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ABSTRACT

This thesis defines a mefhodblogy for the evaluétion of the
‘worth of streamflow data usiﬁg a Bayes risk approach. Using regional
streémflow data in.a regression analysis, the Bayes risk can be computed
'by considering the probaﬁility of the error in usiné the regionalized
estimafes of bridgg or culvert desigﬁ parameterg° Cost curves forvover—
and'pnderestimgtion of thé design parameter can be generated based on
the erfor of the estimate., The Bayeé_risk can thén be cqﬁpﬁted by inte-
grating the probability of estimation error over the cost curves, - The
methodoiogyrmay then»bé used to analyze thé regional data collection ef-
fort by considering the worth of data for a record site relative to the
othér:sites'contributing to the regression eqﬁations; e
The methodology is‘illustfated by using a set of actual stream-
flow data.ffom Missourio- The cost cuffes for over- and undérgstimation
of the streamflow design parameter for bridges and culverfs'ére hypothe—
sized so.that.the Bayes risk might be computéd and the regﬁlts of the
anélysis discussed, The results aré discussed by demonstrating small
' samplg bias that is introduced into the estimate of the design parameter
for‘thé.construcfion of bridgés and culfertsa The conclusions are that
the small éampie bias in the estimation of large-floods_canAﬁe substan-~
fial aﬂd'that the Bayes risk méthodology can evaluate the,relafive worth

of data when the data are used iﬁ'regionalization°



CHAPTER 1

INTRODUCTION

Given unlimited funds énd resources, an engineer could design
and build a culvert or bridge which might last forever, However, be-
cause both funds and resources are limited, the engineer mustvtrade off
the expenditure of fundé and the use of resources against the Iifejof
the culvert or bridge, The engineer, then, seeks to opfimize the ﬁse
of funds and resources within thé constraint of the life'qf the culvert
or bridge.” At a given conétruction'site, if ﬁhe design criteria were .
set in terms of the 25-year flood and if the true discharge of the 25-
year flood for the site weré kﬁown, then the gonstfuction specifications
 for the culvert or bridge could be computed from a study of the charac-
teristics 6f the materials-and.fhe»hydraulic behavior of the flows pass—
ing through the culvert or uﬁde; thg bridge.._However, the true dis-

v charge of the design flood ié not known but can oniy be estimated,

Thus there are two problems to be solved in the design of culverts or
bridges, The first ﬁroblemvis the’estimation of the flow of the design
. flood, The‘second'problem is:theAhydrau1ic design of the culvert_pr
bridge. This thesis wiil be concerned only with a portion of the esti-
“mation problem, The_issues pbséd above are also relevant to many other
’ engineering désign sifuations°

| .In order to estimate tﬁé design flooa‘at a cbnstructioﬁ site,

- one might'esféBlish a data collection effort at tﬁe site, and based

1 .



2
upon this data, ~one might by~some.technique compute an estimate of the
design flood;r However, here again, timé, money, and resources are con-
.straints, Currently, it is deemed infeasible to establish a data col-
lection effort ét a particular construction site each and every time an
estimatelof.avdesign flood is required, It would seem feasible, how-
ever,.to establiéh a data collection network for a region whefeby one
could predict the design flnod from the data which have already been
collected, Such a data collection network for a region has béen estab-
lished by the U;'So Geological Survey (USGS)° Regional data collection:
leads tovregionalizatinn, and one method of generalization relies on
regression.analysis° A streamflow characteristic, e,g., the 25-year
‘flood; is régressed upon basin characteristics; e.g., bésin area,'chan-
nel sldpg; iocal precipitation; etc, Given théAbasin nharacteristics‘

. of an ungéged site, i.,e., the design site, the resulting regression
equation-thenAcanAberused to predict that streamflow characteristic,
However, thé USGS'is”conStrained by time, money, and-resourceé° The
USGS, then, is concerned nith tne trade—ofonf the costs of collection
versus the pgydffsuof collection, |

'This thgsié Wiii define a methodolog§ for quantifying the pay-

.off.of_coilgcfinéldata; By collecting more streamflow data thé uncer-
thinfy (prnbabléberror) in.tne historical estimate of the design flond
for. a data sifé»may be.réducedo ‘That is, by lengthening the historical
record at a siﬁe, mnré infofmafion about the hydrologic process for the'
isite isigenerafed; In particnlar, for a record of énnual peak flows,

the information content of the record relates to the moments of the



probability density functioﬁ (pdf) of the peak flows, The moments of
the probability density function of the peak flows must be estimated

from statistics, e,g., the meaﬁ and the variance, Because these sta-
tiéticé are estimétes, tﬁere is uncertainty about their representing

the trué values of the parameters of  the pdf, Fisher (1949) and Mata-
las (1967) suggest that the information about a parameter or streamflow‘
chara;teristic may be given by the reciprocallof the variance of the

parameter or characteristic, The variance approach is one way to quan-

tify our uncertainty abouf a parameter,
However;vthe variancé apprééch fails to consider the risks of
error in the estimate{, Consider, for éxample, two estimates with equal
.varianéeso' One'estimate is used to degign a bridge for a secondary
,highway, The other estimate is‘uéed to design é larger Bridge for an
acceééAroadAtb a hospital, Althougﬁ the information about the esti-
mates are equal: by the variance approach, there is greater loss asso-
ciated with the érrqr in the éstimaté for.the hospitai briage than for
the‘other‘bridgé.o Both the social and eqonomié costs for washout or
damage to the’hospital bridge'are.higher-than for the‘other Bridge, On
the other hand, the structural costs for overbuilding tﬁe hospital
bridgé may be higher thaﬁ for the other bridge, For thislcase, then,
the variance'approach would be iﬁadequate in attempting to‘measuré the
accuracy of an esfimate (Davis,_Kigiel,'and Duckstein 1972),
."This thesis assumes that a decision about the optimal désign
flood has already'Been made, ‘Thé decision maker is uncertain about the

true state of nature in regard to the life of the culvert, Green and



| Tull (1970, p. i7) defiﬁe uncertainty as "a state of doubt e o s with
resﬁect to outcomes, giveﬁ a particular course of action.' Evén though
his decision is optimal (expedient), there is a risk (liability) ‘asso-
ciated with fhe impiéméntation of this decision, Kléusner (1969,Ap.
-lBé)definesrisk;as"the consequeﬁtial effect Qf'possible uncertain out-
comes,' For example, management has specified that the design flood
for a culvert is the 25—year flood. Thé truly optimal design flood may
not be the 25—year flodd, but the decision makers ha§e chosen the 25-
year flood accérding to their knowledge of the situation. In making
such a decision, maﬂagement is implying that it is Willing,to acéeptx
the risks of ﬁhis decisionov It is'ﬁot the subject of this study to de-
termine howjthis décision-was judéed optimal with respect to the under-.
_ ijing risk, In this‘cbﬁtexf, a pfecise definition of tﬁe design risk
(as oppésed to. the lateg defined riék in estimation) is not possible,
._bﬁt-a‘vagué nofidn of:angighted trade-off of several factors is im-
pliédn If thé:truerdischarge of the 25-yéar flood were known, then the
cuIverf céuld:be constructed and would be considered optimal according
'to~ﬁhe managemént's-décisién; However, the 25-year flood must be esti-
’météd By some teéhhique; This design estimate serves as therbptimal
;‘design flood.: There is ﬁnqertainty about the appropriateness of the
estimaté tb act as thé.true design flood which has been specified as
'beihg qptimal° Hence, if there is an error in the estimate, then there
is a'loés associatedeith the.use of this incorrect estimate of the op-
‘timai design flood;> In théxdeéisionrphase, there is an uncertainty |

about the optimality.of-a.design parameter, whereas in the estimation



5
-phase there is an uncertainty about the estimate's being the true value-
of the parameter, Our.knowledge or uncertainty about the true value is
conditioned upon the estimate (i.,e.,, how we use the data) and the ac-
curacy (vé}iaﬁce)of this est];.mate° The loss due to error iﬁ the esti-
_mafe given by the optimal decision and the probabilityvof all possible
errors are combined to gi&e the Bayes risk. The Bayes riék is the ex-
peétedlloss of usiﬁg an estimate as the optimal design paranieter°
Bayes risk is also called the terminal expected opportunity loss by
Raiffa and Schlaifer (1961), Thus, the Bayes risk will refer to the
expected consequential effects of using the_computed estimate of a de-
'sign flood which has already been.chosen to be optimal,

The-first section of this thesis defines a methodology f§r
evaluating the Bayes risk in using some estimate of a bridge or cul-
vert design parameter, - This design parameter is an estimate of a
streamflow characteristic és computed frpm the regional data or possi-
biyAdirectly from the historical datéq The true value of the design
parameter, e.g., the 25;year flbod, is notvknown, but our knowledge‘of
it or.uncertainty»about it can be deséribed‘by a probability density
function (pdf) and is called the errér'pdfo Losses caused by error
either in underestimation or overestimation of the true value can be
expressed in cost functions, For this study,vlosses caused by under-
estimation will bele#pressed in an underdesign loss curve and losses
caused byloverestimatién will be expressed'in an ove;design loss curve.r
‘The combination of the error pdf with the underdesign loss curve and

the overdesign loss curve will yield an expected loss in using a given



estimate as the désign parameter for the construction of a bridge or
culvert, This report is not concerged with the exact formulation of
" the cost (loss) curves but will hypothesize the cost curves so that thér
.methodologyAmay Be illustrated, Since the methoéology combiﬁes both
our uncertainty aBout an estimate and the costs due tb the uncertainty
in thé estimate, theé the‘Bayes risk is a measure of the worth éf data
or pf the information content of a data sef°

The remaining chapters of the.repprt are»cqnéerned wifh defin4
ing the;error pdf of the estimate to be used in computing;the Bajes
risk, Chapter 3 is concerned with the estimation of the design parame-
ter by a regional regreséion equation, A reviéw of regression is pre-
sented, and.thé error pdf for the regression estimate is approximated
 iﬁ this reéort_by a normal distribution; The mean and variance of this
disfribution’are‘{i‘ei‘ivedo Thus £he BayesArisk_fof the.régression esti-
ﬁate‘méy be cémputeﬁ by:the,methodology if the hyéothetical coét curves,
are aécépﬁed; - A

The next.chapters ére concerned with two- types of historical
estimatés° TheJhistbricél estimate differs from the regression esti-
: ﬁéte in that the historical estimate is computed directly from the_data
record fof a partitﬁlar'site'whereas the regression estimate is in- |
lfgrfed from all the dafé_for a.region° The historical estimate is im-
portant becéusélif ser§es'aé input to the regression analysis which is
.uSed‘for cpmﬁuting the regression estimate,

The fifét tyéefbf;hisforical éstimate to be discussed is what’

will be called the normal-estimate, For this report a log normal
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distribution of peak annuel discharges is assumed., Thus, for a partic-
ular recurrence interval, e.,g.,, the design parameter of the 25—yeaf
flood, the discharge can be estimated from the log normal pdf, Becauee
the estimate of the discharge is a.statistic, there is encertainty
about its being the true design parameter, This uncertainty can be ex-
pressed as a pdf which is a function of the normal-estimate aﬁd'the
variaﬁCe_of that eéfimateu

The second type of historical estimate is a refinement of the
first type. Beceuse most Historical records are comparatively'Short,
there is a small sample bias intfoduéed into the computation of the es—-
timate of the design pafameter‘by the normal method; If a log normal
distribution of peak annual discharges is assumed, then this small sam-
ple bias is removed if the t—distribution-is used‘td,eompute the estij
_mate of the design parameter, The error pdf for this t—estiﬁate is
aseuﬁed to be approximaﬁely normal with a mean éiven'by the computed
estimate and variance as derived in this papefGA Innphis ehapter the
mean and-eariance of the error distributien‘of‘the t—estimate, because
- they fail to consider the effects of small saﬁple size,'will always be
less than the results given by use of the Student's.‘t—distribution°

