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ABSTRACT;ff'

This thesis is an analytiééi'inVestigation of
errors in the implementation of digitalrfiltefs.due to
‘reconétruction errors and quantizafién érrorssv Reconstruc— _h
_tion errors in both input andqutﬁut~are due to thé inter-
;ample differenéé between the éontinuousffi@é signals-and7 

 the signals reconstructed ffom the diScreteftime output. -
'Quantization errors are due to fhe iimifed€nﬁmber-of4bits
dsed in storing the variables aﬁd'the‘ébefficients of the
discfete state equations. Fpr fixéd—péinf computation,
scale factors are used to decreasé thé’féund—offlerror
of>the product of!the control tréhsition ﬁatrix and the
input by scaling the elements of the control transition
hatrix-up énd by scaling the input dbwnfvrThe effects of
the round-off errors on the eigenvélues of‘the digital
filter_afe expressed in terms of the rpotrsénsitiVity
function.:fThe effects of the_sampling‘interfél‘on the
ﬁrédedffs‘in the reconstruction and quéhfizatioh eerrs

are discussed.

viii



- CHAPTER -1
'INTRODUCTION

With the advent of smaller, faster digital 4
processing equipment, digitai filter&ng>is becoming a more
atfractive alternative to analog'filtering.

In the engineering literature, the term digital
: filter'ié usually applied'to é filter operating on an
sequencévpf sampleé‘of a cqnfinuous—tiﬁe signal éf limited
bandwidth. Quantization errors are introducedrby'the
limited number of bits used in storiﬁg the variables and
the coefficienfs_of‘the discrete state equations. Trunca-
tion errors are introduced by truncating the.series expan-
sioh in the calculation of ﬁhe state transition,matrix and
the cbntrol transition matrix. Byvtaking-enough terms in
thé series approximatioh,'the truncation errors are usualiy
limifed to the same order ‘as the quantization errors.
Reconstruction errors are introduced in the output and the
input by the intersamplerdifference between the continuous
time signals and the signals reconStructed‘from.the cor-
responding discrete—time output in the input approximation
and thé*oufput reconstruction.  Chapter 2 includes the
effécté of the truncation errors and the roﬁnd—off errors
in the calculétion of the state transitioh matrix and fhe

1



cohtrol tfansition matrix*frpm #he_%ﬁété;Qafiéble aescrip—
‘tion éf:the chfesbonding*analog'filfef: :The'errdrs can.b;' ' 
iimitéd,td fhetsémefordefaaéffhe round-off Qrfors byf
selecting ehoUgh terms in‘the séries}réﬁ?eséﬁtétion of'the
stéte fransitidn ﬁatrix and the'édntrolitranSitibn matrikl:.
wThe'roﬁnd40ff;efrorsiare kept-reasqnéblé:if'the~e1emeﬁts‘in€-
the series are néarly one or'smallerg',Ih Chapter 3;'tﬁe .
_effeéts of the round-off errorsvin'the_éiements'of the
.staté ffanéition matrix on the.eigeﬁﬁéluééiof fﬁe digi§511 
.filter'are'stuaiéd by-root locus méﬁhéd} Tﬁe réot 100#%_

~is used to détermine the motion of;t£e pQ1es'of the'digitéi7‘ '
.filtef as_fhé roundfoff,grrorsVin the,el¢menfs1§f fﬁe sfafé
-transition matrix.are>varied. Tﬁé éffé;ts ofvthe round-off
errorsion_the eigenﬁalues also_can be,ekpreésed in terms bf
a root sensitivity function. In Chaﬁter_Sg'the foot sensi-
tivity function is used £o éhoﬁ_that the,roﬁnd—qff:éfro£s'
in therdiagdnal elemeﬁts of therstate ﬂransitioh.matrix
havéba‘greater effect on the roots than the'rognd-off:

errors in the off—diagonal elementsoyméince.the inpﬁt to
thebcontinﬁ6u3—timé system u(t) ié heéded on‘the.wh01e 
sample interval in ordérvto qaiéula£éﬁth9:éonvolution
integral iﬁ the stéte equation, u(t) is apprdximated~b& a

. polyﬁomial expansion which is a fit tq_theréémples of the
input.v In particular, the number bf-terms in the pélynomial
expansion.required to meet the‘prescriﬁed:acéuraéy is

investigated in Chapter 4 for a sinusoidal input. A factor



of ten reduction in the sampling interval is required to
achiefe the same accuracy as taking one more term in the
polynomial approximation of the input. In Chapter 5, it is
shown that the values -of the control transifion matrix are
'relatively-Smail with respect to the values of the inputs
for the sSmall sampliné interval. Since the'elements-in the
“control tranéition matrix are small, for.a fixed—pointr
cqmputation the round-off errors in the product of the
input andvthercontrol transition matrix are improved if

the control transition matrix is scaled dp and the inpﬁt

ié scaled down by an equal factor. Two sets of scale
factors aré investigatédu The first oné ié a seﬁarate
scale factor for evéry‘row in the control tranéition matrix .
which'corresponds to one scale factor fqrAéach state. The
second one is just omne scale faétor to scale up the entire
control tranéition matrix and to scale down all fhe inputs.
The sebaraté scale factor minimizes the percentage error

- of the product fof each state; however, the single scale
factor is easier to implement° In Chapter 6,ythé time
delay inherent in the digital-analog conversion is dis-
.cuséed and two methods to overcome this delay are com-
pared.. For a highkspéed computer the next output can be
calculated iﬁ leSs than one sample intefvallso-that.the'
output may be reéonstructed early. The pther method adds
an extra zero to the transfer function being simulated

which compensateé for the delay. For high speed



'cc@putétion itvis‘cfteh poesible'fo’computecthe eﬁtpht
‘samples by one;half sample eerlyeﬁofccmceﬁsate,for'ene—f'
'héif»sémple deley in the cohveréionop The second method
»is;realizable only if fhe transferefuhction ofAfhe-
contiﬁuous—time filfer'has a pole;zero excess. In Chapter
7 the effect of the sampllng 1nterval on the tradeoffs
ebetween the system reconstructlon errors and the round-
off errors are dlscussed° .As‘the eampllng interval is
decreased the amount of. computatlon per second is 1ncreaeed f
‘end the effect of the round of f errors on the stablllty 1s 
more’proncuﬁced.' As the>sampliné 1nterva1 is increased

the reconstruction errors are increased.



CHAPTER 2 -

ERRORS “IN .3(T)

2°1v.GenerallAppréachviva

"This chapfer\discusses_numericél;pfbﬁléms associ;
ated with the off-line calculétion'ofuthe state_transitiéﬁ'
matrix (STM) prior to implementing ardigitél filterov |
Since the éalculation of the STM is yerj_tedious wheh'donex
by hand a genéral purposé coﬁputer-is ﬁsed; hoWeverg-some
» precautions must be taken because eVen‘éméll errors in the
- components of'the.STM-matrices can‘reéﬁitriﬁqubstantial.-
errors.in-.th:e.output'° Heuristically‘the:efrqfs may‘be
built up due’to the reéursive nétufe éf_fheffiltef equa-
tions which éorresponds to confinuéﬁsétimé;qpuntefpart to
the filter. The most popular compufatignal>method.simply
sums the~first N terms in the matri# exp6nén£ial series. |
Two errors.cause all the trouble ih this:méthod} The
least troublesome is the efrors caused Ey trﬁncatidn of
the pronential‘serieso ~The Second'is thé rQundaoff grgorL
(ROE) associated with the ﬁord 1ength df‘tﬁéJcbﬁputéT,
This chapter shéws.that both errors are’toieréble‘if the
time interval is hof longer éompéfed té'éhy 6f &he:time
constants of the filter. The final time ihtefva; can be.
increased by successive squaring of the]STM:with less

5



error than attempting a single calculation forra'rela#

tively long sample time,

2.2 Problem Statement

A general state variablévreprésentation for a
Vsystem governed-by_an nth order; linegr, time—iﬁvafiant
differential equation consists of a set of n simultaneous
first-order differential e_quatibns° It such‘a system. has
‘m inpﬁts and’n-Outputs, usually m i,n;.this repfésenfation

~-takes on the more general form

1

£(¢) = Ax(£) + Bult)  (2.1)

y(t)

Cx(t) + Du(t) : - (2.2)
‘Here x is an n-dimensional state vector, u is an m—
" .. dimensional control vector, y is an rfdimensiOnal output
vector, A isian'an system matrix, B is an nXm control
matrix, and C is an rXm transmission matrix. Here'the
Du(t) term.indicates a direct cbﬁplingAqf the input-to the
output. Since the direct coupling of the input to the
output is rare in control systems,; we shall use
Cy(t) = Cx(t) - ' (2.3)

as an output expression.

