields a
limit A~. So

lim — | *:xy- = min (Al ,6A2) (2.57)

This result may be extended to the more general case, i.e. , for the
gamma variable which is the sum of k exponentially distributed random

variables, as

lim y“y-= minCA*A2,.,. ,Ak) (2.58)

Meyer (.1972, p. 213) has derived the mgf of the gamma dis-

tribution as

HG (t) = (@.59)



The mgf can be used to show that the sum of two independent, gamma
distributed random variables with the same scale parameter X is also

gamma distributed, as follows: Let £ (t;3;X) be the other gamma

1
density function whose mgf is
X 6
Mg (t) = (™) (2.60)

then applying property (Meyer, 1972, p. 217)

M () =M ()M (t) (2.61)
2 G G1

gives

M (t) = (x*) 0lte (2.62)

This is also the mgf of thegamma distribution with parameters a + 3
and X. The foregoing statement is usually expressed in this form

fG (t;a;X)* £G (t;3;X) = £G (t;a+3;X) (2.63)

Further, from the mgf, equation (2.69), we can derive the moments of G

using equation (2.16), and we come up with the expression

E(Gk) = & -tlXo+Z) ... (atk-1) (2.64)

Thus, the mean value is
E(G) = mG = vy (2.65)

the standard deviation is

Var(G) = cr = ( .66)
~ X%

and the coefficient of wvariation is
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The gamma function has a simple Laplace transform

f*(s;a,X) = (2.68)

It is this property that makes the gamma distribution a very con-
venient model for the availability functions. We will discuss this
property later in Chapter 3.

A special case of the gamma distribution is a chi-square dis-

tribution with n degrees of freedom. It is obtained by substituting
the parameters a = and X = —* where n is a positive integer and a
2a

is the variance of the normal random variable X with zero mean.
Usually this distribution is considered for 0 = 1. The density func-

2
tion for the chi-square random variable, denoted by X*, is given by

f 2(t) =— 4 —————- t”/2-1 e-t/2 (2.69)
Xz 2 r(n/2)

From the foregoing it follows that

m 1l < t] =-FG(t;|,I|)
and, from equations (2.65) and (2.66), that
E(X*)= n; Var(X*) = 2n (2.71)

The chi-square distribution is tabulated usually for n up to 45
because for larger n this distribution becomes very close to the nor-
mal distribution as is seen from the central limit theorem. It
should be mentioned that this distribution has a large application in
reliability testing, quality control, and in other fields.

The gamma distribution, given by equation (2.45), Cox

(1962, p. 15), is called the special Erlangian distribution. Because
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n (or a) is an integer it has a very suitable analytical form. When
dealing with the gamma distribution we will usually use « which has
integer values. From equation (2.67) it is obvious that the coeffi-

cient of variation can take values < 1 and we will usually have

1 f v 1, 272>
2
where n* is the greatest integer less than 1/n* and + 1. If

we want to use the advantages of the Erlang distribution when 1nx is

given by equation (2.72) we can form the distribution of a random vari-

nl

able X by mixing two Erlang distributions with parameters n , — and
2
n ,— , respectively. Thus
mx
ni n2
f (t) =a f (t;n ,— ) + (1-a) £ (t/n ,-—) (2.73)
X Gl 1 “x 2 A
where 0 < a < 1. The coefficient a may be found by matching the vari-

ance of both sides of equation (2.73). Applying equation (2.66) and

the condition that and are independent gives the variance as
2 2
2 my
= a-~L + (1-a) (2.74)
1 2

2
Dividing both sides of equation (2.74) by m”* gives

n2 = 2 = f -+ ( 2 . 7 5 )
X mx2 nl 2
or
a = Bin2 nx'ni (2.76)
n2 nl

Thus, any gamma distribution can be expressed in the form of an

Erlang distribution by using equation (2.73).
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2.6 Approximation of an Arbitrary
Distribution

Throughout the previous sections we were discussing the uni-
modal, two-parameter distributions for times to failure or times to
repair with the emphasis on the gamma distribution. In practice, when
dealing with large and complex systems, we will be faced with a more
difficult problem. Only some arbitrary distribution for time to
failure or time to repair will be available. The question arises how
to find a suitable mathematical model to represent any distribution
with the required accuracy. A very convenient approach to this prob-
lem is to express the arbitrary distribution in terms of Laguerre
polynomials. The two main features of the Laguerre polynomials are:
(1) possibility of matching successively higher moments of the distri-
bution which is to be represented, and (2) the Laplace transform is
simple. Muth (1967, pp. 41-47) has introduced this approach and it
will be discussed here briefly.

Consider a continuous random variable X defined in (0,00) with

the density function f(x) and with i moment of X given by

w0 i
nL = J x f(x)dx (2.77)
o
Next, denote L”(x) as the generalized Laguerre polynomial (Szego,

1939, pp. 96-97; and Abramowitz and Stegun, 1965, p. 774) defined

by

Ln (x) = :1 <xCX+1VX> (2-78)
X
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or

15(x) = [ (-1)V _43) fr (2.79)

i=0
Then the density function f(x) can be expressed in terms of the

infinite Laguerre series as

f(x) = W(x;ot) E a. L? (x) (2.80)
i=o 1 1

where a” are the coefficients to be found, and W(x;a) is the weighting
function of form
W(x;a) = xa e x,a > -1 (2.81)

(ot)

The polynomials (x) are orthogonal with respect to the weighting

function and the orthogonal property is

(La,La) = / La (x) La (x) W(x,a) dx = — — 6 (2.82)
m o o m n

where 6m n is the Kronecker symbol defined as 1 if m = n and 0 other-

wise (Spiegel, 1971, p. 184)¢ Now, to determine the coefficients ay

we multiply equation (2.80) by L.(x) and integrate, or

@ o @®
/ £(x)L*(x)dx = / £ a,LM(x)L*M(x)W(x;a)dx
o k o i=o 1 1 k
= E ai / LM(x)LM(x)W(x;a)dx (2.83)
i=o o

The above relation with the condition (2.82) and equation (2.79)

becomes
k . @ a
I (-1)1*4?) / X1£f(x)dx = I a r-(etd”vl) g (2.84)

1=0 * 0 1=0 !
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Since 61'( - =0 for i £ k, and substituting equation (2.77) into equa-
i
4

tion (2.84) we determine the coefficient a”* in the form

ak = r(atk+l) ifo ™1) (k-1i) iT ™i (2.85)

For ¢« long number of situations we will applythe finite series instead

of infinite series to approximate f(x). Then
11 W
g (x;a) = W(x;a) E a.L.(x) (2.86)
n i=o 11
or,
n a
g (Xx;a) = W(Ax;a) E b.L. (Xx) (2.87)
n i=o 11
whereg” stands for f£(x) expanded in n terms, X is the scale parameter,
and b* are unknown coefficients. Introducing (Ax) instead of (x) into

equations (2.79) and (2.83) we have

IN@Ax) = I ("1)l@s 1T~ (2.88)
i=o
and
" i kd<x / xif(x)dx = " b IMk+U 5
e (' k=i il o i=o ’
o (2.89)

From equation (2.89) it follows that the coefficients b”* are given by

bk - f(ihr) jo 11 0 (2-90)

It is seen that b” depends on nu, so looking back at the expression
(2.87) we conclude that the moments, mu, are the only relation

between the functions £f(x) and the terms of finite series g*. Thus,
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when more terms n are taken, higher moments, m*, are matched and the
approximation becomes better.