The final sectiop presents an example of the Bayes risk method-
ology. ‘Because of the numerical problems in the exehple, a computer
pfbgram was used to coﬁpute the Bayes risk-fer thirfy'date sites withiﬁ‘
a region, Four different iterations ofAthe methodology ﬁere'performed
‘on the thirty sifes° The first iﬁeration computes the Bayes risk for

each of the thirty sites based on the normal-estimate of the design



parametero, The second itération computes the Bayes risk for each of
vfhe»thirty'sites based based on the t-estimate of the design paramefer°
Thesevtwo sets of Bayes risks are contrasted to demonstrate the signif-
icance oﬁ the small sample bias, Thé third iteration computes the
Bayés risk for each of fhe thirty sites based on the regression esti-
mate éf the design ﬁarameter,' This iteration is performed in'two'parts:<
~the first pért uses the normal—estimates as inputs to the regression,
and the second parf uses the t-estimates as inputs to the regression,
‘Here. again thé fesults 6f the two sets of Bayes risk, for tﬁé normal-
inputs and fhe t—inputé,-demonstrate the significgﬁce of the small sam-
lple biés° The fourth iteration computes the Bayes risk fﬁr each of the
thirty sites with each site in turn being. excluded from the regression
With-the t-estimates. serving as inputs° fhe set of BayeS'riské with
) ail:éifes inciudedrin the regression is then contrasted to thebsetrof
Bayeé.risks Withreach site excluded from the regression, The contrast
'identifies aramafiéaily that site data set which is considered: to have
‘the'highest Béyeé riskf"Tﬁis déta §et is nét necessarily'the data set
yielding ﬁhe éstimate with the greatest’variaﬁce° Léstly, the thirty
.éites can bé ranked-accéfding to increasing Bayes ?isk, and hence in-
'formation content can be judged by considering relative risk liability,

| The Bayes_risk'methodology, then, 'is considered to be an exﬁen-;
Asion of the variance»approach,' Inférmétion content which was Bas;d on
tﬁe recipfoca1iof the_variance’cén now be measured by the risk 6f error
 in thg use of thé information, The ﬁext section defines a proceduré

for.évaluating thefwofth'pf'data by a Bayes risk approag:h°



CHAPIER 2
- THE BAYES RISK METHODOLOGY

This chapter will define a methodoloéy for the evaluation of
the worth of data by a Bayes risk apfroach° We will first derive the
error pdf fbr the estiﬁate‘of the design parameter; then, we will de-
fine thé-lqss curves, The.loss due to error in the estimate will then
be integrated bver the errgr pdf to_givevthe Bayeé risk in thé use of
the estimate, In this discussion, the reader will be aided by Figure 1,

Let. us aésume ;hat Qe have - an éstimate of a construction parame-
ter for thé.design of a bridge or culvert;, Specifically,ithis parameter
is‘tﬁe discharge of the design fléod.‘ This estimate can~Be computéd
from streamflow data by several metﬁods,.some_of which will be discussed
later in this report, But for noﬁllet us assume that the peak annual
discharges belong to a logarithmic transform of a populatibﬁ, e,g,; log
Pearson iII or log normal. Unless btherwise sfated, any reference to a
discharge heréaf£er Will be to the logarithm of that‘disci'largé°

Let the estimate of the design parameter be Q (theAanti1og of
which would givé us the flow), Suppose now fhat we compute a 1arge
ﬁumbef of>estimates under exactly the séme conditions;A_By fhe central
limit théorem thé distribufioﬁ of these estimates Will-bg a nﬁfmal dis-
'tributionjas the ﬁumberiof repiicéﬁions tends to infinity. The square
root_ofvthq Variance of this:distribution>is the standard error of es-
fiméteal dur_kﬁowledge aboﬁt the trué Qalué.of the design ficw QTRUE~is

9



error pdf

underdesign
loss curve

overdesign
loss curve

Figure 1, The error pdf and loss curves for errors AQ in flood
estimates,
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11
a random variable KQ whicﬁ is distributed normally as described above,
However, if we only havé one estimate Q of QTRUE, the variance of thié_
estimate acts as an estimator for the variance of the distribution of
tﬁelestimates (Aitchison 1970), That is, our knowledge (according-to

the‘data) of the true discharge QTRUE is a randomlﬁariable whose pdf

is normal With mean Q and variance Var(KQ)., In mathematical notation
KQ~N (Q,Var (KQ)). (2.1)

We ére_quantifying our knowledge of QTﬁUE in (2,1) or approxiﬁating the
_distfibution of the.estimates by replication pf»experiménts as de-
scribed above, The error pdfrpan now be shown as a transform of (2,1).
If Q'= QTRUE then there is no error in estimation, Heﬁce the error.pdf
yis

ERRAN (0,1)

Qhere (2°1) haé been standardized. Hence, to cqmpute the‘erfor in a
‘specified ﬁrobability interval, a transformation froh the standéfd nor-
. mal must be made back té (201); Tﬁroughout'the remainder of thié;re-
port, the error pdf will be syﬁonymdus with the knowledgg pdf (2.1)
where it is understood that a'traﬁsformation is necessary to compute
tﬁe érrér given the probability.of error or vice-versa.,

| Next, the loss curves will bé hypothesizéd so that the loss of
a specified error may be computed and multiplied by its‘respective préb;
 abi1ity°’ As discussed in.the Intrbdﬁction, we. are cqncéfned with two
types of cost curveé; the first one is the underdeéign 1ossAcurve° As~

sume QTRUE lies above Q and we design the culvert or bridge based on Q.

/
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» Thus, we have underestimated ﬁhe true dischérge and hence must suffer
damage and soéial.coéts above those costs which we are billing to suf-
'_fer with the design bésedvon Q = QTRUE. Assume that this loss mono-—
tdnically increasgs:as the error in underéstimaﬁion increases (Aitchi-

son 1970). Define the'loss (due to underestimation) as

1

L(&Q) alQ : (2.2)

where

M = QIRIE - Q @

‘for QTRUE }_Q and L(AQ) = 0 for QTRUE < Q. In (2.2) a is a loss scal-
. ing factor'peculiar to the coﬁstruction_site and the estiﬁaﬁe (ex-
  piained later in this chapter);

The ofhef ﬁypé of cost curve ié the Qverdesign loss curve, As-
"léﬁme QTRUE lies below Q anarwe'design the culvert.or bridge based on Q.
::Thus we haye 6vere§tima£ed the true discharge and hence must suffer an
:‘o§erdesign 1oss,»ufhat'i§; a smaller cul?ert or bridge could have been

designé& based oﬁ.thé‘given design parameter, Assume that the cost
';mbnotoniéally’increases as the error of overestimation increases, De-
- .fine the overdesign:iqéé as

oL(AQ) = baQ . o 2.8)
_ where

AQ. = Q - QTRUE. @)
~ for Q > QTRUE and OL(4Q) = 0 for Q < QTRUE. In (2.4), b is an over—

" design loss scaling factor peculiar to the construction site and the
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estimate, In bothA(Z,Z) and (2,4) it is assumed that the loss is a
function of thé error in estimation and a loss factor peculiar to each
gonstrﬁction site° The resqlts of such formulations of loss will be
seen in the example chapter,

Both of the formulations (2.2) and (2.4) can be viewed in the
following manner, Consider that we have an unlimited:number of dupli-
cates of site ka‘ Furthermoré,,Wé design and build a culvert for site k
based on Q(k); ‘Now assume that QTRﬁE(k) is the same for all dﬁplicates
‘of site k and that after construction Qe ére told QTRUE(k). Thué, we
have over- or underdesigned each‘of the culverts by the same amoﬁnt°
- Now assume that gll-sités k.ha§e the same a and b 1oss.coefficients°
During the design life d of the culvert, we aferable to collect énd
tabulate every kind of loss incurfed due to an inaccurate design esti-
'mate; For this.particular error then, we are able to determine an
"average loss due to either 6verf ér underestimatiqn:relative to ihe
éése when QTRUE = Q, Noﬁ we repeat this érocess:for all vélues of
~error, and thus we are gble to défing fhe lossAcurves;formulafedfin
(2.2) and (204)°  The formulation of actual OL and L'éﬁfves is a siz-
able problgm in itself, and henceAthis_report ﬁill use the OL and L
»curVes of the form of (2.2) and (2.4), For this report the quantities -
é and b are selécted arbitrarily but in such a way that the numerical
values for the Bayes risks are manageabie in tﬂe_computerized.exan.'lple°

We are now ready to combine the error pdf with ‘the loss curves, <
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' The Bayes risk is the sum of the expected loss due to under-
design and the exﬁected loss due to overdesign., The expected loss due

- to underdesign is given by
E(L)‘1= o§ L(KQ)N(KQIQ,Var(Kq))dKQ o ' (2.6)
The expected 1oss due to overdesign is given by

E(OL) = ;JOOL(KQ)N(KQLQ,var(KQ))dKQ*° @D

©In (2,6)'and (2,7) L(KQ) is defined by (2,2), OL(KQ) is defined
by (2.4), and N(XQ|Q,Var (XQ)) is the normalized (2.1). Thus the Bayes

risk is

ER) = E@) +EOL) C@.8)

Equations (2,6), (2,7), and.(2,.8) thus define the Bayes risk in
using Q as an estiméte éf.the design paraﬁletero The loss cﬁfves havé
. been defined in (202) and (2.4), ﬁe can now proceed to define the
vpafémeters?ofrthe errér pdf. ‘The first ﬁethod for defining Q, Var(KQ), -
;nd the error pdf Will be the méthod which employs the streamflow data
;5oh'a_regi0nalfscaieo This regioﬁalization of data employs regression

"analysis,



CHAPTER 3
WORTH OF DATA FOR REGRESSION

A Review of Regression

The U, S, Geologi;al Survey has adopted the use of regression
analysis as ﬁhe form for the regionalization of streamflow data (Thomas
and Benéon 1970). A brief review of regression is given here so that
the rgader wiil understand its use in the methédology ahd will bécome
familiar with the notation used in this report., For further-informa—
tion about regression the reader is referred to the refer_ehces°

| In regression analysis a set of independenf variables are

linearly related to a dependént variable, In the regionalization of
streamflow data, the set of independent variables isrcomposed of se-
‘lected topographical and ciimatic charactefistics of aAarainage basin,
and the dependent variable is a streamflow characteristic, e.g., the
25-§ear flood, A hydroldgical'region might be defined as a geographi-
.calxarea with similér basin and streamflow characterisﬁics (Thomas:and
Benson 1970). | |

Cénsider a region with n gaged sites with each site being de-
scribed'by’p_topographical.and climatic characteristics, A particuiar

streamflow characteristic, then, might be described by the equation )

_ Bl o B2 By .
D, = Byl G EERETIM Py | - 6.

where Ci’ i =1,...,p are basin characteristics such as drainage area,

15
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forest cover, precipitation, elevation, etc,; Dd is the estimate of the
design discharge which must be estimated from the peak annual discharge

record; and vy and 5i, i=1,...,p are parameters of the regression

equation, By taking logs, (3.1) becomes

QTRUE = B, + B _logC1 + leogC

e e 0 B 1 C n (3.2)
0 1 + + . og D +

2

and this then is the multiple linear regression equation, In (3,2) T =
logy represents a random component which is the departure of the de-
pendent and independent variables from a direct linear relationship.
For the n sites it is assumed that the ni are independently and identi-

cally distributed random variables with mean 0 and common variance

E(ﬂi) = 0 1=1,,..,n
E(MM.) = ol 1= j=1 n
17 yeeas
= 0 i#£] (3.3)

In actual practice, however, QTRUE, 02, and Bi are not known and must
be estimated. For site k the estimation of QTRUE (k) by Q(k) will be
discussed later, For the present let us assume that QTRUE (k) = Q(k)
and then proceed to estimate the Bi and 02.