The fundamental principle of a state variable
representation lies in the fact that if one is given the
 initial conditioné, x(to), and knowledge of the input u(t)

for time t > t_, the values of x(t) and y(t) for time
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t > to are completely determined. The state of the system

at time t is given by

t
x(t) = Q(t—to)x(to + I $(t-E)Bu(g)dE (2.4)
to
Here $(t) is called the STM of A and is defined as the sum

of an infinite series,

8 (t) = ¢ (Aktk)k! with (A®t®)/0! = I (2.5)
k=0

The state at sample time KT+T is given by

T
x(KT+T) = #(T)x(KT) + [ &(T-7)Bu(r+KT)dT,
0

0<T7<T (2.6)

In addition, if the éystem is sampled every T
seconds and if the input u(t) is not varied drastically
&uring the sampling interval, then the input can be
approximated by u(KT) for KT < t < KT+T; otherwise, the
input u(t) will be treated later by a Taylor series
approximation. For this case Equation (2.6) can be reduced

to

T
x(KT+T) = $(T)x(KT) + | [ #(¢)d¢| Bu(KT), (2.7)
0

where ¢ = T - 7



’

Usually this solution is simplified and written as

follows:

x(KT+T) = 3(T)x(KT) + HO(T)u(KT) (2.8)

Here $(T) is as previously defined, and the control

transition matrix is defined by

H (T) h (T)B, (2.9)
(o] o

where

T
h_(T) g 8(cldcg (2.10)

In digital filtering, Equation (2.10) may be

expressed in a series form by integrating each term of the

series for $(T). The results are
2 2.3 k k+1
AT AT AT
ho(T) = IT + STt 31 e ST Y 0 (2.11)

Now, if each side is premultiplied by A and then I is added

to each side, #(T) and h_(T) are related by

3(T) = I + Aho(T) ' (2.12)

Equation (2.12) is a useful result for digital filtering,
since only the series for ho(T) need to summed. The values
for HO(T) and ¢(T) can be determined from ho(T) by Equa-

tions (2.9) and (2.12) respectively.



Since the digital filter output is the result of
numerous matrix multiplications, it is certainly possible
that the filter could contain so many errors that it would
not be an accurate model. To ensure the needed accuracy of
the filter, generally both &(T) and Ho(T) are calculated
with the greatest possible accuracy within the particular
computer involved for the off-line simulation.

Two kinds of error are considered here: the trunca-
tion error, which is sue to a finite approximation of the
infinite expansion, and the ROE, which is due to the finite
bit capacity of the digital computer. Each is considered

separately.

2.3 Truncation Error

The first of the techniques is due to Liou (1966).
From Equation (2.5), the series is uniformly convergent in
a finite interval (Varga, 1962). It is, therefore,
possible to limit the truncation error within any pre-
scribed limit. If the series is truncated at k = N, then

Equation (2.5) can be rearranged into two terms M and R,

k k
N  (AT) o (AT)
8T = To kTt TkeNer kr S MR (2.13)

The first term in Equation (2.13) represents its series
approximation, while the second term corresponds its -

remainder.
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If each element in &(T) is required to be within

an accuracy of at least d significant figures, then

l < 10_d lm..

I (2.14)

lrij

where rij and mij correspond to the elements of R and M

respectively. Let the norm of A be

1/2

2
Hall = |55, Z§=1 (a; ) (2.15)
Then, it can be easily seen that
A 1] < HIAll , k=1, 2, e, (2.16)

Hence, each element of A¥ is less than or equal to

||A||k. It follows that
k.k
1lall r™
1 (2.17)

Let the ratio of the second term to the first term

of the series, Equation (2.17), be ¢, that is

AT

RETIIL: (2.18)

from which we conclude that

lialjr < € X (2.19)

2 -—
Substituting the inequality (2.19) into the inequality

(2.17), we have

|rij| = (N+1) ! 1-¢ (2.20)




With the help of Equations (2.13), (2.14), (2.18), and
(2.20), ¥(T) can be evaluated to a prescribed accuracy so
that by including enough terms we may enforce the trunca-

tion error to be smaller than the round-off error.

2.4 Round-Off Error

Equation (2.5) can be calculated to a prescribed

accuracy without the truncation error, that is

11

N k
AT _ 1 (AT)
e =0 kI (2.21)
(08
N k|2
_ 2 (Ag) -
= 1220 k1 (2.22)
(08
(eh0)2 (2.23)
where
g = 27 % (2.24)

From Equation (2.17), the smaller the value of AT

the lower the upper bound of the remainder would be. The

9

matrix series would converge faster. For g small, N2 may
be small, and only & additional multiplications are
T
required to get eA . That is
AT Ag,2 2 y
AT - | [ {3 (2.25)

~—J

 times
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Consider calculating eAO by the finite series
Ao lculated = T At (2.26)
e calculated = %, o =5 .

One can find an N for any g such that only round-off error,
and no truncation error, occurs and the least significant
term can be reduced to and within the prescribed bound.

In particular,

N N
no (max|a, .|)
ij 1
N < nn max (|ai.|c)
: all 1 < N | —==l—
1!

n = yP (2.27)
where n = order of A, Y = numerical base, and B = number of

digits used.

Define the following terms:
. . . k
K, = ROE in finding A

L. = ROE in finding (Ao)k/k!

k-1

€25 Aot/

M_ = ROE in adding (A)¥/k1 to 3

Then, the Nt order series approximation for eAO is given by

Ag N (Ak+Kk)ck
e calculated = Zk=0 T ¢ Lk + Mk (2.28)

If the higher order terms of 7 are neglected,

Mankin and Hung (1969) show that

| K

W< ((1+nn)k—l) Nk (2.29)
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and Simes and Mastascusa (1970) show that

Ml =<

k
< lii%%l—ll 2nnk (2.30)

1
2?: llLéQL_Ll n1 (2.31)

0 1!

|1

IA

where llKkll, ||Lk||’ and ‘IMkll are norms of Kk’ Lk’ and

Mk respectively. Let ||Ro|| be norms of round-off error

R0 in calculating eAO. Then,

HR_[] < nn l1Alle Glale + ™ (2.32)
Hence, eAO can be expressed in the form
e®9| calculated = 8+ R_ (2.33)
where @O = er to the prescribed accuracy. eAT can be

calculated in the similar method shown in Equation (2.33)

by

x
eAT calculated = (@o + RO)2 (2.34)

where T = 2“0.

- As shown in Equation (2.25), this takes a multi-
plication and when round-off errors are considered, Simes

and Mastascusa (1970) show that

(0

o/
|‘eAT| calculated - (§O+RC)2 | < (Za—l)nn |l§cl|2

(2.35)
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If ||Ro|| << ||®0||, then Equation (2.34) can be reduced as

follows.

