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ABSTRACT 

Using cross-correlation analysis, we demonstrate that flux measurements at 

observation locations during hydraulic tomography (HT) surveys carry non-redundant 

information about heterogeneity that are complementary to head measurements at the same 

locations.  We then hypothesize that a joint interpretation of head and flux data can enhance 

the resolution of HT estimates.  Subsequently, we use numerical experiments to test this 

hypothesis and investigate the impact of stationary and non-stationary hydraulic conductivity 

field, and prior information such as correlation lengths, and initial mean models (uniform or 

distributed means) on HT estimates.  We find that flux and head data from HT have already 

possessed sufficient heterogeneity characteristics of aquifers. While prior information (as 

uniform mean or layered means, correlation scales) could be useful, its influence on the 

estimates is limited as more non-redundant data are used in the HT analysis (see Yeh and Liu 

[2000]).  Lastly, some recommendation for conducting HT surveys and analysis are presented. 
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1. Research Problem And Present Study 

Water flow in the Earth’s subsurface is characterized by hydraulic parameters such as 

hydraulic conductivity (K). However, they are higher heterogeneous in space. Not only so, 

such heterogeneity is often non-stationary, meaning that the joint probability used to describe 

the spatial variation of parameter values changes in space as well. In layered aquifer systems, 

for instance, there are alternating layers of aquifers and aquitards that dominate its large-scale 

heterogeneity. Within each layer of aquifer or aquitards, however, there is smaller-scale 

heterogeneity too. This has presented a complication in groundwater inverse modeling, which 

is apparent when we consider the fact most methods require some information on the 

geostatistical distribution of parameters [Illman et al., 2015].  

Although head is the most common measurements in groundwater studies, there has 

been a steady increase in the number of methods that are capable of measuring subsurface 

flow or flux. This presents an interesting possibility—if fluxes are also measured at the sparse 

head observation locations, will the K estimates improve? How do head and flux data behave 

differently in a groundwater inverse model that is used for hydraulic tomography analysis? 

How are their sensitivities to prior K information that are prescribed to an inverse model 

different?  

Previous work has already exhaustively discussed different approaches to parameter 

estimation or inverse modeling in subsurface hydrology and presented views on the ways 

forward [Yeh, 1986, 2002; McLaughlin and Townley, 1996; de Marsily et al., 2000; Carrera 

et al., 2005; Kitanidis, 2007; Yeh et al., 2008; Hendricks Franssen et al., 2009; Zhou et al., 

2014]. I have no intent to repeat them. Instead, this work examines the interplay among the 

influences of head data, flux data, and prior geostatistical information (distributed/layered 
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means and correlation lengths in particular) on parameter estimation, with an emphasis on 

hydraulic tomography.  

In the next section, I review some recent hydraulic tomography studies that utilize 

flux or flow conditioning. I also outline the subsurface flow or flux measurements that have 

been developed so far. Finally, in the Appendix, I include my thesis work as a research article 

manuscript, which is currently under review for journal publication.  

2. Studies on Hydraulic Tomography with Flux or Flow Conditioning 

Recently, the use of flow or flux data to condition hydraulic tomography estimates has 

been proposed. The benefits of this approach relies on the fact the cross-correlation structure 

between hydraulic conductivity (K) and head and that between K and flux are different, 

which was shown in 2-D by Zha et al.[2014]. This implies that even if the same set of 

sampling locations is used to measure head and flux, they contribute differently to the K 

distribution estimates.  

 Li et al. [2008] has developed a method that uses head measurements from fully 

screened wells to invert for 2-D transmissivity map. Then they combine flowmeter 

measurements at boreholes and the transmissivity map to resolve for the 3-D distribution of 

hydraulic conductivity. Le Borgne et al. [2006] and Klepikova et al. [2013] proposed a flow 

tomography approach to use cross-borehole flowmeter test to estimate the connectivity and 

transmissivity of preferential permeable flow paths in fractured aquifers. Their approach 

assumes the Earth’s subsurface as simplified discrete fracture networks and it assumes flow 

along fractures can only be horizontal. Also, it only allows layered K transmissivity estimates 

and is only able to resolve the connectivity between pumping and observation wells pairs.  
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A new method that fully couples the use of head and flux measurements for hydraulic 

tomographic inversion is recently developed Zha et al. [2014]. Like the original geostatistical 

HT method Yeh and Liu [2000], this method utilizes point measurements of head and flux to 

estimate 3-D hydraulic parameter distribution. Therefore, it can better capture the three-

dimensional variation of the flux field in the subsurface. Using a 2-D synthetic example, Zha 

et al. [2014] demonstrates the benefits of using both head and flux measurements to map 

fractures and faults. They found that K estimates from head inversion can predict head well, 

but not flux. Results from head-and-flux inversion, however, can predict both head and flux 

very well. Also, tomography (this includes geophysical, hydraulic, and pneumatic) results for 

mapping fractured media are often quite wide and smooth, as opposed to real fractures that 

are narrow and elongated. Their head-and-flux inversion results reported there, however, 

shows fine details about the fractures and matches the discrete fractures in the reference field 

very well. 

3. Available flux measurement methods 

The simplest and most common form of groundwater flux measurement methods is to 

conduct gradient analysis and Darcy calculation between two head measurements. A similar 

calculation can also be done for natural gradient tracer tests. These methods are not useful to 

resolve aquifer heterogeneity at all because the calculated flux is an average over a large area. 

Methods for measuring local flux can be subdivided into (i.) borehole and (ii.) in-situ 

methods. Among all local flux measurements, wellbore flow profiling is the most commonly 

used. This can be done by using a spinner log or an electronic borehole flowmeter [Young 

and Pearson, 1995]. By resolving the relative contribution of flow at different elevations 

along the wellbore, this method can provide a reliable estimate on the relative hydraulic 

conductivity at different elevations near its proximity. More direct measurements of flux in a 
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borehole can be achieved by using a colloidal borescope [Kearl, 1997], which measures 

groundwater velocity and direction in real time by analyzing magnified images of naturally-

occurring colloids (as small as 1 to 10 µm) in groundwater passing through a well. Other 

borehole methods rely for heat or solute transport of water fluid within the borehole. The 

Geoflo® groundwater flowmeter [Melville et al., 1985] contains a heater that sends out a heat 

pulse and surrounding thermistors that monitor the temperature response. Similarly, borehole 

dilution test [Palmer, 1993] can be conducted by releasing a pulse of tracer in a borehole and 

then its concentration is monitored over time. The rate at which the temperatures or 

concentrations dissipate is used to relate groundwater velocity at the well. Other borehole 

methods that are not commercially available includes Laser Doppler velocimeter [Momii et 

al., 1993] and borehole acoustic Doppler velocimeter [Wilson et al., 2001]. They infer the 

velocity of water in the borehole by observing the Doppler shift of the laser light or acoustic 

waves. 

In-situ methods are immune from wellbore effects and outperform borehole methods 

when measuring both magnitude and direction of groundwater velocity. They are more 

common for shallow, unconsolidated environments. In-situ permeable flow sensor [Ballard, 

1996] is a device that is buried underground to establish direct contact with the saturated 

subsurface materials. It contains a thin, cylindrical heater and temperature variations are 

monitored along the surface of the cylinder. In essence, relatively warm temperature is on the 

downstream side of the probe, while relative cool temperature is on the upstream side. More 

recently, a point velocity probe method has been developed [Labaky et al., 2007, 2009]. The 

probe injects a minute amount of saline tracer, for instance 0.5 mL, while four detectors 

measure electrical conductivity in different directions and convert them to flux vectors. The 

probe is buried and it is in direct contact with the earth material. Although this limits its 

application to deep or hard rock aquifer, this field method can effectively circumvent the 
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difficulty to measure flux directions in boreholes. The method has been used to study 

groundwater fluxes in tidal [Kempf et al., 2013] and capillary fringe [Berg and Gillham, 2010] 

environments, whose fluxes are very difficult to measure otherwise. Its accuracy is also 

compared against with several other common flux measurement methods. Also, the 

developers of the method provide a spreadsheet program for data interpretation which is 

freely available on their website [Schillig, 2012]. In summary, methods for measuring 

groundwater flux are widely available. They utilize different physical principles and each has 

its own strengths and limitation [Kempf et al., 2013]. 
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Research Significance   

 This research leads to several significant findings: 1) information about hydraulic 

conductivity (K) embedded in head and flux measurements at the same location during 

hydraulic tomography (HT) are non-redundant; 2) joint interpretations of these measurements 

yield superior estimates of K heterogeneity; 3) as flux measurements are included in 

additional to head data in HT analysis, the estimates are less prone to uncertainty of prior 

information required in the analysis.  