In the terms for b* [equation (2.90)], the two parameters a
and X are unknown. In order to determine a and X one takes the first
term of equation (2.87), gQ (Xx;a) to be the same known function.
namely,

gQ (Xx;a) = bQ W(Xx;a) (2.91)

where b” is determined from equation (2.90) as

o F (a+l)

and W(Xx;a) from equation (2.81l) as

W(Xx;a) = (Xx)a e (2.93)

So, equation (2.91) becomes

go (Xx;a) = Y(a+1) e (2.94)

which obviously is the gamma distribution with parameters (a+l) and
(X) . When matching the first and second moments of f(x) and the gamma

distribution, the parameters a and X are given by

2
a= ™ -1 (2.95)
m2"ml
X =- (2.96)
ml
and the coefficients b”* and b* are =zero. So, the approximation of

some arbitrary distribution is the summation of the gamma distribution

and the finite series of the form



where = b*/b*.
F(atk+l) =
and denoting by ML

tion

M
1
it follows that
c
Because cQ =1, c*
(2.97) as
g
n
where

From the property of the gamma function
(a+1l) (a+2) ... (atk)r(a+l) (2.98)

the ith moment of the underlying gamma distribu-

= (a+l) (a+2) ... (a-Hi) (2.99)
X1

" i k mi
= 2 (-1)1 (p / (2.100)
1=0 1 1
=0, c* = 0 and (Xx) = 1, we can rewrite equation
n a
(Ax;a) = 2Z ¢ £ (x;a+l1,X)L. (Xx) (2.101)
1=0 1 G 1
lcx"l ’

fG (x;a+1 ,X ) (Xx)= ~f'(a+i) x* e * L?(Xx)(2.102)

From tables of Laplace transforms (Roberts and Kaufman, 1966, p. 55),

we find *

L* {x“e Xx 1" (Xx) 1 = r(a¥y 1* - (2.103)

1 1" (61-X)

3. L* () denotes Laplace transform.
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Multiplying equation (2.103) by Y(oi+ij Sives the Laplace transform of

equation (2.101) as

n \ i
L*{gn (Xx;a)} - E c. Ya+i+1 <2 -104)
1-0 TAy
So, for any arbitrary density function f(x) we can find the Laplace
transform of the form [equation (2.104)] using approximation by the
finite series. It is obvious that equation (2.104) is a rational
function when a is an integer. Therefore, the tendency will be to make
a an integer, if it is not already. Two methods for doing this will
be considered next.

In the first method we can take a rounded to the nearest
integer when a, calculated from equation (2.95), is close to an inte-
ger. Then, to calculate the Laplace transform of g*(Ax;a), we follow
the previously described procedure except it should be noticed that
the coefficients c¢* and c* will not be zero.

In the second method, the gamma distribution f£* (x;a+l,X)
from equation (2.97) is substituted by a mix of two Erlang distribu-

tions [see equation (2.73)], so

gn (Ax;cx) = (l-a) £G (x;n2+1 ,X2)
n n
+ £ (xjn;+1jA-) {a + £_ d,L. (Anx)} (2.105)
i i i=3 1 I 1
n*+1 n2+1
where: a>0.5 calculated from equation (2.76), A1 = —a:—; Ag = m

and n*, n2 are found from the relation
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Now, looking back at equation (2.89) we will have

n .. $i+l @
2 (-1)1 (k_i) ~r— / x1{f(x) - (l1-a) £G (x;n2+1 ,A2) }dx
i=o * o
- Ed . 5 (2.107)
l=0 1 K,:L

where the above integral is the ith moment of the difference of £f(x)

and gamma distributions, namely,

d W i
mi = 04 x Lfg{x)' - }({1—a)y fG (x,n29+1*X29)} dx
(n%H+1) (nH2) ... (n?+i)
=m. - (l1-a) - ; (2.108)
X2
Similar to equation (2.100) the coefficient d* will be
k 1k mi
d = E (-1) C) rp- (2.109)
i=o i
where denotes the ith moment of the underlying gamma distribution
f (x;n +1,A ). From equation (2.105)it follows that the Laplace
transform is of the form
A?  112+1 nl+l
L*{gn (Xx;a)} = (1l-a) ") +a (~_)
n +s
n n +i A i
+ % di (n > ™ (2-110)
1=3 1 (stAp 1

which is a rational function.



CHAPTER 3

AVAILABILITY OF A ONE-UNIT SYSTEM

3.1 Stochastic Processes

Stochastic processes are thoroughly explored and widely used.
A general approach to the applied stochastic process is given by Bhat
(1972), while the application of the stochastic, Markov and semi-Markov,
processes for reliability and maintainability of complex systems are
considered in the books by Barlow, Proschan and Hunter (1965,
Chapter 5) and Shooman (1968). In this section, only some basic
notions of the stochastic processes will be described which enable us
to derive the availability function in the next section.

A stochastic process {X(t);t 21 0} is a family of random vari-
ables X(t) indexed by the time parameter t. The random variable X(t)
can take some value, called the state, and the set of the possible
values is called the state space. Both X(t) and t may be either dis-
crete or continuous, from which result the four possible models of the
processes. Through this study X(t) takes integer values in the finite
state space Se{0,1,...,n-1} and t takes only positive values, so we
will have discrete states and continuous time processes.

To be able to completely describe the process we have to know
the joint distribution of the basic random variable X(t). For the

discrete set of points t*, t*,...,t* the joint distribution function is



The above equation is too complex and for practical application we
need to make some simplifications. When taking the randon variables
independent, then equation (3.1]) reduces to the product of distribu-
tions of each random variable; furthermore, we are actually studying
each state independently anyway. This is not the real situation,
since between the states exists some dependence. The other assump-
tion results in a Markov process which could be stated as follows:
if the state X(t”) is known at the time t*, then all information of

the process before t* does not influence to the future of the pro-

cess, or for the discrete set of points t*, t*,...,%, with
< t* < ... < t* < ... and any real number x* ,x*,...xn, we have
condition
P{X < X(11) < X < . X -) <
{(X(t ) < x_IX(1]) < x. X(t ) < x_, (€, <%y
= P{X(tn) < Xn [x (tn_i) < Xn_i} (3.2)

The condition of equation (3.2) applies the exponentially distributed
time at any state X(t). The extension of Markov processes results in
semi-Markov processes which permit the use of arbitrarily distrib-
uted times at any state. The semi-Markov process is based on the
concept of a regenerative stochastic process (Smith, 1955, and Feller,
1949) which could be described in the following way: consider the
same event E, occurring at certain points in time t* and connecting
with the process ({X(t),t » 0} such that whenever E occurs the future
behavior of the process is independent of its past. Then the

process is regenerative and the time points t* are points of
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regeneration. The differenbesﬂ(ti—ti;l) for i = 1,2,q;q ‘are inde-
ﬁendently distributed random vafiablés.' A.renewal-prdéess is a well~-
known régenerati#e procéss;

The semi-Markov pr9c¢SS'is completely determined by the pair
[qu(t)].where P ='{pij} is the transition érobability matrié.and
%{ti = {Fij(t)} is.the matrix of the distribution functions: Each :
element of P,pij, represents the transition probability from state i
to state j and if is given by

pf,L‘Jzn‘Ll = P[X(ntl) = j|X(m) = i] (3.3).

or in words, p_j is the conditional probability that the process will
' i

be in state j after ntl steps given that it is in state i in n

steps. For

p, M p2 g . (3.4)

i 7 Pig T Pij
the process becomes stationary in time. - To any elément pij cor— .
resﬁonds the time Tij spent in the state i, given'that the néxtAstate
is j gﬁd'thé distributién func;ion of the random va?iable Tij is
FlJ .