2(1 o
(& +R ) ~ 3 + 29 R (2.36)
[e) [e) - o

When Equations (2.32), (2.35), and (2.36) are

combined together, the round-off error in eAT, ROET is

given by
o
| |IROE || < 2%82 ~lnq e||A‘|O (3] |A]]o+N)
o 2%
+ (27-1)n7 ||@0|| (2.37)

In general, ||§o|| < e|‘A||O and Za - 1< 2“,
Equation (2.37) can be reduced further

| IROEL|| < nn el|A||T (3||A||(N+l)/o)T (2.38)

Equation (2.27) can be approximated as

noN(maxlaijl)N

N1!

< nn,

or

1/N
(nN?)
9 < maxTar T ' (2.39)
1)
Substituting Equation (2.39) into Equation (2.38), we get

(N+1)max|a..|
ij

1/N

Llal|T (2.40)

| |ROBL || < nn Te 310al] +

(nN1)
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Obvi 1/N
viously, the smaller the term (N+1)max|aij|/(nN!) ’

the smaller the ||ROE Table 2.1 shows the value of

oll-
1/N . _ -7

(N+1)/(nN?) for various values of N when 1 = 10 . It

is easily seen that when N is greater than 11, the accuracy

is hardly improved. At the same time when 7MN! is approxi-

mately equal to the unity, that is, when

n~l = N1 (2.41)

then Equations (2.39) and (2.41) are good figures for a

high accuracy calculation.

Table 2.1% Values of (N+1)/(nN!)1/N with 1 = 10'7
N (N+1) /(qN1)L/N nN1
1 2 x 1014 10”7
5 5.66 x 10 1.2 x 1077
11 1.06 x 10 3.99
20 5.6 2.4 x 10%1
30 4.1 ' 3.0 x 10°7

Simes and Mastascusa (1970, p. 127).
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2.5 Summary of the Recommended Procedure

Select ¢ such that the reciprocal of ¢ is less than
or equal to the maximal element of the A-matrix. Calculate
er by taking N terms to a prescribed accuracy, and then
square eAU & times so that T = o2a and 1 = 1/N! always
hold. It is better to calculate eAT by squaring er o
times which costs an additional & bits, than to calculate

T . .
eA directly by series which loses even more bits. By

taking 11 terms to calculate eAO, we can obtain the results
up to 7 digit accuracy. A further increase in the number
of terms does not help much because the ROE dominates.

The ROE discussed in this chapter is applicable to
the calculation of the state transition matrix and the
control transition matrix. Usually the state transition
matrix is calculated from Equation (2.12) by calculating
ho(T) first according to Equation (2.11).

In Section 2.3 the implementation of Liou's method
forms a recursive procedure to calculate ¢(T) to a pre-
scribed accuracy if AT is not too large. However, if the
sampling interval T is large compared to the frame time ¢

in Equation (2.24), then the number of terms N, required

1
in Equation (2.21) becomes larger than the number of terms
N2 required in Equation (2.22) for Simes and Mastascusa's

method. If the sampling interval is equal to or less than

the frame time, both methods reach to the same accuracy.

If the sampling time interval is quite large compared to
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the frame time, then only Simes and Mastascusa's method
cén’cénverge the series before the ROE dbminateso‘ AsAa_

result, Simes and Mastascusa's_method'is more efficient.



CHAPTER 3

ROOT SENSITIVITY

3.1 General Approach

Once the STM matrix is calculated, it must be
stored with limited precision in the digital processor.
The ROE connected with the truncation of the elements of
the STM shifts the roots of the discrete time transfer

function. The roots of the z-domain transfer function are
det(zI - &) =0 (3.1)

The subsequent discussion relates the motion of
these roots to the magnitude of the ROE in the elements of
the STM. One particularly annoying situation occurs when
the roots are shifted to the outside of the unit circle,
resulting in an unstable response. The root locus is a
classical approach which is amenable to both hand and
computational methods. The ROE is envisioned as a gain
change and the resulting motion of the roots may be charted

by applying root locus methods.

3.2 Particular Case in the Second-Order Filter

To analyze the results of error in the ¢-matrix,
let us consider only a 2 x 2 matrix. Without error the

eigenvalues are found as follows:

18
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Qll §12

d = (3.2)

Q21 Q22

Solve for the characteristic equation

(z—@ll)(z—ézz) - 8,595, =0, (3.3)

or

(z—zl)(z-zz) =0 (3.4)

Where the two eigenvalues zy and z, are determined by
solving the quadratic equation. But if one of the diagonal

. 1
elements contains some error e, then

2117¢ 20

@ = (3-5)

Q21 Q22

The resulting eigenvalues are

(z—@ll)(z—ézz) - ¢12§21 + e(z—@zz) =0 (3.6)

The first two terms in Equation (3.6) are the same as

Equation (3.3); that is,

(z—zl)(z-zz) + e(z-@zz) =0 (3.7)

1. Here ¢ is arbitrary defined to be a number
such that if the number is positive, it will cause a
reduction of the $-element. In this case the root locus
is known as a Ti-degree root locus. On the other hand, if
€ is negative, then it is a zero-degree root locus.
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To see the effect of ¢ upon the roots of Equation (3.7) it

is put into the root locus form

e(z—@zz)

(z—zl)(z-zz) -1 (3.8)

Where 2 and z, are the eigenvalues of the characteristic
equation without error.
In the drawing of the root locus shown in Fig. 3.1,

z, and z, are the poles, §

1 5 is a zero and ¢ is the gain.

22
As can be seen, the error ¢ effectively shifts each of the
roots to some new locations. Although the poles may lie
anywhere within the unit circle centered at the origin, the
closer they are to the circumference of the unit circle the
smaller the tolerance of error will have to shift one of
them outside of the unit circle. If ¢ is positive, there
is little danger of shifting the poles far enough to cause
the system to become unstable. On the other hand, if ¢ is
negative, then a zero-degree root locus will result. From
Fig. 3.1(b), one of the loci will start on the pole z, and
will terminate at positive infinity on the real axis. In
this case, any (negative) infinitesimal error will cause

z, to be shifted toward the edge of the unit circle. Hence

2
a sufficient error will cause the stable continuous system

to be unstable when it is modeled as a digital filter. In

this case, the amount of error which will just shift the



Fig.

21

i

(a)

Re

Im

3.1.

C/-.xx
(zlzz

(b)

Root locus of a second-order digital filter with
ROE in the diagonal element -- (a) ¢ > 0; (b)

e < O.
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pole to the edge of the unit circle is

(1-2z_)(1-2_.)
1 2
e = - (3.9)
(1—@22)

Equation (3.9) says that the error needed to shift
one pole to the edge is the product of the distances of
each pole to the edge divided by the distance of the zero

to the edge. If the error is considered in ¢ the effect

22

is exactly the same except the zero is at z = Qll instead

of z = §22.

Now consider the case where the error ¢ is in one

of the off-diagonal elements. Then

21 ?)07¢

p = (3.10)

Q21 Q22

Solve for the characteristic equation

(z-zl)(z-zz) + et =0, (3.11)
where 2y and z, are the eigenvalues of the equation without
error. Set Equation (3.11) into the root locus form

ed
21 1 (3.12)

(Z-Zl) (Z—Zz)

For which the root locus is shown in Fig. 3.2.
As in the case of error in a diagonal element, if
¢ is positive, it is not likely to be large enough to shift

the poles into an unstable region. But if ¢ is negative,
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Im

-

(a)

Im

(b)

Fig. 3.2. Root locus of a second-order digital filter with
ROE in the off-diagonal element -- (a) ¢ > 0;

(b) ¢ < O.
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one of the poles is shifted toward the edge of the unit
circle along the real axis. Again the amount of error

needed to shift one of the poles to the edge is

(1-z.)(1-2,) )
e = - ; 2 (3.13)
21

The analysis of error in the §2 element is exactly the

1

same except the denominator is @12 instead of @21.