Let the n observations of the p independent variables be given

by the matrix
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- 9
1 log <1 log Clp ove log clp
= 1 1log <51 log Cop o=+ log CZp
.1 log ¢ log C g wee log Cnp 3.4)

and the historical observations of the dependent variable by the vec-

tor

= T
QH = [QH(I) QH(Z) v e QH(n)] (3.5)

where T represents the transpose and QH(k) is an estimate of the QTRUE (k)

computed directly from the historical record, The vectors

= T
B = [B, B ... Bp]

0 Bl (3.6)

and
T

mn, 1 ﬂp]

L 3.7)

Ll
give the regression coefficients and the random components, respec-

tively. Let the estimates of the population regression coefficients

5i be

» = [b.b, ... bp] (3.8)

01

Thus, (3.2) for n sites becomes

+ €

log ¢ +b, log ¢ 1p 1

11 2

b0 +‘b

QH(1) 1

12 + eee + bp log ¢

+ €

QH(Z) = b0 + b, log ¢ + b, log ¢ + aee + bp log c2p 2

1 21 2 22

QH(n) = by + b, log cq1 *b log Cp ¥ oeee * bp log ap * € (3.9)



18
where ek is an estimate of the kth random component and is called the

residual for site k, The regression estimate QR(k) is then

QR(kk) = b, +b, logc ., +b, log c (3.10)

0 1 K1 2 + ees + bp log c

k2 kp °
The method of least squares seeks to minimize the sum of squares of the
residuals
. . yy2 2

Z@i(i) - Qr(1))” = Tel . (3.11)

i i
That is, the estimates of the regression coefficients bi are computed
so that the sum of squares of the differences between the observed flow

and the regression prediction is minimum. Using calculus (Smillie

1966) it can be shown that (3,11) is minimum when the matrix equation
h = Ab (3.12)

is solved for b, In (3,12) b is given by (3.8),

n Zlog i ees Zlog cip
2
z
- Zlog i1 Zlog €1 log cillog ip

2

Tlog ®ip Zlog c;qlos ip o Tlog Sip J (3.13)
and

- T

h = [ZQHi ZQHilog Cip vee EQHilog cip] . (3.14)

The solution is

—_—-]

(3.15)

ol
"
=
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= -1, . . . . .
where A is nonsingular if any one set of observations is not a linear

combination of another, Let

00 "01 02

= - -1 10 11 12

(3.16)

n0 nl n2 °*°° dnp

where D is known as the variance-covariance matrix. An alternate nota-

tion used in some texts is (e.g., Draper and Smith 1966)

b = G tdtw (3.17)

I - -T — -
where it will be seen that (CTC) 1 = D and C QH = h, An unbiased es-

. . . 2,
timate of the residual variance 0" is

T e, (3.18)

Thus far no assumptions have been made about the distributions of the
dependent and independent variables, If it is assumed that the inde-
pendent variables belong to a multivariate normal population, then the
dependent variable belongs to a normal population (Morrison 1967),
With this assumption the means of the conditional distributions of the
dependent variables lie on a straight line, The linearity assumption
can be tested by statistically examining the residuals, In order to
test statistically the residuals and compute confidence intervals for

the bi,.it must be assumed that the residuals are identically and



20
independently distribqted rondom variables, That is, the residuals are
homoscedastic (haVe coﬁmon variance) and belong to a normal pooulation
_ with mean zero’(3.,3)o The Durbin-Watson statisticv(Smillie 1966) is
" one test of auﬁooorrelation.of residoals (indicative of ndnlinearity)°

2

" The multiple correlation coefficient, 0 < R™ < 1, is one measure of the

applicability of the regre381on model A high R2 indicates that a large

'.proportlon of the variance of the dependent variable may be removed. by

knowlodge of the'lnoependent variables, The use of the regress;on model
for~streamflow prediction is not the primarf subject of this report, and.
henco the,applicabilitf and shortcomings of the model will not be dis-
'cusSed‘in greater detail,. The'interested_readef may refer to.several
:ﬁSGS reports and texfs [e.g., Thomas and Benson (1970) and Draper and
-Smith (1966)j-for;further'informafion about the use of fegfession anal-
};sis° The next section applios'the'methodOIOgy of, Bayes risk to the

use.of the regression estimate,

Appllcatlon to the Regre831on Estimate

‘This sectlon defines the error pdf for the methodology outllned
;previously for the evaluatlon of the Bayes risk, The error pdf of the
 rééressioﬁ'estimate must beAdefined in order to evaluate the Bayes risk
' in tﬁe ﬁée of this-estimate‘as a design parameter;

As discussed in the previous section, the prediction of a

-‘otreamflow design parameter for site k may be given by

“.Qg(k).;# b0.+ bllog ck1 + bzlog Crp * oeo +vbplog c

k2 kp

which is the mean of a conditional distribution, It will be
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hypothesized.here that the error pdf is given by the normal distribu-
fionar This hypothesis follows from the normality assumption of the re-
siduals. Let the mean éf the uncertainty.distributiﬁn for site k,
then, be given by the regression estimate QR(k). The varianée of this
‘distribution will be derived from the use of confidence intervals,

Severai texts (Smillie 1966, Draper énd Smith 1966) give the
100(1-@) percent confidence limits for an individual prediction of a
dependent variable as |

%5

P '
QR(k) + ¢t 9 (32(1 + X d,jlog c

.log c. .))
Ai’j=0 * t

kj 7(3,19)"

o/ k

twhere.t&/z comes from taEles of the Stﬁdént's t ét the a.probability
level{ s2 is defined by (3,18), and dij by (3016)° In order to estab-
lish the variance in terms. of confidence”iimits, an interpretation of
»confidence intgrvalg is given below, |

A confidence interval is interpréted as follbﬁs° Consider the
regression estimate QR (k) Which'is an estimate of the conditional mean,
of nécessity QR(Q) must act as the prediction of any particular value
of the‘random Qariablé exprgésed by ﬁhe conditional distribution at a
point on the regression liﬁe,i Consider fhen that we are interested in
'finding the 95% confiden;eﬂinteryal for the true designrparameter

. QTRUE (k) given a specific. set of values of the independent variables,

 Define the pfobability interval to be

~ PA@QRk)) iQTRUE(k) < BWQRK))) = | 1 — o : (3020)

)
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where A(QR(k)) is the lower limit given by (3.19) and B(QR(Q)) is the |
upper limit, This is a probability statement about the inter&al, the
interval itself being tﬁe random variable, The probability that thé
random variable, fhe interval, will contain the true value between the
limits given in (3,20) is .95 for ¢ = .05, Once the limits become
fixed»by computation éf QR(k) then the pfobabiliﬁy interval becomes a
gonfidenée interval. -No longer can a probability statement be madé,
since the random vgfiable haé assumed a'specific value° Thé proBability
is either.l-or 0 that the fixed interval contains QTRUE (k) depending on
whether fhe interval does or does not contain it, If from (3,20) the-
confideﬁce'intervals,Weré calculated for each QR(k) computed in identi-
gal situatidns (experiments), then 95% of the confidence intervals re—.
sulting from such calculatiéns would contain QTRUE (k). We cannot state
that the‘prbbabilify.of the computea interval containing QTRUE (k) is‘
. .95, although Wé mayAsay.it for practical purposes (Dfaper and Smith,
A1966, p,.léZ)o Hgnce, the use of confidence intervals for QTRUE (k)
doeé no#vdefine'the distributioﬁ.of the error since we are not inter-
ested in the probabilities of QTRUE (k) lying within a certain rather
~wide iﬁterval but rather we should be interested in defining the prob-
'abilit& ﬁhét, fof.ﬁurposésvof.numéricai iﬁtegration, a very small |
specific iﬁterval doeélcontaiﬁ QTRﬁE(k)°

" it is shoﬁn in many texts (Draper apd<Smith 1966) that the con-
fidence iimits forﬁén indi§idua1 prediction widen as the cénditiqnal
'méan draws away from fhé meén of‘the dépendent variabieo This tendency

should be reflected in the error‘pdfa- Notice in (3,19) that the
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interval is a function not only of a value drawn from tables of the
Student's t, but also a function of the residual variance sz, the_in¥ fi
dependent variables (cij's), and the variance-covariance matrix (dij's),

Hence, define the error pdf of the regression estimate as

KQR(k) ~ N(QR(k), Var(KQR(k)) . (3.21)

where

iLog c .) . (3.22)

2. P
Var KQR(k)) = s° (1 + , kj

2 d..log ¢
i,j=0 11 & %k

That is, Var(KQR(k)) now reflects the greater unégrtainty of a condi-
'tional.mean QR (k) which is further from the mean of the dependént vari-
able, Hence, the error pdf reflects the conditional mean and shows:the
tendency of the confidence limits to widen,

Tﬁe next chapter definesione method by'whichAthe inputs'£o_thé

regression equation, the historical estimates, may be computed.



CHAPTER 4
THE BAYES RISK OF THE NORMAL-ESTIMATE

This chapter defines what will be cailed the normal—esﬁimaté of
the design parameter, The normal-estimate is‘computedldireqtly from
the historical record, Later the error pdf of fhis estimate is definedr
so that the Bayes risk methodology may‘bé applied to the normal-~
estimate, In Chapter 6 the Bayes risk §f the nérmal—estiméte will be
‘céntrasted with the.Bayes risk of the t-estimate Which is discussed iﬁ
Chabter 5.

Considef a region of n gaged éites with each si£erbeing charac-
‘tefized by ﬁ variables, ‘Each éf the n gaged sites will have peak an-~.

' nuai discharge records;of'differing lengths, Let the record length of
;sité k be ﬁ(k); Assume_thét the annual peak flows for site k, k=1,
2,‘0,;,'n, beiong to a_log'normgl distribution° The log normal dis-
tribution is not as genérai as the log Pearson IIT but may be used in
some cases (Water Resources Council 1967), The analysis in this thesis
is valid only fpr thé loé normal distributioﬁ.:'Henée, the logs of the»

fidwsuwill;bélong to a normal distribution, That is,
X NG, 2) o o %.1)
. k9 k . e

wﬁefe X is the random variable expressing the log of the peak annual

- discharge (Q represents a design flow rather than just any flow), W is

24
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the mean in logs of the normal pdf for site k, and © are unknown,

k
they must be estimated from the data record, Let
rx (i,k)
— —
XBAR(k) = =51 4.2)
be the point estimate of W and
5

S(x(i.k) - XBAR(K))Z
mk) -1

SHAT = “.3)

be the point estimate of O where x(i,k) is the log of the ith year

k
peak annual discharge for site k, Hence, the design parameter, e,g.,

the 25-year flood, can be estimated by
QEN(k) = XBAR(k) + K(d) SHAT (k) 4.4)

where QHN (k) is the historical normal-estimate for site k of the design
flood, d is the recurrence interval of the design flood, and K(d) is
the standard normal deviates for the %—exceedance probability which may
be found in tables of the cumulative standard normal distribution.
Equation (4.,4) has been used by Nash and Amorocho (1966) and Hardison
and Jennings (1972) to compute an estimate of the design flood.