Aésociated with the stochastic process is the classification
of states. So Qe consider an ergodic and tfansieﬁt set of states.
For the ergodic set of states it ié‘characteristic thét the process
enters each state infinitely and that‘all the states communicate.
The non—erquic set of staﬁes are called transient, The states ofvthe
. transient set afe-absorbing states for which one has piil;'i- 'This
means that once the'brocess reaches the absorbing state it will remain

in it forever.
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Now assume a process:{X(ﬁ);ﬁ_EIO}'Wheréftheirandom variable

X(t) takeS’the integer values in the finite stéte'spacé‘Sé{O;i;Z,.;.

n~1}q. When idoking at thé'System.performance it is uéually possible
tb divide thé sample space S intO'two'independent Subsgts Sl and S-Sl,
such that the subset S. takes all the possible operating states or the

1

states for which the system is up, and the subset S-—Sl contains all

non—opérafing states, or the states fof which- the system is down.

This way one can reducé any.process to a two-state process or any
Systemvto a one-unit system with the- two occupying states up and down.
For the two-state proéesé the renewai.theory (Cogs 1962) is developed
and it will be uéed here to derive the availability function for a

one-unit system.

3.2 Derivation of the Availability Function

Consider a two-state semi-Markov process {Z(t);t;z 0} such
that Z(t) = 1 denotes operating (up) state and Z(t) = 0 denotes non-
operating (down) stéte. Take a random varia;le X for the elapsed time
in state 1, time to failure, and‘a random variable Y for the elapsed
time in the Stafe 0, time to repair. If the process initially starts
is the time elapsed Eo the first failure, Yl is

time elapsed to the first repair completed, and Xi’ Yi are the times

at state 1, then Xl

elapsed to the ith failure occurs and the ith repair completed,

respectively. The sum Zl = Xl +'¥l

is the time for the first renewal -
and Z, = X, + Y, is the time for ith remewal. If all Z;'s are

indepéndent then the sequence of random variablés{{Zl,zé,,.,,zi,.©;}

‘represents a renewal process. This process is illustrated in Fig. 7.
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Z(t)

(a) State Probabilities in time t

x1 -»H Y1 <4a-x2 B —— 6efa-——-
1st 2nd
Renewal Renewal
T (1)
T(2)
/T(3)

N(t)

(b) Number of Renewal Processes in Time

Fig. 7 1Illustration of the Renewal Process
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Usually we are considering two random variables associated
with every renewal process: T(n) denoting the time to the n*% renewal;
and N(t) denoting the number of renewals by time t. T(n) is a contin-
uous variable defined in interval 1(0,°°) while N(t) is a discrete
variable and can take integer values n = 0,1,2,... It is seen from
Fig. 7 that a relationship between T(n) and N(t) exists. For given
t and N(t) < n, T(n) > t, or

P{N(t) < n} = P{T(n) > t} (3.5)

In order to find the above probabilities we will determine first the
distribution of T(n). Let X%, have the density functions f_(t),
gi(t), respectively, and let h (t) denote the probability density

function of Z., then, by the convolution theorem (2.48),
i

From Fig. 7

T(n) =21 + 22 + ... + Zn (3.7)

Then applying again the convolution theorem we obtain the density

function of T(n), “T™M*(t), as
hT(n) (t) = h*(t)*h*(t)* ... *hz (t) (3.8)

We will be dealing only with all Z“~'s which are identically dis-

tributed, so for that case, equation (3.8) reduces to
hT (n) (t) = h (n)Ct) (3.9)

where h (t) is called the n-fold convolution of h(t). Now the dis-

tribution function of T(n) is
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HT (n) (t) " P{T(n) i t)
tt

=/ hT(n) (x)dx (3.10)

and, from equation (3.5) we obtain

P{N(t) < n} =1 - P{T(n) < t}

1 - HT (n) (t) (3.11)

For the discrete randomvariable N(t), any point of thedensity func-

tion could be found as

PN (t) (n) P{N(t) = n>

P{N(t) < n + 1} - P{N(t) < n} (3.12)

and substituting equation (2.11) gives

PN(t) * = **T(n) (t) " HT(n+l) (3.13)
The expected number of renewals in interval (0,t) is the renewal
function M(t). So, from the definition of the expected wvalue and

from equation (3.13) M(t) is

M(t) = E[N(t)]
= E n PN(t) (n)
n=o
Z. n{HT (n) (t) HT (n+1) (t)}
n=1
HT(1) » HT(2) + 2HT(2) 2HT (3) (t) + .o,
M(t) = Z H , (B) (3.14)

n=1 v A
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The renewal density function, m(t), is the derivative of M(t). Thus,

from equations (3.14) and (3.9) we obtain

m(t)

nE-F hT (n) (t)>

or
00

m(t) = Fyn) (v) (3.15)

n=1

Since h”n”*(t) is the n-fold convolution of h(t) with itself

hn(t) =/ h (n™1l) (t-T)h(T) dr (3.16)
and
m(t) = h(t) + E h*n”*(t)
n=2
@ t
= h(t) + E / hi(n 1) (t-T)h(T) dT
n=2 o
0 t , .
= h(t) + Z2 / IV '"'"'(t-T)h(T) dT
i=l o
= h (t) +/ {NEtv’- (t-T) }h(T) dT
o i=1
or
t
m(t) = h(t) + / m(t-T)h(T) dT (3.17)
o

The renewal density function physically represents the expected numbc
of renewals in interval (t,t+At). It should be noticed that m(t) is

not necessarily the probability density function, namely.
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/ m(t) dt £ 1 (3.18)
[e]

The Laplace transform of equation (3.17) is
m* (s) = h¥*(s) + m*(s)h*(s) (3.19)

from which

mrS S ' <=e=«>
From equation (3.6) we obtain
h*(s) = £f*(s)g*(s) (3.21)

so that

m* (s) = W SSW <3-22)
Now to derive the availability function we start from the definition
of availability. Availability is defined as the probability that the
system will be operating at time t, or the process {Z(t);t > 0} will
be in state 1 at time t. This definition may be expressed analyti-

cally as

A(t)

P{z(t) = 1} (3.23)

For the renewal process P{Z(t) 1} is conditional, i.e., it is the

probability that the system is operating given n renewals occurred.