3.3 General Case in the Second-Order Filter

Now consider the case where errors occur in each

of the %¢-elements. Then

11 12 12
= (3.14)

?517€01 ?50"€0p

Solve for the characteristic equation

(z—@ll)(z—ézz) + ell(z-ézz) + ezz(z-§ll) + €71€50

.8 + e, % + ¢, 9% = 0 (3.15)

12721 12°21 21712 -~ €12%21

Since the e¢'s are small with respect to the ¢-element, the

products of the ¢'s are negligible. That is

€11€00 = €19€p7 = O (3.16)
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Then Equation (3.15) can be reduced to

(z—zl)(z-zz) + ell(z—sz) + ezz(z-éll)

$ +

* ey * €518, =0 (3.17)

There are two ways to analyze Equation (3.17);
first let us suppose that we consider the worst case where

e = max(e € ). Then

11° €120 €219 €22

(z—zl)(z—zz) + 6(22-911+§12+¢21-§22) = 0. (3.18)

Equation (3.18) in the root locus form is

2¢ z—(@11—®12—§21+@22)/2

(z—zl)(z-zz)

= -1 (3.19)

This case is essentially the same as the case where the
error existed only in one of the diagonal elements. The
only difference is that each of the four $-elements affects
the location of the z;ro.

The second way of analyzing Equation (3.17) is to
put it into the root locus form for leaving only one of the

e's in the numerator. That is

ell(z-ézz) = 1 (5.20)
(z—zl)(z—zz) + 612@21 + 621@12 + ezz(z—éll)

It has already been shown how ¢ will shift the roots of

11

the denominator. However, at this point, the roots of the
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denominator can also be put into the root locus form

€12%57

(z—zl)(z-zz) + e21§12 + ezz(z-Qll

y = -1 (3.21)

But the roots of this denominator are also unknown, so it

is also put into the root locus form

€rq(2z-0.,)
(z-2 )(z?; ) +1§ (z=3. ) - 1 (3.22)
1 2 22 11
Do the same sort of forming
€onlz=2.)
22 11 -1 (3.23)

(z-zl)(z-zz)

This last equation can now be plotted and new root
locations found as a result of €55 By knowing these, it
gives us the root locations of the denominator of Equation
(3.22). As a result, the new root locations can be found

which are the result of both ¢ and ¢ . Continuing in

22 21
this manner, Equation (3.21) can be solved and then Equa-
tion (3.20).

From the above result, it should be fairly obvious
that the errors in each of the %-elements shift the pole
locations by some amount in addition to shift resulting
from the errors in the remaining ¢-elements. Therefore,
these errors are additive, or shown in Fig. 3.3. Further-

more, from the first method, assuming that ¢ = max(ell,

€109 €970 €22), we can say that the errors occurred in the
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Re Re

Im

Fig.

3.3.

(a) | (b)
Ré Re
[
Im
X-teX
_//1
(c) , (d)

Root locus of a second-order digital filter with
ROE in every ¢-element, where ROE reduces the

¢-element -- (a) egp only, (b) egy only, (c) ey,
only, (d) e;, only.
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Re

A
4

(e) ' (£)
Re Re
|
Q
ﬁ\ Im
(g)
Fig. 3.3.--Continued -- (e) conjugate poles OO shifted by
(f) © shifted by cso and €21, (g) & shifted

€22,
by €555 €51 a@and €j5, (h) locus formed by €59,

€91 €12, and €;;-
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diagonal elements dominate those in the off-diagonal

elements.

3.4 Particular Case in the Higher Order Filter

The next case considered would logically be a 3 x 3
$-matrix. However, in using the same procedure as before,
most useful results become lost in algebraic complexity.
For this reason the 3 x 3 case is not considered here.

Next we cascade two 2 x 2 filters expressed in terms of the
phase variable form (Schultz and Melsa, 1967), the result-

ing continuous state equations will be

0 1 o 0) (o)
—a b 1 0 0
x(t) = x(t) + u(t) (3.24)
o 0 o 1 0
(0 0 -c -d ()
1

And the resulting ¢-matrix will be

('Qll L §13 §14*\
Q21 @22 §23 @24
3(T) = (3.25)
0 0 ] 299

1. Finding the inverse of (sI-A) and the inverse
of LaPlace Transformation of that is a tedious process.
However, to verify this %(T), it is only necessary to
determine which of the elements of the adjoint of (sI-A)
are zero.
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Solve for the characteristic equation

((z—@ll)z—ézz) - @12¢21)((z-¢33)(z-¢44) - @34¢43) - o,
or

(z—zl)(z—zz))((z—zB)(z—zq) =0 (3.26)

The above solution produces an interesting result.

Namely, that the eigenvalues for this 4 x 4 case are

divided into two sets. From Qll’ le, §21, and sz, z
and z, are determined; while z3 and z) are determined from
§33, §34’ §43’ and &,,. As a result, errors in @11, @12,

will only affect z, and =z

i or @2 1 X while any error in

21? 2

¢34’ ¢43’ or Qqq will only affect z_, and z), - However,

2339

any error in ¢

3
13° qu, @23, or @24 will not affect any of
the eigenvalues of this composite filter. The above
results are another supporting matter to ensure that the

errors in the diagonal elements dominate those in the off-

diagonal elements.

3.5 Root Sensitivity

In general, for a n x n $-matrix its characteristic
equation is an nt order rational function in z and its n
eigenvalues have nothing to do with the appearance of the
zeros caused by the presence of the errors to some certain
$-elements. Thereby, ¢ can be well defined as the ratio

of the product of the distances from poles to point z' on
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the root locus to the product of the distances from zeros

to point z' on the root locus. This can be expressed

symbolically1
nlr{l 1 IZ"Pk|
e = o ’
(nk—l Iz zk|)CQ

n-2<m<n-1, andm =0, 1, 2, ..., n -1 (3.27)

Where z' is the new pole location shifted by the presence
of errors, Py and 2, are poles and zeros in the z-plane
respectively, n is the order of the filter and m is the
number of zeros caused by the presence of errors in the
¢-element, and CQ is a constant.

If error occurs only in any of the diagonal ele-
ments, the order of m is n - 1; while error occurs only in
any of the off-diagonal elements, the order of m is n - 2.
Of course, if error occurs in both of them, the order of m
is n - 1.

Next, we consider the sensitivity of the pole with

1
respect to the error of the elements of the ¢-matrix, s?%

€
z' _ edz'
se - Z'de (3'28)

In the above equation, the reciprocal of dz'/de

can be calculated from Equation (3.27)

1. The sign convention on ¢ defined as before.
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n
de  _ _d Moy |2'-p | ) 1
dz' =~ dz' m . - m 2 ~2
(nk=1 lz -ZkI)CQ (T[k:l lz'-zkl) CQ
. n n ' ( m '
(Zk=1 T 1=1 lz pll) (nk=1 |z zkI)CQ
17k
m . _ n _
- (=, v e 2. 10¢q] ey lz'-pyc D)
17k -
n 1 m 1
= e(ZT -z ) (3.29)
k=1 z'-pk k=1 Iz'—zk|
where H'T_l is defined as the deleted product of Iz'-pll.