For example, let XBAR = 5,85, SHAT? = .37, m(k) = 13, and d =

50 (K(50) = 2,054)., Then

QHN (k) 50 5.85 + (2.054) (,6)

antilog QHN (k) 50 1210 ft3/sec.
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- Thus QHN(k) mayvbe-computed fér each k =1, 2, ..., n and this set of
" estimates along with the respective set of basin chafacteristics Wily
serve as iﬁput to the regional regression analeis as outliﬁed in Chap-
fer 3; | |
Now let us éroceed to the definition of the error pdf for the ‘ 
“ normaliestimate°
Assume that a bridge or culvert is to be constructed at site k
- - which happens #o have'm(k) years of record. - Design will be based on-
the.estimate QHN(k); but Qe run the risk of under- or dverestimation,~
~ Thus to apply . the Béyes risk methodology to evaluate the informafion
coﬁtenﬁ of the fecofd'for site k, wé must define the error pdf and the
~cost curvés°
Assume thaﬁ-the error pdf:ié approximatelybnormal° Hardison
and Jénnings (1972)7W111 demonstraté this in a Monte Caflé simulation,
"~ The mean of the pdf will be QHN(k), The. variance of this pdf is the
Qériance of therrandoﬁ Qariable KQHN(k); cjlenoted'Vé'r(KQHN(k)_)° Nash |

and Amorocho " (1966) and Hardison (1969) give

- Var(KQEN(k)) = (%K(d)2 + 1%‘)’ 4.5)

" where 02 can be approximated by SHATZ, Actually (4.,5) is a limiting
r:case'of a more'general situation presented in the following chapter,
Hence, the error pdf of the normal-estimate of the design flood as com-

pﬁted from the historical record is defined by

7 RQEN G~ NQHN (), Var (KQHN Ge))) 4.6)
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Bothvgquations (4.4) and (4.5) assume that m(k) is of sufficient size
to reﬁéfe the bias of a small sample size, However, in many situations
éf streamflow estimation, m(k) is comparatively sﬁall so that the sﬁall
sample size significantly affécts the estimation techniqués,- The next
chapter presents an estimation technique which removes the small samplg
bias, The estimate resulfing from this formulation will beicalled the

t-estimate, -



CHAPTER 5

THE BAYES RISK OF THE t-ESTIMATE

In this chapter we will derive the t-estimate and an equation
for evaluating the worth O0f data in using the t-estimate as the design
parameter, The t-estimate is computed f;om the Student's t distribu-
tion and is derived below, Next, the error pdf for the t-estimate is
derived so that the bias of the small sample size may be illustrated.

Again consider a region with n gages sites and let the record
length of site k be m(k)., Assume that the peak annual discharges for

site k are given by a log normal distribution, Hence,

: 2
X~ N(pk,C‘k ) (5.1)
and the design discharge will be given exactly by
T =
QTRUE p + K@, . (5.2)

Now pk and O, are not known and must be estimated, Hence, the true

k
*

*
denoted by W and Gk

values of W and C , must be treated as par-

k’

ticular values of the random variables E4<and g Thus, QTRUE (k) is a

k.
particular value of the random variable KQHT (k) [since by (5,2) KQHT (k)

is a function of two random variables]. It is shown in Appendix A that

r +2.%
QHT(k) = XBAR(k) + td’r(r—+'1—)2 SHAT (k ) (5.3)

gives an unbiased estimate of the design parameter since (5.3) consid-

ers the effect of sample size, 1In (5.3), ty p is a value from tables
b4

28
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of the Student's t at the %-probability level with r = degrees of free-

dom. The unbiased point estimate XBAR(k) and SHAT(k)2 of p  and Okz,
respectively, were used in (4,4) to compute the normal-estimate. How-

ever, (5,3) shows that in order to compute an unbiased estimate of

QTRUE (k ), SHAT(k)2 must be corrected by an amount given by

t - K@) .
r

By comparing tables of the Student's t with tables of the standard nor-
mal it is concluded that QHT(k) of QTRUE(k) will always be greater than
QHN (k) for large floods, This result is demonstrated in the work of
Hardison and Jennings (1972) and in the work of Benson (1952) which is
discussed and explicated by Biswas (1971),

For example, let XBAR = 5,85, SHAT = .37, m(k) = 13, and d =

50, Then

5.85 + (2.109) ( 14/13) (.,6)

QHT (k)50

antilog QHT (k)50 1513 ft3/sec.

From the previous chapter QHN(k)50 = 1210 ft/sec, and thus the normal

underestimates the more exact t-estimate by lé%%ﬁ%%lg « 100 = 25%.
Now let us proceed to the worth of data methodology where we

must define both the cost curves and the error pdf. The hypothesized

loss curves are presented in the last chapter, Let the mean of the

pdf be the t-estimate QHT(k) and, as for the normal case, the pdf is



30
approximately normal, Hence, we must define the variance of this pdf.

Let the variance be denoted by Var (KQHT(k)), From (5,3)

2
Var(KQHT () = Var(u )+ (E22% ¢ )var@ ) (5.4)

Hence, Var (KQHT(k)) can be computed if Var (_Ek)and Var (9_k) can be de-

fined, Var (_gk) is known to be

ckz
Var(gk) = w00 (5.5)
and is statistically independent of the sample size m(k) (Hogg and
Craig 1971, p. 164),

Thus, by the normality assumption, if Var(g_k) could be de-

fined, the error pdf would be defined., Since

2
r SHAT ﬂ‘xz (5.6)
2 r
o}
k
V% _SHAT?
meaning that 5 is distributed as Chi-square with r = degrees
o
of freedom; then k by letting h = (iz—)% t and rearranging (5,4)
r + 1 d,r
°k2 h9y 2 (\/
Var (KQHT (k)) = + —2)° var (& SHAT (k)) (5.7)
m (k) T o,

in terms of the Chi-square distributed variable, By a transformation

of the Chi-square distribution, it can be shown that (see Appendix B)

Yo, 2
Var(C_T_k) = - (5.8)
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where

12 (5.9)

and r =m(k) - 1,

The asymtotic value of Var@lk) in (5.8) as r becomes large is

£

2m (k) °
L . ( %k . .
cally to be 3 in Appendix C, Thus Var gﬂc) =m0 is an approxi-

The limiting value of ¥ as r becomes large is shown analyti-

mation of Vaerqc)when m(k) is large and may be called the asymptotic
value of Var@lk)in (5.8). Finally, from Appendix B we find

\lft2 (r +1) +r 9

d,r
(r + Ur %% (5.10)

Var (KQHT (k)) =

By (5.10) it is seen that Var(QHT(k)) is a function of sz,

the population variance, which is unknown, According to Raiffa and
Schlaifer (1961) the joint distribution of the unknowns p and g?, given

sample data XBAR, SHAT is the Normal-Gamma
£ (3, >IXBAR, SHAT )
ny p$0- ’ yMm, T

and the marginal distribution of 0 is called the inverted Gamma-2,

- 2 /52 L
pe 7 SHAT /07, SHATZ/cz)z”%

£, (0 | SHAT,r) = T
iy (3r-1)! (4r SHAT?)?

Hence, by integrating (5.10) over o
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2
ty r(r+1) +r

. 2
r(r+l)

o fiyz(OISHAT,r)dO (5.11)

Var (KQHT (k)) = OS“’

it can be seen that (5,11) is proportional to the second moment of ©
about the origin., Raiffa and Schlaifer (1961) give the second moment

as

Thus

‘Iftz (r+l1) +r
d,r

N 2
(r-2) (r+1)

SHAT® . (5.12)

Var (KQHT(k)) =

Hence, the variance of the t-estimate is a function of the sample vari-

ance SHAT? and the sample size r = m(k) - 1,
2 r

If m(k) is large then in (5,12) ¥ tends to %, SHAT ——5 tends
to 02, tg , tends to K(d)z, and thus
2 02
Var (KQHT(k)) = GK@)° + 1) 9 - Var (KQHN (k)) (5.13)

as stated earlier (see p, 26), Hence, if m(k) is large, then the ef-
fects of a small sample size have been removed,
Now we have derived the variance of the t-estimate and thus the

error pdf can be shown as

KQHT (k) ~ N(QHT (k)),Var (KQHT (k)) (5.14)

To this point the cost curves have been hypothesized. The

error pdf's have been defined for three types of estimates of a design
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parameter: (1) normal-estimate, (2) t-estimate, and (3) regression es-
timate, The error pdf'for the regression estimate has_been derived
based on the variance bf the residuals and the confidence interval for
the conditional mean, The error pdf for two types of historical esti-
mates has been derived,

The t-estimate ana its varianqe have been shéwn to approach the
normal-estimate and its'yariance as the sample size increaées. In.the
next chapter an example probiem is presented, Thé effect of the small
sample size is illustrated, Also in Chapter 6, the applicability of
the Bayes risk methodology to the evaluation of fhe worth of data is

demonstrated,



'CHAPTER 6.

.EXAMPLE OF METHODOLOGY WITH DISCUSSION

This chapfer presents the results of a computerized example of
~the proposed methodologya We will show that two inferences may be 
drawn from this example, First, the historical t-estimate is signifi-
.cantly\different.from the historical normal-estimate, Furthermore,
» thé effect Qf,fhe small_éémple size of the data records is significant,
aé it creates a substéntial bias in the historical normal—esfimaté,
‘The second cqnclusion is fﬁat the Bayes risk methodology is a reiiable,
method fér pointing out-the costs of error in estimation, This cost of
error. in estimation may Ee interpreted as the worth of data,

| The folloWing péragréphs describé thé example and the ﬁroéédure
. for the.analysis¥ Iheﬁ.fﬁe results are discussed., The example data
are takén from the plainé_region in Missouri, The data sites in this
Afegion.were'reétrictedrfo'wétefsheds with area less than 30 square
ﬁilés (as suggestea by the :USGS), -There are 30 sites entered in the
. analysis, Each site is measured byrsix characteristics, Table 1 lists
'thesércharacteristics Byfsite; The data arevsupplied by the USGS
(Skelton.and Homyk 1970), R |

The analysis is performed in four iterations; the four itera-

'iltiéns of thebénalysis;béiﬁé:repeatedvforvthe 25- 50~ and 100-year
floods, |
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Site index with associated topographical and climatic

characteristics,

Table 1,
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The First Iteration

-.The first iteration applies the methodology and computes the
Bayes risk for the~historica1 normal-estimate, In this iteration the
normal-estimate is coﬁputed by (4.4), the variance of this estimate by
4,5), and’the error pdf by (4,6)., The cost curves are defined by
(2.2) and (2.4) where the.scaiing-factors-a and b in (2,2) and 2.4)
bére chosen to be 560 and 50, respectively, . These two factors are
chosen such that . the numbers for the Bayes risk arermanageableo For
the sake of argument the numbers for thé'ﬁayes risks can be called fhe
expected utiles which are proportional to dollars per year lost because
of the uncertainty in the estimate, It is not known if.they actually
feflect any realistic losses which might occur at the data sites. De-
:termination of réal 1o$s functions‘requirés another major study.
wa that the!erfdr pdf- and the cost curve;;ére defined, we can

gcalculéte tﬁe B;yes:risk of the normal—estimate,r The integration in
”;_(2;6) and (2.7) was performed in 20 intervais ffom'—3;5 to +3,5 stand-
béfd‘norm;i deviations from thé:ﬁean of thé error pdf using a Gaussian
quadrature-intégration.pfogram (Carnahan, Luther,‘and Wilkes 1969),
Thé Gauséian qﬁadréturé;integfatibn was éompared wi#h Romberg integra-
tioﬁ (Carnahan et:ai; 19695 and the trapezoidal rule with end point
 correction (Clainos 1972). The test was performed on the standard nor-
méi distribution from -3.5 to +3,5., The Gauésian quadrature program
éxecuted.iﬁ half time requifedlof tﬁe Romberg_method with significance
2t6110f7° ,Ihe.trapezoidal ruie executed in two—tﬁifds of the_time of

the Gaussiaanuadréture but with. only three significant digits of
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accuracy. An increase from 20 to 100 intervals increased the accuracy
by one significant digit for the Gauésian pfogram. The Bayes risk for
each of the 30 normal-estimates was then computed using the Gaussian

quadrature,

- The Second Iteration

. The second iteration computes thé Bayes risk for thelf—estimateo.
fhe t-estimate is computed by (5.3),.the variance of the t;estimate is
computed by (5.12), and the error pdf is defined by (5,14), The cost .
curves which were defined for the normal—estimates are used to compute
the Bayes risk for the t-estimate, Hence, the Bayes risk for the t-
estimate is computed using 20 intervalé and the Gaussian quadrature
brograni°