Thus
co
p(z(t) = 1} = Z P{z(t) =1, N(t) = n} (3.24)
n=o
Assume that the nth renewal happened at time x, or T(n) = x. Then the

probability that the system remains in state 1 in interval (x,t) is

{1-F(t-x)}. Since the probability of nth renewal at x is given by

hT (n) (x)» we have
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t
P{Z(t) =1, N(t) = n} = /{1”"F(t-x)~hT (n) (x) dx (3.25)
and, from equations (3.23), (3.24) and (3.9) we have

00 t X

A(t) = Z / (1-F(t-x)}h n (x) dx (3.26)

n=o0 o
or
(00] t , x
A(t) = 1-F(t) + E / {l1-F(t-x)}h n (x) dx
n=1l o
t 0 zX
= 1-F(t) + / (1-F(t-x)}{ E h (x)} dx (3.27)
o n=1

where substituting equation (3.15) into equation (3.27) gives
t
A(t) = 1-F(t) + / (1-F(t-x)}m(x) dx (3.28)

o

The Laplace transform of equation (3.28) is

A*(s) =— — F*(s) £ {~ — F*(s) }m*(s)

= {J - F*¥(s)}{1l + m*(s)}

= (1 _ IlCsl-im + f*(s)g*(s) }

s s + 1-£%(s)g*(s)/ (3-29)

and finally

X _ 1-f*(s)

(3.30)
s{l-f*(s)g*(s)}

The same result may be obtained by taking the Laplace transform of

equation (3.26). Thus

1
A*(s) = I {- - F*(s)}{h*(s)>n
n=o s
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1 Q@
{- - F*(s)} 2 {h*(s)}n (3.31)
s n=o

Because h*(s) < 1 the summation of equation (3.31) is a geometric
series, so

- - F*(s)

A* (S) = 1-h*(3)-- <3-32)

which is the same as equation (3.30).

Next, the principle of regenerative events will be applied to
the derivation of A*(s). Consider a renewal process in a given inter-
nal (0,t), and let E denote such events that whenever E occurs, the
process enters state 1. It is assumed that, at the very beginning
for t = 0, the system starts as new, or X(0) = 1. The probability that
the process is in state 1 at time t is the summation of the prob-
ability that E did not happen in interval (0,t), and the probability
that the process is in state 1 given E occurred at time x where
0 < x <t. Thus

P{(z(t) = 1} = P{2(t) =1, x > t} + P{z(t) =1, x < t} (3.33)
It has been already stated that

P{Z(t) =1, x > t} =1 - F(t) (3.34)
The probability that E occurs at x is given by the probability density
function h(x), and the probability that the process is in state 1,
given E occurs at x, may be considered as the availability of the
process which starts at x, A(t-x), so the second conditional proba-

bility of equation (3.33) is



t

p{Z(t) =1,x < t} =/ A(t-x)h(x) dx (3.35)
o
Finally
t
A(t) = 1-F(t)+/ A(t-x)h(x) dx (3.36)
o
This is known as the availability integral equation. The Laplace

transform of equation (3.36) is
ax(s) = i - F*(s) + A*(s)h*(s)

=7 ~ + A*(s)f*(s)g*(s) (3.37)

and the solution for A*(s) gives

A.z x 1-£f*(s)
3 s{1l-f*(s)g*(s)}

a familiar result.

It is seen that the Laplace transform of availability is a
function of the Laplace transforms of the time-to-failure and the
time-to-repair density functions, so,

A*(s) = A{f*(s),g*(s)} (3.38)
Now it becomes obvious why the tendency in Chapter 2 was to emphasize
the density functions which have Laplace transform in a convenient
analytical form. Using functions described in the previous chapter
we can find A*(s) and possibly A(t) = L* ~{A*(s)} in the general

form. This is the subject of the next section.

3.3 Solution of the Availability Function
Usually, when determining A(t) from its. Laplace transform, we

apply either a numerical or an analytical method. Both methods have
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some disadvantages. Which one will be applied depends on the actual
/W "
situation and the personal preference.
The numerical method may be used generally with no restric-

tions. For any A*(s) analytic in the half-plane and real s  c, the

inverse Laplace transform is

W

1 ,c+i st
A(t) = ~ 1 A*(s) e c ds (3.39)

Thus, for any value of t in interval (0,000 one can numerically cal-
culate the integral of equation (3.39) and find A(t). This method may
be preferred when a digital computer is available and when a partial
fraction expansion becomes inpractical because of too many roots. This
will be discussed later in this section.

The analytical approach takes either a partial fraction expan-
sion or an approximation of A*(s) by a series whose inverse Laplace
transform is known.

Using a partial function expansion, we can break down equation
(3.30) into a sum of very simple terms where each term has an exponen-
tial inverse transform. So equation (3.30) can be rewritten as

(Shooman, 1968, p. 108)

<=A">
T (s-s.) » n
i=1
where the s/ s are the roots of D*(s) and the fficients A”*'s are

given by

A*r = {-*,-*y (s-s”)} evaluated for s=s*. (3.41)
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For function A*(s) the roots of the denominator may be obtained from
1 - f£*(s)g*(s) =0 (3.42)

First, let’s assume exponentially distributed time to failure and time

to repair with parameters X and y, respectively. In this case
X U :
f*(s) = 277 and g*(s) = and equation (3.42) becomes
1 ~ =0 (3-43)
or,
s(s+X+y) =0 (3.44)
from which the roots are s* = 0 and = - (X+y), and the availability

function is

A(t) = (3-45)
Now, instead of exponential, let’s take a gamma distributed time
to repair with the density function g”*(t;a;y) and a gamma distributed
time to failure with the density function £%(t;8 ,X). According to

equation (2.68) one has

g*(s) = (%) a (3.46)
and
f*(s) = (*~) 6 (3.47)
Substitution of the above equations into equation (3.42) gives
1" (;%/(;8&)~ 0 (3-48)
or,

(s-Hi)a (s+A) 6 - KaA6 = 0 (3.49)
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If a,3 are integers, or the gamma distribution is an Erlang distribu-
tion, equation (3.49) becomes a polynomial of (c=xt3) degree. So, there
are (a+3) roots to be calculated. Since a and 3 may take any integer
values, the number of roots may be relatively large and unsuitable for
practical applications. If the approximated distributions for time

to failure and time to repair given by equation (2.105) are used
instead of the gamma distribution, the number of roots may increase
and also the difficulty to find A(t). Thus, from the foregoing it is
obvious that the partial fraction expansion method, though simple,

has too many disadvantages: restriction to integer values a and 3 and
the possibility of a large number of roots.

Approximating A*(s) by some known series may be the most gen-
eral approach for inverting A* (s). Papoulis (1957) suggested three
methods of inversion of the Laplace transform: (1) using the trig-
onometric set, (2) the Legendre set, and (3) the Laguerre polynomials.
Again, we will focus our attention to the Laguerre polynomials, but
with a slightly different approach than the one discussed by Papoulis
(1957) .

Consider a function A”(t) approximated by a finite series of

the form

A*(t) = e at E alLi (at) (3.50)

where L”*(t) is the Laguerre polynomial given by

Li(t) = e (3.51)



From the table of Laplace transforms by Roberts and Kaufman (1966,

p- 55, equation 9.3.25) we obtain
L*{e~at L1 (at)} = (3.54)

and from equation (3.50)

V) =jl 3-55>

So, if we approximate the Laplace transformofA”(s) by a power series,
such as that of equation (3.55), we will have the inverse Laplace
transform given by the finite series of equation (3.50). It is
obvious that the approximation of equation (3.50) is not convenient
for the availability function. For t = 0 one has A*(0) = 0 and for
t = oo gives A(°°) = 0, while we know that A* (0) = 1 for t = 0 and for
t © the availability tends to some constant steady state value

4

A(c®) . To satisfy the above conditions we introduce an availability

function of the form

A(t) = e”at £b.L. (at)+ce"dt + a (3.56)
i=1 11
4. Regardless of the underlying distributions for time to
failure X and time to repair Y the steady state availability is
A(oo) = m*/ (m*"+m”*) where m*. = E(X) and m*. = E(Y) (Shooman, 1968, p.