17k
Substituting Equation (3.29) into Equation (3.28),

we get the root sensitivity function

z' _ 1 1
s€ = =5 1 1 (3.30)

b - =
k=1 |z'—pk| k=1 z'-zk

Equation (3.27) shows that the effect of zeros on
the root sensitivity due to the errors in the elements of
the state transition matrix. From Equation (3.30), the
root sensitivity function has one fewer zero for the case
that the round-off errors occur in the off-diagonal ele-
ments, with the same location of the poles as those for the
case that the round-off errors occurred in the diagonal
elements. Thus, the denominator of Equation (3.30) is

larger for the case that the errors in the off-diagonal
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'elements; éonsequently, the yalue of its root Sensitivify~

function is smaller.

3.6 Summary of Results

iThelrootllocus is'uéed to aetérmiﬁéj£héiﬁofion>of'

’ the poies of_the-digital filter as theiroundéoff;errors in
‘elements of the state transition mafrix>aré_ﬁariédor The
}effeéts of the round-off erfors 6n'the eigeﬁvaluésvalso

can be exéréssed in terms of a'roét sensitifity,funqtiéh,i
which'shéws»that:fhe éigenval#es §f fhe digital fiitef aré
more'senSi£i§e-to'thé round—off:erfbrs ih}tﬁgrdiégdnal”'w‘

'__elements_than those in the off-diagonal elements;,'



CHAPTER 4
INPUT APPROXIMATION ERROR

4,1 General Approach

The output of the contlnuous time: system could be
'reproduced exactly at the sampllng 1nstants by the dlgltal
f11ter,'prov1ded“that the convolution 1ntegral in "Equation.
 (2°6) cqﬁld be evaluated exa@tiy: hpwever; invthérdigital
simulation the ihputiis not known o&ef the whole iﬁferval,
‘but just at the diséféte éampling instants. Although a
spline1 ﬁéy be used to form a miﬁimum'mean'sqﬁare error
4appfoximati§n of the input from th¢ power spectfal density
of this'input, wé wiil just apbroximate the input,by a-
 Taylof sérieso- Théreby,'ektra stbrage of input.samples-and
ﬁndeéirable phasexshifts will be'avertedf AAs mére‘terms
areAtaken in the eXpansiqn of the input the accuracy
improves,.but estimétes of'higher order differences of the
inpﬁt are requifedo"'Often accurate estimates Qf fhesé
'diffefenoes afe-not'availéble;_nevéftheless, these terms
may be qsed’as estimateé of the error when the inﬁut,ié

approximated by a step approximation.

: 1... A kind of input approximation that minimizes,
with respect to a set of discrete linear structures, the
maximum possible error between the samples of the output
of the analog filter and the corresponding output of the
digital 51mulator°

34
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4.2 Input Approximation

Equation (2.4) is referred to as the state transi-
tion equation of the system described by Equation (2.1).
In the sampled-data control system the sampling interval
is relatively small between two sampling instants kT + T
and kT, the input u(t) can be obtained by Taylor series

approximation (Wait, 1969)
u(t) = u(T+kT)

5
.
2172

= u(kT) +

Au(kT) + Azu(kT) + eee (4.1)

=3

where kT < 7 < kT + T, Au(kT) = u(kT) - u(kT - T), and
Azu(kT) = u(kT) - 2u(kT - T) + u(kT - 2T). Substitute

Equation (4.1) into Equation (2.6), we get

T
x(kT + T) = &(T)x(kT + I (T - T)Bu(kT)drT
0
T
+ [ #(T - 7)B T au(kT)dr
0
T 2,
+ [ 8(T - 1)B —— A%u(kT)dr + ... (4.2)
0 21T
Define
T m
H = H (T) = [ & es)dg|B, m =0, 1, 2, ... (4.3)
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Then Equation (4.2) can be reduced to the form

x(kT + T) = 3(T)x(kT) + Hou(kT)

1 2
+ (H0 - Hl)Au(kT) + g(Ho - 2H. + H2)A u(kT)

1
~ 3(T)x(kT) + I (&.4)

where the integral I = Hou(kT) + (HO - Hl)Au(kT)
1 2
+ -2-(H0 - 2H1 + HZ)A u(kT) + ...

In order to investigate these effects upon the
input approximation, three examples of digital filters are
presented. For the comparison, two second-order filters
with different time constants are given. Then the two
second-order filters are cascaded into one fourth-order
filter. The block diagrams for each are illustrated in
Figs. 4.1(a), (b)), and (c). In the form of Equation (2.1),

the A and B matrices for Example 1 are

0o 1 0]

-13.7 -3 13.7
For Example 2,
0 1 0

—1 _l5 1
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u(t) 13.7 x,(t)
52+35+13.7 i
(a)
u(t) 1 x, (¢)
52+.5s+1
()
B ——— 2 > 2 S
s +3s+13.7 S +e5s+1
—
(c)

Fig. 4.1. The linear, continuous filters (a), (b), and
(c) used for Examples 1, 2, and 3 respectively.
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For Example 3,

(o 1 ) o} (o
-1 -.5 1 0 (0]
A = and B =
3 0 (0] (0] 1 3 0
(0] -13. - .
Lo 3.7 3/ L13 7)

The sampling interval T is chosen less than any
time constant of the system to be simulated by the digital
filter and less than the period of the highest frequency
component in the input to the filter. Suppose that the

term containing the highest frequency in the input u(t) is

u(t) = cos(w_t)
o

If the first-order and second-order differences of the

input are substituted into Equation (4.4), we get

I =H cos(kw T) - (H - H_ )(w T)sin(kw T)
o o (o] 1 o o

- %(WOT)z(HO - 2H, + Hz)cos(kon) (4.5)

For small enough T, the magnitudes of the sinusoids of

Equation (4.5) are arranged into

Hy > (H - H))(w,T) > 2w T)Z(H_ - wH, + H,) (4.6)

Particularly, the integral of Equation (4.5) for xl(kT) in

Example 1 is obtained from Table 4.1,

(2.50504x10‘2) > (1.65564x10'2)(w0T) > (6.176zox10'3)(z°T)2
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Table 4.1. Coefficients of u(kT);fAu(kT), APu(kT) .

1.60054x107°

'1°22010310—

.
b

1

6

Example l. 7 Example 2 'Example 3
. T=0.0625 sec T:o,;.Sec T=0.0625 sec"
o 2.50504x10 "2 4,91351x10'3 “ 8,32528#10'
2.73826x10 * 9.73787x102 5.26606x10"
2.50504x10"
'7-,.,73826x10'l
H -H L 65564x10-%  3.26839x10°% . 6.64731x10-0
o~Hy  1.65564x10 3.26839x107°  6.64731x10]
3.73019x10 " 4°82425xqu2f " 3.93402x10°
) - 1,65564x10“2'
3.73019x10°
H_-2H +H, ‘6.,176203;10"3 1Q22398x10f3' 2.76587x10 ">
2 1.22010x10 " 2 1.56946x10 "

| 6.17620x10 2

l .

2-.

b
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- For Example 2,

(4.91361x107°) > (3526839x1043)('0T) >(1,ézj98x10"3)(on? .
| ForvExample 3

(8.32528x;o’65 >v(6°647§1;10'6)(woi) ;_(2°765§7x10—6)kw0Tﬁ>

It is obviousvthaf qnless-thefferm WoT is‘sﬁffi-"
ciently less than uhity, then the first fhreé terﬁs in
Equatidn (4.1) @ust be'§onsideredo ' In the case abdve the
highest frequency in the input must be less than 16 radians
per second wﬁén the sampling interval isroO625vsecond in
Examples 1 aﬁd-B, and-ieés than lO~radians per second when .
the sampling interval’islol second in Example 2.