The percentage underestimation of the normgl estimate versus
the:t—estimate for each site can now be computédéésiin the example
shown in Chaptér 5, Figuré 2 gives:a histogram of the percentage dif-
ference computed by | |

QHT (k) - QHN (k)

QAT (k) 100 in %

for the 10-, 254, 50-, and iOO-year floods, It will be seen that tﬁé
avefage percentage underestimation incréaseé as the recurrence interval .
Qf:the-flood increases° Figure 2 illustrates the signifigance of the.r
. sample size in stfeamflow eétimation° Theoretically, the ﬁ-éstimate'is
more accurate thanbthe normél-estimatevbecause it compeﬁsétes for the

bias present in the small sample normal-estimates of return periods,
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Figure 2, The increase in percentage difference between t-estimate and normal-estimate.,--Each point
in the bargraph represents the percentage difference between the two types of estimate

for a site for a particular recurrence interval,
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The difference between the two estimates is given graphically in
Figure 2,

The significance of the difference between the two estimates
can be‘stressed even further by considering the difference in.the ac-
curacy of each type of estimate. The econbmic consequences of the
certainty in the estimates is given by the Bayes risk, The erfor pdf
is a function of the estimate and the variance of the estimate, The
variance of the estimate is a function of not only theisample size but
also - of the sample varianée,for the normal (4;5) and for the t (5,‘12)°

The significance of the sﬁall sample bias in the normal—estimate
is demonstrated in the following analysis., First, the Bayes risk of the
.historical t-estimate is.computed (Figure 3). Next, the Bayes risk Of‘,
the historical normal-estimate is computea based on the error pdf of
the t-estimate, which is an unbiased estimate (Figure 4), The differ-
ence between the two Bayes risks is the extra expected loss one suffers
in ignoring the influence of the small sample bias, These values are
summarized in Tables 2, 3, and 4 for the.25;, 50-, and iOOeyear flbods;
Notice in Table 2 that for the 25-year flood there is a difference of
33% based on the Bayes ?isk of the normal-estimate using the error‘pdf"
for the t-estimate, This means thét if the decision ﬁéker ﬁses the
normal-éstimate as‘the~design.parameter, tﬁén he is suffering on the
aVéfagé a pénalty of 33% in Bayes risk for not considering the impact
Qf the small sample sizé,’ For the 50-year flood this penalty increases.f

to about 40% and for the»IOO—yéar.flood the penalty is about 44%,
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Figure 3, The Bayes risk of the t-estimate,
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Figure 4. The Bayes Risk of the normal-estimate based on the error
pdf of the t-estimate,
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Table 2, Bayes risk of t-estimate vs, normal-estimate for 25-year

flood,
Coefficient Log Risk in Risk in using Diff
Site. of drainage using . normal estimate and

" variation area t-estimate (t-error pdf) percent
690130 o073 ©2004 570 84, 28. 33,
689960 0466 ‘?1056 A 2809 16‘170 138:) ' 330
690940 0126 - 21,20 Q6. 1490 53. 36,
689618 0223 =097 157, 235, ALY 33, -
690970 0329 =o 71 232, 3460 114, 33, -
551420 o118 @e62 1030 1580 55, 35,
691025 0116 =060 ‘ 116 180, 64, 36,

549510  ,201 =036 . 14lo - 2130 72, 34,
690570 0139 =022 107, ‘ 159, 53, 33,
689670 - o151 =g 22 126, 188, 62. 33,

} 690470 0187 =004 156, » g330 T7a 33,
690830 0o]l08 “003 _ 920 1370 45, 33
691020 0137 001 1110 1650 54, 33%
690280 0208 004 . 1590 2370 78, 33¢
682030 2100 026 800 . 1170 37, 31
551360 0181 o#l 1644 2léo Tle 33
690720 0113 - 050" 1020 - 1524 500 330
549770 0105 - 087 880 1310 43, 33
690250 . o079 092 750 1140 38, 34,

- 8550300 0059 097 - 580 870 290 340 -
682100 o179 1000 1326 187 550, 300
690850 o083 1.05 : The 1130 - 37 33, .
551365 - 153 l1o12 137, . 2050 67 33.
689720 0136‘ 1.55 139 2080 68, 330
681600 0158 . 1059 . 1180 1670 49, 3{_)0 .
689650 2151 1.72 1480 . 2230 760 34,
682000 0167, 1,80 " 12%0 17{50 500 2?0
690750 0090 . 2081 93 1370 460 320
689450 0130 3,00 1200 1710 52.  30a

. 550200 105 3043 6o 1020 27. 260

AVERAGE PERCENT DIFFERENCE = 33,0
STND ERROR PERCENT DIFFERENCE .20
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Table 3, Bayes risk of t-estimate vs., normal-estimate for 50-year

flood,
. Coefficient - Log Risk in Risk in using "Diff
Site of drainage using normal estimate and
~ variation ~~ area - t-estimate (t-error pdf) Percent
690130 o073 = =2,04 65, 1060 41, 39,
689960 . 466 21,56 319 523 204, 39,
690940 . 126 =1420 111, 1910 80, 42,
689618  ,223 =097 180, 29 115, - 39,
690970 0329 ' e Tl 265, 434, 169, 39,
551420 o118 -y 2 119, - 2000 82, 4lo
691025 o116 - . =,60" 134, 2300 96, . 42,
549510  ,201 © =036 162, 269, 107, 40,
690570 0139 =22 122, 2000 78, 39,
689670 0151  =,22 144, 235, 92, 39,
690470 0187 . ‘PQO(# 1?80 ' 2920 1140 399
690830 o108 - =e03 1050 1720 670 39
691020 0137' 601 ’ 1260 2070 . 80Q 39,
690280 - ,208 C .06 0 181, .. 297, 116, 39,
682030 o100 .26 - 91, 145, 54, 37,
551360  ,181 o1 166, 269, 105, - 39,
690720 o113 , 250 116, 1900 T4y 39,
. B549TT0 . ,105 .87 101, 165, 64, 39,
690250 © o,079 : 092 86, 1440 57, 40
550300 0059 097 660 . 1100 44e 40,
682100 - 2179 1000 1490 . 2290 81, 35,
690850 0083 1005 870 1420 ‘55, 39,
551365 0153 lel2 1570 2570 1000 39
. 689720 0136 155 . 159, 2600 - 101. 39
681600 0158 ..:1059' 133¢ 206a 720 350
689650 0151 T 1.72 169, - 2820 112, 40o
682000 0167 1080 1400 213 T3 34
690750 o090 . 2481 1060 - 171065, 38,
689450 0130 - 3000 - 1360 S 2110 76, 36,

f 556200" 0105 : : 3043 : 85, 1240 » 3907 31

" 'AVERAGE PERCENT DIFFERENCE 38,0
. STND ERROR PERCENT DIFFERENCE 2.0
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Table 4, Bayes risk of t-estimate vs, normal-estimate for 100-year

flood,
Coefficient Log Risk in Risk in using Diff
Site of drainage using " normal estimate and

variation area t-estimate  (t-error pdf) Percent
690130 9073 ‘;‘2004 73@ : 1310 580' 4'4'9
" 689960 0466 =156 " 359, 645, 286, 44,
6590940 0126 =1o20 126. 239, 113, 67
689618 0223 =,97 202, . 363, 161, 46,
690970. 5329 o1 . 299, 5360 238, 44,
551420 0118 =62 1340 2500 116, L6,
691025 o116 me b0 1852 ) 2880 1369 47
549510 0201 =036 1820 333« 1510 45,
690570 0139 2022 137, 2470 109. ° 44,
689670 01_51 =22 1620 2990 . laqn . bbb,
620470 0187 =004 2010 360 - 160« b b o
690830 0108 =03 _1180 212 94, bho
621020 0137 v o 01 1420 . 2550 1130 44
690280 0208 o0& 8040 3670 1630 - 44,
682030 0100 026 1020 . 178a Téo 43,
5513690 0181 0] - 1850 332- 1‘}70' T 44,
690720 0113 050 131, 2350 1040 46,
549770 0105 oB7 113 7 2030 90, 46,
690250 0079 _ 092 970 178 80 450
550300 <059 097 75. 1360 62, 45,
682100 0179 1.00 1660 - 278 112. 400
690850 o83 1.05 970 : 1750 78a 464,
551365 0153 1012 1760 3170 1400 44
689720 0136 1,55 179 3210 1420 bbo
681600 2158 159 149, 2490 100, 400
689650 0151 1.72 - 1910 3490, 158, 45,
682000 2167 180 l560 25@0 1020 490
690750 2090 2081 1190 2100 91le 430
689450 0130 3.00 152¢ ) 2570 1050 410

550200 0105 3043 Q40 . 1480 53. - 360

AVERAGE PERCENT DIFFERENCE 440
STND ERROR PERCENT DIFFERENCE 200
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in other words, although the design specification was ghosen

“to be optimal, the decision maker, by using the‘normal-estimate, is not
designiﬁg the bridge or culvert according to his optimal specification:
his actual design is indeed not optimal, The decision maker sufférs a
risk in designing upon any estimate of the,optimalrdesign specifica—
tion,bbut the risk he suffers by using the normal-estimate is égg_the
‘risk arising by use of the estimate of the optimal design paraméter°
Only by using the t-estimate which considers the .small sample size is
the:deéision méker implementing his optimal decision,

-~

The Third Iteration

Thé third itefation.in the analysisfof the example inyolved re-
gression and ﬁag accompiiéhed in two pai'ts° Thié was a forward step-
. wiée_regressionlof the six variables in Tgble 1 on~the‘designAfiood
With.an entry‘F level of O,,O° Thﬁs,'all.va£iab1es.were included, This‘ 
regression analysis is ﬁot in strict compliance with USGS procedures
but 6n1y servés“to ilipstrate the methodoiogy;: |

The fifst.part of the third iteration was a regression baéed'on'
the normal—estimateslag inputs, The second part was a fegression based
on the t—eétimates as.iﬁpuﬁs, In eéch of.theseAregressidns one site was
ékcluded andlfhe regréssion involved the data éets of the other Zé
.sites; _This exclﬁsién of a site was repeated for éach of the 30 sites,
The fegression eqﬁation-computed on the basis of the set of. 29 sités
'_was_theﬁ'used to cémpute-a‘prediction of the log of the flow for the
thirtiéth site, Prediction rather than estimation'i§ used here to in-

fdicéte-fhap,the’site was .omitted from the regression, .Thus, for the
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normal-inputs there are 30 regression equations and for the t-inputs
there are 30 regression équations°