 

Index Terms: 

1829 Groundwater hydrology 

1869 Stochastic hydrology 

1894 Instruments and techniques: modeling 

3260 Inverse theory 

 

Keywords: 
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1 ABSTRACT 

 

 Using cross-correlation analysis, we demonstrate that flux measurements at 

observation locations during hydraulic tomography (HT) surveys carry non-redundant 

information about heterogeneity that are complementary to head measurements at the same 

locations.  We then hypothesize that a joint interpretation of head and flux data can enhance 

the resolution of HT estimates.  Subsequently, we use numerical experiments to test this 

hypothesis and investigate the impact of stationary and non-stationary hydraulic conductivity 

field, and prior information such as correlation lengths, and initial mean models (uniform or 

distributed means) on HT estimates.  We find that flux and head data from HT have already 

possessed sufficient heterogeneity characteristics of aquifers. While prior information (as 

uniform mean or layered means, correlation scales) could be useful, its influence on the 

estimates is limited as more non-redundant data are used in the HT analysis (see Yeh and Liu 

[2000]).  Lastly, some recommendation for conducting HT surveys and analysis are presented. 
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2 INTRODUCTION 

 

 Detailed characterization of the spatial distribution of hydraulic properties of aquifers 

is crucial for high resolution prediction of water and solute movement in the subsurface [Yeh, 

1992; Yeh et al., 1995a, 1995b; Mccarthy et al., 1996; Mas-Pla et al., 1997]. Traditional 

pumping test and analysis yield either ambiguously averaged and scenario-dependent 

effective hydraulic parameters for equivalent homogeneous aquifers [Wu et al., 2005; 

Straface et al., 2007; Wen et al., 2010], or scenario-dependent distributed effective parameter 

fields that could vary with pumping locations (see Huang et al. [2011]). As a consequence, 

results from traditional analysis can only be used as a first-cut approach for aquifer 

characterization [Yeh, 1992].  To alleviate these problems, hydraulic tomography (HT) has 

been developed over the past decade. 

 While the HT concept had been proposed earlier, after the pioneering 3-D work by 

Yeh and Liu [2000] and Zhu and Yeh [2005], HT has emerged as a subject of active 

theoretical, laboratory, and field research to characterize the spatial distributions of hydraulic 

parameters at a higher level of details (e.g. Yeh and Liu [2000]; Bohling et al. [2002, 2007]; 

Liu et al. [2002]; Brauchler et al. [2003, 2011]; Li et al. [2005, 2008];  Li and Cirpka [2006]; 

Zhu and Yeh [2005, 2006];  Illman et al. [2007, 2008, 2009]; Liu et al. [2007]; Straface et al. 

[2007]; Kuhlman et al. [2008]; Ni and Yeh [2008]; Cardiff et al. [2009]; Castagna and Bellin 

[2009]; Xiang et al. [2009]; Berg and Illman [2011, 2013, 2014]; Cardiff and Barrash [2011]; 

Huang et al. [2011]; Liu and Kitanidis [2011]; and Sharmeen et al. [2012]). In particular, 

Cardiff and Barrash [2011] provided a summary of all peer-reviewed HT studies (1D/2D/3D). 

 After these active research efforts, HT has shown to be a cost-effective, high-

resolution aquifer characterization method.  Specifically, these studies have consistently 

demonstrated that transient HT can identify not only the pattern of the heterogeneous 
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hydraulic conductivity (K), but also the variation of specific storage (Ss) (see Zhu and Yeh 

[2005, 2006]; Liu et al. [2007]; Xiang et al., [2009] in particular). More importantly, it is also 

shown that the hydraulic properties fields estimated by HT can lead to better predictions of 

flow and solute transport processes than conventional characterization approaches [Ni et al., 

2009; Illman et al., 2010, 2012]. The work of Berg and Illman [2011] substantiated the 

robustness of HT by characterizing a highly heterogeneous geological medium with a log 

hydraulic conductivity variance of 5.4 and a vertical correlation scale of 0.15 m.  

 While HT is a relatively mature technology for characterizing aquifers, there remain 

important questions to address to further improve it. HT’s cost-effectiveness stems from 

collecting non-redundant information from a limited number of wells, as explained in Yeh 

and Lee [2007],  Huang et al. [2011], Sun et al. [2013] and Yeh et al. [2014].  New 

approaches that collect additional non-redundant information at the wells used by HT 

experiments (i.e. without using new observation locations) would be the most appropriate. 

For example, Lavenue and de Marsily [2001] analyzed sinusoidal pumping tests conducted in 

a tomographic survey fashion in a fractured dolomite of the Rustler Formation within the 

Delaware Basin in southeastern New Mexico to characterize the K field in the Culebra 

Dolomite Formation.  Cardiff et al. [2013] promoted the advantages of oscillatory hydraulic 

tomography for characterizing groundwater remediation sites.  

 Fusion of different types of surveys (geophysical or tracer data), which may carry 

some non-redundant information about heterogeneity, offers another possible suite of 

approaches to address this issue. Nonetheless, recent studies [Cirpka and Kitanidis, 2000; 

Nowak and Cirpka, 2006; Zhu and Yeh, 2006; Yeh and Zhu, 2007; Zhu et al., 2009; Pollock 

and Cirpka, 2010] demonstrated that they can provide some but limited improvements, which 

can be attributed to additional uncertainty in the relationships between K and other physical 
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relationships used in other surveys (such as spatial variability of Archie’s law [see Yeh et al., 

2002], or due to additional costs for tracer experiments or monitoring wells.  

 An alternative approach to improve the resolution of HT is to jointly invert steady-

state depth-averaged drawdown HT data and the vertical profile of relative hydraulic 

conductivities based on prior flowmeter tests along the fully screened observation wells (i.e., 

Li et al., 2008). In other words, this particular approach overcomes the limitation of the 

depth-averaged head measurements at fully-screened observation wells by incorporating prior 

knowledge of vertical relative hydraulic conductivity variations from borehole flowmeter 

profiles. Li et al. [Li et al., 2008] reported that such a joint inversion allowed them to derive 

3-D heterogeneity even though the observation wells were fully-screened. 

 More recently, Yeh et al. [2011] and Mao et al. [2013b] discussed the necessary 

conditions for the inverse problems to be well-defined and advocated the importance of 

having K measurements along boundaries and/or flux data along streamlines. They are 

essential to constrain the inverse problems for the estimation of K and Ss values, such that the 

problems are well-defined.  

 In addition, many existing monitoring wells in the field are fully screened and packed 

with gravel over a long interval.  Head measurements at these wells represent some averaged 

head values over the interval, and they do not carry significant information about vertical 

aquifer heterogeneity.  To overcome this problem, flux measurements along the well during 

HT surveys may offer a possible solution. This approach collects flux data along observation 

wells, induced by the pumping in HT surveys, rather than the conducting independent 

flowmeter tests at observation wells as did by Li et al [2008]. 

 Following this school of thought, Zha et al. [2014] incorporated the flux 

measurements in HT analysis and applied this new approach to a 2-D synthetic fractured rock.  

They showed that inclusion of flux measurements could lead to significant improvements in 
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the estimates of fracture conductivity and fracture distribution if a large number of 

measurements are available.  Their study confirms the necessary conditions discussed by Yeh 

et al. [2011] and Mao et al. [2013b].  The benefits of flux measurements in more continuous 

3-D porous media and the impacts of prior information on head-and-flux inversion in HT 

analysis, nonetheless, remain to be explored.  

 The objective of this paper, therefore, is to investigate improvements of hydraulic 

conductivity (K) estimates based on joint interpretation of head and flux measurements 

during HT tests in 3-D heterogeneous aquifers and influence of prior information on these 

improvements. In section 3, we discuss the Simultaneous Successive Linear Estimator 

(SimSLE) method for HT analysis using both head and flux measurements and the cross-

correlation analysis. This is followed by, in section 4.1, description of the setup for numerical 

experiments, which include three synthetic aquifers: one stationary heterogeneous K field 

with long horizontal correlation scales, one with short horizontal correction scales, and the 

last a non-stationary field.  In section 4.2, we show results from three-dimensional cross-

correlation analysis between hydraulic conductivity and flux.  We then conduct HT 

inversions in section 4.3 with and without flux conditioning on the three synthetic K fields 

and examine the effects of non-stationarity, correlation lengths, and uncertainty on prior 

models on the benefits of flux conditioning. Results from these experiments are discussed in 

section 5. In section 6, we summarize our findings and provide recommendations for 

conducting HT survey and analysis. 

 

3 METHODS 

 

3.1 Simultaneous Successive Linear Estimator (SimSLE) 

  



21 

 

 For the HT analysis in this study, we adopt the steady-state HT technique with flux 

conditioning developed by Zha et al. [2014], which is based on the SimSLE (Simultaneous 

SLE) algorithm [Xiang et al., 2009]. The SimSLE approach is basically the same as the SLE 

(successive linear estimator) developed by [Yeh and Zhang, 1996; Yeh, 2002] with the 

extension that it simultaneously considers the observations from multiple pumping/injection 

events.  In essence, SLE is a successive Bayesian linear estimator that derives the mean 

parameter fields conditioned on available measurements of aquifer responses assuming prior 

knowledge of the mean value and spatial structures (i.e. spatial covariance functions) of the 

parameters.  