If the term‘on is much'smaller than‘unity,Awe can
neglect the_sQuafed termjof ono In other words, we only
éonsider the first two ferms1in EQuation (4°1),j If the term
on is much gréater‘than unity, then we knoﬁ that the
sampling interval is so 1grge that the first few terms of
Eduation (4°5) ére not a very accurate representation of the
integrél I. It isibetter.tb reduce the sampling intervai'
so that the term.on is much less thén ﬁnity or approxi-'

mately equal to unity.

4.3 Summary of Results

To reduce the round-off errors, the'éampling

interval T must be less than any time constant of the
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system to be simulated. From'Table 401;_H§ >;(Hérﬂi) >
%(Ho—2H1+Hé) holds for:most case55 whiéh>indipafés:thaf the
higher order differenqes of Taylor serie$>a§pr§ximatioﬁ in,'
the input quantizétion afe éfamuch less impoffancéoV When’
thevhighest frequency component of the inpuffis known,‘then
we can determine fhe number of terms required in the
expénsion of the input to the digital‘filter;”'From Table

k.2, for 10 °

accuracy in the integral'I of quation (4?5),
then the first-order diffefence should be coﬁsidered in the
input approximation for w_T equal1f6110f2;-£hé>$éc6nd—draer'”
difference should be considered.whén WOT'eQuaiiéoth_l;

The step approximation.of the input is ﬂormally used where
the product of’theAhighest frequency and thé:Sampling
interval should be né.largér thén 10_30. As a result,‘é
factor Qf ten reduction in-the sémplihé intérvallis re-

quired to achieve the same accuracy as taking one more term

in the series approximation of the inpﬁf;A
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Table"lkez° Ratios of the magnitudeés of the sinusoids with
; respect to its step approximation.

( T)HO-H1 4 l( ,sz H_-2H, +H,
Yo - H ) 2"\ Yo H ’
o o . 4 : i o
Example 1 , - :
w T = 107t 6.60923x10”2 2.46550x10 >
Example'2 ) L
w T - 107t - 6065170x10f?. 2.49099x10 3
o EXamble -3 : A
wT = 107" 7.98448x10 2 3.32225x107°
Example 1 , :
-2 : G -3 165505 -k
w T = 10 6.60923x10 | 2.46550x10"
Example 2 : ) ‘4
w T = 1072 » -6.65170x10 7 2.49099x10"
Example 3
‘ ‘ 2 b

B w T = 10 7,98448x10*3 . 3.32225x10°




CHAPTER 5

ROUND-OFF ERROR IN H_(T) =~

'5,1 General Appréach'.

For small sampie time HOKT)‘;s'nearly'p}oportional
“to fhe“sample time T; thus the véiueéiof Hé(T)féle@ents are
relativelyismall with respect tb thqéérdf inputsoliFor.a
fixed-point representafion of a smallVnﬁﬁber,vﬁany;Signifi—
cant bits ére lost. Often it is'bettef to'sca1e H6(T) ﬁp
~and to scale u(kT) down in order‘to minimize theirQund—off
cerror while still keeping.thé product of HO(T);(kT)‘upf. |

changed .

. 5.2 Scale Factors

A block diagram of the digital filter is shown in
‘Fig°'5°15 where Z_l represents one sémpling interval delayo
' The state equation of the digital filter is -

 x(KT+T) = @(T)g(kT) + HO(T)u{kT)

A singlé_séalevfactor.could'be used toAQCaig all
‘the elements.iﬁ the Ho—matrix.or a sepérate-s§a1e f§cth
'éould be used for every elemént,ih-é particuiér'rQﬁ-of
‘HO(T)e If ﬁhellatter cogrse is'fakep every inpﬁf;muSt be 
. scaled into évery'néw one correspdhding fo that pafficulér
scale factor with respect to a éﬁecific state. Fof



Fig.

5.1.

x(KT+T) Unit x(kT)
Dg*ay
u{xT) T\
-] U
HO(T) | a(T)

Block diagram of digital filter.

4y
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example, we have a second-order multiple-input-multiple-
output filter illustrated in Fig. 5.2. We wish to select
a scale factor for each state which minimizes the composite
round-off errors in H_(T)u(kT), where n scale factors
correspond to n states. To do this, define a percentage
error of the it output

m m
o - 2% (hy Pive)|u (kD) /P ive) - 5T (b u (eT)

o h..uj(kT)

J=1 "ij

m 2
Zj:l(hijPi+uj(kT)/Pi) + me (5.1)

. h., .u.(kT)
J=1 i3

where ¢ is the round-off error. We minimize the error in

Equation (5.1) with respect to the it scale factor Pi

m 2
5~ (%Er) = ijlm Py DR ) 0 (5.2)
i Zj=1 hijuj(kT)
Solve for Pi
m m 1/2
P, = (zjzl uj(kT)/zj=1 hy ;g ' (5.3)

On obtaining the scale factor Pi’ we can modify the state

equation of the filter

x(kT+T) = $(T)x(kT) + Hé(T)u'(kT) (5.4)

where Hé(T), nX(nXm) matrix, and u'(kT), (nXm)X1l vector,

are the modified H_(T), nXm matrix, and the modified u(kT),
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6(P)x(kT)15t row
‘ : x1(kT)
1 -4-)——- - ] —
P, hy Py ; z" ! .
u1(kT)
-—-—qr
; haiPa
2 -
-%— hioPy
1
uz(kT)
e o
x,(kT)
' 1- h, P i 1172
» > 2272 @ 2=
Pa

ﬁ(T)x(kT)znd row

Fig. 5.2. Block diagram of a second-order multiple-input-

multiple-output digital filter with separate
scale factors.
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mX1l vector, respectively. This notation can be illustrated
in Fig. 5.3, where hij = hijpi’ and uji(kT) = uj(kT)/Pi for
the it state xi(kT+T).
These enlarged matrix manipulations can be easily
calculated by the computer. For the second-order multiple-

input-multiple-output filter, the product Hé(T)u'(kT) can

be expressed in the form

(“11\
] ]
hj; hj, O 0 Yoy
Hé(T)u(kT) =
] 1
0 0 hy, hy, Yo
\
u22 J
(“1/Pr\
h),Py hoPy 0 Y u,/Py
= (5.5)
0 0 hy Py hyoPy u, /P,
\u2/P2)

The block diagram of Equation (5.5) is illustrated in
Fig. 5.2.

The single scale factor could be simply determined
by considering their geometric mean values of HO(T) and
u(kT). We can sort the minimum value of Ho—elements and
the maximum value of u(kT), and then evaluate their

geometric mean value, (hijuk)l/z. Hence, the scale



H'(T)u'(kT)
o

Fig.

1

- o o o O h21
ees O 0]
\ O LI O O

5.3.

H!(T)u' (KT),

the modified HO(T)u(kT).
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factor can be determined by

(hi.uk)l/2
P = —=l (5.6)
ij
or
Yk
P = (5.7)
1/2
(hijuk)

Equations (5.6) and (5.7) can be combined into the form
- 1/2
P = (uk/hij) (5.8)

where u, is the maximum value of the u(kT), and hij is the
minimum value of the Ho—elements. For this case the block

diagram is illustrated in Fig. S5.4.

5.3 Summary of Results

There are two kinds of scale factors. One is a

single scale factor to scale all the Ho—elements, whose

. . . 1/2

value is determined by (max. u./min. . h. .) s
J J 1,J 1)

is a separate scale factor Pi corresponding to every state

the other

xi(kT+T), whose value is determined by (Z?z

moy o )l/2
J=1 "1ij

1 uj(kT)/

z . The separate scale factor minimizes the
percentage error of the product of the input and the

control transition matrix for each state; however, the

single scale factor is easier to implement.
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b(T)x(kT)Ist row
x,(kT)
s PP D T
A
u1(kT) R 1 } )
P
h21P
h12P
u2(kT) 1
| r
x,(kT)
hoo? |y ot
3
m(T)x(kT)znd row
Fig. 5.4. Block diagram of a second-order multiple-input-

multiple-output digital filter with one scale

factor.