358)
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where d = - £ — (analogous to the exponential distribution). From
\\x "V
the conditions A(0) = 1 and 1lim A(t) = AC00) the coefficients a and c
%>
are
a=AH (3.57)
and
c=1 -A(°°) - (bl+b2+ ... + bn) (3.58)

Analogous to equation (3.55) we may find the Laplace transform of

equation (3.58) as

A* (8) =24 bi (* ) i + i f£d+ t <3-509>

The parameter a and the coefficients b” are unknown inequa-

tion (3.59). The parameter a can take any positive wvalue. In order
to determine the b”'s we choose a set of points {s”*,s2,...,s”} and
calculate the values of {A*(s*), A*(s2),...,A*(s")}. Substituting

these two sets into equation (3.59) gives n linear equations with n
unknown coefficients b”, whose solution representsno difficulty. So
through n points, s*, the function A*(s) is fitted. Taking n large

enough we can satisfy any desired accuracy.

3.4 Example
Consider a one-unit system for which the availability func-
tion is to be found. Assume Weibull distributed time to failure and
time to repair with parameters: $§ = 3.0 and = 0.05 for time to
. i . nf .
failure; and 3% = 2.635 and — = 0.1 for time to repair.
To find the availability function we have to know the Laplace

transform of the given distributions. Since the Weibull distribution
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does not have itsLaplace transform in general form, the approximation
up to n= 4, described in Section2.6, will be used.

According to equation (2.38) the moments of the Weibull dis-

tribution, for time to failure, are

ra+k

mfl = 0705----- 17.86150
ra +1)
m = ————— - = 360.82800
2 (0.05)
ra +
m = —————— z = 8000.00
t3 (0.05)
and ’
r(i +a
m= - n = 190523.73
4 (0.05)
From equations (2.95) and (2.96)
= ,~17,8615)2-———- .1 = 6.63319
360.828-(17.8615)
Af = = °-42736
and from equations (2.99) and (2.100)
M = (8.63319+1) (6.63319+2) (6.63319+3) = 8133-28304
£3 (0.42736) 3
M = 8133.28304 = 202365.08765
f4 0.42/36

and

1 -83imo 4 = °-01639

Il
[
I
Il

cf3



8000.00 , 190523.73 _ n nn7_,

2 b b

f.4 8133.28304 202365.08765 - 3
The Laguerre polynomials, af(Xft) , are given by equation (2.88),
SO ™
a 3+a 3+a 3ta  X*t2  X~t3

13 o-ft) =(3 > - <2 >V + (1 Y4 r -4r1

F(4+a ) r(4+a ) r(4-iX) x2t2
c@)rEer)  rYriaed FEY cosr(ams K

31

(10,6310 _ 063101 m ,97__
311(7.63319) ~ 211(8.63319)

1(10.63319 (0.42736)2 2 (0.42736)3 3
111 (4.63319) 2: 1 31

or.

2
Lg (Xft) = 105.80258-17.77073t + 0.87969t - 0.01301t3
and o o A3 3
4+a 4+a 4+a Xft 4+a £
= (4 )- (3 + (2 )'§1————(1) 3:
,3+aﬁ§ _ 1 (3+a:_f+1) See Abramowitz and Stegun
~3 1(3+1)1(3+a -3+1)

(1965, p. 756, equation 6.1.21).



r(5-kxj r(5+af)
r(5)r(af+l) r(4)1(af+2) Af

r (5+af) x3:3 X44

r(2) r (af+4) 3! voq

1(11.63319) 1(11.63319)

4:1(7.63319) 3:1(8.63319) (o

1(11.63319) (0.42736) 2
2:1(9.63319) f l

1(11.63319) (0.42736) 3

281.25473-62.98652t + 4.67694t2 - 0.13832t3 + 0.00139t4

r(5+af) x"t2

.42736)

41

t
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from equation (2.97) the approximation of the given Weibull

11r (10.63319) 31
or,
LA (Xft) =
Finally,
distribution for n = 2 is
g2 (Xft;af) = £G (t;af+l, Xf)

and for n

and

= 3 is
af
g3 (Xft,af) = £G (t;af+l,Xf) (1l+cf3L3 (>ft)}
= 6.22838x10™7 t6*63319 e-0.42736t {2.73410
- 0.29126t + 0.01442t2 - 0.000213t3}
for n = 4 is

(0.42736)7*%63319 6.63319

1(7.63319)

e

-0.42736t

6.22838x10-7 t6-63319 e"0.42736t

(3.60)

(3.61)
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a a

g4 (Xft;af) fG (t;af+1l,Xf) {1+cf3L3 (X+t) + (Xft)}

6.22837x10~7 t6*63319 e“0.42736t {4i71132

- 0.73405t + 0.04730t2 - 0.0011St3 + 9.7705x10"6t4} (3.62)
From equation (2.104) the Laplace transforms of equations (3.60),

(3.61) and (3.62) are

a +1
c X/

L¥{gp (Xctiag)} = a +1
(s+X£)

(0.42736)6,63319+1 _0.00152
(s+0.42736)6,66319+1 (s+0.42736)7,63319

af+l a+l
c X c gr(a +3+1) X- s
* cas = A -
L*{ggn ctiag) a1 t3fia b £ 4341
(s+X*) (s+X*)
_(0.42736)6,63319+1 0.016391(6.63319+4) (0.42736)6*63319+1 s3
~ (s+0.42736)6,63319+1 3:r(6.63319+1) (s+0.42736)6,63319+4
0,00152 (1 + 1.73410 S
(s+0.42736)7,63319 (s+0.42736) 3
and
Otf+1 ,
c ,r(ot +4+1) Xf s
L*{g4d (Xft;af) }=L*{g3 (Xft;af)} + 4*r (@ +1) a +4+1
1 (s+X£f)
. r . Ni , Q*007031 (6.63319+5) (0.42736)6,63319+1 s4
ig3U ft,af;; + 4:r(6.63319+1) (s+0 42736)6.63313+5
= 0.00152 + 1.73410 s3 + 1.97722 s4 ~

(s+0.42736)7,63319 (s+0.42736) 3 (s+0.42736) 4



For the time to repair distribution one has

= £ 53 _ 5 88570
mi="ff— =8
m , —-F{L* 2T35) o, 1136
82 0.1)2
m-="EEYER 067 0120
83 ©0.1)3
+ 2 635+
m . ———————— = 13463.98
84 ©.1)
and
2
, N —— (828857) —mmmmmmmmmm 1=25
8 92.1136-(8.8857)
Xg =8 # 7 = °-57524
Then
M = (5+1).(5+2) (5+3) = 1Q91 34
g (0.67524)J
Mg = 1091.34 g ., = 14546.04
A3-2- 8 F - ~ 22n
_ o/, 1067.0129  13463.98
cg4 1091.34 14546.04