 Different from traditional least squared inverse modeling approaches, SLE first 

conceptualizes the natural logarithm of hydraulic conductivity (lnK=F) as a spatial stochastic 

process, characterized by prior information (i.e., mean, variance, and spatial correlation 

function).  In this study, the correlation function is assumed to be an exponential correlation 

function with correlation scales xλ and yλ  in the horizontal directions, and zλ , in the vertical 

direction. Similarly, head (H), and the magnitude of flux (q), are also treated as spatial 

stochastic processes. These stochastic processes can be expressed as the sum of the 

unconditional mean and the unconditional perturbation (i.e., ( ) ( ) ( )H H h= +x x x ,

( ) ( ) ( )q q v= +x x x , and ( ) ( ) ( )F F f= +x x x  ).  The unconditional mean head, ( )H x , 

and flux, ( )q x , are derived from solving the steady groundwater flow equation with a given 

( )F x . 

 The groundwater flow is solved using finite element code VSAFT3 (Variably 

SAturated Flow and Transport in 3-D) developed by Srivastava and Yeh [1992]. For this 

study, the code solves three-dimensional, saturated and confined groundwater flow in steady-

state using a combination of Darcy’s law and mass conservation in a continuum: 
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   ( ) ( ) 0pQ−∇⋅ + =q x x , ( ) ( ) ( )K H= − ∇q x x x    (1) 

subject to the boundary conditions 

    
1

0H HΓ = ,   
1

0qΓ− ⋅ =q n      (2) 

In the above equations, x = (x,y,z) , (L), where x, y are in the horizontal plane and z is 

positive upward; K(x) is the saturated hydraulic conductivity (L/T)), H is the total head (L), q 

is the Darcian flux or the specific discharge (q = [q1, q2, q3] = [qx, qy, qz], L/T) , and Q(xp) is 

the flow rate at a source/sink at the location xp. | q | or q is the magnitude of flux. 1Γ and 2Γ

are prescribed head and flux at the Dirichlet and Neumann boundary, respectively. For the 

finite element analysis, the solution domain for Eqs. (1) and (2) is discretized into N elements, 

such that the parameter K field is written as a vector f (N×1) and in turn, <F(x)>. 

Now suppose we have collected mh observed head, ∗
H  and mq observed flux 

perturbations, ∗
q , during an HT survey which consists of several pumping tests. Thus, the 

observed data vector d (m×1, where m= mh+ mq) is composed of mh head data sets and mq 

flux data sets. We then employ a stochastic linear estimator (Eq. 3) to improve the 

unconditional mean ln K(x) by using observed data set. It is important to notice the fact that 

the relationship between parameter K and head is nonlinear. To fully exploit the information 

about K conveyed in the head data sets, a successive iteration scheme [Yeh et al., 1996] is 

adopted here. That is, 

 
( ) ( ) ( ) ( )( )+1 Tˆ ˆr r r r

c c

∗= + −F F ω d d   (3) 

In Eq. (3), 
( )ˆ r

cF  is an N×1 vector representing the estimate of <F(x)>c, given the 

observed data set, r is the iteration index.  When r =0, the estimate starts from an initial guess 

(prior information) of the K field (unconditional mean K, in general). Afterwards, the 

estimate of the conditional mean <F(x)>c is successively improved by the weighted 
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difference between 
∗d  (the observed data) and the vector 

( )r
d (the simulated data). This 

simulated data is obtained from the conditional mean equation (Eq. (1)) using the estimate of 

the conditional mean 
( )ˆ r

cF  at iteration r. 

 The coefficient matrix ω (m×N) in Eq. (3) is determined by solving the following 

equation: 

 [ ]diag( )dd d dd dfθ+ +ε Q ε ω = ε   (4) 

where ddε  is the conditional covariance matrix (m×m) between the secondary data (i.e., head, 

flux magnitude, or flux vector) sets, and dfε  is the conditional cross-covariance matrix (m×N) 

between the secondary data sets and the parameter f representing the conditional perturbation 

of the lnK(x) field. In Eq. (4), θ is a stability multiplier and diag( )ddε  is a stability matrix, 

which is the diagonal elements of the ddε matrix, and Qd is a diagonal matrix of variances of 

measurement errors. Note that Eq. (4) is different from that in Yeh and Liu [2000] that a 

stability matrix with a constant diagonal element is used, which is most effective when all the 

observed data have the same dimension and order of magnitude. The diag( )ddε  in Eq. (4) can 

vary according to different observations such that it ensures a proper utilization of the 

different types of data at each iteration, regardless of their dimensions and orders of 

magnitude. 

 In order to solve the SLE equation (Eq. 5), estimates of covariance matrix ddε and 

cross-covariance dfε matrix are required. They can be approximated by using 1st-order Taylor 

expansion to obtain
( ) ( ) ( ) ( )r r r r T

dd df ff df=ε J ε J and 
( ) ( ) ( )r r r

df df ff=ε J ε respectively, where
( )r

dfJ is the 

sensitivity (or Jacobian) matrix for the observed data with respect to f using the set of 

estimated parameters at the r-th iteration. At r=0, the covariance matrix for parameters ffε  is 
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unconditional and is essentially the spatial covariance matrix ffR . It can be obtained using a 

user-specified covariance function or variogram. In this study, we use an exponential 

correlation function for simplicity. In the subsequent iterations, the covariance matrices 

become conditional (or residual) covariance given the observations and are updated to reflect 

the successive improvements in the estimates using the following relationship: 

    ( 1) ( ) ( ) ( )r r r T r

ff ff df

+ = −ε ε ω ε       (5)  

This updating of the residual covariance is similar to that in Kalman filter algorithm [e.g. 

Schöniger et al., 2012] as new information is included. 

  

3.2 Adjoint Sensitivity Formulation 

 To calculate the sensitivities
( )r

dfJ , the adjoint state approach [Skyes et al., 1985] is 

employed here to because of its high efficiency. The adjoint state equation associated with 

the sensitivity analysis of an observed head with respect to K in 3-D steady groundwater flow 

in heterogeneous media is 

( )( ) ( )kK ζ δ∇ ⋅ ∇ = −x x x      (6) 

subject to the following boundary conditions:
1

0ζ
Γ

= and 
2

0K ζ
Γ

∇ ⋅ =n . In Eq. 6, δ is 

Kronecker delta function, which equals unity if x equals xk and 0 otherwise. kx  is a location 

vector of head observations, and ζ  is the adjoint state variable.  Once ζ  is derived, the 

sensitivity of an observed head at location 
kx with respect to K at location jx  

( )( ) ( )

( ) ( )

Tk

j i

H K
H d

K K
ζ

Ω

 ∂ ∂= ∇ ⋅∇ Ω ∂ ∂ 
∫

K(x)

x x

x x
    (7) 

where superscript T denotes transpose, Ω  is the model domain, and H is the hydraulic head 

evaluated with a given K(x), based on Eqs. (1) and (2).  
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 In evaluating the sensitivity of flux magnitude, the adjoint state equation is 

( ) ( )1( ) | | ( )T

k

H
K K

H
β δ− ∂ ∇

∇ ⋅ ∇ = − −
∂

x q q x x    (8) 

Once Eq. 8 is solved, the adjoint state variable β  is known. The sensitivity of the flux 

magnitude at observation location xk to F (or lnK) at location xj evaluated at the mean K(x) is 

then given by 

 ( )( ) ( )
| | ( ) ( )

( ) ( )

Tk
k j

j j

q K
H d

K K
β δ δ

Ω

 ∂ ∂ = ∇ ⋅ ∇ − − − Ω ∂ ∂  
∫

K(x)

x x
q x x x x

x x
  (9) 

According Eq. 6 and Eq. 9, for each pumping event, the steady flow equations (Eqs. 1 and 2) 

have to be solved once.  Afterward, corresponding adjoint equations have to be solved once 

for each observation location regardless of the number of parameters to be estimated. The 

sensitivity of each observation to each parameter is then obtained by integrating either Eq. 7 

or Eq. 9. If m is the number of parameters to be estimated, these equations have to be 

integrated m times.  Such integrations can be accomplished much more efficiently than 

solving m × m system equations m times as in other approaches such as perturbation methods 

or direct sensitivity methods.  This efficiency is most apparent when m is large and the 

number of observations is small, which is the case for most of HT analysis of groundwater 

flow problems. 

 

3.3 Cross-correlation Analysis Formulation 

 

 Cross-correlation analysis is a weighted sensitivity analysis casted into a stochastic 

framework [Mao et al., 2013a]. It determines the relative impact of each parameter with 

respect to others in time and space on the observed heads according to uncertainty or spatial 

variability of each parameter. The cross-correlation matrix can be obtained by: 
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   ( ) ( ) 1/21/2

diag diag
df dd df ff

−−
  =    ρ ε ε ε     (10) 

 Each row of the cross-correlation matrix dfρ defines the fractional contribution from 

the uncertainty of data at the given observation location, which are carried forward to the 

parameter estimation uncertainty of each element in a geostatistical sense. Since this cross-

correlation analysis is conducted without conditioning on any data, ffε  is replaced by its 

unconditional counterpart ffR . Consequently, dfε  and ddε are determined by ffR and the 

unconditional mean K. With a given mean K and a pumping rate, these cross-covariances are 

evaluated numerically using the first-order analysis discussed earlier. 