CHAPTER 6

DATA RECONSTRUCTION

6.1 General Approach

Hybrid computation entails conversion from analog
to digital signals and back again which inserts an error
into the filtering process. The major component of this
error is a time delay of about one-half sample interval.
The high frequency error components are usually attenuated
by the subsequent equipment. After a brief discussion of
time delays in reconstruction, this chapter presents two
methods of compensating for time delays. The first method
is early reconstruction of the output; the second method is

adding a zero into the transfer function.

6.2 Time Delay and Reconstruction

A generalized configuration of the hybrid loop is

illustrated in Fig. 6.1, where T, is the time delay

1

inherent in analog-digital conversion and usually related
to the word length of the digital output, To is the time
required for the digital computations and usually related
to the complexity of computations, and 73 is the time delay

inherent in digital-analog conversion and approximately

equal to one-half the sampling interval (Karplus, 1966).
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Fig.

Digital DAC (s)
Computer - -,r s y
- s e 3
D(s)e 2
Analog
Computer -

6.1.

Time delay in hybrid loop.
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For instance, consider a zero-order hold realization of the
digital-analog converter in Fig. 6.2.

It can be seen that the total time delay through
the system is T = Tyt Ty ¥ T/2. Depending on the analog-
digital conversion, digital calculations, and the sampling
interval, any one of them may be dominant. Us;ally the
relationship T/2 > Ty > T1 holds.

From Figs. 6.1 and 6.2, we have

Y(s) = X(s)D(s)e 'S (6.1)

It is assumed that some sort of prediction circuit
is employed to compensate the time delay in the hybrid
computation. Time delay compensation can be implemented
by introducing a series compensator with a transfer

TS

function e , which corresponds to a time advance or

predictor. This term can be approximated by the zero-pole

-TS

approximation, e ~ 1 + 7s. Then the compensated system
yields

Y_(s) = P(s)X(s)D(s)e™"® = (1+75)X(s)D(s)e™"® (6.2)
Expanding e "% =1 - 1s + (Ts)2/2! + «.. and substituting

into Equation (6.23, we have
Y (s) = x(s)D(s){1-(rs)%/2 + ...] (6.3)

Neglecting these terms containing the square or higher

power of T, Equation (6.3) becomes the desired output.



-
-
" -
-

= Actual
Analog Input

z
T2 __Approximated
Analog Input

.Desired
Analog Input

/ v’
”
-

[l A A A A Y I - [

k-1 K k+1 : Time

Fig. 6.2. Time delay in quantization.
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6.3 Two Methods of Implementation

Method 1 is the early reconstruction of the output
by a zero-order hold unit. At the sampling time t = kT
all the information is calculated according to Equations
(2.1) and (2.2). Generally these calculations take much
less than one-half the sampling interval so that we can
employ a zero-order hold unit to hold the output signal
y(kT+T) at time kT+T/2. The resultant output waveform is
depicted in Fig. 6.3.

Compare Fig. 6.2 with Fig. 6.3. The time delay
inherent in the hybrid computation is compensated by the
early reconstruction of the output.

Method 2 is adding a zero to the transfer function
of the digital filter. For example, the transfer function

of an nt% order digital filter D(s),

K(c s™ Lic m-2
m

m—1s
D(s) = n n-1
s +ans +.00+a

+...+C1)

(6.4)
1

is replaced by modified digital filter Dm(s) with an extra

zero,

K(1+7s)(C_s™hac  s™ 2l l4c))
D (s) = S (6.5)
s +ans +...+a

where m < n for the physically realizable digital filter,

and this process is illustrated in Fig. 6.4.



Fig. 6.3. Implementation of Method 1.

—_—
/
Desired =
Analog Input ~
=~
A7 .
R Compensated
),//' Analog Input
7
p
// - ;
v
A
( 7}* Té)
2 i 1 i | E G | | 1 | PR | 1 1 3
k=1 k k+1
k-3 k+¥ Time
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v.(s)

Digital-
Analog
Converter

Modified Digital Filter

m-2

Mme 1
K(1+‘Ts)(cms +C .

+"'+Cl)

n n-1
S 4+a S 4e0et
. n 1

Analog-
Digital
Converter

x(s)

Fig. 6.4. Implementation of Method 2.
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The digital filter D(s) can be expressed in terms
of phase-variable representation; for example, if we con-
sider the single output case, then y(t) = zl(t), y(t) =

z,(t), and y_(t) = y(t) + 1y(t); that is,

o 1 O ... O 0

0 0 1 ... O o}
z(t) = . . ¢ e . z(t) + . u(t)

0 0 0O ... 1 0

(2] "2 "2y ... -a K
y(t) = (1, 0, O, ..., 0)z(t)
y (t) = (1, 7, 0, ..., 0)z(t) (6.6)

The implementation of this method is obvious by
taking the compensated filter output yc(t) through the
digital-analog converter to get the desired output in

Fig. 6.2.

6.4 Summary of Results

If the speed of the digital computation is rela-
tively faster with respect to the sampling interval, then
the early reconstruction of digital output by a zero-order
hold unit can be employed in Method 1 to get satisfactorily
reconstructed output. Method 2 is good for those higher

pole-zero excess filters to ensure the stability of the



o digital'filters'simulating the stable continuous-time -

"systems .
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. CHAPTER 7
SAMPLING INTERVAL

7.1 General Approach

If,the sampling interval T is reduced, the round-
off errors are increased and the amount of éomputatién ﬁer
second'is,inéreasedo'.Also,,any decrease in the sampling
intéryal would result in very little improveﬁeﬁt in the
. response characteristics. 'Oh the other hand,'the sampling
theorem~éays that the samﬁiing frequency must be at least
'tWice.as large as the fréquency of the highest Fourier
component of the analog sigﬁal being sampled;:otherwise,'
the distortions in the frequehcy spectrum due to the over-
lapping of the'sigﬁal-combonents can not be removed by
subseéUent_filtering or éther manipulation. ‘Hénce, it is
important to recognize that no higher frequencies océur ih
the analég signal. Accdrdingly,_it is desirable to precede
the sampler with a signal conditioner in the form of a low-

pa-ssvfilter°

7.2 Limits on the Sampling Interval
The pole location s in the s-domain (the continuous
time system) and its corresponding eigenvalue z in the z-

domain (the sampled-data system) are related by
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z = e (7.1)

where T is the sampling interval. For example, if we try
to simulate a continuous-time system with the pole located
at s = -5 by a digital filter and we require that its
eigenvalue z should be no larger than z = 0.95. To limit
the effect of the ROE on the stability, then the lower

bound of the sampling interval is
T = (ln(z))/s = 0.01 sec. (7.2)

If we arbitrarily reduce the lower bound, then in
Equation (7.1) the eigenvalue goes to the edge of the
unit circle. The digital filter may become unstable due
to the ROE. More bits per word would be needed to reduce
the ROE and keep the system stable.

In practice system stability of the closed-loop
system also dictates the choice of the sampling frequency
and makes it necessary to sample at a rate much higher than
the theoretical minimum.

For example, we consider a second order system with

ROE in its diagonal elements,

-a 0] 1
x(t) = x(t) + u(t)
0 -b 1
y(t) = (1,1)x(t) (7.3)
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The corresponding sampled-data system is

e o} (1—e_aT)/a
x(kT+T) = x(kT) + u(kT)

0 e (1-e'bT)/b
y(kT) = (1,1)x(kT) (7.4)

Equation (7.4) can be expressed in terms of the block
diagram representation in Fig. 7.1(a) which can be reduced
to the form of the transfer function illustrated in Fig.
7.1(b).