For the normal case, then, the error pdf for the prediction of
the log. of the flow at the excluded site is given by (3,10) Qith mean
(3.12) and variance (3,22). The cost curves for the sites ére'as de-
scribed earlier in this cfxapter° Thus the Bayes risk of the regression
prediction based on the normal inputs can be computed for each of the
30 sites, ea;h site being excluded in separate regressions, This pro-
cedure was repeated for the case of the t-inputs and tabulated iﬁr
Tables 5, 6, and 7.

| " The Bayes risks of the regression prediction'bésea on the nor-
mal inputs éan be contrasted with the regression prediction based on
the t-inputs in the éame manﬁér as presented for the historical case,
The conclusion from this contrast is the same as from the contrast of

the uncertainty of the normal-estimate and the t—estiméte° " The un-
certainty is measured by Bayes risk of the regressionApfedictién based
on the t-estimate,

It should Be‘stressed here that the sd—called-"regréssion
line" is reoriented when based on the t-inputs; For the 25-year flood
the normal-estimate is 421 cfs while the regression prediction bééed
on fhe»no:mal—inpgts excluding site 690130 is 374 cfs, a difference of
—12‘2° For the 25-year flood the t-estimate is 462 ftssec while the
~ regression prediction based.on,the t-inputs excluding sité 690130 is
495 ft3/sec, a difference of +6.5ﬁ, Iﬁ'othe: words the normal regres-

"sion line overestimates the historical normal-estimate while the



Table 5,

Comparison of historical and regfession normal- and
t-estimates for 25-year flood,

46

8487,

74210

-Normal-estimate t-Estimate . All sites included
Hist Regr . _Hist Regr Regr t-estimate
_4210 . - 374, é626 495, 481,

19510 - 428, . 30750 537, 875,

200« B34, ,2389 10880 - T46,

- 917. 969, 11840 1254, 12400

- 2266, 640, 3307, - T61, 1006,

" 664, 967, 795 1179, 1084,
19350 868, 1152, 1063, 1082, -

5050 : w90'6q" 641 o 11500 970o
T760 - 1099, 9260 1407, 1347,
1495, 2001 1834, 2_5500 2313,
2192, " 930, 2825, 1067, 1405,

- 1153 - 10820 1339, 1291, 1298,
10659 ’ 4‘9190~ '.12740 11159 11780
1409 1206, 1825, 1469, 1499,

- 13760 2669, 1556 3428, 28643,
‘14460 1328, 1827 1679, : 1718.
~1841q v 1120, 21720 1303, - 1503,
1016, 1828, 1173, 2167, 1910,
1241, 2251, 1409, 2645, 2494,
1243, 2128, 1369, 2540, 2350,
4277, 3543, 51500 4531, 4668,
1407, 1960, 1592, 2303, 2182,
2678, 1753, 3347, 2184, 2636,
6729, . 3523, 8440, 4090, 4796,
3838, 6756, 45364, 8394, . 7098,

3356, 4554, 43060 5304 ‘51340
53640 . 5114, 63600 61510 62030

‘”62780-3 6799, . 12710 51450 56310

125430 80779 149200 2121 105100

6255, - 93060 8011,




Table 6, Comparison of historical and regression normal- and -
t-estimates for 50-year flood,

t-Estimate

Normal-estimate All sites included
Hist Regr Hist Regr Regr t-estimate
474, 4T6 541, Tié. 638,
35230 572, 67520 791, 1440,
2369 1157, . 3030 1694, 1105,
12785 1363, 1843, 1970, 1945,
37030 785, 63560 1008, 1426,
ABOSQ ' 1227@ 104‘30 1631, 1483,
1142. 1116, 15450 1492, 1503,
669, 1219, C 941, 1717, 1441
973, 1513, - 1248 2154, 2036,
19500 2757, 26120 3899, 3463,
3048, 1087, 43820 1323¢ 1856,
14000, 1313, 17350 1694, 17000
13450 12140 1739 1602 16570
19720 1552, 2854, 2060. 21220
1660‘0 . 39320 19760 5615, 4384’0 ’
1959, 1784, 2737« . 2497, 25600
- 22830 1330, - 2892.. - 1652, 1933,
12240 2308, 1503, . 29434 25864,
14420 2786, 17300 3509 - 3285.
1394, 2668, 16030 3438, 3124,
60510 51660 78720 73350 7456,
16520 - 2438, 19710 3070, 2878,
3579, 2374, . 49250 3250, 3614,
90310 46449, 124870 B50é, 65900
- 5237q 95520 6630 130100 108290
45070 5880, 64400 73030 : 71610
75180 6979, 9567 9072, 9193,
77250 « . 54550 98270 _69210. 6788,
'170050' 10142, 217580 120500 16285,
108380 - 81200 12331, 10359,

10988,

47



Table 7. Compérison of historical and regression normal- and
t-estimates for 100-year flood,

Normal-estimate t-Estimate All sites included
Hist Regr . "~ Hist Regr Regr t-estimate
528, 592, 631, 11029, 845,
5978, _Te0, 164476, 1151, 2335,
274, 1550, 1385, 2603, 1621, -
1721, 1850, 2830, 3050, 3006, -
8744, 943, 11972, - 1325, 2006,
957, 1519, 1361, 2237, 2013,
1366, 1398, 2065, 2073, - 2071,
861, 1590, 1369, 2534, 2118,
1191, 2013, 16700 3255, 3039,
2473,. 3672, - ‘3680, 5879, 5119,
4094, 1249, 6705, 1633, - 263464,
1666, . 1562, 22290 2210, 2213,
1658, - 1558, 2351, 2270, 2303,
2663, 1945, 44602, 2858, 2974,
1962, . 5861, 2485, 9011, 6641,
2571, 2322, 4049, . 3670, 3769,
2766, 1552, 3816, 2085, 2469,
1446, 2844, 1910, 3956, 3407,
1650, 3372, 2113, 4612, 4289,
1545, 3267, 1868, 4612, 4118,
8253, 7239, 11766, 11640, 11669,
1907, - 2964, - 2423, 4054, 3762,
L4639, 3114, " T160, 4770, 5292,
11752, 5483, 18254, - 7311, - B940,

. 6917, - 13021, = 9503, 19780, . 16201,
BB&7,’ 73°1, . 9832, 9907, 9848, -
10171, 9217, 14069, ~.13138, 13365,
9301, - 6118, © 12356, - 6990, 8112,

22328, - 12433, 31128, 15688, 12110,
13490, 10255, 16045, 14257,

14838,

48
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t-regression line underestimates the historical t-estimate for this ex-
ample, The t-estimate for therlarge design floods is always greater
‘thaﬁ the normal-estimate and, hence, the t—regression line wiil always -
h;vevgreater y-intercept and slightly different slope than the nofmal
regression line, Specifically, if site 690130 is excluded from the re-
gression for the 25-year flood, then notVOnly is the t-regression line
reoriented;higher (495 versus 374) but ié so high fhat it overestimates
the historical estimate, Theoretically, the t—estimaté is more accur-
_ate'thah'thé normal, and hence the ;-regfession line éﬁbuld.define more.
accurate preaictions°

| Here agéiﬁ the,significance of the small sample bias is. strik-
' 'ingly demonstrated, First, the Bayes risk of the regression estimate
(wheﬁ the regression is‘performed-oﬁ the t-inputs and excludes site k)
is‘coﬁputed (see Figure 5), Next, the Bayes risk bf the regression es-.
~timate (when the regression is performed on the normal inputs and ex-
cludes site k)'islcomputed based on the e?for pdf of the regression
t-estimate (see Figure 6), The.differencé in fhe two Bayes risks is the
.extra expected loss one suffers in ignorance of the influence-ofrthe
small samplé bias when carried thfough the regression anélysiso These‘.;}’
values ére summarized in Iablesb8, 9,‘and‘10 for the 25-, 50-,7and 100-
Abyear floods° These tables show.thgt_on the average the decision ﬁaker
is suffering a penalty of abéutv24% for the 25-year flood, 28% for'fhé :
’50—year flood, and 31% for the lOO—yeér flood., These résﬁlts indicate
that the influence of the sambié size upon the regreésioﬁ predictions;

although smaller than for the historical estimates, is still substantial,



50

regression
error pdf
for t-inputs

underdesign
loss curve

overdesign
loss curve

regression prediction
based on 29 t-estimates

Figure 5., Bayes risk of regression prediction based on t-estimates,

regression
error pdf
for t-inputs

underdesign
loss curve

overdesign
loss curve

A

regression prediction Q’\~regression prediction
based on 29 normal based on 29 t-estimates
estimates

Figure 6, Bayes risk of regression prediction using normal-estimates
as inputs with regression error pdf of t-inputs,
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Table 8. Bayes risk for regression estimate for 25-year flood,

Regr risk_usihg regr
normal-estimate with. Difference Percent
regr t—-error pdf ) :

Regr risk
using t-estimate

206 o . . 289, - 830 290 )
158, 225, 670 300
161, 242, 81, 33,
177, 253, 770 300
155, : ' 205, o 500 24,
178, 235, 57, 24,
1800 238Q . 580 240
186, . 256, ' - T0e 270
166, . 240, : 76, - 31,
1880 : 2591) 7101 279
179, 217, - 38, 18,
172, 223, A 51c 23,
207, 262, 55, 21,
i66, _ 224, 57, ' 26,
176, | 250, : 74, 30,
186, 255, 68 27,
175, 223, 68, 22,
1630 » 209 4§0 ’ 220
1660 217 51, 23,
. 181 : 254 - S T3 290
1710 S 2160 460 210
183, 2460 640 260
175, . . 217, ) 620 ‘ 190
183 - ‘ 2460 S - 630 260
1730 2160 43, 200
184, 2360 530 220
1849 2020 ’ : 190:“ ‘,90
186, 2200 o - 330 150

195, 263, - 4Bo 200

- AVERAGE PERCENT DIFFERENCE 2640
STND ERROR PERCENT DIFFERENCE 500
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‘Table 9, Bayes risk for regression estimate for 50-year flood.

Regr risk

.Regr risk using regr

. . normal-estimate with - Difference Percent
using t-estimate regr t-error’ pdf :
2460 369, 123, 33,
1874 . 2860 99 356
- 1960 314, 1180 38
2llo 324, 112 350
1820 256 Téo 299
2130 296, B4o 28
2150 301 B85 280
2230 - 3265 103q 326
198, 3060 1080 35
. 225, 329, 104 320
42140 269 56 ‘glo
2060 280. Téo P26
247 3270 800 240
199, 283, B4o 300
20%¢ 318, 10%0 3&0
2230 3230 101¢ 310
2220 2830 620 . 220
2100 2800 T0o. 250
195, 2620 670 250
1198, 2720 Tbo 2750
217, 3230 1060 33a
- 2040 2700 660 250
2190 - B 3120 9230 300
2100 2710 610 . 220
2190 3110 920 290
2070 269, 620 230
219 2950 760 260 -
220, 246, elo 11lo
2230‘V - 271, $8°v 180
' 2330 - © 3030 _700 230
AVERAGE PERCENT DIFFERENCE £28.0

STND ERROR PERCENT DIFFERENCE 600




S

53

Table 10, Bayes risk for regréssion estimate for 100-year flood, -

Regr risk using. regr

.Regr rlsg normal-estimate with Difference Percent
using t-estimate :
regr t-error pdf
285, 457, - 1720 : 380
- 216, 354, "138a 39q
2300 395, 16%. 420
2460 4020 1560 3%
2100 . 3130 103 330
247, 364 1160 320
2500 369, 1190 320
2600 4030 1430 350
2300 381, 1510 &0
2620 4060 o164, ’ 3@0
248, 325, TTo- 2o
239, 343, 103. 30
288, "398, 1100 285
2310 347, 117 34,0
2420 3920 1810 38,
259, 399, 1@00 350
258, 3430 - 850 250
244, 3420 97 28B¢
228, 3200 930 290
231 3340 1035 310
. 2520 399, - 1670 370
237, 3290 - - 920 280
255¢ 384, 1290 34.
245, 3280 . B3o . 250.
2560 382, 1260 336
“ 2%l 3260 - 889 260
2550 3600 1050 2%
2550 2910 360 - 120
259, 324, - Bbo ‘ 200
2720 3670 960,» 260
AVERAGE PERCENT DIFFERENCE 3160

STND ERROR PERCENT DIFFERENCE 600
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If the decision maker uses the regression estimate of the design param-
eter when the regression is based on the t-inputs, then he will be im-

plementing his optimal design decision,

The Fourth Iteration .