 The above cross-correlation analysis in heterogeneous aquifers is similar to the 

sensitivity analysis by Oliver [1993] but it adopts the stochastic or geostatistics concept.  In 

particular, the cross-correlation analysis considers the variance (spatial variability) of the 

parameter and its spatial correlation structure (covariance function or variogram of the 

parameter) in addition to the most likely flow field considered in the sensitivity analysis. 

Physically, the correlation structure represents the average dimensions of aquifer 

heterogeneity.  The cross-correlation in essence represents the statistical relationship of 

spatial variability (or uncertainty) of a given parameter (K) at any location and the variability 

(or uncertainty) of head or flux at an observation location in the aquifer.   Therefore, if the 

cross-correlation pattern between an observed head at a location and K everywhere is 

different from that between an observed flux at the same location and K, then the head and 

flux carry non-redundant information about K distribution in the aquifer.   Inclusion of these 

different data sets will be useful for HT analysis.   

 Note that the cross-correlation is the foundation of the cokriging approach [e.g. 

Kitanidis and Vomvoris, 1983; Hoeksema and Kitanidis, 1984; Yeh et al., 1995b; Yeh and 

Zhang, 1996; Li and Yeh, 1999],  the nonlinear geostatistical inverse approach [e.g. Kitanidis, 
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1995; Yeh et al., 1996; Zhang and Yeh, 1997; Hanna and Yeh, 1998; Li and Yeh, 1998, 1999; 

Hughson and Yeh, 2000], the HT inverse model [e.g. Yeh and Liu, 2000; Zhu and Yeh, 2005], 

and the geostatistical inverse modeling of  electrical resistivity tomography [Yeh et al., 2002].  

  

4 NUMERICAL EXPERIMENTS 

4.1 Experimental Setup 

 For the following numerical experiments, we constructed a synthetic aquifer of 45m 

in length, 45m in width and 18m in depth (Figure 1a). The well configuration and design 

were identical to those at the North Campus Research Site (NCRS) on the University of 

Waterloo campus, in Waterloo, Ontario, Canada) [Berg and Illman, 2011, 2013, 2014]. The 

15 m × 15 m × 18 m well array was set up in a nine-spot square pattern such that the centers 

of the well array and the synthetic aquifer coincide. It included four multilevel CMT wells 

containing seven channels as observation wells and five multilevel pumping wells (PW) that 

each consisted of three to five channels (Figure 1b). For the CMT wells, the screens were 

spaced 2-m apart with the upper most screens located between 4.5 and 5.5 m below-ground 

surface (mbgs), and the deepest screens were set at 16.5 to 17.5 mbgs.  We also used the 

exact set of pumping rates and locations as in Berg and Illman [2011].  During each pumping 

test, head (H) and flux data were collected at 44-46 observations ports (see Figure 1b). The 

pumping and observation locations are reported in supplementary information S.1, while the 

pumping rates are in S.2. 

 This aquifer was discretized into 26,353 nodes that made up 23,328 rectangular 

elements. The dimension of each element was 2.5m (length) x 2.5m (width) x 0.25m (height). 

The side boundaries of the aquifer were identical constant head boundaries of 100 m, while 

the top and bottom boundaries were no-flow.  We then generated K values for each element 

such that the K values in the entire aquifer represented a stationary heterogeneous K field 
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with long horizontal correlation scales (case 1).  We also did the same to create an aquifer 

with a stationary K field with short horizontal correlation scales (case 2), and lastly, a non-

stationary random field with five layers (case 3).    

 The random K field for case 1 and case 2 were generated assuming the mean of lnK 

(natural logarithm of K, m/day) is -1.384 with a variance of 3.  The spatial structure was 

represented by an exponential autocorrelation function with horizontal correlation lengths (
xλ

and yλ ) equal to 50 m for case 1, and 10 m for case 2.  The vertical correlation scale, 
zλ , was 

2.5 m for both cases.  The synthetic K field for case 1 and that for case 2 are illustrated in 

Figure 2a and Figure 2b, respectively. 

  The K field for case 3 had 5 horizontal layers (Figure 2c)—the top (z = 9.5-18 m), 

middle (z = 6-8 m), and bottom (z = 0-4.5 m) layers were aquitards; while the others were 

aquifers. For each of the layers, we generated independent random fields of K individually 

using the random field generator. Each of the fields had relatively small (10 m) horizontal 

correlation lengths. The 5 horizontal K fields were then stacked together to form a multi-scale, 

non-stationary K field. The resultant K field is moderately heterogeneous in the horizontal 

directions and highly heterogeneous in the vertical direction. The mean lnK (m/d) or each of 

the layers is, from top to bottom, -1.2296, 1.4010, -1.7602, -0.3739, and -2.2711 respectively. 

The overall mean is -1.2584. The overall variance is 3.0724, with that for the layers equal to 

2.5, 0.1, 1, 4, and 2, respectively. The horizontal correlation lengths for each of the layers are 

10 m, while the vertical correlation length is 3 m for the top and bottom layers, and 0.5 m for 

others.  

 

4.2 Cross-correlation Analysis 

 For flux measurements to improve HT estimates, they must possess additional and 

non-redundant information on K heterogeneity to that provided in head measurements.  The 
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non-redundancy of the data can be demonstrated by the cross-correlations between the flux 

magnitude at a location and K everywhere in the aquifer ( | |q fρ ), and that between H and K 

( Hfρ ). 

 In order to investigate these cross-correlations, we used a pumping-observation well 

couplet in the synthetic aquifers with the same boundary conditions as discussed in previous 

sections. The couplet included a pumping port (PW), located at x=22.5 m, y=15 m and z=9 m, 

and a head and flux measurement port (OW) at x=22.5 m, y=30 m and z=9 m. The pumping 

rate was given as 2.5 m3/d, and the flow field was assumed to be at a steady state.  The mean 

K field used is 1.733 m/d.  

 Figure S1 shows the 3-D iso-surfaces of the cross-correlations between (i) head and K , 

and (ii) flux and K. The correlation lengths are assumed to be isotropic and equals to 1m.  

The cross-correlation pattern and physical explanations are very similar as the ones presented 

in other recent work. (i.e. 1-D examples [Yeh et al., 2014], 2-D examples [Mao et al., 2013a; 

Sun et al., 2013; Zha et al., 2014], and 3-D examples [Mao et al., 2013a]).  Generally, a 

location at which the cross-correlation is positive suggests that if K increases there, the data 

observed at OW (i.e. head or flux) should increase accordingly, and vice versa.  

We also report the 3-D cross-correlations for anisotropic media.  We report them in 

four cross-sections: cross-section A is a horizontal plan cutting through both PW and OW; 

cross-section B represents a vertical plan that runs through both PW and OW; cross-section C 

is a vertical plan passing through OW, and perpendicular to both cross-sections A and B.  

Lastly, cross-section D is a vertical plan passing through PW and perpendicular to both cross-

sections A and B.  The cross-correlations between K and head for the stationary K field along 

the four cross-sections are reported in Figure S.2a-d.  

 Figures S.2e-h shows the cross-correlations between K and flux along the four cross-

sections in the stationary K field. On the cross-section A (Figure S.2e), the cross-correlation 
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is the highest at OW and decreases concentrically away from it according to the correlation 

scales in the horizontal plan. The vertical cross-sections B and C view (Figures S.2f and S.2g) 

show that the 3-D cross-correlation is again highest at OW location and in addition, it is 

elliptic in shape in accordance to the correlation scales of the medium (
xλ = yλ =10 m, and 

zλ

=2.5m).  In the cross-section D (Figure S.2h), which runs through PW, the cross-correlations 

are close to zero everywhere. The cross-correlation pattern between flux and K and its 

physical explanation for a 2-D example has been recently reported in Zha et al. [2014]. 

  Comparing Figures S.2a-2d with Figures S.2e-2h, we may conclude that the head at 

OW correlates with K values over a larger horizontal and vertical extents than does the flux.    

In addition, the high correlation areas between the head and K are at upstream regions of PW 

and OW ports while the high correlation areas between the flux and K are centered on the 

OW.  The differences in their correlation pattern suggest that head and flux carry non-

redundant information about the K heterogeneity in the aquifer.  

 The cross-correlation between head and K for a non-stationary K field is reported in 

Figure S.4 (a) through (d). This non-stationary K field is used as one of the two initial guesses 

in section 4.3.3.2. Compared with that for a stationary K field (Figure S.2 (a) to (d)), they 

have very similar pattern to those in a stationary K field. We notice, however, that the cross-

correlation values are significantly higher in the layer where PW and OW are, while they 

drop significantly in adjacent layers. A similar comparison can also be made for flux and K 

cross-correlation (Figure 4 (e) through (h)).   

 We also show the cross-correlation maps for the case where the PW and OW are not 

at the same elevation in Figure S.3a through S.3h for stationary K field and Figures S.5a 

through S.5h for non-stationary K field.  Examining these figures, we see slight changes of 

the cross-correlation maps for head and K field in these two cases. The cross-correlation 

between flux and K maps in the stationary field (Figure S.3e through Figure S.3h), however, 
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are quite different from those in the non-stationary field (Figure S.5e through Figure S.5h).  