The overall z-domain transfer function can be
analyzed in the r-domain through the bilinear transforma-
tion z = (1+r)/(1-r), and then examined by Routh's stability

criterion. The conditions for stable system are

e“(a+b)T > e-aT + e-bT, (7.5)

1 +

where a > 0, and b > O.
If (a+b)T < 1, then T < 2/(a+b) satisfies Equation

(7.5). More conservatively, pick T < 1/(a+b) to meet the
assumption. Hence, the upper bound of the sampling interval
for stability is known. Actually, the sampling interval
is determined with respect to the calculation of the &-
matrix and the approximation of the input signal. If we

reduce the sampling interval, we can decrease the distor-

tion in the input approximation and we also decrease the
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_ e-aT 1 x, (kT)
z
a
+
-aT
e
u(kT) _ o bT 21 dg y(kT)
b z A4 7
+
x,(kT)
—bT 2
e
(a)
* -aT -bT -bT -aT
U.(kT) (1—8 ;(Z"e ) (1"'6 k))(z—e ) y(kT)
(z-e”2T) (z-e7PT)
(b)
Fig. (a) Block diagram representation of a second-

order sampled-data system; (b) reduction of

Fig. 7.1(a).



64
ROE in calculation of the ¢-matrix according to Equa-
tion (2.22).

As long as the 1limit ensure the system is stable,
that limit can be made as the upper bound. The upper and
lower bound of the sampling interval determine the per-
missible range of variation of T. For maximum efficiency
the sampling interval can be a signal-dependent variable
(Dorf, 1962).

A realistic analysis is made by considering
instantaneous error in reconstruction through the zero-
order and first-order hold unit. Consider that it is

desired to reconstruct a continuous sinusoidal signal
y(t) = A sin(wt) (7.6)

which has been sampled with the sampling interval T.

For a zero-order hold unit, the reconstructed
signal is held constant between sampling instants so that
the absolute error is zero at the sampling instant and

varies according to the following equation (Wait, 1970)
e = A sin((k+T/T)wt - A sin(kwT) (7.7)

where 0 < 7 < T. The maximum instantaneous error can be
evaluated at the point where the maximum slope of the

continuous signal y(t) in Equation (7.6) occurs. In this
case the maximum slope of y(t) occurs in the vicinity of
sin{kwT) = O which results in the maximum reconstruction

error
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€max = A sin(wT) (7.8)

In general, O < T < T and w << 27 hold. Therefore,

€nax = AWT (7.9)

In the case of a first-order hold unit, the output
function is in the form of a series of ramps, each ramp
commencing at the value of the function at the preceding
instant and having a slope proportional to the difference
between the values of two consecutive sampling instants

according to
y(7) = y(kT) + (7/T)|y(kT) - y(kT-T) (7.10)

where 0 < 7 < T. If the sinusoidal signal expressed by
Equation (7.6) is to be reconstructed, then the instan-

taneous error is
e = A sin(kwT) + A(7/Tsin(kwT) - A(T/T)sin((k—T)wT)
- A sin (k+T/T)wT) (7.11)

The maximum instantaneous error can be evaluated at the
point where the second derivative of the continuous signal
y(t) in Equation (7.6) is maximum. In this case the
maximum concavity occurs in the vicinity of cos(kwT) = O

which results in the maximum reconstruction error

- %-cos(wT) - cos(wt) (7.12)

=]
»
b
=l
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In general, 0 < T < T and wT < wI' << 27 hold. Therefore,

ey ~ AlwD)? (7.13)

For example, if we want to limit the instantaneous
reconstruction error to .1% of the full scale, then ;he
sampling interval should be less than the value with 6280
samples per cycle for a zero-order hold unit in Equation
(7.9), with 199 samples per cycle for a first-order hold

unit in Equation (7.13).

7+3 Summary of Results

There exist the upper and lower bound to the
sampling interval. The lower bound is determined from the
tradeoffs in the amount of computation per second and the
effects of the round-off errors on the stability, while the
upper bound is usually determined from the stability of the
digital filter as well as the prescribed accuracy of the
convolution integral and output reconstruction. The
sampling interval of the most efficient digital filter
could be a signal-dependent variable between the permis-
sible range of variation of the sampling interval limited

by those bounds.



CHAPTER 8
CONCLUSIONS

8.1 Summary -

Theeresults discussed;in_theriaetasir'cueﬁters-.
indicate that there are six differenfvkindsfcfferrore in
linear digital ‘signal processing;, - R |

The stete transition matrix can be calculatedrin
- such a way as to reduce the fruncaticu errors‘ﬁo ahy H
-de51red level according to Equatlons (2. 24) and (2 41) By
taking 11 terms in series approx1mat10n 7 digit accuracy
can be obta1ne_du The’effects of‘the round—off errore 1nu
“the elements of the stete transition matriiron~the;eigen—
‘values of the digital filter can be‘related tc’t£e>number
of zeros in'the root SensifiVity funcfion,Awhich shows that
the eigenvaiues'are more sensifive:tc‘thefrouud—off errcré
in the diagonal elements then:thcse in fhe_off—diagchal
elements. In the examples'shoun.in Chapter 4 ffhe input
was approximated by a step epprox1mat10n whlch resulted in
3 dlglt accuracy in the convolutlon 1ntegral of thelstate

-3

equatlon for a 51nu501da1 input w1th W, T 10 radians
(wo is the hlghest frequency in the 1nput) ,For_fixed-

point computatlon,_extra care must be taken in storlng the

small numbers in the control transition matrix. - By
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selecting an appropriate scale factor the round-off errors
in the product of the control transition matrix and the
input can be minimized. The time delay inherent in the
hybrid computation can be compensated for either by early
reconstruction of the digital output by computing the
digital output one-half the sampling interval early, which
is feasible for a high speed computer, or by adding an
extra zero to the transfer function of the digital filter,
which is feasible for a filter with a pole-zero excess.

The effect of the sampling interval on the tradeoffs in the
amount of computation per second and the effects of the
round-off errors on the stability determine the lower bound
to the sampling interval, while the upper bound is usually
determined from the stability of the digital filter as well
as the prescribed accuracy in the convolution integral and
in the output reconstruction. The selection of the sampling
interval results in a tradeoff between the reconstruction

errors and the round-off errors.

8.2 Area for Future Research

In a digital filter, the pole location can be used
to determine thenecessary accuracy for the on-line simula-
tion in the following ways:

1. Estimate the needed accuracy of ¢(T) and calculate
$(T).

2. Determine the eigenvalues of &(T).
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'3, Froﬁ:the eigeﬁvalues, de£erminé'tﬁe locations of |
the céﬁtinuous-time pbles{ofrthe systemof
L, :Coﬁpare the pole,locatioﬁs}of (3)'With the desired
ilécatioﬁs of the sysfeme“ 5 S | |
5;_ increase.or decfease the numbef'of'digits in.Q(T)‘:”;
depending on the resulfs of (4),énd recalculate
3(T) . | |
6. Go back fo (2) until the desifedraccuracy'is

obtained.

If thé program of this pfdceduré”pan be develqped?‘
then the digitalffilter can bé used torsimulafefthe
coﬁtinuouSAtime;syétém‘exactly,v o | |

Between the_iower and‘ﬁpper béqnd'of the sampling -
interval, there is a pérmissible ranée:of variation of thé'
sampling intefval such that the Systemlimplementétion can
be perférmediin the:sense of»minimum—Samplé filtering;fthéf
is, the signal-dependent sampling intefval° The minimﬁm— 
sample filtering may be consiaered the h6§t efficient

digital filter.
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