The fourth iteration performed in the example analysis also in-
volves regreséion,_'In this iteration all 30 sites were included in the
regression analysié and the inputs were the t-estimates, For each of
thé 30 sites the Bayes risk for the regression estimate was computed,
The:erfor pdf's-for this iteration atre defined by (3,21) with mean
(3.10) and Variancé.(3,22),, The cost curves remain as defined éarlier°
The diffefence befween this iteration and'thé fhifd iteration is that
this-time all sites are included and, thus, only one regreséion equa-
-:tiOnAresults from tﬁe anélysis for each of thé three design floéds°
Hence, the Bayes risk.for site.k.compﬁted in the fourth iteration is
>.£he cost §f tﬁe uncéffainty in using the regfession estimate for site
k when site k‘has helped to determine.the regréssion coéfficients° The
émphaéis here is nét.fo determine an estimate of the design>parameter
but té evaluate‘the contribution of éaéh data set to the‘regreésion
équation° |

Thué, the difference between the Bayes‘risk fof‘site k when\
éite‘k has been excluded from the regression and the Bayes risk for
sité k when. all sites ére\ingluded in the reg?eséion (ﬁow to be called
the differential Bayes risk)-givés soﬁe measuré_of the vélue-éf-site k
in Ehe regiénalizatipn’processo» Tﬁét is, howvmuchiiszéﬁe Bayes'risk'of

‘the-regfession prediction reduced when the site data set is included
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in the regression? Tables 11, 12, and 13 give the differential Bayes
risk for the 25-, 50-, énd 100-year floods, It will be observed that
site 690130 stands out as having thergreatest differential Béyes riék,
relative to‘the differential Bayes risk values for the other sites,
That is, a regression prediction for this site Will inqur the greatest
positive differential Bayés\risk or the most uncertaiﬁty in the esti-
mate, Since the Bayes risk is formulated on the basis of_confidencé
intervals, one might hypothesize this conclusion since this site is at
the extreme lower limit (where the confidence limits are widest) of the
intervai of values over which we might try to predict by regression,
The most significant independent vériable in terms of explaining the
‘variance of fhe dependent Qariable is the area, and 690130 has the
smallest area, However, note that site 691b20 has the next gréatest
positive value of the differential Bayes risk, The area for this site
lies apprqximatel& in the center of thebinterval’éf site areas, Néw»'
obsérve the Bayes risk in Table 11 for_the site with the largest area .
(the other extreme), site 5502000. This value of Bayes risk is not
outstanding; Thus, the Bayes risk procédure dramatically demonstrates -
those site data séts‘which pbtentially.will contﬁiBute most to defining
more accurate predictions by regression, That is, more data sets like
the data set for éite 690130 and 691020 sﬁould be.includéd in the re-
gression, '

| __.Now since a positive differential Bayesifisk,in Tables ;1, 12,
aﬁd 13 giQes the amount of Béyeé riék which is reduced by the inclu-~’

sion of a data set in the regression, then a negative differential
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Table 11. Potential worth of data for 25~year flood,

o . Risk in using Risk in using
, oefficient . .o ,
Site of v Log regr estlmate- regr predlct;on Diff
' A . area (t-estimate, all (t-estimate, site
variation - sites included) excluded)
690130 073 =204 184, 206, 22,
689960 0466 =156 S 1760 1580 =18,
690940 0126 =120 174, 161e . =13,
689618 0223 = =097 1700 1770 T
690970 0329 =oT1 169, 155¢ - =15,
551420 0118 =062 171, 1780 7o
691025 0llé =060 172, 1800 8,
549510 = <201 =036 177, 186, 9,
v690570 0139 o222 1630 - 1660 v3o
689670 2151 =022 1776 188, 11,
690470 0187 =04 1760 179 3a
_ 690830 - ol08 <003 167, 4 1220 6,
1691020 0137 01 s 185, : 207, 22,
- 690280 . o208 o 0% » 162, 166, bo -
682030 2100 026 173, 176, - 3o
551360 0181 - el ‘ - 175, : 186, 211,
690720 0113 050 . 176, 185, 9,
549770 0105 87 . 171 1750 4o
690250 ' 0079A ' 092 B 162, . 1630 ] Do
550300 0059 297 165, 1660 lo
682100 179 1:00 173, 18lc - %
A <690850 o083 - 105 S 166, o 1710 4,
551365 o153 o 1012 - 1T4e 1836 8,
689720 0136 1.55 . 1720 1750 3¢
681600 0158 1.59 175, A 1830 8,
689650 0151 1.72 - - 167, - 1730 - 5.
682000 . o167  1.80 174, 184 106
690750 0090 - 2081 175, - 184%9 %9
689450 o130 3400 - 176, : 186, - 100

- 550200 2105 3043 .. 180, 195, 15,




- Table 12, Potential worth of.data for 50-year flood,

.. * Risk in using - Risk in using
Coefficient : . : : oo ,
Site of Log regr estimate regr prediction Diff
7 variation = 2Tea (t-estimate, all (t-estimate, site _
sites included) excluded)
690130 0073 =2,0% 220, 246, 26,
6R9960 ob66 =1,56 _ 210, 187, =23,
690940 0126 21,20 zpae ‘ : : 1?60 =12,
689618 0223 =97 203, 211, 8,
690970 o329 =71 203, - 182, =20,
551420 0118 =062 205, 213, T B,
621025 o116 =060 205, ' 215, 190,
549510 0201 - w036 211o ’ . 2230 12,
690570 0139 =,22 195, | 198, "3,
- 689670 2151 =22 . 212, - 225 T 14,
- 690470 0187 . =,04 210, S 214y 3,
690830 70108 WOOS; . 1999- 2060' 70
691020 0137 001 221, S 24T, 27,
690280 o208 004 194, 199, S
682030 2100 026 207, . ' '299b : P
551360 0181 041 210, . 223, 13,
60720 d113 050 ) YZLOO-' '_ 2220 11,
549770 o105 . o87 . . 20k, - 2100 6,
690250 0079 092 o194, 1950 1o
550300 0059 097 197, 198, : 10
682100 0179 . 1000 ) 2060 ' 2170 . 110
690850 0083 . 1.05 - 199, - . 2040 Be
551365 0153 1:12 : 2080 - . ‘2190_ 11
689720 2136 1.55 205, . ' 2100 . .5
681600 0158 1.59 2106 2190' 10,
689650 0151 - 1072 2000 2070 0 _Te
- 682000 0167 180" . 208, ' ' 2190: 120
- 690750 2090 2081 209, o 2200 D
689450 0130 - 3400 211, T 2230 ' 120

550200 0105 3643 2150 2330 . . 18,
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Table 13, Potential worth of data for 100-year flood,

PP Risk in using Risk in using
Coefficient : . .
Site . of Log regr estimate regr prediction Diff
- variation area (t-estimate, all (t-estimate, site
: : sites included) excluded)
690130 . o073 2004 256, ' 2§5o - 29,
- 689960 0466 =] 456 244, 216, =29, .
690940 o126 =1,20 241, 230, =11,
689618  ,223 = =,97 236, - 246, - 10,
690970 329 =qT1 _ 236, , 2104 =25,
551420 9118 ”062,, ) 2380 2§7° ,go
691025 ol16 - =,60 239, 250, 12,
. 549510 0201 =036 2469 2@00' V 150
690570 | 2139 =22 ’ 2270 230, ',“30
689670 o151 = =.22 : 266, 262, ' 16,
690470 = o187 =004 265, 248, 35
690830 0108 - =003 232,. 2390 B -
691020 0137 . 001 257, ' 288, 31,
. 620280 0298  o b 226, 231¢ S
. 682030 0100 026 2600 2420 | 2o
551360 0181 . 41 244, 259, - 15,
690720 © 0113 450 264, 258, 140
© B49TT0 - 010% - .87 237, 24%0 T
690250 0079 © 992 = 2264 ' 2280 2o
550300 0059 297 229, . - 231 . o
682100 - o179 100 : 2400 Co 2520 , 120
690850 - 0083 .1.05 . 231 2370 - 6o
- 551365 '0153 _’1012 ) - 2424 2550 - 13,
689720 0136 1.55 239, 2650 6o
681600 0158 - 1.89 . 264, 2560 ' 120
689650 - 0151 1072 - ' 2320 - 2410 . 8
S 682000 o167 1.80 . 262 - - 25b5¢ 140
690750 o090 2081 . - 2643, 255, 120
689450 0130 3000 . 265, 259%. 140

550200’ 0105 . 7‘3043 _ 250, » 2720 220
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Bayes risk in Tables 11, 12, and 13 gives the amount §f Bayes risk
which was added by the inclusion_of a data set, That is, theAuncer_
tainty in a regression prediction ﬁas been increased by the ihciusion
of a data set, Notice that the second site 689960 in Tablesrll, 12,
and 13 has a fairly high negative differential Bayes risk, This nega-
tive value represents the.increased uncertainty in the regression equa-
tion to preditt the flow for a site with the characteristics of 689960;
Howéver, the risk for 689960 does ﬁot mean that 68996Q should be de-
“leted from the regression, The unusually high sample variance (3;1)
for this site probably accounts for its disturbing effect upon the ré—
gfessipn equation when it is included,’ The record for 689960 should -
bevcontinued.until the sample variance "settlesvdowna” Obviously ac-
cording to the Bayes risks in Tables 11, 12, and 13, more data sets
similar to that of 690130, 691020, and 689960 should be collected and
iﬁcluded in the regression analysis,‘ The potential worth of such data
sets.is given:by the Bayes risk for the indicated sites since this is
the differentiél risk caused byAthe inclusion of a particular set of
data values, There is a-possibility also that site 690130 should not
be inéludéd in the regression equation for this regioﬁo That‘is, geo{
graphically it may lie on the border separating two regions, The dif-
fereﬁtial.Bayes~riSk apﬁroaéh'éan then show to which'fegion such a
site éhould belong by,exémining>the risk of the predicfion fof'the site
. as computed by the two regional regression equations; 
" In summary, thg't—estimate'providés a significantly different ~1

estimate of a design parameter than the normal. Furthermore, there
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.can be a sﬁbstantially greatef risk associated with the use of the t-
éétimat".e° The‘regfession’predictibns are changed wheﬁ Fhe t—éstimates
are used as inputo' The Bayes risk-of an estimate is a measure of tﬁe
worth of data and caﬁ be used to indicate dramatically Where'collection

emphasis might be made, .