That is, the flux data do not correlate with K field in the non-stationary field if OW is moved 

to lower elevation where the mean K value is low.  This unique feature provides an 

explanation for the effectiveness of flux data on the estimated K field for non-stationary field 

to be discussed in section 4.3.3.2.    

 Since head and flux measurements have distinctively different hydraulic conductivity 

cross-correlation patterns, head and flux measurements at the same sampling location must 

possess different information on the spatial distribution of hydraulic conductivity. This 

feature indicates that flux measurements can improve parameter estimates, which is 

demonstrated in the following HT analysis. 

 

4.3 Hydraulic Tomography (HT) Analysis 

 

 To investigate the effectiveness of head and flux measurements on HT estimates, we 

conduct numerical HT experiments under three cases: case 1—stationary K field with long 

horizontal correlation scale; case 2—stationary K field with short horizontal correlation scale, 

and case 3—non-stationary K field. For each case, we conducted forward simulation of the 

nine pumping tests (see Table S.2), sampled head and flux data at sampling ports (see Table 

S.1), and used them in the HT analysis. 

 To evaluate the HT estimates, scatter plots of the true vs. estimated K values for each 

case are plotted and a (log-)linear model is then fitted to each case without forcing the 

intercept to zero. The slope and intercept of the fitted linear model, the coefficient of 

determination (R2), the mean absolute error (L1), and the mean square error (L2) norms are 

then used as performance metrics for evaluation since a single criterion is not sufficient. The 

L1 and L2 norms are computed as: 
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where N is the total element of the model, i indicates the element number, iK ∗
 is the 

estimated K value for the i-th element, and 
iK is the true K value of the i-th element.  

 In general, the smaller values for L1 and L2 are, the better the estimates are; the closer 

the slope of the linear regression line to 1 and the intercept to 0, the better the estimates are.  

Similarly, if R2 value is close to 1, the estimate is considered to be better. 

 

4.3.1 Stationary K Field with Long Horizontal Correlation Scales (Case 1) 

 

 This case is denoted as case 1, where the reference stationary K field (Figure 2a) has a 

constant mean and long horizontal correlation scales ( 50 , and 2.5 )x y zm mλ λ λ= = = . We 

first investigate the effectiveness of head data conditioning for two scenarios: 1) with prior 

inform (i.e., mean, variance, and correlation scales) identical to that of the reference field, and 

2) with different prior information, which has shorter horizontal correlations 

( 10 , and 2.5 )x y zm mλ λ λ= = =  than those of the reference field.  Subsequently, we examine 

the effectiveness of both head and flux data conditioning, using the prior information 1) that 

is identical to that of the reference field and 2) that is different. 

 Head Data Only.  As a base case, we first investigate the inversion results by 

assuming the prior information (mean, variance, and correlation scales are identical to the 

true reference field.  A 3-D plot of the estimated K field, using the head data only is 

illustrated in Figure 3a.  A comparison of this estimated field with the reference field (Figure 

2a) indicates that with available head data, HT analysis depicts the general pattern of the 

referenced K filed.  Nevertheless, the estimated K field, overall, is smoother than the 

referenced field, except near and within the well field.  This result is expected since the 
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estimate from SimSLE is a conditional expectation (or to be precise, a conditional effective K 

field) and the interior and the vicinity of the well field are strongly influenced by HT data.  

Nonetheless, even though SimSLE starts with a uniform mean K value and the covariance 

function only, it is already able to delineate the general pattern over the entire domain with 

satisfactory bulk K values for each layer. 

 A scatter plot of the reference K vs. the estimated K for the entire domain is illustrated 

in Figure 3b.  In this figure, each blue point denotes a pair of the reference and the estimated 

K at every element of the domain, while each red point denotes those of interior elements that 

are within the 15m x 15m area bounded by the well filed.  L1 and L2 for these two areas are 

also reported in the figure: the smaller values they are, the better the result is.  A 45-degree 

line (the black dashed line) suggests a 1-to-1 correlation between the reference field and 

estimated field.   The blue and the red dashed lines are the linear regression lines for the 

estimates within the entire domain and those within the well field, respectively.  The slope of 

the regression line close to 1 and its intercept close to zero suggest less biased estimates.  The 

correlation values (R2) for the blue and the red dashed lines are also reported in the figure: the 

larger the value is, the less the scattering is, and the closer the spatial pattern of the estimates 

is to the reference one.  Accordingly, these performance metrics reported in Figure 3b 

indicate that 1) overall, the HT estimates do not have significant systematic bias, capturing 

the general pattern of heterogeneity of the reference field; 2) the estimates are closer to the 

reference field within the well field than those outside.  

 Next, we investigate the effects of incorrect prior information on the estimate.  That is, 

the above inversion procedure is repeated by assuming smaller horizontal correlation lengths 

(
xλ and yλ  equal to 10 m) as prior information.  The estimated K field is displayed in Figure 

3c. Comparison of Figures 3a with 3c indicates that the estimated K fields are similar without 

significant differences in overall patterns, although layering is less extensive when short 
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correlation scales were used. Also, assuming smaller horizontal correlation scales as prior 

information causes the estimated K fields to have less extensive structures (Figure 3c).  

Likewise, the scatter plots and performance metrics in Figures 3b and 3d are similar.  The 

estimates based on short horizontal correlation scales (Figure 3d) tend to be more biased and 

have lower R2 values, but the differences are minuscule.  Perhaps, this can be attributed to the 

small difference between the true and incorrect correlation scales. 

 Head and Flux Data. Consider the case when both head and flux data are used in the 

HT analysis. Figure 3e illustrates the estimated K field, using the prior information that is 

identical to the reference field, and Figure 3g shows the estimates, using the prior information 

with incorrect short horizontal correlation scales (i.e., 
xλ and yλ  equal to 10 m).  Similar to 

those results based on head data only, these two figures are almost identical overall although 

some layering in Figure 3e becomes less extensive.  Differences are more noticeable if we 

study the scatter plots and performance metrics (Figure 3f and Figure 3h).  These figures 

suggest us that the estimates for the entire domain and the interior of the well field are 

slightly less biased and scattered around the 1-1 line is smaller if true long horizontal 

correlation scales are used.  Nevertheless, these differences due to incorrect correlation scales 

are relatively insignificant. 

 Comparison of Impacts of Prior Information and Flux Data. To investigate the 

benefits of including flux data to the HT analysis, we compare the scatter plots in Figures 3b 

and 3d with those in Figures 3f and 3h.  Based on the comparison, we see that the addition of 

flux data to the HT analysis (Figures 3f and 3h) significantly reduces the bias and scattering 

of the estimates within and outside the well field, regardless of whether the correct prior 

information is used.  For example, if we analyze Figure 3d and Figure 3h, where incorrect 

correlation scales were used, we find the following improvements. The slope of the 

regression line for the entire domain increases from 0.392 to 0.574 and the slope for the 
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interior is improved from 0.580 to 0.854.  Likewise, R2 is improved from 0.394 to 0.644 for 

the entire field and from 0.505 to 0.860 for the interior. The L2 deceases from 0.525 to 0.361 

for the entire field and from 0.511 to 0.153 for interior.  If we examine Figure 3b and Figure 

3f, where the correct correlation scales are used, the improvements on the performance 

metrics are even more obvious. 

 The above comparisons indicate that the improvements on estimates due to the 

addition of flux data to the head data is much more significant than the improvement due to 

using correct correlation scales (prior information).  In other words, non-redundant data sets 

are more important than the prior information in the HT analysis for the medium with 

inherent long correlation scales. 

 

4.3.2 Stationary K Field with Short Horizontal Correlation Scales (Case 2) 

 

 This case is designated as case 2, where the reference K field (Figure 2b) has shorter 

intrinsic horizontal correlation scales ( 10 , and 5 )x y zm mλ λ λ= = = , but the mean and 

variance, are identical to those in case 1.  

 Head Data Only. Similar to the previous section, we start with the correct mean, 

variance, and correlation scales as prior information.  We then obtain the HT estimate using 

incorrect long correlation scales ( 10 , and 2.5 )x y zm mλ λ λ= = = .  The estimated K field 

using correct prior information is shown in Figure 4a, and Figure 4c shows the one based on 

incorrect long correlation scales. Their corresponding scatter plots are illustrated in Figures 

4b and 4d along with the performance metrics.  Visual comparisons of Figure 4a and Figure 

4c with the reference field suggest that the estimates based on incorrect long correlation 

scales mimic the reference one better.  The estimates based on correct short correlation scales 
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appear to smooth. A close examination, however, reveals that the correct correlation scales 

yield more representative local heterogeneity features. 

 While scatter plots of the two estimates (Figure 4b and Figure 4d) are similar, 

performance metrics reveal subtle differences.  In the case where the correct short correlation 

scales are used, L1 and L2 for the estimates in the entire domain and the inside the well field 

are slightly smaller than their counterparts in Figure 4d, where incorrect long correlation 

scales are used.   