0.01478



L_8 t) = (3*5) - c3f 0.67524)t + (3t5 °r6r 24 t2
3 (Xg) (3%55) c3f) ) (3£5) « > )

- —Q--|r24-- t3 = 56 - 18.90672t + 1.82379t2 - 0.05131t3

and
(0-67524)t + (42%)
,4+5. (0.67524) 3 , (0.67524) .4
~ 1 ; 31 41
or

L.4 g(X t) = 126 - 56.72016t + 8.20708t2 - 0.46181c3 + 0.00866c4
g

Thus Che approximacions are

7.89892x10 4 t5 e °-67524t (3.63)

gj(x t;a ) 7.89892x10 4 t5 e °-675241: {2.24824
g

g

- 0.42143C + 0.04065c2 - 0.00114c3} (3 .64)
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ga(x t;a ) = 7.89892x10 4 t5 e 0*67524t {4.11052-1.25975t
g g

+ 0.16195t2 - 0.00797t3 + 0.00013t4} (3.65)

The Laplace transforms are

0.09479

L*{g2 (A t;a )} = 6

8 8 (s+0.067524)
L*{g, (A t;a )}=22479---—- {1+ 142229 s *}

J g 8 (s+0.67524) (s+0.67524)

and
L*{gA (X t;a )}=M9479 ——~ {1 + 1.87229 s3 + 1462 2 ~ ~ }

8 8 (s+0.67524) (s+0.67524) (s+0.67524)

The Weibull distributions for time to failure and time to
repair, with their approximations, equations (3.60), (3.61), (3.62)
and (3.63), (3.64), (3.65) are shown in Figs. 8 and 9. It is obvious
that the approximation with n = 4 is very close to the underlying
Weibull distribution, and will be used in the calculation of the
availability.

From equation (3.30) it follows that the Laplace transform
of the availability function is

1 -L* (g4 (Xft;af)}

A*(s) = ———— — (3.66)
s [1-1#g4 (Aft;af) }L*{g4 (Agt;ag) }]
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Since L*[g* (X*t;a”)} is not « rational function,

converting equation (3.66) will be applied.

The steady state availability is

61

the approximation for

AM = m_.=3irM r £ -8T88570 = °-66779
fl gl
Hence from equations (3.57) and (3.58)
a = 0.66779, c = 0.33221 - (h+b0+ +b )
1 Z n
and
d 17.8615 + 8.88570 0,16853
Taking &t =cl, n = 4 and for s* =2.0> =5 s* = 20.0, s~ = 100.0
the following four linear equations result from equation (3.59):
0.50 = 0.666671b—+ 0.244444b. +O.29630bg+ 0.19753b4 + 0.15320
- 0.46114 (bl+b2+b3+b4)+ 0.33390
0.20 = 0.833331b. + 0.694443. + 0.57870(13'>+ 0.48225b4 + 0.06428
- 0.19348 (bl+b2+b3+b4) + 0.13356
0.05 = 0.95238b1+ 0.90703b2 +0.86384b3+ 0.82270b4 + 0.01647
- 0.04958 (bl+b2+b3+b4) + 0.03339
and

0.01 = 0.9901bl1 + 0,9803b2 + 0,97059b3 + 0,96098b4 + 0.00332

0.00998 (bl+b2+b3+b4) + 0.00668



From these, the coefficients are
bl = 0.50699
b2 = - 1.51577

b3 = 1.51165

0.50287.

o
I
1

and

From equation (2.88) it follows that

L°(at) = (*) - at
=1-t
Lyat, = gy < g st Gy
1 - 2t + 0.5t2
L°(at) = (= - (3)at + (3)
= 1- 3t + 1.5t2 - 0.16667t3
and
L°(at) = (*) - (8)at + (2) - (4) -(SR- + - *
=1 - 4t + 3t2 - 0.66667t3 + 0.04167t4

Now, from equation (3.56) the availability function is

A(t) = e at (at) + b2L°(at) + b3L°(at) + b*L°(at)}

+ c e'"dt + a



or, numerically

A(t) = e-t: {0.00109C + 0.00097C2 + 0.0833c3 - 0.02095c4}

+ 0.33221 e"0*16853t: + 0.66779

The approximacion wich n = 3 for Che same = 5.0, = 20.0,

100.0 gives Che following Chree linear equaCions

0.20 = 0.83333bl + 0.69444b2 + 0.57870b* + 0.06428

- 0.19348 (b1+b2+b3) + 0.13356

0.05 = 0.95238bl1 + 0.90703b2 + 0.86384b + 0.01647
- 0.04958 (b +b2+b ) + 0.03339

and

0.01 = 0.9901bl + 0.9803b2 + 0.9705%* + 0.00332

- 0.00998 (bl+b2+b3) + 0.00668

From Chese, Che b”'s are

b][ = 0.10343
bu = - 0.20890
and b3 = 0.10549

The availabiliCy funcCion Chen becomes

A(c) = e at{blL°(aC) + b2L2(ac) + b3L3(ac)} + c e d: + a
or
A(C) = e"t{0.00001-0.00280c+0.05378¢c2-0.01758c3}

+ 0.3322 e-°-16853t + 0.66779

63

(3.68)
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Similarly, the approximation with n = 2 for = 20 and = 100 gives

the following two equations:

0.05 = 0.95238b1 + 0.90703b2 + 0.01647 - 0.04958 (b*+b*)
+ 0.03339
and
0.01 = 0.9901bx + 0.9803b2 + 0.00332 - 0.00998 (b*+b*)
+ 0.00668
From these b = 0.00394
and ~“2 = ~ 0.00398
The availability function then becomes
A(t) = e at (b*L°(at) + b2L2(at)} + c e dt + a
or
A(t) = e-t {-0.00004 + 0.00401t - 0.00199t2}

+ 0.33225 e-0-16853t: + 0.66779 (3.69)

The availability functions of equations (3.67), (3.68) and
(3.69) are plotted on Fig. 10.

It should be noticed that selection of points "s," through
which the A*(s) is fitted, is very important. Since, we are inter-
ested in the transient availability, when t > ®, then from the rela-
tion

lim A(t) = lim sA(s)
t~Ko g

it follows that s should take large values.
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Fig. 10 Availability Function: The Approxima-
tions for n = 2, n= 3 and n = 4
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_CHAPTER 4 .
AVATLABILITY OF TWO OR MORE UNIT SYSTEMS

4.1 General Remarks

In recent years, there has been a tendency to construct>com—
plex systems consisting of two or more separate units. The avail-
ability function for complex systems ié very difficult mathematically.
Iq the literature there are only suggeétions of procedures for a few
very special cases.

~In this chapter we shail discuss two approaches to the céltu~-
lation of the availability of complex systems. The first technique
is the reduction 6f a complex system to éJone;unit (or a two-state)
system which is thoroughly'discussed in Chapter 3. Theoretically this
- reduction is poésible, but practicaily it is very difficult as will be
seen in Section'4.2. The second method is the use of a modified
Markov model with added dummy states. Actually this method restricts
the times—to;failure and the times—fo—repair distributions to the

special Erlang distribution.

4.2 Reduction to a One-unit System

This approach may be seen through the following example.
Consider a system of two units in standby with single repair. For

each unit we know the times—to-failure and the times~to-repair
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distributions. This system has only three possible states:

State 1: Unit 1 is operating, and Unit 2 is operable and in
standby.