" CHAPTER 7
DISCUSSION AND CONCLUSIONS

It has already been pointed out that the estimate of the optif‘-
mal design parameter should be computed from the Student's t-distribu-
"tioﬁ;- For the floods of higher recurrence interval (25, 50, ane 100
years) the percentage difference between the estimate computed from the :
‘nefmel:(an,abprOXimation) and that computee from the t-distribution is
significant., It is important to use the t-estimates as inputs.to the
regression analysis so- that, on the average, the regression predictions
will be unbiased in the sense that the small sample bias is not carried
Sy-tﬁe historical inputs to the regression prediction outputs,

If a log normal distributipn ofkf16eds is assumed, then all
available records may-be used in compﬁting tﬁe regression_equationrby
gsing fhe t-estimate, For e#ample, Thomas and Bensonl(1970) remark
i thaf in order te include an estimate of the 50—year flood>ihtorthe re~
gression, the estimate should be computed from a record length of 25
yearé (half the.recurrence inFefvel), The.t-estimate, because it con-
eidefé samplelsize, would pefmit all tecords to be included into the
regression°

The Bayes risk of the.historieal_estimafe is computed by inte-
grating out the unceftainty iﬁ the populafien parametere'given that

- the decision about the desigh parameter is indeed optimal,

61
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The différentiél risk in excluding versus including a histori-
- cal estimate in the regression model is a measure of the worth of data
given that thevregioﬁ is homogenedus and that the regression‘model is
_ai:propriafe° The differential.risk of a site when contrasted with the
differential risk of other sites reflects the relative amount of pér—
"turbation to the regional régressioﬁ equation, A highrpositive differ-
éﬁtial risk iﬁdicates'that the inclusion of a site into the regfeésion
has relatively improved the predictive power of the regression equation,
Hénce, more data analogous to that particular data set-are suggested.

A.high neéative differential risk indicates that the exclusion
of a site from'the’reéressidn has relatively improved the predictive
vpowér of therregreésion equation, ‘Hence, more daté analogous to that
7particular-data set are suggested; Consequently if differentialABayes
risk is high‘in absolute valﬁe for é site,~anaiogous sites should be
iﬁéludéd‘into the regreséion° Thus, the differential-;isk approach can
~ be uéed to quantitativélf‘assess the relafive wérth ofAdata.fér thé

regionalization process.

Suggestions for Further Research

In‘fhe,inﬁroductiOn, we were interested in definihg a methodol-
ogy.for evalﬁating ;hé payoff of collecfiﬁg moré data, Management
.Would then trade off the ;ost of collegtiﬁg the.data against the'#ayoff
.éf.fhis data° :The diffé:éntial Bayes.fisk‘is suggested in this reporf
to be a pre’iminary épproacﬁ to quéntiinng the payoff of more data,

’,It,has been,shoWn that the differential Bayes risk as described in the
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preceding chapter can be interpreted as the worth of data for regional-
ization,

A second theme of this reﬁort is to stress the importance of
considering the small sample size as it affects the estimation of a
decision design parameter. The unifying thread coﬁnecting the Qorth of
data and the effects.of small sample size is the economic conséQuences
of the decisions ﬁade concerning uncertéin outcomes in natufe,

Several suggestions for further reseérch clearly arise 6ut of
this investigation, vThe research with the highestrpriority perhaps is
the definition of some realistic loss curves fof errors in estimation,
A study should be made of the physical economic consequences of faulty
design given an optimal decision. An outcome of such a study shouid be
generalized cost curves for a region# .Suéh geﬁeralized cost curves
would permit the computation of an expected differéntialABaYes risk,

- This expected differential Bayeés risk-could then be‘aﬁalyzed accordingA
to specific variables and ranges of the variables which potentially
contribqte-theumost'”informatioﬁ” to the regression equafion° Exélu—

. 8ion of more than oﬁe site should be considered but this_immediately
1eéds’into combinationai problems, It may be suggested that the re-
sidﬁéibvafiance might serve as the variance of the error pdf for the
regression.predictioh instead of a variance based_éﬁ a ponfidence in- -
terval principle., What are the effects of this Sﬁbstitution? Paren-
theticaily, can the regressidn equation be comﬁuted by minimizing the
'risk iﬁsteéd of minimizing‘thé residuailvariance? The’Bayes‘risk ap~

proach can quantify the‘wdrth of data and more work dn this approach
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should be pursued once'reélistic cost curves for a region can be gener-
;tedo

| Of secondary importahce té the generation of costrcurves is an
analyéis of tﬁe economic consequences of estimating from a small sample
siie° Since the risk is a function of the size of the estimate and
‘since for large deéign_floods the t-estimate is always larger than the
vnqrmal-estimate, then, in a worth of data study, how important is the
éample size? This question is especially relevant in working with a
_skewed'diétriﬁution like‘log Pearson IiI. When.evaluating the worth of(
data by computing the‘Ba&es risk, it is important fo use  an estimate
which accounts for the effects of bias in a small sample size,

Another question to be answered here is the relative size of
the risk in,eétimafion With the:risk of tHe opﬁim:l design, It has been
.shoﬁn in this report fhat the sample size>can create a éubstantial bias
"in the. estimate which is éoﬁputed by a technique which does not account

for the uncertainty in the population parameters,

Conclusions
The Bayes risk épproach to thg evaluation of the worth of data'
vié ﬁ&nsidered ﬁo be.;h e#tension and:improvement over the variance ap-
prbach;;:The Bayés-fisk approach considers the costs of error in esti-
4mation; These costs of error may be different for each site dqe to the
size of'the'structuré° Hénce, the Bayes risk approach cuétomizes thé
':costs of efror.és given by the varianée of the estimate fbf-each site,

Since the t-estimate reflects the bias of a small sample size, the
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costs of error-in estimation may be quite different from the normal-
estimate costs,

1, The firstvconclusion éf this thesis is that the fjdistribu-
- tion should be usedito compute the log of fhe flood when a log-normal
distribution has been assumed because thevbias of a small sample size is
then removed. Furthermore, ﬁhé use of the t-estimate glléws'all data
- on hand to enter the regionalization equation: the cost of the uncer—
tainty in the regression predictién can be measuréd By the Bayes risk of
the. prediction, . |

2. The éecdnd conclusion of this thesis is that the differen-
tial Bayes risk is a mgasuré of the‘worfh_of data for regionalization,
By defining a set of generalized loss functions-for a region, the data -
éo}lection effort can eventually Be-optimized by minimizing the differ-

ential Bayes risk in design parameter prediction,



APPENDIX A
THE t-ESTIMATE

It can be shown (Hogg and Craig 1971) that

ns

2
7 " X (@-1)

g

where

and X, = log Y for Yi the ith year maximum annual flow, Now since"

E(xi - x)

a2
8 - n-~-1
then
2
(n-1)8 2
) ~ X (n-1)

Letting r = n-1 (the degrees of freedom), then

rgZ 2
_Nx
o2 (r)
Since 2
X~ N(p, 07)
and 2
- c
XﬂN(p,jr)
then = = 2 02
U=X-X~N(, o *T) (a.1)
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and the standard normalizing U to Z

Z~N(0,1) .
x, -x -0 X, - x
Thus from (A.1) Z = z, = 1 - =
2 g 2 02
o +— "+ —
n n

Since the Student's t distribution is defined by

Z

W; ~ t(r)

where Z ~ N(0,1) and V~X2(r) , then from (A,2) and (A.3)

' T Y Y

X, = X
i r +1 ~ t
8 \T <2 (r)

and the random variables

X, - X
Z i r + 1
T = = ——x—
V/r s r + 2
X - X
Thus for P(T > t) = P(T > 20 L 1)
- - s r + 2

.02
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(A.2)

(A.3)

(A.4)

(A.5)



The exact 50-year flow for small samples n is

50

or in general
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(A.6)



APPENDIX B

TRANSFORMATION OF Xz

We need to find

Var(Xd) = ( ho _ )2 Var ( Lﬂ:%—i ) + Var (X)

which means

1) find Var (X)

and 2) find Var(@) .

2
We know Var(X) = %;', so now we must find
var(d_n_-_l__S_) .
o
Let y= ( LE:%—§-)2 ~ xz(n—l) for 0 <Y<
where
-1 -%
f(v) = —;—1 - i ezy
r(§)22

(B.1)

(B.2)

is the density function of (v), ['(r/2) is the gamma function, and r =

n-1,
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Now we define the one to one transformation

for
0< v < o .
Then v = vz, and dY = 2vdv,
Now consider
2 2
P(a<v<b) = P@@" <Y<b) (B.3)
b2
P(a<v<b) = A. L. VIl o7 g (B.4)
r 739
a FGE)Z
b 1 <y2
P(a< ve b) = / S — (v2)35r 13 2vdv , (B.5)
a T\, 5r
FQE)Z
Therefore
2 r-1 kv (8.6)
sW) = Vo ’
re)2s
2
Now by definition
2 2
var 2=k 8y E[“ﬁl——s] - [E(V-—;;'ls)] ®.7)
a o o}
and hence by moment generating functions we can find
2
E[“—'l—s] = M" (t=0) (8.8)
o2
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and
2 2
pLe ) L o) (8.9)
Let 9
Y(r) = — in (B.6)
F(§)22
and thus ® 1.2
M(t) = ‘l’(r)/ VIl 7V otV dv.
0
d tv
Since a—% is continuous between 0 and = , then
1 ® r-1 -%vz tv
M () = ¥ () v e (ve " )dv
0
o« 2
- - -1
ECRLlS) Loy - lll(r)/ il 7BV vdv (B.10)
O .
® r-1 v tv
M"(t) = l[l(rJ v e’ vive ) dv
0
(-1)}{ 2 il A2 g (B.11)
E(——no =) = M"(0) = lb(r)'[ vt T Y :
0

Now we need to get M'(0) and M'"(0) in the form
© a1
I'(o) =f x e ¥ dx (B,12)
0
in order to integrate, Let

X = — and dx = vdv
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then (B.10) becomes

©  kr-k 2
M'(0) = ll‘(r)/ v2 e-%v vdv
0

® Gr + ¥)-1 ,Gr + ¥)-1 2
¥ (r )'/‘ (%') : v2 : e_%v vdv
0

o Gr +%)-1 2
Y (r )f Z%I -% (% )2 e-%v vdv
0

.. _L
« —2 - 2T TErGr 4+ B)
L' \n2
re)2
"GP
Thus, M'(0) = — 2° (B.13)
re

Computing M"(0) in much the same way, we find

M"(0) = r (B.14)
Thus r(r+1)
V.slr("n—1 S) = r -2 2
o T
I‘(i)
and (B.1) becomes
r&d 2
Var(xd) = (\/};—O )2 ) r-2 3 +o? (B.15)
[‘(?)
Simplifying (B.15) and by using (B.6)
‘l’t(?i . (r +1) +r 2
Var(xd) = J(r+1)r o” .



APPENDIX C
A LIMIT

We want to show that

r+l
lim r(z)
r—® {r-2 |—— = %

r
T (?)

Let

r+l
I 3 )

r
re)

Using Stirling's approximation to the gamma function

r(z)~e 2 zzn;5 (ZTT)%[I + 1;2 + 1 ) " 139 3 - 271 + ves J
288z 51840z 24882024
for
(z—> injarg z|< 1),
it can be shown that
lim Az(r)~ lim r(1 +l)r L .
r 2e
r > r y®
Now we expand r(1 + %-)r
lim 1 r r(r-1) r(r-1)(r-2)
© v r[l + = + . + + eeo ] .
Hina 21 2 31
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By carrying out the multiplication in the numerator and simplifying

each term in the brackets, we get

Thus,

rlﬂ‘wﬁ(r)" 5= rle -;_-; el = F-g
Hence,

_ imm [r - 2A2(r)]~r1_i_l?_ [r - 7—% - %)] = % .

(This derivation is gratefully acknowledged to Dr, Don Davis,)
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