 On the other hand, for the estimates in the entire domain, its slope based on incorrect 

long correlation scales, are slightly better than that based on correct short correlation scales 

(i.e., 0.338 in Figure 4d vs. 0.314 in Figure 4b).  For the estimates within the well field, its 

slopes based on the correct and incorrect prior information are almost identical (i.e., 0.584 in 

Figure 4d vs. 0.585 in Figure 4b).  The differences suggest that incorrect long correlation 

scales slightly improve the bias of the estimates outside the well field, but fail to capture their 

true variability.  The greater scattering of the blue data points for the entire domain than those 

in Figure 4b manifests this failure.  As a result, in the case where the correct short correlation 

scales are used, R2 values of the estimates within the interior or the entire domain are higher.    

 Head and Flux Data. Estimates using additional flux data with the correct prior 

information (i.e., 10 , and 2.5x y zm mλ λ λ= = = ) are shown in Figure 4e, and those with 

incorrect one ( 50 , and 2.5 )x y zm mλ λ λ= = =  are displayed in Figure 4g. Their 

corresponding scatter plots and performance metrics are respectively illustrated in Figure 4f 

and Figure 4h.  

 The estimated fields (Figures 4e and 4g) capture the general pattern of the reference 

field in Figure 2b but they are slightly different in the detail. Again, scatter plots and 

performance metrics reveal the slight differences.  Overall, when the correct short correlation 

scales are used, all L1, L2, slope, and R2 values for both the interior portion and the entire 
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domain are slightly better than those when the incorrect long correlation scales are used.  

Again, the incorrect long correlation scales leads to a large envelope of scatter points. 

 Comparison of Impacts of Prior Information and Flux Data. Next, the relative 

importance of prior information and flux data on HT estimates for the medium with the short 

correlation scales is evaluated.  If we visually compare the plots of the estimates using head 

data only (Figure 4a and Figure 4c) and those using both head and flux data (Figure 4e and 

Figure 4g), we do not find significant differences.  Comparisons of the corresponding scatter 

plots (i.e., Figure 4b and Figure 4d vs. Figure 4f and Figure 4h) do not reveal significant 

differences either.  Nonetheless, the performance metrics reported in these figures indicate 

that when both head and flux data are used, the estimate   es of the interior of the well field 

are slightly improved, regardless if the prior information about the correlation scales is 

correct or not.  We therefore reckon that overall, the prior information about the correlation 

scales, as well as the additional flux data, do not affect the estimated K field (near field in 

particular) significantly, when the intrinsic correlation scales of the medium are short. 

 

4.3.3 Non-stationary (Multi-Scale) K Field (Case 3) 

 

 Heterogeneity of geologic media is multi-scale. That is, it often has a trend, reflecting 

variability among layers in addition to variability within layers, as opposed to case 1 and case 

2.  The reference field in Figure 2c represents this type of heterogeneity. In this case, we will 

first investigate how prior uniform mean and different correlation scales, using head and both 

head and flux data affect the estimates for multi-scale heterogeneity (section 4.3.3.1).  We 

then examine in section 4.3.3.2 the effects of prior layered (distributed) means on the 

estimates. 
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4.3.3.1 Uniform Mean K Field as Prior Mean 

 Similar to cases 1 and 2, we repeat the inverse modeling procedure under four 

scenarios—a combination of (1) assuming a short or long horizontal correlation lengths, and 

(2) using head data with or without flux data.  

 When head data are used, the estimated K fields using short correlation scales (i.e., λx 

=λy=10 m) as prior information are plotted in Figure 5a and using long correlation scales (i.e., 

λx =λy=50 m) are shown in Figure 5c.  The estimated K fields based on head and flux data 

using short correlation scales as prior information are plotted in Figure 5e and using long 

correlation scales are shown in Figure 5g.  Their corresponding scatter plots and performance 

metrics are illustrated in Figures 5b, 5d, 5f, and 5h.    

 Head Data Only. Comparing Figure 5b with Figure 5d, we see that when only head 

data is used, the estimates based on short correlation scales as prior information (Figures 5b) 

are largely biased (i.e., slopes deviating from 1 and large intercept) for the entire field or the 

interior field.  On the other hand, when the long correlation scales are used as the prior 

information, the bias of the estimates drops about two orders of magnitudes.  This reduction 

in bias is clearly reflected in all performance metrics (R2 in particular).  The use of the long 

correlation scales as prior information in essence permits SimSLE to reproduce the head field 

in the layered medium.  However, the estimates still cannot capture the true variability of the 

reference field out site the well field as manifested by the large envelope of spread of the blue 

points. 

 Both Head and Flux data.  We now examine the effects of the prior information on 

the estimates when both head and flux data are used.   Scatter plots shown in Figure 5f and 

Figure 5h are very similar, but the estimates in the whole domain as well as the interior of the 

well field are less biased when the long correlation scales are assumed than those when the 

short correlation scales are used.  This reduction in bias is well manifested in the slopes and 
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intercepts of the blue dashed lines and red dashed lines in these two figures.  Notice that the 

scattering of the red points in both figures appears to be similar. Nevertheless, the scatter 

envelop of the blue points in Figure 5h, seems to indicate that the small-scale variability 

outside the well field remains undetermined even when long correlation scales are used.  

  Comparison of Impacts of Prior Information and Flux Data. Next, we compare 

the performance metrics in Figure 5b and Figure 5d (where head data are employed) with 

those in Figure 5f and Figure 5h (where both head and flux data are used).  The comparison 

shows that if both head and flux data are used for conditioning, the bias in the estimates is 

significantly reduced and R2 values (especially those for the estimates inside the well field) 

are improved. Also, the interior estimates using both head and flux data are significantly 

better than using head only, regardless of the choice of correlation scales. The above 

observations indicate that the benefits of using additional flux data significantly outweigh 

those of the prior information about the correlation scales. 

  

4.3.3.2 Layered (or Distributed) Mean K Field as Prior Mean 

 In practice, some prior knowledge on the presence of distinct changes of aquifer 

materials in layered systems is usually available through geological or geophysical 

investigations. Generally speaking, they provide prior information about the spatial 

distribution of hydraulic parameters. On the other hand, this information generally only 

provides a crude idea on the location of the layer boundaries. In order to examine the effects 

of imprecise prior information on layer boundaries, we repeat the runs for this particular K 

field using a “smoothed” layered initial guess, rather than a perfectly uniform one. The 

smoothing is done by shifting the position of the four layer boundaries about the generated 

ones by a perturbation function calculated by the following equation:  

cos(0.4 )cos(0.2 )e e ex y∆ = , where e∆ , rounded to the nearest integer, is the number of 
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elements shifted vertically, while ex  and ey are element numbers in the horizontal directions. 

Similar to the previous sections, we repeat the inverse modeling procedure under four 

scenarios—a combination of (1) assuming a short or long horizontal correlation lengths, and 

(2) using head data with or without flux data.   

 Head Data Only. The estimated K fields and scatter plots, using head data only with 

short horizontal correlation scales as prior information, are illustrated in Figure 6a and Figure 

6b.  Those with long correlation scales as prior information are depicted in Figures 6c and 6d.  

The performance metrics demonstrate that if the layered or distributed means in conjunction 

with the short correlation scales are used as prior information yield better estimates for the 

interior region of the well field (Figure 6b) than do those with long correlation scales (Figure 

6d). 

 Both Head and Flux data. Next, we compare Figure 6e and Figure 6f (short 

correlation scales) with Figure 6g and Figure 6f (long correlation scales).  Overall, the two 

scatter plots look very similar.  However, R2 values for the estimates in both the interior and 

the entire domain for the long assumed correlation scales case are slightly better  than that for 

the short assumed correlation scales case.  On the other hand, if the long correlation scale are 

used, the regression line for the estimates over the entire domain (Figure 6h) has a larger 

slope and a smaller intercept, indicating less bias.  The slightly larger scattering envelope for 

the entire domain may explain its slightly smaller R2 values.   

 Comparison of Impacts of Prior Information and Flux Data.  According to 

Figures 6b, 6d, 6f, and 6h, we see that when head data or both head and flux data are used, 

using short correlation scales as the prior information (Figure 6b and Figure 6f) yields 

slightly better estimates than using long ones (Figure 6d and Figure 6h).  If we compare 

Figure 6b (head data only) with Figure 6f (both head and flux), addition of the non-redundant 
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flux data to the analysis clearly improves the estimates.  Again, the non-redundant flux data 

have greater impacts on the estimate than the prior information about the correlation scales. 

   

  5 DISCUSSION 

 In the previous sections, we presented results for cross-correlation analysis and HT 

experiments conducted on 3 synthetic K fields. The first two are statistically stationary (i.e., 

uniform mean). One has a much larger correlation length than other. These two scenarios are 

denoted as case 1 and case 2.  We then consider a multi-scale heterogeneity field (case 3).   