State 2: Unit 2 is operating, and Unit 1 has failed and is under
repair.

State 3: Units 1 and 2 have failed, but only Unit 2 is under repair.

The corresponding state transition diagram is shown in Fig. 11.
Obviously, from States 1 and 3, the system can go only into

State 2. But, from State 2, system can enter either State 1 or State

2. So, the transition probability matrix is
0 1 0

P = a 0 1-a
0 1 0

where a is the probability of going fromState 2 to State 1. The sys-
tem will go to State 1 from State 2 onlyif the time to repair of Unit
1, ¥*, is less than the time to failure of unit 2, X*. The proba-

bility p2* = a is then

V]
]

HY -X2 < 0}

[\
]

/ /  g¥ (yJfy (x9)dx dy (4.1)
x2=0 yl=o 1 1 2 Z

Now, to reduce the above system to a two-state system we divide the

state space S = {1,2,3} into two disjoint subsets. From Fig. 11, the



Fig. 11 State Transition Diagram for Two Units in
Standby with Single Repair

F* denotes the time-to-failure distribution
G** denotes the time-to-repair distribution
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the system is down when it is in State 3, = {3}. From State 3 it
can enter only State 2 so the times-to-repair distribution for a two-
state system is

G(t) = G32(t) p32 (4.2)

The system is up in States 1l and 2, S2= {1,2}. State 3 can be
reached only from State 2. But before enteringState 3 it may make n
transitions between Statesl and 2. Thus, the times-to-failure distri-
bution is

F(t) = P23F23*t"* + p23F2 3 ~ nEl P21 G21 * F12
The times-to-failure distribution, equation (4.3), and the times-to-
repair distribution, equation (4.2), completely determine the two-
state system discussed in Chapter 3.

In terms of analytical form, equation (4.3) is very complex.
For some other example it may have a different form, but still it is
very complex. This feature restricts the practical application of

this method.

4.3 Modified Markov Model
The Markov process applies only to exponentially distributed
random variables. In Section 2.5 it is shown that the summation of
exponentially distributed random variables is a gamma distributed
random variable. This fact is used to apply Markov processes for two
or more unit systems when times to failure and times to repair are

gamma distributed. This may be illustrated by the following example.
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Consider a two-unit standby system with single repair. Each
unit has gamma distributed times to failure and times to repair.

Physically this system has only three states:

State 1: Unit 1 is operating, and unit 2 is operable and in standby.
State 2: Unit 2 is operating, and unit 1 has failed and is under
repair.

State 3: Units 1 and 2 have failed, but only unit 2 is under repair.

To set up the Markov graph for this example we insert a certain number

of dummy states. Thus, the modified Markov graph looks 1like that in

Fig. 12. It is seen that the time to failure of unit 1, t * > con-
sists of two exponentially distributed times, t#* and t*2. For
= A" = and from equation (2.52), the distribution of t*2 is

fGi(t;2,Af). The times-to-repair distribution is £G1 (t;3,1'),

where = y*,_ = y2*®. For unit 2 the times-to-failure distribu-
tion is £G2 (t;2 ,A2) for A" = = A”» and the times to repair is
exponentially distributed with parameter y* = y*. From Fig. 12 the

transition probability matrix is

1-x1 0 0 X1 0 0 0
0 0 0 0 yl %2
0 2 i-y2 0 0 0 0
0 <1 0 17x1 0 0 0
vyl 0 0 0 F-Ul 0 0
0 0 0 0 a1 0
0 0 0 0 0 1-A
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Fig.

Dummy State

42

12 Modified Markov Graph with Added Dummy States for a
Two-unit Standby System
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and the differential equations (Bhat, 1972, p. 140,

are

and

If P~ (0)

of equation

and
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equation 7.6.18)

PI(t) = ” ALPL (t) + yiP5 (t)

PA(t) = - (X24ul)P2 (t) + P2P3 (t) + X1P4 (t)

PjCt) = - v2P3 (t) + x2P7 (t)

pr(t) = X1P1 (t) - X3P4 (t) (4.4)

P5(t) = - ulP5 (&) + ylP6 (t)

P6(t) = ylP2(t) " V 6 (t)

PA(t) = X2P2 (t) - X2P7 (t)

=1land (0) = ... = PA(0) = 0, then the Laplace transform
(4.4) is

SPIL(s) - 1 = - X1P1 (s) + ylP5 (s)

SP2 (s) =-(X24y1)P2 (s) + y2P3(s) + XAP*(s)

sP3 (s) =- y2P3(s)+ X2P7 (s)

sP4 (s) =X1P1 (s) - X-jP*s) (4.5)

SP5 (s) =- ylP5 (s) + ylP6 (s)

sP6 (s) = y*P2(s) - yl,P6 (s)

sP7 (s)

= X2P2 (s) - X2P7 (s)
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For numerical values X, = 1.0, X*» - 0.8, = 0.5, = 0.4, the solu-
tion of equation (4.5) gives the steady state availability (see

Appendix A) as
;2,2 2

AH =1-- y-—

g
a2}
I

0.71428 (4.6)

The availability function is

A(t) = 0.71429 - 0.04317 e°'39t - 0.65037 e~°'93¢

+ e"0,70152t:{0.20635 cos (0.48228t) + 0.74395 sin (0.48228t)}

+ e"1*38848t{0.77290 cos (0.44823t) - 0.06839 sin (0.44823t)}

This function represents a decaying sinusoid, which may also be seen
from Fig. 13.

Using a corresponding number of states we may form a modified
Markov model for any Erlang distribution for times to failure and
times to repair, and for any number of units in the system. As the
number of states increases the number of differential equations and
the number of roots increase, too, but still this approach is appli-
cable, especially when applying computer techniques.

The modified Markov model method may also be used for the
reliability of a given system. For the above example, Fig. 13, just
setting y* = 0, the State 3 represents an absorbing state and the

availability becomes the reliability.



A(t)

1.0

AM = 0.71429

00 5.0 10.0 15.0 20.0 25.0
Time

Fig. 13 The Availability Function of a Two-unit
Standby System
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CHAPTER 5
CONCLUSIONS

In order to gét the availability function we first'anaiyse the
underlying times—to-failure and times-to—répair distributions. For
constant failure and repairirates we can always set up the Markov
model; regaraless of systém.complexity; and come up with the avail-
ability function. For non-constant failure and repair rates, only
special cases can be solved in a general form.

It was shown, in Chapter 2, that aging of the system causes
increasing repair and failure rates. This fact puts the lognormal
distribution in diéfévor Becauée-it has a decreasing,hazardvfunction
in the long-life region. The Wéibull family.is very flexible and may
covef a large fange of physical behaviors. In terms of”anaiytical
form the gaﬁma family is very suitable. Any distribution can be
suCcesSfully approximated by a finite.series of Lagueire polynomials.

" The réason'for this approximation is a convenient Laplace transforﬁ and
desired accuracy can be reached by matching ﬁhe higher moments of the
distribution..