For case 1 and case 2, we conduct four inversion runs for each case, which consist of a 

combination of using head data or both head and flux data, and using a small or large 

horizontal correlation length as prior information.  They are denoted as case 1-1, case 1-2, 

case 1-3, case 1-4, case 2-1, case 2-2, case 2-3, and case 2-4.  For case 3, we first considered 

two possibilities: 1) using a uniform mean and 2) using a layered (distributed) means as prior 

information.  We then conduct four inversion runs for the possible prior information.  The 

four runs consist of a combination of using head data or both head and flux data, with long or 

short correlation scales as another piece of prior information.  When the uniform mean is 

used, the four runs are designated as cases 3-1. 3-2, 3-3, and 3-4.  Then, cases 3-5, 3-6, 3-7, 

and 3-8 denote the four runs when the distributed means are used.  From section 4, R2 seems 

to be an appropriate metrics for assess the performance for all cases.  Therefore, we will use 

R2 values to discuss all the cases considered. The R2 values for all the cases are presented as 

bar charts in Figure 7. 

 According to the R2 values reported in Figure 7, when only head data from the 

stationary field with intrinsic long horizontal correlation scales are used, assuming long initial 

correlation scales as the prior information lead to better HT estimates (i.e., case 1-1) than 

assuming short initial correlation scales (Case 1-2).  The same is true for cases 1-3 and 1-4, 
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where head and flux data are used jointly.  Nevertheless, comparisons of case 1-3 and case 1-

4 with case 1-1 and case 1-2 show that the addition flux measurements drastically improve 

the estimates in the interior of well field and the entire domain regardless of the assumed 

correlation scales. 

 Now, we examine values of R2 in Figure 7 for a stationary field with intrinsic short 

horizontal correlation scales (cases 2-1 and 2-2, where head data are used; cases 2-3, and 2-4, 

where both head and flux data are used).  Case 2-1 (using correct short correlation scales as 

prior information) produces better estimates than case 2-2 (using incorrect long correlation 

scales).  Likewise, when both head and flux data are used, assuming correct short correlation 

scales as prior information yields better estimates (i.e., case 2-3 vs. case 2-4).      

 Comparison of R2 values for case 1 (the medium with long intrinsic correlation scales) 

with those for case 2 (the medium with short intrinsic correlation scales) reveals that overall 

case 1 has higher R2 values than case 2. This result corroborates the fact that the K field with 

short intrinsic correlation scales is inherently more difficult to estimate than is the field with 

long intrinsic correlation scales.  Furthermore, in the medium with short intrinsic correlation 

scales, improvements by additional flux data appear to be smaller (e.g., the difference 

between case 2-1 and case 2-3) than those due to using correct correlation scales (the 

difference between case 2-1 and case 2-3), although the differences are small.  Apparently, 

the intrinsic correlation scales of the medium, rather than the prior information, dictate the 

extent of which head and flux data are useful. That is, in the medium with short intrinsic 

horizontal correlation scales, the head and flux data at an observation location carry 

information about K values over a smaller extent (case 2) than in the media with long 

intrinsic horizontal correlation scales (case 1).    

 Next, we proceed to discussion about the results of the HT analysis in non-stationary 

(multi-scale) heterogeneous media (case 3), which is also summarized in Figure 7 in terms of 
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R2.  When head data are used only for the HT analysis, the R2 values of the case using a 

uniform mean and short horizontal correlation scales as prior information are reported as case 

3-1 and those using long horizontal correlation scales as case 3-2.  As both head and flux data 

and a uniform mean are used, the results based on short initial horizontal correlation scales 

are denoted as case 3-3, and those based on long initial horizontal correlation scales are 

represented by case 3-4.    

 R2 values of these cases again indicate that using long correlation scales as prior 

information leads to better estimates than using short correlation scale, regardless of using 

whether head data only or both head and flux data (i.e., case 3-1 vs. case 3-2; case 3-3 vs. 

case 3-4). The improvements are however minor as illustrated by the difference between case 

3-3 (short correlation scales) with case 3-4 (long correlation scales) where both head and flux 

data are used conjunctively. This suggests that head-and-flux inversion is less prone to the 

uncertainty in assumed correlation structure than head inversion. 

 On the other hand, additional non-redundant flux data play a greater role than do the 

initial correlation scales. Similar to case 1, flux data in addition the head data significantly 

improve estimates in the interior of the well field as evident from the comparison of R2 values 

for case 3-1 and case 3-2 (using head data only) with those for case 3-3 and case 3-4 (using 

both head and flux data).  

 Cases 3-5 through case 3-8 in Figure 7 report the R2 values for estimates, using 

layered mean values with a combination of short or long initial horizontal correlation scales 

and considering either head data or both head and flux data for HT analysis.  When only head 

data are used, case 3-5 represent the result with short initial correlation scales while case 3-6 

denotes the result based on long initial correlation scales.  When we compare these two cases, 

we find that the use of short initial correlation scales as another pieces of prior information 
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yields better R2 values for both estimates of the entire domain and the interior of the well 

field than the use of long initial correlation scales. 

 Likewise, the R2 values for the estimates using layered mean values with short initial 

horizontal correlation (case 3-7) are better than those with long initial horizontal correlation 

scales (case 3-8).  

 For all cases where the medium is non-stationary, the best result is the case where the 

layered means with short horizontal correlation scale are used as prior information, and both 

head and flux data are included (case 3-7).  With the same prior information, the head data 

only (case 3-5) also yield very satisfactory results. This finding is indicative of the fact that 

the prior layered means define the general K distribution in the entire domain, and then the 

small correlation scale embellishes the estimates in each layer as well as the interior of the 

well field.  A comparison of these two cases indicates that the improvement due to the 

additional flux data is minor. This small improvement is reflected by the small cross-

correlation between flux and K field in Figure S.7e through Figure S.7h, where the locations 

of PW and OW are not at the same layer in a layered prior mean K model. In other words, the 

addition of layered prior K to flux data may be redundant and could result in less marginal 

improvement in K estimates than expected. For the study well field (Figure 1), this indicates 

that the flux data at only 1-2 out of the 3-7 sampling ports in each well provides non-trivial 

information about K distribution.  

 Notice that when both head and flux data are used, all the inversion runs produce 

comparable R2 values. Choices of initial correlation scales and initial mean K models (i.e. 

uniform mean for cases 3-3 and 3-4, or layered means for cases 3-7 and 3-8) do not 

considerably impact the estimates.  Evidently, additional non-redundant flux data are more 

critical than the prior information about the means and correlation scales.  In other words, the 

non-redundant head and flux data have already had the sufficient signatures of the non-
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stationary field.  This finding also corroborates with the results of case 1-3 and case 1-4, 

where the medium is considered stationary with large intrinsic horizontal correlation scales. 

   

  6 SUMMARY AND CONCLUSION 

 In this paper, using cross-correlation analysis, we first demonstrate that flux 

measurements at observation locations during HT surveys carry non-redundant information 

about heterogeneity complementary to head measurements at the same locations.  That is, a 

joint interpretation of head and flux data can enhance the resolution of the HT estimates. We 

then comprehensively examine the impacts of stationary field and non-stationary field, and 

prior information such as correlation lengths, and initial mean models (uniform or layered or 

distributed means) on the HT estimates.   

 For the stationary field characterized by long intrinsic correlation scales (case 1), the 

use of either long or short initial correlation scales as prior information leads to comparable 

results when only head data is used.  Similarly, when both head and flux data are used in the 

HT analysis, different initial correlation scales also yield similar results but the estimates are 

significantly better than those based on head data only.  Using correct intrinsic correlation 

scales as prior information, however, produce slightly better estimates. 

 The effects of prior information and head or head and flux data in the stationary field 

with short intrinsic correlation scales (case 2) are similar to those in the stationary field with 

long intrinsic correlation scales (case 1).  The estimates in case 2 are less satisfactory overall 

in comparison with those in case 1, due to the inherent short correlation structure of the 

reference field. 

 When a homogeneous initial K model is assumed for HT analysis of a non-stationary 

K field, head-and-flux inversion provide superior estimates to the inversion based on head 

data only, independent of initial guess correlation scales.  This result is attributed to the fact 
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that flux data in addition to head data provide sufficient information about multi-scale 

heterogeneity structures.  On the contrary, if a distributed mean K model is assumed, 

improvements due to the flux data in addition to head data are not prominent. We attribute 

this to the fact the distributed mean model has already captured layer characteristics of the 

field.  With small initial correlation scales, the head-and-flux inversion then improves its 

interior estimates, indicating flux data can refine the estimates of heterogeneity at sub-layer 

scales. 

 In conclusion, we find that head data and flux data are complementary to each other as 

advocated by Yeh et al. [2011] and Mao et al. [2013b], and therefore, using flux 

measurements in HT analysis can improve the estimates of HT.  Furthermore, since flux data 

and head data are inherent of heterogeneity characteristics of aquifers, prior information (as 

uniform mean or layered means, correlation scales) could be useful but their influences on the 

estimates could be limited as more non-redundant data are used in the HT analysis (see Yeh 

and Liu, [2000]). 

 Lastly, for practical applications, we recommend the following: 

• Collect head data and flux data at as many locations as possible and use them in HT 

analysis. For locations where head is measured, measurements of flux at the same 

locations will significantly improve K estimates. 