To-deri&e the évailability equation, stochastic processes were
applied. In Chapter 3 a two-state system was discussed. Applying
a renewal theorem the Laplace transform df the availability function‘

was found. The inverse Laplace transform is possible in general form
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for Fhe Erlang distribution and for the epproximations given by equa—
tion (2.110). Obviously, the feasibility of this metho&rdepends on
the numbef of roots of equation (3.42) which have to be found.  The
computer technique es a tool enormously increases the caéability of
this approach and makes it practical. The alternate approach is the
approximation of A(s) by the series of Laguerre polynomials. Although
this method does not have restrictions, iﬁ my personal opinion, it is
very subjective because the selection of points through which the
A(s) is fitted, is ieft te engineering judgment. |

The modified Markov model is the best epproach for determining
the availability of complex systems. This method gives exaci solu~
tions for Erlang distributed times to failure and times to fepeir.
The number of states in the model corresponds to the o parameter of
tﬁe gamma distribution. So, if o increases, the number of states
aiso increases. This makes the procedure longer but‘ehe method is A
stili applicable. An example, given in Section 4.3, illuetrates this

‘method.



CHAPTER 6
RECOMMENDATTIONS

It was shown thét we have enough tools to solve any avail-
ability problem when a'two%state system is involved. If a solution is
not possible in a general form, then the approgimation of the éiven
distributions by a‘finite.series of the Laguerre polynomial and the
inverse Laplace tfansform by partial fraction expansion may be a very
good approach. |

For more complex systems the only possible technique is the
modified Markov model. This method restricts the consideration to the
Erlaﬁg>distributed times to failure and times to repair. All other
cases remain as a problem for further reseérch.

| For the nﬁmerical calculation of availability the Monte Carlo
method may be applied. In general it has no restriction on the com-
plexity of the system and its feasibility is known in advance. This
method should be the subject of another study, and is not coﬁered in

this thesis,
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APPENDIX A

SOLUTION OF EQUATION (4.5)

Rearranging equation (4.5) gives

1. Pl(s){s+A”"} = u*P*(s) + 1

2. P2 (s) {s+X2+yl} = y2P3(s) + X"P*(s)

3. P3(s){s+y2> = X2Py(s)
4. ©P~(s){s+Al} = AlP1 (s)
5. P5(s){s+yl> = ylP6 (s)
6. P6(s){s+yl> = ylP2 (s)
7. P7(s){s+X2> = X2P2 (s)

From equations (4), (5), (6), and (7) it follows that

V9= b

P5(s) = @~ )2 P2(s)
P6(S) = P2(S)
and P7(S) =iTT P2 (S)
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Thus equations (1), (2) and (3) become
. 2
1. Pl(s){s+X1l} = Ul @T*-) P2(s) + 1
X1
2. P2 (s) {s+X2+yl} = U2P3(s) + i?T-P1 (s)
X2
3. P3 (s){s+y2} = RRr-P2 (s)

From equation (3)

(s+y.,) (s+A?)

P2(S) = —————— 2-—— P3(S)
2
Substituting (s) into equations (1) and (2) gives

yl 2 (s+y ) (s+A )
1. Pl (s){s+X1l} =y 1 ¢ ) -2— P3(s) +1

(s+y2) (s+A2)
2. (s+X2+y2)- N T P3(s) = y2P3(s) + P1 (s)

From equation (1)

y? (s+y9) (s+X )
Pi(s) =0——— A ——— -A-P, (s) +
1 (s+yi) 2 X2 (s+X1) 3 S+X1

Finally equation (2) becomes

(s+y?) (s+4,) A2yu (s+y9) (s+A )
(stA +y ) P (s) =yP (s) + ——-T — "o
%2 A AA (s+y*)2 A~Cs+A*)2
a
(s+X3)2

from which



(s+A.+y,) (sty )s+X.) AMyZ* (s+y,) (s+A.) A*
P, (s) g_- 2 1 .6 2-———g - -y 2 2 2 = 1 2
J Xg (s+yl) (s+Al) (s+X1) 2z
or.
P3(s) = (X*X*Cs+y”)/ {(s+y”")*(s+X2+y") (s+y”?) (s+X") (s+X*)*
- y2X2 (s+yl)2 (s+X1)2 - X2y2 (s+y2) (s+X2)}
Denoting

A = y2 + 4X*y" +X2+ (X2+y*) (2y*+2X3>+ ~2 (3y*+2X3+X2)

B = 2X%y2 +2y*X2+ (X2+y”) (y2+4X*y*+X2)+y2 (y2+4X*yl+X2)
+y2 (;2+yl) (2y~+2X3)

C = y*"X2 + (X*y”") (2Aly2 + 2y"X2) + y2 (2X1y2+2y1X2)
+y2 (X2+yi) (yJ+4Xiyi +X2)

D = y2X2 (X2+y3) + y2y2X2 + y * X * ) (2X1ly2+2y1X2)

a = Sy™ + 2X* + 2Xx* + y2

b=2aA+ 22"2y1+2*1+*2+y2»

c =B+ X2A - y2X%

d = C + BA2 - y2A2 (2yl+2A1l)

e =D + CA2 - y2A2 (y*+4A*y*+A2) - Ary”
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and

f = + DX2 ' M2X2 (2X111+211X1) " X1P1l (1J2+X2)

P3 (s) becomes

P3(s) ={1*X2 (s+y ")/ {s(s*+as*+bs*+cs”*

+ ds* + es + f)}

The availability of this system is

A(t) =1 = P3(t)

Taking the Laplace transform yields

A(s) =~ ~ Pg(s)

from which the steady state availability is

A(oo) = lim A(t)
= lim sA(s)
AlA2yl
Or, numerically
D = 1.205, f = 0.56

and

AW =1 - (1)2(00” 6 (0-5)2 = 0.71428

When substituting the numerical wvalues of X*, X*

becomes

Pg(s)
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0.64s”*4+0.64s+0.16

s(s6+5 .55s5+12.63sA+15.42552+10.59s2+3 .84s+0.56)

The roots of the denominator are

Now,

where

= 0, s2 = - 0.39, = - 0.93

s4 = - 0.70152 + i 0.48228
s5 = - 0.70152 - i 0.48228

6 = - 1.38848 + i 0.44823
s? = - 1.38848 - i 0.44823

we may apply partial fraction expansion to P*(s),

’ B ’ (o] ,DS+E
____________ T
s~s 2 s-s3 (s—sAf(s—55$

Fs + G

+ (s-s6) (s-s7)

A = 0.28571

B = 0.04317

C = 0.65037

D = - 0.20635
E = - 0.8835
F=-0.7729

G = - 1.00476

and obtain
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and

& ?s¥ _ 0.28571 ¢ Q.gé%%] ¢ 0.65%31_+,—0.206355 - 0.88835

3 s s+0.39 s+0.93 (s+0.70152)2+(0.48228)2

+ -0.7729s - 1.00476
(s+1.38868)2+(0.44873)2

The inverse Laplace transform of P#(s) is

P (t) = 0.28571 + 0.04317 e“0*39t + 0.65037 e~°'93¢

e 0*70152t{0.20635 cos (0.48228t) + 0.74395 sin (0.48228t)>

e 1*38848t{0.77290 cos (0.44823t) - 0.06839 sin (0.44323t)}

Finally, the availability of this system is

A(t) = 0.71429 - 0.04317 e¢~°'39:r - 0.65037 e"0,93t

+ e70,70152t{0.20635 cos (0.48228t) + 0.74359 sin (0.48228t)}

+ e 1%*38848t{0.77290 cos (0.44823t) - 0.06839 sin (0.44923t)}
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