• Use uniform mean properties and long horizontal correlation scales as prior 

information if geologic or geophysical information about the heterogeneity is not 

available. 

• If geologic or geophysical information is available, use correct distributed mean 

properties and short correlation scales as prior information for HT analysis.  
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  9 FIGURES 

 

 

  
(b) (a) 

Figure 1 (a) Plan view of the model domain, the 15m by 15m enclosed area is bounded by 

pumping and observations wells (b) The well locations used in this study, which are identical 

to those used by [Berg and Illman, 2011].  



54 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2 Reference hydraulic conductivity fields for HT numerical experiments. (a.) A 

stationary heterogeneous field with λx,y = 50m, λz = 2.5m. (b.) A stationary heterogeneous 

field with λx,y = 10m, λz = 2.5m. (c.) A non-stationary heterogeneous field.  
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Figure 3  Estimated K fields (a, c, e, g) and their associated scatter plots (b, d, f, h) for the 

reference stationary heterogeneous field of λx,y = 50m, λz = 2.5m (Figure 2(a)).  
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Figure 4  Estimated K fields (a, c, e, g) and their associated scatter plots (b, d, f, h) for the 

reference stationary heterogeneous field of λx,y = 10m, λz = 2.5m (Figure 2(b)).   
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Figure 5 Estimated K fields (a, c, e, g) based on a uniform mean and their associated scatter 

plots (b, d, f, h) for the reference non-stationary heterogeneous field (Figure 2(c)). 
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Figure 6 Estimated K fields (a, c, e, g) based on layered means and their associated scatter 

plots (b, d, f, h) for the reference Non-stationary heterogeneous field (Figure 2(c)). 
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Figure 7  Bar chart showing the R2 values of estimates for cases 1, 2, and 3.  “head” and “hq” 

denotes head and head-and-flux inversion respectively. “short” and “long” denotes an 

assumed horizontal correlation length of the K field of 10m and 50m respectively. “uniform” 

and “layer” denote using uniform mean and layered means as the prior information, 

respectively. The corresponding figure numbers are in parenthesis. 

(a) 

(b) 

(c) 
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Table S1. Pumping and observation ports locations 

  Port Locations

x,y locations are in meters and are relative PW4, positive x is east, and positive y is north

z is m. above Catfish Creek Till -323 masl

Port x y z test_1-3 test_4-6 test_7-9

CMT1-1 7.5 0 13.176 yes yes yes

CMT1-2 7.5 0 11.176 yes yes yes

CMT1-3 7.5 0 9.176 yes yes yes

CMT1-4 7.5 0 7.176 yes yes yes

CMT1-5 7.5 0 5.176 yes yes yes

CMT1-6 7.5 0 3.176 yes yes yes

CMT1-7 7.5 0 1.176 yes yes yes

CMT2-1 7.5 15 13.5 yes yes yes

CMT2-2 7.5 15 11.5 yes yes yes

CMT2-3 7.5 15 9.5 yes yes yes

CMT2-4 7.5 15 7.49 yes yes yes

CMT2-5 7.5 15 5.5 yes yes yes

CMT2-6 7.5 15 3.5 yes yes yes

CMT2-7 7.5 15 1.45 yes yes yes

CMT3-1 0 7.5 13 yes yes yes

CMT3-2 0 7.5 10.99 yes yes yes

CMT3-3 0 7.5 8.99 yes yes yes

CMT3-4 0 7.5 6.98 yes yes yes

CMT3-5 0 7.5 4.98 yes yes yes

CMT3-6 0 7.5 2.95 yes yes yes

CMT3-7 0 7.5 0.88 yes yes yes

CMT4-1 15 7.5 13.006 yes yes yes

CMT4-2 15 7.5 11.006 yes yes yes

CMT4-3 15 7.5 9.006 yes yes yes

CMT4-4 15 7.5 7.006 yes yes yes

CMT4-5 15 7.5 5.006 yes yes yes

CMT4-6 15 7.5 2.956 yes yes yes

CMT4-7 15 7.5 0.956 yes yes yes

PW1-1 7.5 7.5 14.306 no yes yes

PW1-2 7.5 7.5 12.35 no yes yes

PW1-3 7.5 7.5 10.241 no yes yes

PW1-4 7.5 7.5 8.211 no yes yes

PW1-5 7.5 7.5 6.251 no yes yes

PW2-1 15 14 13.487 yes yes yes

PW2-2 14 15 10.515 yes yes yes

PW2-3 15 15 9.496 yes yes yes

PW3-1 15 0 13.437 yes no yes

PW3-2 15 0 11.567 yes no yes

PW3-3 15 0 9.507 yes no yes

PW3-4 15 0 7.397 yes no yes

PW3-5 15 0 5.517 yes no yes

PW4-1 0 1 13.319 yes yes yes

PW4-2 1 0 9.729 yes yes yes

PW4-3 0.5 0.5 6.653 yes yes yes

PW5-1 0 15 14.556 yes yes no

PW5-2 0 15 12.686 yes yes no

PW5-3 0 15 10.626 yes yes no

PW5-4 0 15 8.516 yes yes no

PW5-5 0 15 6.636 yes yes no
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Table S2. Pumping rates 

 

 

  

Pumping rates in L/min and locations for pumping tests used for inversion. 1 L/min = 1.44 m3/d

Test Location Pumping Rate

1 PW1-3 10.5

2 PW1-4 6.3

3 PW1-5 4.4

4 PW3-3 2.1

5 PW3-4 1.5

6 PW4-3 30.2

7 PW5-3 7.8

8 PW5-4 7.8

9 PW5-5 2.1
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Figure S1. Cross-correlation contours and iso-surfaces for cross-correlation between 

hydraulic conductivity perturbation and head, flux magnitude, x-, y-, z-components of flux 

respectively. (left to right from top to bottom). The iso-surface values for hfρ
 are ± 0.05, 

while those for qfρ
, xq fρ

 , yq f
ρ

and zq fρ
 are ± 0.01. The assumed correlation lengths are 1 m 

in all Cartesian directions. 
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Figure S2. Cross-correlation between K and head for stationary heterogeneous K field when 

the observation well is at (22.5 m, 30 m, 9 m):  a) along the horizontal plan bisecting the 

pumping port (PW) and observation port (OW), b) along the vertical plan bisecting the PW 

and OW, c) along the vertical plan cutting through the PW and perpendicular to the vertical 

plan bisecting PW and OW, d) along the vertical plan cutting through the OW and 

perpendicular to the vertical plan bisecting PW and OW,  e), f), g), and h) are plots of cross-

correlation between K and flux along the planes corresponding a), b). c), and d). The assumed 

correlation lengths in x-, y-, z-directions are 10 m, 10 m, and 2.5m respectively. 

  
(a) 

(c) 

(e) 

(g) 

(b) 

(d) 
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Figure S3. Cross-correlation between K and head for stationary heterogeneous K field when 

the observation well is at (22.5 m, 30 m, 3.75 m): a) along the horizontal plan bisecting the 

pumping port (PW) and observation port (OW), b) along the vertical plan bisecting the PW 

and OW, c) along the vertical plan cutting through the PW and perpendicular to the vertical 

plan bisecting PW and OW, d) along the vertical plan cutting through the OW and 

perpendicular to the vertical plan bisecting PW and OW,  e), f), g), and h) are plots of cross-

correlation between K and flux along the planes corresponding a), b). c), and d). The assumed 

correlation lengths in x-, y-, z-directions are 10 m, 10 m, and 2.5m respectively. 

  
(a) 

(c) 

(e) 
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Figure S4. Cross-correlation between K and head for Non-stationary heterogeneous K field 

when the observation well is at (22.5 m, 30 m, 9 m):  a) along the horizontal plan bisecting 

the pumping port (PW) and observation port (OW), b) along the vertical plan bisecting the 

PW and OW, c) along the vertical plan cutting through the PW and perpendicular to the 

vertical plan bisecting PW and OW, d) along the vertical plan cutting through the OW and 

perpendicular to the vertical plan bisecting PW and OW,  e), f), g), and h) are plots of cross-

correlation between K and flux along the planes corresponding a), b). c), and d). The assumed 

correlation lengths in x-, y-, z-directions are 10 m, 10 m, and 2.5m respectively. 

  
(b) 

(d) 

(h) 

(f) 

(a) 

(c) 
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Figure S5. Cross-correlation between K and head for Non-stationary heterogeneous K field 

when the observation well is at (22.5 m, 30 m, 3.75 m): a) along the horizontal plan bisecting 

the pumping port (PW) and observation port (OW), b) along the vertical plan bisecting the 

PW and OW, c) along the vertical plan cutting through the PW and perpendicular to the 

vertical plan bisecting PW and OW, d) along the vertical plan cutting through the OW and 

perpendicular to the vertical plan bisecting PW and OW,  e), f), g), and h) are plots of cross-

correlation between K and flux along the planes corresponding a), b). c), and d). The assumed 

correlation lengths in x-, y-, z-directions are 10 m, 10 m, and 2.5m respectively. 
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